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GENERAL FIXED POINT AND COINCIDENCE THEOREMS
FOR SET-VALUED MAPS
by
H. Ben-El-Mechaiekh

Presented by P.A. Filfmone, F.R.S.C.

ABSTRACT. This note follows (1], [2], and [3]; its purpose is to put on record some general
fixed point and coincidence theorems for an abstract class of set-valued maps defined on subsets of
topological vector spaces, namely the class of approachable uscos. Our results include numerous known
theorems for both the convex and non-convex cases, We essentially present generalizations of the Fan-
Glicksberg-Kakutani fixed point theorem to non-necessarily convex maps, and we derive some very general
coincidence properties for such maps. The results presented here find numerous applications to the theory
of differential inclusions, as well as to non-convex minimax theory. Details will be published elsewhere.

1. PREREQUISITES. In this note, a space is a HausdorfT topological real vector space. Given
a space E, Ng(0) will denote a base of open circled neighborhoods of the origin in E. Set-valued
transformations are simply called maps and are denoted by capital letters (A, B....), while small letters (f,
S....) are used for ordinary single-valued functions. Given a class B of maps and two sets X, Y, we write:
B(X.) = (A: X - YIAe B); BX) = BXX), B°XY) = {A: X » Y1A'L € B). Given two
topological spaces X and Y, an sco from X into Y is an upper semicontinuous map Az X — Y with non-

empty compact values.

An important too! in fixed point theory for set-valued maps and related topics is the
approachability property of these transformations by single-valued continuous functions. The use of
“approximate sclections™ goes back to the work of J. von Neumann on minimax theory in R". This
approach was extended to the infinite dimensional setting in numerous situations by several authors, such
as A. Cellina, A. Cellina-A. Lasota, A. Mas-Colell, A. Granas-L. Gémiewicz-W. Kryszewski, A.
McLennan, L. Gémicwicz-M. Lassonde, H. Ben-El-Mechaiekh-P. Deguire, etc... (see (1], (2], (3] and .

refercnces therein).

This research was supported in part by a grant from the National
Research Council of Canada
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DEFINITION ().1). Givea U € 2(0)and V e 2§{(0). a function 5: X —» Y is said 0 be a (LLY)-
scleclionof Aif foccachx € X, 3(x) € (Al(x +UY N X] + V)N Y. Weput: QAU V) = (3: X — Yigis

ncwﬁam(U.V}uluﬁonofAl.deeﬁmUnchno(meypming:
[(3) A is a2 usco from X iato Y;
Ae AXY) & -
L) QUAU.Y) # @ for say U € 265(0) and any V € 2{0).
Tbechsdnﬁsfmnicembimympmiuluhuicopemiaummpsmhummicuoa.
composition product, cancsian product, domination of domain, eic... . We present without proofs some of
these propertics crucial (o the sequel.

PROPOSITION (1.2). (i) Resuiction). Let X. Y be two subscis of spaces E, P espectively, C 3
compack subsca of X, aad let A X —» Y be s usc map. Then forany U € 2(0), V € Xg(0), ther caist a
finite subset N = [x}, 39, ... 23} 00 C and & 31 U' € 2§(0), U’ c U, such that for any subses D of X
soouining N, slo  p € Q(Ale A piU.V) provided s € Q(A;U'.i V).

(i) (Canesian Product). Let ! be an achitmaay indea set and ket A; € A(X.Y;), i € 1, (¥ being a subsctof 8
suace F). Thea she product map A: X — ¥ = ['TY; defioedtby AG) = [ Ay isin AG.Y).

) iel ie |
(i) (Compasition Producy). Let X, Y, Z be thrce subscis in three spaces E, F, G respectively, and It A €
A(X.Y). B € AZX). If Z is compact, then AB € A(Z,Y).

The class of approachable maps is quite large and coatsins several subclasses of maps useful in
opumization and in the theory of differential cquations and differential inclusions. We list pow without

proofs some inlcresting examples of approachablc maps.

PROPOSITION (1.3). ([3)). (i) (Convex Case). If X is pamcompagt and Y is convex, then
X(X,Y) = (A: X = Y | A is an usco with convex values) c AX.Y);
(ii) (Contmciible Case). If X is 4 compacs ANR and Y is cogvex. then
CXY)= (A:X-oYlAhnumwizhmxﬁbbvduul cAX,Y);

(i) (Mea-contmctible Casc). U X is a comgact ANR god Y is arbitrary, then
D(X.Y) = (A: X—oYlAlnnuxo\vithC;vﬂuuu)l cAX.Y).
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REMARKS. (1) It Is clear that the inclusions in (H) aro topological in nature end that 0o lincar
th(ﬂzmﬁquhMmmwnﬂthhamwﬁmy
lnlheﬁnitedimemionaluse(xcsuRm.YcF-R")(ii)mobninedhyMn-Coul. In the metric
spaces case, (iii) is due to Granas-Gdmiewicz-Kryszewski, It was proven in (3] that both (i) and (ili) hold
ummnxwmpmumamammwwmm (2) M Y is sn ANR,
then D(X.Y) contains C(X,Y) (thus (if) follows from (iii)) as well as the class of uscos with Rg-values
(huhgmdmmmmﬁbkm)hmhh&uydﬁﬂm&lm (©)]
Mso.i!YhmANR.ﬂuD(x.Y)eowimmmhvhguivmmm (4) The class D(X.Y)
ﬂmwnuhuﬂwchnduxmmhﬁngmmmdmmbkvﬂmhdmwnbknmd
LY(T.E) defined by Bressan-Colombo (soe reference in [3]).

2. FIXED POINT AND COINCIDENCE FOR APPROACHABLE MAPS. We present in
this section memﬂﬁxeﬂpﬁm.ﬂdnddamﬂwmtwwhﬂem For related results,
refer 10 (2] and (3].

TwomqnA.B:X-menidlohmamhn‘dmltA(xo)nB(xo):ﬂfmmxoe X,or
equivalently if Graph(A) N Graph(B) = @, l!A:x-oXhucllmp.thenxoe X is a fixed point for A
ifxy e A(xq); the set of all Gxed point of A Is denoted by Fix(A). Givena map A: X ~ X and a family ¢
otsubseuorx.apoinuoe X is a U-fixed point for A if there existsaset U € uwchthu(i)xoe U
and (i) A(x ) N U= @. To relate this concept to that of fixed point, we have:

LEMMA (2.1). Les X be a regular topologica] space and A X ~» X be  nsc map with closed valoes.
Assume that there exists 2 cofinal (mily of open covers (#1) of ACX) in X smuch that A has 3 U-fixed point

foreach e {U). Then Fix(A) » @.

Since each open cover of a compact subset of a uniform space is a uniform cover, it follows that
every such space admits a cofinal family of open covers. Therefore, for compact maps, it is sufficient to
establish the existence of “almost fixed points” in order to ensure the existence of a fixed point. The

following fixed point property follows at once from the definition of the class /A and the lemma sbove:

239



240 H. Ben-El-Hechaiekh

PROPOSITION (2.2). Let X be a compact subsctof a space E, and lct A € A(X). Then Fix(A) »

@ provided X has the ixeilpoi I —h——
Recall that a subset X of a space E is almost coavex if for any U € 2E(0) and for any finite subset
(2}, 23, ... . 7} of X there cxists a finite subset (x, x5, ... , 2} Of X such that x;-2;€ Uforalli, and
Conv(xy,xg, ... x3) € X. If X is almost convex, then it is a dease subset of its convex hull Conv(X).
The next result gencralizes a theorem of Himmelbesg which itsclf extends the fixed point theorem of Fan-

Glicksbesg-Kakutani (see reference in (3)).

THEOREM (2.3). Let E bea locally convex spage, and let C be a compact subsct of E containing
aa almost convea dense subset X. I A:C - Cisuscand Aly € A(X.C). then Fix(A) » 9.

THEOREM (2.4). Lei X be a convex subset of a locally convex spacc E, and let A € A(X) be a
compact map. then Fix(A) = @.

PROOF. Without loss of generality, suppose that the space E is complete, and let K be a compact

subset of X conwining A(X). By the previous theorem and since the coavex set C = Coav(K) is a compact

subset of X, it is sufficient 1o show that the map Ag: C - C defined by Ac(x) = A(x) N Cis in A(C).
letU, Ve Ng(0) be two arbitrary open neighborhoods of the origin in E. By the proposition (1.2)
(i), there exists a finite subset N = (x 1% Xp)ofCandaset U e ANg(0), U c U, verifying:
(54 v Iy s an open cover of K, and g € Q(AIGIU.1V) provided s aAUgv).

n

Letse QUAU'EV). and let my: O + 2V) = C be the Schauder projection associated with

%V(z). Clearly, the function rysic: C — C is well-defined and continuous. Moreover, it verifies the

inclusions rys(x) € (s(x)#%V)nCc(A((x+ U)nC)-r%V)nCc: (A(x+U)NC)+ V)N C for all
xe CQ

REMARK. As a particular case, the closed unit ball B®, n 2 1, has the fixed point propesty for the

claswl.andoneca.ndu!uceamygmenlfuedpoinubmmfoupmhhlemapsdcfmdonmm

nccessarily locally convex non-meurizable spaces (see (2] theorem (3.7)).
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THEOREM (2.5). Let X be a subsctof a spece E, Y be a convex subset of a Jocally convex space
F.aodlct A, B: X - ¥ be twp uscos. If A € A(X.Y) is commct s0d B \coqy ) € A(Conv(M).) fx

any finite subset N of Y, then A and B have a coincidence.

