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The master coloring 
Péter KonOdth 

PiAiented by G.f.V. VuU, F.R.S.C. 
P.Erdôe [1] observed that it is passible to color the plane with countably many colon 

with no monochromatic points in rational distance. He deduced this from an earlier graph-
theoretical result of himself and A. Hajnal. On the line, the corresponding result is trivial, 
as "bdng in rational distance" is an equivalence relation there, with countable classes. 
Using more complicated (not graph-theoretical) arguments the result was later extended 
to R* (2], and finaUy for R" for every n [3]. 

Answering a question of P. Erdôs, K. Kunen proved [4] that if the continuum hy-
pothesis (CH, in short) holds, then there is a coloring of Ra with countably many colors, 
omitting monochromatic triangles with raticmal, ^ 0, area. 

One can notice that the distance of points (xi,yi) and (xj.yj) is r > 0 iff(zi — *»)* + 
(tn — ift)a — r* s 0 and if r is rational, this is a polynomial with rational coefficients. There 
is a similar polynomial for the above mentioned result of K. Kunen. Namely, from Heron's 
formula «me can get that the area of a triangle with sides a, fr, c is < iff p(a3,6*,c1) = 
a4 + 6* +c* - 2oa6, - 2aV -2^0» + let' = 0 and as a*, fr», c3 are polynomials of the 
coordinates of the nodes, so is p(o,,6,,cî). In this note we show that, aasuming CH, 
there is a coloring of R" with countably many colors that works fbr every such polynomial 
simultaneously, assuming the polynomial aatiafies a natural condition corresponding to the 
observation that we cannot and do not exclude pairs with zero distance, or triangles with 
zero area, in the above examples. 
Notation. Aa follows, à. S, etc will denote elements of RM. p(2i,...,£«) is, therefore, a 
polynomial in tn variables. A polynomial p(zi ,...,£«) is in class V iî p(S,..., a) ^ 0 holds 
for every a € R". 
Theorem. (CH) There is a coloring /: Rn -» w auch that ifp{x1, ...,Xt)eV (t>2) a a 
polynomial mth rational coefficients , then there are no different, monochromatic points 
a , , . . . , a l€R n withp(a,,...,aO = 0. 
Proof. If p{x) is a polynomial, we let X{p) = {£ € Rn:p(£) = 0}, and call these sets, as 
in algebraic geometry, dosed sets. 

By well-known closure principles it is possible to decompose Rn into the increasing, 
continuous union of countable sets Aa (a < ai|), and the set of all closed seta into the 
increasing oontinuous union of countable sets Ai, (or < wi) such that there exist sets 
Fa Ç R and the following conditions hold: 
(1) Fai8 a field; 
(2) Aa = F" ' 
(3) if p(i) 6 Fa[2), then X{p) € .*»; 
(4) the intersection of arbitrary many members of Xa is in «Vo ; 
(5) 'dXe Xa+i - Xa is infinite, then \X D (i4a+i - Aa)! = u. 

These conditions can be met by a Skolem-type construction, at least, if (4) replaced 
with the weaker requirement where only the intersection of finitely many members is 
required to be in Xa. This, however, suffices, as by Hilbert's finite basis theorem, the 
intersection of an arbitrary number of closed seta is the intersection of some finitely many 



182 P. Komjath 

of them. (5) follows from the fact that an infinite closed set is uncountable, but in the 
argument below can be replaced by the weaker 
(5') if X e Xa+i - Xa then either X Ç Aa+i or \X D {Aa+i -Aa)\= w. 

We are going to color Aa by induction on a, satisfying 
(6) / is one-to-one on Aa+t — Aa. 

Let / be one-to-one on Ao. If / on An is already determined, enumerate Aa+i — Aa 
as {âfj < w). We color ay by induction o n j . Assume that ao, . . . ,âf_i have aheady been 
colored. Let K(a,-) 6 Xa be the minimal closed set in Xa such that a,- e Y{âi) (exists by 
(4)). Assume that Yfy) g A^+i -Xfi,P< at. Select an element I 6 K(a,) fl (A^+ 1 - Ap) 
such that f{l) is different from / ( a o ) , . . . , / ( a , _ i ) and let f{&j) = f{l). 

Assume now that p( 6 j , . . . , a j ) = 0 for a polynomial p € P , and for the different points 
ë i , . . . , â i with / (ô i ) = . . . = / ( a , ) = t. We can assume, by (6), that a i , . . . , a«_ i e A„, 
at € Aa+i — Aa for some a < cj | . We can as well assume that a is minimal such that 
there is a counter-example for some polynomial p € P . As 8» solves p{ât ,...,ât-i,x) = 0, 
necessarily at 6 X{p) 6 Xa. Then, X{p) D K(a,), by the minimality of this latter 
set, so, if 5 was the element in Y{St) fl Â0 with f{ât) = /(6), and by the minimality 
of a, 5 must be one of a i , . . . , 8 t - i i say, 5 = a i_ i . But then, we get a monochromatic 
solution of ç(oi , . . . , f i ,_ ,) = 0, where ç (x i , . . . ,* ,_!) = p ( £ i , . . . , £ t - i , * « - i ) is also in V, 
a contradiction again to the minimality of or. 

Acknowledgment. The author is grateful to J. Schmerl, who identified class V as the 
one for which the argument works. 
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SUR DES CRITERES DE 

COMMUTATIVITE DAWS LES ALGEBRES DE BANACH 

E. ILLOUSSAHEN. M. OUDADESS 

Piuented by M.-P. Cho-t, F.R.S.C. 

Résumé : Etant donné une' algèbre de Banach A, nous donnons 

I c i des conditions suff isantes pour que A so l t contenu dans 

le centre de A et par conséquent le n i l radical de A coïncide 

avec l'ensemble des éléments ni lpotents de A. Nous étudions 

ensuite d'autres conditions entra înant la commutativité de A. 

I . In t roduct ion. Dans la première pa r t i e de ce papier , nous 

reprenons l 'é tude des algèbres.de Banach (complexes) v é r i f i a n t 

l a condition suivante : 

llxy ||. « c | | y x | | (C) 

pour tous x.y éléments de l ' é lgèbre et oh C est une constante 

pos i t ive . Cette condition a été considérée dans £\Jt £V? et 

/ T ? . Rappelons qu'un exemple donné dans / T ? montre que la 

condition (C) n'impllaue pas la commutativité en général . Cepen-

dant nous montrons. , comme dans le cas commutatif, que si A 

est une algèbre de Banach v é r i f i a n t ( C ) , alors le t n radical de 

A coïncide avec l'ensemble des éléments ni lpotents de A. 

Maintenant puisque la condition (C) n'Implique 

pas la commutativité en général , 11 est tout à f a i t naturel de 

chercher une condition de type (C) et qui Implique la commutati-

v i té de toute algèbre de Banach la v é r i f i a n t . Dans ce sens, 11 

est montré dans / T ? , qu'une algèbre de BanachAvérlfiant : 

l|)<y+y||«C||yx+y|| ( C ) 
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pour tous x.yeA et c>o/est nécessairement commutative. La : 
deuxième partie de ce papier fa i t l 'objet de l'étude de condi-
tions similaires à ( C ) . 

I I . Définitions. Une partie B d'une algèbre A est dite nilpotente 
s ' i l existe neN te l que Bn »{o). 

Le n i ! radical d'une algèbre A noté N est défini comme 

étant l ' Intersection des Idéaux premiers de A. Rapoelons que 

N contient tout Idéal b gauche ou b droite qui est nllootent. 

Dans tout ce qui suit C(A) désigne le centre de l'algèbre A. 

I I I . Algèbres de Banach vérifiant (C^. Le résultat suivant est 
une amélioration du théorème I I . 1 . de / T 7 . 

Proposition I I I . 1 . Solt (A,||.||) une algèbre de Banach et solt 
( E , | . | ) un espace vectoriel seml-normé. Supposons qu' i l existe 
T:A +E une application et c>o tels que ; 

i|xy||. <c|T(xy)| 

pour tous x.ycA; alors A2 est contenu dans C(A). SI de plus A 

admet une unité approchée » gauche ou & droite alors A est commu-

tative. 

Preuve. Solt A - A ® * si A n'est pas unitalre^sinon on pose 
A-A. Pour tous x,y,BeA. considérons G : C +A l'application définie 
par G(X)"eXîxye"Xi?. C'est une fonction entière bornée puisque 
l|G(X)|Uc|T(yx)| pour tout X; donc 6 est constante, d'où îxy - xyî. 
SI A admet une unité approchée b gauche (e1)1 alors pour tous 
x.ycA, nous avons e^y - y e ^ pour tout 1 , d'où xy • yx. 



E. Illoussamen. H. Oudadess 185 

Corollaire I I I . 2 . Solt (A.(|.|D une algèbre de Banach. 
Supponsons qu ' i l existe une semi-norme | . | sur A et c>o tels 
que ||xy|| <c|yx| pour tous x.ycA. alors A2eC(A). 

Nous donnons maintenant le résultat concernant le n i l radical. 

Proposition I I I . 3 . Solt A une algèbre de Banach te l le que A2çC(A) 
et solt N le n i l radical de A. Alors on a : 

(1) N est l'ensemble des éléments nilpotents de A. 
(11) Pour tous x.yeA,on a xy-yxeN ; en particulier si A est semi-

première, alors el le est commutative. 

Preuve. (1) On sait que tout élément de N est nilpotent. Inverse-
ment solt aeA te l qu' i l existe n<M te l que an»o ; montrons que 
(a)1 l ' Idéal b gauche engendré par a est nilpotent. En e ' f e t . 
soient Xja+pja, x2a+p2a, . . . , xn"+Pna *» éléments de (a)1.. On a 
(x1a+p1a)(x2a+p2a) - x^a2+p^a2 oh x^- XjXg+PgXj* PjXgCt p^-P1P2 

(on ut i l ise A2çC(A)). Nous obtenons h l a f i n : 

(xja+pja) . . . (xna+pna) » x^an + p^an - o , donc (a) est 

nilpotent et par suite aeN. 

(11) On a (xy-yx)2-o et d'après (1) xy-yxeN. 

Corollaire III.4. Solt A une algèbre de Banach vérifiant (C). 
Alors N est l'ensemble des éléments nilpotents et pour tous 
x.ycA, xy-yxeN. 

Comme la condition (C) Implique que AçC(A) , on peut se 

demander ce qu'il en est si cette condition est vérifiée seule-

ment sur une partie de A. Nous avons alors le résultat suivant: 
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Proposition III.5. Solt A une algèbre de Banach, I un Idéal 

bllatère de A tel qu'il existe c>o vérifiant ||xy|| ̂ c|| yxjj 
2 pour tous x.yel. Alors I çC(A). 

Preuve. SI A n'est pas unitaire, on fait les calculs dans 

A-A © C et 11 est clair que I reste encore un Idéal bllatère de 

Â. Soient ieA, x et y deux éléments de I et G ; I — M l'appli-

cation définie par G(X) = e"X*xyeX* ; on a alors ||G(X) |Uc|| yx||, 

d'où ixy » xya. 

Voici maintenant un petit résultat motivé par le 1 e r prob-

lème de Hlrschfeld-Zelazko (/T7). 

Proposition III.6. Soient A une algèbre de Banach et I un Idéal, 

bllatère de A, supposons qu'il existe c>o tel que 

!MUcr(x) 
pour tout xel, r étant le rayon spectral. Alors IcC(A). 

Preuve. On suppose A unitaire, quitte b prendre A»A ® C. Soient 

xel et 2cA. Considérons G : t -•I tel que G(X)"exîxe"xî". On a 

||G(X)|i $cr(x) ; d'où sx-x». 

IV. Algèbres de Banach vérifiant ( C ) . Nous donnons Ici un résul-

tat similaire au théorème de /."T^* 

Proposition IV.1. Solt (A,||.||) une algèbre de Banach et solt 

(E,|.I) un espace vectoriel seml-normé. Supposons qu'il existe une 

application T : A—«-E et une constante c>o tels que : 

II xy+y|l <c||T(yx+y|| 

pour tous x.yeA. Alors A est commutative. 
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Preuve. SI A n'est pas unitaire-, on fa i t les calculs dans 
Â-A ® I. Soient x.yeA et 6 : S-»A définie par G(X) • e'^ye**. 

on a G(X) - (e"Xx-l)yeXx + yeXx ; et comme (e"Xx - l)cA et 
Xx ye eA, on a ||G(X) ||.£c|T(y) |. Donc G est constante, d'où xy-yx. 

