
C.R. Math. Rep. Acad. Sci. Canada 

Vol. XIII, No. 6 December 1991 décembre 

CONTENTS 
H. BEN-EL-MECHAIECKH 

General fixed point and coincidence theorems for s e t - v a l u e d maps 237 

S. SHOKRANIAN 
The twisted L2-Lefschetz number of Hecke o p e r a t o r s 243 

D.F. ANDERSON 
The kernel of P M R Q ) •• Pic(R) for R a graded domain 248 

O.H. KEGEL and S. WUJIE 
On the orders of elements of a locally finite simple group 253 

M. KANEMITSU, T. SUGATANI and K. YOSHIDA 
Note on the dual of an ideal in a Noetherian domain 255 

R. SHARMA 
Second order p a r a l l e l t ensors on con tac t manifolds I I 259 

M.S. NIKULIN 
A chi-square goodness of f i t t e s t for natural e x p o n e n t i a l f a m i l i e s 
with power variance function 265 

C L . STEWART 
On the number of solutions of polynomial congruences 271 

G. MAKSA, K. NIKODEM and Z. PALES 
Results on t-Wright convexity 274 

W. JAWORSKI 
Poisson and Furstenberg boundaries of random walks 279 

Z. MOSZNER 

Sur une forme de la solut ion de l ' é q u a t i o n de t r a n s l a t i o n 285 

Mailing Addresses 291 

Index - Volume XIII 292 



C.R. Hath. Rep. Acad. Scl. Canada - Vol. XIII, No. 6, December 1991 décembre 237 

fiENERAL FIXKD POINT ANH mTNrmPNrir THFORF.MS 
FOR SET.VAIJIKn MAPS 

by 
RBen-EI-Mechaieldi 

PuzAvnted by P.A. FiJUmoie, F.R.S.C. 

ABSTRACT. This note follows [1]. [21. and (31; its purpose is to pat on record some general 

fixed point and coincidence theorems for an abstract class of set-valued maps defined on subsets of 

topological vector spaces, namely the class of approachable uscos. Our results include numerous known 

theorems for both the convex and non-convex cases. We essentially present generalizadons of the Fan-

Giicksberg-Kakutani fixed point theorem lo non-necessarily convex maps, and we derive some very general 

coincidence properties for such maps. The resells presented here find numeroos appUcations to Ihe theory 

of dinerential inclusions, as well as to non-convex minimax theory. Details will be published elsewhere. 

I. PREREQUISITES. In this note, a space is a Hausdorff topological real vector space. Given 

a space E, iVgCO) will denote a base of open circled neighborhoods of the origin in E. Set-valued 

transformations are simply called mans and are denoted by capital tettos (A. B,...), while small letters (f. 

s,...) are used for ordinary single-valued functions. Given a class fi of maps and two sets X. Y, we write: 

fi(X,Y)=i { A : X - » Y I A e fl); fl(X) = a(XJO. fl'(X.y) a { A : X - » Y I A ' ^ fi). Given two 

topological spaces X and Y, an \asa ftom X into Y is an upper semicontinuous map A: X - • Y with non-

empty compact values. 

An important tool in fixed point theory for set-valued maps and related topics is Ihe 

approachabiliiy property of these transformations by single-valued continuous functions. The use of 

'approximate selections* goes back to the work of J. von Neumann on minimax theory in Rn. This 

approach was extended to the infinite dimensional setting in numerous situations by several authors, such 

as A. Cellina, A. Cellina-A. Lasota, A. Mas-Colcll. A. Granas-L. Gdmiewicz-W. Kryszewski. A. 

McLennan, L. Gâmiewicz-M. Lassonde. H. Ben-Et-Mechaiekh-P. Dcguire, etc... (see [I], (2), (3) and 

icreicnces therein). 

This research waa supported in part by a grant from the National 
Reaeacch Council of Canada 
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DEFINmON (l.l). Civeo U e 3%10) aad V e s^O). a functioa •:X-»Yùiaidiobea (U.V .̂ 

«JfiCUflOofAiffofeachxe X.i(x)e (A((i + U)n XI + V)n Y. We pou Q(A:U.V)o (,; x - • YI• ii 

a coaUmioui (U.V ŝdectiiM of A|, and we defiae the class of tlsmadhAlikJIUia by piuing: 
f (i) A il aa usoo from X into Y; 

A e -*(X.Y) » { 

U") Cl(A;U.V) ̂  0 (or any U e 9^(0) and my V e 9^.0). 

Tbe class A aunes nice stability propetties for basic opentioo* oa mips such ts tesliiction, 

composition product, cinesian product, domination of docuia. etc.... We present wiiboul poofs some of 

ihese pnpeities auciil to the sequel 

PROPOSITION (12). (i) ffiBiiritiinfl). Lu X. Y ht t ^ « . I ^ I . «r ^ , , . E i p B a B a i M t o c i 

aanBacLsdisfLfll x.iûOJa A: x -» Y te i USE nan. HKDIDLUXUC 9^(0). V e a^wn. iher» > . ;« . 

finilt i i i tn f iN . lx , . ! ; x.1 PICal^lU_^elU^ e i^m>. ir e u. «ich ih.t fnr «ny . . .K^, n nf V 

tBouioin» N. sic ̂  D e Q(AIC „ ^U.V) emridai s e 0(A;U-^ V). 

(ii) (Cancsian Prnduci). Lei I be tn aibiimv indti «t «nH ^ A. C -1(Y V.) i -= 1, (Y, bcioLLlutiscLBLa 
aBttcFiLThtniticnmlufiiniinAiX^Y- fjYjikûiBiiaAtx)- J lAjd i » in ^ f x Y> 

• e l i e i 

(iii) (ComnosiUPn PinducH. Lei X. Y. Z be Ihree »uh«K in ihm^ <1w^1 E. F fi fe-ineciivelv unil If i A c 

«l(X.Y). B E A(ZX\ It Zii compact, ihen AB e «l(Z,Y). 

Tbe class o( (ppcoachablc mips is quite large tod coottins several subclasses of mips useful in 

opcimiitlion and in Ihe theory of diffemuial equaiioos tod diffoealial inclusions. We list now without 

proofs some inleicsiiag uvnples of approachaUe maps. 

PROPOSmON (1 J). a3|). (i) (£uaa£aaÙ. U X is pammmp .̂ . ^ y uonve» Hm 

X(X,Y) - | A : X - » Y I A i s t n usco with convex vtlues] c «KX.Y); 

(U) <rnnifiiriihli! PamV If X i< « enmpaci ANR and Y u eonven ttum 

C(X,Y) - {A:X-*YIAis ia usco with coaoactible valuea) c *l(X,Y): 

(iii) (Nnnwjwimriihk TIMV If X li « CQaggg ANR «nil V u irtiimify ihgn 

0(X,Y) - (A: X - • YIA U tn usco wilh PC" «lues ( , ) ) c JUX.Y). 
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REMARKS. (1) 1, U cle» thtt tta telorik». fa W are lopologi«I ta nattro « d dw DO line» 

s i r u c i a r e b i « d 0 l ( t h e « o v e x l t y o r Y i , t b ^ o r e « B « e a s ^ « l c « . b e r e p l « « d b , . ^ 

In the finite diiiHMtonal c « (X c B - E m . Y c F - E ^ fui WM obttù^ by M M ^ W L In the metric 

spaces case, (iu)ls due loGr«nts<amiewia.Kfyitew«a. U WM proven fa 0 ) itat both Ci) and (ill) hold 

ifll«doeulnXbefc»piothel^erdta«ofspBcetdomfat«edbyfinItepolyhednt (2) If Y b • ANR. 

then B(X.Y) coottin, C(X.Y) (thus (ii) follows Éwn rdi)) M weD «s the da» of uscos with Rs-vriuet 

(decre«mg sequencer/eanptctcootr«tib!e«ptee»)iiiip«taiafathetheoryofdiffewilW (3) 

Also, if Y ban Afm, then fi(X.Y)eootains«UBSco« having trivial dupe values. (4) The cUss D(X.Y) 

also contains the cbss of ose maps liking non-empty decomposable vtlues fa decompoable subsets of 

L (T.E) defined by Bressan-Colcmbo (see rtfcraice fa (31). 

2. FIXED POWT AND COINaDENCK FOR AFPROACHABLK MAPS. We present fa 

thb SKrion some gtnml lUed poim tnd cxitodderw thewemt for tppro^ 

refer lo (2] and |3]. 

Two maps A, B: X - • Y tie said to htve t soiaBillaiac if Afx,,) n Bd,,) * 0 for aome x,, e X. or 

equi»tlenUylfGriph(A)r.Ortph(B)*0. If A: X-» X b t telf mtp. then x0 e X b t fijaljimal for A 

' % € A(x0): the set of til fixed point of Abderwed by Fta(A). CiventintpA:X-»Xtndtf«mily tl 

of subsets of X.t point x0 6 X b a «-fixed pnim for A if there exists i set U e « such thw (î) x e U 

and(iOA(xo}rtU#0. To relate thb concept to that of fixed point, we have: 

LEMMA (2.1). LaXbcaBrol iTtnmlnr int l iT iTindA:X-»xhet«rm m w;th f i«^ Y n t o 

Aaumc fla Ibae « I w i coftmil fnmilT nf nnaumna fol nf Âôô fa x such that A fm n «.nmaUmiiu 
fSLSKh « 6 (U) . UKOFix(A> « 0 . 

Since each open cover of a compact subset of a uniform space is a uniform cover, it follows thtl 

every such space admits t cofintl ftmity of open covers. Therefore, for compact mips, it b suffieient to 

establish the existence of 'almost fixed points* in order to ensure the existence of t fixed point. The 

following fixed point property follows el once from the definition of the class A tnd the temmi tbove: 
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PROPOSITION (2.2). U l X be a commet subset of a space E. and kl A E A.ÇK). Dun Rx(A) K 

0 proviifeil X hn the fiicil nninl nrnnenv fnf single-valued comimioiK fimciinm 

Recall that a subset X of a space E b nlmtwi ennve. if for any U e 9^(0) and for any finite subset 

1*1» *2 ^I o f x 'h e r e e*'au • n n U c î u , , s e l !»!• "Z* " • »») o f x ««h Uwt Xj - ij e U for all i, and 

Coov | x j . xj xn ) c X. If X b almost convex, then it b a dense subset of its convex hull Conv(X). 

The next result generalizes a theorem of Himmelberg which itself extends the fixed point Iheorcm of Fan-

Clicksberg-Kakutani (see reference in (3|). 

THEOREM (2.3). Let E he a locally rnnvex mace «nd ki C he a compacr «iih«i nf E containing 

an almost convex den« <uh«i X. U A; C - • C ituaLnnd Alx e *l(X,Q. thai Fix(A) * 0. 

THEOREM (2.4). U l X be a convex suhiel nf a Inrallv conve» tjnc* E. and 1^ A E AÇX) bea 

comnaci map ihin Fix(A) > 0. 

PROOF. Without loss of generality, suppose that the space E b complete, and let K be t compact 

subset of X containing A(X). By the previous theorem and since the convex set C » Conv(K) b a compact 

subset of X. it is sufficient to show that the map A ^ C -» C defined by A^x) = A(x) r> C u in .•1(C). 

