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The master coloring
Péter Komjéth

Presented by G.F.D. Dugé, F.R.S.C.

P.Erdés [1] observed that it is possible to color the plane with countably many colors
with no monochromatic points in rational distance. He deduced this from an eaclier graph-
theoretical result of himself and A. Hajnal. On the line, the corresponding result is trivial,
as “being in rational distance” is an equivalence relation there, with countable classes.
Using more complicated (not graph-theoretical) arguments the result was later extended
to R? (2], and finally for R™ for every n [3].

Anaweting a qGuestion of P. Erdés, K. Kunen proved [4] that if the continuum hy-
pothesis (CH, in short) holds, then there is a coloring of R? with countably many colors,
omitting monochromatic triangles with rational, # 0, area.

One can notice that the distance of points (z3,y1) and (z3,y3) is r 2 0 iff (z1 —22)* +
(y; ~y3)? —r? = 0 and if r is rational, this is a polynomial with rational coefficients. There
is a similar polynomial for the above mentioned result of K. Kunen. Namely, from Heron's
fotmuhoneeangetthat theareaofaknanglew:thmdena,b c is t iff p(a?,8%,3) =

at 4 b% 4 ¢t - 2030 — 2433 - 263c? + 1612 = 0 and as a?, B2,  are polynoxmals of the
eoordmawuofthenodes so is p(a?,?,&2). Intlmnoteweshowthat, assuming CH,
there is a coloring of R® with countably many colors that works for every such polynomial
simultaneously, assuming the polynomial satisfies a natural condition corresponding to the
observation that we cannot and do not exclude pairs with zero distance, or triangles with
zero area, in the above examples.

Notation. As follows, &, Z, etc will denote lelementa of R™. p(Zi,...,%¢) is, therefore, a
polynomial in ¢n va.na.bles A polynomial p(zy,...,2) is in class P if p(@, .. .,@) # 0 holds
for every @ € R™.

Theorem. (CH) There is a coloring f: R® — w such that if p(£1,...,2) EP (¢ 22)isa
polynomial with rational coeflicients , then there are no different, monochromatic points
dy,..., 8 € R™ with p(@y,...,8)=0.

Proof. If p(2) is a polynomial, we let X(p) = {Z € R™:p(Z) = 0}, and call these sets, as
in algebraic geometry, closed sets.

By well-known closure principles it is possible to decompose R™ into the increasing,
continuous union of countable sets A5 (o < w,), and the set of all closed sets into the
increasing continuous union of countable sets Xo (@ < wj) such that there exist sets
F, € R and the following conditions hold:

(1) Fyis afield ;

(2) Aa=F3;

(3) if p(2) € Fulz), then X(p) € Xa;

(4) the intersection of arbitrary many members of X, is in Xy, ;
(5) if X € Xa41 — A, is infinite, then |X N (Aas1 — 4a)| = w.

These conditions can be met by a Skolem-type construction, at least, if (4) replaced
with the weaker requirement where only the intersection of finitely many members is
required to be in X,. This, however, suffices, as by Hilbert’s finite basis theorem, the
intersection of an arbitrary number of closed sets is the intersection of some finitely many
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182 P. Komjath

of them. (5) follows from the fact that an infinite closed set is uncountable, but in the
argument below can be replaced by the weaker
(5") if X € Xa41 — Xq then either X C Aqqy or | X N(Aasr — Aa)] = w.
We are going to color Aq by induction on a, satisfying
(6) f is one-to-one on Aa4s — Aq.

Let f be one-to—one on Aq. If f on A, is already determined, enumerate Aat1 — Aa
as {@;:j <w}. We color d; by induction on j. Assume that do,... »@j—1 have already been
colored. Let Y(a@;) € Xa be the minimal closed set in X, such that @; € Y (&;) (exists by
(4)). Assume that Y(;) € Xp4y — A, B < a. Select an element b € Y (d;) N (Ag41 — Ap)
such that f(3) is different from f(a,),... ,f(@;-1) and let f(@;) = f(B).

Assume now that p(a,,...,&:) = 0 for a polynomial p € P, and for the different points
@y,...,8 with f(@) = ... = f(@) = i. We can assume, by (6), that &,...,8¢-y € Aa,
@y € Ayt — Aq for some a < wy. We can as well assume that o is minimal such that
there is a counter-example for some polynomial p € P. As &, solves p(a,...,a¢-1,Z) =0,
necessarily G € X(p) € Xa. Then, X(p) 2 Y(G), by the minimality of this latter
set, so, if 5 was the element in Y(d) N A, with f(@) = f(§), and by the minimality
" of @, b must be one of d,... ,dt-1, 58y, b = @;_;. But then, we get a monochromatic
solution of q(@3,...,d.—1) = 0, where g(Z1,...,Ze—1) = p(Z1,...,Et=1,F¢—1) is also in P,
a contradiction again to the minimality of a.

Acknowledgment. The author is grateful to J. Schmerl, who identified class P as the
one for which the argument works.
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SUR DES CRITERES DE
COMMUTATIVITE DANS LES ALGEBRES DE BANACH

E. ILLOUSSAMEN, M., OUDADESS

Presented by M.-D. Choi, F.R.S.C.

Résumé : Etant donné une’ algdbre de Banach A, nous donnons
ict des conditions suffisantes pour que A soit contenu dans
le centre de A et par conséquent le nil radical de A coincide
avec l'ensemble des éldments nilpotents de A. Nous étudions

ensuite d'autres conditions entrafnant 1a commutativité de A.

I. Introduction. NDans 1a premidre partie de ce papier, nous
reprenons 1'étude des algébre;.de Banach (complexes) vérifiant

1a condition suivante :

lixy Il. € cll yxl (c)

pour tous x,y é12ments de 1'é1gdbre et od C est une constante
positive. Cette condition a été considérée dans /37, /57 et
L7277, Rappelons qu'un exemple donné dans /27 montre que la
condition (C) n'impliaue pas la commutativité en général. Cepen-
dant nous montrons, » Ccomme dans le cas commutatif, que si A
est une algébre de Banach vérifiant (C), alors le hil radical de

A coincide avec 1'ensemble des &1dments nilpotents de A.

Maintenant puisque 1a condition (C) n‘implique
pas la commutativité en général, i1 est tout 3 fait naturel de
chercher une condition de type (C) et qui implique l1a commutati-
vité de toute algdbre de Banach la vérifiant. Dans ce sens, 11

est montré dans /37, qu'une algdbre de BanachAvérifiant :

[
iy+ylls Cllyx+yll (c*)
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pour tous x,yeA et é>q,est nécessairement commutative. La -
deuxidme partie de ce papler fait 1'objet de 1'étude de condi-
tions similaires 3 (C*).

11, Définitions. Une partie B d'une algdbre A est dite YH1ilpotente

s'11 existe neN tel que B" £ (o).

Le nil radical d'une algdbre A noté N est défini comme
étant 1'intersection des {déaux premiers de A, Rapoelons que
N contient tout idéal 3 gauche ou A drofte qui est nilootent.
Dans tout ce qui suit C(A) désigne e centre de 1'algebre A,

I1I. Algdbres de Banach vérifiant‘[C!. Le résultat suivant est

une amélioration du théordme 1I.1. de VA 5_7.

Proposition II1.1. Soit (A,]|.[) une algdbre de Banach et soit

(E,].]) un espace vectoriel semi-normé. Supposons qu'il existe

T:A +E une application et cyo tels que :

xyll. gelT (xy) |

pour tous x,yeA; alors.A2 est contenu dans C(A). Si de plus A
admet une unité approchée 3 gauche ou d drofte alors A est commu-
tative,

Preuve. Soit A = A®GC si A n'est pas unitaire,sinon on pose
E-A. Pour tous x,y,2cA, considérons 6 : € +A 1'appifcation définie
par G(A)-eXExye'xz. C'est une fonction entidre bornée puisque
l16(2) llscIT(yx)| pour tout A; donc 6 est constante, d'old Zxy = xyz.
S1 A admet une unité approchée 3 gauche (ei)' alors pour tous

X,YeA, nous avons exy = yeyx pour tout 1, d'ob xy = yx.
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Corollaire I11.2, Soit (A,|.|) une algébre de Banach.

Supponsons qu4{1 existe une semi-norme |.| sur A et c>o tels
que || xyll sclyx| pour tous x,yeA, alors A%gp(A).

Nous donnons maintenant le résultat concernant le nil radical.

Proposition 111,3. Soit A une algdbre de Banach telle que A%gp(A)

et soit N le nil radical de A. Alors on a :

(1) N est 1'ensemble des é1dments nilpotents de A.
(11) Pour tous x,yeA,on a xy-yx€ N ; en particulfer si A est semi-

premidre, alors elle est commutative.

Preuve. (1) On sait que tout &l2ment de N est nilpotent. Inverse-
ment soit aeA tel qu’il existe neN tel que a"=0 : montrons que
(a)‘ 1¢{déal 3 gauche engendré par a est-nilpotent.'En effet,

solent x1a+p1a. xza+p2§.2... » X

p3*P,2 h éléments de (a)r. On a

(x1a+p1a)(x2a+p2a) = xéa +p§a2 od xé- Xq Xp*pyxy+ plxzef pé-plpz
(on utilise A%EF(A)) Nous obtenons 3 1a fin:
(x1a+p1a) apye (xna#pna) = x;a" + p;a" = o , donc (a)1 est

nilpotent et par suite aeN.

(11) On a (xy-yx)z-o et d'aprds (1) xy-yxeN.

Corollaire III.4. Soft A une alg2bre de Banach vérifiant (C).

Alors N est 1'ensemble des é12ments nilpotents et pour tous

x,YeA, xy-yxeN,

Comme 1a condition (C) implique que A%EC(A). on peut se
demander ce qu‘il en est si cette condition est vérifiée seule-

ment sur une partie de A. Nous avons alors le résultat suivant:
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Proposition III.5. Soit A une algdbre de Banach, I un idéal
bilatdre de A tel qu’il existe c>o0 vérifiant ny|l<c||ny

pour tous x,yel, Alors I cC(A)

Preuve. Si A n'est pas unitaire, on faft les calculs dans

A=A © € et i1 est clair que I reste encore un idéal bilat2re de
R. Sofent ZeA, x et y deux é12ments de I et G : € —I 1'appli-
cation définie par G(A) = e'x*xyexi ; on a alors ||G(A)]) <c<]] yxIl,
d'ol zxy = xya.

Voici maintenant un petit résultat motivé par le &

1éme de Hirschfeld-Zelazko (/17).

prob-

Proposition II1.6. Sofent A une algdbre de Banach et I un idéal.

bilatdre de A, supposons qu‘il existe cyo tel que

x|l gcr(x)
pour tout xe¢I, r étant le rayon spectral, Alors IeC(A).
Preuve. On suppose A unitaire, quitte 2 prendre A=A @ ¢, Sofent

xel et ZeA. Considérons G : € —I tel que G(A)-eXixe'A*. On a
NG(r)[] gscr(x) ; d'od ax=xa.

