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OCCUPATION TIMES IN SYSTEMS 
OF NULL R E C U R R E NT MARKOV 

PROCESSES 
Tzong-Yow Lee^ and Bruno Remillard3 

University of Maryland, College Park 
and Université du Québec, Trois-Rivières 

Presented by Donald A. Dawson, F.R.S.C. 

Abstract 

We study asymptotic propetties of differences of occupation times 
for infinite systems of noninteractiog Markovian particles. Under a 
suitable normalisation ne prove convergence in taw to a nondegerate 
Gaussian field. We also obtain large deviations properties. 

1 Introduction 
In this article we will consider infinite particle systems of noninteracting 
Markov chains i.e. each particle executes a Markov chain independently of 
all other particles. We restrict our study to Markov chains on a countable 
state space X satisfymg the following assumptions : 

{Al) The Markov chain is irréductible and null recurrent. 

Denote by {aVu.^y g X) the transition probability matrix. Assumption 
(Al) ensures existence and uniqueness of a positive function a(-) on X such 
that 

Y* 0 ( 1 ) » ! , = a(y) and o(0) = 1 
*ex 

where QQ X is fixed throughout this article. 
'Supported in part by the Office of Graduate Studies and Research (1990), University 

of Maryland and by NSF Grant No. DMS 9106562. 
'Supported in part by the Fonds Institutionnel de Recherche, Université du Québec à 

Trois-Rivières and by the Natural Sciences and Engineering Research Council of Canada, 
Grant No. OGP0042137. 
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Markov chains. 
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T.-Y. Lee and B. Remillard 3 

(A2) The resolvent G,{x,y) defined aa 

G.(x,y) = £ « - " » ! ; > / « { » ) , » > 0 
n = 0 

satisfies for each yÇX 

snp |G,(x,») - C,(*,0)| < oo oniformly aa a - 0 

(A3) The resolvent admits the representation 

G.{x, ») = r(l + 0)»-0l{»-1) + V{x, y) + t{x,y,s) 

where I : (0, oo) •-• (0, oo) is slowly varying at infinity, 0 < /* < 1, and 
(i), (ii) hold, where 

(0 
F f = 2-52 a{x)a{y)V{x)V{y)U{x,y) - £ cdx)V{x)2 > 0 

«,»ex ^ ^ 
for all V # 0, V 6 Vb = {W : Jf »-• « , W haa finite support aiidE.a(*)ir(«) = 0} 

(11) There exists a function p:X**[l,oo) such that for every y € Jf, 

mpU{x,y)/p{x) < oo and l|msap((z,y,a)/p(x) = 0 

(A4) There exists a constant i? sueh that 

sop G,(«,x) < ip""»^-1), Va € (0, ll 
«ex 

Remark 1 ^MtimphVms (At) and (AS) are diserete time analogues ofKasa-
ham's assumptiona (aee Kasaham (1977) for more detaib). By adding (A4) 
we am able to stnnglhen hia convergence in diatribution reault to conver-
gem» of the moment generating funelion tn « neighborhood of 0. The later 
ia essential to ptwe our large demationa prineiplea for particle aystema. tt ta 
easy to prove tha (Al) to (A4) are aatiafied by mndom walks in the domain 
of attmetion of a stable law of index a f a € (1,2) in dimenwon i ond o = 2 
in dimension 8). 

Let ns now go back to our Infinite particle system. We suppose that 
the number of particles at time «MO at site x 1» a Poisson random variable 
with mean o(x) and is independent of all other sites. It can be checked 
that the process thua eonatrncted b an ergodic, stationary Markov process. 
Let P denote this process, E denote the corresponding expectation and 
(wi(n),i = 1,2,..., n = 0,1,...) denote a labdlng of the «ample trajectones. 
Let 1, denote the index fimction of tho site * € -Y. Further let 
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j a | nssO 

and define 6N(x) = {(N(X) - a(x)tN(0))/N. We expect that the normalized 
differences of occupation times {£jv(z),x ÇX\ {0}} converge» distribution 
to a Gaussian field of mean zero and nondegenerate covariance. 
This implies that log P {Sfi{x) > a) tends* to a negative number depending 
on a, as AT -> oo. On the other hand, Lee (1989) proved a large deviation 
property for {(N{X)/N,X 6 X). Using hia results we can prove that 

^ma{Nl-0/l{N))'ïlogP{sN{x) > aN1*2} = -oo 

for a > 0. 
Our objective is to calculate the leading term of the asymptotic proba-

bilities 
IogP{M*) > « * ( * ) } . « > « . 

for \(N) = 1 and for \(N) - , oo. In this paper we present the case when 
\{N) grows no faster than (N1~0/I{N)\ . More precisely we are inter-
ested in the foUowing cases : 

W)al, 
X{N)/[Nl-*/l{N))l,a - 0 aa JV - oo, 

X{N)={N*-l>/l{N))m 

For a simple random walk on Z, Cox and Durrett (1990) calculated the 
leading term in the third case, i.e. X{N) = Nl/* and BemiUard (1990) ex-
tended their results to its function space generality as Lee (1989) did. 

For 7 : -V \ {0} - Bt, i.e. ^ 6 «XW0>, let 

Il7ll.= "up ^7(*)V(x)elO,ool 
[Hq|oi,i'6M,,lJ 

It is easy to see that if 7 has finite support, then ||7||. < 00. 

2 Asymptotic properties of occupation times 
We are now in a position to state our main results, all of which assume (Al) 
to (A4). 

Tbeorem 1 IfP>0andV& Vo, then 

j i m ^ jexp £ V{z)SN{x)} = exp (||V[lV2) 

This implies Uiat SN := {SN{X),X eX\ {0}) converges in diatribution to a 
nondegenemte Gaussian field S ;ss {l{x),x eX\ {0}} with mean zem and 
covariance 

Cov{S{x), <(v)) =< 1. - o(x)lo, 1, - o(y)lo > 
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where <;•> denotes the scalar product over VQ defined by 

< Vx,V2 >= (UV, + VJII8 - ||V, - Vtfj IA, VuVt € Vo 

Theorem 2 .Suppose that 0 > 0 and A(JV) tends to infinity in such a way 

*" n _ W _ _ _ - o 
N%o[lfl-l>ll{N)\lf* 

Let C be a closed subset and tet G be an bpen subset of (Ae /unction space 
jH*\{o) equipped with the product topology. Then 

UmsupA(^r2IogP{«w € A(JV)C} < - inf H7IIÎ/2 

Uminf A(JV)-2log/»{«w € A(JV)C} S - taf II7IIÎ/2 
N—co I W 

where X{N)A = {«rA(Ar);«7 ÇA),AC JRX^0). 
Remark 2 It follows easily from the definiUon of || • I|. that the maw»"»? 
7 •-» IhlU " to,Ber semtamKnuotw twufer Me predtict topology o/JBx" ». 

Denote by fp the moment generating function of the Mittag-Leffler dis-
tribution of index 0 € (0,1) 

( E g * «4/r(l + W) for a € JR when fi € (0,1) 
l / ( l - a ) for o< 1 when 0 = 0 

+00 for a > 1 when 0 = 0 
and let 

Ada) = îlEgîî jf ' 6-" (-1 + MT{1 + 0)(1 - 6 ^ / 2 ) ) db 
a € iR. when /} € (0,1), and 

< l r - l - / - 1 + 1 / ( 1 - a , / 2 ) » W < ^ 

Further let 
00(fr)arap(»a-/M«)) 

It is readily checked that both functions Ag and Bp ate eves, stridy convex, 
differentiable (when fiidte), and are equal to zero when the argument is equal 
to zero. 
Theorems Sunpoae that fi > 0. If C ia a dosed aubaet and G is an open 
aubset ofBtW' under product topology, then 

Umsup^-'/IWr'logP^A, € {Ni-'/mfc} < -MBp{M.) 

UmW {^-'lim^losPfa € {Ni-'mf'G} 2: -^^ ( Ih l l . ) 
In case /Î = 0 (see assumption (A3)), we need to add one more assump-

tion. For / : X - fl satisfylttg Z^X 'nl/C»)! < « for aU x € X, we 
define 

(»/)(«)= E w o o 
vex 
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(AS) The number c, defined by 
log(ir{exp/.»(x) 

«, := sup sup =3 ïTTîvd 

is finite, where /.(•) = GV{)-{xGV){x) and GV{x) = E» U{x, y)V{y)a{y). 
Theorem 4 Suppose that 0=0. If in addition (AS) ia fulfilled, then The-
orem 1 and Theorem i hold. Moreover there exista a number 7 such tbat 
Theorem S holds if the function space JRXM0> is replaced by the subspace 
{7; I17II. < 7} .' we enn choose ï = A^lfTicnf2). 
Remark 3 /( is readily checked lhat (AS) holds xohen inf {r^; r̂ y > 0} > 0. 
It is easy lo see that Theorem 4 applies (with c* = 1/2) to Uie aimple mndom 
walk in two dimensions. 

Conjecture 1 Theorem 4 holds with 7 a +00. 
These theorems are proved by eptimating the cumulant generating func-

tion of {{*(*)• xÇX\ {0}} as AT'-» 00. 
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T H E Q U A N T U M W I T T ALGEBRA 
A N D 

QUANTIZATIONS O P S O M E W I T T - M O D U L E S 

K E - Q I N LIU 
Presented by R.V.Mooiy, F.R.S.C. 

Abstract. The quantum universal central «ctenston of the qu«ntura Wilt algebrm at roots of 
unity is determined, two dtaneterisatioQa a n given for the quantum Witt algebn, a (r-«n»logue 
of the enveloping «Igebr» of the Vmsoro algcbts te introduced and quanlteation» of the module 
of tensor fields over the Wilt algebrm are obtmimd. 

§0. Notations and Definitions. Throughoot the paper, all vector spaces are vector 
spaces over the complex number field C and the foUowing notations are used: 

C ' r ^ x e C l x ^ O ) ; 
7 is a complex number satisfying q2 £ 0,1; 
If 9 is a i-th primitive root of unity, then 

fo(«), ifoMiaodd, 

\ ^ t if 0(9)«even; 

ln(z) is the principal value of the function ln{z); 

g . . = eai«(f)| ( a j : = s 2 l z £ l , <a>:=qa+
2

q'a, where a 6 C; 

fbr any Z-graded vector apace V = 9n&V„, J € Hom{V, V) ta defined by J(«„) := «"», 

for n € Z and o« € Vn; 
J + J-1 

a € Hcmdy,y) b defined by a := ^ ; 
Let A = ®B€I.A« be a Z-graded algebra over C with multiplication denoted \13xykx 

x,y G A. We define (z,tf,x)f. /f(*,V,«). tbe plus algebra (A+,o), and the minus algebra 

(A", l . l ) by 

(x,»,x)f : = (xyM*) - <K«)(y*). 

J,(*,y,«) : = (*»)»(«) + (»*M«) + («M»). 

file:///13xykx
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A := A (as Z-graded vector space), 

* » y : = j t o ' + y*), I»»y]:=*y-y*. where x ,y ,*6Z . 

Definition 1. Let A be a Z-graded algebra over C with multiplication denoted by xy. 
(1) A is caUed quantum flexible if (x, y, x)f = 0 for x, y 6 A. 
(2) A is called a quantum Lie algebra if xy = -yx and the foUowing quantum Jacobi 

identity holds: 

Jt(*,y,*) = 0 for x,y and z £ A 

(3) A is called quantum associative if (x, y, x)f = 0 for x, y, x 6 A. 

(4) A is called a quantum Jordan algebra if (x, y, z2) ( = 0 for x, y € A. 

The quantum Witt algebra Wq, defined by 

W« := ®n6iCdB, dmd, := (m - n]dm+l, for m, n € Z, 

is a quantum Lie algebra. 

If A is a quantum assodative algebra, then (A~, [, ]) ia a quantum Lie algebra. If A is 
a quantum assodative algebra satisfying (x2,x] = 0 for x € A, then (A+,o) is a quantum 
Jordan algebra. 

Definition 2. The ç-analogue U{Wq) of the envdoping algebra of the Witt algebra ia 
defined as the assodative algebra generated by { J*1, dm | n» G Z } with relations: 

J J - > = J - > J = 1 , JdnJ-^q^tU, 

qmdmdnJ - qndndm J = [m- n\dm+n for m, n 6 Z. 

Definition 3. The f-analogue V{Vt) of the enveloping algebra of the Virasoro algebra is 
defined as the assodative algebra generated by {J*1, c, dm | m € Z } with relations: 

J J - ' = J-> J = 1, JdmJ-*=qmdm, cJ = Jc cdm = qmdmc, 

qmdmdaJ - q'tUdnJ = (m - nldm+B + h^^±^Sm+n,0C, 
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where m,n € Z and q is not a root of unity. 