Corollaire IV.2. Solt (A,||.||) une algèbre de Banach. Supposons 
qu'il existe une semi-norme |.| sur A et une constante o o tels 
que : 

llxy + y|| «c|yx+y| 

pour tous x, y A. Alors A est commutative. 

Preuve. Il suffit de prendre E-A muni de la semi-norme |.| et 
prendre T • Identité. 

Le résultat suivant est une amélioration du corollaire 1 
de £&. En effet la technique utilisée dans £^2 exige que 
l'unité approchée solt bllatère. Notre approche permet d'obtenir 
le même résultat en supposant seulement qu'elle solt b gauche 
où b droite. 

Proposition IV.3. Solt (A.||.||) une algèbre de Banach admettant 

une unité approchée b gauche (où & droite) et solt E un espace 
vectoriel norme. Solt T : A—••£ une application linéaire continue. 

Les Conditions suivantes sont équivalentes. 

(I) Il existe k>o tq ||T(xy) |U kj yx|| pour tous x.yeA. 

(II) T(xy) = T(yx) pour tous x.yeA. 

Preuve. Il est évident que (11) Implique (1). Montrons la récip-

roque. Les calculs sont fait dans A>A ® C. Soient x.y.zcA et 

G;C— - f l'application définie par G(X)»xt6Azxye"Xz^ 
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|| G(X)|| « k|| yx||. donc G est constante ; d'où T(axy) « T(xyz). 

Solt (e1)1'l'unité approchée b gauche de A ; nous avons 
Tde^y) - T(e1y») et puisque T est continue, nous obtenons 

T(»y) » T(y«). 
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Indecomposable R.A.Loops and their Loop 
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Eric Jespers 

Department of Mathematics and Statistics 
Memorial University of Newfoundland, Canada 

Guilherme Leal 
Instituto de Matemàtica 

Universidade Federal do Rio de Janeiro, Brazil 
C. Polcino Milies 

Instituto de Matemàtica e Estatistica 
Universidade de Sâo Paulo, Brazil 

PneAtnted by J. Lambek, F.R.S.C. 

1 Introduction 
•> 

Let A be a commutative ( and associative ) ring with unity and let L be a 
loop. The loop algebraof L over R was introduced in 1944 by R.H.Bruck as a 
means to obtain an important family of examples of non-associative algebras. 
They are defined in precisely the same way group rings are; namely, RL is 
the free A- module with basis L in which multiplication Is introduced by 
extending that of L via the distributive laws. 

Conditions for a loop algebra to be alternative were first studied by E. 
G. Goodaire [4] in the case where A has no 2-tordon. Ue showed that the 
fact that RL is alternative depends on the structure of L but not on A. 
Thus, a loop L is called a ring altemative hop, or simply, an R.A. loop if 
its loop ring over any ring A with the above condition is alternative. 

In a subsequent paper, 0. Chein and E. G. Goodaire [3] showed that 
R.A. loops are almost groups ( they have a nonnal subgroup of index 2 ) 

*Tht» tcseucfa wis done while the firtt and ncoad named authon Tinted the Uni-
venidade de Sio Paolo, and waa supported ia part by NSERC-grant No. OGP0036631 
(Canada), CNPq and FAPESP (Btuil). 
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and almost commutative ( the commutator subloop is of order 2 ). Actu-
ally, they can be described as a particular instance of a well-known general 
construction of Moufang Loops ( O. Chein (1], [2] ) 

In this paper we state some recently obtained results. First we classify 
all indecomposable R.A. Loops, up to isomorphism. Next, we describe the 
structure of their rational loop algebras and finish by describing a subloop 
of finite Index in the unit loop of the integral loop ring. The proof of these 
results can be found in [8] and (9) and will be published elsewhere. 

2 Classifying Indecomposable R. A. Loops 
We start by recalling that R.A. loops can be constructed from subgroups by 
means of a well-known genera] construction of Moufang Loops ( 0. Chein 
[1], (2] ); details can be found in [5] and [6]. 

Theorem 2.1 LetL be an R.A. loop. Then, there exists a group G C L and 
an element u € £ such that L *: GUGu, G'= L'= {!,*} Ç Z{G) = Z{L) 
and L/Z{L) = Cj X Cj x Cj when Ca denotes a cyclic group of order 2 
f and consequently, G/Z{G) = C2 X Cj ) . 

Furthermore, the map ' : L-* L given by 

a._fg ifg€Z{G) 
9 ~\*g ifgfZiG) 

is an involution of L which extends linearly to RL. Setting u3 = go, we have 
lhat go 6 Z{G) and multiplication in L is given by: 

g{hu) = {hg)u 
{gu)h = {gh')u 
{gu){hu) ss goh'g 

A loop constructed in sueh a way is denoted as L{G, *, go). Conversely, 
given a group G and a map ' :G ~* G as above, (he loop L = L{G, *, go) 
is an R.A. loop. 

Groups G such that G/Z{G) Sf CpxCp, p a rational prime, were studied 
in [10]. We quote two results, specializing for p = 2. 

Lemma 2.2 ([10], Lemma l.l) Let G be a group such that G/Z{G) S 
Cj x C2. Then G' = {1, s) Ç Z{G) is cyclic of order 2. D 
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Theorem 2.3 ([tOf, Theorem 1.2) Let G be a group. Then G/Z{G) StCtX 
Cj if and only if G can be written in the form G** DxA where A isabdian 
and Dis an indécomposable 2-group such that D =< x, y, Z{D) > where 
Z(D) = Cj~i x Cjmt x Cf, with Cr* cyclic of order V**, i a 1, 2, 3; 
mi > 1; mj, ma > 0 and s = [x, y] € Cfi, x2 € Cw x Ci-*, y2 S 
Cj""! X Cj"j X Cj»». 

In what follows, we shall denote by t,- a generator of the cyclic group Ci, 
1 < t < 3. 

Now, we turn our attention to Indecomposable KA. loops. 
Theorem 2.4 ([8}, Theorem 2.2) LetL = L{G,*,go) be an indécomposable 
R.A. loop. Then G = D x C where D is an indécomposable 2-group and 
C is a cyclic group of order 2", n > 0. Also if n > 0 then go = de with 
deZ{D),e£C,c#l. 

We shall always use w to denote a generator of the cyclic group C. 
With the notation above, all possible types of indecomposable R.A. loops 

are given by the following table (see [8]) : 

Indecomposable ILA. Loops 

La 
U 
Lr 

Z(D) 
<ti> 
<ti> 

< ti > X < t j > 
< «I > X < t j > 

< li > x < tj > x < ts > 
< li > x < l j > x < «3 > 
< li > X < l j > X < I3 > 

x' 
1 

l l 
1 
1» 
(a 
h 
h 

y* 
1 

is 
ii 
la 
ls 
ls 

G 
Di 
Dt 
D, 
D4 
Ds 
Ds 

DsX <w> 

« ' = * , 
1 
11 
1 

1 
11 
10 

3 Description of Rational Loop Algebras 
Our main result regarding loop algebras of indecomposable R. A. Loops is 
the following. 

Theorem 3.1 Let L 6e an indecomposaWe R.A. loop. Then 

QL = QL(i±i)eQL(l^) 
and 
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/. Qi(l±î) S Q{L/L') S eM||i,| *&&)' 
with aj equal to the number of cyclic factors of L/V of order d, and 
ii a primitive dfh-root of unity. 

2. Q i ( i = i ) = A(L : L') ts a sum of at simple altemative algebras with 
at eçuai lo the ntimôer of subgroups H in Z{L) sueh that Z{L)/H is 
cyclic and s# H. 

3. Z{A{L : L')) Sf 0 Q ( ( H ) , where the direct sum runs over all subgroups 
H as in (2) and (H is a primitive \Z{L)/H^-root of unity. 

Furthermore: 
if LB Li, • = 1,3 or 5, then dl simple components o / A ( i : L') arc split 

Cayley-Dickson algebras. 
if L = Lt, t = 2,4,6 or 7, then all simple components, but one, are 

split Cayley-Dickson algebras. The non-split component, in each case, is 
determined by a primitive central idempoleni of the form e = H{^i). We 
list below the corresponding subgroup in each case. 

Loop 
Lj 
LA 
Lo 
Lr 

H 
(D 

< lila > 
< Ma > x < I1I3 > 

< Ma > x < M3 > x < l i » > 

We recall that the Cayley-Dickson matrix algebra over a field F is defined 
as 

C(F) = F F 8 ] fO F J 
where F3 denotes the set of 3-dimensional vectors over F, addition is defined 
componentswise and multiplication in C(F) is given by: 

a V 
W b H a' V i r a a ' + V-W 

W' V \~ [a'W + bW' 
W aV' + W-WxW' 

+ V*V' bV + WV 
(see (12, Theorem 2.4.7)). 

In [8] concrete isomorphisms are given between the simple components 
of the rational loop algebras and the Cayley-Dickson algebra. 
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4 Units of Integral Loop Rings 
For simpUcity, we have restricted ourselves. In this section, to finite inde-
composable R. A. loops with cyclic center. 

First, we introduce some notation. In analogy with the associative case, 
we define the General Linear Loop over a commutative ring A to be the 
following: 

GLLj = {Aç C(A) | det{A) Invertible in A}. 
Let { be a primitive root of unity; for a loop S Ç GLLj(Z((]), S con-

taining the Identity matrix / aad also —/, we denote 

« i ^ p r = {>! € 51 n{det{A)) = ! ) / { / , - / ) 

and 
Si^mi = {AeS\det{A) = l}, 

where n(a) denotes the norm of a € Z(f ]. 

Theorem 4.1 The unit loop (/(ZL) has a torsion-free normal subloop V 
sudt that the subloop generated by the central amis and V is affinité index. 
Moreover, if L/L' has exponent 4, Ihen V is a nomud complement of ±L 
in V{ZL). 

Assume L = Li with o(li) = 2",, and lei Ç 6e a = 21B, root of unity. 
Then, V is isomorphic to: 

{[ 
l + 2a 2Vl r i + 2ZK] 2{Z[(\f] , 
2W H-26je[2(ZKl)' 1 + 2ZKJJ;;îSJJ_I 

a + be2Z[t],V + We2{Zlt])fi}, 

if mi > I and isomorphic to 

/ri-|-2a 2Vl f l + 2Z 2Z31 
\[2W 1 + 26] e [2Z 3 1+2ZJ 

o + 6e2Z, V + iy€2Z3}, 

I 
detal 

ifmt = 1. 
In case L = Lj wilh o(li) s= 2m' then V is isomorphic to: 
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f r i + 2 a 2K] f l + 2Z[fJ 2(ZK1)31 I 
\ [ 2 ^ l + 26je[2(ZKl)3 1 + 2ZK)J_ -_ . I 

o + 6 e 2ZK1, uj + wj, vit + «i, «af + tea € 2Z[el}. 
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SOLUTION OF DIRECT ASYMMETRIC PROBLEMS IN EDDY 
CURRENT TESTING BY A PERTURBATION METHOD 

M. YA. ANTIMIROV, A. A. KOLYSHKIN AND RéMI VAILLANCOURT 

PKutnted bg G.f.V. VuU, F.R.S.C. 

ABSTRACT. A perturbation mothod b tasd to solve eddy cuiront testing problen» for a flaw 
of orbitrary shape situated in a eondocting haK«pacn when tbe electric conductivities of tbe 
flaw aad the aurrouading medium an nearly tbe mns. A general formula for tbe change In 
impedance li obtained. Numerical résulta for a circular cyiindrical Haw of finite length whoee 
axis fa shifted sideways with respect to the axis of the testing coll a n given grephically. 

Résutlé. On dépiste une faille de forma arbitraire située dans un demi-plan conducteur 
au moyen des courants île Fbucault par la méthode dea perturbations dans le cas oh la 
coDductivM électrique de ta (aille diffère peu de celle du ntiUea environnant et on donna una 
formule générale pour exprimer le cfaangmnent de l'impédance. On présente sur graphique 
un exemple de failles cylindriques circulaires de longueur finis. 