Ut U, V E 51̂ (0) be two arbiirary open neighborhoods of the origin in E By the proposition (1.2) 

(i). there exists a finite subset N a {x,,X2,._,xnJ ofCtndasetlTe 5%(0). LT c U. verifying: 

l»i + 4 v I. '« a» ope" «over of K, and SIQ E ^(AlciU.iv) provided s e (KAjU'^V). 

I n | 
Lei s é QCAiU'^V), and let i i v: VJ(XJ + jV) -* C be the Schauder projection associated with 

2* • Clearly, the function Kyslç: C -» C is weU-defined and continuous. Moreover, it verifies the 

inclusions iivs(x) e (s(x) + ̂ V) n C c (A((x •U)<iC) + | v ) o C c (A((x + U)nC) + V)r>CforaU 

XE CQ 

REMARK. As a pariicular case, ihe closed unit ball Bn, n 2 1, has the fixed point propeny for the 

class •%, and one can deduce a very general fixed point theorem for approachable maps defined on some non-

necessarily locally convex non-metrizable spaces (see |2J theorem 0.7)). 
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THEOREM (ZS). Let X be t subset cftSBtccE. Y be t convex subset of a Inrallv convex inaee 

F. BOdJEl A. B: X -» Y be IWB.iaet». If A e A(X,Y) I m m a j B d B ' ' ^ . ^ e A(Coov(N)^) LK 

anv rinite subset N of Y. then A andB have icoinctdence-

PROOP. Given V e 3^0). let N - {y|£ A(X). I S I S n) be such that (yj + | v ) j b in open cover 

n j 
of the compact subset K m A(X) of Y. Let Ky : u(yj + rV) -» Cy - Conv|N) be the Schauder projection 

associated wilh rV. We claim that tbe map Ay: X -> Cy givea by Ay(x) » (A(x) -f V) n Cy b fa 

AÇX.Cy). It b indeed routine to verify thu Ay b ta uaea fa enter to tee that Ay b tpproachaUe, let i be 

tny function in CU^U.V) where Y E tCCO) salbfiet V c jV tod let U e %(0) be arbitrary. Clearly, t(X) 
n 2 

c v->(yj • ;V) and consequently, the function Xys: X -> C b well^ieffaed tnd cootinoous. Il verifies the 
2 

inclusions xys(x) e (s(x) + ?V) n Cy c (A((x + U) n X) + V) n Cy c Ay((x + U) n X) for til x e Xthtt 

b x y s e 0(Ay;U.W)fortny W E 3^0). The aet U being trbitnry. it follows that Ay b spproachible. 

By hypothesb. B 1̂  E AiCyX) tnd by ihe prapoaitioa ( U ) (iii) the product AyB l c e 

•4(Cy). The existence of t fixed point for dus map b provided by tbe proposition (Z2) tnd the Brauwer fixed 

point theorem. Such t fixed point b an 'almost fixed point* for the compact usco AB tnd the usual 

compactness argument based on the lemma (2.1 ) ends Ihe proof .Q 

We formulate now t coincidence theorem for tn infinite col lections of approachable maps. 

PROPOSmON (2J6). U t (Xjjjg , be « enllnrfim nf enrnpaet tntrnt Mfh of which brin» in « mace 

E. and such Ihal for each finile si»h«t r of L Ihe nmdiict Xy - JJXj bm the Bad PQtlll PtnBCllY fw 
le r 

enntimiom functions , EttLCKll j 6 I. la X' « PIXj tnd let Aj E AÇK'JCô. HKD <"> Graph(Aj) * 0 . 
16 I.i * j ^ 6 , 

PROOF. For any x E X « FTXj, let x" = p'(x) be the jth-projection of x onto X'. It b therefore 
i e I 

* -I * 
clear that n f A * 0 if and only if for each j e 1. Xi 6 Ad.*') for some point x E X. By the 

je I AJ ' , 

proposition ( 1.2) (iii). and since X is compact, the mtp Xj > Aff e AfX.Xj). Consequent!y. tnd by the 
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proposition (1.2) (ii). the map A: X -» X defined by A(x) = J^ Âj(x) u in AÇK). By the proposition 
i e I 

(2.2). and since X has the fixed point propeny for continuous functions. Fix(A) x 0; thaï b. for each j E I, 

Xj £ ÂjM = Aj(xJ) for some point x E X tnd the proof b compkle.Q 

When all ihe spaces Xj are convex tnd compact tnd the maps ue of type K (convex case), we 

recover a theorem of Granas-Liu (see referenoe fa (31). As tn illustntion. we fonnuUie now to iniersccoon 

theorem for non-convex maps. By Ihe propositioa (I J) (iii), the class X)(X,Y) b contained in»4(X,Y) 

whenever X is a compact ANR, and since tny compact AR hu the fixed point property for continuous 

function, it follows: 

COROLLARY (2.7). U l IXjl, c j be a collectinn nf mmp»-. AR-, Pn, ,.rh ) c I.iuAjE 
OpcJ.X:). Than r> r A . * 0 . 

J j E I AJ 

NOTES 

A subspace Z of a topological space Y b called k-PCx (k-onixmiallv connecied in Y) for k 2 0. if 
for each neighborhood U of Z in Y there exisu a neighborhood V c U of Z fa Y. such that the morphism 
induced on homotopy groups i, : Kk(V) - • iik(U) b trivial. Z b called PCy if it b k-PCy for aU 0 S k S n. 

ZisPC" ifilbPCyforailn. 
(2) 
w Given a finite subset N = (c,. Cj cn) of a locally convex E, Ihe Schauder pm^tinn associated 

n , £ P ^ . 
with an open sel U 6 5^(0) is the function atf KJ (Cj + U) - • E given by it^x) =1-^-1 for all x. 

'" ' i I "^ 
Here, ̂ (x) = max(0.1 - p^x -Cj)], py being the Minkowski functional of U. It b readily seen that 
iiu(x) - x E U and that )iu(x) E C = eoov(N) for all x. 
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THE TWISTED ^ - L E F S C H E T Z NUMBER 
O F H E C K E O P E R A T O R S 

Salahoddin Shokranian* 

Ptt&eitted fay J. AnXhwi. F.R.S.C. 

Abstract 

In this paper we give a formula for the L'-Lefschetz number of Hecke 
operators on a twisted group, uaing the twisted version of Arthur's trace 
formula. Our main results are theorem 5, and theorem 6. 

1. The present paper may be considered as a continuation of our previous 
paper [S|. We thus freely use the notations and the terminalogies of [S|. When 
a notation is not explained we indicate a reference. Our references here will 
be the continuation of those in [S|. 

2. For / e Ce
C0(G(iR)) define tbe twisted operator 

**{/)**{€) = j o m /(.^(e-'C.Htfa:. 
Then, make the following assumption. 

Assume that there ia a function'/p € C"(C(iR)) (called twisted pseudo -
coefficient) such that for a e—stable ICR 

( - i ) ' ^ if ir* e nJG{JR)), 
0 otherwise. 

tr{*ii{fp)*B{f)) = 

Note that, we are writing r(G) = dim(G(JR)/K'(iR)). 
This assumption in particular permit us to relate x'^n) ^nd the twisted 

trace tr(jT|i(/p)irf}{e)) by analytic continuation of tempered characters, i.e.. 

Then, by the general argument as in [Aj, if we set 

z = Zooio € G{R)G{Aa) 
'Supported in p u t by NSERC-Cwada, and I.P.M.-traa. 
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and 
(^®A)(x)=^(io o )A(x0) , 

where h € M, we get: 

lr{*{fr®h)n{e)) = (^(A)(/M ®/i)(x)7r(e-,(x))di) 

= trirji(/i.)-tnro(À,e). 

We have thus proved the following lemma. 

Lemma 1. With the notations as above we have 

«en(C(A)) 

In particular this result enables us to calculate the number L{e,n,h) by 
means of the twisted trace formula [CLLj. 

3. As it is known, the trace formula is an identity between two distributions 
[Aij. This is also the case for the twisted trace formula. To be more precise, 
let G* be a non-connected reductive group over Q. Let G be a connected 
component of G* such that G«?) jt 0. Let us write G+ for the subgroup of 
G* generated by G, and G0 for the connected component of the identity in 
G+, where we assume that G+ is reductive. The group G+ is then called the 
twisted group over Q. Thus e-twisted group [Sj is an example of our twisted 
group here. To see this let « and G be as in ((SJ, §2). Then G' = G X (e) is 
a non-connected algebraic group whose number of connected components is 
equal to l, the order of (e). Denote the elements of G* by ^ x i where geG, 
t € («). Then consider the connected component G{t) = G x f, {l e (c)). It 
is clear that G+ = G', and G0 = G X c S G. where c is the identity element 
of (t). In G* the multiplication ia defined by 

[9l*ti){92*h) = {gl{ti{g2])xtll2), 

where t,(ff2) is the action of f, 6 (t) on g2 € G. Here we adopt the notions 
of [A3|. Let P be a parabolic subgroup of G S G X e, P+ is a parabolic 
subgroup of G', and P = P + n G is the parabolic subset of G = G x £. Let 
M = Af+ n P. be the Levi component of P, where M+ is the normalizer in 
G of aome Levi component M of P, defined over Q. In fact both P and M 
are subvarieties of G defined over Q. Now. let 5 be a finile set of vahationa of 
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Q. Let Ç5 = Il Qp- With the notations of (ASJ, define the twisted weighted 
pes 

orbital integral 

where v^{z) ia the twisted weight function defined by means of a twisted 
(G, A/)-family. 

4 The twisted trace formula is an identity which consists of a geometric ex-
pansion, and a spectral expansion. We recall that theae expansions are the 
following: 

/'(/) = E E \WoMmf\-lLttM**i*)I*{*,f)dn 

IV) = E IW^lKr1 E a*(5.7)/*(T./). 
fieh ie(AK»)A l5 

for the unexplained notations we refere the reader to (A4|, (A5|. 
To exploit the twisted trace formula and to apply it for the determination 

of the twisted L 2 - Lefscbetz number, we must have an invariant version of 
these identities. Such identities can be obtained once we. have proved a twisted 
version of the Paley-Wiener theorem for real groups (|A5J, App.). We thus 
assume that the twisted trace formula is in invariant form. 

Now, let \\(M+[Qs)) denote the aet of equivalence claaaes of irreducible 
(admissible) representations of M+{Qs) consisting of those n whose restriction 
jr0 to M0[Qs) remains irreducible. Then we write ni(M(Çs)) for the subset 
of representations n in Ï\{M*[Qs)) auch that ir0 is tempered. For auch a tr 
one defines the representation 

i rA (x) = j r ( i ) e A < f f c W ' , 

where x € G(>{Çs), and ^ E a'G(f (cf. [A4|). Based on these notations we 
define the g-twisted Fourier transform 

where X G aG,s-
Let J/(G(A)) be the Hecke space of G (cf. [A4)). Suppose that / € 

)I{G{A)), then / ia a finite combination of the product fl/p. w't'1 fp € 
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H{G(QP)). Say tliat / is t-cuspidal, if there arc l prime numbera pi G S 
(t = ! , . . . , < ) such that 

/p..Af = 0, 

where Ai G LQ (for notations see [A4]). 