Let U^W) be the assodative algebra generated by {«fm I "» € Z) with the foUowing 

relations: 

qm-ndmdn - qn-mdndm = [m- n]dw+B for m, n e Z. 

This algebra was constructed by T.L.Curtright and C.K.Zachos in [2]. 

Definition 4. A V(W,>-module ( or V,(W)-module ) V is caUed a Z-graded module if 

V = ®„çzVn and dm(vn) € Vm+B for m,n € Z. 

Remark. V = QnezV, is a Z-graded [rt(W)-modtile if and only if V is a Z-graded 

U{Wq)-modvle with J | VB = ç» • id. 

§1. The quantum universal central extension of W, at roots of unity. In [6], we 
have seen that if 9 is not a root of unity, then the quantum universal central extension of 
Wf is a l-dimenskmal quantum central extension of Wv The first theorem in this paper 
describes the quantum universal central extension of Wf at roots of unity. It turns out that 
if g is a root of unity, then the quantum universal central extension of Wf is an infinite-
dimensional quantum central extension of Wf. 

THROREM 1. Let 9 beat-th primitive root of unify andL = ©«ei^n the quantum muversal 

central extension of W(. We have 

(1) ITT is odd and r > 5, (hen 

« « r + i , i f l < t < T - l . 

LmT+i = ' 

\ » . r 

Ce«T0 | 0 Cctr.rr|, ifi = 0, 
•rsm 
.r€Z 

CkT,rTL = 0, ikT+itrT-i = 9(*+r)r(» + iK(*+r)r+(l-i) + S*i * [2p\< i > C*T•^^, 

where m,fc,r,t,i € Z and 0 < i,i < T - 1 . 
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(2) IfT ia even and T > 4, then 

C£mr+i, 

LmT+i = " m T 0 0 Cc^rT 
4+r«!m 
»,r£Z 

V*-r>-I 

i f l < i < T - l , 

, i f l = 0, 

CkT.rTL = 0, tkT+itrT-j = 9(*+ r > Tl« + j l<{*+r)r+(i-» + M<+i.TC*T,rT, 

where m,fc,r,t,j 6 Z, 0 < i , j < T —1 andctr,rr := —C(r-i)T,(*+i)T fork — r< —1. 
(3) IfT = 3, then 

Ct 3 m+i. 
/ 

Lim+i = C€Sra0 0 Ccsk̂ r 
k+rmn 

. t>r,»r#0 
\ *.r€I 

i f l = 1 ,2 . 

, i f l = 0, 

Cik,3rL = 0, 

tik+itlr-i = 93 (*+ r ) l» + iK3(*+r)+«-» + Siitfko - l )(*rt - l ) ( W w " 2)c3k.3r, 

where m, fc, r e Z, t,j = 0,1 and Cik^r := -cjr,3» for * < r. 
(4) flT = 2Iehen 

(Ctn, 

Ln = cen0 0 Cckr 
»+r=i» 

\ » . r€I / 

if n is odd, 

, if n is even. 

CkrL = 0, 

[m — n\tm+n, ifm + nia odd, 
if m + n is even, 

where m, n, fc, r 6 Z and Cmn := -€„„ if m < n. 

*ni ' i = ( l m " 
I Omnt 

Remark. For a fixed podtive interger n, if q*" = 1, then the quantum universal central 
extension of €[*, t - 1 ] ® sl£(2) is also a quantum central extension of C[t, t - ' ] ® s€J(2) fay an 
infinite dimensional Z-graded vector space. 
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§2. Characterisations ofthe quantum WUt algebra. FVom [6], [8] and [9], we know 
that the usual Witt algebra has two characterizations. The second theorem in tlus paper 
asserts that if 9 is not a root «rf unify, then tho 9--defonnatioiis «rf the two characterizations 

hold for the quantum Witt algebra W,. 

THROREM 2. Let A = ®ngz A, be a Z-graded a<gebra over C. If 9 is not a root of unify, 

(hen (he foUowmg are equivalent; 

(1) A is (he quantum Witt algebra. 
{2) Aba quantum flemb/e algebra and ( A - , ! , ]) is the quantum WJ(( algebra. 
(3) A is a quantum Lie algebra, dim(A») < 1 for aU n € Z and 

(A>Ai)5É0, (AiA-O/O, (AaA-O^O, (A-jAO^O. 

§3. The 9-anaIogao of one of Kaplansky's theorems. For any (A, a, y3) € C* xCxC, 
we have five kinds «rf Z-graded P(Wt)-module A(X,a,0), B{X,a,fi), C(A,o), i>(A,a) and 
E{X) defined fay 

A(A,o,^): = e»ezCo», J(t>») := A9*o», 

Mn) : = "A"1 (I* + «)«' + (1 + nlW«"+*) »-+»; 

B{\, a,fi)'. = ®»€iCo», J(o») := A9'o», 

d.Cu») : = -A"1 ((n + fc + o)9"+a + (1 - n]^"*') »«+»; 

C(A, o) : = ®»eiCok, J(»») := A9*o», 

qa[n + llto + n + fcl + [n\q_q-i )""+»! 

D{\, a) : = ®»6zCw», /(»») := A9*»», 

dB(«*) : = -A"^- (9"(1 " nllo + *) - Wfzf*) "-+» 
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and 

E{X) : = ®»€zCwt, J{vk) := A9*»», 
.»»+aak-* 

dn{wt) : = X~l- Z ï -"»**» 
9 - 9 

where n, fc € Z. 

Although both A{1, a,fi) and B{l,a,fi) becmne the module «rf tensor fields over tbe Witt 
algebra when 9 -» 1, thia is not the case for other modules. The third theorem in this paper 
is the 9-aaalogue of the Theorem 2 proved by L Kaplansky in [5]. 

THEOREM 3. Let 9 be not a root of unity and V = ©tezCo» a Z-graded U{Wt)-module 
witb J{vk) € Cvk for fc € Z. If d] and d_i are iiyective operate» on V, then there exists 
some (A, a, 0) £ C* x C x C such that V is isomorphic to one ofthe foUowing Ĉ  (VV, )-niodules; 

A(A,a,/J), B{X,a,0), C(\,a), D(X,a), E{X). 

By Tbeorem 3, we have completed the classification of the Z-graded t7f (W)-niodule8 
V = (BkezCvk which satisfy the condition that di and d-i are iiyective operators on V. 

Details of the proofe «rf these results wiU appear elsewhere. 
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ON NOISY PATTERN MATCHING UNDER 
GEOMETRICAL CONSTRAINTS 

Salvatore D. Morgera, F.I.E.E.E. 

Piztented bg G.f.V. t)aU> F.R.S.C. 

Abstract: Noisy pattern matching problems arise in many areas, e.g., 
computational vision, astronomy, and high energy physics. Least-squares 
pattern matching over the Euclidean space JE" for unordered sets of 
cardinality p is commonly formulated as a combinatorial optimization 
problem having complexity p • p!, p > n. Since p may be IO3 or larger in 
typical applications, less than satisfactory suboptimal methods are usually 
employed. A powerful hybrid approach is described which casts the pattern 
matching problem in a differentiable setting using rigid motion constraints 
which often apply and reduces the complexity to ZJI • n4 + In • P3, where In 
and /21 are the number of iterations required by steepest ascent and singular 
value decomposition (SVD):based procedures, respectively. 

1. Introduction. Given two sets of points in IB1*, {xj : t = 1,2,.. .,p} 
and a template {yj : 1,2,... ,p}, we wish to match these patterns through 
a joint choice of ^ € $, a representation of the orthogonal Lie group, and 
of TT € lip, the set of all permutations of the integers 2p. The model which 
we employ in this work is of the form x» )̂ = ^(yi) + b + n^ where b is a 
translation and the n,- are stochastic zero mean vectors which are mutually 
statistically independent, t = 1,2,... ,p. Without loss of generality, we set 
b = 0. Define the (n x p)-dimensional matrices X = [xi X2"-Xp] and 
y = [y, y 2 . . . y j . Let the orthogonal Lie group act on iB" according to 
0(x) H-» eTx, where 0 belongs to an n-dimensional matrix Lie group C?(n) 
for which 9 T e = / , and let II be the p-dimensional permutation matrix 
which acts on {XJ : t = 1,2,...,p} according to {x^q : t = 1,2,...,p} -• 
XH. Using a least-squares criterion, the function to be minimized with 
respect to (0, II) is 

e(0,n) = 11| «Kx,*,) - ytW2 =|| eTxn - vf. (i) 
t=i 

An approach to minimizing (1) when the sets are ordered, i.e., when 
II = /, was first discussed by Nadas (1978) and, in a different context, 
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by Schwartz and Sharir (1985). In this case, the solution is of the form 
6 ' = M-T{MTM)V2, where M = XY7" and the square root is the 
symmetric, positive definite square root. Brockett (1989) was the first to 
treat the unordered pattern matching case described above; he assumes that 
the optimization problems in 0 and II are separable. 
Investigations by Morgera and Lie Chin Cheong (1990) and Lie Chin 

Cheong and Morgera (1991) have rigorously shown that minimization of (1) 
can indeed be carried out in a separable maimer by solving the following 
subproblems: 

1. Find the orthogonal matrix 0* € 0{n) which maximizes the function 
9(0) = r?=l tr[0TQi0iVi], where Qi = Qi{X) and Ni = Ni{Y) are m 
appropriately chosen symmetric matrices. 

2. Find the permutation matrix II* which maximizes the function /(II) = 
t r ^ n r 3 " ] , where Z* = 0*TX. 

We note that if 4>{x) acts linearly, then the orthogonal Lie group acts 
on an element Q of the space of symmetric matrices via <f>{Q)i-*QTQ6. 
Step 1 results in a best least-squares match between m corresponding 
symmetric functions of the patterns, which are independent of II, while 
step 2 conducts a search for that permutation which minimizes (1). In 
step 1, the solution is unaltered if we set m = 1 and simply match the 
second moments of the patterns by using the symmetric matrices Q = XXT 

and N = YYT. We have observed, however, that one advantage to using 
m > 1 symmetric functions in forming g{Q) is an improved convergence 
rate of the optimization process when a steepest ascent algorithm is used. 
At the optimum point, we have 

e(0*,n*) = tr(g + N)- 2tr[0*r.X:irrT]. (2) 
The idea of formulating combinatorial optimization problems in a 
differentiable setting has far-reaching implications and is due to Karmarkar 
(1984). 
2. Gradient Flow Fields. The gradient of g{Q), evaluated at 0, can 

be found by considering a small, admissible perturbation of the form 0 —* 
0(7 + *A), where t > 0 and A is in the Lie algebra of 0{n). The gradient 
is given by 

Um ̂ ( z H- .A» - m _ 2 g. ̂ e ^ e A ) . (3) 
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The gradient (3) is proportional to the trace inner product of 
E£,(0TQjejVi) and an element A of the Lie algebra. As is well known, 
all elements of the Lie algebra associated with O(n) are skew-symmetric. 
Projecting the gradient onto the tangent space at 0 , equating the result to 
0 T 0 , and simplifying, results in the expression for the gradient flow field 
obtained by Brockett (1989), 

é = ÛQ&Ni - ewrQie) . (4) 
Isl 

Ftom (4), the optimum solution is seen to satisfy ESi 0*TQi©*^i = 
IT JVi0'TQi0*, which cannot be explicitly solved for 0*. The nature of the 
se^ch space can, however, be appreciated by letting m = 1 in g(0), defining 
Q and iV as in Section 1, and further assuming that Q and iV each have 
distinct eigenvalues. In this case, as 0 varies over 0{n), a specialization 
by Brockett (1989) of the results of von Neumann (1937) for the unitary 
Lie group shows that ff(0) has 2*-n! stationary points, of which 2» are 
equivalued local minima and 2n are equivalued local maxima. 
We now describe the manner in which the optimum permutation matrix 

IT may be found. Form the p-dimensional diagonal matrices P,j and I?,, 
from the sth rows of Z* and Y, respectively, » = 1,2,..., n. We may then 
write /(II) as 

/(n) = ttr[n:rp.;m?y4i. (5) 
«=i 

It is seen that (5) is just a special case of the functional ff(0). In fact, 
since the permutation matrices are a subset of the orthogonal matrices, 
and, as pointed out by von Neumann (1937), a sufficient condition for 
a stationary point of g(0) to be a permutation is that Qi and W be ot 
diagonal form, the same procedure described above may be apphed to 
/ (0 ) = ES=1trieTlVeiVJ, e € O(n), to find the gradient flow field. 
It is not difficult to show that the form of IP is that of a permuted diagonal 
square root of the identity matrix. 
3. Matching Procedures. The steepest ascent method is, perhaps, 

the simplest procedure for finding an optimum point for those functionals 
described in Section 1. For example, the optimization procedure for g{V) 
may be carried out using (4) in the foUowing manner: 
Procedure 1: Steepest Ascent Procedure 