PROOF. Given V € A¢(0). lt N = [y € A(X).lslsn]benxhdmlyﬁ%Vl‘;ismopcncover

— n
of the compact subset K = A(X) of Y. Let xy: ti:(yi + %V) = Cy = Conv{N)] be the Schauder projection

associated with :-Z’V. We claim that the map Ay: X —» Cy givea by Ay(x) = (A(x) + ;) N Cy isin

A(X.Cv). It is indeed routine to verify that Ay is an usco. In order to sec that Ay, is approachable, let s be

any function in Q(A:U,V") where V' € 2(0) satisfies Ve %V and let U € Ag(0) be arbitrary. Clearly, 300

c f:,(yi % §V) and consequently, the function %ys: X — C is well-defined and continuous, It verifies the
inclusions xys(x) € (s(x) + 3V) 1 Cy € (Allx + U} X) + V) Cy € Ay((x + U) A X) for alix € X that
isxys e Q(Ay :U.W) for any W € 24(0). The set U being arbitrary, it follows that Ay, is spproachable.

By hypothesis, B"Icv € A(Cy.X) and by the proposition (1.2) (iti) the product AVB"ICV e
A(Cy). The existence of a fixed point for this map is provided by the proposition (2.2) and the Brouwer fixed
point theorem. Such a fixed point is an “almost fixed point® for the compact usco AB" and the usual

compactness argument based on the lemma (2.1) ends the prool.Q

We formulate now a coincidence theorem for an infinite collections of approachable maps.

PROPOSITION (26). Lat (X;); ¢ 1 beacollectic pennact Sox which b
E; mmmnm:hmmmmrntnwmx,. = []xim_m.mm:.mm
lel
continuous (antions. Eoreachje LiaX = [TX;and lt Aje AGKX). Then v Graphihy » .
ie Li=nj

PROOF. For any x € X = [ [X;. let = pl(x) be the jh-projection of x onto X, It is therefore
iel

cleas that N I'Aj;tOir:ndonly il for each j € I.ije Aj(ij) for some point x € X. By the
je i

proposition (1.2) (i), and since X is compect, the map A; = Apl € A(X.X;). Conscquently, and by the

241}
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proposition (1.2) (ii), the map A: X —» X defined by A(x) = n Rj(x) is in A(X). By the proposition
ie |

(2.2), and since X has the fixed point propesty for continuous functions, Fix(A) # @; that is, for each j € 1,
ij € j(;) = A’-(ij) for some point x€ Xand the proof is complete.O

When all the spaces X; arc convex and compact and the maps ase of type K (convex case), we

recover a theorem of Granas-Liu (see reference in (3)). As an illustration, we formulate now an intersection
theorem for non-convex maps. By the proposition (1.3) (jii), the class D(X,Y) is contained in A(X,Y)
wheaever X is a compact ANR, and since any compact AR has the fixed point propersty for continuous

function, it foliows:

. COROLLARY 2.1). Lat (Xj); ¢ 1 beacolloction of compact AR's. For cachj € 1. let A; €
DX'X). Then ~ Ty = 8.
jel )

NOTES

(1 A subspace Z of a topological space Y is called k-PC, (-pmoimally connected in Y) for k 2 0, if
for each ncighborhood U of Z in Y there exists a neighborhood V < U of Z in Y, such that the morphism
induced on homotopy groups iy, : 7y (V) = x(U) is trivial. Z is called PC$ ifitisk-PC_ forall0sk<n.
ZisPCT if it is PCy forail n,

@ Given a finite subset N = ey +€,} of a locally convex E, the Schauder projecion associated

Y

g a R RTC)
with 2n open set U € Ng(0) is the function LT |(ci + U) > E given by zy(x) = ‘n for all x.
v . § lﬂi(‘)

1
Here, p(x) = max (0, | - pj(x -€;)). py being the Minkowski functional of U. It is readily scen that
Ryy(x) - x € U and that n4(x) € C = coav(N) for all x.
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THE TWISTED L*-LEFSCHETZ NUMBER
OF HECKE OPERATORS

Salahoddin Shokranian®

Presented by J. Arthun, F.R.S.C.

Abstract

In this paper we give a formula for the L?—Lefschetz number of Hecke
operators on a twisted group, using the twisted version of Arthur’s trace
formula. Our main results are theorem 5, and theorem 6.

1. The present paper may be considered as a continuation of our previous
paper [S]. We thus freely use the notations and the terminalogies of [S]. When
a notation is not explained we indicate a reference. Our references here will
be the continuation of these in [S). ‘

2. For f € C°(G(IR)) define the twisted operator
mr(f)wr(e) = [G(m [(z)xr(e ! (z))dz=.

Then, make the following assumption. ,
Assume that there is a function” f, € C®(G(IR)) (called twisted pseudo -
coefficient) such that for a e—stable rg

(—l)'(c) if ™R € nct(G(R))l

0 otherwise.

tr(rr(fu)mr(e)) =

Note that, we are writing r(G) = dim(G(R)/K'(R)).
This assumption in particular permit us to relate x,(7r) and the twisted
trace tr(mr(f,)mr(e)) by analytic continuation of tempered characters, i.e.,

Xu(7R) = tr(rr(f.)7r(e)).
Then, by the general argument as in [A], if we set

Z = Zoozo € G(IR)G(Ao)
*Supported in part by NSERC-Canada, and [.P.M.-lran.
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and
(Ju ® B)(z) = fu(2eo)(z0),
where h € X, we get:

tr(a( @ Rr()) = ([ (o ® B@n(e())ds)

= trag(f,) - trog(h,€).
We have thus proved the following lemma.

Lemma 1. With the notations as above we have

L(e, p, hy= ¥ mdisc(")tr("(j# ® h)n(e)).
=€[l{G(A))
In particular this result enables us to calculate the number L(e,p,h) by
means of the twisted trace formula [CLL].

3. As it is known, the trace formula is an identity between two distributions
[A1]. This is also the case for the twisted trace formula. To be more precise,
let G* be a non-connected reductive group over Q. Let G be a connected
component of G* such that G(Q) # 0. Let us write G* for the subgroup of
G* generated by G, and G° for the connected component of the identity in
G*, where we assume that G* is reductive. The group G* is then called the
twisted group over Q. Thus e—twisted group [S] is an example of our twisted
group here. To see this let ¢ and G be as in ([S), §2). Then G* = G >« (€) is
a non-connected algebraic group whose number of connected components is
equal Lo ¢, the order of (¢). Denote the elements of G* by g x t where g € G,
t € (¢). Then consider the connected component Glt)=Gxt, (te(e)). It
is clear that G* = G*,and G =G x e = G, where e is the identity element
of (¢). In G* the multiplication is defined by

(91 X t1)(92 x t2) = (qu(t:(g2)) x tst2),

where ¢,(g,) is the action of t; € (t) on g, € G. Here we adopt the notions
of [A3]. Let P be a parabolic subgroup of G = G x ¢, P* is a parabolic
subgroup of G¢, and P = P* NG is the parabolic subset of G = G x ¢. Let
M = M* N P, be the Levi component of P, where M* is the normalizer in
G* of some Levi component M of P, defined over Q. In fact both P and M
are subvaricties of G defined over Q. Now, let S be a finite set of valuations of
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Q. Let Qs = HSQ,,. With the notations of [A3], define the twisted weighted

. . (43
orbital integral

Ja(nf) = ID('v)l"’/ Gira(Qs\G(Qs)

where vy (z) is the twisted weight function defined by means of a twisted
(G, M)—family.

J(z7've(z))vn(z)dz,

4 The twisted trace formula is an identity which consists of a geometric ex-
pansion, and a spectral expansion. We recall that these expansions are the
following:

) =T X WIWET™ [0 @™ () alm, S)dn

I =L WIWgI" ¥ a¥(s,)Ix(v.0),
Mel 1€(M(Q) .S :
for the unexplained notations we refere the reader to [Ad], [AS5).

To exploit the twisted trace formula and to apply it for the determination
of the twisted L?— Lefschetz number, we must have an invariant version of
these identities. Such identities can be obtained once we have proved a twisted
version of the Paley-Wiener theorem for real groups (|A5]|, App.). We thua
assume that the twisted trace formula is in invariant form.

Now, let [I(M*(Qs)) denote the set of equivalence classes of irreducible
(admissible) representations of M*(Qs) consisting of those = whose restriction
n° to M%(Qs) remains irreducible. Then we write [1,(M(Qs)) for the subset
of representations x in [I(M*(Qs)) such that #° is tempered. For such a =
one defines the representation

m(2) = n(a) et

where z € G°(Qs), and A € ag ¢ (cf. [Ad4]). Based on these notations we
define the e—Lwisted Fourier transform

Je(m, X) = [-'c;.... tr(ma(f) (€)X da,

where X € ag .
Let H(G(A)) be the Hecke space of G (cf. [A4]). Suppose that f €
H(G(A)), then [ is a finite combination of the product [] f,, with f, €
I 4
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H(G(Q,)). Say that f is t—cuspidal, if there are ¢ prime numbers pi €S
(f=1,...,t) such that

Joirt =0,
where M € Ly (for notations see [Ad4)).

Theorem 2. If f is 1—cuspidal, then
]‘(/) = 2 z: agisc(")IC(“lf)'

420 x€[] 4jgc (G
Proof. See |AS], Th. 7.1 (a).

Lemma 3. Suppose that there is a prime p € Q, such that tr(x(f,)n(¢)) = 0,
for any representation x € 1,1 (G(Q;)) which is a constituent of a (properly)
induced representation o€, where o € “unit(M(QP))' Then

I‘(f) = ‘Z;Ltr(Rdisc(f)R(c))’

where Rj;qc, is the regular representation of G(A) on

deigc.g(G(Q)Acnm\G(A))’
For the unexplained notations and a proof see [A5), §4.