Sobject-eiatrifitn&m: AMS(MOS): 38K20, 85R10. 
Keywords: eddy carrent nondestructive evaluation, method of small perturbations, Hankel 
transfonn 

1. Introduction. Eddy current methods are widely used fisr quality testing of materials. 
If an electricaUy conducting medium Is situated In the electromagnetic field of an excita-. 
tion coil, eddy currents are induced in the conducting medium. The interaction of these 
currents with the coil's current changes the ampUtude and phase of the latter current. The 
presence of flaws (cracks or regions with difierent electrical conductivities) in the medium 
leads to a change in the leading of the coil's current. Conversely, a change in the reading 
may indicate the presence of a flaw and, in some cases, give an estimate of the flaw's pa-
rameters. But, as in any inverse problem, it is generally difficult to determine the shape, 
or even the presence, of a flaw from an impedance change in the probe because it is not 
known how this change depends upon: (a) the parameters of the flaw, (b) the properties 
of the conducting medium, and (c) the relative position of the probe with respect to the 
flaw. In bet, inverse problems are often Ul posed because their solutions, if they exist, 
may be many and may not depend continuously upon the input data. Therefore, in such 
cases, one often studies the direct problem in an attempt to tabulate solution patterns. 

Thb work was supported in part by the Natural Sciences and Engineering Research Council of Canada 
under Grant No. A 7916 and the Centre de recherchée mathématiques of the Univenité de Montréal 
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Fbr example, one minimizes (In some norm) the difierence between experimental and the-
oretical (or numerical) data, and the unknown parameters of the flaw may be found by an 
iterative procedure appUed to the minimizing function. Much attention has been given in 
recent years to numerical modeling of three-dimensional problems in eddy current testing 
(1-3). But considerations are often restricted to axisymmetric problems because of large 
computational difficulties In three-dimensional asymmetric cases. In practice, however, 
the determination of a flaw is an asymmetric problem because the search is carried out 
by the movement of an eddy current probe along the exterior surface of the material to 
be inspected. 

In this note, we use a perturbation method to obtain the solution of direct asymmetric 
eddy current testing problems. 

2. The mathematical analysis. The equation for the vector potential Â in a conduct-
ing nonferromagnetic medium is 

• 9Â -
AA=.po<7—-/JOI", (1) 

where A is the three-dimensional Laplacian, cr is the electrical conductivity of the medium, 
po is the magnetic constant and Î' is the density of the external current. 

An excitation coil of radius R, with alternating current i = le*"1, j = v^T, is moved 
horizontaUy in free upper half-space, Ro, at height h above conducting lower half-space, 
RiURi, where Aj Is a convex flaw. It is assumed that the constant electrical conductivities, 
01 and aj, of Ri and ilj, respectively, are close so that e = 1 - 02/01 Is a smaU parameter 
naturaUy connected with the problem. 

Introducing cyUndrical polar coordinates {r,ip,z) with coU's center at {0,<p,h), and 
separating the variable t, 

k{r,V,x,t) = X{r,V,Z)tiut, (2) 
we have, from (1), the following vector equation: 

AA + fc'A»-^!8, (3) 

where fc2 = -juapo and, with the Dirac measure S{x), the vector 1" Is 

l' = I6{r-R)S{x-h)ev. (4) 

In general, equation (3) is to be solved In each of the regions Ro, Ri and Rt, with 
vector potential and normal derivatives continuous at the Interface between the media 
It is shown in [4] that a three-dimensional electromagnetic field can be described by a 
two-dimensional vector potential since the third component may be chosen arbitrarily; 
here it wiU be taken equal to zero. Since there are no external currents in the «-direction 
the vector potential may have the form 

A* = {^(r.^.a) , A^.^r.v.^.O}, « = 1,2,3, (5) 
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in the regions Ri-i, respectively, where the functions Ari{ and Apj and their nomial 
derivatives are continuous on the boundaiy between the media (these condltfons imply 
the continuity of the tangential components of the magnetic field strength and the nonnal 
components of the magnetic displacement vector at the interface between the media). We 
denote by z =» Zi{r,tp) and z s zi{r,ip), za > 21, the équations describing the upper and 
lower parts of dRt, respectively. The projection of Ri on the plane z = 0 Is a convex 
region D with smooth boundaiy dD. The nearer and farther parts, ACB and AEB, of dD 
are described in polar coordinates by the equations r *= ri{(ip) and r = r»{<p), respectively, 
and the rays OA and OB subtending D at the origin form angles ipj and ipi, respectively, 
with the positive z-direction as shown In Fig. la. 

/N 

* r^0 ? crpo ^ 
7 7 ..-v '̂ y 1 71 T^i y s y x . 

-a 

-b-
Ri 

FIOURE IA (LEFT) AND IB (RIGHT), (a) D Is projection of region R2 on plane 
z - 0. (b) Cross-section of circular coil of radius R in free space fio at distance h 
above uniform conducting region Rt containing shifted circular cyUndrical flaw Rj of 
radius po and finite length 6 - 0 . 

Setting e = 1 - ffa/^i and kf = -juoipo, i = 1,2, we have 

*î = *î(l-e). 

We seek the solution to (3), for m s 0,1,2, in powers of e, 

4 m ) = 4 r ) + e 4 r ) + • • • . 

By substituting (6) and (7) into (3) and comparing the coefficients of each power of e we 
obtain a system of equations for each such power. 

In the absence of a flaw (« = 0), we have the foUowing problem: 

(6) 

(7) 

(0) Am 
A A L 0 ) - ^ - = - 1 'Vo poI6{r-R)S{z-h), (8) 
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_ 4(1)1 9A$* 
«=0 I . - n az l«=0 

_dA% 
»=o dz »=0 

0) 

(10) 

The solution to (8)-(10) is given in [5), and, in general, it is the sum of two terms, 
the first corresponding to the vector potential of a solitary coil In unbounded free space, 
and the second representing the vector potential due to a uniform (flawless) conducting 
half-space. In the sequel, we consider only the second term of this solution. In particular, 
with q = y/u3 — Sf, we have 

A^ir, z)~poIRr Ji{uR) Mur) -^- e"-* du. 
./o u + q 

It can be shown that the induced change in impedance, 

Zyni = 3-j j Xd\, 

(11) 

(12) 

where C Is the contour of the coil, Is determined only by the ^-component, which is 
independent of tp, of the vector potential 

In the presence of a flaw (« / 0), if we substitute (6) and (7) into (3) and compare the 
coefficients of e to the first power, we obtain a system of first-order approximation. We 
seek the solution to this system in the form of Fburier series: 

A^)(r, z) = n^O-, z) + f ) [oJ^O-, z) cosn^ + o ^ r , z) sinnJ , (13) 

A<ZHr,z) = 6^(r,z) + f ) ^ ( r . z J c o s n v + h^r .zJs lnnJ . (14) 
n = l J 

Since we are interested only In the impedance change in the coil, it foUows from the above 
considerations that we need only know the function 6o0)(ri*) 'n «"def to compute this 
change. The determination of 65"'(r, z) reduces to the foUowing boundaiy value problem 

,(0) 
L ^ - ^ T - O . 

f.0) w^-^r+W-nr.z), 

«=o i«=o dz l»=0 dz l»=0 
where 

Fir,*) = ±Jg
W*{r,V,z)d<p, 

(15) 

(16) 

(17) 

(18) 
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• ( f „ , ) = /*MS?. » M{r,V,x)eV, 
VW> \ o. If M{r,V,x)*V, 

and 

. ^ Â P + ̂  + â?- (19) 

Problem (1S)-(19) is solved l̂ y the method of Hankel Integral transform. 
Computations were done for a shifted circular cylindrical flaw of radius po and finite 

length, 6 - o, with centre shifted c units along the «-axis, as shown in Fig.lb, i.e. 

^i = - arctan ~ , ^a = arctan —, 

ri=cooa<p-yf%-e?ain2ip, n = ecoaip+yp^-<^ân2ip, 

xi = —b, Zi = —o, 0 > —o > —b. 

Using (12) we obtain the following formula for the change in impedance due to the flaw: 

Jvx Jo x+y/x'+j Jo V+yr+J 

X (v^+ï+V^+ï)^3-!/8) X 
X lypJi{0xp)Jo{pyp)-xpJo{0xp)Ji{0yp)]\ } dif. (20) 

where Zind = Zloti/{upoR) and 

h a r> j a b po e 

In Fig. 2, the real and Imaginary parts of Z|nd = iZjad + i^ind are shown in the case 
ro = 0.5. It Is seen that the abscissa, «o, of the maximum of the absolute value of any 
curve remains In the interval [0.9,1.0] as 0 varies In the Interval [0.5,2.0]. This means that 
the maximum change in Impedance occurs when the projection of the coil on the plane 
z => - a intersects the axis of the flaw. It Is also seen that the best identification of the 
flaw occurs when /? = 2 because the maximum is sharper in this case. Computation done 
with 0 = 3 has shown that \X\nd\ increases and ilind decreases as compared with the case 
0 = 2. Computation has also shown that a flaw Is better identified if the coil's radius, R, 
Is greater than the flaw's radius, po-

3. Conclusion. The method of smaU perturbations Is used to compute the change in 
impedance due to a flaw whose conductivity is close to that of the surrounding medium. 
Computation shows that a flaw is better identified by an eddy current probe if the coil is 
vertically above the flaw and the radius of the ooU Is greater than that of the flaw. 

file:///X/nd/
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FIGURE 2. Dependence of ftZw and DZ<nj upon Xo and /7, at ro = 0.5. 
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Similarity Reductions of the Two-DinMosumal Toda Lattice 

OL Bogoyavlenskij, R.N. Henriksen, D.C Offin 
Pneiented by G.f.V. VuU, F.R.S.C. 

Summary and introduction. Similarity solutions of integrable 
evolution type equadons were studied in works [1-4] where the 
connections with Painlevé equations were emphasised. In [5], equations 
for similarity solutions of some 2+1 dimensional evolution equations 
were derived. Certain similarity solutions of the Korteweg -de Vries 
(KdV) equation were shown in [6] to have an operator represemation 
L + [UA] • 0. which was derived from the weU known Lax representation 
for die KdV equation. Analagous operator representations can be 
obtained for similarity reductions of other integrable evolution 
equations as well. Similarity reductions of special Interest are those 
for which the operator representation is equivalent to the Lax equation, 
a situation which confirais the intcgrabiUty of the reduced system. In 
the present work we show that this property is fulfiUed for the 2-D 
Toda lattice in die nonperiodic case and fat analogous systems in the 
framework of semi-siinple Lie algebras. For the similarity reduced 
periodic case (and its Lie-algebraic analogues) we found a simple 
quaUiative description of the dynamics. FinaUy, we prove integrabiUty 
of the similarity reduced (2+l)-D equation qtt + o q ^ = (exp(q))yy , 
which is a continuous Umit of 2-D Toda lattice. 

L A generaUzed two-dimensional Toda lattice, associated with an 
arbitraiy simple Ue algebra 9 , admits the Lax representations [7.8] 

[L + a a x , flt + A) » 0 . (1) 
Here L and A are vectors of Lie algebra 9 . determined by the 
formulae 

N N 
L = „ ^ a - ^ + e ^ ) , A = s ^ a ^ - e ^ ) . (2) 

The vectors pftjc) and s (u ) belong to die Cartan subalgebra H , 
co......co», e H fonn an admissible set of roots A . The e ^ are root 

vectors. A set of roots A is caUed admissible, if for every pair of 
roots CD. , oo. e A the vector Oj - to. is not a root The number N 
satisfies the condition N à n + 1 , where n " dim H is the rank of 
Lie algebra 9 . 

Equations (1), (2) after the substitution p = qt . s = aq x • 
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a = cxpUq.coj)) . where Ihe vector q(tx) belongs to the Cartan 
subalgebra H , are transformed into the generalized two-dimensional 
Toda lattice [1,2]: 

, N 2(q.ci)j) 
q« - « «U = -2 I e ' œ. . (3) 

« x x i= i l 

The explicit form of the right-hand side in (3), depending on the 
structure of the simple Lie algebra 9 , coincides with that for the 
generalized 1-dimensional Toda lattice, constructed in [9]. For the Lie 
algebra of type A„ system (3) has die form 

,k \ \ . . ^ ' ^ . . « v M (4) 
Ktt Kxx [ J 

IL We consider special solutions of Eq. (3), determined by the 
formulae 

q(tx) = q(r) , r o t 2 - x2/ct2 . (5) 
Eq. (3) for these solutions is reduced to the equation 

. N 2(q,oo.) 
«lir + 1 r B - 2 i i 1

e S ' (6) 

In new coordinates p + = t + x/o , p_ = t - x/o the variable r 
appears as r = pj> , so solutions (5) in some sense might be called 
similarity solutions of Eq. (3). 