Theorem 2. If / is 1—cuspidal, then 

/'{/) = E E «SucOOAîK/). 
' - " ' ^ d i s c ^ 

Proof. See[A5l ,Th. 7.1 (a). 

Lemma 3. Suppose that there is a prime p G Q, such that tr(n{f^)n{e)) = 0, 
for any representation JT G n u n i t (G(Ç p ) ) which is a constituent of a (properly) 
induced representation <rc, where a G Uuaii{M(Qp)). Then 

/ ' ( / ) = E i r ( / ï d i 3 C ( / ) P ( 0 ) , 
C>0 

where ^ j g c j is the regular representation of G(A) on 
Z'di3c1i(G(<?Mc.co\G(A)). 

For the unexplained notations and a proof see [AS], §4. 

Lemma 4. Let /„ be the twisted pseudo-coefficient, and he X. Then /p®/ i 
is I—cuspidal. 

Proof. This follows from the definition of i-cuspidality and our assumption 
of §2. 

Theorem 5. (Splitting property). With the notations as above, we have 

hïil.f, Oh) = 4(7.^)^(7./^). 
Proof. The theorem follows by induction on the number of elements in 5 , 
and lemma 4. 

Theorem 6. The twisted L2-Lefschetz number L(e,ti,h) is equal to 

E K'lKl"1 E **{s.7)/£(7./J/#(7.^). 
weL 7e(Af («}„ . , 

Proof. Let (/,. 0 A)1 be the restriction of (/p ® h) to the subgroup G(A)1 

(cf. [Sj). Then, it follows from the work of Miiller (Miij that /„ ® A defines 
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an operator of trace claaa in the discrete spectrum of L,(G(Ç)\G(A)1). On 
the other hand, thia operator'ia isomorphic to the operator defined by /„ $ & 

* on L(/i), (cf. [Aj), whose trace is given by either one of the identities which 
define the trace formula. Hence, by Lemma 1 

L(e.#i,Jk) = r(/ , i®fc) . 

Then, by 

/ U ® M = E WllWoT1 E «*{5.7)/*(7./) 
« e L T€(MW))«., 

together with the aplitting property the theorem follows. 

Here, 1 would like to lhank J. Arthur for hia help- and CBCOurageroent.. I have also to thank 
J.-P. Labesse for inlercaling dbcuastoBa oo the coatent of an earlier venioa of thi* paper. I lhank 
the financial supporta of the Inttitnte for Theoretical Phytict and Mathematica (I.P.M.), Theron-lraa, 
while parte of thia work were reviewed. 
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THFKFRNFI OF PirfRu) i PirfRi FOR R A r iRAnrn D O M A I M 

David F. Anderson" 

Piuented by J. Lambek, F.R.S.C. 

len 
A b s t r f l ( : t ' L e t R - ® a t r R a b e a graded integral domain. Thi 

ker(Pic(R0) » Pic(R)) » r i / r 2 for certain subgroups F, and r 2 

of u(n - m -r. 

Let R = ® a < r R a be a (commutative) integral domain graded by 

an arbitrary torsionless grading monoid P. That is, F Is a 

commutative cancellative monoid, written additivcly. and the quotient 

group <r> generated by F is a torsion-free abelian group. A 

commutative cancellative monoid F is torsionless if and only if F 

can be given a total order compatible with the monoid operation. We 

also make the harmless assumption that each Ra is nonzero. A 

general reference on torsionless grading monoids and F-graded rings is 

111 (cf. [lj. [2]). In general, the natural homomorphism 

<p : Pic(R0) » Pic(R) of Picard groups induced by inclusion is neither 

injective nor surjective. Here we determine ker V; this generalizes a 

result of Oda [5] ( Corollary 2 ) for F - 2. Let U(F) = F n - F be 

the group of invertible elements of F. Then F = ( ot € IKF) | 
Ro<R-a = Ro ' i s a subgroup of U(F). Moreover. R R » R and 

"Supported by a University of Tennessee Faculty Development Grant 
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V 1 ( • R o : R J • R -a f o r a , , ot, p € Fj. Let F2 - ( a € F | 

R n U(R) / 0 ). Then F, is a subgroup of F, and R - u R„ for 

any u a € Ra n U(R). 

Thegrem- Let «p : Pic(R0) > Pic(R) be the natural homomorphism. 

Then ker «p « T J / F J . 

Proof. For a € F-. choose 0 i» t € R,,. Then t R C Rft and 

A Ot Ol ot ~CI 0 

( t a R - « K V 1 1 * J " R o . so ta R -« € lnv(R0). Let + : F, -* Pic(R0) 

be defined by «|i(a) - U a R . J . Clearly t|»(a) is independent of the 
choice of t^ and (|i is a homomorphism. 

Im-'l' s ker.tp : R - R0R - R ^ ^ R C R^R C R implies R -

R^R for each ot € Tv Thus ( t a R . a )R - t^R € Prin(R); Hence 

im 41 C ker tp. Conversely, let IIJ € ker tp with I C R0. Then IR -

bR for some 0 / b € R since IR is a nonzero homogeneous principal 

ideal. Hence I - bR.p and.I" 1 - b^R^. Thus p € F, and <|i(p) -

lbR.,,1 - (II. 

ker <b - r ; : Let ot € F2. Then R.^ - <Ja'lRo f o r a n y 

u a € Ra n U(R). Thus «|»(a) - I u a R . a ] - IR0J - 0. Conversely. 

suppose that i|i(ot) - (t R Ĵ - 0. Then t R - xRft for some 
OC "Ot 01 'OC u 

0 / x € R Hence R.„ = z Rn with z = xt - 1 € R . Thus 
u oc oc u ec oc ~oc 

R„ = R „"1 - z "iR- and z - 1 € R O U(R), so a € F,. a 
oc -oc oc u oc oc « 
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Corollarv 1. The natural homomorphism 9 : Pic(R0) > Pic(R) is 

injective if and only if F. = F,. 

Cgrollarv 2. (Oda[5. Theorem 1.31) • Let F - 2. Then F - d2 and 

r2 - ml (or some integers d. m s 0. Let e = m/d, and e » 1 if 

d = 0. Then ker ip = 2 / e 2 . 

An extension of rings A C B is inert if whenever xy € A for 

nonzero x. y € B, then x » ru and y - s u ' 1 for some r, s € A 

and u € U(B). The extension R0 C R is inert if and only if U(F) 

° r 2 [1. p. 551), 12, Prop. 3.3). Our next corollary, a special case of 

Corollary 1 above, recovers [1. Prop. 5.1(1)J. ( However. V m a y be 

injeclive without R0 C R being an inert extension [1. p. 5621. ) 

Corollary ?, Il R0 C R is an inert extension, then the natural 

homomorphism <p : Plc(R0) > Pic(R) is injective. 

fon^rln (a) It may be shown that + is a natural isomorphism in the 

(ollowing sense. Let A = e a t S A o and B - ffip(TBp be two graded 

integral domains and f : A » B a ring homomorphism such that 

for each a € S. f(Aa) C B^ for some p e T. Then f induces a 

monoid homomorphism f : S > T with f(U(S)) C U(T). f (S ) c T . 

and f(S2) C T2. Then f in turn induces a group homomorphism 

T:Si/S2 » T, /T2 s u c h t h a t I|IB • 7 - f"*«J»A. w h e r e f" i s t h e 
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natura l homomorphism from ker tpA to ker tpB induced by f. 

(b) (Cf. 12, Section 3]) We m a y regrade R - ® nR bv F' -
oc€ | OC J 

F /U(F). Then R - e M r R ' r w i th UfF') - 0. R',, - ® ï c U ( n R r . and 

R'0 c R Is an inert extension. Since Pic(R'0) - HPic(R) t l . Thm. 

5.41. the study of the map Pic(R0) > Pic(R) can often be reduced 
to the case in which F is a group. 

We end this note w i th an example which shows that for any short 

exact sequence 0 — • A — • B — > C — • O of abelian groups there is a 

graded integral domain R such that B - Pic(R0), C - Pic(R). and 

A « ker tp. 

Examnlp (cf. (3. p. 225-2261). Let R be a Krull domain with quotient 

field K. Then G - Div(R) is a (free) abelian group under the usual 

v-product. For F any submonoid of G, define a subring R(F) of the 

group ring K[X;GJ by R(F) - ( f € KIX;FJ I f(I) € I for all I € F ). 

Then R(F) in the obvious manner is a F-graded integral domain with 

R(F)0 = R. U(F) - H - F n - F - ( I € F I r 1 € F ). F, -

H O Inv(R) . and F2 - H n Prin(R). Thus ker tp -

kcr(Pic(R) > Pic(R(F)) = F J / F J - (H n lnv(R) ) / (H n Prin(R)) = 

((H n Inv(R)) + Pr in(R) ) /Pr in(R) . 

Let B be any abelian group. By Claborn's Theorem, there is a 

Dedekind domain R w i th Pic(R) - Inv(R) /Pr in (R) ~ B. For any 

subgroup A of B. A - A" /P r in (R ) for some subgroup A" of 

Inv(R) containing Prin(R). For F - A " , the above construction 
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yields a F-gradcd integral domain R ( r ) w i lh R ( r ) 0 - R, U(F) - F 

- r i = A" , and r 2 - Prin(R). Thus ker <p = F / F j = A and 

Pic(R(r)0) - Pic(R) = B. As in [3. p. 225-2261. it m a y be shown that 

tp : Pic(R) > Pic(R(F)) is surjective. 
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ON THE ORDERS OF ELEMENTS OF 

A LOCALLY FINITE SIMPLE GROUP 

OTTO H. KEGEL AND SHI WUJIE 

Presented by P. Ribenboim, F.R.S.C. 

Theorem: The locally finite simple group G is linear if and only if there is a natural 
number n lhat does not appear as order of an element of G. (Thia result depends on 
the classification of the finite simple groups.) 

The set n,(G) of orders of the elements of the finite group G contains substantial 
structural information about the group G; many of the finile simple groups are indeed 
completely determined by this set; (S|, (lj, (4|, (6|. 

Here we want to identify thoae locally finite simple groilps G wilh 1\,{G) C N: 
These are precisely those admitting a faithful (finite-dimensional) linear representa-
tion. 

That a locally finite simple linear group G satisfies nc(G) C N follows immediately 
from 
Lemma: If the subgroup G C G£(n,/C) is locally finite, then either — if the char-
acteristic of the field K is zero — G has an abelian normal subgroup of finite index, 
or — if the characteristic of /C is a prime p — the unipotent elements of G are of 
bounded order. 

The first part of this lemma follows from Jordan's theorem ((2|, 36.13). If K is 
of characteristic p Js 0, then every element of GL{n, K) of order a power of p is 
unipotent and so obviously of order dividing p". 

So for the proof of the above theorem we must show that if the locally finite simple 
group G is not linear, then it satisfies n,(C) = N. 

Trpat> tnr AlfS-TfcX 
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For this, observe thai G haa a countable simple subgroup S that is not linear ((3|, 
4.4). Oy ((3), 4.5) there is an ascending sequence of finile subgroups {Fi) of S wilh 
F; C Fi+i.uFi = S.Fi+i has a maximal normal subgroup A/j+i wilh Afi+i (\Fi = (1). 