Lemma 4. Let [, be the twisted pseudo-coefficient, and h € ¥. Then Ju®h
is 1—~cuspidal.

Proof. This follows from the definition of ¢t—cuspidality and our assumption
of §2.

Theorem b. (Splitting property). With the notations as above, we have
IA'!('?» Ju® h’) = I‘%(q, fu)j.g('h hlt'!)'

Proof. The theorem follows by induction on the number of elements in S,

and lemima 4.

Theorem 6. The twisted L2—Lefschetz number L(e,p, 1) is equal to

= WWEIT T a®(S,)IG (v, £ TH (1 k).
MeL VE(M(Q))ar.«

Proof. Let (f, ® h)' be the restriction of (f, ® k) to the subgroup G(A)"
(cf. [S]). Then, it follows from the work of Miiller [Mii] that f, ® h defines
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an operator of trace class in the discrete spectrum of L}(G(Q)\G(A)'). On
the other hand, this operator is isomorphic to the operator defined by f,® A
on L(p), (cf. [A]), whose trace is given by either one of the identities which
define the trace formula. Hence, by Lemma 1

L{e,n,h) = I'(f, ® h).
Then, by

ek =% WMWEI!' T &"(S,9)u(n.])
MelL 1€(M(Q)) .«

together with the splitting property the theorem follows.

Here, | would like to thank J. Arthur for his help- and encoursgement.. | have also to thank
J.-P. Labesse [or interesting discuseions on the coatent of an carlier version of this paper. 1 thank
the financial supports of the Institute for Theotehcd Physics and Msthematics (1.P.M.), Theran-Iran,
while parts of this work were reviewed.
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Abstract, Let R = ®,rR, be a graded integral domain. Then

ker(Pic(Ry)) —— Pic(R)) = T)/T, for certain subgroups I'; and Fs
of U = T'n-T,

Let R = ® . rRea ‘be a (commutative) integral domain graded by
an arbitrary torsionless grading monoid I'. That is, T is a
commutative cancellative monoid, written additively, and the quotient
group <I'> generated by I is a torsion-free abelian group. A
commutative cancellative monoid [ is torsionless if and only if r
can be given a total order compatible with the monoid operation. We
also make the harmless assumption that each R, is nonzero. A
general reference on torsionless grading monoids and [-graded rings is
(4] (cf. (1), [2)). In general, the natural homomorphism
¢ : Pic(Ry) —— Pic(R) of Picard groups induced by inclusion is neither
injective nor surjective. Here we determine ker ¢; this generalizes a
result of Oda (5] ( Corollary 2 ) for ' = Z. Let UT) = T'n -T be

the group of invertible elements of I". Then [, = (xeur) |

R,R., = Ry} isa subgroup of U(I). Moreover, RmR‘s = R and

ap

“Supported by a University of Tennessee Faculty Development Grant
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Rm‘1 (= Ry:R,) = R_, for all o,p €T, Let r, = (el |

R,NUR) # 2 ). Then I, is a subgroup of I, and R, = u,R, for
any u_ € R_ n U(R).

Iheorem. Let ¢ :Pic(R;)) —— Pic(R) be the natural homomorphism.
Then ker ¢ = I /T,

Proof, For « € Fl, choose 0 # t, € R,. Then t.R_,C R, and

(t R Nt 1R = Rg.so t R €Inv(R)). Let ¢:I — Pic(R,)
be defined by ¢(a) = [t_R__]. Clearly ¢(a) is independent of the
choice of t  and ¢ is a homomorphism.

im¢_= keryp: R = RR = R.R_R € R_R C R implies R =

a e
R_,R for each o € T';. Thus (t,R__JR = t R ¢ Prin(R): Hence

im ¢y C ker ¢. Conversely, let (1] ¢ ker(.p with 1 ¢ R;. Then IR =
bR for some O# b € R’ since IR is a nonzero homogepeous principal
ideal. Hence | = bR, and .I"" = bR, Thus peT, and 4(p) =
le_’l = (Il

ker ¢ _= [,: Let a €T, Then R, = u IR, for any .

u, € R, N UR). Thus ¢(a) = [u R ] = [Ry] = 0: Conversely,

suppose that ¢(ax) = (tcR_a] = 0. Then t R, = xR, for some
0 #x€¢R, Hence R, = z R, with z_ = xt."1 ¢ R__. Thus

R, = R 1 = 2"1R  and 2,1 €¢ R_NUR), so x¢l, O
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Corollary 1, The natural homomorphism ¢ : Pic(Ry) —— Pic(R) is

injective if and only if ', = T,

Corollary 2. (OdalS, Theorem 1.3})). Let [ = Z. Then F, = dZ and

[, = mZ for someintegers d, m 2 0. Let e = m/d,and e = 1 jf

d = 0. Then ker ¢ = Z/el.

An extension of rings A C B s inert if whenever Xy € A for

nonzero %,y € B, then x = ru and y = sul for some r,s€aA
and u € U(B). The extension R, C R is inert if and only if U(I)
= T, 1, p. 551}, [2, Prop. 3.3). Our next corollary, a special case of
Corollary 1 above, recovers (1, Prop. 5.1(1)]. ( However, ¢ may be

injective without R, € R being an inert extension (1, p. 562].)

Corollary 3, If Ro C R is an inert extension, then the natural

homomorphism ¢ : Pic(Ry) —— Pic(R) is injective.

Remarks, (a) It may be shown that Y is a natural isomorphism in the
following sense. Let A = ®_ sA, and B = @NTBﬂ be two graded
integral domainsand {:A——> B a ring homomorphism such that
for each « €S, [(A)) C B’ for some p € T. Then { induces a
monoid homomorphism ':S —— T with ((U(S)) u(T), rs)crT,,

and i'(Sz) C T,. Then ' in turn induces a group homomorphism

:8,/S, —— T/T, such that ¢y T = ("ey,, where [* is the
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natural homomorphism from ker 9, to ker ¢, induced by f.

(b) (Cf.[2, Section 3]) We may regrade R = ®, R, by I' -

F/uf). Then R = @, R, with U(") = o, R’y = &, ynR, and
R's € R s an inert extension. Since Pic(R'y) = HPic(R) [1, Thm.

5.4], the study of the map Pic(Ry) — Pic(R) can often be reduced

to the case in which T is a group.

We end this note with an example which shows that for any short
exact sequence 00— A— B—) C—> 0 of abelian groups there is a
graded integral domain R such that B = Pic(R,), C = Pic(R), and
A = ker 9.

Example (cf. [3, p. 225-226]). Let R be a Krull domain with quotient
field K. Then G = Div(R) is a (free) abelian group under the usual
v-product. For ' any submonoid of G, define a subring R(l") of the
group ring KI[X;G] by R(I') = (f ¢ KIX;ThH 1 1) el forall 1€T)
Then R(T) in the obvious manner is a -graded integral domain with
RNy = R, UMM = H=Tn-T =« (lelFl1ter), r, -

HN Inv(R),and I, = H N Prin(R). Thus ker ¢ =

ker(Pic(R) — Pic(R(T")) = [,/[, = (H A Inv(R)/(H N Prin(R)) =
((H n Inv(R)) + Prin(R))/Prin(R).

Let B’ be any abelian group. By Claborn's Theorem, there is a
Dedekind domain R with Pic(R) = Inv(R)/Prin(R) = B. For any
subgroup A of B, A = AY/Prin(R) for some subgroup A" of

Inv(R) containing Prin(R). For ' = A", the above construction
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yields a I-graded integral domain R(lN) with R([), = R, W) -« r
= I, = A", and T, =« Prin(R). Thus kergp = I/, = A and
Pic(R(l)y)) = Pic(R) = B. Asin (3, p. 225-226), it may be shown that

¢ : Pic(R) — Pic(R(T’)) is surjective.
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ON THE ORDERS OF ELEMENTS OF
A LOCALLY FINITE SIMPLE GROUP

OtTo H. KEGEL AND SHI WUJIE

Presented by P. Ribenbdoim, F.R.S.C.

Theorem: The locally finite simple group G is linear if and only if there is a patural
number n that does not appear as order of an element of G. (This result depends on
the classification of the finite simple groups.)

The set [1¢(G) of orders of the elements of the finite group G contains substantial
structural information about the group G; many of the finite simple groups are indeed
completely determined by this set; [5], [1], [4], (6].

Here we want to identify those locally finite simple groups G with [[,(G) E N:
These are precisely those admitling a faithful (finite-dimensional) linear representa-
tion.

That a locally finite simple linear group G satisfies [1.(G) S N follows immediately

from

Lemma: If the subgroup G C GL(n, K) is locally finite, then either — if the char-
acteristic of the field K is zero — G has an abelian normal subgroup of finite index,
or — if the characteristic of K is a prime p — the unipotent elements of G are of
bounded order. ; ;

The first part of this lemma follows from Jordan's theorem ([2], 36.13). If K is
of characteristic p # 0, then every element of GL(n, K) of order a power of p is
unipotent and so obviously of order dividing p".

So for the proof of the above theorem we must show that if the locally finite simple
group G is not linear, then it satisfies [1.(G) = N.

Typeset by ApsS-TEX



254

0.H. Kegel and S. Wujie

For this, observe that G has a countable simple subgroup S that is not linear ([3],
4.4). By ([3), 4.5) there is an ascending sequence of finite subgroups {F;} of S with
F; C Fi41,UF; = S, Fi4y has a maximal normal subgroup M;,, with M;,, N F; = (1).