Solutions of Eq. (6) may be continued across the point r = 0 at 
not all values of q(0) . qr(0) , but only through a subspace satisfying 
the condition 

• N 2(q(0).<05) 
q,(0) = - * £ e ' tft (7) 

r z . = 1 i. 
The presence of such a subspace is typical of aU similarity solutions 
[10.11]. 

Eq. (6) for r = 0 is transformed after the substitution 

T a / Irl into the equation 
, N 2(q.a>5) 

q t t + » i H o . 2 a I i e '(Oi. (8) 

where o « sign r . Eq. (8) is equivalent to the foUowing system 

p t = - ! p - aivaq , q^ = au/ep , (9) 
where the function H(p,q) has the form 

. N 2{q,m.) 
H = ^p.p) + o E e ' . (10) 

System (9) is a HamUtonian system with time-dependent friction 
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-p/x . As a consequence of system (9) we get the equation 

dH/dt " Jp,p)/t £ 0 . (11) 
Therefore the function H(p.q) is the Liapunov function for the system 
(9). So aU the trajectories of system (9) as t •• «• tend either to 
infinity or to singular points of this system, determined by the 
conditions 

p « 0 , aH/aq - 2o £ e ^ * (& - 0 . (12) 
i - l 

If N S n , then vectors (0^..tS)n are linearly independent, so 
equations (12) have no solutions and aU trajectories of Eq. (9) tend to 
infinity in the spaoe of vectora q(t) as T •» •• . 

If N = n + 1 , then the following relation holds 

kjO), +1^(02 + ... + kn+i^n+i " 0 . (13) 
where aU k. are positive integen [12]. From Eq. (12) it foUows 

2(q0,(ûj) a ta c + fn k- . (14) 

Using equaUty (13) we get firom (14) 
r N w n+l r 1 

toe»- ( ^ k , lak,) ( ^ k , ) . (15) 
Then vector a is uniquely detemnned by the equation (14). 

The function H (10) is positive definite if o » +1 ; in this 
case in view of Eq. (11) aU trajectcnies of the dynamical system (9) 
for N = n + I lend to the attractive singular point p = 0 , q = q0 

as t •• oa . 
Moreover Eq. (6) after the substitution t = ta|r| takes the form 

(o=sign r) 

q,. = - f e* I e ^ a. . (16) 
^ 2 1=1 * 

This non-autonomous equation has the HamUtonian form 

pt = -eH/aq , qj = aH/8p (17) 

with the HamUtonian function 
1 B . N 2(q,wi) 

H = i (p.p) + S e1 Z e i . (18) 
2 4 i» l 

If N £ n , then there exists a vector q. e H . satisfying the 
relations (q^co.) = 1 , 1 = l,...Jti . Then Eq. (16) after the 
substitution 

q = q - 2 ^ l (19) 
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assumes the form of a generaUzed Toda lattice [3] 
. N 2(q.œj) 

qtt = - i Z e 'to.. (20) 

Thus we have proven the following 
Proposition 1. The equations of a two-dimensional Toda lattice (3) are 
reducible for the special solutions (5) to the generaUzed Toda lattice 
equations with friction (9), to the non-autonomous Toda lattice (16), 
and in the special case N â n . are equivalent to the generaUzed Toda 
lattice (20), and hence are integrable. 
OL Eq. (4) for N £ n has siimlarity solutions of the foUowing form 

q(U) = q(Ç) - qjûi t , Ç = x/l . (21) 
where the vector q, satisfies the conditions (qi.co-) = 1 , 
i = l,...,n . Eq. (4), after the substitution of the formulae (21), is 
reduced to the equation 

2 0 " ' N 2(4,(0.) 
( Ç W j q + 2Cq + qj = -2 Z e ' fflj . (22) 

This equation has two singular surfaces Ç = ±a . Trajectories of Eq. 
(22) may be continued through these surfaces only under the following 
conditions (O^tl) 

N 2(q(oa),(Dj) 
2oaq (oo) + qj = -2 Z e mj . (23) 

i=I 
IV. Let us now consider the equation 

qtt + «ijm = (eq)yy. (24) 
where q(t,x,y) is some smooth function. This equation was studied in 
connection with some problems of general relativity [13,14] and as the 
continuous Umit [IS] of the two-dimensional Toda lattice (4). Equation 
(24) for partial similarity solutions of the form 

(25) 

(26) 

(27) 

(28) 

is reduced to the 

After substitution 

q(U.y) 
equation 

» q(r.y) , r = t2 + x2/o 

«!„ + ^ = J(eq)yy • 
T = di|r| 

Irr3 

we get from (26) 
f eV^yy , o » sin r . 

This equation after substituting q = q - t takes the form 
^ 1 = 1 (eq)yy . 
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The IntegrabiUty of Eq. (28) was proved in [15]. In conclusion we find 
dut the special solutions (25) of Eq. (24) are described by the 
integrable equation (28). 

V. Eq. (24) has also partiaUy similarity solutions of the form 

q(U.y) - q(Ç,y) - 2ta t , Ç - x / l . (29) 
or 

q(tAy) = q (Co) , Ç = x / t . o » y/t (30) 

Eq. (24) for solutions (29) takes the form 

((;2+o)qçr + 2Çqç - ( e ^ . (31) 
WhUe Eq. (24) after substitution (30) is reduced to the equation 

(C240)qçç + 2 0 ^ + o 2 ! ^ + 2Çqç + 2oq a - ( e ^ . (32) 
Eq. (32) for similarity solutions of the form 

q(Ç.o) o q ( r ) - 2 t a c , r a Ç + c o , c = const (33) 
is reduced to the equation 

{tl+a)qtt + 7xqt~(e\. (34) 
which is the derivative of the expression 

(r 2 *©^ » (eq)r + « , t - const (35) 
and so has simplest solution q « Inôr-HX) , b • 0 . 
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A remark on a mean value property 

Maciej Sablik 

P&eaen£ed by 3. Aczel, F.R.S.C. 

Abstract. J. Acsâ in [1] and S. Haruki in [5] showed that functional equations 
(3) and (4) characterise quadratic polynomiab among nal functions. In the present 
note we extend these results to the case where variables and valuea of the unknown 
functions are in some abelian groups. 

It Is a weU known fact that quadratic polynomiab f{x) = ox'+bz+c, z € 
St, satisfy the foUowing two equations 

M^M.,C±l) m 
and 

x-y - 2 ^ 
for aQ z,y e iR,z ^ y. Several authon dealt with functional equations of 
which (1) and (2) are special cases, viz. 

/ (*)-fl(») = M*+ »)(*-») (3) 
and 

/(*) - 9iv) = («(x) + r(y))(z - y) (4) 
for aU z,y e iR,z jt y. J. Aczél proved in [1] that without any regularity 
assumption f,g,h satisfy (3) If and only if /(z) = g{x) = az3 + frz + c for 
some a,fr,c € iR, and h(z) = az + 6. A simUar result was obtained by S. 
Haruki in [5]. He proved also that (3) is equivalent to the equation 

/ ( z ) -y (y ) = (*(z) + *(y))(z-y) . 

Further investigations of problems motivated by the above mentioned 
results can be found e.g. in J. Aczél • M. Kuczma [2] and M. Kuczma [6] 
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(z, y are in a real interval and h(z + y) is replaced by ifc(i;(z, y)) where 17 is 
the harmonic or geometric mean, see also M. Kuczma (7)). G. E. Cross and 
Pl. Kannappan consider in (3] a generaUzation of (4): 

/(*) = 53 »(»)(* - y)* + (*(y) + 7(*))(* - y)" 

for x,y e lR,x £ y and arbitrary n > 2. Again without any regularity 
assumed, f,g,h have to be polynomials of suitable degree. A similar result 
concerning the equation 

n-2 

/(») = 53 W(»)(» - y)* + A(x + (n - l)y)(z - y ) -
*=o 

for z, y € ffi,z jt y and arbitrary n > 2, which is a generaUzation of (3) has 
been obtained recently by R. Ger (cf. (4)). 

to the present note we are going to solve (3) and (4) In the case where 
z,y are in an abeUan group. Of course, we have to make precise what the 
multiplication on the right hand sides means. This question turns out to 
be obvious if we notice that In the real case h(a) and •(«) + T{v) may be 
identified with Unear mappings "t - . h(a)t" and "t — (•(«) + r(»))t" (by 
the way, the Unearity actuaUy Is a regularity assumption when compared to 
additivity for instance). 

Proofs of theorems are elementary and in the case of Theorem 1 the 
argument is almost the same as in [1]. 

THEOREM 1. Ut (G,+) and (ir(+) be abelian, uniquely 2-divisible 
groups. Then ihe functions f,g :G-* H and h : G ~ Hom{G,H) satisfy 
(Vforjtll*,y€G,x*yifandonlyiff{x) = g{x) = ae + ai{x) + a,{x,x) 
and h{x) = at + aj(z,.) for every z € G, where a0 ç H is a constant, 
ai 6 Hom(G, iî) and aj : G * G - ff is symmetne and biadditive. 

Proof. It Is a straightforward matt» to check that f,g,h which have the 
forms given in the assertion actuaUy satisfy (3). To show the converse let 
f,g,h satisfy (3). We can foUow the argument used by J. Aczél in 111 to get 
/(*) = 9(x),/(z) = / (0 ) + A(z)(z) and 

[A(z + y) - h(0)I (z - y) = [h(z - y) - h(0)) (z + y) (5) 
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for every x,yeG. Puttmg a = » + » and t» = » - jf we see that (5) becomes 

Ih(tt) - &(0)) (t,) = [h{v) - &(0)] (u) (6) 

for every u, v € G. Let aj : C? x £ -* ff be defined by 

«îKf)=5(A(u)-h(0))(v) . 

In view of (6) a. Is symmetric and biadditive. Put o» = /(0) € ff and 
«i = h(0) € Hom(G,ff). It is easy to see that f,g and h can be expressed 
as in the assertion. This concludes the proof. 

Passing to the equation (4) we prove first a theorem on the case where 
(4) holds for all z,y e G. 

THEOREM 2. Let (G,+) and (ff,+) be abelian groups and assume tiiat 
ff is uniquely 2-divisible. The functions f,g : G -* H and * , r : G -» 
Hom(G,ff ) satisfy (4) for all x,y ç G if and only if /(*) = g{x) = a, + 
oi(«) + oj(«,x),*(x) = 6i+oa(x,.)+a3(*,) ondr(x) = o i - 6 , + o 2 ( x , . ) -
03(x,) where a0 € ff is a constant, oi,6t € Hom(G,ff),oa : G x G -> ff 
is symmetric and biadditive, and as : G x G — H is skew-symmetric and 
biadditive. 

Proof. It is easy to check that f,g,* and T which have forms as in the 
assertion satisfy (4). Let us prove the converse. Setting x = y In (4) yidds 
/(x) = g{x),x e G. Thus / satisfies 

/ ( * ) - / ( » ) = (*(x) + r(iO)(x-y) (7) 

for all x, y € G. Interchanging z and y in (7) and adding the obtained 
equality to (7) we get 

2(/(x) - f{y)) = (#(x) + r(x) + «(y) + r(y)] (x - y). (8) 

Define R : G - . ff by n(«) = «(x) + r(x). Putting y = 0 Into (8) we get 

2/(x) = 2/(0) + [n(i) + n(0)](x). (9) 

Substituting (9) into (8) we infer easily that 

[n(x) - n(o)i (y) = (n(y) - n(o)) (x) (io) 
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for all x,y g G. Define oj : G x G -> ff by 

M«.»)=5in(x)-n(0))(y). 

In view of (10), aj is symmetric and biadditive. Further, define ai : G -> ff 
by o,(x) = n(0)(x). Then m is additive. If we put a,, = /(0), we get from 
(9), after division by 2, f{x) = a0 + ai{x) + oj(x,x) for every x 6 G. If we 
take into account the definitions of H, ai, oj, and (10), we get 

r(x) = n(x) - «(x) = o, + 2o,(x, ) - *(x) 

for every z e G. Now, substituting formulas for / and T into (7), we obtain 

(*(*) - *(»))(* -y) = a2(z - y,z - y). (U) 

An easy calculation shows that (11) implies 

l*(z) - «(0) - o2(z. )] (y) = - (*(y) - *(0) - aa(., y)] (x) (12) 

for all x,y € G. Define 03 : G x G -» ff by 

«3(«, V) = I*(x) - *(0) - o3(x, )] (y). 