The group 5 Ihen is a sort of limil of the sequence [S,] of finite simple groups 
Si = FijMi. 

As there are only finitely many (two parameter) families of finite simple groups, 
one may assume — by the pigeon hole principle — that all groups 5; are in the same 
family (of Lie type). If the rank paramters n,- of tbe groups Si were bounded, then 
S would be linear (|3).4.7) contrary to assumption. If Ihe rank parameters n; of the 
groups S; axe unbounded, the Weyl groups Wi of 5, are unbounded; they involve 
alternating groups of unbounded degrees and thus contain — for n; sufficiently large 
— elements of given order n. Thus the 5,- — and so the Fi — contain elementa of 
order n if i is large. We have proved that N Ç 0.(5) Ç n,(G) Ç N. 
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Note on the dual of an ideal 
in a Noetherian domain 

Mitsuo KANEMITSU, Takasi SUGATANI and Ken-ichi YOSHIDA 

Pxuznted by K. Uwuuugl, F.R.S.C. 

Introduction. Throughout this note R will be an integral domain 
with identity and quotient field K. Let / be a non-zero ideal of R. As 
usual, wc denote the dual R : l = [x Ç K : xl Ç R] ol I hy I'1, and 
( / - , ) - , by /.. 

Huckaba and Papick (2| investigated the instances when /"' is a sub-
ring of K, and asked if it is always the case that / - ' = / : / whenever 
/"' is a ring. A negative answer to this question was given by Anderson 
(1). Dut in the affirmative direction, Anderson [1, Proposition 3.3) proved 
lhat if / is either radical or divisorial, then Z-1 = / : / whenever /"' is a 
ring. We wil continue in this direction for Noetherian domains to obtain 
some further results when I~l is a ring. For convenience' sake, we will 
use the symbol A{R) to denote the collection of the ideals./ of R whose 
dual / - ' is a ring. For undefined terminology see (.3| and (5). 

First of all, we recall a well-known fact due to Huckaba and Papick. 

Proposition 1 ([2, Proposition 2.2)). Let I be a non-zero ideal of R. 
Then I € A{R) if and only if I'1 = /„ : Iv. 

Hefore proceeding to our first proposition, we note that Proposition 
I implies that if / is a non-zero ideal of a Noetherian domain R and 
/ € A(R), then /"' is a finite /{-module, and so is contained in the 
inlpgr.il closure R of R. 

Proposition 2. Let R be a Noetherian domain, ff f € A(ll) , then 
\n eA{R). 
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Proof. Since /"' is contained in the integral closure R of R, it. follows 
that y/1 is also contained in R. Let pi, , Pa be • prime ideals of R 
such that V? = pi n . . . Fl p,,, and let Fj, , P» be ; prime ideals of R 
with /* n /Ï = pi i = l,...,n, respectively. Now y/1 • y/1 ~X Ç Pi D R = p^ 
and so v 7 = y/1 : y/1, completing the proof. 

Huckaba and Papick |2, p.l4j showed that if / is an ideal of a Priifer 
domain R and / € A{R), then \/7 "' = /"'. However, in the Noetherian 
case, wc may have /-« ^ y/1 "'. Let Jfc be a field and R = Jfc(|.Y3, A-5, A"7]) 
be the subring of the formal power series ring Jfc(|A|] over ifc. If / = 
(.V5,^6. A7), then /-' = fcpj| but ^7 "' = Jfc|(A2, A-3J|. (Cf. (I, p.328]). 

Now recall that an element i of a Noetherian domain R is called 
integral over an ideal / of 72 if x satisfies a monic equation i* + a,!"-1 -f 
... + an = 0 with a, e P,i = l,...,n. Then the set 7 of the elements 
integral over / is called the integral closure of 7. It is well known that 
/ = C'R^/) n R, where R(/) means the integral closure of the Rees ring 
R(y) = R\tl,t-X\ with respect to the ideal / . It should be noted that if 
/ is an ideal of R, then 1 Ql Cy/l. If / = 7, then / is called integrally 
closed. 

Lot A: be a field, and consider the polynomial ring Jk(-Ï, K] in two 
indeterminates A',}' over k. Let / = {X7,XY + Y2). It is readily seen 
that / is neither a radical nor a divisorial ideal, but satisfies that Z"1 = 
/ : 7 (= /?). In fact the following holds. 
Proposition 3. Let R he a Noetherian domain and I be an ideal of R. 
If I is integrally closed and I g A{R), then I-1 = I : I. 
Proof. Since / is integrally closed, we have that / = r ' 5 ( 7 ) 0 R. Let 
a e Z-'. It then follows that a 6 rt and so al Ç r'RfTJn / - ' . Now 
al Ç R, and hence al Ç I. Thus / - ' = / : / . 

n«fttf« suUng eiip Ht»xi Iheofflw, m need some teffnitiology. For any 
/ € A(R), we put A, = {./ € A(R) :J = xl for some x 6 [< ) . Further, 
for a ring S we denote by U{S) the unit group of 5. 
Theorem 4. Let R be a Noetherian domain and I 6 A(R). There exists 
a one-to-one correspondence between Ai and {/(/-')/{/(/ : / ) . 
Proof. If / = (0) ot I = R, then the assertion is trivial. Therefore we 
may assume that / is a non-zero proper ideal of R. Let i e U{l~l), and 
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put J = xl. It then follows that J"1 = x"'/-' , and so J"' is just the 
ring / - ' , since x € # ( / - • ) . Hence J € At. Now let yeK such that 
J = yl e A{R). Then Proposition I yields that J"' = Jv : Jv = Iv : 
Iv = / - ' . On the other hand, J-1 = y-«/-». Thus y e (/(/-') . Next, 
lot z G £/(/-•) such that zl = / . Clearly, r"»/ = / , and so z e U{I : I). 
Finally, let z e U{I : I). Then zl Ç I and *-•/ Ç / , and so r/ = / . 
Thus we have the required one-to-one correspondence between Ai and 
U(I-l)fU{I:I). 

Next, we show that if /? is a local Noetherian domain containing a 
field of cardinal > 3, then for any / of A{R), Ai is the singleton {/) if 
and only if I~l = I : / . 

A lemma is needed. 

Lemma 5. Let T be a semilocal ring and S be a subring ofT. Assume 
that S contains a field of cardinal > 3. / / U(T) = U(S), then T = S. 

Proof. Let m,. . . . ,mr be the maximal ideals of T. Let fi-.T -> T/m, 
be the canonical mapping for each i = l , . . . , r . Let a 6 T. Now each 
T/m, has more than two elements, we can find non-zero U € 7,/m,- with 
'. î4 /.(a) for any i = l , . . . , r . Then by Chinese remainder theorem we 
have an element 6 € UiT) satisfying that ^(6) = t{. Since /.(a - b) ? 0, 
it follows that a-be U{T) = U(S). Now 6 € U{T) = U{S) C 5, and 
hence a G 5. This proves that T = S. 

Corollary 6. / / R is a local Noetherian domain containing a field of 
cardinal > 3, then for any I of A{R), Ai is the singleton {/} if and only 
if I'1 = 1:1. 

Proof. Since Z-1 is integral over R, it follows from Mori-Nagata theorem 
(5, Theorem 33.10| that /"l is a semilocal ring. Then oiif assertion is an 
immediate consequence of Theorem 4 and Lemma 5. 

Wc close this note with the following Remarks: Let / be an ideal of a 
Noetherian domain R. (i) If grade/ > 2, then Z"1 = / : / (= R). (See [3, 
Exercises 1 and 2, p.l02|). (ii) If / satisfies that (/-')„ = (/ : / ) , for any 
prime divisor p of / , then / - ' = / : / . 

To see this , assume that I'* £ f : I. Let pl,...,pn be the prime 
divisors of /, and let p be a prime divisor of the fl-modulo / - ' / ( / : / ) . 
Then wc can find some p,- wliich contains ». In fact, if this were not the 
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axsK, iUc.n wc would have an element z € p not contained in any ;>;. Now 
;i is a piiinc divisor of /" ' / ( / : /)• We have an clement l G l~l sudt that 
p = {a e R : al e I : I). But this in turn shows that xl e I : I. Now 
Il Ç II and i is not contained in any p,-. Hence tl C f, a. contradiction. 
Thus p is contained in some p,. Therefore at this p,, (/"^p, ^ (/ : / ) , . . 
This completes Remark (ii). 

We arc grateful to H. Yanagihara for teaching us the improvement of 
the proof of Lemma 5. 
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SECOND ORDER PARALLEL TENSORS 

ON CONTACT MANIFOLDS g* 

RamethShaxma 

Pnuenttd by G.f.V. VuU, F.R.S.C. 

ABSTRACT. In an earlier paper the author proved (i) a lecond order (jmmetric 

parallel tensor on a K—contact maailbld il a conitant multiple of the auodated metric 

tensor and (ii) there U no non-seio parallel 2-fbnn on a Sasaldan manifold. In this paper 

we generalize these resulti on a contact metric manifold whoae {—lectional cnrralture 

K((,X) raniahei nowhere and ii independent of the choice of X . 

1. INTRODUCTION 

In 1026 Levy [5] proved that a second order lymmetric parallel non-singular tensor 

on a real space form is a constant multiple of the metric tensor. The author (6] generalized 

Levy's result by proving that a second order parallel (not necessarily symmetric and non-

singular) tensor on an n-dimensional (n > 2) space of constant curvature is a constant 

multiple of the metric tensor. It was also proved in [6] that a second order parallel tensor 

on a complex space form is a linear combination (with constant coefficients) of the 

Kaehleriaa metric and the fundamental 2-fonn. Recently the author {7] proved: 

THEOREM 1. On a K-contact majiifold a second order symmetric parallel Jensor is a 

constant multiple of the assodated metric tensor. 

THEOREM 2. On a Sasakian manifold there is no non-*ero parallel 2-form. 

•Research supported in part by a Facultr Fellowship of the University of New Haven. 
AMS Subject Claasi&cation Codes: 53C, S8A. 



R. Sharma260

In this paper we generalize Theorems 1 and 2 as

THEOREM. Let M be a contact metric manifold whose f—6ectionaI curvature Kff.Xl

is nowhere vanishing and is independent of the choice of X . Then a second order naral|f|

tensor on M is a constant multiple of the associated metric tensor.

Examples of contact metric 3-manifolds with constant non-zero {—sectional 

curvature < 1 have been recently provided by D. E. Blair and H. Chen [3].

Note that this Theorem holds in particular when M is K-contact (i.e. 

K({,X) = 1 ) and also that it generalizes Theorem 2 and in turn the following result for 

p = 2 on a contact metric manifold as hypothesized in the Theorem.

THEOREM (Blair and Goldberg [4]). There are no covariant constant p—forms on a com-

for 1 < p < 2n .2n+lpact Sasakian manifold M

As an immediate corollary of our Theorem we have the following result.

THEOREM (Tanno [8]). If the Ricci tensor field is parallel in a K—contact Riemannian 

manifold, then it is an Einstein space.