The group S then is a sort of limit of the sequence {S,} of finite simple groups
S: = Fi/M..

As there are only finitely many (two parameter) families of finite simple groups,
one may assuine — by the pigeon hole principle — that all groups S; are in the same
family (of Lie type). If the rank paramters n; of the groups S; were bounded, then
S would be linear ([3],4.7) contrary to assumption. If the rank parameters n; of the
groups S; are unbounded, the Weyl groups W; of S; are unbounded; they involve
alternating groups of unbounded degrees and thus contain — for n; sufficiently large
— elements of given order n. Thus the S; — and so the F; — contain elements of
order n if i is large. We have proved that N C I1,(S) € I1,(G) C N.
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Note on the dual of an ideal
in a Noetherian domain

Mitsuo KANEMITSU, Takasi SUGATANI and Ken-ichi YOSHIDA

Presented by K. Murasugi, F.R.S.C.

Introduction. Throughout this note R will be an integral domain
with identity and quotient field K. Let I be a non-zero ideal of R. As
usual, we denote the dval R: I = {z € K : 2] C R} of I by I-!, and
(I-Y)"" by I,.

Huckaba and Papick [2] investigated the instances when 7-! is a sub-
ring of K, and asked if it is always the case that I=! = I : ] whenever
I-' is a ring. A negative answer to this question was given by Anderson
[1]. But in the affirmative direction, Anderson |1, Proposition 3.3] proved
that if  is either radical or divisorial, then J=! = I : T whenever ' is a
ring. We wil contintue in this direction for Noetherian domains to obtain
some further results when I~! is a ring. For convenience’ sake, we will
use the symbol A(R) to denote the collection of the ideals./ of R whose
dual /! is a ring. For undefined terminology see [3] and [5].

First of all, we recall a well-known fact due to Huckaba and Papick.

Proposition 1 ([2, Proposition 2.2]). Let I be a non-zero ideal of R.
Then 1 € A(R) if and only if IV =1, : I,.

Before procceding to our first proposition, we note that Proposition
I implies that if [ is a non-zero ideal of a Noctherian domain R and
I € A(R), then I-! is a finite R-module, and so is contained in the
integral closure R of R.

Proposition 2. Let R be a Noctherian domain. If I € A(R) , then
VT € A(R).
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Proof. Since 17! is contained in the integral closure R of R, it follows
that V7 ~! is also contained in R. Let py,...... ,Pa be: prime ideals of I_Z
such that VT =p;N...Np,, and let Piicisi s , Pa be:prime ideals of R
with PN R = p; i = 1,...,n, respectively. Now 7T - /T - CPNR=p;,
and so VT ~' = VT : /T, completing the proof.

Huckaba and Papick |2, p.14] showed that if I is an ideal of a Priifer
domain R and I € A(R), then VT Y ol However, in the Noetherian
case, we may have I-! # /T ~'. Let k be a field and R = kl[X3, X3, X7
be the subring of the formal power series ring k[[X]] over k. If [ =

(X5, X%, X7), then I-" = k[[X]) but T ™' = k[[ X2, X?]. (CL. [, p.328)).

Now recall that an element z of a Noetherian domain R is called
integral over an ideal I of R if x satisfies a monic equation z® + a;z"~! +
wo+a, = 0 with a; € I';i = 1,...,n. Then the set | of the elements
integral over [ is called the integral closure of /. It is well known that
I =t'"R(7I)N R, where R(7) means the integral closure of the Rees ring
R(7) = R[tI,t"!] with respect to the ideal J. It should be noted that if
Iis an idcal of R, then I CT C /I. If I =1, then I is called integrally
closed.

Let k be a field, and consider the polynomial ring k[.X,Y] in two
indeterminates X,Y over k. Let I = (X%, XY + Y?). It is readily seen
that 7 is neither a radical nor a divisorial ideal, but satisfies that 1~' =
I:7(=R). In fact the following holds.

Proposition 3. Let R be a Noetherian domain and I be an ideal of .
If 1 is integrally closed and I € A(R), then "' =1 : I.

Proof. Since [ is integrally closed, we have that | = t'R(/)N R. Let
a € I7'. It then follows that a € I and so al C t'R(/)N7I-'. Now
al C IR, and henceal CI. Thus I~ =1 : ]. '

Nefore staling our next theorem, we need some terminology. For any
I'€ A(R), we put A = {J € A(R):J =zl for some z € I }. Further,
for a ring .S we denote by U(S) the unit group of S.

Theorem 4. Let R be a Noctherian domain and I € A(R). There exists
a one-lo-one correspondence between A; and U(I-')/U(I : I).

Praof. It ] = (0) or I = R, then the assertion is trivial. Therefore we
may assume that / is a non-zero proper ideal of R. Let z € UJ (17"), and
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put J = zl. It then follows that J=! = z='J-!  and g0 J-! js just the
ring I, since z € U(I'). Hence J € A;. Now let y € K such that
J = yI € A(R). Then Proposition 1 yields that J-! = Jeodh=du
I, = I"'. On the other hand, J-! = y=}/~!, Thus y € U(J7"). Next,
let z € U(I™') such that zI = I. Clearly, z-!I = I,and so z € U(I : I).
Finally, let z € U(J:1). Then zI C I and 2~'I C I, and so zI = I.
Thus we have the required one-to-one correspondence between A; and
U(I-Y/U(I : ).

Next, we show that if R is a local Noetherian domain containing a
field of cardinal > 3, then for any I of A(R), A, is the singleton {I} if
andonlyif I"'=171:1.

A lemma is needed.

Lemma 5. Let T be a semilocal ring and S be a subring of T. Assume
that S contains a field of cardinal > 3. If U(T) = U(S), thenT = S.

Proof. Let m,,...,m, be the maximal ideals of T. Let Ji:T = T/m;
be the canonical mapping for each i = 1,... 7. Let a € T. Now each
T/m; has more than two elements, we can find non-zero t; € T'/m; with
t; # fi(a) for any i = 1,...,r. Then by Chinese remainder theorem we
have an element b € U(T) satislying that f;(b) = t;. Since fi(a - b) #0,
it follows that a — b € U(T) = U(S). Now b € U(T) = U(S)C S, and
hence a € S. This proves that T = S.

Corollary 6. If R is a local Noetherian domain containing a field of
cardinal > 3, then for any I of A(R), A; is the singleton {1} if and only
yI1-'=1:1.

Praof. Since I-! is integral over R, it follows from Mori-Nagata theorem
[5, Theorem 33.10] that /! is a semilocal ring. Then our assertion is an
immediate consequence of Theorem 4 and Lemma 5. ,

We close this note with the following Remarks: Let I be an ideal of a
Noetherian domain R. (i) If gradel > 2, then I-! = I : I(= R). (See [3,
Exercises 1 and 2, p.102]). (ii) If I satisfies that (I""), = (1 : 1), for any
prime divisor pof I, then I-' = . I

To sce this , assume that [=! # [:]. Let Ms---,Pa be the prime
divisors of I, and let p be a prime divisor of the R-module I-')(1 : 1).
Then we can find some p; which contains p. In fact, if this were not the
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case, then we would have an elemnent z € p not contained in any p;. Now
p is a prime divisor of [='/(I : I). We have an clement ¢t € /7! such that
p={a€ R:at€l:1}. But thisin turn shows that zt € /: I.. Now
t! € It and z is not contained in any p;. Hence t/ C I, a contradiction.
Thus p is contained in some p;. Therefore at this pi, (I7"), # (I:1),,.
This completes Remark (ii).

We are grateful to H. Yanagihara for teaching us the improvement of
the proof of Lemma 5.
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SECOND ORDER PARALLEL TENSORS
ON CONTACT MANIFOLDS O*

Ramesh Sharma

Presented by G.F.D. Duff, F.R.S.C.

ABSTRACT. In an earlier paper the author proved (i) a second order symmetric
parallel tensor on a K—contact manifold is a constant multiple of the associated metric

tensor and (ii) there is no non—tero parallel 2—{orm on a Sasakian manifold. In this paper

we generalize these results on a contact metric manifold whose {—sectional curvature
K(¢,X) vanishes nowhere and is independent of the choice of X .

1. INTRODUCTION
In 1926 Levy [5] proved that a second order symmetric parallel non-singular tensor

on a real space form is a constant maultiple of the metric tensor. The author [6] generalized
Levy's result by proving that a second order parallel (not necessarily symmetric and mon-
singular) tensor on an n—dimensional (n > 2) space of constant curvature is a constant
multiple of the metric tensor. It was also proved in (6] that a second order parallel tensor
on a complex space form is & lmea.r combination (with constant coefficients) of the
Kaehlerian metric and the fundamental 2—form. Recently the author [7] proved:

THEOREM 1. On a K—contact manifold a second order symmetric parallel fensor is a

constant multiple of the associated metric tensor.

THEOREM 2. On a Sasakian manifold there is no non—zero parallel 2—form.

*Research supported in part by a Fu:uléy Fellowship of the University of New Haven.
AMS Subject Classification Codes: 53C, S8A.
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differentiating (3.4) covariantly along X, using (2.1) and replacing X by X we obtain
(3.5) A(X - bX) = a{¢,£)(X ~ bX) .
Replacing X by bX in (3.5) and adding the new equation to (3.5) gives A(x—h2X)
= of£,6)(X — h?X) . Now, the use of (3.3) in the last equation and the fact k£ 0 on M
shows AX = o{{,£)X, ie. a= af{,£)g. It remains Lo consider the case when a is anti-
symmetric. We note Vpx(A{) = A(va() = A(X —bX) — (X)A¢, by using (2.1) and
the fact that hy = —ph . Hence
(3.6) A(X - hX) = n(X)A¢ + vvx(A() .
Replacing X by bX in (3.6) and adding the resulting equation to (3.6) we bave (since
n(bX)=0)

AX =7X) = HX)AE + T y(AQ) + T ux(AQ).
Using (3.3) in the last equation shows
(3.7) kAX = kn{X)A¢ + Vpx(Af) + thx(A{) :
At this point we would like to prove |A{| = constant oa M . Turning back to (3.1), sub-
stituling W =Y = ¢ and using (3.2), we find

kg(AX,Z) = kn(X)g(A¢, Z) + g(A¢, R(£,X)2) .

