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AFFINE REGULARITY
by H.S.M. Coxeter, F.R.S.C.
in fond memory of FRIEDRICH BACHMANN

This sequel to Affinely Regular Polygons [2] was suggested by the question: Can an
affinely regular polygon be defined in words which Euclid himself could have appreciated?
The answer is Yes: such a polygon is the natural generalization of the parallelogram (which
is the affinely regular quadrangle or “4-gon"). In fact, an n-gon AoA; ... An-y is affinely
regular if all the lines AyA, withp+v=c (mod n) are parallel, for eacli value of c. The
case n = 5 is illustrated in Figure 1; see also [1, §13.4 (Figur 13.4e & Ubung 10)].

Figurc 1: An affinely regular pentagon
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1. The general affinely regular polygon
We recall [2, p.39] that an affinity maps the whole affine plane into itself while preserv-

ing incidence and therefore preserving parallalism: parallel lines are mapped into parallel
lines. Any two triangles determine a unique affinity ABC — A'B'C’, and we call this
an equiaffinity if the triangles have the same area. For instance, triangles Ao A14; and

A3 A3 As determine an affinity
(1.1) AoA1A; = A1 Az As

which is an equiaffinity if AgAj is parallel to A;A;. A polygon AgA14s... is said to be
affinely regular if it is mapped into itself by an equiaffinitly which maps each vertex into
the next.

Since the inverse equiaffinity Ay A3 As — AgA;A; maps each vertex into its predeces-

sor, the polygon is more properly expressed as
(1.2) . A_gA_1A0A1A, . ...

It is mapped into itself [2, p.43] by the affine reflections

(AoAs) (A-142) (A-aAs) -+,
(1.3) {(A:A:) (A-:A:) (A-:A:)' "

as well as by the basic equiaffinity

(1.4) (...A2A1AcA1As .. 0),

which is their product (3, p.4]. Therefore the lines
AoAy,A_1A2, A3 A,,...

are all parallel, as also are the lines
AgAz, A1 Ay, A2 Ay, . ...

Applying the affinity (1.4) to this statement, we deduce that all the lines A, A, with

t 4 1 = ¢ are parallel, for each value of ¢. Conversely, we have
p
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Theorem 1. If points ...,A_3,A_1,4o, A1,43,... are so arranged that, for every
integer p, the line AyApuys is parallel to Apy1Auya, and AyAuyq to ApsrApys, then the
polygon ... AgA3A;... is affinely regular. .
Proof. Since AgAs is parallel to A; Az, four consecutive vertices Ao, A, A3, As of such a
polygon must form a frapezium (American ‘trapezoid’). When this trapezium Ao A; A3 As
is given, the subsequent vertices are successively determined [2, Figure 3 on p. 43] as
follows. For each p > 0, A, +4 is the point where the line through A,, parallel to Au+14,4s
meets the line through A4 parallel to A,42A4,43. This procedure is clearly equivalent
to repeated application of the equiaffinity (1.4) which maps the polygon (1.2) into itself.

Having proved this theorem, we see that its enunciation pmvidés an elementary
definition for an affinely regular polygon, equivalent to the following prettier (but redun-
dant) definition:

A polygon ... A_3A_1AoA1A; ... is affinely regular if all the lines Ap A, with p+v =c

are parallel, for each value of c.

Figure 2: An affinely regular hexagon
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2. The affinely regular n-gon

We know (2, pp. 42-48] that there are various types of affinely regular polygon,

depending on the value of the real number
T = AgAs/A1 Az

In particular, if T = 1 + 2cos 2dr/n, where n/d > 2 is rational, then the polygon closes
with 4, = Ao. Accordingly, Theorem 1 implies

Theorem 2. If a cycle of points Ao, As,...,An—3, with subscripts reduced modulo n,
has the property that, for each residue u the line AyA,ys is parallel to Ayy1A,43, and
ApAusq to AuprApgs, then the n-gon AgA, ... An-1 i affinely regular.

Of course, the properties mentioned are meaningless when n = 3: every triangle is
affinely regular. Also the property concerning A, A, 44 can be ignored when n = 4 and is
superfluous again when n = 5. The case n = 6 is illustrated in Figure 2.

Every n-gon has a centre: the common point of the axes of the two reflections (1.3).
In fact, there are n such axes, all passing through the centre. This invariant point O
of the equiaffinity (1.4) may also be described as the centroid of the n vertices and as
the common centre of the circumscribed and inscribed ellipses [2, pp. 44,48]. Whereas
a Euclidean regular n-gon has equal edges AgA;, A143,...,An—140o, an affinely regular
n-gon has equal areas for the triangles OAg Ay, 04, 4s,...,0An-14o.