2. CONTACT MANIFOLDS

By a contact manifold we mean an odd-dimensional C“-manifold M2n+1 together

with a global 1-form t j such that t j  A (drj)n t 0 . For a contact form r/ we know that
2n+lthere exists a unique vector field { (characteristic vector field) on M 

»K0 = 1 and (dj7)({, X) = 0 . A Riemannian metric g is said to be an associated metric 

if there exists a tensor field ip of type (1,1) such that (dq)(X,Y) = g(X, v>Y), 

*j(X) = 6(Xi 0 and p" = -I + V { . The manifold M2n** with structure (p, {, rj, g)

such that
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is called a contact metric manifold. Following [1] ve define a tensor field h by 

h = yCjip • It it known that h ii self-adjoint and anti—commute* with ip. Al*o h£ = 0 . 

A contact metric manifold for which { i* Killing, ii laid to be K-contact. Further, ( is 

Killing with respect to g if and only if h = 0 . A contact metric manifold ia K-contact if 

and only if the sectional curvature K(£,X) of a plane section containing ( is equal to 1. 

If V and R denote respectively the Riemannian connection of g and it* curvature 

tensor, then for a general contact metric manifold (see [l] and [2])

Vx£ = -*>X - ipbX

Rtt. X)* - V>RU, V>X)( = 2(h2 + y>2)X

(2.1)

(2.2)

3. PROOF OF THE THEOREM

Let a denote a parallel (0,2)-tensor field on a contact metric manifold M with 

K({,X) as a nonvanishing function independent of X. As Va = 0 , we have

(3.1) o(R(W,X)Y, Z) + o(Y, R(W,X)Z) = 0

for arbitrary vector fields X , Y , Z and W on M . Let A denote the (l,l)-ten*or 

defined by g(AX,Y) = o(X,Y). By hypothesis we have that

(3.2) RU.xK = k{iKx)f-x}

where k is a smooth function on M . Using (3.2) in (2.2) show*

h2=(k-V.

First we consider the case when a is symmetric. Substituting W = Y = Z = ( in (3.1) 

and using (3.2) we find — a(£,X)} = 0 , so that, since k t 0 on M ,

(3.3)

(3.4) Af=o(f,0£.

X{o((.0) = 0That o(U)
= 2cr{-ipX - tphX, 0 = -2g(-npX - phX, A£) = 0 , where we used (2.1) and (3.4). Next,

is constant, can be checked as follows:
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diffeienlialing (3.4) covariaally along X, using (2.1) and repladng X by VX we obtain 

(3-5) A(X - hX) = oK,0(X - hX) . 

Repladng X by hX in (3.5) and adding the new equation to (3.5) gives A(X - h2X) 
= "iiM* - h X). Now, the use of (3.3) in the last equation and the fact k # 0 on M 
shows AX = o(i,OX , i.e. a = o({,0g. It remains to consider the case when a is anti-
symmetric. We note ^ X ( A 0 = A ^ O = A(X - hX) - ^X)A{ , by using (2.1) ««1 
the facl that by = —yh . Hence 

(3-6) A(X-hX) = ^X)A{ + VvX(AO. 

Repladng X by hX in (3.6) aad adding the resulting equation to (3.6) we have (since 
fj(hX) = 0 ) 

A(X - h2X) = WM + T^AO + ?vlhx(A0 . 

Using (3.3) in the last equation shows 

(37) kAX = k^X)A{ + V ^ A O + V ^ A O . 

At this point we would Uke to prove |A<| = constant on M . Turning back to (3.1), sub-
stituting W = Y = f and using (3.2), we find 

kg(AX,Z) = ku(X)g(A{. Z) + g(A{, R((,X)2) . 

The use of (3.7) ia the above equation provides 

8( VA<' Z> + «< W A ^ V 8(A{. R(^)Z) . 
The substitution Z = A{ resultsin « ( V ^ ^ A ^ , Afl = 0 . Repladng X by VX 

and ooliag the fact 7^ = 0 (can be seen from (2.1)) and finaUy using (3.3) one obtains 

^VX-hXA^ A 0 = « • Repladng X by hX . adding tbe resulting equation to the 

original equation and then using (3.3) yidds g^Af . Afl = 0 , whence X(|Ai|) = 0 . 

Thus |A{| is constant oa M . So, as g(A?x^AO = 0 we have by repladng X by 

ipX that 



R. Sharma 263 

(3 8) «(X - hX, A 2 0 = fl(X)g((, A 2 0 . 

Repladng X by hX in (3.8) and adding the resulting equation to (3.8) and then using 

(3.3) we obtain g(»i2X, A 2 0 = 0 and hence v(A20 = 0 . Therefore 

(3.B) A2{ = - | A 0 2 { 

noting |A0 - constant, as proved earlier. Differentiating (3.9) now covariantly along X 
and then repladng X by ipX. we get 

(310) A2(X-liX) = - | A { | 2 ( X - h X ) . 

Finally, replacing X by hX , adding the resulting equation to (3.10) and then using (3.3) 

we obtain A = - ( | A < | 2 ) I . RecaU |A(| => constant on M. If |A{| ^ 0 then 

A defines a Kaehlerian strnctnre on M . Hence M is even-dimensional. But M 

is odd-dimensional and we arrive at a dimensional contradiction. Thus | A(| = 0 and in 

turn A{ = 0. Uaing this last consequence ia (3.7) we condude A = 0, i.e. a = 0. Now 

if a is any second order tensor then its symmetric and aati-<ymmetric parts are given by 

a,(X.Y) = JtoX.Y) + Q(Y.X)) and oa(X,Y) = j(o(X,Y) - o(Y,X)). Thus if a is 

paraUd, so are o | and a^. Hence using the consequences of the two cases considered we 

condnde that a is a constant multiple of g . This complètes the proof. 

REMARK. Thus the question of second order paraUd tensors on a general contact metric 

manifold is stiU open. However we note the foUowing: Let a be a second order sym-

metric paraUd tensor on a contact metric manifold and A be the (l.lj-tensor such that 

o<X,Y) = g(AX.Y). As TA » 0 we have (3.1). Setting Y = Z = ( , we find 

g(R(W,X)(, AO = 0 , so that R((, AOX = 0 for arbitrary vector fidd X. Thus in 

particular R((, A0{ = 0 which shows that the sectional curvature K((, AO = 0 , if Af 

is ndther sero nor ooUinear with ( . 

[jm 
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A CHI-SQUARE GOODNESS-OF-FIT TEST FOR 

NATURAL EXPONENTIAL FAMILIES WTTH POWER VARIANCE FUNCTION 

M.S.NIKULIN 
PiLuented btf ?. RcbenboXn, F.R.S-C. 

Summary. Here we construct, using the technique developed in papers of 

Nikulin. Voinov and Greenwood (1973, 1987.1989.1990. 1991). a chi-square 

goodncss-of-fil lest for the class of natural exponential families (NEF's) 

generated by stable distributions. 

1. Introdudion. Suppose that wc have u.dr.v.'s X ^ . . . . ^ and the 

distribution function of X| belongs to the family (F(x;e),e€ecRl). where 
x 

F(x:9) = PIX^ x) =jrcxp(-n9 + v(9))dG(u). xeR1. (1) 

where G(x) is taken to be a cumulative distribution function on not depending 

on the natural parameter 9. Morris (1982). BantdoifT-Nidsen (1978). Bar-Lev & 

Enis (1986) have studed this class of distributions and caUed (F(x:9);9Ee) a 

natural exponential family (NEF) generated by G. The cumulant generating 

funclion v(9) gives (1) unit probability and one can easily verify that 

^ « V t - W . ^ ^ X , = EeOC. - n)^ --!ïi|> . (2) 
.do 

for any 8 E e o = InlO. Let Vfti) a VarX, denote the variance of Xj expressed in 

terms of |L The function V(n) on its demain fte)F(O) is called the power 

variance function (PVF), If VQi) has the form 

VOi) = ctiP. i ieft (3) 

for some constants o O and paO. which are called the scale and power 

parameters, respectively^ Following Bamdorff-Nielsen (1978). Hougaard (1986). 

Morris (1982) and Bar-Lev &. Enis (1986). a class (1) of NEF with V((i) in the 
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fonn (3) is called the class of NEF-PVF's. For example, if (M). wc have the 

family of normal distributions. If p=l. wc obtain the family of Poisson 

distributions, and for 0=2 we obtain the family of gamma distribution. As was 

shown by Hougaard (1986), Bar-Lev and Enis (1986). for ffe (0.1) no NEF-PVF's 

cxisis. but for any P€(1.2) we obtain a NEF-PVF's of compound Poisson 

distributions generated by a gamma distributions. When p>2. we obtain the 

subclass of NEF-PVF distributions generated by stable distribution on R1. 

which are unimodal and absolutely continuous wilh respect to Lebesgue measure 

on R'. We consider here namely this subclass of aU NEF's oa the positive 

numbers. As il is well known a stable distribution on R1 has a stable index 

O6(0.l) and as il was shown by Pollard (1946) ils probability density g (x) is 

given by formula: 

SaW = ' Sx Z ^ k s in( r a k)nSL^l) . x >o. (4) 
k . l x 

Wc suppose that the generated distribution G(x) in (1) is the stable one on R1 

with the density g(x) = g Ba( g ). O is known. o>0. In this case we obtain 

lhat the distribution F(x;0). 86e=|0,~) , is unimodal and absoluiely continuous 

with respect to Lebesgue measure on R1 and ihe density f(x;8)=F'(x;e) is 

f(x.e) = |«(*) e*pi-«o + VW) . x>0. ,,. 
lo. x S 0 l ' 

where v(9) = (oô)01. Be e=10.<»). Il is easy lo verify that 

VOO = cjiP. ( 6 ) 

where n = E ^ = o o a e a i . c= ( I - o X o o 0 ) 1 * 0 * 0 . P = £ | > 2. 0 < a <I. 

The Laplace transfomi £(s) of ihe random variable X is 

«s) = Efl(cxp(-sXi)| = exp|- o a l ( e + s ) 0 - 8 a j } . (7) 

2. Theorem of Washio-Morirooto-lkeda. This theorem gives us the UMVUE's 

which we need to constnict a chi-square lest, as was done in Ihe papers of 
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Nikulin. Voinov and Greenwood (1973.1987.1989.1990,1991). Al fim we remtrk 
that in view of the factorization theorem of Neyman. the family (1.5) 
possesses the complete sufficient suiistic S - X + X + ... + X 

• I i "• • 
for the parameter 8. As was shown by Bar-Lev & Enis (1986) and Hougaard (1986) 
the density f (x;e) of S is 

f (x;e) = I n ' , / (W ''"W-xe + V(n,/a8)) . x>0. f.. 
[O, otherwise. l ' Ki 

A theorem of Washio, Morimoto u d Ikeda (1956) gives us a general expression 

for the UMVUE of a funcdon u(e) (see also Monis (1982), Zaks (1971). Voinov 

& Nikulin(1989)). Note that the chancteristic funcdon tp (t.B) of S is 

ip̂ uB) - exp/ny(e) - nv(e - it)\. (2) 
Theoran (Washio^torimotojkeda). Assume that the following conditions are 

satisfied: 

1) uit). z=e+it, is analytic in a strip whose real pan ù 8 = inlG. teR. 