1. Choose an initial point, 0(0), such that 0 < |0(O)| < Ç/3, 0 < Ç < 1. 
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2. Choose 0 < /t < (1 - O/E^t IQilWI-
3. For fe = 0,1,2,..., compute 

A{k) = f:Qie{k)Ni (6) 
isl 

0(fe + 1) = 0(fe) + ii[A{k) - 0(fc)Ar(fc)0(fe)l. (7) 

Convergence details are discussed in Morgera and Lie Chin Cheong (1990) 
and Morgera (1991). In practice, the initial point, 0(0) € 0{n), is chosen to 
be of diagonal form. The iterative process is halted when |0(fe)—0(fe—l)| < 
6, where 6 > 0 is a suitably chosen tolerance. Essentially the same procedure 
may be employed to carry out the maximization of (5) with one important 
difference. The initial point must not be chosen to be of diagonal form to 
avoid convergence to a saddle point. 
A more direct approach to the optimization problems may be taken using 

an SVD-based procedure as described in Lie Chin Cheong (1991). A 
description of the role that the SVD plays in a variety of statistical signal 
processing problems may be found in Scharf (1991). In the pattern matching 
problem, the SVD may be employed at each recursive step to compute the 
inverse positive definite square root matrix of a product of the form ATA, 
where A = -4(0) = EĴ i Q&Ni. Setting the gradient flow field (4) equal to 
zero and solving for 0* in terms of A results in 

0' = ^ • ^ ( © ' M ^ ) ] - 1 / 2 . (8) 
Using (8), the optimization procedure for g{Q) may be carried out in the 
following manner, where (10) employs the SVD: 
Procedure 2: SVD-Based Procedure 

1. Choose an initial point, 0(0). 
2. For fe = 0,1,2,..., compute 

Aik) = f:QS{k)Ni (9) 
fal 

B{k) = [AT(fe)A(fc)]-1/2 (10) 
0(fc + 1) = A(fe)B(fe). (11) 

The update approach used in the above procedure is identical to one found 
in Armour and Morgera (1991). The procedure does not, in fact, require 
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that AT{k)A{k) be nonsingular, as the SVD computation of (10) can still 
be carried out in pseudoinverse form. 
4. Computational Complexity. Let Uj denote the number of 

iterations required by Procedure t of Section 3 to obtain a solution to a 
specified tolerance, 6j, of subproblem j of Section 1, i,j = 1,2. Assume 
that a mult/div operation "costs" as much as an add/sub operation, and 
define the combined computational complexity for solution of the overall 
pattern matching problem using Procedure i as C-,t = 1,2. We find that 
Ci~/irmn3-Mi2-p3 and that C2~/ar(n4+mn3)+/22'P4. where ~ denotes is the 
order of. Typically» n < 4 and m ~ n; in addition, we have observed from 
experiments that lu < lu and that /22 - to- This leads to the interestmg 
hybrid approach in which the SVD-based procedure is used to maximize 
</(0) and the steepest ascent procedure is used to maximize /(II). The 
computational complexity of this hybrid approach is then C^lzyn* + In'P • 

5. Experimental Results. The universe is a 128 x 128 pixel binary 
subimage of a NASA image of the nebulae North America (NGC 7000) in 
the constellation Cygnus. A noi8y(<rn = 0.5), rotated(10o), and permuted 
view of the same subimage is also shown. The subimages contain p = 386 
(star) points in iB" which must be matched. The first 1-s error plot shows 
that the solution of subproblem 1,0*, was obtained after only 3 iterations of 
the SVD-based procedure. The second 1-s error plot shows that convergence 
to the solution of subproblem 2, H*, is approximately the same using either 
procedure; however, special precautions were necessary to assure numerical 
precision in the SVD-based procedure due to the extremely large matrices 
in this example. The rapid convergence rate observed in the solution of 
subproblem 1 also appears to be independent of p. The overall result of the 
matching process results in a subimage virtually identical to the universe 
with a rotation accuracy well within the nebulae angular diameter of 1°. 
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TAME PRIMinVITY FOR FREE NILPOTENT ALGEBRAS 
Vesselm Drensky^ 

PtCAented by CK. Gupta, F.R.S.C. 

Abstract. Let F„(<n) be the free algebra of rank n with free generators X| , . . . ,xn 

in a nilpotent variety 91 of linear algebras over a field of characteristic 0. Let as a GLn-
module FB(9l) S 53m(A)''vn(A)' where m(A) are non-negative integers and Nn{X) is the 
irreducible GLn-module corresponding to the partition A. Let c be a positive integer such 
that A = (Ai,... , Ap) is a partition in < c parts for all m(A) / 0. Then for every primitive 
system {u>i,... ,wm) of m < n — c elements in Fn(9l) there exists a tame automorphism 
(fi e AutFn(ai) such that tfa) = WJ, j = l,...,m. Similariy, when the base fidd is 
arbitrary and the variety 91 is nilpotent of class c + 1 , every primitive system of m < n - c 
elements in Fn(9l) can be obtained by a tame automorphism. 

Introduction 

The starting point of this paper are two group theoretical results. Let Fn be the 
free group of rank n. C.K.Gupta, N.D.Gupta and V.A.Romaalcov [5] proved that any 
primitive system of m elements of the free metabelian nilpotent of class e group Mn^ = 
FB/7e+i(F„)J^', m < n - 2, can be lifted to a primitive system of Fn. CK. Gupta and 
N.D. Gupta [4] established that any primitive system of m elements in the free nilpotent 
of class c group FB,e = F«/7e+i(Fn), m < n - c, can also be lifted. 

Our purpose is to obtain similar results for arbitrary varieties of mlpotent algebras. 
Let 91 be a nilpotent variety of linear algebras over a field K of characteristic 0, i.e. there 
exists an integer a such that all products of length a vanish in the algebras from 91 Let 
Fn(9l) be the free algebra of rank n in 91 freely generated by « i , . . . ,*» . We denote by 
T the group of the tame automorphisms of Fn(9l)i T is generated by the invertible linear 
transformations on span{xi,... , x,,} and the Jonquières automorphisms defined by xi —• 
x, + / (x , xn), xj —» x,-, i > 1, where / ( x j , . . . , xB) Ê FB(9l) does not depend on Xj. 
By a result of P.M. Cohn (1), for Lie algebras T consists of all automorphisms which can 

•> This research was carried out when the author was an Alexander von Humboldt fellow 
in the University of Bielefeld, Germany. 
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be lifted to automorphisms of the free Lie algebra. A system w = {wi,..., wm) C Fn(9l) 
is primitive if it can be included in a set of free generators of Fn(9l), i.e. tbere exists an 
automorphism 4> € AutFn(9l) such that <i>{xj) = WJ, j = 1 , . . . , m. When there exists 
a tame automorphism with this property, we call the system w tamely primitive. An 
endomorphism 0 of a nilpotent algebra Jl ia an automorphism if and only if ij> induces an 
automorphism on R/R2. Hence the primitivity of w C Fn(9l) is equivalent to its linear 
independence modulo ^(91) . In the case of Lie algebras the system w is tamely primitive 
if and only if w can be lifted to a primitive system of the free Lie algebra. 

The general linear group GLn acts on span{x i , . . . , x n } and Fn(9l) has a natural 
Glrn-module structure. The irreducible polynomial representations of GLn are described 
by partitions. For a partition A = ( A i , . . . , Ap), Ai > . . . > Ap > 0, we denote by Nn{X) the 
corresponding irreducible GLn-module; Nn{\) is isomorphic to a submodule of the tensor 
algebra of span{ij , . . . ,Xn) . 

We prove the following result. Let FB(9l) S 53 m(A)iVn(A), where t i e muitipiicities 
m(A) are non-negative integers. If tbe integere is such tliat m < n—c and for all m(A) ^ 0 
the partitions A = (A j , . . . , Ap) satisfy p < c, (hen every primitive system of m elements 
in Fn(9l) is tame. The GLn- module decomposition of Fn(9l) is known for many varieties 
of algebras. If 91 = 9t2 D 9l( is the variety of metabelian nilpotent of class a Lie algebras, 
then c = 2 and we obtain a new proof of the result by the author [2] that the primitive 
systems of n - 2 elements in Fn(3l2 fl 9lj) are tame. A weaker version of the main result 
holds without restriction on the base field. If 91 is a nilpotent of class c + 1 variety of 
algebras over a field of arbitrary characteristic, then every primitive system of m elements 
in Fn(9l) is tame for m < n — c. 

The main results 

We fix a field K of characteristic 0, a nilpotent variety 91 of linear if-algebras and 

a positive integer n. Let F = FB(9l). We denote by Fl*I the vector subspace of F of all 

homogeneous elements of degree fc and by F* the ideal 2 l > t ^- ^st 

IAk = fa € AutFMx,) = XJ (modF*), j = l,...,n), k>2, IA = IA2. 

The group AutF is a split extension of IA by GLn. The action by conjugation of GLn 

on IAk/IAk+i has the following useful description (see [3] for details). We consider the 
elements (/1 , . . . , / „ ) of the vector space (FW)ffin as 1 X n matrices with entries from FW 
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and g € GLn as an n x n matrix. Let 

g*{fi fn) = {fi{g{xi),...,g{xn)),.'.,fn{g{xi),...,g{xn)))g-t. 

With this GCn-action (FW )*" is isomorphic to the tensor product of GLn-modules FW®if 
span{xî,.. . ,x;}, where {xj, . . . ,x*) is the dual basis of {xt,...,xn). Let 0 g IAk, 
ftxj) = XJ + fj (modF*41), where fj £ Fl*>, j = 1,... ,n. We define a map 

vk : IAk/IAk+i —» (FW)®B by !/»(£) = Vk{t.IAk+i) = (/i,— ,/»). 

It turns out that i/» is a group isomorphism and Vk{g^g~l) =g* vkW, $ € IAk/IAk+i, 
g e GLn- Hence we may consider IAk/IAk+t as a GLn-module. For the group T of 
the tame automorphisms we denote ITk = Tr\IAk. Then ITk/ITk+i is a submodule of 
IAk/IAk+t. 

Lemma. Let A = (A^..., Ae), A, + . . . + Ae = fc, and let JVn(A) be an irredudWe 
GLn-aubmoduie of Fl*'. For every element / 6 JVB(A) there exists a tame automorpiusm 
^ € ITk such tbat ^(xe+i) s Xc+i + f, ^(x,) =xy(modF*+l), j = e + 2,...,n. 

Proof. Let WA = tOA(xi,..., xe) be a non-zero element of JV^A) which is homogeneous 
of degree Xj in Xj, j = l , . . . ,c; IVA is unique up to a multiplicative constant and is the 
highest wdght vector of J\rn(A). Let 0 be the automorphism of F defined by ^(xe+i) = 
xe+i + WA(XI, . . . ,xe), ^-(x,) = XJ, i # e + 1. Gerly ^ € ITk. It is a wdl known feet 
from the representation theory of GLn that any irredudble polynomial GLn-module N is 
spanned by {u(t»)|u €U~), where to is the highest wdght vector and U~ is the group of 
the lower unitriangular matrices. There exist u i , . . . , ^ 6 !!„ and ai , . . . ,a r € K such 
that j ; [ = 1 ai.Uj(ti>A(xi,... ,xe)) = / . Oearly 

MV') = (0,.-.,0,w*.0,...,0) 
e n-c—I 

and dnce ut is a lower unitriangular matrix, 

«• • Vkty) = (0, . . . , 0, «.(WA), 0, • • •, O^r1 =(««.•••.»<« «fax), O^^jO) 
e n - e - 1 n - e - l 

for some w,i € FW. Hence there exists <f> € ITk such that *»(*) = El=i 0«(u< * V*W)) a n d 

^(xc+i) = xe +, + / , ftxj) s XJ (modF**1), j = c + 2, . . . ,n. 
Theorem 1. Let 91 be a nilpotent variety of iinear algebras over a fidd of character-

istic 0. ffc is a positive integer such (hat m < n - c and 

F„(9l)s53m(Ai,...,Ae)iVn(Ai,...,Ae), 
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then eveiy primitive system of m elements in Fn(9l) is tame. 
Proof. Let w be a primitive system of m elements in F = FB(9l). Without loss of 

generality we may assume that m = n — c and w = {wc+i,...,u)n). Since F*+ l = 0 for 
fc large enough, it is sufficient to show by induction that for every integer fc > 1 there 
exists a tame automorphism rt such that r»(xj) = uy (modF*+1 ), j = c + 1, . . . , n. The 
base of the induction is obvious. Since uie + I , . . . , uin are linearly independent modulo F2, 
there exists n = s 6 GLB C T such that ri{xj) = Wj (modF2), j = c + 1, . . . , n. Assume 
that we have found r4_i 6 T such that n_i(x>) 3 Wj{modFk), j = c + \,...,n. U 
VJ = TfJjOoj), then VJ = x^modF*), i.e. Vj 3 XJ + fj{modFk+ï), fj € Fl*l, j = 
c + 1, . . . , n. Let F'*' =N\®...9N9, where Ni are irredudble GLn-submodules of Fl*'. 
Then fj = EJ0, / y , where /y 6 ATj, t = 1 , . . . , î , i = c + 1 , . . . , n. By the lenuna, there 
exist tame automorphisms &y € ITk such that 4>ij{xj) = Xj + fj, ^y(xi) = xi (modF**1), 
l = c+l,...,n,l£}. Hence the product 4 = n"=e+i Ilioi ^u satisfies 

9 

^{XJ) SXJ+Y, fh - xi + /» (owx";'*+1). j = c + 1 , . . . , n. 
i s l 

Defining rt — tk-\<l> we obtdn rt 6 T and 

rk{xi) = rk-i{4{xj)) S rk-i{vj) = ui^modF**1), ; = c + l , . . . ,n . 