IV. Algdbres de Banach vérifiant (C'). Nous donmnons ici un résul-
tat similaire au théordme de /737.

Proposition IV.1. Soit (A,ll.]) une algdébre de Banach et soit

(E,[.]) un espace vectoriel semi-normé. Supposons qu’il existe une

application T: A——E et une constante c>o0 tels que :

Il xy+y[l < cllT(yx+yll

pour tous x,yecA. Alors A est commutative,

Y .
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Preuve. ST A n'est pas unitaire, on fait les calculs dans

A=A ® €. Sofent x,ycA et 6 : C—A définfe par G(1) = e~ XyelX,
on a 6(A) = (e”M.1)ye** + ye** ; et comme (e”** - 1)eA et

Ax
e

ye"“eA, on a ||6(r)||<c|T{y)|. Donc 6 est constante, d'od xy=yx.

Corollaire 1V.2, Soit (A,]l.|) une algdbre de Banach. Supposons

qu’il existe une semi-norme |.| sur A et une constante c>o tels

que ¢
lixy + yll <clyx+y|

pour tous x, y A. Alors A est commutative.

Preuve. I1 suffit de prendre E=A muni de la semi-norme |.| et
prendre T = 1deni1té.

Le résultat suivant est une amélioration du corollaire 1
de [377. En effet 1a technique utilisée dans /37 -exige que
1'unité approchée soit bilatdre. Notre approche permet d'obtenir
le méme résultat en supposant seulement qu'elle soit 3 gauche
od 3 droite.

Proposition IV,3, Soit (A,||.|]) une algdbre de Banach admettant
une unité approchée 3 gauche (od 2 droite) et soit E un espace

vectoriel normé. Soit T : A—E une application 1inéaire continue.
Les conditions suivantes sont équivalentes.

(1) 11 existe k>o tq."T(xy)Hg ki yx|| pour tous x,yeA.

(11) T(xy) = T(yx) pour tous x,yeA.

Preuve. I1 est évident que (1) implique (1). Montrons la récip-

roque. Les calculs sont faft dans A=A @ €, Soient x,y,z¢A et
G:€—E 1'application défipnfe par G(A)-Ttgkzxye-ll)
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Il 6(x) 1] s k|| yx]l, donc G est constante ; d'od T(axy) = T(xyz).

Soit (e1)1'1'un1té approchée 3 gauche de A ; nous avons

T(ae,y) . T(eiy:) et puisque T est continue, nous obtenons
T(ay) = T(y2).
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Indecomposable R.A.Loops and their Loop
Algebras* '

Eric Jespers .
Department of Mathematics and Statistics
Memorial University of Newfoundland, Canada

Guilherme Leal
Instituto de Matematica
Universidade Federal do Rio de Janeiro, Brazil

C. Polcino Milies
Instituto de Matemdtica e Estatistica
Universidade de Séo Paulo, Brazil

Presented by J. Lambek, F.R.S.C.

1 Introduction
p)

Let R be a commutative ( and associative ) ring with unity and let L be-a
loop. The loop algebraof L over R was introduced in 1944 by R.H.Bruck asa
means to obtain an important family of examples of non-associative algebras.
They are defined in precisely the same way group rings are; namely, RL is
the free R- module with basis L in which multiplication is introduced by
extending that of L via the distributive laws.

Conditions for a loop algebra to be alternative were first studied by E.
G. Goodaire [4] in the case where R has no 2-torsion. He showed that the
fact that RL is alternative depends on the structure of L but not on R.
Thus, a loop L is called a ring alternative loop, or simply, an R.A. loop if
its loop ring over any ring R with the above condition is alternative.

In a subsequent paper, O. Chein and E. G. Goodaire (3] showed that
R.A. loops are almost groups ( they have a normal subgroup of index 2 )

*This research was done while the first and second named authors visited the Uni-
versidade de Sio Paulo, and was supported in part by NSERC-grant No. OGP0036631
(Canada), CNPq and FAPESP (Brasil). .
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and almost commutative ( the commutator subloop is of order 2 ). Actu-
ally, they can be described as a particular instance of a well-known general
construction of Moufang Loops ( O. Chein (1), [2] )

In this paper we state some recently obtained results. First we classify
all indecompasable R.A. Loops, up to isomorphism. Next, we describe the
structure of their rational loop algebras and finish by describing a subloop
of finite index in the unit loop of the integral loop ring. The proof of these
results can be found in (8] and [9] and will be published elsewhere.

2 Classifying Indecomposable R. A. Loops

We start by recalling that R.A. loops can be constructed from subgroups by
means of a well-known general construction of Moufang Loops ( O. Chein
(1], [2] ); details can be found in [5] and [6].

Theorem 2.1 Let L be an R.A. loop. Then, there ezists a groupG C L and
an element u € L such that L = GUGu, G' = L' = (1,8} C 2(G) = 2(L)
and L/Z(L)= CzxCazx Ca2 where C3 denotes a cyclic group of order 2
( and consequently, G/ 2(G) = C2 x C3 ).

Furthermore, the map * : L — L given by

Cg={9 Y9€Z(G)
sg f9¢2(G)

is an involution of L which extends linearly to RL. Setting u? = gy, we have
that go € Z(G) and multiplication in L is given by:

g(hu) = (hg)u
(gu)p = (9h*)u
(gu)(hu) = goh*g

A loop constructed in such a way is denoted as L(G, *, go). Conversely,
given a group G and @ map * : G — G as above, the loop L = L(G, +, go)
is an R.A. loop.

Groups G such that G/ 2(G) & Cp, x Cp, p a rational prime, were studied
in [10). We quote two results, specializing for p = 2.

Lemma 2.2 ([10], Lemma 1.1) Let G be a group such that G/Z(G) &
C2 X C3. Then G' = {1, 8} C Z(G) is cyclic of order 2. O

AS
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Theorem 2.3 ([10], Theorem 1.2) LetG be a group. ThenG/Z(G) 2 C; x
C; if and only if G can be written in the form G = D X A where A is abelian
and D is an indecomposable 2-group such that D =< z, y, Z(D) > where
Z(D)=C3m X Cam X Cams with Cym; cyclic of order 2™, i = 1, 2, 3;
my 2> 1; ma, my 2 0and s = [z, y] € Cam, 23 € Cami X Cymy, 3 €
Cam1 X Camy X Cams.

In what follows, we shall denote by ¢; a generator of the cyclic group C;,
1<i<3.
Now, we turn our attention to indecomposable R.A. loops.

Theorem 2.4 ([8], Theorem 2.2) Let L = L(G, *,g0) be an indecomposable
R.A. loop. Then G = D x C where D is an indecomposable 2-group and
C 1is a cyclic group of order 2®, n > 0. Also if n > 0 then go = dc with
de Z(D),ceC,c#1.

We shall always use w to denote a generator of the cyclic group C.
With the notation above, all possible types of indecomposable R.A. loops
are given by the following table (see [8]) :

Indecomposable R.A. Loops

R 2(D) 21|y G W =g0]
Ly <t > 11 Dy 1
_I_o_z <> _lh D, %
Ts <1 >X<t> Th Dy 1
| <Hh>X <> t | &2 - Dy %
Lg | <t1i>X<t3>X<t3> |t | s Ds 1
Lell<ti>x<t3>x<ta>|ta| s Ds 4
Ll <ti>X<ta3>X<ta>|ta|ts | Dsx<w> w

3 Description of Rational Loop Algebras '

Our main result regarding loop algebras of inde&)mposable R. A. Loops is
the following.

Theorem 3.1 Let L be an indecomposable R.A. loop. Then

qL=QLE)equ S

and
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1. QL(14*) = Q(L/L') ¥ @ya)y1y 24Q(a),
vith ag equal to the number of cyclic factors of L/L' of order d, and
&4 a primitive d*h-root of unity.

2. QL(15%) = A(L : L') is a sum of ay, simple alternative algebras with
ay, equal to the number of subgroups H in Z(L) such that Z(L)/H is
cyclicand s ¢ H.

3. Z(A(L: L)) = @ Q(&n), where the direct sum runs over all subgroups
R as in (2) and €y is a primitive |Z(L)/H|**-root of unity.

Furthermore: '

ifL=L; i=1,3 or5, then all simple components of A(L : L') are split
Cayley-Dickson algebras.

ifL = L;, § = 2,4,6 or 7, then all simple components, but one, are
split Cayley-Dickson algebras. The non-split component, in each case, is
determined by a primitive central idempotent of the form e = A (152). We
list below the corresponding subgroup in each case.

Loop H

Ly {1}

L4 < tita >

Le <ty > X <ty >

Ly <Hhta > X <tz > X < Hhiw >

We recall that the Cayley-Dickson matrix algebra over a field F is defined
as

on-[5 7]

where F3 denotes the set of 3-dimensional vectors over F, addition is defined
componentswise and multiplication in C(F) is given by:

a V o V]|_|a+V-W aV' + ¥V -W x W'
W b W V| |adW+bW+V XV W +W-V’

(see [12, Theorem 2.4.7)).
In (8] concrete isomorphisms are given between the simple components
of the rational loop algebras and the Cayley-Dickson algebra.
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4 Units of Integral Loop Rings

For simplicity, we have restricted ourselves, in this section, to finite inde-
composable R. A. loops with cyclic center.

First, we introduce some notation. In analogy with the associative case,
we define the General Linear Loop over a commutative ring R to be the
following:

GLL; = {A € C(R) | det(A) invertiblein R}

Let £ be a primitive root of unity; for a loop S C GLL:(Z[(]), S con-

taining the identity matrix I and also —I, we denote

Sn= = (A € 5| n(det(A)) = 1)/{1, -1}

and
Sictmy = {A € S| det(4) =1},

where n(a) denotes the norm of a € Z{¢].
Theorem 4.1 The unit loop U(ZL) has a torsion-free normal subloop V
such that the subloop generated by the central units and V is of finite indez.
Moreover, if L/L' has ezponent 4, then V is a normal complement of L
in U(ZL).

Assume L = Ly with o(t;) = 2™ and letf be a = 2™ root of unity.
Then, V is isomorphic to:

142 ] [1+2zm_ 22 |
2w 1+2b AZK) 1+ 220 |

a+be22lgl, V+ W e 22Z{¢))},
if my > 1 and isomorphic to

{[1+2¢ ][1+2z 223] |
3

w142 | |22 1422,

. atbez,viwe2z’},

l]ﬂ‘n:l.
In case L = L3 with o(ty) = 2™ then V is isomorphic to:
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1+2a 2V | [1+22Z( 22[)° |
oW 142 2(Z[¢])®  1+22z[¢) 0=

a +b € 2Z[€], v + w3, vi€ + wy, v3€ + wy € 2Z[¢]) .
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SOLUTION OF DIRECT ASYMMETRIC PROBLEMS IN EDDY
CURRENT TESTING BY A PERTURBATION METHOD

M. Ya. ANTIMIROV, A. A. KOLYSHKIN AND REMI VAILLANCOURT

Phresented by G.F.D. Dugd, F.R.S.C.

ABSTRACT. A perturbation method is used to solve eddy current testing problems for a flaw
of arbitrary shape situated in a conducting half-space when the electric conductivities of the
fAaw and the surrounding medium are nearly the same. A general formula for the change in
impedance is obtained. Numerical results for a circular cylindrical flaw of finite length whose
axis is shifted sidoways with respect to the axis of the testing coil are given graphically.