The uge of (3.7) in the above equation provides

8%, xA¢ 2) + 8V x AL Z) (A R(¢X)Z).
The substitution Z = A{ results in g(V oX+ thA{, A{) = 0. Replacing X by ¢X
and poting the fact ¢ {f =0 (can be seen from (2.1)) and finally using (3.3) one obtains
g(vx pxA{ Af) =0. Replacing X by hX, adding the resulting equation to the
original equation and then using (3.3) yields g(Vfo, A{) =0, whence X(]A¢])=0.
Thus |A£| is constant on M. So, as g(A?x{. Af) =0 we bave by replacing X by
¢X that
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(38) £(X — bX, A%¢) = m(X)gle, A%).
Replacing X by hX in (3.8) and adding the resulting equation to (3.8) and then using
(3.3) we obtain g(y°X, A%¢) = 0 and hence @(A2¢)=0. Therefore

(3.9) A% =—|Ag)%e

noting |A{| = constant, as proved earlier. Differentiating (3.9) now covariantly along X

and then replacing X by ¢X weget
(3.10) A%(X - bX) = -] A¢] %X - hX) .

Finally, replacing X by hX, adding the resulting equation to (3.10) and then using (3.3)
we obtain  AZ=—(JA¢|2)I. Recall |A¢] =comtant on M. If [A¢[#0 then
[Tﬁl'ﬂ']A defines a Kaehlerian structure on M. Hence M is even-dimensional. But M
is odd—dimensional and we arrive at a dimensional contradiction. Thus |A¢} =0 and in
turn A{ =0. Using this last consequence in (3.7) we conclude A =0, i.e. a=0. Now
if a is any second order tensor then its symmetric and anti-symmetric parts are given by
a,(X,Y) = J(a(X,Y) + o(YX)) and a(X.Y)=Ho{X,Y) ~o{Y,X)). Thusif a is
parallel, so are a, and a, . Hence using the consequences of the two cases considered we

s
conclude that a is a constant multiple of g . This completes the proof.

REMARK. Thus the question of second order parallel tensors on a general contact metric
manifold is still open. However we note the following: Let a be a second order sym-
metric parallel tensor on a contact metric manifold and A be the (1,1)—tensor such that
ofX,Y) =g(AX,Y). As VA =0 we have (31) . Satting Y=2=¢, we find
g(R(W,X)¢, A€) =0, so that R(¢ Af£)X =0 for arbitrary vector field X. Thus in
particular R(¢, A¢)¢ =0 which shows that the sectional curvature K(¢, A¢) =0, if A¢

is neither zero nor collinear with §.
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A CHI-SQUARE GOODNESS-OF-FIT TEST FOR
., NATURAL EXPONENTIAL FAMILIES WITH POWER VARIANCE FUNCTION

. M.S.NIKULIN
Presented by P. Ribenboim, F.R.S.C.
Summary. Here we construct, using the technique developed in papers of

Nikulin, Voinov and Grecawood (1973, 1987,1989,1990, 1991), a chi-square
goodness-of-fit test for the class of natural exponential families (NEF's)
generated by stable distributions.

1. Introduction. Suppose that we have iidr.v.’s X, XX and the
distribution function of x| belongs !:) the family (F(x:0),0e OcR'), where

F(x:0) = P(xls x) = lexp(—uﬁ + ¢(0))dG(u), xeR’', (1)

where G(x) is taken to be a cumulative distribution function on not depending
on the namral parameter 8. Morris (1982), Bamdorff-Niclsen (1978), Bar-Lev &
Enis (1986) have studed this class of distributions and called {F(x;0);6c©) a
natural exponential family (NEF) generated by G. The cwnulant generating
Junction y(6) gives (1) unit probability and one can easily verify that

n=EgX = 9 Vi varox = Egx -t = - % . @
for any 0 € 6°= int©. Let V() = Vnrx| denote the variance of X expressed in
terms of . The function V() on its demain Q=y(©) is called the power
variance function (PVF), if V(1) has the form
Vo =P, pen, ®
for some constants c>0 and [0, which are called the scale and power
parameters, respectively. Following Bamdorff-Niclsen (1978), Hougaard (1986),
Morris (1982) and Bar-Lev & Enis (1986), a class (1) of NEF with V(i) in the

-
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foom (3) is called the class of NEF-PVF's. For cxample, if B=<0, we have the

family of nommal disuibutions. If P=1, we obtain the family of Poisson
distributions, and for B=2 we obuin thc family of gamma diswibution. As was
shown by Hougaard (1986), Bar-Lev and Enis (1986), for Be(0,1) no NEF-PVF's
exists, but for any Pe(l,2) we obain a NEF-PVF's of compound Poisson
distributions generated by a gamma diswibutions. When B>2, we obtain the
subclass of NEF-PVF diswributions generated by stable distribution on R,
which are unimodal and absolutely continuous with respect 1o Lebesgue measure
on R:. We consider herc namely this subclass of all NEF's on the positive
numbers. As it is well known a swble distribution on R: has a stable index

ae(0,1) and as it was shown by Pollard (1946) its probability density 8q(x) is
given by formula:
oo x
8 = 3z I Gl sin(rongT @D oo @)
knl X

We supposc that the generated distribution G(x) in (1) is the stable one on R:

1
o

that the distribution F(x;0), 8¢ ©=[0,<), is unimodal and absolutely continuous

with the density g(x) = gu( % ), @ is known, 0>0. In this casc we obtain

with respect to Lebesgue measure on R: and the density f(x;8)=F(x:0) is

f(x.0) = g(x) exp({-x0 + y(0)) , x>0, 5
0,xs0

where w(6) = (8), 8€ ©=(0,). It is casy to verify that
Vi) = cpb, ©
- = oaa®! ) 1/a-1) 2-a
whereu-Eex'—aoe .c==(la)(aoa) .ﬂ=m>2,0<a<l.

The Laplace wransform £(s) of the random variable Xl is
£s) = Eglexpt-sX)) = expf- 0°1(6 + 9 - o%4). ™
2. Theorem of Washio-Morimoto-lkeda. This theorem gives us the UMVUE's

which we need to construct a chi-square test, as was donc in the papers of

[23

-
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Nikulin, Voinov and Greenwood (1973,1987,1989,1990,1991). At first we remark
that in view of the factorization theorem of Neyman, the family (1.5)
possesses the complete sufficient siatistic S, = X, + X, +.. + X
for the parameier 0. As was shown by Bar-Lev & Enis (1986) and Hougaard (1986)
the density f (x;0) of S, is
f (x:8) = n'llag(lf ”ax)exp{-xo + v(nl/ae)} . %0, m
° 0, otherwise.
A theorem of Washio, Morimoto and Ikeda (1956) gives us a general expression
for the UMVUE of a function u(0) (sce also Morris (1982), Zaks (1971), Voinov
& Nikulin(1989)). Note that the characteristic function 9,(1.6) of S. is
?,(.0) = exp{n\y(o) - ny(0 - it)}. @
Theorem (Washio,Morimoto,Ikeda). Asswme that the following conditions are
satisfied:
1) u(z), z=0+it, is analytic in a strip whose real part is eoa intd, 1eR.
2) the characterisiic function 9,00) of the complete sufficiens
Statistic S. is such that
lim @ (-1,8)u(0+it) = 0
[t ="
uniformly in any subinterval of © ) and
+00
I 19,(L8u(B+i)|dt <=, 8 € O,
-0
Then the essensially unique minimum quadratic risk unbiased estimator (UMVUE)
0 =T(S) of ue) is

naw(sl) 'f ( -l/as ) >0
1] n »
TS) ={g(n" '7“3_) £ . 3)
0, otherwise,

where
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e V@) 1 O
o) = (@ ™O) 2 L p ueenpton - vl

Using this theorem, one can find (see, also, Zacks (1971), Voinov & Nikulin
(1989) the UMVUE's ¢* for the variance VarX, and f(x) for the density
f(x:0). They are

S
. 5 gm Vs - y)!-%y. 5)
g(S‘n (l-a) o

and

/e
n -1/ 1
a1  8(x)g|(S, - x)(n-1) - . 0<x<S ,
£x) = ) [e. ] B(S 7% @

0 , otherwise.

3. A chi-square test for H . Following the papers of Nikulin, Voinov and
Greenwood  (1973,1987,1989,1990,1991), we construct a chi-square test for
testing Ho' according to which the distribution of )(l is (1.5). Taking into
account the observed value s of the sufficient statistic S. we choose the
vector p = (p',....p)T such that P+t p =1, P> 0, r 2 2, and construct
non-empty classes

J=0x1 J=(xux) .., J= (x %) x=s,
for grouping the data X 1eens x_. where XX | are quantiles of
the estimated distribution defined by

rf(x)dx =Pt Py i=l,....r-1.