~Any affinity (strain or shear), which maps the circumscribed ellipse into a circle,
transforms the affine reflections (1.3) into ordinary (orthogonal) reflections, and the affinely

regular n-gon into an ordinary regular n-gon. Hence [6, p.412]

Theorem 3. Any affinely regular n-gon can be derived from a Euclidean regular n-gon

by applying a suitable affinity; for instance, by parallel projections onto another plane.

It follows that an affincly regular star polygon of density d (derived from {n/d}, where

n =5orn >6and d < 1n) has the same n vertices as a convex n-gon (derived from {n}).
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Even without appealing to Theorem 3, we can see tﬁat, if n is even, any two opposite
sides of an affinely regular n-gon belong to a parallelogram. 1t follows that the diameters
joining pairs of opposite vertices are concurrent, all being bisected by the centre O. In

other words, the polygon is centrally symmetric.

3. Gerber’s generalization of Napoleon’s Theorem

Leon Gerber [5] discovered a remarkable theorem which combines affine regularity
with Euclidean regularity:

Construct regular n-gons outwardly (or inwardly) on the sides of any affinely regular
n-gon. Their centres form the vertices of a regular n-gon.

The case n = 3, commonly attributed to Napoleon, was first proved by W. Fischer [4].
The case n = 4 was discovered by Thébault [7]. The cases n =5 and n = 6 (sce Figure 3)
were rediscovered by K.R. Shankaranarayan Sastry in Addis Ababa, Ethiopia.

Figure 3: A hexagonal cluster of hexagons
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ON CONVOLUTION OPERATORS WHICH ARE FAR FROM BEING
_CONVOLUTION BY A BOUNDED MEASURE. EXPOSITORY MEMOIR
Edmond E. Granirer, FRSC
ABSTRACT: This paper is concerned, mostly but not exclusively, with the existence (and
multitude) of convolution operators on LP(G) with support (see sequel) included in the
closed set F C G, which are not given as convolution by bounded measures or norm limits
of such. Here G stands for a Hausdorff locally compact group with identity e and left Haar

measure dzr, and 1 < p < oo.

INTRODUCTION: Let CONVp(G) denote the (bounded linear) operators on LP(G) which
commute with translation from the right, equippped with operator norm (we follow Herz
[Hz1] or see sequel). If F C G is closed let CONVp(F) denote those ¢ € CON Vp(G) with
support, supp ¢ C F (see sequel). Denote by M(F) the bounded Borel measures on F and
if p € M(G) let Aput € CONV,,(G) be defined by (App)f = p » f for f € LP(G). Denote
by Mp(F) = norm cl Ay(M(F)) C CONV,(F), where cl means closure.

Our results in simplified version, are concerned with the question of when is CONVp(F)

~ Mp(F) # ¢, i.e. when is the quotient space CONVp(F)/ Mp(F) # {0} and furthermore,

when is CON Vp(F)/ Mp(F) big, and in fact as big as it can be. Since for second countable
G, CONVy(F) is a subspace of £%°, a way to express the above is:

(*) “for which closed F C G does the (quotient) Banach space CONVp(F)/ Mp(F)

have £ as a continuous linear image (or equivalently have £*° as a quotient)”

I F C G is “thin” one cannot expect this to happen. In fact let G be abelian and p = 2.
If F C G is compact and scattered then Loomis’ lemma shows that CONV,(F) = My(F).

Furthermore if G = T (the torus) and F C T is any perfect Helson S-set (and there
exist such by a result of J.P. Kahane [Ka2]) then even CONVa(F) = Ag(M(F)) = My(F).
In fact this is the case if G is any abelian nondiscrete group and F C G is any perfect

1991 AMS Math. Subject Classification: Primary: 43A22, 42B15, 22D15. Secondary:
43A30. 42A45. 43A07. 44A35. 22D25.
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Helson S-set. Such sets F are thin in the following sense: for any nondiscrete closed
subgroup H C G and any a € G, the interior of F in aH is empty (i.e. intqy(F) = ¢).

A weak version of the main result of this paper will express the fact that if G is any
second countable group and F C G is closed and if for some nondiscrete closed subgroup
H C G and a,b € G, intyyy(F) # ¢ then CONVy(F)/ My(F) has €% as a quotient, for
1< p<oo.