2) the characteristic function 9̂ (1.6) of the complete sufficient 
statistic S is such that 

m 

lim 9 (-t,e)u(e-Ht) = 0 

uniformly in any subinterval of 6 and 
too s |ç (-t.e)u(e+it)|dt < « . , e € e0. 
.00 " 

Then the essentiaUy unique minimum quadratic risk unbiased estimator (UMVUE) 
û = 7(5^ 0/ u(8) is 

ndW(S ) 
f 7175— • «f B<n s ) > 0. 

T(Sq) = g ( n - , / a S > ) • (3) 
* 0, otherwise, 

where 

267 
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W(x) = 2-,/u(e)e*nv<e)| - jiy X0* u(r)cxp[xx - nvWldr. (4) 

Using this theorem, one can find (see, also. Zacks (1971). Voinov & Nikulin 
(1989)) the UMVUE's ^ for the variance V«rX( and t(x) for the density 
f(x:9). They are 

and 
,1/a 

t(x) 
0 . otherwise. 

3. A chi-square test for H0. Following the papers of Nikulin. Voinov and 

Greenwood (1973,1987,1989.1990,1991). we construct a chi-square test for 

testing H0, according lo which the distribution of X is (1.5). Taking into 

account Ihc observed value s of Ihc sufficient stadsdc S . we choose the 
a 

vector p = (pi pf such that p^...* pt = I, p^ 0, r & 2. and construct 
non-empty classes 

J i = ^0'X|I' Jja i*,'*^ J= Cx
f.,.x^. *= «• 

for grouping the data X^..., X̂ , where x,....^, are quandles of 
ihe estimated dlstribudon defined by 

rt(x)dx - p+...+ p{. i=.l.,..fr-l. 

Funher. define the vectors v=(v vf. q^q, . . . .^ . where 

q, = J xt(x)dx. i=l....,r. 
J. 

and v is a vector of frequencies arising as the result of grouping the data 

Xi x , i n , 0 to* classes J X From the above-mendoncd papers by 
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Nikulin, Voinov and Greenwood, we have the next 

Theorem . If n =» — so that Sm= O(n) then the conditional distribution of 

the vecior _L(v-np), given S . is AN(0. B). where 
•n • f 

V is a diagonal matrix with elements pl pr on the main diagonal. raniB<=r-l 

and Ç2. given by (25). Is the UMVUE of VarX,. 

We are now in a position to construct a chi-square type stadsdc for 

testing Ho. As was done in other papers of Nikulin &. Voinov (for example, 

(1973.1989,1990,1991)), we constnict ihe quadratic form 

Y| = i (v - np)T B' (v - np), 

where B* is a generalized inverse matrix of B. By direct calculadon wc find 

i (v -np) 2 « / • q. *i 
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where 

« - **+ d s )2 - i -^ • P) n • .i p. I - I n 
From the above theorem we can deduce that under H if n ^ ~ the limiting 
distribution of Y will be chi-square with r-1 degrees of freedom. 
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On the number of solutions of 
polynomial congruences 

by CL. Stewart •, F.R.S.C. 

Lei / b e a polynomial witb integer coefficient*, degree r(> 2) uid noo-
xero ditcriminant D. Let p be a prime number and let pf denote the Urge.t 
power of p which divide* D. Assume thai p doe* not divide the conleol of 
/ . For each potilive integer k we denote by N{k) the number of tolution* of 
the congruence 
0 ) / ( * ) S 0 (mod p*) 
in congruence daice* modulo pV 

In 1921 Nagell |2) and Ore |3J proved that for all poaitive integer* Jk, 

^(*) < rp». 

Thi* w u improved by Sindor (4] in 1052 to 

(2) N(k) < rp"* 

for k>l.la 1981 Huxiey (l) obtained (2) for all potilive integer* k. For any 
teal number x let \z\ denote the greate*l integer le** than or equal lo i . We 
have recently shown |5) that 

.(3) N(k) < ij"* + r - 2 
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for all positive integers k. Estimate (3) is, in general, best possible as the 
following example shows. Let r be an integer with r > 2, let p be a prime 
number with p > r and let m be a positive integer. Put

/(*) = (* + Pm)(* + 2p~)(* + 3) • • • (r + r).

Then /, the p-adic order of the discriminant of /, is 2m. Let k be an integer 
with k > /. The complete solution of the congruence (1) is given by 
z = — pm (mod pfc_m) or x = —2p"* (mod p*-"’) or i = —i (mod pfc) 
for i = 3,...,r hence, for this example,

W(*) = 2p" + r - 2 = 2p,/7 + r - 2,

whenever k > l.
Let r, fc and 1 be integers with r > 2, k > 1 and / > 0. Define T = T(r, k, l)

by

if k > /,

+ (jii) k] if for 2 = 1,-

if ^T>*>1,

T = •,r-2,(i+tXJ+»

[(*?) ‘1
and note that

(K^H a )*]»/T = min min +' i=° (i + l)(> + 2)

Theorem
and non-rero discriminant D. Let p be a prime number and let l be the p- 
adic order of D. Assume that p does not divide the content of f. Let k be 
a positive integer. There is an integer t with 0 < t < r and there 
negative integers 6j,...,6| and uj,..., tij such that the complete solution of the 
congruence (1) is given by the t congruences

Let f be a polynomial with integer coefficients, degree r(> 2)

are non-

x = bi (mod p4-u<),

for i = Further
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(4) 0 < tu<T,
for i = and

(■(:]■-l(^)‘O'(5) «i + • • • + Uj < min

The above result is a special case of Theorem 2 of [5j. Since

+P-+... + P-,
we may use (4) and (5) to deduce (3) and indeed to sharpen (3) when k < I. 
For details we refer to Corollary 2 of [5],
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RESULTS ON t-WRIGHT CONVEXITY 

Gy. Maksa, K. Nikodem and Zs. Pâles 

Pieâcnted by J. AczeZ. F.R.S.C. 

Abslract. In [S] J. Matkowski posed the following problem: Is every t-Wrighl-convcx tanction, 
wilh a fixed t from |0,1(, Jensenconvex? The aim of the present note is lo show thai the answer is 
positive for all rational t 6)0,1( and for certain algebraic numbers, however il is not true for all those 
values of t that are either transcedental or there is an algebraic (maybe complex) conjugale f of t 
such thai | r - I /2 | > 1/2. 

Lei A" be a real vector space, .0 be a convex non-empty subset of X and t £ [0,1] be a 
fixed number. A function f : D -* Ria said lo be I-convex it 

f(tx+(l- t)y) < if(x) + (1 - t)f(y), x,yçD; 

t- Wright-convex if 

f(tx + (l- i)y) + / ( (I - t)x + ly) < f(x) + f(y), x,VçD; 

J ens en-convex It 

f[1YL)<n')+ny), x.yeD. 
A function / is called convex (Wright-convex) if it is t-convex (t-Wright-convex) for all t g (0,1). 
It is dear lhat every convex funclion is Wright-convex and every Wright-convex function is 
Jensen- convex. Wc have also the following characterization of Wright-convex functions due to 
C. T. Ng (6|: A function / is Wright-convex if and only if it is of the form f = g + a, where 
g is convex and a is additive (cf. also |2|, (7|). In |5| J. Matkowski asked if for every t ç]ti, 1| 
< Wriglil-convcx functions are Jcnscn-convcx (cf. also (8, Problem 15)). Of course il is Irue for 
1 = 1/2. ll is also fcnown that every t-convcx function is Jensen-convex. This is a consequence 
of the result of N. Kuhn |4| (cf. also [1. Lemma 1) for a direct proof). The present note consists 
of two parts: 

In Ihc first section wc give some properties of Ihe set of all t 6|0,1| for which a given 
funclion is t-Wrightconvcx. As a consequence, wc obtain a positive answer lo ihc problem 
of Malfcowsfei for all rntion.il I 6|0.1( and for certain algebraic values of *. (We nolc tlial 

http://rntion.il
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algebraic means algebraic over Q everywhere in this paper.) Some partial results on this topic 
were remarked earlier at the Debrecen-Grax Meeting in April, 1991, and later at the 29th 
International Symposium on Rinctional Equations, June 3-10, 1991, Wolfville, Canada (cf. (8, 
Remark* 24)). 

In the second part we show that if t is either transcendental or the distance of some of tbe 
algebraic conjugales of t from 1/2 is at least 1/2, then there is always a funclion / : R -» R 
which is t-Wright convex but Jensen-concave and not Jensen-convex. 

Section 1. Given a function / : £ -* R we consider the set 

Wf := (t eJO.lI: / is t-Wright-convex) 

Clearly, the set Wf is equal to the whole interval JO, 1( if / is a Wright-convex funclion; it can 
be also empty (for instance if / ia strictly concave). We have the following 

Theorem 1. Let D be a convex subset of areal vector space. For every function f : D-* 
R (Ae following implications hold : 

(1) / / l g Wj, then I-tew,. 

(2) ifs.te w,, then st + (i- *)(! - O e w , . 

(3) If t € W,, tlien nt/(k + (n - k)t) g W,, for all n , i € N. 

Proof . Implication (1) is trivial. To prove (2), assume that s,t € IV/ and fix z ,y 6 O. 
Using J-Wright-convexity and then (-Wright-convexity wc get 

/ (* ) + /(!/) > / ( « + (1 - 3)y) + / ( ( ! - s)x + sy) 
> f(t(sx + (I - s)y) + (1 - ()((! - s)x + sy)) + / ( ( I _ t)(3X + (l - s)y) + (((1 - s)x + sy)) 

= / ((*' + (1 " *)(! - 0 ) * + (* +1 - 2s()y) + f((s + ( - 2s()i + (st + (1 - s)(l - t))y). 

This shows that s( + (1 - s)(l - () e W{. 

To prove (3), assume that ( e W/, take n,k 6 N, and fix i , y 6 D. Define 

for all i 6 {0 , . . . ,n) and j 6 { 0 , . . . , k ) . Observe that 

txij + (1 - ( ) i , + l i J + , = xi l J + l and (1 - t)xij + tx,+i,J+i = Z.+IJ 
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r o r «€ (0 n - l ) andj'e { 0 , . . . , * - 1). Hence, in view of (Wright-convexity, wc have 

H*i,H-i) + / ( * . + u ) < f(xij) + / ( x i + I . i + l ) 

fori g { 0 , . . . , M - 1 J a n d j g { 0 , . . . , i - l j . 

Adding up these inequalities for i = 0 , . . . ,n - 1, wc get 

/ (*o, ,+i) + / (*« , , ) < / ( i , , , j ) + / ( x n , + l ) . 

Adding up again wilh respect lo > = 0 , . . . , fc - 1, we obtain 

fi*o.k) + f(x„.,)<f(xa,o)+f(xn,k). 

This means that 

rf "' _ . fc-fet \ . ,f k-kt nt \ 
1 U + Cn-fc)!1 + k + (n-k)t*) + / [k + (n-k)tX + k + (n-k)tV) * ^ + ^ 

Thus n(/(fc + (» - fc)t) g Wf, which was lo be proved. 

As an iinincdiutc conseiiucncc of the above theorem wc obtain the following 

Corollary. / / a function f : D-* R is t- Wright-eonvex wilh rational t gJO, 1(, then ii is 
J ensch-convex. 