Further, define the vectors v=(v'.....v)r. qa(ql.....q')'. where

q = I xPx)dx, i=l,...r,
J;
and v is a vector of frequencies arising as the result of grouping the data

X'.....X” into the classes Jl....J'. From the above-mentioned papers by
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Nikulin, Voinov and Greenwood, we have the next
Theorem . If n = o 30 thar S_u O(n) then the conditional distribution of

the vector %(v-np), given S.. s AN(O.. B), where
n

B=P- pv-—-['Sv q][’Sp q]

P is a diagonal matrix with elements PP, OR the main diagonal, rankBet-1
and 0%, given by (2.5), is the UMVUE of VarX,.

We arc now in a position to construct a chi-squarc type statistic for
testing H. As was donc in other papers of Nikulin & Voinov (for example,
(1973,1989,1990,1991)), we construct the quadratic form

Y= % v - np) B” (v - np),

where B” is a gencralized inverse matrix of B. By direct calculation we find

' (v np 1
Y=3 LR | v,-S, ()]
iet Py "[a-npn- ]

where
3 q:
x = P (‘1‘ sy-x -t
Yo By
From the above theorem we can deduce that under H, if n= the limiting

3)
distribution of Y: will be chi-square with 1-1 degrees of freedom.
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On the number of solutions of
polynomial congruences

by C.L. Stewast *, P.R.S.C.

Let f be a polynomial with integer coefficients, degree r(> 2) and non-
zero discriminant D. Let p be a prime number and let P denote the largest
power of p which divides D. Assume that p does not divide the content of
J. For each positive integer k we denote by N (k) the number of solulions of
the congruence

(1) f(z)=0 (mod p*)
in congruence classes modulo p*.
In 1921 Nagell (2] and Ore [3] proved that for all positive integers k,

N(k) < rp¥.
This was improved by Sindor [4] in 1952 to
(2) N(k) < rp'?

for k > 1. In 1981 Huxley [1] obtained (2) for all positive integers k. For any
real number z let [z] denote the greatest integer less than or equal to z. We
have recently shown (5] that

.(3) N(k) S 2p"1 4 r — 3

* Research suppocted in part by a Killam Research Fellowship and by Grant
A3528 from the Natural Sciences and Engineering Research Council of Canada.
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RESULTS ON t-WRIGHT CONVEXITY
Gy. Maksa, K. Nikodem and Zs. Piles

Presented by J. Aczel, F.R.S.C.

Abstract. In [S] J. Matkowski posed the following problem: Is every t-Wright-convex function,
with a fixed t from ]0, 1[, Jensen-convex? The aim of the present note is to show that the answer is
positive for all rational t €]0, 1{ and for certain algebraic numbers, however it is not true for all those
values of ¢ that are cither transcedental or there is an algebraic (maybe complex) conjugate t* of ¢
such that |t* - 1/2] > 1/2.

Let X be a real vector space, D be a convex non-empty subsct of X and ¢ € [0,1] be a
fixed iumber. A function f: D — R is said to be t-convez if

Jitz+ (=t S tf(x) +(1 - Of(y), =yeD;
t- Wright-convez if
[tz + (=) + f(1 =)z +ty) < f(z) + f(v), =,y € D;

Jensen.convez if

1(3Y) ss@+s. e,

A function f is called convez (Wright-convez)ifit is t-convex (t-Wright-convex) for all ¢ € [0, 1).
It is clcar that cvery convex function is Wright-convex and every Wright-convex function is
Jensen- convex. We have also the following characterization of Wright-convex functions due to
C. T. Ng [6]: A function f is Wright-convex if and only if it is of the form f = g + a, where
g is convex and a is additive (cf. also [2], [7]). In [5] J. Matkowski asked if for every t €]0, 1]
t-Wriglit-convex functions are Jensen-convex (cf. also [8, Problem 15]). Of course it is true for
t = 1/2. 1t is also known that cvery t-convex function is Jensen-convex. This is a conscquence
of the result of N. Kuhn [4] (cf. also 1, Lemma 1] for a direct proof). The present note consists
of two parts:

In the first section we give some propertics of the sct of all ¢ €]0,1| for which a given
function is ¢-Wright-convex. As a conscqucnce, we obtain a positive answer to the problem
of Matkowski for all rational t €]0,1{ and for certain algebraic values of t. (We note that
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algebraic means algebraic over Q everywhere in this paper.) Some partial results on this topic
were remacked earlier at the Debrecen-Graz Meeting in April, 1991, and later at the 29th

International Symposium on Functional Equations, June 3-10, 1991, Wolfville, Canada (cf. (8,
Remarkg 24)).

In the second part we show that if ¢ is either transcendeatal or the distance of some of the
algebraic conjugates of ¢ from 1/2 is at least 1/2, then there is always a function f: R = R
which is t-Wright convex but Jensen-concave and not Jensen-convex.

Section 1. Given a fuanction f : D — R we consider the set
Wy = {t €]0,1]: f is t-Wright-convex)

Clearly, the set Wy is equal to the whole interval |0, 1[ if f is a Wright-convex function; it can
be also empty (for instance if f is strictly concave). We have the following

Theorem 1. Let D be a convez subset of a real vector space. For cvery function f: D —
R the following implications hold :
(1) Ifte Wy, thenl-te Ww;.
(2) If s,t € Wy, then st + (1 ~-s)(1-t) € W,.
(3) If t € Wy, then nt/(k + (n = k)t) € Wy, for alln, k € N.

Proof. Implication (1) is trivial. To prove (2), assume that s,t € W, and fix z,y € D.
Using s-Wright-convexity and then t-Wright-convexity we get

f@) + f(v) 2 floz + (1 = s)y) + f((1 - s)= + sy)
2 f(tsz + (1= )p) + (1= (1 = )2 + ) + £((1 =)o + (1 = 3)y) + (1 = 5}z + 50))
=[((st+(1=s)1=t))z+(s+t—-2st)y) + f((s+t—2st)z + (st + (1 = 3)(1 —1))y).

This shows that st + (1 - s)(1 - t) € W,.

To prove (3), assume that t € Wy, take n,k € N, and fix z,y € D. Define

J+(i=j)
k+(n- k)t(" z)

Tij=z+
foralli € {0,...,n) and j € {0,..., k). Obscrve that

tzij+ (L= 3ip1j01 = 2ijp1 and (1= )zi; +Zig1 41 = Tigr,j
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fori€ {0,...,n~1} and j € {0,...,k = 1). Hence, in view of t-Wright-convexity, we have

F(zijar) + [ (2iar;) S [ (i) + [ (Zigr,j41)

fori€ {0,...,n -1} and j € {0,... k- 1).

Adding up these incqualitics for i = 0,...,n -1, we get

S (z0,j41) + f(zn,j) S [ (20,5) + / (Znj41).
Adding up again with respect to j =0,...,k — 1, we obtain
S (zok) + f(2n0) < f(20,0) + f(znst)-

This mcans that

nt k -kt k- kt nt
f(k+(n-k)z‘+k+(n-k)z”)”(k+(n-k)¢‘+k+(n-k)¢”) SJ(=) + 1),

Thus nt/(k + (n - k)t) € W, which was to be proved.

As an imincdiate consequence of the above theorem we obtain the following

Corollary. If a function f: D — R is t- Wright-convez with rational ¢ €]0, 1, then it is
Jenseh-conver. 7

Proof. Assume that f is t-Wright-convex with a rational ¢ €]0,1[. Since the number
/(1 = t) is rational and positive, there exist n, & € N such that

nt = k(1 -1). (+)

By implication (3) of Theorem 1 we have nt/(k + (n — k)t) € W;. But, in view of (»),
nt/(k+(n-k)t) =nt/(nt+nt) =1/2. Thus 1/2 € Wy, which means that f is Jensen-convex.

Remarks. 1. The third implication in Theorem 1 can be formulated cquivalently
as follows : Il t € W;, then t/(r + (1 — r)t) € W, for all positive rational num-
bers v This shows that if the sct W, is non-cinpty, then it is dense in jo, 1.

2. There exist irrational numbers ¢ €]0, 1{ for which t-Wright-convexity implics Jensen-
convexity. For instance, if ¢ = (2 + v2)/4 € W; then, by implication (2) of the Theorem 1,
t+(1-t)=3/4¢ W;. Thus, in view of the Corollary, 1/2 € W;. This holds true also for
higher order :llgcrbmié numbers, but the general form of those numbers is not yet known.



G. Haksa, K. Nikodem and Z. Pdles 277

Section 2. If ¢ € R is an algebraic number then the algebraic conjugates of t are the roots of

the minimal polinomial of t (see [3]). For an arbitrary value t € R, denote by L(t) the smallest
subficld of R that contains t. We shall nced the following

Lemma. (3, page 106] Let t € R be arbitrary and let 0 # t* € C bc cither one of the
algebraic conjugates of t (if t is algebraic) or a transcendental number (if t is transcendental).
Then there ezists a homomorphism ¢ : L(t) — C with e(t) =t°.

Using this result we arrive at

Theorem 2. If cither t €]0,1 is transcedental or it is algebraic and one of its algebraic
conjugates is oulside the open disc {z € C : |z — 1/2| < 1/2) then there czists o t- Wright-
convez, Jensen-concave quadratic function f: R —] - ©0,0] which is not Jensen-convez.

Proof. Applying the Lemma, we can find a homomorphism ¢ : L(t) — C such that
#(t) # 0 and |(t) — 1/2] > 1/2, that is

Re o(t) < le(t). (o°)

Let H be a Hamel basis in R over L(t) and let

o)=Y (), i z=) Lk (LeL{thhi€M, i=1,...,n).
i=1 i=]
Then the function a : R — C turns out to be a noncontinuous additive function satisfying

a(lz) = p(l)a(z), leL(t), z€e R.

Define
J(@)=~la(z)l’, ze€eR.