In fact moreover, IMy(F) will be replaced by a much bigger space, and furthermore
the result will not depend on whether F is a set of synthesis. In addition CON Vi(F)
can be replaced by a much smaller space P C CONVp(F) if o(P) = F (see sequel). As
seen above, this is the best one can do in terms of the thinness of F and of the bigness of
P/ Mp(F), since P C £ will hold if G is second countable.

There are many results in the literature which express the fact that for some closed
F C G, CONVy(F) ~ Ap(M(F)) # ¢ (~ is set theoretical difference).

(a) Global results i.e. F = G: As pointed out in G. Gaudry’s Yale 1962 Harmonic
Analysis lecture notes, an old result of M. Riesz states that the function 1 2+ € €°(2)
where 2+ = {0,1,2,...}, is a Fourier coefficient multiplier of LP(T) if 1 < p < oo (i.e.
lz+(LFa')) C LP’&)) yet for no u € M(T), is 12+ = j (since any such u belongs
to LY(T) by a theorem of F. and M. Riesz and then f(n) — 0 if |n| = oo0). Thus
CONV(T) ~ M M(T)) # ¢.

Results of Brainerd and R.E. Edwards [BE] as improved by Figa-Talamanca and
Gaudry [FG] and J.F. Price [Prl] imply that if G is compact and infinite or any lo-
cally compact abelian group then CONVy(G) ~ Ap(M(G)) # ¢. A result of N. Lohoue
[Loh] implies that if G is a noncompact semisimple Lie group with finite centre then
CONV(G) ~ Ap(M(G)) # 6.

All the above have been definitively improved by M. Cowling and J. Fournier in [CF]
namely: For any infinite locally compact group G if |g~! — 27!] < |p~! — 27| there
is some ¢ € CONVy(G) such that ¢ § CONV(G), consequently ¢ & Ag(M(G)) and
CONVy(G) ~ Ag(M(G)) # ¢ forall 1 < g < 0.
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If p = 2 and G is nondiscrete second countable, it has been proved by Ching Chou in
[Ch2] that if P = CONV,(G) then P/Wp(e) (a fortiori P/M2(G)) has £ as a quotient
and P./Wp,(e) is not norm separable, where e is the identity of G (see [Ch2] thm. 3.3 and
Cor 3.6 respectively). Chou uses C*algebraic methods which are not available if p # 2.

(b) Local results: If G is any nondiscrete locally compact group and U C G is open with
F = clU compact, then R.E. Edwards and J.F. Price’s results in [EP) imply that there
are norm separably many elements ¢ in CONV,(F) ~ Ap(M(F)) (for every 1 < p < o)
provided U admits a Rudin-Schapiro sequence (URS). If G is abelian and nondiscrete
(URS) sequences exist for ﬂl open U C G. (URS) sequences are also constructed in [EP)
for particular cases of G and certain open U C G. If G is arbitrary and U C G is open, it
is not known if (URS) sequences exist at all.

If G = T the torus then Cowling and Fournier show in [CF) that there are ¢ €
CONVy(G) ~ CONVp(G) whose support is included in any symmetric Cantor set, and
if G is not unimodular then supp ¢ can be chosen in the kernel of the moduler function
(where [g~! = 2] < |p~1 - 2-1)).

Our theorems will improve substantially, in a sense, the above results. They are new
evenif G=R"or T" and p=2.

I. THE GENERAL CASE. We need some more definitions (consistent with Herz [Hz1]) to
proceed to our main result.

Denote by PMp(G) the ultraweak (u.w.) closure of Ap(M(G)) in CONVp(G) (where
u.w. is the topology on CONV,(G) generated by the semi-norms ¢ — [£3°(¢/n, gn)| with
fn € LP(G), gn € L¥(G) and T fnllpllgnlly < 00, 1/p+1/p' =1,1< p < o). As
is well known, see Herz [Hz1,2), if G is amenable or p = 2, and in many other cases,
PMp(G) = CONVy(G).

PMp(G) s the dual of the Banach function algebra Ap(G) (see [Hz1}]) and (PMp(G), v*)
= (PMp(G), u.w.). Furthermore CONV(G) is an Ap module where (u - ¢,v) = (¢, uv) if
u,v € Ay(G) and ¢ € PM,(G). If G is abelian and p = 2, A2(G) = LI(G).