RésuMt. On dépiste une fallle de forme arbitraire située dans un demi-plan conducteur
au moyea des courants de Foucault par la méthode des perturbations dans le cas o la
conductivité électrique de Ia faille différe peu de celle du milicu environnant et on donne une
formule générale pour exprimer lo changement de I'impédance. On présente sur graphique
un exemple de failles cylindriques circulaires de longueur finie.

- Subject-classification: AMS(MOS): 35K20, 63R10.

Keywords: eddy current nondestructive evaluation, method of emall perturbations, Hankel
transform

1. Introduction. Eddy current methods are widely used for quality testing of materials.

If an electrically conducting medium is situated in the electromagnetic field of an excita- -

tion coil, eddy currents are induced in the conducting medium. The interaction of these
currents with the coil’s current changes the amplitude and phase of the latter current. The
presence of flaws (cracks or regions with different electrical conductivities) in the medium
leads to a change in the reading of the coil’s current. Conversely, a change in the reading
may indicate the presence of a flaw and, in some cases, give an estimate of the flaw’s pa-
rameters. But, as in any inverse problem, it is generally difficult to determine the shape,
or even the presence, of a flaw from an impedance change in the probe because it is not
known how this change depends upon: (a) the parameters of the flaw, (b) the properties
of the conducting medium, and (c) the relative position of the probe with respect to the
flaw. In fact, inverse problems are often ill posed because their solutions, if they exist,
may be many and may not depend continuously upon the input data. Therefore, in such
cases, one often studies the direct problem in an attempt to tabulate solution patterns.

This work was supported in part by the Natural Sciences and Engineering Research Council of Canada
under Graat No. A7918 and the Centre de recherches mathématiques of the Université de Montréal

198



196 M. Ya. Antimirov, A. A. Kolyshkin and R. Vaillancourt

For example, one minimizes (in some norm) the difference between experimental and the-
oretical (or numerical) data, and the unknown parameters of the flaw may be found by an
iterative procedure applied to the minimizing function. Much attention has been given in
recent years to numerical modeling of three-dimensional problems in eddy current testing
(1-3]. But considerations are often restricted to axisymmetric problems because of large
computational difficulties in three-dimensional asymmetric cases. In practice, however,
the determination of a flaw is an asymmetric problem because the search is carried out
by the movement of an eddy current probe along the exterior surface of the material to
be inspected.

In this note, we use a perturbation method to obtain the solution of direct asymmetric
eddy current testing problems.

2. The mathematical analysis. The equation for the vector potential A in a conduct-
ing nonferromagnetic medium is

AA = mv% - pol®, ¢))

where A is the three-dimensional Laplacian, ¢ is the electrical conductivity of the medium,
Ho is the magnetic constant and i* is the density of the external current.

An excitation coil of radius R, with alternating current § = I e, j = /=1, is moved
horizontally in free upper half-space, Ro, at height h above conducting lower half-space,
R UR,, where R; is a convex flaw. It is assumed that the constant electrical conductivities,
o1 and 03, of Ry and Ry, respectively, are close so that e = 1 —oa/0y is a small parameter
naturally connected with the problem.

Introducing cylindrical polar coordinates (r,, z) with coil’s center at (0,0, 4), and
separating the variable ¢,

A("v P 2,t) = A(f, ¥, z)eiwt’ (2)
we have, from (1), the following vector equation:
AA + K*A = —poi®, ()

where k? = —jwopo and, with the Dirac measure §(z), the vector i° is
i® = I6(r - R)6(z - K)e,. @

In general, equation (3) is to be solved in each of the regions Ry, R, and Ry, with
vector potential and normal derivatives continuous at the interface between the media.
It is shown in [4] that a three-dimensional electromagnetic field can be described by a
two-dimensional vector potential since the third component may be chosen arbitrarily;
here it will be taken equal to zero. Since there are no external currents in the z-direction
the vector potential may have the form

Ai= (A".‘(rv ©,2), Aw,i(", ®s 3)00}9 i=1,2,3, (5)

-
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in the regions R;_;, respectively, where the functions A, and A, and their normal
derivatives are continuous on the boundary between the media (these conditions imply
the continuity of the tangential components of the magnetic field strength and the normal
components of the magnetic displacement vector at the interface between the media). We
denote by z = 2(r, ) and z = 2;(r,p), 22 > 21, the equations describing the upper and
lower parts of ORj, respectively. The projection of R; on the plane z = 0 is a convex
region D with smooth boundary 8D. The nearer and farther parts, ACB and AEB, of 6D
are described in polar coordinates by the equations r = ry () and r = r3(p), respectively,
and the rays OA and OB subtending D at the origin form angles @, and g, respectively,
with the positive z-direction as shown in Fig.1a.

AY

FIGURE 1A (LEFT) AND 1B (RIGHT). (a) D is projection of region R; on plane
z = 0. (b) Cross-section of circular coil of radius R in free space Ry at distance h
above uniform conducting region Ry containing shifted circular cylindrical flaw R, of
radius pg and finite length b — a.

Setting ¢ = 1 — 03/0y and k? = —jwoypo, § = 1,2, we have

| H=K1-9. ©

We seek the solution to (3), for m =0,1,2, in powers of ¢,
A’(_m) =A£:')+gAs"")+.?.. 5

_43») =A$,':‘)+GA$,';')+"' .

By substituting (6) and (7) into (3) and wﬁpaﬁng the coefficients of each power of ¢ we
obtain a system of equations for each such power.
In the absence of a flaw (¢ = 0), we have the following problem:

™M

©
BAD - L‘r_*;e. = —po I8(r — R) §(z — h), ®)
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DAY - A*°° +R2AD = ©
0) 1
A -9 04| -”Agﬁ . (10)
=0 =0 0z 2=0 0z 2=0

The solution to (8)-(10) is given in (5], and, in general, it is the sum of two terms,
the first corresponding to the vector potential of a solitary coil in unbounded free space,
and the second representing the vector potential due to a uniform (Aawless) conducting
half-space. In the sequel, we consider only the second term of this solution. In particular,

with ¢ = \/u? — k7, we have

00
u
AN(r,2) = poIR‘[, J1(uR) Jy(ur) utg

e*~uh gy, (11)
It can be shown that the induced change in impedance,
Zua =% [ Aa, (12)
I Jc

where C is the contour of the coil, is determined only by the A,-component, which is
independent of ¢, of the vector potential.

In the presence of a flaw (e # 0), if we substitute (6) and (7) into (3) and compare the
coefficients of ¢ to the first power, we obtain a system of first-order approximation. We
seek the solution to this system in the form of Fourier series:

A = o) + 3 [l a4 oD s, (1)

Al (r,z) = =b™(r,2) + Z [ b (r, 2) cosnyp + b ,)(r, 2) sinngo] . (14)

n=1
Since we are interested only in the impedance change in the coil, it follows from the above
considerations that we need only know the function bf,o)(r, z) in order to compute this
change. The determination of bS'"’ (r, z) reduces to the following boundary value problem

(©)
n®-%_ _ (15)
(1) 4
Lyl - ":—, + k368" = F(r, 2), (16)
©) (1)
o _.m 9" 8~
bo 2=0 N bo |z=0, 0z =0 - 82 =0 (17)

where
2n

Flr2)= 5 [~ a0, 0, (18)
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o(r,p,2) = {"“90)’ if M(r,p,2) €V,

o, f M(r,p,2) gV,
and
98 18 &
.L = —_—t - o + = 933" (19)

Problem (15)-(19) is solved by the method of Hankel integral transform.
Computations were done for a shifted circular cylindrical flaw of radius po and finite
length, b — @, with centre shifted ¢ units along the z-axis, as shown in Fig.1b, i.e.

¢|=—-a.rctane'¥- spzauctanm

1 =ceosp— \/pd— csin’p, 13 =ccosp+4/pd — Fsin’p,

zy = =b, 27 = —a, 0>-a>-b
Using(l2)weobtainthefoﬂowingfomuhfotthechangeinimpedanceduetotheﬂaw:

=gt zhi(fz)e=fz [“yhBy)e==Fv
=0 o [ i [ L

P (VEH+#H) _ e-'vﬁ(\/s-’T J+Vii+
(\/a7+_ +Vi+j ) (z?-1?)

{[u p J1(Bzp) Jo(Byp) — z p Jo(Bzp) J1(Byp))] |

X

p=ra(y) } dy, 20)

where Zing = Zina/(wpoR) and

h a b __Po _ ¢
a= 4, B = R\/wap0, v=g 1=@ To=T To=g-

In Fig. 2, the real and imaginary parts of Zigg = Rigd + jXicd are shown in the case
ro = 0.5. It is seen that the abscissa, z9, of the maximum of the absolute value of any
curve remains in the interval [0.9, 1.0] as 8 varies in the interval [0.5,2.0]. This means that
the maximum change in impedance occurs when the projection of the coil on the plane
z = —a intersects the axis of the flaw. It is also seen that the best identification of the
flaw occurs when # = 2 because the maximum is sharper in this case. Computation done
with § = 3 has shown that | Xjnq4| increases and Ring decreases as compared with the case
B = 2. Computation has also shown that a flaw is better identified if the coil's radius, R,
is greater than the flaw’s radius, po

3. Conclusion. The method of small perturbations is used to compute the change in
impedance due to a flaw whose conductivity is close to that of the surrounding medium.
Computation shows that a flaw is better identified by an eddy current probe if the coil is
vertically above the flaw and the radius of the coil is greater than that of the flaw.
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FIGURE 2. Dependence of RZ;.4 and SZind upon zo and 3, at rg = 0.5.
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Similarity Reductions of the Two-Dimensional Toda Lattice
O.1. Bogoyavlenskij, R.N. Heariksen, D.C. Offin
Presented by G.F.0. 0uff, F.R.S.C.

Summary and introduction.  Similarity solutions of integrable
evolution type equations were studied in works [1-4] where the
connections with Painlevé equations were w:phmsed. In (5], equations
for similarity solutions of some 2+1 dimensional evolution equations
were derived. Certain similarity solutions of the Korteweg -de Vries
(KdV) equation were shown in [6] to have an operator representation
L + [L.,A] = 0, which was derived from the well known Lax representation
for the KdV equation. Analagous operator representations can be
obtained for similarity reductions of other integrable evolution
equations as well Similarity reductions of special interest are those
for which the operator representation is equivalent to the Lax equation,
a situation which confirms the integrability of the reduced system. In
the present work we show that this propesty is fulfilled for the 2-D
Toda lattice in the nonperiodic case and for analogous systems in the
framework of semi-simple Lie algebras. For the similarity reduced
periodic case (and its Lie-algebraic analogues) we found a simple
qualitative description of the dynamics. Finally, we prove integrability
of the similarity reduced (2+41)-D equation g, + 0q,, = (exP(‘I))”
which' is a continuous limit of 2-D Toda lattice.

L A generalized two-dimensional Toda lattice, associated with an
arbitrary simple Lic algebra ¥ , admits the Lax representations [7.8]

[L+as, ,8+Al=0. (¢))
Here L and A are vectors of Lic algebra & , determined by the
formulae
L= p+x aepte ), A:s-&-z a(e, - ) (2)
N j=1 |
The vectors p(l.x) and s(t,x) belong to the Cartan subdgebm H,

O ,mNeH form an admissible set of roots A . The °¢o. are root

vectors. A set of roots A is called admissible, if for cva-y pair of
roots @ , ® € A the vector @, - @ is not a root. The number N
satisfies the condiion N < n + 1, where n = dim H is the rank of
Lie algebra ¥ .