It follows from (12) and the definition of aj that a3 is biadditive and 
skew-symmetric. Putting 6] = *(0) € Hom(G,ff) we can write *{x) = 
61 + 02(1,) + a3(z,-) for every z 6 G. Inserting the form of * into the 
formula for F we have r(z) = a, - 6, + oj(z,.) - a3(z, •) for every z g G. 
This condudes the proof. 

The assumption that (4) holds for all z,y € G is essential as is shown 
by the following examples. 

EXAMPLES. Let ns consider two cases. 
(I) If G Is of order 2 and ff jt {0} Is uniqudy divisible by 2 then Hom(G, ff ) = 
{0). Write G = {0,c) and define / . j : G - ff by /(0) = g{e) jt /(c) = g{0), 
and let * = P = 0 6 Hom(G, ff). Then (4) is satisfied for all z, y e G, x jt y, 
but f £g. 
(ii) Let G = {0,a,2a} be a group of order 3 and suppose that a uniqudy 
2-divi8ible group ff contains a subgroup F = {0,6,26} of order 3. Define 
/ :G - ff by/(x) = 26,x6 G.andfl : G - ff by y(y) = 6,y 6 G. Rirther, 
define * , r € Hom(G,ff) putting «(0) = r(0) = a,#(o) = r(o) = /? and 
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•(2a) = r(2a) = fl, where a(x) = O.x € G, and 0(0) = 0,/î(o) = b,0{2a) = 
2b. Then / ^ y but f,g,*,T satisfy (4) for ail x,y g G,x ^ y. 

We will show that situations presented in the examples are exceptional 
and in other cases (4) considered for x ^ y Is equivalent to (4) considered 
for all x, y g G. 

THEOREM 3. Let (G, +) be an abelian group which is not cyclic of or-
der i and let (ff, +) 6e on abelian uniqudy l-divisible group. If G is not 
cyclic of order S or H contains no cyclic subgroup of order S, the functions 
/ ,y : G -» ff and • , P : G -» Hom(Gl ff ) satisfy (4) for aU z, y g G,x ^ y 
if and only if they areas inthe assertion of Theorem 2. 

Proof. It is obvious that functions f,g,i aad F which are of the forms 
given in the assertion satisfy (4) for all z, y g G. To prove the converse 
assume that f,g : G -* H and $ , r : G -» Hom(G,ff) satisfy (4) for 
z , y g G , x / y . 

Suppose first that G is cyclic of order 3. Then ff contains no subgroup of 
order 3 aad thus Hom(G,ff) = (0). Consequently, we have • = P = 0 and 
/(z) = y(y) for all x, y g G, z ^ y. Hence it follows that f ssgss const =:a0. 
Thus the assertion holds with aj = 0 g Hom(G,ff) and aj = 03 = 0 g 
ffc«0. 

FVom now on assume that G is ndther of order 2 nor 3. Putting y = 0 
and then r = 0 Into (4) we get / (z) s y(0) + r(0)(z) + •(x)(z) for every 
z ^ 0, and y(y) = /(0) + *(0)(y) + r(y)(y) for every y f£ 0. These formulas 
together with (4) and additivity of *(i) yidd 

m - 5(0) = (r(y + x)- r(y) - r(z) + r(0)] (z) =: Aw(x) 
for all z ,y,«g G such that 0{j {y,x,y + x) aad xi {Q,y,x,y + z). Choos-
ing y g G so that 0 £ {y>2y,3y} and using additivity od A,,» we caa prove 
that /(0) = g(0). Thus AM(x) = 0 for every x g {y.z.y + z). A detailed 
examination of possible cases shows that At<t s 0 for all y, z g G. Hence the 
function a : G x G -* ff defined by a(x, y) = (r(y) - r(0))(z) is biadditive. 
Denote by 03 the symmetric part of a and by as its skew-symmetric part. 
If, moreover, a0 = /(0) = g{0),ai = r(0) + 4(0) and 61 = 4(0) then one 
caa easily show that / ,y ,r and 4 are as in the assertion. This condudes the 
proof. 

REMARK. Let us observe that, In the case where G aad ff are linear 



212 H. Sablik 

spaces (topological groups] and Hom(G,ff) In the above theorems is re-
placed by L(G,ff), the space of linear mappings from G to ff (.4(G,ff), 
the space of additive continuous mappings] then the words "additive" and 
"biadditive? in the statements can be replaced by "Kneoi* and "6iKneaf* 
lnadditive continuous and "biadditive continuous], respectivdy. This is an 
obvious condusion from the proofs of our theorems. 
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HSlder continuous solutions of ftaneuonal equations 

fagr Aolal Jfcai 
Ptuented by 3. Aczel, F.R.S.C. 

Abstract. In this woric it is proved that the sdntions / of the fanctional 
equation 

/(«) = W.y,/fci(«.v)), .",/M«.y))) . 
that are locaUy Holder eontiaaous with exponent 0 < a < 1, are locally Holder 
oontinuous with exponent 2o/(l + or), too. 

As it is treated in Acsd's dasneal book [1961], regularity is very important in 
the theory and practice of fanctional equations. The regularity problem of fane, 
tional equations with two variables can be formulated as follows (see Acsd (1984) 
and JArai (1986)): 

Problem. Let T and £ be open subsets of R* aad Rm, respectivdy, and kt 
D be an open subset of T X T. Let f xT -* Z, gi -. D -* T {i = 1,2,...,n) aad 
h:Dx Zn+1 -*Zbe fonctions. Suppose that 
(1) 

/(*) = fc(«,V,/(»),/(ft(t,y)),...,/(yn(<,y))) whenever (*,y) 6 D; 
(2) h is analytic; 
(3) gi is analytic aad for each t € T there exists a y for which (t,y) € D and 

|^(t,y)hasraaks(i = l ,2, . . . ,n). 
b it true that every / , which is measurable or has the Baire property is analytic? 
The following steps may be used: 

(I) Measurability implies continuity. 
(II) Almost open solutions an continnoas. 
(III) Continuous sdntions an locally lipschhs. 
(IV) Locally Lipsddts adulions an eontinuoudy differentiable. 
(V) AQ p times eontinuoudy differentiable sdutioas an p + 1 times eontinuoudy 

diffenntiable. 
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(Vl)Infinitdy many times differentiable solutions are analytic. 
The complete answer to this problem is unknown. The problems corresponding 

«» (I). (IO, (IV) and (V) are solved in JArai (1986). In the same paper, partial 
results in connection with (III) are treated. A partial result in connection with (VI) 
is treated in Jarai [1988] (in Hungarian). 

In this paper we ded with locaUy Holder continuous sdntions. The result is 
a new step in (III). In the paper Jirai [1992] the same problem is treated for red 
solutions, using the fondamentd lemma of the theory of Campanato spaces, which 
is a generalisation of the famous dassicd Morrey lemma from the regularity theory 
of partid differentid equations. More general rasdts are proved in this paper in an 
dementaiy way. 

Fbr rimplidty, aU norms on normed spaces wiU be denoted by ( (. A function 
/ mapping an open subset of R* into R* is caUed locaUy Holder continuous with 
exponent 0 < a < 1, if each point «rf its domdn has a ndghbourhood V such that 
mPx,fi-v l/(x) - /(y)l/|x - y|a < oo. Any constant not less then this supremum is 
cdled a (locd) Holder-constant for / . fri the case a = 1 Holder continuous fonctions 
and Holder constant, are also called lipschits functions and Lipschits constants, 
respectivdy. It is wdl-known, that continnoudy differentiable fonctions are locaUy 
Lipschits. 

Lemma. Let V, W aad U open subsets of R», R* aad Rr, respectivdy. 
f:U-*Ru continuous fonction, g:VxW-*Uu twice continuously differentiable 
fonction, te 6 V, y, g W, and suppose, that |*(to,yo) has rank r. Ut 5 be a 
simplex with nonvoid interior contained in the unit bdl of R*. Then there exists a 
eonv« ndghbourhood VoCVot to, a red number ffo > 0 and a constant C, such 
that for each ff for which 0 < ff < ff, the function 

*-» / mt,y))dy 

is continuously differentiable on V9 with gradient bounded by Cff*-1. 
Proof. The proof depends on a theorem concerning differentiation of para-

metric integrals. The more generd form of this theorem can be found in the paper 
Jârai (1991). Fbr a somewhat weaker version (which is stiU enought for our present 
proof) see the paper Jarai [1986], theorem 5.1. 

Let y, denote the partid fonction y -» g{t, y), «nd let gt{y) = x = (z,, z2 zr). 
Without loss of generahty we may suppose that the Jacobian 

^ ( » l | X 3 , . . . , Z r ) 
9{yuy*,...,y,) 

is podtive at the pdnt (to.yo). Let us choose open balk Vo and Wo with centers 
to and y», respectivdy, sueh that this Jacobian is positive whenever t € Vo and 
^ ^ " . ^ • ^ ** th* , B d i u 8 o f ^ Ui *' = K . - . * ; . * ; + i . •.*?) be defined m the foUowing way: i j = z, if 1 < i < r aad z; = « if r < i < fc. We shaU denote 
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the mapping y i-f z* by y*. Let p(z*) = z. It is dear that the Jacobian 

fl(z},...,z{) 
9(yi...-.tf») 

is equd to the Jacobian above, and henoe nonsero if t € Vo and y g IVo- Similarly 
as in the proof «rf theorem 5.2 in the paper Jini (1986), not hard to prove that 
decreasing the radius ot V» and Wo if necessary, we may suppose that y* k a 
homeomorphism «rf Wo «mto an open subset «rf R* whenever t e Vo. Using the 
substitution z* = g*{y) we have 

m = / /(y(t, y)) dy = / /W.'MW)-1^*)) dx*. 

Here J denotes the Jacobian. Let h^t.x) o /(p(z,))J((ff<
,)-1(r*)) and let us use 

the theorem in the paper Jird (1991) concerning differentiation with respect to the 
parameter of the parametric integral 

F{t)= I h{i,x')dx'. 
Jt:vts+to) 

We get that F k continuously differentiable. Using the proof «rf this theorem we 
can get an expHdt fotmda for the partid derivatives of F, and write it as the 
sum «rf two integnk. The first integral is a volume integral over RS + yo and the 
integrand k a continuous fonction «rf the partid derivative § and the derivatives 
of g. The second integral k a boundary integral «nrer d{RS + ye) and the integrand 
k a continuous fonction of h and the partid derivatives of g. It Vo and Wo are 
smaU enough, these continuous fonctions are bounded and wc have the expected 
estimate. 

Theorem. Let 0 < o < 1, and let Z, Zi be open subsets of EucUdean spaces 
(t = 1,2,...,n). Let T, Y and Xi be open subsets of R*, R* and Rr', respectivdy. 
Let D be an open subset of T X V. Consider the function! f -.T -* Z, fn Xi-* Zi 
(i = l,...,n),gi : D -* Xi{i = l,...,n),h: DxZixZtX---xZn -* Z. Suppose, 
that 
(1) foreach(t,y)gD, 

/(*) = fc(<,v,/i(5i(*.y)),...,/«(tf-(*,y))); 

(2) h k twice continnoudy differentiable; 
(3) ff; k twice eontinuoudy differentiable on D and for each t g T there exists a y 

such that (f,y) g D and -£{t,v) has rank n for • s=l, . . . ,n; 
(4) the fonctions /<, i = 1,. . . ,n an locaUy Holder oontinuous with exponent o. 