If $ € CONV(G) we define the support of ¢, supp ¢ by: If u € LP(G) then z ¢ supp

189
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with compact support) such that supp v C V. If $ € CONV},(G) then z ¢ supp ¢ iff there
is a neighborhood U of e such that z & supp ¢(u) for all u € C¢(G) C LP(G) with supp
u C U. If p € M(G) then supp Appt = supp s as a measure as shown in Herz [Hz1), p. 120.

Denote for closed F C G, CONV,(F) = {¢ € CONVy(G); supp ¢ C F} PMp(F) =
PMp(G)NCONVy(F) and PMps(F) = w* cllin{Apéz, z € F} where §; is the point mass
at r and cl [lin] denotes closure [linear span] respectively. Clearly, F is of spectral synthesis
for Ap(G) iff PMp,(F) = PMp(F), see [Hz1].

Let Mp(F) = norm cl Ap(M(F)) and if P C CONVp(G) denote P, = norm cl
{¢ € P; supp ¢ is compact}, o(P) = {z € G;A\péz € P} andif z € G

Ep(z) = norm cl{¢ € P; z € supp¢} (FE from ergodic).

It so happens that if P C CONVy(G) is an u.w. closed Ap(G) module with o(P) = F
then My(F) C €(Apés) ® Ep,(z) where € is the complex field, for all z € F. We hence
denote Wp(x) = €(Apbz) + Ep(z) if P C CONVp(G) (the sum is direct for all P we
consider). The reader should note the following properties of the Banach space £°:

(a) If X C Y C Z are Banach spaces and X has €% as a quotient so does Y. Since
any operator ¢ : X — £ has an extension operator to all of Y by the injectivity of €.
And if Z/Y has €* as a quotient so does Z/X.

(b) €% is the biggest among all duals of separable Banach spaces since it contains any
such (see [LT) p. 108) and £ = (¢£!)*. Thus PMp(G) C € if G is second countable.

If F, H are subsets of G then the interior of F in H, inty(F), is defined by: = € inty(F)
iff there is some open U C G such that z€e HNU C F.

We are now ready to state our main theorem:

Theorem M: Let G be a second countable locally compact group H a closed nondiscrete
subgroup, a,b € G. Let P|Q] be a w* [norm] closed Ap submodule of PMp(G) such that
P.CQCPandleto(P)=F.

Then for any z € intays(F), @/We(z) (a fortiori @/ My(F) if such a,b, H,z exist)
has ¢ as a quotient and TIMg(z) contains F'.
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Here TIMg(z) = {¢ € @*; 1 = (9|l = $(Apbz), ¥(Eq(z)) = 0} (TIM from topological
invariant mean and Q* is the dual of the Banach space @) and F C €*°* is defined by:
F = {¢ €¢°% 1 = [l = (1), ¥(co) = 0} where 1 also stands for the constant one
sequence in € and ¢g = {z = (zn) € € li’:|n zp = 0). Note that F is a w* compact
perfect set of the positive face of the unit sphere of £°* which is as big as it can be, namely
card F = card £%°* = 2¢ where c is the cardinality of the continuum.

Remarks: 1. The fact that @/Wg(z) has €*° as a quotient is a much stronger result
than the fact that @/ Mp(F) has same. Since it has been proved by Ching Chou in [Chl]
that if G is abelian, nondiscrete, p = 2 and @ = PMs(G) then even Wg(e)/ Ma(F) has
£ as a quotient (and even contains £*°).

2. Our result expresses the fact that @/Wg(z) has £*° as a continuous linear image.
In this connection R. Haydon has constructed in [Ha] a Banach space C(K), K compact
Hausdorff, which has £*° as a quotient, does not contain an isomorph of £*° and yet has
the Grothendieck property (i.e. w* convergent sequences in C(K)* converge weakly). See
also Talagrand [Ta).

3. In many cases, even the fact that @ ~ Mp(F) # ¢ i.e. @/My(F) # {0} is new
and thus the fact that @/ Mp(F) is big, is an additional bonus.

4. If p # 2 then PMp(G) is a strikingly different space from PM(G). For example any
f € L%®(G) such that |f(z)| = 1 a.e. will generate an isometry Sf : L¥(G) = L*(G) with
Sf € PMy(G), via Plancherel, by f(g)(z) = f(z)g(z), for g € L2(G). In contrast, if p # 2
then the only isometric operators S : LP(G) — LP(G) with S € PMy(G) (for arbitrary G)
are the operators a(Apfs) with z € G, a € € and |a| = 1. This result of S.K. Parrot and
R.S. Strichartz has been given a beautiful short proof by P. Eymard [Ey] p. 367-10.