Equations (1), (2) after the substitution p = q . s = 0q .
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a = exp((q.®)) . where the vector q(tx) belongs to the Cartan
subalgebra H , are transformed into the generalized two-dimensional

Toda lattice [1,2]:
2 N 2(qw)
Qy - @ Qyy = -2i21 c x 3
The explicit form of the right-hand side in (3), depending on the
structure of the simple Lie algebra ¥ , coincides with that for the
generalized 1-dimensional Toda lattice, constructed in [9). For the Lie

algebra of type A system (3) has the form
(qk+l'qk) 2(qk'qk-l)

2
q - aq = 2]e )
ktt kxx

IL. We consider special solutions of Eq. (3), determined by the
formulae

) =g, r=2-x2al. ®
Eq. (3) for these solutions is reduced to the equation
1 N 2(q.m.)
fqn+qr=-22e mi. (6)

In new coordinates p+nt+x/u.p_=t-x/a the variable r
appears as r = p.p_, 50 solutions (5) in some sense might be called
similarity solutions of Eq. (3).

Solutions of Eq. (6) may be continued across the point r = 0 at
not all values of q(0) , qr(O) , but only through a subspace satisfying
the condition

,N 2(4(0)-0-)
q,0) = - 2 (Di_ @
The presence of such a subspane is typical of all similarity solutions
{10,11). .
Eq. (6) for r =0 is transformed after the substitution

t=v |r| into the equation
N 2(4.00-)

qu-i-tq,t -20!le o, ¢))
where o = sign r . Eq. (8) is equivalent to the following system
Py =-1p-aHleq. q = sHep, ®
where the function H(p,q) has the form
N 2(q.m-)
H= z(p,p) + ci:l e (10)

System (9) is a Hamiltonian system with time-dependent friction
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-p/t . As a consequence of system (9) we get the equation

dH/dt = -(pp)t S0 . (11)

Therefore the function H(p.q) is the Liapunov function for the system

(9). So all the trajectories of system (9) a8 T + oo tend ecither to

infinity or to singular points of this system, determined by the

conditions

N 2q o)

p-O.GHIOq'ZOiflc o =0. (12)

If N < n , then vectors Ofeeens® are linearly independent, so

equations (12) have no solutions and all trajectories of Eq. (9) tend to
infinity in the space of vectors q(t) a8 T + e .

If N=n +1, then the following relation holds

klml + kzmz + .+ kn+l el = 0, (13)
where all ki are positive integers [12). From Eq. (12) it follows
2qpu)=tc+ k. (14)
Using equality (13) we get l'mm 14 ’
mcz-[inlkimki](inl ] as

menveaorqommqnelydeuunnedbydleeqmﬁon(u).

The function H (10) is positive definite if o© = +1 ; in this
case in view of Eq. (11) all trajectories of the dynamical system (9)
foo N=n + 1 tend to the attractive singular point p =0, q = q,
as T oo,

Moreover Eq. (6) after the substitution t = fnjr| takes the form
(o=siga 1)

N 2((!. )
qn = - 8 t i l mi (16)
This non-autonomous equation has the Hamiltonian form
p, = -8H/aq , q, = sH/sp an
with the Hamiltonian function )
o as

Haz(p,p)-i-ze Z‘e

If N < n, then there exists a vector qlel-l.saﬁsfyingthe
relations (ql""i) =1,1i=1.N . Then Eq (16) after the
substitution

a=q-3u 19
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assumes the form of a generalized Toda lattice (3)
1 N 2@w)

qtt = - 2 Z o . (20)
Thus we have proven the followmg
Proposition 1. The equations of a two-dimensional Toda lattice (3) are
reducible for the special solutions (5) to the generalized Toda lattice
cquations with friction (9), to the non-autonomous Toda lattice (16),
and in the special case N < n_ are equivalent to the generalized Toda
lattice (20), and hence are integrable.
L. Eq. (4) for N S n has similarity solutions of the following form

qtx) =q@®) - qnt, {=xh, @n
where the vector q satisfies the conditions (ql.mi) =1,
i=1.,n . Eq (4), after the substitution of the formulac (21), is
reduced to the equation

N 2gq0)

2ahq + 263 +q, = 2 e e @2

This equation has two singular surfaces § = to . Trajectories of Eq.
(22) may be continued through these surfaces only under the following
conditions (o=tl)

. N 2(q(ou).m.)
2004 (0u) + q; = 2zle o, . (23)

IV. Let us now consider the equation

qy + g, = Ny @9
where q(t,x,y) is some smooth function. This equation was studied in
connection with some problems of general relativity [13,14] and as the
continuous limit {15) of the two-dimensional Toda lattice (4). Equation
(24) for partial similarity solutions of the form

qtxy) = qry) . r = e+ x2/a 25)
is reduced to the equation
rq + q, = 3ehyy . 26)
After substitution <t = tnjr] we get from (26)
Qe =3y, o=sinr. @n

This equation after substituting q = q - © takes the form
Qe = 7 Chyy . (28)



0.1. Bogoyavlenskij, R.N. Henriksen and D.C. Offin 205

The integrability of Eq. (28) was proved in [15]. In conclusion we find
that the special solutions (25) of Eq. (24) are described by the
integrable equation (28).

V. Eq. (24) has also partially similarity solutions of the form

qtxy) =qy) - 2mt, L=xk, 29)
or ' '
qetxy) =q o), E=xt, o=yh (30)
Eq. (24) for solutions (29) takes the form
C2ea)qpy + 20qp = by - 1))

While Eq. (24) after substitution (30) is reduced to the equation

@Praday + 20005y + Pagy + g + 209G = g, . )
Eq. (32) for sxmﬂa)(xl% solutions of the form q;

qo)=qi)-2tac, r=§ +co, c=const 33)
is reduced to the equation
' (rz-w.)qn + 20 = (Y. (39)
which is the derivative of the expression
(P+aq, = €, + ¢, &= const 39)
and so has simplest solution q-tn(rz-m).bso.
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A remark on a mean value property

Maciej Sablik

Presented by J. Aczel, F.R.S.C.

Abstract. J. Aczél in [1) and S. Haruki in [5] showed that functional equations
(3) and (4) characterize quadratic polynomials among real functions. In the present
note we extend these results to the case where variables and values of the unknown
functions are in some abelian groups.

It is a well known fact that quadratic polynomials f(z) = az?+bz+c,z €
IR, satisfy the following two equations

-1 p(24) )

and '
f(z)-f(¥) _L(2)+ () 2

e 2 (2)
for all 2,y € R,z # y. Several authors dealt with functional equations of
which (1) and (2) are special cases, viz.

f(z)- 9(y) =Mz +y)(z - y) (3

and

f() - 9(v) = (¥(z) + T(y))(z - v) (4)
for all z,y € R,z # y. J. Aczél proved in [1] that without any regularity
assumption £, g,h satisfy (3) if and only if f(z) = g(z) = az3 + bz + ¢ for
some a,b,¢c € IR, and A(z) = az + b. A similar result was obtained by S.
Haruki in [5). He proved also that (3) is equivalent to the equation

£(2) - 9(v) = (2(z) + &(¥))(= - v).

Further investigations of problems motivated by the above mentioned
results can be found e.g. in J. Aczél - M. Kuczma [2] and M. Kuczma (6}
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(z,y are in a real interval and h(z + y) is replaced by k(n(z, y)) where n is
the harmonic or geometric mean, see also M. Kuczma [7]). G. E. Cross and
Pl. Kannappan consider in [3] a generalization of (4):

n-2

1(2) = 37 ou(9)(z - y)* + ($(v) + 1(2))(z - y)*!
k=0 .

for z,y € R,z # y and arbitrary n > 2. Again without any regularity
assumed, f,g,h have to be polynomials of suitable degree. A similar result
concerning the equation

f(2) = 3 o(v)(z - 5)* + Az + (n - 1)y)(z - y)™!
k=0

forz,y € R,z # y and arbitrary n > 2, which is a generalization of (3) has
been obtained recently by R. Ger (cf. [4)).

In the present note we are going to solve (3) and (4) in the case where
,y are in an abelian group. Of course, we have to make precise what the
multiplication on the right hand sides means. This question turns out to
be obvious if we notice that in the real case h(u) and &(u) + I'(v) may be
identified with linear mappings "t — h(u)t” and "t — (&(u) + I'(v))t” (by
the way, the linearity actually is a regularity assumption when compared to
additivity for instance).

Proofs of theorems are elementary and in the case of Theorem 1 the
argument is almost the same as in [1).

TaEOREM 1. Let (G,+) and (H,+) be abelian, uniquely 2-divisible
groups. Then the functions f,9: G — H and h : G — Hom(G, H) satisfy
(3) for allz,y € G,z #'y if and only i/ f(z) = 9(z) = a, + a1(z) + as(z, z)
and h(z) = a; + ay(z,-) for every z € G, where a, € H is a constant,
@1 € Hom(G, /) and a3 : G x G — H is symmetric and biadditive.

Proof. It is a straightforward matter to check that £,9,h which have the
forms given in the assertion actually satisfy (3). To show the converse let
1,9, h satisfy (3). We can follow the argument used by J. Aczél in [1] to get
f(z) = 9(2), f(z) = 1(0) + h(z)(z) and

(4(z + y) - h(O)](z - v) = [h(z - y) - A(O)] (= +v) (8)
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for every z,y € G. Putting u = z 4+ y and v = z -  we see that (5) becomes
[h(u) - h(0)] (v) = [A(v) — A(0))(u) (6)
for every 4,v € G. Let a3 : G x G — H be defined by

ax(s,9) = 3 (h(u) ~ A(O)) ().

In view of (6) a; is symmetric and biadditive. Put a, = f(0) € H and
a1 = h(0) € Hom(G, H). It is easy to see that f,g and h can be expressed
as in the assertion. This concludes the proof.

Passing to the equation (4) we prove first a theorem on the case where
(4) holds for all z,y € G.

THEOREM 2. Let (G,+) and (H, +) be abelian groups and assume that
H is uniquely 2-divisible. The functions f,9 : G — H and &r:G —
Hom(G, H) satisfy (4) for all 2,y € G if and only if f(z) = ¢(z) = a, +
a1(z) +ay(z, z), &(z) = b, +a3(z, ) +as(z, *) and I(z)=a;-6 +a3(z, )=
a3(z,-) vhere a, € H is a constant, ay,b; € Hom(G,H),a3:Gx G - H
is symmetric and biadditive, anday : G x G — H i3 skew-symmetric and
biadditive.

Proof. It is easy to check that f,g,® and I' which have forms as in the
assertion satisfy (4). Let us prove the converse. Setting z = y in (4) yields
f(z) = g(z),z € G. Thus f satisfies

£(2) - £(3) = (3(z) + T(w))(z - 1) @

for all z,y € G. Interchanging z and g in (7) and adding the obtained
equality to (7) we get

Af(e)- S0 = [8) +TE) +90) + TGN (z=0).  (8)
Define Il : G — H by H(z) = $(z) + I'(z). Putting y = 0 into (8) we get
2/() = 2/(0) + (=) + N(O)} =), ©)
Substituting (9) into (8) we infer easily that
(M(=) - M(0)] (y) = (M(y) - M(0))(=) (10)
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for all z,y € G. Define g;: G x G — H by

a(z,3) = 3 [N(z) - T(0)} y).