Examples. We give some examples for varieties of linear algebras when the integer 
c for the decomposition Fn(9l) S J]m(^VM^)« A = (A^...,Ae), is known. Since there 
exist dose rdations between varieties of groups and Ue algebras, it seems to be interesting 
to find a group theoretical analogue of Theorem 1 in the cases (v) and (yi). 

(i) The variety 91, of assodative nilpotent of dass a algebras. In the dass of all 
assodative algebras 91, is defined by the polynomial identity x i . . . x, = 0. It ia known 
that Fn(9lJ) = J2 deg{X)N„{X), where A is a partition of fc = 1 , . . . , s - 1 and deg(A) is the 
degree of the corresponding 5t-character X*(A). Therdore c = s - 1 and every primitive 
system of n — s + 1 dements in Fn(9l« ) is tame. 

(ii) The variety 91, D 21 of assodative commutative nilpotent of dass a algebras. As 
a subvariety of 91, from (i), 91, fl a is defined by X1X2 - xjXi = 0. Since FB(9l, D ») is a 
homomorphic image of the non-unitary polynomial algebra K[xi,...,xn], Fn(9l, DQI) Sf 
2*=i ^(fc) and c = 1. Every primitive system of n - 1 dements is tame. 

(iii) The variety 91, of all nilpotent of class s Lie algebras. In the dass of Lie algebras 
91, is defined by |zi , . . . ,x ,+ i] = 0. The free Lie algebra L„ is canonically embedded 
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into the free assodative algebra A'(xi,...,Xn) and FB(9l>) is isomorphic to a submod-
ule of E ^ ^ V M A ) , A bdng a partition of fc < «. The only GLB-submodule iVB(l*) 
of K{xi,...,Xn) is generated by the standard polynomial which is not a Lie dement. 
Therefore N„{lk) does not participate in the decompodtion of FB(9t,) and c = « - 1 . 

(iv) The variety a2 D 91, of metabdian nilpotent of class a Lie algebras. It is wdl 
known that FB(a2 n91,) S W,(l) + EUaAr"(fc ~ l ' 1 ) » i e - c = 2- Aa& ^^equeaœ we 
obtain a new proof of the result of [2]. The example from [2] shows that for s > 1 there 
exist primitive systems of n — 1 elements which are not tame. 

(v) Nilpotent subvarieties of (he centre-fay-tnetabdian variety of Lie algebras (a2, È). 
It can be obtained from a result of S.P. Mishchenko [6] that Fn([a2,lS]) S JVn(l) + 
E*>i(W»(* - L1) + Nn{2k - 2,12) + JVB(2n - 1,2)). Hence c = 3. 

(vi) Nilpotent subvarieties of (he nilpotent of dass a-by-abdian variety of Lie al-
gebras 9l,a. As a module FB(9l,a) is isomorphic to ArB(l) + EJ-tWi)' /^»)**' a a d 

(^n)*/^»)*-4"1 " spanned on commutators (ui,... ,u»|, where u,- = (XJ,,. .. ,XJ,1, ii > ij < 
• • • < «ii * > 2. It ia easy to see that the GLn- module (L'n)*/(L^)*+1 is a homomorphic im-
age of the tensor power (L'„/LS)®* S (E,>i ^n(p -1,1))**- The Littlewood-Richardson 
rule gives that iVB(pi - 1,1) ® . . . ® Nn{pk - 1,1) is a sum of irredudble submodules 
Nn{Xi,..., A»). Hence c = 2s for any mlpotent subvariety of 91,a. 

(vii) Let A be a finite dimensional algebra of dimendon e. It is well known that 
FB(varil) 3 E™WNn{X) with A = (A,, . . . , A.). 

Till the end of the paper we consider algebras over an arbitrary fidd. For an algebra 
R we define il1 = il and inductively il* = Ep+io» &**• 'Ib!e a l g e b r a R •" nilpotent of 
class s if il* = 0. The foUowing theorem is an exact ring theoretical analogue of (4). 

Theorem 2. Let 91 be a nilpotent of daas c+1 variety of algebras over an arbitraiy 
fidd. Eveiy primitive system on n — c dements in Fn(9l) is tame. 

Proof. LetF = Fn(9l) be freely generated by xi , . . . ,x B . As in the proof of Theorem 
1, it is suffident to show that for any monomial u = u(xi, . . . , xn ) of length fc, 2 < fc < c, 
and any a € K there exists a tame automorphism 4 such that ^(xe+i) = Xc+i + au, 
ifi{xj) = Xj^modF**1), i > c + 1. Let the degree of u in Xg+i is equd to p. We use 
induction on p. For p = 0 we define 4) by #(xe+1) = Xe+i + au, ^(xy) = Xj,j ^e+ 1. 
Since u does not depend on xc+i, 4 is tame. Let p > 0. Hence fc - p < c and u does not 
depend on a variable Xt,... ,xe. Let for example u = u(x3,...,xB). We define ^ 6 T, 
^(x!) = xt - a«(xa xn), 0(x,) = xy, j £ 1, and g € GLB, ^(xe+i) = xi 4 x ^ 1 , 
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g{xj) = xj, j ?& c + 1. Easy cdculations show that 

gtl>g~l{xe+i) = Xe+i +au{x2,...,xe,xi +xe+i,xc+2,...,Xn), ^^{XJ) = Xj, j >c+l. 

Clearly u(x2,...,xe,xi + xe +i ,xe +2,. . . ,xB) ^ u(x3, . . . ,xe + i> . . . lxn) + v(xi,...,Xn), 
where v{xi,,..,xn) is a linear combination of monomials with degree in xe+i less than 
p. By induction, there exists a tame automorphism $ such that 6{xe+i) = xc+i + 
av(xi,...,xB), 0{XJ) = xj{modFk+1), j > c + 1, and 4 = g^>g~l9 >s tbe desired tame 
automorphism. 
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Nielsen type numbers for:- fibre preserving 
maps, coincidences of fibre preserving 
maps, and for periodic points of fibre 

preserving maps 
Philip R. Heath 

Pxuvnted by S. HaCpwin, F.R.S.C. 

Abstract 
In this note we announce results concerning three kinds of Nielsen type 

numbers. Firstly a Nielsen type number for fibre preserving maps ([H2]), 
secondly a Nielsen type number for fibre preserving coinddences of fibre 
preserving maps, and thirdly Nielsen type numbers for periodic points of fibre 
preserving maps. Each number is an appropriate lower bound for the number 
of fixed points, respectivdy coinddences, respectively periodic points, within 
the fibre homotopy dasses of the maps involved. Moreover each number 
shares with the usual Nielsen number such properties as homotopy invariance 
and commutativity. 

Key words: Nielsen Numbers, coinddences, periodic points, fibre spaces. 
AMS subject dassifications: primary 55M20, secondary 55R05. 

1 A Nielsen type number for fibre preserv-
ing maps 1 

Much has been written about the ordinary Nielsen number of a fibre map 
(see for example [B], [BF], [Y]. Pl. P l etc). The idea has been to produce 
a product formula writing the Nielsen number of the map between the total 
space in terms of (appropriate) Nielsen numbers ofthe maps between the base 
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and fibre. Of necessity the maps and homotopies involved in such calculation 
have to be fibre preserving. What has been calculated then is the Nielsen 
number of a fibre preserving map, but without exploiting any advantage that 
the restriction 'fibre preserving' might bring. The following example, which 
is an adaption of one given in [BF], illustrates this advantage, showing that 
the ordinary Nielsen number can be a poor lower bound for the least number 
of fixed points of a fibre preserving map. 

Example 1.1 Let S1 -» S3 A S2 be the Hopf fibration, where S1 is the 
fibre over a point b e S2. Let f : S1 -* S1 be a fibre preserving map of p 
with induced map f : S2 -* S2. Suppose that / has degree d ^ ±1, with b 
as a fixed point. Then / restricts to a sdf map /& : 51 -» 51 of the fibre. 
It is easy to see that the degree of /(, is d. Now / can be regarded as a sdf 
map of the pair {S3,Sl), and so according to rdative Nielsen theory ([Sc]) 
has at least ^ ( / j S 3 , ^ ) = N{fb) = |1 - <f| fixed points (use (Sc; Theorem 
2.6]). Here N{f; S3, S1) is the rdative Nidsen number of the map / of the 
pair (53,5'). On the other hand since i ( / ) = 1 - i 2 ^ 0, then N{f) = 1. 

Let p : E -* B he a fibration in which E, and B are compact connected 
ANR's, then every fibre of p is also a compact connected ANR. U (/, / ) is a 
fibre preserving map of p, (that is pf = fp), and b € * ( / ) (the fixed point 
set of / ) , then the restriction of /j of / to p- 1^) := Ft, is a sdf map, and 
hence has its own Nielsen number N{fi,). 

Definition 1.2 Let ( / , / ) be a fibre preserving map from p to itself, we say 
that (/, / ) is essentially fibre uniform, if N{fi)) is independent of b in any 
essential class of f. 

N{ft) is independent of 6 within a single Nidsen dass of / , so ( / , / ) is 
essentially fibre uniform if N{f) = 0, or 1. In addition (/, / ) is essentially 
fibre uniform for all (/, / ) if p is orientable (in the homotopy sense) (see [Se], 
[J], [Y] or [H]). In particular ( / , / ) is essentially fibre uniform if p is a trivial 
fibration or if B is simply connected, or if p is a principal bundle with path 
connected structure group [Se;p.445]. 

Definition 1.3 Let ( / , / ) be a fibre preserving map ofp which is essentially 
fibre uniform then the Nielsen type number N?{f,p) of(f,J) is the number 
N{f)N{fi), where N(ft,) is the Nielsen number ofthe restriction of f to the 
fibre over any point b in any essential class of f. 
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The reader wiU notice the nmilarity of the definition of #>(/ , p) with the 
so called naive product formula for fibre maps due originally to Brown in [B], 
(see comments of Jiang [J;p. 87]). It seems to this author that our Nidsen 
type number expresses, but now accurately, the intuition Brown had when 
he was trying to write down his product formula [Bj. In particular we haver-
Theorem 1.4 Letp be a fibration, onrf(/,/) a self fibre preserving map that 
is essentially fibre uniform, then the number iV>(/,p) is a lower hound for 
MAfiP)> where MAfiP) - m»n{#*(5)- «*ere g is fibre homotopic to / } . 

The proofs of 1.4, and the following proposition exhibit and exploit a 
connection between Njr{f,p) and relative Nielsen theory. In fact Af>(/,p) 
can be shown to be the rdative Nielsen number of / taken with respect to a 
certain subspace of E. 

Proposition 1.5 Let ( / , / ) he a self fibre preserving map of a fibration p 
that is essentially fibre uniform, then 

(i) NjrU,p) > Nif), and if NU) = 0 or N{f) = 0, or jy(/fc) = Q then 
equality holds. 

(ii) IfN{f) ^ 0, then for any b in any essential class off we have that 

Nrif,p)>N{f',E,Ft,)>N{fb). 

Using a theorem of You [Y], we u e able to give necessary and suffident 
conditions for 7V>(/,p) and JV(/) to cdndde. 