Then / is locaUy Holder oontinuous with exponent 2a/{a +1). 
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Proof. We have to prove that for each point to g T the function / k Holder 
continuous oa a neighbourhood of to with ezp<ment 2a/(l + a). Replacing ft with 
the coordinates we may eupp<jse without rertricting generaUty that Z,- C R for 
i = 1, . . . , n. Let us choose yo by (3) for to. By our lemma there «adat a convex 
open ndghbourhood Vo of to, a simplex with nonvoid interior contained in the unit 
bdl, and constants ffo > 0 and C such that for the dosed baU Wo with center yo 
and radius Ro we have Vo x Wo C D, and the mappings 

JR 
fii9iit,y))dy 

RS+to 

are continnoudy differentiable on Vo with gradient bounded by CR*-1. Decreasing 
Vo and JRo if necessary we may suppose that Ro <1 aad y< k a Lipschits fimction 
with Lipschits constant L on Vo x Wo. Similarly, we may suppose that ft k Holder 
continuous with exponent a and Holder constant ff and j/ij bounded by ff on 
gi{Vo x Wo), moreover on a convex dosed set containing 

Vo x Wo x /,(y,(Vo x Wo)) x — x /„(y„(Vo x Wo)) 

the functions jj£- are lipschits continuons with lipschits constant LJ, and the 
fonctions l?rl and Igj-I are bounded by ffô and ffj, respectivdy (t = l ,2, . . . ,n) . 
Let ns fiz Ro, Vo, Wo and yo. We shaU prove that / k locaUy Holder oontinuous 
on Vo with exponent 2a/(l + a). Let t,f denote arbitrary dements «rf Vo and kt 
0 < ff < ffo. Let us integrate the two sides erf the fonctiond equation over the 
simplex RS+yo. We have 

cff*/(0= / M«.y./i(ffi(<.y)) fn{gn{t,y)))dy, 

where c > 0 û the measure «rf the simplex S. Henoe 

1/(0-/(01 = dH.L+ ^•«'•^^(«.y)).--./-^(«.y))) 
- h{t',y,fi{gi{t,,y)),...,fn{gn{t'1y)))dy\. 

Tb get a good upper estimate for the left hand aide we need an upper estimate for 

the difference 

h{t,y,/i(yi(t,y)),...,/„(y„(t,y))) - Mt',y, fi{gi{t',y)),..., f„{g„{t',y))). 

We may apply the Taylor theorem for the fonction h with points 

z = {t,y,zi,...,zn) and *' = (t',y,*;,...,«;,) 
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where f , t g V, y g W, r, = /i(y.(t,y)) and zj = /j(y.(t',y)) for i = l , . . . ,n . We 
have 

Mz)-M»') = jf* § ( r z + ( l - r ) s ' ) ( t - t ' ) d r + è jf' ^ ( " + ( l - r ) s ' ) ( ^ - * l ) d r . 

Using this and omitting variables we have 

cff»(/(t') - /(t)( = | J ^ + [£ ^ ( r z + (1 - ry ) ( t - t')dr 

+ Ê / ' ^ ( " + <* - r)''K" " *!)dr) dy . 
i=l ' 

Using the triangle inequaUty, we get n -f 1 tenns on the right hand ode. Fbr the 
first term we get the trivid upper botmd eRkB'9\t'— t\, where BJ is an upper bound 
o f | U | . Let2?=/l(yi(t,yo))(t = l,2 n), and kt *» =(t,yo,*?,...,*«). If h{ 
denotes the vdue of the partid derivative jr*- at the point z0, than the other terms 

OZi 
can be rewritten in the form 

/ j f ( ^ ( r * + (1 - r)z') - h',) {z, - *|) dr dy + hj J lx,- zfa. 

First we give an upper estimate for the absolute vdue «rf the first term of thi» sum. 
An upper estimate «rf jsj - zj| k ff(L|i - f ))a, where ff is a Holder-constant for fi 
and L ia a Lipachits-conatant for gi. Hence 

I / / £<"+^ - w - fc'H** - *ndrdy\ 
URs+roJo "Zi | 
< ff(L(t -1'))- / /* | ^ ( r z + (1 - r)z') - S;| dr dy. 

jRS+t,Jo \<fZi | 
FVirthennore we need to estimate the difference J^Crz + fl - r ) z ' ) - S&-(z°)|. 
This k not greater then Lj mdtipUed by the mmn of rz 4- (1 — r)z' - z0, that is, 
L'i times the maximd distance between the vectors z' and z0 = {t,yo,Xi,...,zX), 
where Lj is a lipschits-oonstant for £&•. The marimd distance between z* and z* 
can be estimated by |t - f ) + ff + nff(L(|t - t'| + R))a. Hence we get the upper 
bound 

cff'ff(Jt - t'iL^L'iOt -1') + ff + nff(L(|t - 1 ' | + ff))») 
for the first term. 

To get an upper bound for the second term, we need an upper bound for the 
absolute vdue of 

/ {zi-z'My=l M9i{t,y))-fibtf,v))dy, 
JRS+to ' JRS+to 
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because |h|| k triviaUy bounded by the upper bound ffj «Mgjr • FVom the lemma 
we get the upper bound It - f'jCff'-1 for thk integral. 

Summing up aU this estimates, we get 

1/(0 - /(Ol < ̂ ilt - ''I + H{L]t -1'])- f } LUlt -1'] + ff + nff(£(lt -1' | + ff))-

+ £ff|lt-t'|C/il 
i s i 

If It -1 ' ] < ff thk can be rewritten as 

l/(t) - /(Ol < Co]t -1'| + C,|t - t'l-ff- + Clt - t'l/ff, 

where Co, C\ and Cj do not depend on t, t', and A. If we choose ff such that it 
satirrfy the condition ff = |t - t'lU-")/»*»», then we have 

1/(0 - /(Ol < (Co + C, + C,)|t - t'|to/<,+-' 

whenever |t -1 ' ] < iï<»+-)/<1—> and t,t' g Vo. Thk proves that / k locaUy Holder 
continuous on Vo which impUes the theorem. 
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SUR DES SOLUTIONS GLOBALES ET DES SOLUTIONS LOCALES 

DE L'SQUATION DE TRANSLATION 

Zenon Moszner 

Patented by J. Aczei, F.R.S.C. 

Resume: On compare la notion de la solut ion loca le de 

l'équation de trans lat ion avec la notion de la solut ion 

globale de cetU équation et on donne quelques conditions 

suf f i santes pour que la so lut ion loca le so l t prolongeable ft 

la so lut ion g lobale . 

M.Lothar Berg en considérant l'équation de trans lat ion 
multidlmenstonnelle de la forme 

H ) F I F I x , t ) , s ) = F ( x , t + s ) , 

oû F: RnxR" —> R",a défini. I U une solut ion loca le de ce t te 

équation au point xoeR" comme une fonction P t e l l e qu 'Us 

existent un entourage lune boule ouverte ou Rn) A de x et un 
o 

entourage lune boule ouverte ou R") A de OeR" tels que 

(2) Vxe^ Vt.s^: FIFIx.t) ,8)=Plx,t+s). 

On considère la solution locale aussi dans 13]. 

La fonction P est dite une solution globale si 12) a lieu 

pour AjaR" et A2=R".Cette note est consacrée ft la comparaison 

de ces deux notions. 

On volt que chaque solution globale est en même temps 

locale.Si P est une solution locale elle doit «tre définie au 

moins sur l'ensemble E:a(P(A.xAJxAJ U IA xlA-fA )] .puisque 
1 2 2 1 2 2 

l e s membres dro i te et gauche dans (1) doivent Ôtre définis 

pour chaque xEAt et chaques t,seA et en dehors de cet 

ensemble P peut être arbitraire.On peut done construire 

une so lut ion locale qui n'est pas globale de la manière 
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suivante.Nous considérons une solution F globale pour 

Laquelle Ils existent des entourages At et A pour lesquels 

E*Rn (voir pour ce but (21) et posons F=P sur E et P 
i 

arbitraire sur Rn\E,roai8 t e l l e que P n'est pas une so lut ion 

globale.La so lut ion Locale F, reçue de c e t t e façon,consIdérée 

seulement sur E,peut fitre naturellement prolongée à La 

so lut ion globale (p.ex.F 1.On se pose donc Le problème de 

donner un exemple d'une so lu t ion l oca l e P qui, considérée 

seulement sur E ne peut pas être prolongeable à La so lu t ion 

globale.Et voilà un exemple:Solt pour n=m=l 

13) Fix l ) J x + t s l • x + t l < 4 . I3J M x , t j s < 0 g l 4 s , x + t | i 

xoeR1Ai=(-l , l) ,A2=(-3,3) .Soit xeA1,t lseA2,alors Flx,t)ax+t et 

F(P(x , t ) , s )=F(x+t > s )= | x + J + 0 °J i 2 t ] £ t « t }=P(x,t+8), 

donc (2) a l ieu.De plus E=(-4 ,4 )x( -3 ,3 ) U l - l , l ) x ( - 6 , 6 ) . 

Prenons que P. est prolongeable ft une so lut ion globale 

Fj.Nous avons P1(0I4)=F(0,4)=0=P(0,6)=P1(0,B) et puisque Ft 

remplit (1) on a: 

0=F«0,0)=F1(0,0)=Pt(F1IO,4) , -4)=Pt(PtIO,5) , -4)=Pt(0, l ) = 

P(0,1)=1, 

donc une contradiction. 

IL se pose donc Le problème sous queLLes conditions une 

solut ion locale,consIdérée sur E,peut ê tre prolongeable ft une 

solut ion globale? 

Nous allons démontrer ft ce sujet Le 

Théorème 1.S1 P est une so lut ion l oca l e de (1) et 

(4) P(h1xA2) c A^ 

( 5 )
 V t i W - • • s i e V â 2 Vx<*i l 1 + - . . + t k = s t + . . . + s i - > 

P ( P I P . . . P I x , t 1 ) , t 2 ) t k . , ' . * » » 3 

= F ( F ( P . . . P ( x , s i ) , s 2 ) » l . , » > s i , « 
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alors P est prolongeable ft une so lut ion globale . 

Démonstration. 

La fonction P,étant déf inie sur B.est d'après (4) définie 

sur Atx(Az4A2). Posons pour tel A24A2 )+( A24A2 ) , donc pour 

t=t1+t2 ,où t1,tgea8+AI et pour x de At 

P l ( x , t ) = P ( P ( x , t 1 ) , t 2 ) . 

Cette déf in i t ion est correcte,puisque s l t=t -ft ss +s ,où 

VvV^'^W4^'d 'a p r ô 8 ,5) 

PIP(X, t 1 ) , t 2 )=P(P(x ,S t ) , 8 2 ) . 

De plus pour teA +A .donc tet.+t,,où t.,t,€A,,et x de A. on a 
« S 1 2 1 2 2 1 

P1lx,t)=Ft(x,tt+t2)=P(Plx,t1),t2)=P(x,t1+t2)=P(x,t), 

alors P J I A ^ A ^ J - F I ^ , ^ ^ , 

Nous allons démontrer que P a la même propriété que 

(5) .mais avec A:=(A2+A2)+IA24A2) au lieu de A2-fA2.En effet 
, k , - t Sj € A Ot 1^+. . . • t ^ = 8 ^ . . . + 8 ^ d'OÙ 

t i = t î + t r , ls! l k) et BrB'*3T U a l D.oft tj.tp.sj, 
s *"6A24A2. Pu isque 

t ; + t ; - + . . . + t*+t - , =8;+8; - + . . .+s ; + s ;* . 

donc d'après (5) : 

P I P m . . . P ( x . t * > , t p t* ) , t*" ) a 

P ( F m . . . P ( x . 8 * ) , s p . . . . , 8 * ) , 8 p . 

U en résulte La thèse puisque nous avons d'après la 

dé f in i t ion de P^ F(F(z ,u) , v lsF^z.u+v) pour chaque z de A 

et u,v de A +A . 
2 2 »•' „»„_.» I l _..I4. *>._» «^•l._.l'.«» Définissons A conme 11 s u i t : A :=A ,A :=A +A pour 

p s l t 2 t . . . .En prenant F1 au l i e u de P^+A au l i e u de A 

nous pouvons définir sur A xA4 de la manière analogue La 

fonction P2 qui est égale ft F1 sur A1xA3 et qui remplit (51 

avec A4 au l i eu de A-fA .On peut définir de même par 

induction la fonction F sur AtxA qui est égale ft F sur 
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A xA1**1 e t < 'U i r e r a P 1 1 1 , 5 ' a v e c A,'*^ au i l e u d e ^ z ^ * 

o 
La fonction ^ l / , ^ e s t évldenwenl déf inie sur 

A1xRa,puisque UA^R",étant un prolongement de P. .Nous al lons 

montrer qu 'e l l e est une so lut ion de (1) sur A xR". 