Proof. Assume lhat / is (-Wrighl-convcx wilh a rational ( 6)0.1(. Since the number 
(/(I - () is rational and positive, there exist n.fc g N such that 

..( = fc(l-(). ( 0 

Dy implication (3) of Theorem 1 we have nt/(k + (n - Jb)() g Wf. Bui, in view of (•), 
n(/(fc + (n - k)l) = n(/(n( + ,i() = 1/2. Thus 1/2 6 Wf, which means that / is Jensen-convex! 

Remarks. I. The third implication in Theorem 1 can be formulated equivalently 
as folloxvs : If | 6 Wh then (/(r + (1 - r)() g W, for all posilive rational num-
bers r. This shows that if the set W/ is non-empty, then it is dense in )0,1(. 

2. There exist irrational munbers ( g]0,1( for which (-Wright-convexity implies Jcnscn-
convcxily. For instance, if ( = (2 + >/5)/4 g W, then, by implication (2) of the Theorem 1. 
(7 + (1 - I)' = 3/4 g IV,. Thus, in view of the Corollary, 1/2 g W,. This holds true also for 
higher onlcr algrliraic numbers, but the general form of those numbers is not yet known. 
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Section 2. If ( 6 R is an algebraic number then the algebraic conjugates of t are the root» of 
the minimal polinomial of ( (see (3)). For an arbitrary value t g R, denote by L(l) tbe smallest 
subfield of R that contains (. We shall need the following 

Lemma. )3, page 106) Let t e R be arbitrary and let Q ^ f Ç C be either one of the 
algebraic conjugates oft (ift is algebraic) or a transcendental number (ift is transcendental). 
Then there exists a homomorphism ip : L(t) —* C with ip(t) = (*. 

Using this result we arrive at 

Theorem 2. / / eilAer ( g)011[ ts transcedental or il is algebraic and one of its algebraic 
conjugates is outside the open dise {* g C : )x - 1/2) < 1/2) then there ezufa a t-Wright-
convex, Jensen-concave quadratic function / : R -•) - oo.O) which is not Jensen-convex. 

Proof . Applying the Lemma, we can find a homomorphism ip : L(t) -t C such that 
V>(0 / 0 and )v>(() - 1/2] > 1/2, that is 

Let H be a Hamel basis in R over L(t) and let 

•> » 
»(*) = ] [ > ( ' . ) . if x = £) l ,Aj , ( / i 6 l ( 0 . A i 6 W . i = l n). 

i= l i c i 

Then the funclion a : R - . C turns out lo be a noncontinuous addilive function satisfying 

a(/x) = <p(l)a(x), I 6 L(t), x g R. 

Define 
/ (x) = -)o(x))1, x g R. 

Thsni ^n easy çalçubtign yjelds 

f(') + fiv) - /('* + (1 - l)y) - /((l - Oi + lv) = 2 (|V(/))1 - Re vKO) )a(x - y))* 

for i , y g R, / g]0, l(nL((). Putting / = (, (••) implies that / is t-Wright-convex. On Ihe other 
hand <p(l/2) = 1/2, therefore putting / = 1/2 we get lhat / is Jensen-concave. Since a is not 
identically zero, hence / cannot be Jensen-convex. 

Example. The algebraic conjugate of ( = (1 + v'2)/3 is (1 - >/5)/3 < 0, therefore the 
t-Wright-convexity does not imply the Jensen convexity for Ihis value of t. 
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POISSON AND FURSTENBERG BOUNDARIES OF RANDOM WALKS 

Wojciech JAWORSKI 

P*e4en£ed by G.A. ItUaU, F.R.S.C. 

Abstract: We study properties of the group action on the Poisson 
and Purstenberg boundaries of random walks. 

1. Définitions and notations 

Let C be a locally compact second countable group and IX,M) a 

Boiel (7-space with a quasiinvarlant probability measure aQ l M 

denotes the Borel sets). A transition probability P on X la said 

to be G-invariant It Plgx,gA) " Pix,A) toe all x c X, g a C, and 

A e M. By a random walM on X we mean a Harkov chain T with state 

space X and (7-lnvaclant transition probabilities-P.,P.,... . We 
OD 

. _0D .00 1 _ _ . se 
y" OO CO ^ 

t IX tjt ) " \ H ^/ fl ̂4 I and consider this product as a G-space 
L n=0 n-O J 

with the (7-actlon glx ) „ = I gx ) . . The Markov measure cc with 
n n*u n nM0 

oo oo starting measure a. is quasiinvarlant on (JC ,J4 1. To simplify our 
exposition we shall additionally assume that the measures 

"n °a0Pl"'Pa ( aji U ) " J".an-l<djf)Pn(jf'il) ) ' n a l**",' a t e 

equivalent to a (this is automatically true for random walks on 

G and Its homogeneous spaces G/H ). We shall write LmlX) for the 

C-space if^iX,*,* ) a l^lXfM,*^) «• .. . . 

The a s y m p t o t i c c r - a lgebra i s d e f i n e d by M » fl ' < ^ - ^ ^ - « i ' • • • 1 ' 
n=0 a n*,• 

where X : Xs0 -» X s t a n d for t h e c a n o n i c a l p r o j e c t i o n s . The i n v a r i a n t 

«r-algebea r e a d s *{ l) * C A « J4a, I «""'(A) " A 1 where «iJC00 -» x " i s 

the shift n ' V " = o ) " , X n t l C o - "early , J*U) S j4la) and both 
M and M ace i n v a r i a n t under t h e f a c t i o n on X , 
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DEFINITION 1.1. The Poisson boundary Lm{T) of the random walk T 

is defined to be the G-space iia>(X<a,j«(*,/«) . The Furstenberg 

boundary Ù*(T) is defined to be the G-space t!0{3é0
rA{t).et). 

A random walk is stationary when P. « P, =>...= P. In this 

case and under the assumption that oc.P •> ot-, the measure •Sa, 

(9a) (A) = o.(«"i(A)), is equivalent to «. Hence, a Induces a shift 

automorphism Of = f»* of L^IT). 0 commutes with the (7-action and 

L™lT) can be Identified with the fixed point algebra of ©. 

2. Properties of the group action on the Poisson boundary 

The group action on the Poisson boundary inherits many of 

the properties of the group action on ^"(X). 

Let £1(3/) denote the set of probability measures in a given i1(y) 

DEFINITION 2.1. A G-space L^iy) is called approximately transit-

ive if for every pair v^v^ e L^O/) and every « > 0 there exists 

v « LytV) such that the L -distances between v. , J = 1,2, and 

the convex hull colGv) of the orbit Gv are both less than c. 

Approximate transitivity was discovered In (11 as a property 

characterizing the flow of weights of ITPFI factors. We note that 

If L (X) Is a transitive G-space, i.e., isomorphic to L^iG/H) for 

a closed subgroup H S G, then i^tX) is approximately transitive. 

Every approximately transitive ff-space Is ergodic. 

DEFINITION 2.2. A G-space t^tyi is called amenable if there 

exists a positive equivariant linear map «ct^CO • l^iy) -* L^tS/), 

such that «(t • /) » / for aii f « Cml3/). 
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This definition of amenability follows 121; another known defini-

tion [31 la equivalent to ours In the case of countable C, and 

always follows from ours. Wc note that iflC) Is always an amenable 

CO 

(7-space and L {G/H) is amenable iff H ia an amenable subgroup. 

THEOREM 2.3. If £ (X) is an ergodic (respectively: approxlsaately 

transitive, amenable) G-space then iœ(T) is also ergodic 

(respectively: appeoxlMtately transitive, amenable). 

We remark that, in general, transitivity of if'iX) Is not 

Inherited by the Poisson boundary. 

For a proof of Theorem 2.3 see (2,41. (Mote: the proof of amen-

ability In (21 has a gap. A correct proof Is given In (41.) 

3. Special properties of tbe Furstenberg boundary 

Foe the remaining part of ouc paper we shall be concerned 

exclusively with stationary random walks. 

Theorem 2.3 remains valid for the Furstenberg.boundary. In fact, 

for every stationary random walk T o n e can always 'find another 

stationary random walk T' such that L^IT) is C-lsomorphic to 

X,"( r ) . However, when ^ ( X ) Is a transitive C-space, the Fursten-

berg boundary in addition to being approximately -transitive has 

often the following stronger property: 

DEFINITION 3.1. A G-space L^iV) le said to have property AT, if 

there exists v c £|(y) such that co(GV) is dense in i^iy). 

THEOREM 3.2. If Z^lX) has property AT, then so does £*( TJ . 

Obviously, when X Is a countable transitive cJ-apace, then AT, Is 

a property of C^IX) and, hence, also of £*( n . However, the AT, 
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property holds under mote general conditions: 

Let X " G and p • P(e,•), where e is the identity of 6. The 

random walk r on (7 defined by P la called spread out if there ia 

an n « 1,2,... such that the n-th convolution power M is non-

singular with respect to the Haar measure. 

THEOREM 3.3. If T is spread out then t°?( D has propety AT,. 

There Is a straightforward generalization of this theorem to 

random walks on homogeneous spaces G/H. 

The AT, property Is a rather strong one: 

THEOREM 3.4-. t e t (y,Jl) be a Borel G-space with a <r-finite G-

irivariant measure et. Assume that Lm{3f) has property Mt. Then oc is 

purely atomic . it {y,X) is a countably separated Borel space, 

then G has a countable conull orbit in Sf. 

Let X " G and p = P ( e , • ) . The random walk T defined by P i s 

ca l l ed adapted If no proper closed subgroup of G contains suppp. 

Theorems 3.3 and 3.4 have the following consequences. 

COROLLARV 3.5. Let T be an adapted spread out random walk on G. 

If there exists a «r-finlte G-invariant measure on (X", .* '^ ) , equi-

vaJent to ot0 , tften i " m i s trivial. 

COROLLARY 3.6. The Furstenberg boundary of an adapted random walk 

on a countable group G is either trivial or properly ergodic. 

By Corollary 3.5 the known examples 15,6 1 of random walks on c 

with non t r iv ia l boundary are examples of C-actlons with no 

<r-flnlte C-lnvarlant measure. We remark that Corollary 3.6 f a l l s 
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for uncountable groups, e.g., for adapted spread out random walks 

on semisimple Lie groups (51. 

Proofs of Theorems 3.2-3.S can be found in 141. 

4. The relation between the Poisson and Furstenberg boundaries 

The Furstenberg boundary of a stationary random walk can be 

defined as the fixed point algebra of the shift automorphism 0 

acting on the Poisson boundary. In the case of spread out random 

walks on G the action of 0 admits the following factorisation. 

THEOREM 4.1. Let T be a spread out random walk on G and let 

C be the cyclic group l® 1 ^ 2 • ^en the Poisson boundary L^t T) is 

isomorphic to i"( D • L^IC) so that 0 corresponds to id • e' where 

O'-.lflC) - £."(0 is the rotation 0'flc) «• /(c*- 1). 