Following [F], we call a space X, for which an index is defined, a Wecken 
space if, for every map f '.X -* X, there exists a map g'.X-*X homotopic 
to / , and with the property that g has exactly N{f) fixed points. It is 
known that every compact connected polyhedron without local cut points 
is a Wecken space, if it is not a surface of negative Euler characteristic (see 
[J2;p.760] and [Sc2;Lemma 2,p 525]). 

We use the theory of cofibrations to prove:-

Theorem 1.6 Let {f,f) he a fibre preserving map from p to itself that is 
essentially fibre uniform, and with the properly that B and every fibre ofp 
is a Wecken space, then there is a fibre preserving map {g,§) that is fibre 
homotopic to ( / , / ) anrf with the property that g has exactly Nr{f,p) fixed 
points. 
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2 A fibred Nielsen coincidence number 
If f,g : X -* Y axe maps a coinddence of / and y is a point x e. X with 
/ ( x ) = 9(x)- Coinddence theory is a generalization of fixed point theory 
where g is taken to be the identity. U X and Y are compact connected 
orientable n-dimensional manifolds without boundary, then there is a Nidsen 
coinddence number N(f,g) that is a lower bound for the number M{f,g) = 
min{#C{f',g')), where C denotes 'the set of coinddences of, and where / ' 
and g' are homotopic to / and g respectivdy. We will be considering locally 
trivial bundles {E,p,B) and (E',pf,B') in which the total spaces, bases and 
all fibres are compact connected dosed orientable topological manifolds with 
respectivdy equal dimensions. 

In a recent publication [Je], Jezierski gives a product formula for the 
Nielsen coincidence number of a fibre preserving map. His work generalizes 
(among other things) the work of Chengye You [Y]. Jezierski shows for a 
pair of fibre preserving maps (/, / ) and {g,§) from p to p* as above, that one 
can write the Nidsen coinddence number N{f,g) in terms of (appropriate) 
Nielsen coinddence numbers of the base and fibre. Inspired by Jederski's 
work we generalize our theory of Nidsen type numbers of fibre preserving 
maps and define a Nidsen coinddence number of fibre preserving maps as 
follows:-

Definition 2.1 Let {f,f),{g,g) : p-* pf be a pair of fibre preserving maps 
of p and p' as above, and suppose that (£',p',B') is orientable, then the 
fibred Nielsen coincidence number Nr{f,g) of{f,f) and {g,§) is the number 
N(f,g)N{fb,gh), where N{fb,gb) is the Nielsen coincidence number ofthe 
restrictions of f respectively g to the fibre over any point b in any essential 
coincidence class off and g. 

Let A/^(/, g) be the fibred version of M(/, g) (compare 1.4) then we have:-

Theorem 2.2 Under the hypotheses of definition S.l we have that Nj\f,g) 
is a lower bound of Mr(f,g). 

Comparison theorems of the type outlined in section 1 are forthcoming, 
together with theorems of the usual type concerning homotopy invariance 
and commutativity. Proofe here are variants of those indicated in section 
1, since relative Nielsen theory for coinddences does not predsdy generalize 
ordinary Nidsen theory. 
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3 Nielsen type numbers for periodic points 
of fibre preserving maps 

Let f : X -* X he & given self map of a compact connected ANR X, and 
n a podtive integer. The fixed points of the iterates of / are called periodic 
points. Let Pn(/) denote the set of periodic points of / of least period n. In 
[J], [HFY] and [HY] Nielsen type numbers NPn{f), and NFn{f) have been 
give that are lower bounds for the numbers MPn{f) = mtn{#P„(ff) :g~f}, 
and M$B(/) = mm{#$07») .gczf). 

Definition 3.1 Let (/, f) be a fibre preserving map of a fibration p which is 
orientable then the Nielsen type number NP?{f,p) of{f,f) is the number 
NPniftNUDt,), when ^ ( / " W w the Nielsen number ofthe restriction of 
fn, the nth iterate of f, to the fibre over any point b in any essential class 
off*. 

As usual we have a lower bound theorem. 

Theorem 3.2 Under the hypotheses of definition S.l we have that the num-
berNP£{f,p) is a lower hound for MP}{f,p), where MP?{f,p) is the fibred 
version ofMPn{f). 

The definition â id properties of the number 7\r*5-(/,p) are more difficult 
to summarize, we do have however that 

Theorem 3.3 M*W,p) > T.m\nNP?{f,p). 

References 
[B] Brown R. F., The Nidsen number of a fibre map, Ann. Math. 85 (1967), 
483-493. 
[BF] , and îWell E., Corrections to "The Nielsen number of a fibre 
map". Annals of Math. 95 (1972), 365-367. 
[F] Fadell,E., Recent results in the fixed point theory of continuous maps, 
BuU. Amer. Math. Soc. 76 (1970) 10-29. 
[H] Heath P.R., Product Formulae for Nielsen Numbers of Fibre Maps, Padfic 
J. Math vol 117, No. 2 (1985) 267-289. 
[H2] , A Nielsen type number for fibre preserving maps, to appear. 



30 P.R. Heath 

[HPY] , Picdnini R.A., You C , Nielsen type numbers of Periodic Points 
1. International Conference on Topological Fixed point Theory and Applica-
tions. Tianjin China. Springer Verlag Lecture Notes 1411. 
[HY] , You C, Nielsen type numbers of Periodic Points II. To appear: 
Topology and Its applications. 
[J] Jiang B., Lectures on Nielsen Fixed point Theory, Contemporary Math-
ematics v.14, Amer. Math. Sodety, Providence, Rhode Island, 1983. 
[J2] , On the least number of fixed points, Amer. J. Math., 102 (1980), 
749-763. 
[Je] Jezierski J., The Nidsen number product formula for coinddences. Fund. 
Math. 134, (1989), pl83-212. 
[Sc] Schirmer H., A Relative Nidsen Number, Padfic J. Math., vol 122, No. 
2, (1986), 459-473. 
[Sc2] , Mappings of polyhedra with prescribed fixed points and fixed 
point indices, Pacific J. Math., 63 (1976),521-530. 
[Se] Serre J.P., Homologie singulière des espaces fibres, Annals of Math. 54 
(1951), 425-505. 
[Y] You C.Y., Fixed point dasses of a fibre map, Padfic J. Math. 100 (1982), 
217-241. 
Philip R. Heath Received February 19, 1992 
Department of Mathematics, 
Memorial University of Newfoundland, 
Newfoundland, AlC 5S7 
Canada 



C.R. Math. Rep. Acad. Scl. Canada - Vol. XIV, No. 1. February 1992 février 

31 

VFUNCTIONALS OF WEIGHTED PARTIAL SUM PROCESSES 

Barbara Szyszkowicz 

Presented by Miklos CsorgS, F.R.S.C. 

Abstract: We present optimal asymptotic results for the weighted Lp-distance, 
0 < p < oo, of the partial sum process of independent identicaUy distributed random 
variables. We consider also Lp-functionals of other processes which are of interest in 
changepoint analysis. 

1. Introduction. Let Xi.JJTi,... be independent, identicaUy distributed random 
variables with EXi = 0 and EXf = 1. The weak convergence of the weighted partial sum 
process n^^S^/qif), 0 < t < 1, where 5[B|j = Xi + ... + XlB,|, in supremum norm 
was proved by O'Reilly (1974) for continuous weight functions under the assumption of 
£ |Xi | s < oo. He asserted also, without proof, that the third moment condition could be 
dropped to two, and his theorem would remain true. 

For an extension of the Komlôs, Major and Tusnâdy (1975, 1976) approximation of 
partial sums to weighted supremum norm approximations which improve also the just 
mentioned result of O'Reilly (1974) in terms of the optimal class of weight functions as in 
Csôrgô, Csôrgô, Horvâth and Mason (1986), we refer to Csôrgô and Horvâth (1988b) and 
the references given there. 

Assuming the existence of two moments only, Szyszkowicz (1991b) obtained the fol-
lowing weighted supremum norm approximation (cf. Theorem 2.1 and Remark 2.2 there). 

Let Q be the class of positive functions on (0, lj, i.e., inf q(t) > 0 for aU 0 < * < 1, 
which are nondecreasing in a neighbourhood of zero. Let also 

I(q,c) = j t-'expHrf-VW)*. OO-

THEOREM A. Let Xi,Xt,... be i.i.d.r.v.'s sueh thai EXi = 0 and EX} = 1. Then a 
standaid Wiener process {W{t), 0 < i < oo) can be constructed in such a way thai the 
following hold true. 

(a) Let « € Q. TAen 

sup I n - ' / ^ M " WintWq{t) = op(l) 
o<iSi 

if and ordy if I{q, c) < oo for all c> 0. 
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(b) Let qÇQ. Then 

sup \n-l'2{Slnl] - W{nt))\/q{t) = 0P(1) 
0<I<1 

if and only if /(c.c) < oo for some c > 0. 

We note that part (a) of Theorem A gives the Umiting distribution of any continuous 
in sup-norm functional of n"1/2S[„t|/g(<) whenever I{q,c) < oo for all c > 0. 

Here we consider the asymptotic behaviour of Lp-approximations and functionals of 
weighted partial sum processes and obtain the foUowing result. 

THEOREM 1.1 LetXt,X2,... be U.d.r.v. 's such that EXi = 0 and EX? = 1. We assume 
that 0 < p < oo and q Ç Q. 

(a) A standard Wiener pncess {W(t), 0 < t < oo} can be constructed in such a way 
that 

f In-'/^S,,.., - W{ntWlq{t)dt = op(l) 
JO 

if and only if 

(1.1) fffifqWdKoo. 
Jo 

(b) Let {W(t), 0 < < < oo} be a standard Wiener process. Then 

f \n-*l2S[nt]\'lq{t)dt Z f \W{t)\'lq{i)dt 
Jo Jo 

if and only if (1.1) holds. 

Weighted Lp-approximations of the empirical and quantile processes were studied by 
Csôrgô, Horvâth and Shao (1991). 

We caU attention to the fact that (a) and (b) of Theorem 1.1 are equivalent. The 
above theorem enables us to obtain also other results of interest. 

2. U-statlstic type processes. In the context of the so-called changepoint prob-
lem, Csôrgô and Horvâth (1988a) study tests based on processes of W-statistics which are 
generalizations of Wilcoxon-Mann-Whitney type statistics. They consider 

(2.1) ^ = E E M*,*y), !<*<«. 
l<i<kk+t<j<n 
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where h{x, y) is a synunetric or an antisymmetric function and study its limiting behaviour 
in unweighted and weighted sup-norm metrics. Typical choices of h are xy, (x - y)2/2 
(sample variance), |z - y\ (Gini's mean difference), sign (x + y) (Wilcoxon's one-sample 
statistic) (cf. SerHing, 1980). Taking h{x,y) = x-y gives Zk equal to n(5* - ^S„), or, 
equivalently, to 

Hn-vdtxi-^txt). 
* .«1 " * ink+l 

The case of h(x,y) = sign(z - y) (cumulative rank tests) has gained special attention in 
the Uterature. For reviews of results concerning changepoint problems, we refer to Csôrgô 
and Horvâth (1988b) and the references given there. 

Let Xi,Xi,...he independent identicaUy distributed random variables. We assume 
that A is a symmetric function, i.e., h{x,y) = h{y,x), and that 

(2.2) Eh2{XuX2)<(x>. 

We let Eh{XuX2) = «, h{t) = E{h{Xi,t) - 6). Condition (2.2) impUes that £Â2(X,) < 
oo and we assume 

(2.3) 0<a2= E'h^Xt). 

We consider the foUowing process 

Uk = Zk- Kn - k)e, 1 < ib < n, 

introduced by Csôrgô and Horvâth (1988a), which they expressed as a Unear combination 
of (/-statistics. Hence the study of Ui, can be based on the projection of a IZ-statistic on 
the basic observations (cf. Chap. 5 of Serfling, 1980). 

Let Q' be the class of positive functions on (0,1) i.e. in£t<t<i-t qi*) > 0 for aU 
6 € (0,1/2), which are nondecreasing near zero and nonincreasing near one. We define the 
Gaussian process F by 

r(0 = (1 - t)W{t) + t{W(l) - Wit)), 0 < * < 1, 

where {W(t), 0 < t < oo} is a Wiener process. 
THEOREM 2.1 We assume that (2.2) ond (2.3) hold and0<p<oo. 

(a) We can define a sequence of Gaussian processes {rn(t), 0 < t < 1} such that for 
eachn>l {rB(t), 0 < t < 1} = {r(t), 0 < t < 1} and with qeQ' we have 

[ Î T^K"")'! " r-wfAw* = op(1) 



34 B. Szyszkowicz 

if and only if 

(2.4) j\t(l-t)r'2/q(t)dt<oo. 