In view of (10), a; is symmetric and biadditive. Further, define a; : G — H
by ai(z) = 1(0)(z). Then a, is additive. If we put a, = £(0), we get from
(9), after division by 2, f(z) = a, + a1(z) + a3(z,z) for every z € G. If we
take into account the definitions of 11, a;, a3, and (10), we get

I(z) = I(z) - &(z) = a1 + 2a3(z, ) - ¥(z)
for every z € G. Now, substituting formulas for f and T into (7), we obtain

(®(z) - 2(W))(z - y) = as(z - y,2 - y). (11)
An easy calculation shows that (11) implies

[2(=) - 2(0) - as(z, )} (¥) = - [2(v) - 8(0) - as(-,p))(z)  (12)
forall z,y € G. Define a3 : G x G — H by

a3(2,¥) = [#(z) - #(0) - as(z, )] (v)-

It follows from (12) and the definition of a3 that ajy is biadditive and
skew-symmetric. Putting b, = $(0) € Hom(G, H) we can write &(z) =
by + ai(z,-) + a3(z,-) for every z € G. Inserting the form of ® into the
formula for I' we have I'(z) = a; - b, + a3(z,-) - a(z,-) for every z € G.
This concludes the proof.

The assumption that (4) holds for all z,y € G is essential as is shown
by the following examples.

EXAMPLES. Let us consider two cases.

(i) f Gis of order 2 and H # {0} is uniquely divisible by 2 then Hom(G, H) =
{0). Write G = {0, c) and define f,9:G — H by £(0) = g(c) # f(c) = (0),
and let & =T = 0 € Hom(G, H). Then (4) is satisfied for all z,y€ G,z #y,
but f #£¢.

(ii) Let G = {0,a,2a} be a group of order 3 and suppose that a uniquely
2-divisible group H contains a subgroup F = {0,5,2b} of order 3. Define
J:G - Hby f(z)=2b,z€G,and g: G — H by g(y) = b,y € G. Further,
define #,T' € Hom(G, A) putting (0) = I'(0) = a, ®(a) = I'(a) = B and
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®(2a) = I'(2a) = B, where a(z) = 0,z € G, and §(0) = 0, 5(a) = b,8(2a) =
2b. Then f # g but f,g,®,T satisfy (4) for all z,y€ G,z # y.

We will show that situations presented in the examples are exceptional
and in other cases (4) considered for z # y is equivalent to (4) considered
forall z,y € G.

THEOREM 3. Let (G,+) be an abelian group which is not cyclic of or-
der 2 and let (H,+) be an abelian uniguely 2-divisible group. If G is not
cyclic of order $ or H contains no cyclic subgroup of order 3, the functions
f,9:G — H and $,T : G —» Hom(G, H) satisfy () for allz,y€ G,z # y
if and only if they are as in the assertion of Theorem 2.

Proof. It is obvious that functions f,g,® and I’ which are of the forms-
given in the assertion satisfy (4) for all z,y € G. To prove the converse
assume that f,g : G — H and &, : G — Hom(G, H) satisfy (4) for
Z,Yy€EG,z# Y.

Suppose first that G is cyclic of order 3. Then H contains no subgroup of
order 3 and thus Hom(G, H) = {0}. Consequently, we have ® =I' = 0 and
f(z) = g(y)forall z,y € G,z # y. Hence it follows that f = g = const =: a,.
Thus the assertion holds with ay = 0 € Hom(G,H) and a3 = a3 = 0 €
HGxG,

From now on assume that G is neither of order 2 nor 3. Putting y = 0
and then z = 0 into (4) we get f(z) = ¢(0) + I'(0)(z) + &(z)(z) for every
z # 0, and g(y) = £(0) + $(0)(y) + I'(y)(y) for every y # 0. These formulas
together with (4) and additivity of $(z) yield

£(0) - 9(0) = [I(y + 2) - I'(y) - T(2) + T(0)](2) =: Ay.(2)

for all z,y,2z € G such that 0 ¢ {y,2,y + 2} and z ¢ {0,y, 2,y + z}. Choos-
ing y € G so that 0 ¢ {y,2y,3y} and using additivity od A,,, we can prove
that f(0) = g(0). Thus A, ,(z) = O for every = ¢ {y, 2,y + z}. A detailed
examination of possible cases shows that A,, = 0 for all y, z € G. Hence the
function a : G x G — H defined by a(z,y) = (I'(y) - ['(0))(z) is biadditive.
Denote by a3 the symmetric part of a and by aj its skew-symmetric part.
If, moreover, a, = f(0) = g(0),a; = I'(0) + $(0) and ; = $(0) then one
can easily show that f,g,I"' and & are as in the assertion. This concludes the
proof.

REMARK. Let us observe that, in the case where G and H are linear
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spaces [topological groups] and Hom(G, H) in the above theorems is re-
placed by L(G, H), the space of linear mappings from G to H [A(G, H),
the space of additive continuous mappings] then the words "additive” and
"biadditive” in the statements can be replaced by "linear” and " bilinear”
[ additive continuous® and " biadditive continuous”), respectively. This is an
obvious conclusion from the proofs of our theorems.
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HGlder continuous soluiions of functional equations

by Antal Jérai
Presented by J. Aczel, F.R.S.C.
Abstract. In this work it is proved that the solutions f of the functional

equation .
£(2) = ht,y, f(91(8,v))s - - -, f(gn(t,¥)))s

that are locally Holder continuous with exponent 0 < a < 1, are locally Hslder
continuous with exponent 2a/(1 + a), too.

As it is treated in Acsél's classical book [1961], regularity is very important in
the theory and practice of functional equations. The regularity problem of func-
tional equations with two variables can be formulated as follows (see Acsél [1984)
and J4rai [1986]):

Problem. Let T and Z be open subsets of R® and R™, respectively, and let
D be an open subset f T xT. Let f: T — 2,9;: D =T (i = 1,2,...,n) and
h:D x Z™*! - Z be functions. Suppose that
(1) .

S(t) = h(t, v, f(v), f(91(t,0))s - . -+ F(9n (2, y))) whenever (t,y) € D;

(2) his analytic; ’
(3) g; is analytic and for each ¢t € T there exists a y for which (t,y) € D and

%‘(t,y)lmlmks(i=l,2,...,n). ‘

Isit true that every f, which is measurable or has the Baire property is analytic?

The following steps may be used:
(I) Measurability implies continmity.
(II) Almost open solutions are continuous.
(II) Continuous solutions are locally Lipschits.
. (IV)Locally Lipschits solutions are continuously differentiable.

(V) All p times continuously differentiable solutions are p + 1 times continuously
differentiable.

1991 Mathematics Subject Classification 39B22.
This work is supported by Magyar Kereskedelmi és Hitelbank Rt Universitas
Fundation and OTKA 1/3 1652 grant.
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(VI) Infinitely many times differentiable solutions are analytic.

The complete answer to this problem is unknown. The problems corresponding
to (I), (II), (IV) and (V) are solved in J4rai [1986). In the same paper, partial
results in connection with (III) are treated. A partial result in connection with (vI)
is treated in Jirai [1988) (in Hungarian).

In this paper we deal with locally Holder continuous solutions. The result is
a new step in (I1I). In the paper Jirai [1992) the same problem is treated for real
solutions, using the fundamental lemma of the theory of Campanato spaces, which
is a generalisation of the famous classical Morrey lemma from the regularity theory
of partial differential equations. More general results are proved in this paper in an
elementary way.

For simplicity, all norms on normed spaces will be denoted by | |. A function
f mapping an open subset of R? into R* is called locally Halder continuous with
exponent 0 < a < 1, if each point of its domain has a neighbourhood V such that
sup, yev |f(z) — f(y)l/|z - y|* < 0. Any constant not less then this supremum is
called (local) Holder-constant for f. In the case & = 1 H5lder continuous functions
and Hélder constants are also called Lipschits functions and Lipachitz constants,
respectively. It is well-known, that continuously differentiable functions are locally
Lipschits.

Lemma. Let V, W and U open subsets of R*, R* and R", respectively,
J :U — R a continuous function, g : VxW — U a twice continuously differentiable
function, to € V, yo € W, and suppose, that gg(to,yo) has rank r. Let S be a

simplex with nonvoid interior contained in the unit ball of R*. Then there exists a
convex neighbourhood Vo C V of to, a real number Ry > 0 and a constant C, such
that for each R for which 0 < R < Ry the function

£ /nm Flo(t,¥)) dy

is continuously differentiable on V; with gradient bounded by CR*-1,

Proof. The proof depends on a theorem concerning differentiation of para-
metric integrals. The more general form of this theorem can be found in the paper
Jdrai [1991]. For a somewhat weaker version (which is still enought for our present
proof) see the paper Jirai (1986], theorem 5.1.

Let g, denote the partial function y 9(t,y), and let g(y) = z = (23, 23,... ' Zr)
Without loss of generality we may suppose that the Jacobian

8(31-13--",3-)
3(!!1,1121---,%-)

is positive at the point (t5,10). Let us choose open balls V; and W, with centers
to and yo, respectively, such that this Jacobian is positive whenever ¢t € V, and
y € Wy. Let Ry be the radius of W, Let z* = (235120, 2041, -, 2}) be defined
in the following way: z§ = z; if 1 Si<randz{ =y; if r <i < k. We shall denote
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the mapping y — z°* by gf. Let p(z*) = z. It is clear that the Jacobian

Xz3y...023)

Hysyeoesta)

is equal to the Jacobian above, and hence nonsero if t € V; and y € W, Similarly
as in the proof of theorem 5.2 in the paper Jirai (1986}, not hard to prove that
decreasing the radius of Vy and Wy if necessary, we may suppose that g7 is a
homeomorphism of W, onto an open subset of R* whenever ¢ € V;. Using the
substitution z* = g7 (y) we have

Fo= [ fetendr=[ eI )l
RS+yo 87 (RS+y0)

Here J denotes the Jacobian. Let h*(¢,z) = f(p(z*))J((9¢)~2(=*)) and let us use
the theorem in the paper J4rai {1991) concerning differentiation with respect to the
parameter of the parametric integral

F(t)= h(t,z*)d=z".
97 (RS+y0)

We get that F is continuously differentiable. Using the proof of this theorem we
can get an explicit formula for the partial derivatives of I, and write it as the
sum of two integrals. The first integral is a volume integral over RS + yo and the
integrand is a continuous function of the partial derivative gth and the derivatives

of g. The second integral is aboundnyintegmloverﬂ(RS-l-m) and the integrand
is a continuous function of A and the partial derivatives of g. If V; and Wp are
small enough, these continuous functions are bounded and we have the expected
estimate.