Then, an easy calculatign yjelds
(2) + f(y) = Sz + (1 = y) = (1 = Dz + ly) =2 (le(DI? - Re (D) la(z - v)|?

for z,y € R, | €]0,1[NL(t). Putting | = ¢, (+¢) implies that f is t-Wright-convex. On the other
hand ¢(1/2) = 1/2, therefore putting | = 1/2 we get that f is Jensen-concave. Since a is not
identically zero, hence f cannot be Jensen-convex.

Example. The algebraic conjugate of ¢ = (1 + v2)/3 is (1 = v2)/3 < 0, thercfore the
t-Wright-convexity does not imply the Jensen convexity for this value of ¢.
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POISSON AND FURSTENBERG BOUNDARIES OF RANDOM WALKS

Wojciech JAWORSKI

Presented by G.A. EfLiott, F.R.S.C.

Abstract: We study properties of the group action on the Poisson
and Furstenberg boundaries of random walks.

1. Definitions and notations

Let G be a locally compact second countable group and (X,4) a
Borel G-space with a gquasiinvariant probablility measure L ( ~
denotes the Borel sets). A transition probabllity P on X §s sald
to be G-invariant Lf P(gx,gA) = P(x,A) for all x € X, g & G, and
A € A. By a random walk on X we mean a Markov chain T with state
space X and G-lilnvariant transition pzobat;lllties- I_’I,Pz,... . We

@ @
set (Im,.ﬂm) = nox, no.d ] and consider this product as a G-space
n= ns= ¢

[ -] @
with the G-actlon g(xn)n.o =‘(gxn)

n=0 ° The Markov me?suze o with

starting measure % Is quasiinvarlant on (Im,dm). To simpllfy our
exposition we shall additionally assume that the measures

o, =aPr... P (@ (M) = Ja (d)P (x,4) ), n=1,2..., are

equivalent to g (this is automatically true for random walks on
G and its homogeneous spaces G/H ). We shall write L™(X) for the
G-space L"’(x,.n,ao) = L“(I,d,al) 2 Lee .

(-]
The asymptotic o-algebra is defined by ,‘(a) = No(X X 1,...),
n=0 n’“n¢

where xn:I°° +» X stand for the canonical projections. The iavariant

2(A) = A1) where 9:x + x® is

(a)

c-algebra reads A s aena ) o

o ® ()
the shift S(lx_ 1 _,) = Ix_ .} _o. Clearly, A s A and both

d(“ and A(a’ are invariant under the G-action on x®,

279
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DermNITION 1.1. The Poisson boundary L:( T) of the random walk T
is defined to be the G-space L™(x®,4'?) ,a) . The Furstenberg
#(1 )

boundary L‘r( T) is defined to be the G-space Lw(x“’, PX- 4

A random walk is stationary when Pl = P2 2 ... = P. 1In this
case and under the assumption that u°P~ og, the measure Jc,
(9a)(A) = a(s_l(ﬂ)), is equivalent to «. Hence, 9 Induces a shift
automorphism Of = f«9 of L:( T). 6 commutes with the G-action and

b?( T) can be ldentifled with the fixed polnt algebra of o.

2. Properties of the group action on the Poisson boundary
The group action on the Polsson boundary Iinherits many of
the properties of the group action on L"(x).

Let Li(&l) denote the set of probability measures In a gliven L1(3/)

DeFmaTioN 2.1. A G-space L™(Y) Is called approximately transit-
fve if for every pair v;,vz e L: (Y) and every ¢ > 0 there exists

1

v € L: (Y) such that the L -distances between LI {1 =1,2, and

the convex hull co(Gv) of the orbit Gv are both less than c.

Approximate transitivity was discovered In (1] as a property
characterizing the flow of welghts of ITPFI factors. We note that
1€ LQ(I) is a transitive G-space, i.e., isomorphic to L®(G/m) for
a closed subgroup ¥ S G, then L®(x) is approximately transitive.

Every approximately transitive G-space 1s ergodic.

DeFmuTioN 2.2. A G-space L™(Y) is called amenable if there
exists a positive equivariant linear map 3:L°(c) o L‘”(:y) - Lm(:!l),

such that &(1 © £f) = £ for all f e Lm(.‘!l).
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This definition of amenablility follows (2]; another known defini-
tlon (3] ls equivalent to ours in the case of countable G, and
always follows from ours. We note that L‘n(G) is always an amenable

G-space and L®(G/H) 1s amenable 1ff H is an amenable subgroup.

THEOREM 2.3. I£ L®(X) is an ergodic (respectively: approximately
translitlve, amenable) GC-space then L:( T) is also ergodic

{respectively: approximately transitive, amenable).

We remark that, In general, transitivity of t®(x) 1ia not
inherited by the Polsson boundary.
For a proof of Theorem 2.3 see (2,4). (Note: the proof of amen-

abllity In (2) has a gap. A correct proof is given in (4].)

3. 8Special propexties of the Puratenberg bounda:y

For the remalning part of our paper we sh_all. be concerned
exclusively with stationary random walks.

Theorem 2.3 remains valld for the Furstenberg. boundary. Aln fact,
for every stationary random walk T one can always ‘find another
stationary random walk T° such that LT( Tr) is G-lsomorphic to
L:(T'l. However, when LQ(I) is a transitive G-space, the Fursten-
berg boundary in addition to being approximately -transitive has

often the following stronger property:

DEFINITION 3.1. A G-space L™(Y) I5 sald to have property xr, i1£

there exists v € Li(y) such that colGv) Is dense in Li(j/l.

THEOREM 3.2. If L2(X) has property AT, then so does LT( T).

Obviously, when X is a countable transitive G-space, then AT, is

a property of L"(x) and, hence, also of LT( T). However, the AT,
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propezrty holds under more general conditions:

Let X = Gand u = P(e,*), where e is the identity of G. The
random walk T on G defined by P is called spread out if there 1is
an n = 1,2,... such that the n-th convolutlion power un is non-

sinqgular with respect to the Haar measure.
THEOREM 3.3. If T is spread out then LT( T) has propety AT,.

There 1s a stralghtforward generalization of this theorem to
random walks on homogeneous spaces G/H.

The AT, property ls a rather strong one:

THEOREM 3.4. Let (Y,8) be a Borel G-space with a o-finite G-
lnvariant measure «. Assume that L”(.V) has property AT,. Then « is
purely atomic . If (Y¥,3) Is a countably separated Borel space,

then G has a countable conull orbit In Y.

Let X = Gand u = P(e,*). The random walk T defined by P is
called adapted Lf no proper closed subgroup of G contalns supppu.

Theorems 3.3 and 3.4 have the following consequences.

COROLLARY 3.5. Let T de an adapted spread out random walk on G.
I£ there exists a o-finite G~-Invariant measure on (IQ,.#(”), equi-

valent to o - then LT( T) is trivial.

COROLLARY 3.6. The Furstenberg boundary of an adapted random walk

on a countable group G is either trivial or properly ergodic.

By Corollary 3.5 the known examples (5,6) of random walks on G
with non trivial boundary are examples of G-actions with no

o-finite G-Invariant measure. We remark that Corollary 3.6 falls
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for uncountable groups, e.g., for adapted spread out random walks
on semisimple Lle groups (5]).

Proofs of Theorems 3.2-3.6 can be found in [4]).

4. The relatlon between the Polsson and Furstenberg boundarles

The Furstenberg boundary of a stationary random walk can be
deflned as the flxed point algebra of the shlft automorphism &
acting on the Polsson boundary. In the case of spread out random

walks on G the action of 6 admits the following factorization.

THEOREM 4.1. Let T be a spread out random walk on G and let
C be the cyclic group (aj’jez . Then the Polsson boundary L:(T) is
isomorphic to LT(T) [ L’(C) 30 that 6 corresponds to id ® @' where

8°:LP(C) - L™(C) is the rotatlon 8" £lc) = fice ).

This result has a generalization to random walks on homogeneous
spaces G/H. 1ts proof relies on an application of one of Derrlen-
nic 0-2 laws (6] to show that the action of @ 15 . es;entlally, a
smooth action on any atanda;d pointwise realizatlion ;t L:(r) (the
smoothness falls without the spread out assumption). We remark
that the G action on L?(T) @ LQ(C) arlsing from the lsomorphlsm
with L:(T) can be described, In terms of pointwise realizations of
L:(T) and LT(T), as a skew product action. Under certaih addition-
al conditlons for the measure p = P(e,°) the situation is slmpler:

Denote by S the open semigroup of elements g € G such that for
some k pk (4 = Ple,*)) dominates a multiple of the Haar measure
on a neighbourhood of g (when G ls countable, S is the nemlgzoup
generated by suppu). We say that the random walk T defined py P

satisfles condition S 1f ss ! = G.
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THEORE™M 4.2. Let T be a stationary spread out random walk on G
satisfying condition S. Let N denote the smallest closed normal
subgroup of G such that Ple,EN) = )1 for some £ € G. Then the
Polsson boundary |Is G-isomorphic to the tensor product
LT(}) () LQIG/N) equipped with the product G-action. Moreover, G/N
1s a cyclic group and @ corresponds to id @ ©° where ©' is the
rotation 6° :L(G/N) + L™(G/N), (0° £)(x) = £(x(EN)) defined by the

cosét IN containing suppp .

ve remark that there exlst examples of adapted random walks on
countable G where Theorem 4.2 fails, l.e., the perlod of € does

not colncide with the index of ¥ in G.

A proof of Theorem 4.2 is glven in (4]).
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SUR UNE PORME DE LA SOLUTION DE L°’EQUATION DE TRANSLATION

Zenon Moszner

Presented by J. Aczel, F.R.S.C.