( b ) / / 9 e Q ' , then 

[ |^w((n+„t)|79(')* ' / ' mviim 
if ani only t/(2.4) holds. 

When considering an antisymmetric kernel, i.e. h{x,y) = -h{y,x), similar type of 
results hold. However the limiting process is different. In this case E/i(A'i, Jfj) = 0 and, 
as in the symmetric case, we let h(t) = Eh{t,Xi). We assume 

(2.5) Eh2{Xi,X2)<oo and 0 < a2 = Eh^Xi). 

Now we have Ut = Zk, where Zt is defined by (2.1). 

THEOREM 2.2. We assume that (2.5) holds and 0 < p < oo. 
(a) We can define a sequence of Brownian bridges {fln(t), 0 < < < 1} such that with 

ç G Q* toe have 
/•I |n-3/2 IB / 

/ I ^WKn+t ) . ] " Bn{t)\ /qm = 0P(1) 
if and only if (2.4) holds. 

( b ) / / g e Q * then 

^\^lul(n+m\P/q{t)dt Z jf'wOI'M*)* 

if and only if (2.4) holds. 
The weighted approximation results for Uk process in supremum norm were proved 

by Csorgo and Horvâth (1988a), assuming E\h{XuXt)\' < oo for some 1/ > 2, and 
were extended to contiguous alternatives by Szyszkowicz (1991a). These results were 
reproved by Szyszkowicz (1991b) under the initial assumption of two moments only for an 
unweighted approximation (cf. Theorems 2.1 and 4.1 of Csorgo and Horvâth, 1988a). 

3. Sequential ranks. Let Xi, Jfi , . . . be independent continuously distributed ran-
dom variables and let £ i , . . . , („ denote the normaUzed sequential ranks 

I 
tk = k-1Ytl{Xi<Xk), fc = l , . . . ,n , 

i = l 
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of the first n of the random variables Jf], X j . . . . 

Statistical tests based on sequential ranks are frequently used because of their conve-
nient properties. Bhattacharya and Frierson (1981) propose a nonparametric control chart 
based on partial sums of sequential ranks for detecting smaU changes in the distribution 
of a random sample. Khmaladze and Parjanadze (1986) study changepoint problems un-
der contiguous alternatives using Unear statistics of sequential ranks. They consider the 
process 

[nl| 

1 
for a e L2(0,1) and such that fa{u)du = 0, where (1,(21 ••• are normaUzed sequential 

0 
ranks. Szyszkowicz (1991b) extends their results in supremum norm to using weight func-
tions. For further results along these Unes we refer to Lombard (1983). Here we present 
the foUowing description of the asymptotic behaviour of Lp-functionals of the process 
{n-1'2 E a(&)/9(0, 0 < t < 0}. 

t<n< 
Let Q be the class of functions q as defined in Section 1. 

1 
THEOREM 3.1 Let 0 < p < 00. We assume that a € L2[0,1], where Jq{u)du = 0, 

0 
1 
J a2{u)du = 1 and a(u) has a uniformly bounded derivative on [0,1]. 
0 

(a) Let q G Q. Then there exists a sequence of Wiener processes {Wn{t), 0 < t < 1} 
such that 

1 M 
I"-'72 I > t e ) " Wn(t)\'/q(t)dt = OP(1) 

t=i 

if and only if (1.1) holds. 

{b)IfqeQ, then 

if and only if ( l . l ) holds. 
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Large Deviations For Markov Processes With 
Mean Field Interaction And Unbounded Jumps 

Shui Feng 

Presented by D.A.Dawson, F.R.S.C. 

Abstract: An N-partide system with mean field interaction is considered. 

Large deviation estimates for the empirical distributions as N goes to infinity 

are obtained under conditions which are satisfied by many interesting models 

including the first and the second Schlôgl models. 

1. Introduction Let £ = {0,1,...}, E®N be the TV-fold product of E. xW(t) = 

(i['')(t),...,«{Jr,(t)) on £*" is a Markov process generated by 

(i.i) ft^tKx^EQi^z^) 

where edN) = £ EtLi tjf), «,W) = (^i'0. • • •. *w *) € f®". <3, is defined by 

(1.2) <3„/(*) = D qrMiv) - /(*)) + IHI(/(« + 1) - /(x)) 
li£fi 

Q = (îi.y) is a Q-matrix. ||f || is the first moment of c. Qi ' is used instead of Q* when it 

acts on the fc-th variable of 0 € C{E@N). 

This is an JV-partide system with mean field interaction. The jump rates qij can be 

unbounded. Consider the empirical distribution VxC)^) of the N-partide system 

1 w 

(1-3) 'fccon - jy I X w o 
This is a random measure on D([Q,T],E), the space of all right continuous functions 

u : (0,71 -» E which have left limits at each t € (O.Tj and are left continuous at T with the 
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Skorohod metric d on it. Sx denotes the Dirac distribution on path i ( •). Assume, N >l, that 

(x, '(0),...,xyP{0)) are independent and identically distributed with common distribution 

u 6 Mi{E) (the set of all probability measures on E). We prove that I ^ N ^ . ) converges in law 

to a certain measure on D{[0, T], E) whose marginal distribution is a solution of the following 

nonlinear master equation 

( u ) i^M = j x o d , ) , , , - «(«)(•)?,,} + ii«(t)ii{..(t)(- - 1 ) - «(*)(•)}. 
y*-

Tlie main topic of the present paper is the large deviation problem for the distributions 

of vz(w)(.) as N goes to infinity. 

Several recent papers have discussed similar kind of large deviation problem for related 

models. Among them see for instance (1], (2], (3] and (4). However this paper is the first to 

obtain the complete large deviation prindple for Markov process with mean field interaction 

and unbounded jumps. 

Proofs, as well as further details, will appear in a forthcoming paper by the author. 

2. Notation and Preliminary. Let £ be equipped with the discrete topology and p be 

the discrete raetric. For fixed T > 0, let £> = D([0,T],E). For each t > 0, let .F, = <r{z(«) : 

0 < .i < <}• M = Mi{D) denotes the space of all probability measures on D with weak 

topology. For each * > 1, define MR = {P € M : sup0<,<Ti/Xw(t))P(da>) < R) equipped 

with the subspace topology of At, wherep is defined aaifi: E -* R,x -* 1+ zloglog(z + 2). 

Let M» = UR>I MR be equipped with the "inductive topology". By definition, a set V is 

open in Ma, if and only iîVnMn is open in MR for each R>1. The "inductive topology" 

is stronger than the weak topology and Ma, is not a Polish space. Let Ç = (qt,y)s,yeB be a 

totally stable conservative Q-matrix satisfying: 

(2.1) i n f { 9 ^ + i } > 0 

(2.2) 3 A > 0, such that qz,9 = 0 for ji - y| > A. 

(2.3) V * €£ , 3 A > 0 such that £ qr<l,(y - x) < Xx, £ 7,,,,(v(») - ¥»(«)) < M * ) 

(2.4) 3 0 < c < oo, such that Vx,y e £ , j (> x, 
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i / o 
00 

+2 531(7»^-. - fc.to-,+.) V 0 + (fc.v+, + ^.31,-.+.) V 0)* < c(y - *) 
«ol 

(2.5) V1 > 0, 3 A(0 > 0, 3 

sup max{ V fa^e'"' - U + (e - 1)*» 

Y. 9«.»(ev,(,')"v,(,, " 1) + (e*<*+1>-*W - 1)/} < A(/). 

Remark. Conditions (2.3) and (2.4) guarantee that the corresponding martingale problems 

are well-posed. Conditions (2.1)^2.2) and (2.5) are needed only for the large deviation result. 

These conditions are satisfied by the following two Schlôgl models, (cf. (S]) 

The first Schlôgl modd: 

0o + 0ix fory = * + l , a > 0 

a i i + Qji(i - 1) fory = i — l , x > l 

- E v / s f c * fory = x 
0 otherwise 

(2.6) ?».»; 

The second Schlôgl modd: 

(2.7) fc.» = 

Po + P2x(x-l) fory = x + l , x > 0 

a i i + 031(1 - l)(x - 2) for y = * — l ,x > 1 

- £ „ * . & . » fory = x 
0 otherwise 

where all coefficients are posilive constants. 

Vu 6 Mi(E)M-) € i)((0,r],Mi(£)) let (^u) = fBvu{dx) < oot8upos,sr(v»,t»(«)) < oo 

(all u and u(-) below have these properties), then we have 

Theorem 2.1 Under assumptions (2.1)-(2.5) toe have 

(a). The lime-inhomogeneous martingale problem for Qu(t) with initial distribution u is 

well-posed. The solution is denoted by Pu^),u-

(b). The nonlinear martingale problem for Q with initial distribution u is well-posed. 
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(c). For eacA N > I, the martingale problem for «'"> on D(\0,T],E)9N wilh initial 

distribution u9N is well-posed. This solution is denoted by Pi '. 

For x,y e E;u,v e MX{E), define 

( 

(2.8) Qu(x,y) = ' 
9r^+i + ll«ll for y = x + 1 
fc,„ fory?x,y£x+l 
0 otherwise 

For each u Ç D and A C E, define 

(2.10) Ar(t,/l;w) = # {« : u(s) e AMs) ? u(s-),s < t) 

where Q^.^s^A) = Ev6>»<?»(.)Ma)'v) and u(-) 6 JD((0,T1,M,(£)) -

Let P^ be the unique solution to the martingale problem for ft^ with initial dis-

tribution u9N, PJjA^ denote the flf-fold independent product of PM(.),a. VP £ A( let 

7r(P)(.) = P o^rj • Then we have 

Theorem 2.2 PÙ(!?B
 and Po ore mutuaUy absolutely continuous and 

(2-") ^ * r - = exp(4W,(W)),wftere 

(2.12) 4 A ' ) H = E / {>08C-)'")<")(u''(â-)'^>iV(rfâ'rf!';w^ 

-J2[TiMn**>M\\-\H»md: 
i=i •'0 

3. The Main Result. Let X be a Hausdorff topological space. {P^} C Mi(X). {aft) is 

a sequence of positive numbers lending to oo. / is a function from X to (0,oo). 

Definition 3.1 {X, Pw.ajv) is said lobe a large deviation system with action functional I if 

i). /or ewery open subset G of X 

(3.1) Kmtof o^' logPN{G) > - jnf /(x). 
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ii). for every closed subset F of X 

(3.2) limsupo^1 logPw(P) < - inf/(x). 
W—«oo x € ' 

iii). the level sets {x e X : /(x) < s) are compact for all 9>0. 

Note: The infimum is replaced by -f oo if the set is empty. 

Let tf* : Mco — (0,oo) be defined as 

(3.3) lfHP)= «"P { / « d P - l o g f ^ M e * ) } 
*ec»(D) J 

where P € Af «o and Ct(D) is the set of all bounded continuous functions on D. Let /„ = 

/î ( ' , )(P),#iA' , be the image of P i ^ under the map ifciot)- We hw» *>» following main 

result 

Theorem 3.3 Ulue Mi{E) satisfy fge^'hidx) < oo, undereonditions(2.1)—(2.S)(Mco,'PuS),y) 

is a large deviation system with action functional /„. 

The main idea of the proof is the following. First by Sanov's theorem we have 

Lemma 3.4 (M^ffi^N) is a large deviation system with action functional I?'{•). 

This combined with theorem 2.2 yidds the foUowing estimates: 

Lemma 3.5 For any r > 0, tbere exists on JZQ > 0 such that for all R > Ro and N > I, 

we have 

(3.4) V^HM^MR) < exp(-Arr). 

Lemma 3.6 For any R>0,C>0, there exists a compact set KRCMOO such that 

(3.5) Um sup ^ log pWiMRVCR) < -C. 

Lemma 3.7 Por eoery P e Afoo and 7 > 0, there exists an open neighborhood V of P in 

M such that 

(3.6) Um sup -Jr log ViN\V) < - /„ (P) + 7-
N—ea " 
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Lemma 3.8 Por every P 6 Ma, and any open neighborhood V of P, we have 

(3.7) liminf -Jr log7>W(V) > -h{P). 

Lemma 3.9 Ut u £ Mi(E) satisfy /Ee»'Wu(dz) < oo. Under assumptions (2.1)-(2.5), toe 

have lhat for every r > 0,»u(r) = {P € Afoo : /«(P) < r} is compact. 

Theorem 3.3 is a direct result of these lemmas. 
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Extinction of the Multilevel M(M(ild))-Valued 
Branching Diffusion Process 

Yadong Wu 

Presented by Donald A Dawson, F.R.S. C. 