Theorem. Let 0 < a < 1, and let Z, Z; be open subsets of Euclidean spaces
(i=1,2,...,n). Let T, Y and X; be open subsets of R’, R* and R", respectively.
Let D be an open subset of T x Y. Consider the functions f: T — Z, f; : X; — Z;

215

(i=1,...,n),9i: D= X;(i=1,...,n), A : DX Zy x Z3 X+ + X 2 — Z. Suppose,

that
(1) for each (t,y) € D,

£(t) = h(t,y, fr(91(tsv))s - - -+ Fal9a(t, ¥)));

(2) b is twice continuously differentiable;

(3) gi is twice continucusly differentiable on D and for each ¢ € T there exists a y
such that (¢,y) € D and %%i(t,y) has rank r; fori =1,...,n;

(4) the functions f;, i =1,...,n are locally Hilder continuous with exponent a.
Then f is locally Holder continuous with exponent 2a/(a +1).
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Proof. We have to prove that for each point to € T the function f is Hélder
continuous on a neighbourhood of ty with exponent 2a/(1 + a). Replacing f; with
the coordinates we may suppose without restricting generality that Z; C R for
i=1,...,n. Let us choose yp by (3) for ts. By our lemma there exist a convex
open neighbourhood V; of ¢y, a simplex with nonveid interior contained in the unit
ball, and constants Ry > 0 and C such that for the closed ball W with center yo
and radius Ry we have Vo x Wp C D, and the mappings

£ /nsm filgi(t,v)) dy

are continuously differentiable on V; with gradient bounded by CR*~!. Decreasing
Vo and Rj if necessary we may suppose that Ry <1 and g; is a Lipschits function
with Lipschits constant L on Vp X Wp. Similarly, we may suppose that f; is Holder
continucus with exponent a and Hélder constant H and |f;| bounded by B on
gi(Vo x W), moreover on a convex closed set containing

Vo x Wo x f1(91(Vo X Wh)) X -+ X fa(gn(Vo x Wo))

the functions gz% are Lipschits continuous with Lipschits constant L}, and the

functions l%’f' mdll,gf—‘l are bounded by B} and B}, respectively (i = 1,2,...,n).
Let us fix Ry, Vo, Wy and yo. We shall prove that f is locally Holder continuous
on Vo with exponent 2a/(1 + a). Let ¢,t' denote arbitrary elements of V, and let
0 < R < Ry. Let us integrate the two sides of the functional equation over the
simplex RS + ys. We have

R0 = [ b Ao Saloalt ) e
RS+yo

where ¢ > 0 is the measure of the simplex S. Hence

'f(‘) - f(")l = c—}lz_fl ]RS-{-. h(‘! yifl(gl(ta y))' see 9!"(9”(‘. y)))
= h(t'a Y fl(gl (tq, y»’ ceey fn(gll(t'o y))) dy *

To get a good upper estimate for the left hand side we need an upper estimate for
the difference

h(‘! Y, fl(gl(t’ y»v ey fn(gn(t. ll))) - h("' Ys !l(yl(t'v y))i sieiny fn(gﬂ(t" !I)))-

We may apply the Taylor theorem for the function A with points

z=(ty,21,...,2) and 2'=(¥,y,2],...,2)
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where t',t € V,y € W, z; = fi(gi(t,y)) and 2} = fi(gi(t',y)) fori=1,...,n. We
have

1 " a
h(z)-h(z') = /0 %(rz+(l-r)z')(t—t’)dr+z /. g%(rz-i-(l-r)z')(za—z})dr.

fm]

Using this and omitting variables we have
1
eripe)- gl =| [ ([ e+ a-nexe-e)er

LIS
+ g'/. g%(fz +(1- r);')(q - z:)d‘r) dy

Using the triangle inequality, we get n 4 1 terms on the right hand side. For the
first term we get the trivial upper bound cR*Bj|t' —¢t|, where B, is an upper bound

of |g’;| Let 20 = fi(gi(t,10)) (i =1,2,...,n), and let 2° = (¢,p0,20,...,20). If A}

denotes the value of the partial derivative §1 at the point 2%, than the other terms
can be rewritten in the form

/Rsﬂ. /on (37’:(" +(1-7)) - ’li) (zi — 2{)drdy + A /ns-n-nlz‘ - szdy.

First we give an upper estimate for the absolute value of the first term of this sum.
An upper estimate of |z; — z}| is H(L|t — ¢'|)®, where H is a Holder-constant for f;
and L is a Lipschits-constant for g;. Hence

1
| / I e+ (1= 1)) - M)z - ) drdy
RS+yo Jo Oz

< H(Zjt-£)° LQ.. [

Purthermore we need o estimate the difference [§h(rz + (1 r)s') - ().

This is not greater then L] multiplied by the norm of 7z 4 (1 — 7)z’ — 2°, that is,

L times the maximal distance between the vectors 2’ and z° = (¢, o, 2,...,22),

where L} is a Lipschits-constant for §. The maximal distance between ' and s*

: bde estimated by |t — | + R 4+ nH(L(|t — ¢'| + R))°. Hence we get the upper
un

patrs+ (=) =K

dr dy.

cR*H(|t - L) Li(}t - ¢'| + R+ nH(L(jt - | + R))°)

for the first term.
To get an upper bound for the second term, we need an upper bound for the
absolute value of

Sy == [ o) - fttt )
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because |h!| is trivially bounded by the upper bound B} of |gzh.| From the lemma

we get the upper bound |¢ — '|CR*~? for this integral.
Summing up all this estimates, we get

|£(t) - £(¢)] < Bylt - €| + H(L|t - €)™ 3 Lile — '] + R+ nH(L(It - ¢'| + R))°)
i=1

n
+Y_ Bijt - ¢IC/R.

i=1
If |t — t'] < R this can be rewritten as
I£(t) - £(t')] < Colt = £') + Gyt — ¢'|°R® + Cat - ¢'|/R,

where Cy, C; and C2 do not depend on ¢, ¢/, and R. If we choose R such that it
satisfy the condition R = |t — ¢'|(1—2)/(1+2) then we have -

1£(8) = F(E)] S (Co + C1 + C)ft — '[P/ +)

whenever |t —#] < R{ /(=) gnd ¢, ¢ € V;. This proves that f is locally Hélder
continuous on Vp which implies the theorem.
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SUR_DES SOLUTIONS GLOBALES ET DES SOLUTIONS LOCALES
—_—— T o 5 BS SOLUTIONS LOCALES
DE_L’EQUATION DE TRANSLATION

Zenon Moszner
Presented by J. Aczel, F.R.S.C. :
Résumé: On compare la notion de la solution locale de
l’équation de translation avec la notion de la sgolution
globale de cetle équation et on donne quelques conditions
suffisantes pour que la solution locale soit prolongeable a

la solution globale.

M.Lothar Berg en considérant 1’équation de translation
multidimensfonnelle de la forme
(1) FIF(x,t),8)=F(x,t+8),
od F: R"XR® —> R",a défini. [1] une solution locale de cette
équation au point xoeR" comme une fonction F telle qu’ils
existent un entourage (une boule ouveﬂ.e ou R") A de X, et un
entourage (une boule ouvorté ou R") Az de OcR" tels que
(2) VxeAl Vt.sedz: FIF{x,t),8)=Fix,t+s).

On considére la solution locale aussi dans (3].

La ron;tlon F est dite une solution gloﬁale sl (2) a lieu
pour A'=R" et Az=R°.Cette note est consacrée & la comparaison
de ces deux notions.

On voit que chaque solution globale est en méme temps
locale.Si F est une solution locale elle doit 8tre définie au
moins sur 1’ensemble E:=(F(axa,)xa,) U (8,x(8,+4,)],puisque

les membres droite et gauche dans (1) doivent atre définis
pour chaque xel\l et chaques t,seAz et en dehors de cet
ensemble F peui @&tre - arbitraire.On peut domre construire

une solution locale qui n’est pas globale de la maniére
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suivante.Nous considérons une solution F' globale pour
laquelle ils existent des entourages A, et Az pour lesquels

E#R" (voir pour ce but (2]) et posons FsF sur E et F
1

arbitraire sur R™\E,mais telle que F n’est pas une solution
globale.La solution locale F, recue de cette facon,considérée
gseulement sur E,peut éire naturellement prolongée a 1la
solution globale (p.ex.F‘).On se pose donc le probléme de
donner un exemple d’une solution locale F qui, considérée
seulement sur E,ne peut pas étre p}olongeable 4 la solution

globale.Et voila un exemple:Soit pour n=m=1

x+t si Ix+ti<q
(3) PIX.1)={ 0 si 4six+tl.

xoeR.A‘=l—1,1).Az=(-3.3).Solt xeA‘.t.seAz.alors Fix,t)=x+t et

rmx,t).s):ﬂxn,s):{’“},“ i jutiai < }=F(x.t+s),
donc (2) a lieu.De plus E=(-4,4)x(-3,3) U (-1,1)x(-6,6).
Prenons que le est prolongeable a4 une solution globale
F‘.Hous avons F‘(O,q)=Flo,4)=0=F(0,5)=F‘(0.6) et puisque P‘
remplit (1) on a: ’
0=F(0,0)=F (0,0)=F (F (0,4),-4)=F (F (0,6),-4)=F (0,1)=
Fl0,1)=1,
donc une contradiction.
1l se pose donc le probléme sous quell.es conditions une
solution locale,considérée sur E,peut 8tre prolongeable a une
solution globale?

Nous allons démontrer i ce sujet le

Théoréme 1.S1 F est une solution locale de (1) et

(4) FlbixAz) c Al,
(5) Vt',....t..s‘.,...sleaz+hz VxeA‘ t‘+...+t.=s‘+...+sl -->
F(F!F...F(x.t').tzi,....th_‘).ttla

),s.),

=F(F(F...F(x,s‘).sz),...,sl_l @
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alors F _est prolongeable 4 une solution globale.

Démonstration.

La fonction F,étant définie sur E,est d’aprés (4) dafinie
sur A:"Mz*‘z’ .Posons pour teldz‘mzhuzﬂz) ,done pour
t:t‘-v-ta,on t‘,tzeAz-o-Az et pour x de A‘

F‘(x.t)aF(F(x.t‘).tz).

+s_,00

Cette définftion est correcte,puisque si t=t1+tz=s‘ o

t,.8,,,,5.e + ,alory d’apres (5)

P(F(x.t‘) ,tz)=l’ll’lx,s‘).sz) .

De plus pour teAZMz.donc tct‘+tz,on t‘,tzenz,et x de A’ on a

F'(x,t)=P‘(x,t‘+tz)=F(F(x,t‘).tz)=F1x,t‘+tz)=F(x.t).
alors F «F .
llA‘n(Azodz) IA‘-(Az.Az)
Nous allons démontrer que l-“ a la méme propriété que
(6),mais avec A:=|Azﬂz)+lazﬂz) au lieu de AzMz.En effet
e ' g¥e--t8, d’ol

t|=1:+t:‘ {i=1,...,k) et s’=3;+s:' (§=1,...,1),00 t:,t:’,s',

soit t,,...t‘.s .8 €4 et t,‘+...+t.=s
s:'eAzMz.Puisque
t’:+t :"4-. cott :-o-t :":s :+§ :"+. . .+s:+s’:’ ,
donc d’aprés (5):
FIFIFL. RO, t D), 0%, 0t ), M)
FIF(F(...F(x,87),87"),...,87),87").