I l résulte de 15) pour F et t = t , t =8,8 =t+B que 

(6) P p (P p (x 1 t ) , s )=F p (x , t+s) 

st xcA1,t,s,t+8eA,'*2.Solt xeA^t.seR*.!! e x i s t e un v t e l que 

t,s,t+8eA,>*2,aLor8 

• (x , t )=F | > (x , t ) , « (* (x 1 t ) , s )=F | , (P w (x , t ) , s ) , * (x , t+s )aF l > (x , t+s ) . 

donc la fonction O remplit 11) d'après ( 6 ) . 

St AtaRn la fonction • est une so lu t ion globale de 

II) ,étant un prolongement de PiB-Sl A *Rn,soit x eRn\A et la 

fonction 

> • ( x , t ) = | • , x • t , pour (x,t)eA1xR". 
pour (x,t)€RnxR"\AtxR" 

est une solut ion exigée.La démonstration du théorème est donc 

achevée. 

Remarquons que la condition (61 est évidemment nécessaire 

pour q u ' i l e x i s t e un prolongement de La so lut ion Locale,même 

que . la supposition (4) n'est pas t e l l e . E n ef fet s l A /Rn et 
i 

xoeRn\At La fonction P(x,t)=x0 est une solution Locale pour 

A2 arbitraire,ayant un prolongement et ne remplissante pas 

de la condition (4). 

Il est vraie aussi le 

Théorème 2. Si une solution locale F de (1) remplit (4) et 

(7) VxcA, V i t , . . . , t ^ : 1,+. ..+ti6A2+A2 et 

Flx.t^sPIx.O) pour 1=2 k, — > F(x,t1)=P(x,t1+.. .+tk), 

(8) VxeA1 3yeF(x,A2) 3D*UA2: F(x,t)=y1 

alors F est prolongeable à la solution globale de (1). 

Démonstration. 
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Remarquons au commencement que d'après (8) 

VxeAi 30iHeA2: F ( x , t ) = P ( x , 0 ) . 

En ef fet prenons pour x de A1 un yeP(x,A ) d'après 

18),d'où y=P(x,u) pour un u de A^Soit t d'après (8) t e l que 

0>etGA2 el F ( y , t ) = y . I l en résul te que 

P r x 1 0 ) = P ( y > - u ) = P ( P C y , t ) , - u ) = F , y i t _ u ) = F ( F ( y , _ u ) f t ) = F ( X | t K 

Désignons par Clx),pour xEAt.le sous-groupe addit i f de 

IR",+) engendré par l'ensmble E(x):s<teA : F (x , t )=F(x ,0 ) ) . 

Puisque E(x)K(0) i l e x i s t e pour chaque teR" un t*eA t e l que 

t - t eG(x).Posons pour x de A 

' 9 ' P t ( x , t ) = P ( x , t * ) . 

Lâ  fonction Fi est bien déf in ie sur AjXR" puisque s i 

t-t*W(x)1t-t , ,"eG(x) et t* , t M eA 2 ,alors t< ,-t"6G(x) ,donc 

d'après ( 7 ) : P(x,t*-t"*)=P(x,0) .d'où 

P(x.t")=P(Plx,0.)t*")=P(P(x ,t*_t"*)>t"")= 

FlPIPIx. t") , - t**) . l""l=P(P(x, t*) .0)=Flx . t*) . 

Nous démontrerons que Pi remplit (1) sur A xRB.Au 

commencement nous al lons démontrer que 

110) G(x)=G(P(x,t*)) 

pour chaque x de A1 et t" de A2.Bn e f fe t ueGIx) est 

équivalente ft la condition q u ' i l s existent t , . . . , t de A 

t e l s que u = t 1 + . . . + t % et F l x . t , ) « P(x.O) pour 1=1 k et 

ueG(P(x.t*)) désigne q u ' i l s ex is tent s , i de A2 t e l s que 

0=8,+. . .+», et P(Plx,t*),8J)=PCx,t*) pour J=l i . s i nous 

avons t 1 , . . . , t | [ corane plus haut i l su f f i t prendre k=l et 
s I = t i e t inv^rseroent p 0 u r avoir l'équivalence 

ucG(P(x,0)) <—> U€G(P(x,t")). 

Nous avons d'après la déf in i t ion (9 ) : P (x , t )=P(x . t") .où 

t"€A2 e t t - t * 6 G ( x ) , 

P 1 (P 1 (X, t ) ,8 )=P 1 (P(x . t* ) .S)aP(F(x . t*Ks*)»F(x . tVs*) , 
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où s*eA2 et s-s*eG(P(x,t*) )=<i(x) , e t P1(x,t- i-s)=F(x.(t+s)') aoù 

(t+s)"eA2 et (t+8)-(l+s)*€G(x).Puisque ( t"+8*)-(t+8)*€G(x), 

alors t*+s*=(t+8)*+t2+. . . t t^ .où t16A2 et P(x . t | ) sP(x .O) pour 

i = 2 , . . . , k l d o n c d'après ( 7 ) : F(x.(t+s)*)=P(x,t*+s*) .d'où P 

remplit (1) sur A xR". 

On a pour x de tt et t€A2:P | (x.t)=F(x1t*) pour t* t e l que 

t*€A2 et t-t*EG(X).Puisque on peut prendre i c i t*=t nous 

avons P t ( x , t ) = P ( x l t ) pour x de A et t de A . 

Nous avons pour x de A. et teA,+A.,d'où t s t .+ t_ avec 
1 2 2 1 2 

t t ,t26A2.qùo 

F t ( x . t ) = P 1 ( x . t t + t 2 ) = P t ( F i ( x , t 1 ) . t 2 ) = 

F ( P ( x , t , ) . t , ) = P ( x . t . + t , ) = P ( x , t ) , 
i Z 1 2 

donc F est un prolongement de P. . 

Si At=Rn la démonstration du théorème 2 est achevée,st 

A^R" nous terminons l e raisonnement conme en fin de la 

démonstration du théorème 1. 

Remarquons que la supposit ion (7) est évidenment 

nécessaire pour qu'une solut ion Locale P a i t un prolongement 

globale.Au contraire la supposition (8) n'est pas telle,comme 

cela montre pour n=ra La fonction F(x , t )=x+t . 
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Higher Schur- Multiplicatois of Nilpotent Dihedral Groups 

N.D.Gupta, F.R.S.C. 

Unhrcisity of Manitoba, Winnipeg, R3T 2N2, Cansdt 
and 

M. R. R. Moghaddam 
University of Manitoba, Winnipeg. R3T2N2, Canada and 

Mashhad Univeisity. Mashhad, Iran 

S u m m a a . Let Gc be the nilpotent dihedral group of classe given by a fiée 
presentadon 1-+R -+F - » O c -» l.Wecdcnlatefbrdlvdnesofmaiidc. the 
Baer-lnvariams Bm (Gc) of <}„, ̂  foUows: for m S c-l, B n (Gc) Is cycBc of 
o^ie^2^,; formac, it is anibeHan extension of a cyclic graç of onto 2e-1 by 
an dementaiy abeUan 2-gr^ip of rank r<ni+l), die tank of die m+l-th lower 
central factor of F. / 

Introduction 

Let O be a group given by a &ee presentation : 1 - > R -+jt - ^ Q _• I. T I » 
higherSehur-mdtipltemors Bn^G^maLaredefinedtobetheqaodenis R n y ^ ^ 
/tR,raFl which are precisely the Bacr-invariants of G whh respect to the variety of 
nflpotcm groups, and are kmiwn to be indq>cndem of Ae «*olce «rf the piesentatiwi of G 
( Baer (I] ). The case m » 1 Is the weII-laio«m Hopfs fonnnla fbr the second integral 
homology group H j , and yields the Schur -nraltipHcaior of O. Cafculation of these Bacr-
invariants of a given group G is a recognized difficult problem ( see, to instance, 
[3J,[2J ) and very little seems to be known in this direction. Recendy.Rossct [5] has 

MR (1991) Subject C3assification 20 F 1 4 . 2 0 P 1 2 
Keywords: dihedral groups, Schur-multipUcatOT, Baer-invariant 
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Induced a renewed interest in «he problem by exploring some resulu on the higher tower 
central quotients r m (G)» ynw,(F)/IR.niF], and raising questions regaiding the 

structure of rm(0) . The Baer-invariants <rf the dihedral group of class two were 
calculated by Moghaddam [4], In this paper, we calculate the Baer-invariants Bm(Gc) 
of aU nilpotent dihedral groups Gc «rfnUpoteacyclasscai.WeiHovethat BmOajis 
cyclic cf «der 2 n for m S c-l. whereas, tom2c it is an abelian extension of a cyclic 
group of order 2c-,by an elementary abelian 2-group «rfiank f<m+l),therankofthe 
lower central factor Y^OO/Y^jd!) of F. Since the quotient rm(Gc)- T^id5)/ 
[R, m F] coincides with the Baer-invariant Bn)(Gc)far mSc, we obtain the soucture (rf 
rm(Gc ) as a corollary. 

Preliminaries and Technirsl I a m m 

L« Gc, c 21, denote the nilpotent dihedral grotqi of classe. Then Gc is given by a 
freepresentatitm: 1-»R - •F-»G C -»ltwhere F= <x,y:0>is&teandRisthe 
normal closure in F given by R ^ x 2 , ^ , 'j^+,(F)>F. 

bis routine to verify that R is also the nonnal closure ( x 2 , ^ , [x.y J ^ >F,aiiddiat 
theontoof Gc is 2c*l.Put S - {**.&*,to R=. Yc+i(F)S. 
Form2 1, define 

Pni(S) = tS, i n . iFl»(S,F. . .^Fl (m-1 repeats of F). 
This yields the central series S = p,(S) > p2(S) > P3(S) >...... 

We shall need the following technical lemma. 
Umma 1.Far a t .b l . c l 6 (x ,y )andi , j .ka0wi th i+ j + k = n-4 SO. the 
following congruences hold modulo Y^O5) pn(S): 

(1) ( x , y , x , a j^ .a , ,^ ] • [ x , y . y . a i ^ . , a n . 2 ] ; 
(2) t x t y . ai,..., aj, x, x, b|,.... bj, y, Cj,.... ck ] 

• [ x . y , ap..., aj, x, b| bj, y, y, Cp ..., ^ ] ; 
(iii) ( x , y , a,,..., a,, x, x, b, bj, x, c,,..., ck ] 
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• I x . y .a|,..., a{, x, b|...., bj, xjt, Cj. „,. ck I ; 
(«v) t x , y . a,,..., a,, y , y, b,, .„, bj, y, c,t .M, «̂  ) 

s [ x , y .a!,..., a,, y, b,,..., bj, y , y , c, ck J ; 

(v) [ [ x . y . i n _ 3 y ] , I x , y ] , a I ^ , a n . n i J - l ; 

(vi) C x , y , ...^ y , x, a,,..., a „.„,] - ( x , y , „„, y , aj,..., a M l . 

ÏIQSL For the proof of(i)we expand the commutaton 
[ x 2 . y . a ^ . a ^ J e pn(S) and [x .y2 ,a , , .^a , , .2 ]6 p^S) 

modulo Yn+îff1) and compare the two expansions. 
The proof of (U) follows similarly by expanding and comparing 
[ x . y , a|,..., aj, x 2, b,...., bj, y, Cp .... ck J 

and ( x , y . a,...., t^, x, b,,.... bj, y 2, Cj ck 1 e p0(S). 

The proofs of 0ii) and (iv) are identical to that of (ii) after appropriately choosing the two 
elements of p0(S) to compare. 

To prove (v) we first consider the case when m-3 "2k. By repeated application of, (iv) we 
transfer k ofthe y-entrics in [ x , y . ^ j y . [x, y ] . a,,.... a ̂ l toobtainthe 
equivalent commutator [ [ x . y . k y ) . ( x . y . k y ] . a , , . . . ^ ^ which is trivial. When 
m-3 "2k+l. we can likewise transform [[ x , y . m _ 3 y j , [ x , y l i a ^ . a ^ J to the 
equivalent commutator [ t x, y , k+1y ] , [ x, y , ky J, a,,., a „.„,] which, in tum, is 
congruent to the square [ x ,y , k y ] , [x ,y . k y ] . a,^. a „.„]2 ( o 1) obtained «ram the 
expansion of ( [ x , y . k.,y, y2 ] . [ x. y . kyl, a,,..., a ,,^1 e pn(S). 
Finally, for the proof of (vi). we write 
t x , y , m_2 y . x, a^., a „.„,] 

• I « • y . m - s y - * ^ ' a l - - a i w n H t x . y . ^ j y j . t x ^ l , a,..„,an.J 
• I x . y . m - 3 y ' x . y . « i ^ a n . r a ] (by(v)). 