Abstract 
In this paper we consider a multilevd M(M(£<'))-valued branching diffusion 

process. The long time behavior ofthe process is studied. The main result is that 
if d < 4 then tbe two levd M{M(Rd))-valned process suffers local extinction. 

1 Introduction 
In this paper, we study the multilevel branching diffusion process which was formulated 

by Dawson and Hochberg in 1991. We describe the continuous limiting process as a 
A/(A/(/f'))-valued process Y{t). We investigate the long time behaviour of the process 
Y{t) and obtain an analogue of the result in the one level case (see, Dawson (1977) (3]) 
that if the initial value is given by Lebesque measure on R* then existence or non-existence 
of a non-trivial limiting distribution of the one level classical critical branching Brownian 
motion is equivalent to transience or recurrence of the spatial motion. The main result of 
this paper is to prove that: 

The Af(A/(if'))-oo/tted process Y(t) suffers local extinction ifd<A. 
The method of proof for local extinction which we use here was suggested by Dawson. 

2 Description of the Model 
We define & = tf'U {r}, r being an isolated adjoined point. Let M))(Àd) be the space 

of p-tempeted measures introduced by Iscoe (1983) with the p -vague topology, that is, 
the smallest topology making the maps p — • < <f>,p> continuous for ^ € C7e(fli) U{#p}. 
where d < p<d + 2 and for z € if* 

(2.i) ^ I > = TTFF' ^ *'M = l-
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Let 

MXfr) s {ueM(Ml,(k')):JJ^(x)p{dxHdp)<oo) 

and endow M^(B*) with the smallest topology which make continuous the maps 

v-* j j <l>(x)p{dx)V{dp) 

foralUeC.f/tOUM,}. 

Remark 2.1 77te measure 6stdx £ Af(Af(^')) is «ery important for the next section. 
We know that 66l is an atomic measure on M{R') with the mass al the atomic measure 
ST. So the measure 6s,dx can be considered as Sf, in which the location x of the atomic 
measure Sg, is given by d-dimensional Lebesgue measure in R*. 

The basic process in this paper is a iM^(iîJ)-valued process Y{t). The reason that we 
consider A/'(/Z<') as the state space of the process is that we wish to allow measure St,dx 
to be initial value of process Y{t) and it is easy to show that 6s,dx 6 Af^if1). 

We will not discuss in detail the construction of the process in thia paper but explain 
briefly how it can be characterized as the continuous limit of a two level branching diffusion 
particle system. 

We consider a two level branching random field. A "two level" system consists of two 
different level particles. Each level two particle {i.e., superparticle ) is a collection of level 
one particles (i.e., particle ) in R1. We say that a superparticle is of size i if it consists of 
exactly i particles. We suppose that after an exponentially distributed time, each partide 
undergoes a level one binary branching process with the branching rate 71 in which case 
we note that the total number of superparticles is unchanged. We also assume that each 
superparticle perforins level two binary branching with the branching rate 72, that is, 
either dies or produces a copy , each with probability one-half, after an exponentially 
distributed holding time with the parameter 73. During the holding times of both level 
one and level two, each particle moves in R1 according to the d-dimensional Brownian 
motion. The entire system can be represented as a random atomic measure on N{R1): 

(2-2) ^(O^êE^.* (1) + n o ( t ) ^ 
iml t o t i ^ - , ' i•'•'< , , 

where Z|-,t.r(0 denotes the location in R? of the rth particle in the kth superparticle Xi,k{t) 
of size t at lime (, n,- is the number of the superparticles of size i at time t and no(0 denotes 
the number of the null superparticles at time I where the term "null superparticle" means 
that it does not contain any particles. 

Consider the lest function F(i') on Mj of the following form: 

(2.3) F(i/) = / ( « M < f c 2 , . > ) , " » ) 
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where v e A/|, A,,/ € CftR) and hj € C ? ^ ) and « g(p),u » = /5(/i)i'(d/i). 
To study the continuous limit of the two level branching diffusion particle systems, we 

rescale the system as foUows: If B(MP{R^)) denotes the florel a-algebra of MP{R^), (ref. 
(8], p90), then for A £ B(A/(,(Ad)) and ( > 0, we define 

Yn{t,A) = -Ya{nt,An) where An = {p.-ptA) n n 
We can show that when n —» oo, Yn{t) converges weakly in i)(o.oo)(Af'(/t')) to a M}-
valued process Y(t) which can be characterized as the unique solution of the martingale 
problem for the limiting generator G^ which is given by 

(2.4) G^F{v) = « Cn»,),» » +7s « F"(v),Sn{dp2)u{dpl) » . 
In (2.4) C denotes the generator of the Af(,(/Îd)- valued branching process, i.e. 

(2.5) £F'(I/,/I) = dn^ti + WM 
= / ' ( « fci(< AJ,- >),«' »)A',(< h2,p >) < Afc,,/! > 

+ 7 i / ' ( « hi{< ht,. >),v »)h'{{< h2,p >) <h\,p> 

where A is the d-dimensional Laplacian, 

sn^P) 
6p(x) 

and 

(2.6) CW, p) = J A^gpp(dx) 

6p(x)6p(y) (2.7) £,*>,„) = ̂  j j £^^61{dy)p{dx) 

where 
(2-8) "̂'̂  = Wi=i[n''+t6'')V*t 

= f'{«ht{<h2,.>),U»)hx{<h2,p>) 
The Laplace transition functional of the Af̂ -valued process Y(t) is given by 

(2.9) L,AH) = E[exP{-J Hip)Y(t,dp)) \ r(0) = H 

= exp{- J u{t,p)v{dp)) 

where u(t,p) is a solution of the weak form of the following integral equations : 

(2.10) uit,p) = Ttu{0,p)-'r2£[Tl-.u,{s,-)](p)d3 

u{0,p) = H{p) 

and H(p) = / ( < 4>,p >), 4 € Ce(if) and / 6 Ck(R). T, denotes the semigroup of 
operators of the one level M(,(fld)-valued branching process with the generator C. 
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3 Extinction 
Definition 3.1 We shall say that the two level M%{B*)-valued process Y{t) suffers local 
extinction if for every compact set C in If', «t > 0 and tj > 0, 

(3.11) lim P ( « 1*C.„,K(0 » > «t) = « 

where Kc.n ** given by 

Kc.ti := {p € M,{R*) : p{C) > e7) 

and \KC, , S 'Ae indicator function of the set of Kc,t7-

Let u{t,p) denote the solution of the equation (2.10) with initial values «(0,/t) = < 
^,/i >, Uo = 6s,dx and define T,* by 

(3.12) ^[1 - e x p { - < <(>,. >)\{p)T;vo{dp) = jTt[l-exp{- < *,. >)\{p)vo{dp) 

where Tt is the semigroup of operators of the one level Afp(iïi)-valued branching process 
wilh generator £. Then we can show that for d > 3 

(3.13) Ttvo =>• fl» 

where Rn is the canonical equiUbrium measure for the one level measure branching pro-
cess. Our man theorem requires the following lenuna which was given by Dawson and 
Perkins (1991). 

Lemma 3.1 Let Rj denotes the Borel a-algebra in R*. Then for each B e S j ond d > 3, 
we have 

(3.14) i U f a •• -tP{y/iB) > a)) 

= ti?R„{{p:p{B)>a)) 

where Iiv, is the canonical equilibrium measure as above. 

Proof. See D. Dawson and E. Perkins (1991) (2]. 

a 

Theorem 3.1 Ifd <4 andYo = vo = Ss.dx, then the two level process Y{t) suffers local 
extinction. 
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Outline of the Proof : Since the one level A/p(Arf)-valued process with the generator 
C suffers local extinction for d < 2, it is dear that the theorem is true in this case. So we 
only need to show the theorem for d = 3 and d = 4. In the remainder of this section, we 
always assume that d > 3. Noting that for each p € M{Ri), we have 

(3.15) 7J / £ T,_.[u(s)]2(/i)dsfl0O(d/i) < J rlti(0)(M)«oo(dA*) < K < oo 

for all t, therefore by the invariance of R^ we obtain 

(3.16) hm / / ui{s,p)dsRco(dp) < oo. 
•-"«OJ Jo 

On the other hand, if 
(3.17) UmoJu{t,p)RC0{dp) = 0 0 
then we obtain 
(3.18) lim f ftu'{s,p)dsRco{dp) = oo. 

t 'Oo J JQ 

Thus we obtain 
(3.19) ljm>Ju{t,p)Raa{dp) = 0 

by contradiction. Therefore, together with the fact that for each i > 0 

(3.20) limsup / u{ti,p)ifo{dp) = limsup / u(ii + t,p)t/0(dp) 
ti—^o J l|—^oo J 

< J r.u(0,p)RCo{dp) -12 j [ r<_J(u(s)]2(/i)ds«0O(d/i) 

= J u{t,p)Roa{dp) 

we have 
(3.21) limsup ju{tx,p)y(i(dp) = 0. 

t|—•oo J 
as claimed. 
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CONSTRUCTION D'UN EXEMPLE D'ANNEAU DE JAFFARD 

LOCAL FACTORIEL NON NOETHERIEN DE DIMENSION 2 

ET DE CARACTERISTIQUE 0. 

SOUAD AMEZIANE HASSANI 

Piuentzd bg P. Rcbenbo-im, F.R.S.C. 

S I INTRODUCTION. 

Dans 12, Proposition 2.12 (b)J A Bouvier et S. Kabbaj ont énoncé que pour 

tout n 2 2, II existe un anneau de Jaffard, factorlel, local, non noethérlen, de 

dimension n et de caractéristique 0. Pour ce faire, ils ont utilisé une 

construction de J.W. Brewer. D.L. Costa et E. Lady 13, Theorem DJ, où lanneau 

en question était de dimension n 2 3, en omettant ainsi le cas où n- 2. La 

question restait donc ouverte pour n - 2. 

Dans ce papier, en s'inspirant d'un exemple dans 13, p. 306-307J, nous 

allons construire un anneau de Jaffard, factorlel, local, non noethérlen, de 

dimension 2 et de caractéristique 0. 

Soient A un anneau et 6 un groupe abélien noté additlvement. L'anneau de 



50 S.A. Hassani 

groupe de G sur A, noté A(G1 est l'ensemble des fonctions définies de 6 vers 
A nulles presque partout. 

En fait, A(6j est Isomorphe au A-module libre ©g66 AX9, où X W = X ^ ' pour 

tout g, ge G . 
Notons que A(GJ est Intègre sl et seulement sl A est Intègre et 6 est sans 

torsion (6, Theorem 15.81. 

S 2 EXEMPLE. 

Ce paragraphe est consacré à l'exemple d'anneau de Jaffard, local, 
factorlel, non noethérlen, de dimension 2 et de caractéristique 0. 

On reprend entièrement la construction faite dans (3, p. 306-3071 

Soient p un entier naturel premier, Z ( 1 /pl = {a/p"; a e Z , n e N} , 

G » Z ( l /p l © Z [ I /p l © Z I l / p l , H - Z l l / p l © Z[1/pl un sous groupe de 6 et 

Gn= Hœp-^Z. 

11 est clair que 6 » u M 0 Gn et que Z(Gj = un i 0 Z(Gnl » u ^ Z(Hl (p-^Zl 

( Z[Gnl - Z(H) [p^Zl, d'après (8, Theorem 7.11). 

Soit «,, «2. une s u , t e d'éléments de Z(HJ - {01 telle que cl( ij n'est 

pas nulle dans Z / p Z [H] où cl( V désigne la classe de 8̂  modulo pZIHl et 

cl( W = cl( V i > Pour t o u t n e w • 

( la suite de terme général 8n " xCP̂ .O) • x(0, p-" ) convient). 

Pn = (p, «„ • YP"n) es t un w é a l Premier de Z(HI[ yP"1*, y-P""! qui est 

Identifié à Z[Hl(p-"Zl. et P - un i 0 Pn est un Idéal premier de Z[Gl. 

Solt A = ZlGjp ; 11 est établi dans [3, p. 306-3071 que : 

A est factorlel. 
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. A est non noethérlen. 

. A est local, de dimension 2 et de caractéristique 0. 
Nous affirmons alors que : 

. A est un anneau de Jaffard. 

Comme dim Z(6lp =• 2, on va prouver que dim ZtGlp IX,, Xj 1 = 2.2 3 A. 

il suffit d'établir que dim ZlGlplX,, X2 h 4 

ZlGlplX, . X2 1 = S-'t Z(6] (X„ X21), où S = Z[61 - P. Donc 

spec(Zl5lp) est homéomorphe à (Q £ spec(Z(6]plX,, x21) / Q nS - 0). 