I1 en résulte la thése puisque nous avons d’aprés la
définition de F.: FIFlz.u).v):P’lz.uw) pour chaque 2z de lli
et u,v de 4. +4,. )

Définissons A” comme 1l suit: A’::AZ,A”":=A"+A" pour
v=1,2,... .En prenant F‘ au lieu de F,Az-mz au lfieu de Az
nougs pouvons définir sur A‘xA' de la maniére analogue la
fonction Fz qui est égale A& F‘ sur A,xA’ et qui remplit (S5)
avec A' au lieu de Az«rAz.On peut définir de méme par

De2

induction la fonction F, sur A xA qui est égale A Fu_‘ sur
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A‘xA”°‘ et qui remplit (5) avec 8”*% au lieu de Az+Az.

[
La fonction 0=vg‘Fv est  évidemment définie sur
A‘xR'.pulaque Ua”=R",étant un prolongement de F|g-Nous allons
montrer qu’elle est une solution de (1) sur A‘xR‘.

11 résulte de (6) pour F, et tl=t,tz=s,s‘=t+s que

(6) Pb(Fv(x.t).s)zFblx,t+s)
st xeA',t,s,t+seA"'z.Solt xeA ,t,s€R".1I1 existe un v tel que
t,s,t+sea”*2 alors

0(x.t)=Fb(x.t),¢(0(x.t),s)=FblFu(x,t),s),0(x,t+s)=Fplx,t+s).
donc la fonction ¢ remplit (1) d’aprés (6).

St AI=R“ la fonction ¢ est une solution globale de
(1) ,6tant un prolongement de F_.Si A‘SR“.aolt xoeR"\A1 et la
fonction

o (x,t)= { ¢{x,t) pour (x.t)eAth‘.

x, pour lx.t)eR"xR'\A‘xR'
est une solution exigée.La démonstration du théoréme est donc
achevée. '

Remarquons que la condition (6) est évidemment nécessaire

pour qu’fl existe un prolongement de la solution locale,mime

que-la supposition (4) n’est pas telle.En effet si A #R" et
1

xoeR“\A' la fonction le,t)uxo est une solution locale pour
Az arbitratre,ayant un prolongement et ne remplissante pas
de la condition (4).

11 est vraie aussi le

Théoréme 2. SiI  une_ solution locale F de (1) remplit (4) et

(7) VxeA‘ vt "'thAz’ ti+...+t €A _+A_ et

' kK 2 2
F(x.tl)zP(x.O) pour (=2,...,k, ——> F(x.t‘)=F(x.t’+...+t.).
(8) VxeA‘ 3yeF(x.Az) 30#t€bz: Fix,t)=y,

alors F_est prolongeable 3 la solution globale de (1).

Démonstration.
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Remarquons au commencement que d’aprés (8)
VXEA‘ 30#1.@2: Flx,t)=F(x,0).

En effet prenons pour x de An un yeF(x,Az) d’aprés
(8),d’00 y=F(x,u) pour un u de Az.Solt t d’aprés (8) tel que
0;!'1.¢='Az et Fly,t)=y.Il en résulte que

F(x.o):F(y,-u)=F(F(y.t),-u):l-"(y,l-u):F(F(y,-u),t)=F(x,t).

Désignons par G(x),pour xeA‘,le sous—-groupe additif de
(R",4+) engendré par 1l’ensmble E(x):=itebz: Fix,t)=F(x,0)).
Puisque E(x)#(0) il existe pour chaque teR™ un t'eAz tel que
t-t"eG(x).Posons pour x de a,

(9) F Ix,t)=Fix,t").

La‘ fonction F' est bien définie sur A'xR' puisque st
t-t’6GIx),1-t*"eG(x) et t*,1"e ,alors  t"-t™eGIx),donc
d’aprés (7): Fix,t"~t**)=F(x,0),d’on

Fix,t*™)=F(F(x,0,)t*)=F(F(x,t"~1™") ,1*")=
FIFIF(x,t%) ™) ,t*™1=F(F(x,t*),0)=F(x,1%).

Nous démontrerons que I"i remplit (1) sur A‘xR'.Au
commencement nous allons démontrer que
(10) G(x)=G(F(x,t"))
pour chaque x de A et t* de 8,.En effet ueG(x) est
équivalente a la condition qu’ils existent ":""'tu de a8,
tels que u = t‘+...+t‘ et F(x.t‘) = F(x,0) pour {=1,...,k et
ueG(Fix,t")) désigne qu’ils existent 8,5..+,8, de' 4, tels que
us8 +...48 et P(Nx,t'),s‘hﬁ‘(x.t') pour j=1,...,1.S{ nous
avons t‘....,t.t comme plus haut 11 suffit prendre k=1 et
sl=t‘ et invérsement pour avoir l’équivalence

ueG(F(x,0)) <—> wueG(F(x,t*)).

Nous avons d’aprés la définition (9): F Ix,t)=F(x,t"),00
t'es, et t-t'eGix),

FUF (x,t),8)=F (Flx,t"),8)=aF(Fix,t" ks )=F(x,t"+s"),
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ot s'ed, et s-s"<GIF(x,t"))=GIx),et F Ix,t+8)=F(x,(t+5)") 00
(t4s)”e, et (t+8)-(t+5)"cG(x).Pulsque (t™+s™)-(t+5)"eG(x),
alors t"+s'=(t+s);‘+tz+...+t..oﬁ t,es, et Fix,t )=F(x,0) pour
i=2,...,k,donc d’aprés (7): FIx,(t+s)*)=F(x,t"+s"),d’ o0 F,
remplit (1) sur A‘xR'.

On a pour x de A, et teA:F (x,t)=F(x,t") pour t* tel que

t'es, et t-t’eG(x).Puilsque on peut prendre ici t*=t nous

avons F‘(x.t)=F(x.t) pour x de A‘ et t de Az.

Nous avons pour x de A‘ et tenz+ﬂz,d'oﬁ t=t,+tz avec
t‘.tzebz,qtie
F Ux,t)=F (x,t +t )=F (F (x,t ),t )=

F(F(x.t‘).tz)=F(x,t‘+tz)=le,t).
done I-“l est un prolongement de Pln'

S A‘=R“ la démonstration du théoréme 2 est achevée,si
A‘#R“ nous terminons le raisonnement comme en fin de 1la
démonstration du théoréme 1.

Remarquons que la supposition (?7) est évidemment
nécessaire pour qu’une solution locale F ait un prolongement
globale.Au contraire la supposition (8) n’est pas telle,comme
cela montre pour n=m la fonction Flx,t)=x+t.
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Higher Schur- Multiplicators of Nilpotent Dihedral Groups

N.D. Gupia. F.R.S.C.
University of Manitoba , Winnipeg , R3T 2N2 , Canada
and
M. R. R. Moghaddam
University of Manitoba, Winnipeg, R3T 2N2, Canada and
Mashhad University, Mashhad , Iran

Summary. Let G, be the nilpotent dihedral group of class ¢ given by a free
presentation 1 9R - F -G, = 1. We calculate for all values of mand ¢, the
Baer-invariants By, (G,) of G, -#s follows: for m < c-1, Bn, (G,) is cyclic of

order 27; form2c, it is an dbelian extension of a cyclic group of order 2! by
an clementary abelian 2-grdup of rank r(m+1), the rank of the m+1-th lower
central factor of F, (’

Introduction.

Let G be a group given by a free presentation: 1 - R — F =G 91 The
higher Schur -multiplicators By, (G), m 2 1, are defined to be the quotients ROy, (P
/[ R, mF] which are precisely the Baer-invariants of G with respect to the variety of
nilpotent groups, and are known to be independent of the choice of the presentation of G
(Baer[l]).'l‘heuscm-lismewell-knownl-bpfsfamuhfonhemdimegml
homology group H,, and yields the Schur -multiplicator of G. Calculation of these Baer-
invariants of a given group G is a recognized difficult problem ( see, for instance,
31,12) ) and very little scems to be known in this direction. Recently, Rosset {5] has

MR (1991) Subject Classification 20 F 14,20F 12
Key Words: dihedral groups , Schur-multiplicator, Baer-invariant
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indwedlmwedinmninthep:oblembye:pluingmmulnonﬂwlﬁghabm
central quotients Tpn(G)= 4, (P /[R,mF], and raising questions regarding the
structure of I',( G ). The Bacr- invariants of the dihedral group of class two were
calculated by Moghaddam [ 4]. In this paper, we calculate the Baer- invariants By (Ge)
of all nilpotent dihedral groups G, of nilpotency class ¢ 2 1.We prove that Bn(Gyis
cyclic of order 2™ for m < c-1, whereas, form2c, it is an abelian extension of a cyclic
group of order 2°! by an elementary abelian 2-group of rank r(m+1), the rank of the
lower central factor ¥,,,(F)/¥,,2(F) of F. Since the quotient F'm(Ge) = Y (®/

( R, m F] coincides with the Baer-invariant B (G,) for m2¢, we obtain the structure of
T'm(G, ) as a corollary.

Preliminaries and Technical

LetGc.czl.denotethenﬂpotemdﬂndnlmofdmc.mn%isgimbya
free presentation: 1 R —F =G, = 1, where F= (x,y;@)is free and Ris the
normal closure in F given by R =(x2,y2, :yo,l(F))F.

It is routine to verify that R is also the normal closure { x2, y2, [x , ) 2% ) ¥, and that
the order of G is 2°*!. Put = (x2,y2)F 50 R= v, S.
Form 2 1, define
PmS) =[S, m.1 FI=(S,F,.., F] (m-I repeats of F).
This yields the central series § = py(S) > py(S) > p5(S) > ......

We shall need the following technical lemma.

Lemma L For a,,b,,c, € (x,y)andi,j, k20withi+j+k=n-4 20, the’
following congruences hold modulo ¥,,,,(F) p(S):

@) (x,y.x,85,8,,]m (X,y.¥:80n8 0]

@ [ x,Yi800 85, X, X byy o by, ¥ €y v € ]

=[ x,y,80.. 8,X by, ..., bp Vs ¥rCpo g ) s
(iii) [ X,Y¥, ‘]v--o ai » X, X, bl' oeey bj' X, cl, osey ck]
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ul x,y.8y,..,8,xb,.., by, XX, €4y s €y 15
() [ x,¥.8)00 8, ¥, by, ...y bjs ¥» Cpo s 4 ]
5[ x,y.8y,.,8,y b, o bpyiyicp eyl
™ ([x,y 3yl Ixy), 84st ] w1
M) [,y 2y % TR PPN B Y b 3 U 2% Ty I
Proof For the proof of (i) we expand the commutators
[ x2,y,8.08p5]e p(S)and [x,y2,8;,..8, )€ P,(S)
modulo ¥,,4(F) and compare the two expansions.
The proof of (ii) follows similarly by expanding and comparing
(R TP AL ITE W L T T |
and [ X,Y 8 84X by e by, ¥ 2, €4y s 6 1€ Py(S).
Thepxoofsof(iii)md(iv)midendcaltothatofﬁ!)nﬁuappmpﬁmlychoosﬁzgmetwo
elements of p,(S) to compare.
To prove (v) we first consider the case when m-3 = 2k . By repeated application of (iv) we
transfer k of the y-entries in[ X, ¥, .35, (% y], 885 ] to Obtain the
equivalent commutator ([ X,¥,yy), (X, ¥4y )]s 8jpes 8 o] Which is trivial. When
m-3 = 2k+1, we can likewise transform [{ x,y,;, 37).[x.¥1, 8j4eees 8 p ] to the
equivalent commutator [ [ X,y ,p0q¥ 1. (X, ¥y 1, 84y 8 o] Which, in tumn, is
congruent to the square [ x,y,,y ), [X,¥.yy) a.,....an,mlz(nl)obtainedﬁomthe
expansion of [[X, 5,13 Y210 (%Y o4¥]s 8jueer 8 5. 0) € Py(S).
Finally, for the proof of (vi), we write
(XY ema2¥ X apent gl
B[ XY om-3¥ o XoYs B Bl [ X0¥ 0 3¥), (X, 5] 8y0ra ]
Bl X,Yom3YeXeYs 8] (by(v))
On the other hand, by repeated appllication of (iv) the resulting comnutator
(XY me3Y X% 8ns 8 )
can be transformed to the commutator

[ X,y -X.m..zyo a]mnan.ml
which, by (i), is congruent to the desired commutator
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[ %Y Yo m-2¥s 8ppr 8ol
This completes the proof of the lemma.