On the other hand, by repeated appllication of (iv) the resulting commutator 

I x . y . r a - 3 y ' x > y . «l—an-mJ 
can be transformed to the commutator 

t x . y , x , m „ 2 y . a^.^an.n,] 
which, by (i), is congruent to the desired commutator 
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I x . y .y. |n_2 y. a],..., a „.„,]. 
This completes the proof of die lemma. 

We can now prove our key lemma. 

Lemma ^. Let u^i denote the commutator (x. y, n_, y] . Then, for each n à 3, 

(i) Yo+iOF) • < «n+i > ( modulo Y ^ ^ Pn(S) ) 
W "n+l2 " * ( «odulo Yo^O Pn(s) )• 

ElÛfit The proof of (ii) follows instantly from the expansion of [x, y, n_2 y, y2] which 
is an element <rf pn(S).Forthcproof of (i), it clearly suffices to prove that every kft-
noimedcommuatator [ x . y , a,....^,,.,.] with aj 6 ( x ,y ) is congruent, modulo 

Yn+î^Pn(s)',0,heSiv"1 commutator u^i = [x.y ,u^l y ] . 
Let Kx) denote the number of x-occurences in the commutator [ x . y . a,,..., a ̂  ] . 
We prove by induction on ((x) 21 that the commutator [ x . y . a]r.., a „.]] is congruent 
to the commutator {x, y , ^ j y] . When <(x) = 1, there is nothing to prove. For the 
inductive step consider a commutator ( x . y , aj,..., a ̂  ] with 2 2 f(x) ° k £ n. 
Then, since 

[ x , y , a , , . . . . a 1 1 . , ] o [ x , y . , y . x . a ^ . ^ a , , . , ] 

• [ x . y . ^ y . a^2.-~.aIl.1l (by Umama l(vi)). 
andsmce the number of x-enuies in [ x . y . ^ y . aj^.^.a,,., ] is k-1. the proof 
follows by the induction hypothesis. 

Calculation ofthe Baer-mvarianta 
We can now compute the Baer-invarianBBm(Gc) of the nilpotent dihedral groups Gc 

given by a free presentation: 1-»R -»F -»GC -»1, where F= <x,y ;0>isfree 

and R= Yc+|(F)S.S» (x*,?*)*. 
From definition, we have 

Bm(Gc) - RnYm+,(F)/[R,inF] 

" Yc+iCRS n Ym+i(F) / [ Yc*i(F)S . m F] 

= Yc+i(F)S n YnHiaO / Yc+i+In(F) Pm^{S). 
so that 
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[ye+iW Pm+lfSl/YotUoiOTPiB+iCS). whea m<c 
Bni(Oc) = J 

^ m + l ^ 'ira+l^tP) Pm+I® • «>»"» c S m. 

We state and prove our main result, 

IhCÛIBIIL FormSc-l,BII1(Gc)i$cycllcofoider2,n whereas, formic , Bm(Gc) 
Is an abelian extension of a cyclic group «rfonto 2c-,by an elementary abelian 2-group «rf 
rank »(m+l), Aerankof the lowercentral factor YIIi+i(I!)/ym+2(F) of F. In particular, 
formic, Bm(Gc) s qc©C2®. . .®C2 (r(m+l) - 1 copies of q ). 
BmafCasel (OSmSc-i). 
Since 

M O c ) OY^IOO PiD*i(S)/Yc+i+IB(F)pm+,(S) 

-nisfcaaYwiff) Pm+lŒ/Yc+wOOp.n+iG), 
and since, by Lemma 2, each «tuotient 

TwiOO Pm*l(S)/Y(H.i+|(F)p1«,(S) 

is cycUc of order 2 generated by theces«[x,y,c+1.2ylY«.|+i(F)p„1+i(S), 
the proof follows. 

Casell ( l ^ c ^ m ) . 
In thb case, 

Bm(Oc) " Y^idO/Yn+i^tRPn*^) 
-Ym+idD/YB+jdOp^^S) 

* Oisisc.! Ym+|+,(F) Pin+i(S)/Ym+è+2 (R Pin*l(S) • 
Since, 

Ym+idO/Ym^O^Pm+l^) s Cj ® ...® Cj (f(m+l) copies ) 
and each of 

Ym+klW Pra+l^/Ym+MdOPm+l^) s Cj (Lemma2), 
die proof follows. 
In particular, 

B m (G c )a C2c®C2©...®C2 (r(m+l)-l copiesof Cj). 
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Finally, since 
r i n t l (Gc ) - Wi(F)/[Yct i (F)S.mF]-yr o + 1(F)/yœ + l 4 c (F) pm+1(S). 

we restate the second pan of our theorem as, 

£a£Qllatt(cf.Ross«[5]) rm+1(Gc)s C2c®C2©„.®C2 
(f(m+l)-l copiesof Cj ). 
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Tha Diophantine équation cx4+dy4=z' 

Zhenfu Cao 
PieAetvted bg P. Ribenbo-ûn, F.R.S.C. 

1. Introduction 
Let p be an odd prime, c and d be two square-free positive 
integers such tbat (c .d )=I . and let h(-cd) be the class nunber of 
the inaginary quadratic field (J(V-cd) . 

In [ l l . Powell proved that the Diophantine equation 

s 4 ± y W 
has no integral solutions a,y.z. if (x,y)=i# p|ayz and p4p±l(nod 

8) for the case x4+y4 = zf. 
In [2]. Terai and Osada proved that the Diophantine equation 

x'+dy^z*, (x,y)=l, pfxy 

has no integral solations x.y.z. if (a) d*?3 (oodd). p^±l(Bod8), 

plhC -d) and 2|y; or (b) d=i2(mod8). p«3<iDod8) or p=5(Bodl6) . 

p|h(-d). 

In tho present paper we shall prove the following 

Theoren 1. If cd$3(inod4). pç ± KmodB) and pfh(-cd). then the 

Diophantine equation 

cx^+dy^z'. <x.y)=l <1) 

has no integral solations x.y.z witb p-fky. 

Clearly, tbe resalts of Powell [1] far the équation **+y4=xt 

and Terai and Osada [2] are some special cases of Theorem 1. 

We also have 

Theoroa 2. If cd*3(Bwd8), pC ± c< M ,"(Bod8) and pth(-cd) , 

then the Diophantine equation 

cx'+dy^z», (x.y>=l (2> 

has no non-zero integral solations x.y.z with p|x. 2|y. 

Sine» 3*4-2' 54=113. bene» the coaditioas p|xy.or p|x, 2|y in 

Theorens 1-2 are essential for the equations (1) and (2) to bo 

without any integral solations. 
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2. Lenna 
In this section we prove the following 
Lenna. Suppose cd4>3(nod4). or cd^3(mod8) and 2|z. If ptb(-cd). 

then every integer solution x.y.z of the equation 

cx2+dy2=zp, (x,y>=l (3) 

can be expressed as z=ca +db , 

x>/c+yyr3'=(av/c+b>/=3^», (d> 

where a and b are rational integers. 
Proof. Ihe principal ideals (cx+yV-cdJ and Icx-yJ^cdi have 

the greatest common ideal divisor l c . - / - c d ] , because l c ] = l c, 
s/^êdl'. (x.y) = 1 . e.d are two squara-frea positive integers and 
(c ,d )= l . From (3) i t then follows 

Icx+yy^cd J = [c, v^cd 1-wi ' , 
wbere «4 i s an ideal of the field ^ ( < / - ë 3 ) . farther we get 

[ c x + y v / ^ l ' s l c l - â B ' t ( 5 ) 

whara & = tA * • Sinea pth(-cd), fron <5) wa sea that ^5 i s a ' 
principal ideal of Q ( V ^ ) . Hence we obtain the ideal equation 

[ c x + v v ^ c ï l ^ l c l - lCu+wv^cd>/alr. <*> 
where u and v are rational integers. u=v(mod2). Since cd*3 . fron 
(6) we have 

(cx+yy : : c ï ) 2 =c(<ai+viy^c3) /2) ' . ai=vi<nod2). (7) 
By means of (7) wc derive 

(oi+viy: :?5>/2=(<»>'/c'+b|y :d>/2;2 , «.«b.iaoda^. 
Inserting this expression in (7) we get 

aV/?+yvc3=<<ais/?+bi>/ : :d)/2)' , aiœbi(nod2), (8) 
whara z= (e«?+db? V 4 . If aia hi» l<Mod2) . than 

4zHc+d (iaod8). 

which is impossible when cd#3(Bod4). or cd%3(nod8) and 2fz-

Hence at = biaO(Bod2). and pat ai = 2a. bi = 2b. This yields (4) by 

(8). The lenna is proved. 

3. Proof of Theorems 

Proof of Theorem 1. Fron the lenna it follows that 
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x V r + y V=T= (a . /c+ bv'H)'. 
Hence we have 

, ( p - l ) / 2 i p * 
j i o (2J-P"i2JMV'-, , /2- ,>>2,<-«,= »A. (9) 

, (P-D^/ p . 
j i o {2j+1)a'"12iM'clP"",2"ib2J<-"«>J=M. <io) 

It is easily seen that (a. A)=l and (b, B)=l. since pfxy. Hence 
from (9).(10) we obtain 

a= c i a'2. A= e i A'1 . bs e 2 b'2, 8= e s B'2, (11) 

where c i. ejt {-i.i>. a'. A', b' and B» are sone non-zero integers. 

We show that 2|xy as follows. Suppose 2hy. from (9). (10) we 
have 2fabAB. Since 

(p-l)/^pt 
A = E - I I =2'-,(«od 2) 

J=0 \2j/ 

is even when 2fcd. thus 2|cd. Without loss of generality, we nay 

assume that 2fc. 2ld. Then it follows from (9).(10) and (11) that 

A= e ,A'2=a»-lc"-,)/l+ (PJa'-V-s,/V(-d)+ f "j *•-**<*-»'* . 

b4(-d)2 (mod8>. ( j 2 ) 

B= e 2B'2=([] a>-,c<'-,>/2+ Q « ^ ^ " ^ ( - d ) - ! - (P)a'-Sc(' 9V2 

b^-d) 2 (mod8). (,3) 

Suppose ps3((Dod8). By(12>. we easily see that 

c |Hc-3d CnodS). (14) 
and by (13). 

C2e3c-d (modB). (15) 
Fron (14) and (IB) i t follows innediately that 

3c t s e 2(mod8). 
which i s impossible. 
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Suppose p=5(mod8). From (13). we have 

e 2 ^ 5 + 4 + 4 E 5 (modS). 

which is a contradiction since c2 (: (-1. 1). Hence 2|xy. and with-

out loss of generality, we nay assume that 2^x. 2|y. 

It is easily seen fron (9). (10) that 2|b. 2taAB. Therefore it 

follows from (11) that 

r. ,A'2=ABap-,c(p-,>/;8 <Bod8) , e 2B'2= Bapa'-'c^"0^ (nod8). 

so cf»-,,/S3 E I O M M W ) and ps e jc^-'^OaodS). i.e. ps g , e : = 

±l(nod8). This contradicts our assumption p^± l(nod8). 

This completes the proof of Theoren 1. 

Proof of Theoren 2. Suppose that our assunptions are all satisfied. 

Then 2fz since 2|y. (x.y)=l and c is a square-free. From the lenna 

and proof of Theorem 1, we have 

x=a A . .y2=bB. (lb) 

where A.B are defined in (9) and (10). Since p|x. 2|y and /lx.y)=l. 

we see that 2fx and (b.B)=l. Hence fron (16) wc obtain. 

b= eb'2. B= e B,a. (17) 

where c € i-l. 1>. b' and 6' are two non-zero integers. Clearly, 

fron (16) we have 2|b. 2^B since 2|y and 2|x. Therefore (17) gives 

eB'2=Bspap-,c<,'-,>/2 (mod8). 

i.e. p a ± c ^2(fflod8). This contradicts our assamption p^dtc p' ^ 

(mod8). which conpletes the proof of Theoren 2. 
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