Solt Q espec(Z[ 6 ,̂1 X,, X2]) tel que Q nS - 0 . Posons q - Q nZlGl. et 

alors QnS = 0 entraîne que q C P. 

On sait que ht Q i 2 * ht q[X„ X21 ( K Theorem 11). 

i 2 • ht PlX„ X21. 

Il suffit donc de prouver que ht PlX,, X21 s 2. On a : P - uni0 Pn et par suite, 

P ^ . X j l - ^ P ^ . X j l 

Solt l'Idéal premier % * (p, V Y) dans Z(Hl[Yl 

ht P01X,, X21 = ht QolX,. X21 car P0[X„ X2] = T"' (^[X,, X2] où T = ( Y" / n e N ). 

Nous allons établir que ht ÛglX,, X2] = 2. Sinon, supposons que 

hl QolX,, X21 > 2 (ht QQ = 2). 

Dans ZtHllY, X„ X2]. QolX,, X21 oZlHl = pZIHl et 

ht pZlHllv. X,. X21 • dim Z / p Z IHIIY, X,. Xjl s dim ZlHllY, X,, X21. 

Z / p Z IHUY. X,. X21 est isomorphe à Z / p Z lY. X,. X^lH] et ZlHllY. X,. X21 

est isomorphe à ZlY, X„ X2][Hl ( W s'agit des Isomorphismes canoniques). 

Comme rang H = 2, alors dim Z / p Z lY. X„ X2IIH1 = 5 et 

dim ZlY, X„ X2HHl - 6 1 7 , Corollary 21 
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Par suite, ht pZlHJlY, X,. Xj] • 5 i 6. II en résulte que ht pZlHKY. X,. X2J i l. 

ZlHllY, X,, X2] est Intègre et pZlHJlY, X„ X2] * 0 donc ht pZtHHY, X„ X2J = l. 

D'après 14. Corollary 31 la hauteur de QQIX,, X21 peut être réalisée comme 

la longueur dune chaîne spéciale, et comme ht pZlHJlY, X,, X21 = 1, ll existe 

alorsQ'espectZlHJlY.Xj.Xjltelque: pZlHJlY, X,, X21 c O'c OQIX,,)^]. 

Absurde, puisque O0lX,. X21 est un supérieur de pZIHl! X,, X2] dans 

ZlHll Xt> X2IIY] (qu'on Identifie avec ZlHllY, X,, X21). Donc, ht P0tX„ X21 = 2. 

Pour tout n e H , la construction de Pn dans ZlHll yp-*», y-p-"] est slmlllalre 

à celle de P0 dans ZlHllY, y-'J. Par conséquent pour tout n e W. ht PJX,, X^ » 

2. 

On a ht P = 213, p. 306-3071, donc ht PlX,, X2] 2 2. 

Supposons que ht PlX,, X21 > 2,11 existe alors Q,, Q2, Q3 e spec(Z[G][X,, X2]) 

tels que : (0) c Q, c Q2 c Qj = PlX,, X21 (*). 

Soient x,, x2, x3 € PlX,, X^ tels que x, e Q,-(0), Xj € Q2-Q, et x3 e Q3-Q2. 

ZlGl = unl0 Ln, où Ln = ZIHH yp-". y-p-" J. Donc. ZlGnx,, X21 - un20LnlX,. Xjl, 11 

existe alors n0 e K tel ques : x,, x2, Xj e L^ IX,. X21. 

PIX,, X2InLnolX„ X2] • (P nL^lX,. X21. Or. P nL^ - P ,̂ : 

En effet, P^ C P n L .̂ Inversement, solt z e P o L^, comme P = unJo ?„, M 

existe m > n0 tel que z e Pm; et donc cl(z) e Pm/pZlHll yp-*", y-p-*»» 1. par 

suite. cKz) = cKf) (cKS )̂ • yp-"» ), où f 6 Lm = ZtHltyp-™, y-p-*"]. 

cl(z)P - cl(f)P (cl(«m.|) • yp-to"»). cKfPe Z / p Z tHJlyp-to-D , Y-p-(m-i)l. 

Donc, cKz)» e Pm.,/pZlHll yp-<n»-i), y-p-<m-i) ]. En répétant le même 
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processus (m-n0 ) fols, on obtient : 

c K z )pm-n0 = c l ( r ) pcn-n, { C \ ^ ) • ^ ) e p ^ /pZ(H] l yp-flo. y-p-no }. 

Et comme 2 p1"-^ e L^ ( z e L^), alors z E P^. D'où, P n L^ = P^. 

Par suite, PlX,. X2J n L j X , . X2J - P^lX,. X21. 

11 en résulte alors par contraction de la suite (*) sur L^ [x,, x2] que 

ht Pn o lX„X2h 3 (absurde). 

D'où A » ZIGlp est l'exemple désiré. 

Remarquons que pour pouvoir appliquer 15. Lemma 2.1], on doit vérifier 

que ZIGHX,. Xjlpix,, X2l ' un»o Zl6n]lX,. Xjlpjxi, X2I Pour ê t r e dans les 

conditions du lemme. Une telle vérification est loin d'être Immédiate. 
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The Diophantine equation re4 + rfy4 = zv 

Nobuhiro Terai and Hiroyuki Osada 
P^eAented bg P. Jltbenbo-on, F.R.S.C. 

1 Introduction 
Let p be an odd prime, and let d be a square-free positive integer. In (2], Powell proved 
that the Diophantine equation 

x*±yK = z> 
has no integral solutions x,y,z, where (z,y) = 1, p \xyz and p ̂  ±1 (mod 8) for the case 
i* + y* = sp. In the present paper we shall prove that the Diophantine equation 

s 4 + d v 4 = z p 

has no integral solutions z, y, z under some conditions, using the method of factoring zp as 
(x* + \/—3y2)(*2 — y/—3y3) over the imaginary quadratic field Q('\/—3) as in [2]. 

This type of equation is treated in the book of Shorey and Tijdeman [3], especially 
chapter 8, 10. The Diophantine equation 

x«+<V = .rJ 

has been considered by Fermat, Euler, Nagell and others for a long lime, using the method 
of infinite descent (see Mordell's book ll], chapter 4). 

2 Lemma 
In this section, we prove the following lemma which we use in the next section. 

Lemma. Let x,y be relatively prime integers suck thai x is odd, y is even, (x,d) = 1 and 
p fxy. Suppose lhat for some integers a, b 

x' + y/^dy^ia + by/^d)'. (1) 

//p |£ ±l(nW 8), then Ihe equation (1) kas no integral solutions x,y. 

Proof. Il follows from (1) that 

lJ = a E [^y^V'l-dy-aA, (2) 

(p-O/a / „ \ 
yi = b ^o (aj + l ) 0 ' t a j < - ^ = 6 f l - (3 ) 
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We first show that {a,A) = 1 and (6,5) = 1. Since ( i ,y) = 1 and x is odd, (a,6) = 1 
and a is odd. We also have (a,d) = 1 and p % ab from (x,d) = 1 and p K xy. Hence, since 
.4 = pb<-li-.-{)'-1'2 (mod o2) and 

B = pa?-1 (mode2), (4) 

(a, A) = 1 and (6. B) = 1. Therefore from (2),(3) we obtain 

« = ±u2, A = ±U3, b = ±v2 and B = i l ' 2 (5) 

for some non-zero integers u, U, v and V. 
We next show that 6 is even and B is odd. Let d be even. Then it is easily seen that B 

is odd, so 6 is even since y is even. Let d be odd and suppose that 6 is odd. Then we have 

and 
(i>-0/2 / „ \ SU+J-8"^2'' 

so 
p /rA tp-'Wa / _ \ (p-l)/2 / „ \ 

Thus B is odd. But this contradicts that y3 = bB is even. Hence 6 is even, so B is odd 
since (i, B) = 1. Therefore it follows from (4),(5) that 

i V ^ p a " - 1 (mod 8), 

so ±1 = p (mod 8) since V and a are odd. This contradicts our assumption p ^ 
±1 [mod 8), which completes the proof of Lemma. D 

3 Theorems 
We use Lemma in section 2 to prove the following theorems: 

Theorem 1 Lei p be an odd prime, /et d ^ 3 (mod 4) be a square-free posilive integer, and 
lei h{-d) be the class number of the imaginary quadratic field Q(>/-3). Ifp ^ ±1 (mod 8) 
andp ](h{—d), then the Diophantine equation 

x* + dy* = z" (6) 

has no integral solutions x,y,z with {x,y) = 1, p jfxy and y even. 

Theorem 2 Lei p be an odd prime and /et m = 1 (mod 4) be a square-free positive integer. 
/ /p = .1 (mod 8) or p = 5 (mod 16) anrf p ](h{-2m), then the Diophantine equation 

x* + 2my, = z" (7) 

has no integral solutions x,y,z wilh (x,y) = 1, p fxy. 
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Proof of Theorem 1. Since (z, y) = 1 and y is even, we see that z and z are odd, (z, z) = 1 
and (z,d) = 1. Now we show that z2 + y/^y2 and z2 — y/^Sy2 are relatively prime in 
Z[v^3], the ring of integers in Q(>/—?). Suppose that there is a prime ideal p in Z[yf^3\ 
which divides both z2 + v^-Sy2 and z2 - y/^iy2. Then p / 2 since z* +dy4 is odd. Hence 
p | z and p | yy/—d. If p / >/—<?, then p divides both z and y, which is impossible since 
(z,y) s 1. Therefore p | ^^5, so p | d, which contradicts that (z,d) = 1 since p | z. Thus 
z2 + y/^Sy3 and z2 - y/^dy2 are relatively prime in Z[y/^3). Hence it follows from (6) 
lhat there is an ideal A in Zlv/-5] such that 

( z ^ y V ^ d ^ A ' . 

Since p //>(—d) and d ̂  3 (mod 4), we obtain 

z2 + y2v'=d = (o + 6>/=dy (8) 

for some integers a, 6. Therefore (8) has no integral solutions z, y by Lemma. This com-
pletes the proof of Theorem 1. • 

Proof of Theorem 2. Suppose that our assumptions are all satisfied . Then by Theorem 1, 
we have only to prove that y is even in (7). On the contrary, suppose that y is odd. We 
use the notations in the proof of Lemma. Since (z, y) = 1, we see that z and z are odd, 
(z, z) = 1 and (i,2m) = 1. Therefore we obtain 

z2 + y2y/=2^ = (a + bj=2rif, (9) 

as in the proof of Theorem 1. Hence by the proof of Lemma, we have 

(p-i)/» 
^ = E ^.j« , , - ( 2 j + ,V>(-2m)>.z2 = a/l1 

lP-l)/2 / D \ 
* = E ( 2 / + 1 j a M 1 ' + , ) ^ ( - 2 m ) ^ , y 2 = 6BI 

(10) 

(H) 

A=±U2 , B = ±V2. (12) 
Since z and y are odd, we see that a, A, b and B ue all odd. 

Suppose p = 3 (mod 8). Then it follows from (10),(12) that 

A = ±U2 = a"-1 + f^op-362(-2m) (mod 8), 

so ±1 = 1 - 6m {mod 8). Thus m = 0,3 (mod 4), which is a contradiction since 
m = 1 (mod 4). Hence y is even. 

Suppose p = 5 (mod 16). Then by (11) and.(12), we have 

B = ±V1 s (P\arl + Qap-362(-2m) + Qo p - i 6 4 ( -2m) 2 {mod 8), 
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so ±1 = 5 - 20m + 4m2 (mod 8). Thus 4m = 0, - 2 (mod 8), which contradicts that m 
is odd. Therefore y is even. This completes the proof of Theorem 2. O 
Remark 1 If d = 1 in (6), it follows unconditionally that p / h{-l) and y is even. 
Therefore Theorem 1 gives a generalization of Powell's result for the case x* + y* = zp. 
Remark 2 If some conditions of Theorem 1 are not satisfied, then the equation (6) 
sometimes has integral solutions. Such examples are given in the table below. We note 
that if (z, y) > 1, then there are many d's such that the equation (6) has integral solutions. 
The condition (z,y) = 1 is essential one for the equation (6) to has no integral solutions 
(see 12], p222). 

Table, integral solutions of (6) which do not 
satisfy some conditions of Theorem 1 
z 
7 
7 
55 
3 
6 
96 

y 
4 
2 
20 
5 
1 
96 

z 
33 
17 
225 
11 
5 
24 

P 
3 
3 
3 
3 
5 
7 

d 
131 
157 
14 
2 

1829 
53 

fc(-d) 
5 
6 
4 
1 
40 
6 
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