We can now prove our key lemma.
Lemma 2. Let u,,, denote the commutator [x,y,,_; y]. Then, foreachn 23,

0 Y%u® = (uy,;) (modulo v,,,(F) py(S))

@ ugy 2 = 1 (modulo Yy, (P Py(S) ).
Proof The proof of (ii) follows instantly from the expansion of [x,y,,_ ¥, y2] which
is an element of p(S). For the proof of (i), it clearly suffices to prove that every lefi-
normed commuatator [ x,y, a,....8,.] with & e ( x,y ) is congruent , modulo
Yns2(F) Po(S), to the given commutator vy, =[x,y gy ¥]..
Let #(x) denote the number of x-occurences in the commutator [x,y, 8j.i8pq].
We prove by induction on #(x) 21 that the commutator (X, y, a;,..., 3, ] is congruent
to the commutator {x,y,q ; y] . Whea #(x) = 1, there is nothing to prove. For the
inductive step consider a commutator [x,y, 8y,...,8, ]With2SHx)=k<n.
Then, since

(£ 39 29011 Pl L1 & 35 2F7 2% 0 WO Ry Wy |

S[X.Y0j41Ys 8420087 ] (by Lemama 1(vi),
and since the number of x-entriesin [X,¥,;,1 Y, 84240 8q.] is k-1, the proof
follows by the induction hypothesis.

Calculation of the Baer-invari
We can now compute the Baer-invariants B, G, ) of the nilpotent dihedral groups G,
given by a free presentation: 1 R = F =G, — 1, where F= (x,y; @) s free
and R = 7,,,(S,S = (x2,2)".
From definition, we have
Bn(G;) =RNY,,®/[RnF]
2 Yes1PS N Yy (P / [ Y41 (PS ,m Fl

= %1 S N Y1 )/ Yes 14m®) Py i S)
so that
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Bm( Gc )=

‘Ym4.|(F) /‘le“(l’) Pm,l(S) » when c<Sm.

We state and prove our main result,

Theorem, Form S c-1, By, (G,) is cyclic of order 2™ whereas, form2¢, Bn (G
is an abelian extension of a cyclic group of order 2°! by an elementary abelian 2-group of
rank r(m+1), the rank of the lower central factor Y+ 1T 2P of F. In particular,

form2c, Bn(G,) = CzceC2$ QCz (r(m+1) - 1 copies of G)
Proof Case I (0<sm<e-1).
Since
Bm( Gc ) = ‘Yulm pmq.](s) / 7@"*@@ pm](s)
= Migicn Teni® Prs1(S) / Yes14i P Prnes(S)
and since, by Lemma 2, each quotient
Yeri® Pme1(S)/ Yor14i®) Pmey(S)

is cyclic of order 2 generated by the coset (X, ¥, c-2Y ] Yoy 14i Prpea(S) s
the proof follows.

Case Il (1Sc<m).
In this case,

Bu(Ge) = Yy 1P / Y14 P Pms1(S)
= Y1 / Yne2 F) Py (S) _
* Mistcc-1 Y11 ® P 1(S)/ Yonate2 P Py (S) -

Since,

Toe1®) /Y42 ) Py S) 2 C, @ ... D C, ((m+1) copies )
and each of

Ymhlm pg".](s) ,7m4k2 (F) pml(s) = g (umma 2) ’
the proof follows.
In particular,

Bn(Ge) = Cc® C,® .. ® C, (r(m+1)-1 copies of C,).

229
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Finally, since

rmg.]( Gc) = ‘qu.l(F)/ [ ‘Yc{.]a:) s 'm Fl = Ym]m I‘Ym]nm pm+|(s) .
we restate the second part of our theorem as,

Corollary.( cf. Rosset [5] ) Fme1(Ge) = Cx®C,® ...QC,
(r(m+1)-1 copiesof C, ).
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The Diophantine equation cx‘+dy‘=z"

Zhenfu Cao
Presented by P. Ribenboim, F.R.S.C.
1. Introduction '
Let p be an odd prime, c and d be two square-free positive
integers such that (c.d)=1, and let h(-cd) be the class number of
the imaginary quadratic field Q(J:Ea').
In [1]. Powell proved that the Diophantine egnation
aizyi=2f .
has no integral solutions x,y,z, {f (x,y)=1, pfayz and p¥ % 1(mod
8) for the case x'+y'=2".
In (2). Terai and Osada proved that the Diophantine equation
x'+dy'=2", (x,y)=1, plxy
has no integral solutions x,y.z. if (a) d%3 (modd), p¥ + 1(mod8),
p¢h( -d) and 2}y; or (b) d=2(mod8). p=3(mod8) or p=5(mnod16) .
pth(-d).
In tho present paper we shall prove the following
Theorem 1. 1f cd¥3(mod4). p¥ = 1(mod8) and pfh(-cd). then the
Diophantine equation )
extdy'=2", (x,¥)=1 (1)

has no integral solutions x.y.z with p-l'xy.

Clearly, the results of Powell [1] for the eguation w4yi=2?

and Terai and Osada [2) are some special cases of Theorem 1.

We also have

Theorea 2. If cd% 3(mod8), p¥ +c*!"”*(z0d8) and pih(-cd) ,
then the Diophantine equation

ex?+dyt=2", (x.y)=1 2)

has no non-zero integral solutions x.y.z with pix. 2ly.

Since 3%+ 2. 5'=11%, hence the conditions pixy.or pix, 2ly in
Theorens 1-2 are essential for the equations (1) and (2) to be
without any integral solutions.
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2. Leunma
In this section we prove the following
Lempa. Suppose cd# 3(modd). or cd¥ 3(mod8) and 2fz. 1f pih(-cd).
then every integer solution x.y.z of the equation
cx’+dy’=2", (x,9)=1 (3)

can be expressed as z=ca’+db?, -

x/C+y/d= (a /C+ b /=AY, 4>
vhere a and b are rational integers.

Proof. The primcival ideals [cx+y-/~cd} and fcx—y/=cd] have
the greatest common ideal divisor lc. ~/-cdl. because lcl=1 c,
J=cdll, (x,y)=1, c.d avre two sguare-free positive integers and
(c.d)=1. From (3) it then follows '

lex+y/~cdl=lc, J/~cdl - A",
vhere o4 1s an ideal of the field @(J:E). Eurther we get
lex+yV/~cdl=lc] - B°*, (5)
. whore @ = 4 . Since pih(-cd), from (5) we see that B is a -
princival ideal of @ (~/~cd). Hence we obtain the ideal equation
[ex+ vv/~cd1*= [e] - [(u+v/=cd) /2], (6>
where u and v are rational integers. u=v(mod2). Since cd¥3. from
(6) we have '
(ex+ y/~ed)i= el(u+ vi/=cd) /2)’ . uy=vi(mod2). (7)
By means of (7) wec derivc ‘
(it vi/=ed) /2= ({as./c+ b‘./-_d')/z)z, are2 bitmnd2),

Inserting this expression in (7) we get
x o+ y/~d= ((a1/T+ b1 /=d) ./ 2)", a1mby(mod2), (8)

where z= (cai+db}) /4. If aymby= 1(mod2), then

4z=c+d (mod8).,
which is impossible when cd¥% 3(mod4). or cd¥3(mod8) and 2fz.
Hence ai=b;=0(nod2). and put a;=2a. by=2b. This yields (4) by
(8). The lemma is proved.
3. Proof of Theorems .
Preof of Theorem 1. Erom the lemma it follows that



Z. Cao ; 233

e+ y /=d= (a ST+ b/-3)".

Hence we have
x’=.(p-mz( J P (el)e - 1/2-323 (g = (9)

(p-l)lz .
y2=b 2.m) QP Bt 22 gy g, (10)

It is easily seen that (a, A)=1 and (b, B)=1, since ofxy. Hence
from (9).(10) we obtain
a= g1 a’2, A= gy A2, b= e2b'%, B=¢2 B2, (11)
where €1.e2€{-1.1}, a’. A’. b’ and B’ are some non-zero integers.
We show that 2|xy as follows. Suppose 2¢xy, from (9), (10) we

have 2fabaB. Since

(p-1)/2, p

A= © ( J =2""(nod 2)

J=0 \2
is even when 2fcd. thus 2|cd. Without loss of generality, we may
assune that 2fc. 2|d. Then it follows from (9).(10) and (11) that

A= g 1A 2matlc-iV2y ( p} a3V gy 4+ (p) at-Sctr-oz,
2 4

b*(-d)? (mod8), (12)
B= o zn.zu(p) Pl 0-1V/2 (p) QP P-22 gy o (p) REREIVY
1 3 S
b*(-d)? (mod8). (13)
Suppose p=3(mod8). By(12). we easily see that
€1=2c—-3d (mod8). (14)
and by (13).
€223c—d (mod8). (15)

From (14) and (15) it follows immediately that
3e 1= e 2(mod8),
wvhich is impossible.
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Suppose p=5(mod8). From (13). we have
€2=25+4+4=5 (mod8),

which is a contradiction since €:2€ (-1, 1). Hence 2|xy. and with-
out loss of generality. we may assume that 2¢x. 2|y.

It is easily seen from (9), (10) that 2|b. 2faAB. Therefore it
follows from (11) that

¢ 1A 2z Ama? e ® Y2 (nod8), ¢ :B'i=Bmpal!c?®')? (nods),
s0 cf""/.za & 1{mod8) and p= ¢ :c""")/z(mde). f.e. p=g1e2=
+1(mod8). This contradicts our assumption p¥ + 1{nod8).

This completes the proof of Theorem 1.
Proof of Theorem 2. Suppose that our assumptions are all satisfied.
Then 2}z since 2ly. (x.y)=1 and c is a square-free. Erom the lemma
and proof of Theorem 1, we have

x=a A . y*=bB. (16)
where A.B are defined in (9) and (10). Since p|x. 2]y and Ax.y)=1.
we see that 2¢x and (b.B)=1. Hence from (16) wc obtain.
b=¢b'? B= eB'?, : amn
where ¢ € {-1. 1}. b' and B’ are two non-zero integers. Clearly.
from (16) we have 2{b. 2faB since 2]y and 24x. Therefore (17) gives
eB'?=B=pa’'c* "2 (gods),

(p-1)/2,

(mod8). This contradicts cur assumption p¥ + P12

i.e. p==*c¢

(mod8). which completes the proof of Theorem 2.
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