Résumé: Bn considérant les théorsmes 1 et 2 de J.Aczél dans (1)
(p.367-370) ,0n donne des conditions nécéssaires et suffisantes
pour que la solution PIR"x2™ — RB" de l‘équation de translation
P(x,U+V)=P(P(x,U),V)
goit de la forme
P(x,U)=k"[k(x)+CU],
o k:R"—sR" est une bijection et C une matrice constante a
dimensions nxm,de rang égal A min(n,m).0On donne aussi une

généralisation du probléme congidéreé.

Introduction
J.Aczél dans (1] (p.367-370) a démontré les résultats
suivants:

Théoréme 1.S1 n > =m et si pour une constante AcR™ 1l’équation

P[[:],Y]=x,gg naR™", YaR™ et xaB",peut otre pour chaque x

résolue uniquement par rapport i y-[:],alors
(1) P(x,U)=k"* [k (x)+CU],

avec une fonction bijective arbitraire k: R"— R" et une

e p——

matrice constante arbitraire C= GE] ( C‘ est une magrice

carrée non singuliére 4 dimensions m ) , est la solution

gon‘rale de
(2) P(x,U+V)=P(FP(x,U),V),

o xeR” et U, VaR™.
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Theorsme 2.Aussi dans le cas cd n < m,la solution générale de (2)

est la fonction (1), k: R"—eh" étant une bijection
arbitraire et c-(c;c_) une matrice constante arbitraire (C,
est une matrice carrée non singulisere A dimensions n ) , E;ii
existe un aeR” tel que Pla,m]-x,gg_ xaR", UaR" et

ueaR™ ™, posséde une solution unique U'gl[:]ll g étant une

fonction de x et u continue ou bornde.

On sait [2] que chaque solution de l’équation de translation
(3) P(x,U.V)=P(F(x,U),V),

o3 P; 'xG —s [, est un ensemble arbitraire et (G,.,e) forme un
groupe, est de la forme

(4) P(x,U)=g." (g, (h(x)).U] pour h(x)el,

od h: ' —s ' est telle que h(h(x))=h(x),

(s) h(r)nu‘cjxr"' r‘knq;, l‘kd’.-q; pour kxs

et pour chaque keK i1 existe un sous—groupe Gu de G dont 1l°’indice
egst égal A la puissance do.l‘k at 9, est une bijection de l‘k A la
fanlile des classes d‘équivalence A droite du groupe G par
rapport au sous-groupe Gh.

Nous avons d’aprés (3] et [4) les conclusions suivantes:
1.P(.,U) est univalente si et seulement si P(x,e)=x pour chaque x
der (c’est la condition d’identitsé).

i.l’(x..) est univalente si et seulement si Gk-(el pour chaque k
de K.

3.La solution P de (3) est disjointe,c.a d.

Vxal" YU ,U &G [P(x,U )=P(x,U )e=> Vye :P(y,U)=P(y,U)],

81 et seulement si

Gk-N:=-|UcG:Vx¢r: :P(x,U)=x) pour chaque k de K.

Résultats fondamentaux

Nous allons donner généralisations des théorsmes cités.
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Théorsme 3. La solution P(x,U) de l’équation (2) pour a > m,

est de la forme (1) si et sculement si

(6) P(.,U) est univalente pour tout U de R",

(7) P(x,.) est univalente pour tout x de R",

(8) la puissance de la famille # des fibres transitives de P,

c.A d. des ensembles {F(x,U) :UaR™), est é4gale A la puissance

du continu.

Démonstration de "seulement si*.

Il est évident que pour U=0 on a P(x,0)=x,d’ca F(.,U) est
univalente.Il résulte de k[P(x,U)]=k(x)+CU que P(x,.) est
univalente.D’aprds l‘univalence de F(.,U) la reunion des fibres
transitives de P est égale & R",puisque k est une
bijection,k[P(x,U) ]=k(x)+CU et les fibres transitives soat toutes
disjointes,donc # a la puissance du continu.

Démonstration de "si”.

D’aprads nos suppositions,P a la forme (4):
P(x,U)=g *[g, (x)+U] pour xal,

ot g ,pour 1 de L,est une bijection de r,a R",jr forme une

L l'lG..

décomposition de R" aux ensembles non-vides et disjoints.Puisque
les [, forment des fibres transitives de F,donc la puissance de L

est égale au continu.Soit h une bijection de L o R"™™.La fonction

k (x)=.gt(x) pour x de I
(=% ) 1

est une bijection de I 4 un hyperplan de R" A dimensions m.La

fonction k= WV kl est une bijection de R".Supposons que xcrl,alors
L&L

aussi

g,  [g, (X)+U]=F (x,U)er,,

k[?(x,U))=[9L](:::;u]=[gt(:::] + [g] = k(x)-o-[:‘)‘],


http://unlvalente.il
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En posant que [g]=cu,11 en résulte que
P(x,U)=k‘[k(x)+CU],
c.q.f.d.
Pour n=m,les fibres transitives séront confoodues et avec 1la
condition P(x,e)=x nous aurons la puissance de & égale a 1.
Nous avons donc

Théoréme 4. La solution P(x,U) de l’équation (2),0d n=m,est de

la forme (1) si et seulement si (7) a lieu et

(9) P est transitive,c.A d. Vx,y «R" 3 UaR™: P(x,U)=y.

Supposons maintenant le cas cd n < m.Pour généraliser le
théoréme 2,nous allons appliquer le théordme 2 dans (2] (dans ce
théorsme la supposition que G est indénombrable a été omise 1)
comme (R",+) et (R™,+) sont isomorphes.

Nous avons donc le

Théoréme 5. La solution P(x,U) de l’équation (2),0 n < m,

est de la forme

(10) P(x,U)=k"" [k(x)+1(U)],

od k:R"—sR" est une bijection et 1 est un homomorphisme de R™ &

R" ,s51 et seulement si (6) a lieu et de plus

(11) tous les sous—-groupes de stabilits de P,c’est-A-dire les

ensembles (UeR™:P(x,U)=x} , sont égaux et ils forment un espace

vectoriel sur le corps des nombres rationnels Q,

(12) la famille des fibres transitives de P a la puissance

égale 4 1 ou transfinie.

Nous donnons un exemple qui montre que les suppositions
(6),(11) et (12) sont plus faibles que la supposition du théorasme
2. Soit n = 2 et m = 3 et posons que G=((U‘,U.,U.)-n’:u;=0|.Soit
a une bijection de R® sur R%/G et P(x,U)=g '{g(x)+U].On peut

facilement vérifier que les conditions (6).(11) et (12) sont



Z. Moszner 289

satisfaites.Il n‘existe pas un x de R* tel que
P[x,(u‘,u.,u.)lnyqnf a la solution unique par rapport a (u,.u)
pour chaque lk de R et chaque y de R*.En effet pour x donné,nous
avons
Plx, (U,,U,,0) =g [g(x)+(U,U_,0)]=x
pour chaque U‘,U. de R.
On peut généraliser le théorame 5 du fagon suivant.

Théoréme 6. Soit donné un groupe (H,+).La solution P de

l’équation de translation (3) sur le groupe (G,+) est de la forme
(13) P(x,U)=¢™ [¢(x)+c(V) ],

o) ¢:f —» H est une injection et c:G —b H est un

homomorphisme,si et seulement si (6) a lieu et

(14) 11 existe un monomorphisme i du groupe G/N dans H,oqa

N:={UaG:¥Yxal:P(x, U)=x),

(15) la puissance de la famille 3 des fibrgijrﬂnsitives de P

est plus petite ou égale & 1l’indice de 1i(G/H) dans H,

(16) P est disjointe.

Démonstration de "si”.

Soit i: G/H —9 H un wonomorphisme, soit K tel que dans (S5) et
prenons y:K —s H,telle que v(k‘) et w(k') appartiennent a
différentes classes d’équivalence a gauche de H par rabport 'y
1(G/N) .Prenons P de la forme (4) et définissons

c(U)=1i(UN) et ¢(x)=w(k)+1gk(x) pour xcrk.
D’aprés (16) chaque 9, est définie sur G/N.Nous avons
¢ [w (k) +ig, (x)+4(UN) J=9™ [y (k) +1 (g, (x)+UN]=g]* [g, (x)+UN]=F (x,U),
car ¢lg.' (g, (x) +UN) J=p (k) +1 (g, (x)+UN).

Démonstration de "seulement si™.

Le monomorphisme i est donné par la formule i(UN)=c(U).La

définition est correcte puisque N est égal au noyau de c.



290

Z. Hoszner

Pour démontrer (15) remarquons que d’aprés (12)
#(P(x,U) =g (x)+c(U),

d’od chaque fibre transitive de P (c.o d. chague ensemble
{(P(x,U) :U«G) ) est transformée par 8 en une classe d’équivalence
'y gauche du groupe H par rapport au sous-groupe
c(G)=1i(G/N) .Puisque ¢ est injective,les fibres transitives
differentes (comme disjointes) sont transformées par ¢
classes diverses,d’od (15).

La condition (6) est évidente.Puisque chaque G& est égal au

,noyau de c,la condition (16) a aussi lieu.

Remarque.Si P est disjointe,il existe toujours un groupe H
remplissant (14) et (15).En effet posons H=(G/N)xK (le produit
cartésien) , o0 dans K on donne une structure du groupe
quelconque.Dans ce cas 1(a)-(a,k°),si aaG/N et ko est 1l’élément
neutre ae K,est le monomorphisme exigé.

Remarquons encore que (13) est bien définie si et seulement si
#(C)+c(G) < ¢(I') et dans ce cas elle est une solution de (3).
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