This result has a generalization to random walks on homogeneous 

spaces G/H. Its proof relies on an application of one of Derrlen-

nlc 0-2 laws (6 1 to show that the action of e Is , essentially, a 

smooth action on any standard pointwise realization of !,"(D (the 
a 

smoothness falls without the spread out assumption). We remark 

that the G action on £."( D » L IO arising from the Isomorphism 

with L i T) can be described, in terms of pointwise realizations of 

£ (T1) and L.IT), as a skew product action. Under certalh addition-

al conditions for the measure p * Pie,-) the situation Is simpler: 

Denote by S the open semigroup of elements g * c such that for 
k 

some k IJ (P = P(e/-)) dominates a multiple of the Haar measure 

on a neighbourhood of g (when G Is countable, S la the semigroup 

generated by suppp). We say that the random walk T defined by P 

satisfies condition S If SS~ » G. 
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THEOREM 4-.2. tet r be a stationary spread out random walk on G 

satisfying condition S. Let N denote the . smallest closed normal 

subgroup of G such that P(e,{*) • 1 for some Ç « C TAen tAe 

Poisson boundary Is G-lsomorphic to the tensor product 

L*iT) • L iG/N) equipped with the product G-actlon. Moreover, G/N 

is a cyclic group and 0 corresponds to Id • 0' where 0' is the 

rotation o'iL^iG/N) * ifiG/H), (9'/)(x) » f{xitN)) defined by the 

cosét fH containing suppp . 

We remark that there exist examples of adapted random walks on 

countable ff where Theorem 4.2 fails. I.e., the period of 0 does 

not coincide with the index of U in G. 

A proof of Theorem 4.2 is given in (41. 
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SUR UNE FORMB DB LA SOLUTION PB L'EQUATION DB TRANSLATION 

Zenoa Moszner 

Prntnttd by J. Aczel, F.R.S.C. 

lUsumA: Bn considérant l e s tbAorémea X e t 2 de J.Aczél dans ( 1 | 

(p.367-370),on donne des coadl t loos nécessa ires e t su f f i san tes 

pour que la so lut ion PJR'W —» B? de l 'équat ion de t rans la t ion 

P(x,U*V)-F(F(x.U),V) 

aoit de l a forme 

F(x.U)-k'4[lc(x)+CUl, 

oO k:B.n—•an e s t une b i jec t ion e t C une matrice constante A 

dimensions nxn.de rang égal A n in(a ,B) .0a donne auss i une 

général isat ion du problème considéré. 

Introduction 

J.Aczél dans (1) (p.367-370) a démontré l e s r é s u l t a t s 

suivants: 

Théorème!.Si n > n et s i pour une constante A«Rm l 'équat ion 

F | [ A ] . ï l = x , o o T}«Rn"m
/Y«Rm e t xwRw,peut ê tre pour chaque x 

résolue uniquement par rapport A y f M . a l o r s 

(1) F(x.U)°k_tlk(x)*CUl. 

avec une fonction bijective arbitraire k: R n—• Rn et une 

matrice constante arbitraire C= [[Û 1 ( C est une matrice 

carrée non singulière A dimensions m ) , est la solution 

générale de 

(2) F{x.U+V)-F(F(x.U),V), 

oû x«Rn et U,V«Rm. 
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Théorème 2.Aussi dans le cas où n < m,la solution générale de (2) 

est la fonctloa (1). k: Rn__»an étant une bijection 

arbitraire et C-(C C ) une matrice constante arbitraire (C, 

est une matrice cariée non singulière A dlmensloos n ) , s'il 

existe un a«Rn tel que H a . [11) l-x»2i x-R^UeR" et 

naR""", possède une solution unique U-g[[n]l' 9 étant une 

fonctloa de x et ^ continue ou bornée. 

On sait (2) que chaque solution de l'équation de translation 

(3) F(x#U.V)-F(F(x.O),V), 

oû F; TxG — • r,r est un ensemble arbitraire et (G,.,e) forme un 

groupe, est de la forme 

(4) F(x,U)-g-1(gk(l»(x)).Ul pour h(x)«rk. 

oû h: r — « r est telle que h(h(x))-h(x), 

(5) h(r)=. U r . r *$. r.rr ~$ pour )ws 
km* 

et pour chaque k«K 11 existe un sous-groupe G de G dont l'indice 

est égal A la puissance der et g est une bijection de r. A la 

famille des classes d'équivalence A droite du groupe G par 

rapport au sous-groupe 6 . 

Nous avons d'après (3| et (4| les conclusions suivantes; 

l.P(.,U) est univalente sl et seulement sl P(x,e)=ix pour chaque x 

de r (c'est la condition d'identité). 

2.P(x..) est univalente sl et seulement si G -(e) pour chaque k 

de K. 

3.La solution F de (3) est disjointe,c.A d. 

Vx«r V0t.Ug«6 |F(x.U|)-F(x,Ui)—> Vy«r:F(y.Ui)-F(y,Ui) 1, 

si et seulement sl 

G '=H: = {U«G:Vx«r: :P(x,U)-=x) pour chaque k de K. 

Résultats fondamentaux 

Nous allons donner généralisations des théorèmes cités. 
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Théor*roo 3. La solution F(x,U) dc l'équation (2) pour n > m, 

est de la forme (1) ci ct seulement si 

(6) F{.,U) est univalente pour tout U de Hm. 

(7) F(x,.) est univalente pour tout x de R", 

(8) la puissance de la famille i des fibres transitives de F, 

c.à d. des ensembles (F(x,U):U«Rm). est égale A la puissance 

du continu. 

Démonstration de "seulement si". 

Il est évident que pour U-0 on a F(x,0)*'x,â'oû F(.,U) est 

unlvalente.il résulte de k[P(x,U)J^k(x)+CU que F(x,.) est 

univalante.D'après l'univalence de F(.,U} la reunion des fibres 

transitives de F est égale A Rn, puisque k est une 

bijection,kIP{x,U)l=k(x)+CU et les fibres transitives sont toutes 

disjointes,donc 9 a la puissance du continu. 

Démonstration de 'si*. 

D'après nos suppositions.F a la forme (4): 

PU.Ul-g^lg^xl+UJ pour xsT^ 

oû 9^ Pour \ de L.est une bijection de r A Rm, (r ) forme une 

décomposition de Rn aux ensembles non-vides et disjoints.Puisque 

les r^ forment des fibres transitives de F/donc la puissance de L 

est égale au continu.Solt b une bijection de L A Rn"m.La fonction 

k (x) = r9i ( x n pour x de r 
1 L k(l)J l 

est une bijection dc r̂  A un hyperplan de Rn A dimensions m.La 

fonction k= QJ k est une bijection de Rn.Supposons que x«r .alors 
l«i. l 

aussi 

gi1Igl(x)*ui=P{x,u)«rl. 

d'où 

http://unlvalente.il
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Bn posant que l-I^CU.il en résul te que 

F(x.U)=k_,IMx)+CUl. 

c . q . f . d . 

Pour n=ra,les fibres transitives seront confondues et avec la 

condition P(x,e)=x nous aurons la puissance de • égale A 1. 

Nous avons donc 

Théorème 4. La solution P(x,U) de l'équation (2).oû n=m,eatde 

la forme (1) si et seulement si (7) a lieu et 

(9) P est transitive,c.A d. Vx.y •R" 3 UmtT: P(x,U)=y. 

Supposons maintenant le cas où n < m.Pour généraliser le 

théorème 2,nous allons appliquer le théorème 2 dans (2) (dans ce 

théorème la supposition que G est indénombrable a été omise I) 

comme (Rn,+) et (Rm,-*-) sont isomorphes. 

Nous avons donc le 

Théorème S. La solution P(x,0) de l'équation (2),oo n < m. 

est de la forme 

(10) F(x,U)=k"'lk(x)+l(U)I, 

oû krR" •RB est une bijection et 1 est un homomorphisme de Rm A 

Rn ,sl et seulement si (6) a lieu et de plus 

(11) tous les sous-groupes de stabilité dc P.c'est-A-dire les 

ensembles (ll«Rm:F(x,U)=x) , sont égaux et ils forment un espace 

vectoriel sur le corps des nombres rationnels 0, 

(12) la famille des fibres transitives de P a la puissance 

égale A 1 ou transfinie. 

Nous donnons un exemple qui montre que les suppositions 

(6),(11) et (12) sont plus faibles que la supposition du théorème 

2. Soit n °  2 et m °  3 et posons que G=((U ,U ,U )«R*:0 =0| .Soit 

o une bllectlon do R* sur R"/G et F^.U^g"'Ig(x)+U|-On peut 

facilement vérifier que les conditions (6).(ll) et (12) sont 
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satisfaites. Il n'existe pas uo x de R" tel que 

F(x, (^.U^.U^jl^y^R* a la solution unique par rapport A (U ,U ) 

pour chaque Ut de R et cbaque y de R'.BD effet pour x donné.nous 

avons 

FIx,(U4,Uj|,0)l-g-*[g(x) + (Ui,Ua,0)J-x 

pour cbaque U.U de R. 

On peut généraliser le théorème S du façon suivant. 

Théorème 6. Soit donné un groupe (H.-») .La solution F de 

l'équation de translation (3) sur le groupe (G.+) est de la forme 

t") P(x.U)"*'1l*(x)+c(U)J, 

22. *:r — » H est une Injection et c:G — » H est un 

homomorphisme,si et seulement si (fi) a lieu et 

(14) il existe un mooomorphisme 1 du groupe 6/N dans H,oû 

N:={U«G:Vx«r:F(x,U)=x), 

(15) la puissance de la famille » des fibres transitives de F 

est plus petite ou égale A l'indice de 1(G/H) dans H, 

(16) P est disjointe. 

Démonstration de "si". 

Soit 1: G/H » H un fflonomorphlsme,solt K tei que dans (5) et 

prenons y:K — » H. telle que ^(kj et y/^) appartiennent * 

différentes classes d'équivalence A gauche de H par rapport A 

i(G/N).Prenons P de la forme (4) et définissons 

c(U)=i(UN) et *(x)=v(k)+igk(x) pour x«rk. 

D'après (16) chaque gk est définie sur 6/N.Nous avons 

0_*Iv(lc)+igk(xJ-H(UN)J^-1(v,(k)+i(gk(x)+UNI-gk4lgk(x)+UNI-F(x.U). 

car *(gk4(gk(x)+UN)J=v>(k)+i(gk(x)+UN). 

Démonstration de "seulement si". 

Le monoroorphisme 1 est donné par la formule i(UN)=c(U).La 

définition est correcte puisque N est égal au noyau de c. 
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Pour démontrer (15) remarquons que d'après (12) 

*lP{x.U)I=^(x)*c(U), 

d'où chaque fibre transitive de F (c.A d. cbaque ensemble 

(P(x,U) :tJ«G) )-est transformée par* en une classe d'équivalence 

A gauche du groupe H par rapport au sous-groupe 

c(G)>1(G/N).Puisque <p est injective,les fibres transitives 

différentes (comme disjointes) sont transformées par tp 

classes diverses,d'où (15). 

La condition (6) est évidente.Puisque chaque G est égal au 

noyau de c,la condition (16) a aussi lieu. 

Remarque.Sl P est disjointe,il existe toujours un groupe H 

remplissant (14) et (15).En effet posons H°(G/N)xK (le produit 

cartésien).oû dans K on donne une structure du groupe 

quelconque.Dans ce cas i(a)-(a,k ),sl a«G/N et k est l'élément 
o o 

neutre de K.est le monomorpblsme exigé. 

Remarquons encore que (13) est bien définie si et seulement si 

*(n+c(G) c ̂ (P) et dans ce cas elle est une solution de (3). 

Tl*ï5!i5_£it*5 
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