For the rest of the paper we will discuss corollaries of the main theorem. It will yield
results which are new even for G= Ror T and p=2.

We need some more notations. Let PFp(G) = norm cl /\p(Ll(G)), Cy(G) = {¢ €
CONV,(G); ¢¢' € PFy(G) for all ¢' € PFp(G)). By J. Delaporte [De] thm. 2.1 if we
let PMpe(G) = (PMp(G))c then PMpc(G) C €p(G) C PMp(G) and €(G) is a Banach
subalgebra and Ap(G) submodule of PMy(G).

191
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If G is abelian and F : L!(G) — A(G) = A(G) is Fourier transform then F*(PMa(G))
= L®(G), F*(C2(G)) = C(G) and F*(PMy:(G)) = UC(G) where [UC(G)JC(G) are the
bounded [uniformly] continuous functions on G, respectively. Clearly, if we take @ =
C9(G), P = PMy(G) in theorem M then P # @ # P if G is not compact or discrete.
This is the reason for the A, submodule @ appearing in theorem M. l

If F C G is closed denote by Cp(F) = Cp(G)NPMy(F), Cps(F) = Cp(G)NPMp,(F)
PMpe(F) = PMp(F) N PMpc(G), PMpuc(F) = PMpe(F) N PMpc(G). It s0 happens that
(PMp(F))e C PMpc(F) and (PMpe(F))e C PMp.c(F) with equality if G is amenable.
Furthermore for all closed F C G, (PMp(F))e C PMp(F) C €p(F) C PMy(F) and
(PMps(F))e C PMpuc(F) C Cpu(F) C PMps(F) and all the above spaces are norm closed
Ap submodules of PMp(G).

Corollary 1: Let G be any second countable group, H C G a closed nondiscrete sub-
group, a,b € G and F C G closed. let @ be any of the eight spaces (PMp.(F))c C
PMp.o(F) C €Cpi(F) C PMp(F), (PMp(F))e C PMp(F) C Cp(F) C PMp(F).

Then for any z € intgys(F), @/Wa(z) (a fortiori @/ Mp(F) if such a,b, H,z exist)
have €% as a quotient and TTMg(z) contains F.

The reader should note that @ = (PMp(F)). is included in all other of the above
@. Thus (PMp.(F))c/ Mp(F) having € as a quotient directly implies the same for
L/ Mp(F), for any normed space L O (PMps(F))e, a fortiori for all @. This is not the
case with @/Wg(z). @/Wq(z) having £ as a quotient for one @ does not imply the same
for all the other @.

What can one say about sets F such that int,gs(F) = ¢ for all a,b € G and closed
nondiscrete subgroups H C G? G = T and F C T is any compact countable subset
then by Loomis’ lemma CONVy(F) = Mo(F) (a norm separable space). Furthermore,
if F C T is any perfect Helson S-set then CONV,(F) = Ag(M(F)) = MMo(F). Clearly
intp(F) = ¢ for such F (note that T is the only closed nondiscrete subgroup of T).

There are however perfect sets F' C T with int(F) = ¢ such that CONVa(F) # Mo(F).
The Cantor middle third set imbedded in T (or any perfect symmetric subset F C T,
[GMc] p. 88) satisfies this, by a result of G.S. Woodwards {(Wol]. Does, for such F,
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CONV,(F)/ My(F) have €° as a quotient? We do not know. However, there is a chance
for this to occur, due to the fact that for such F and second countable amenable G,
CONVp(F) has £ as a quotient. This fact and substantially more is proved in

Theorem 2: Let G be second countable and amenable. Let JP be a w* closed Ap(G)
submodule of PMp(G). If o(P) contains some compact perfect set then P has £ as a
quotient and does not have the WRN P.

As known, the dual X* of the Banach space X is said to have the WRN P iff X does
not contain an isomorph of ¢!.

Theorem 2 is an improvement, for second countable G, of a result of F. Piquard-Lust,
who has shown that if 1 < p < 2 and G is abelian and F C G is compact and not scattered
then CONV;(F) does not have the RN P (see [P2]). Theorem 2 improves this result even
for p = 2 and G abelian and second countable. This is the case since by a result of
R.C. James and J. Lindenstrauss there exist separable Banach spaces X such that X* has
the WRNP yet does not have the RN P (see [Ro] p. 806). We also note that theorem 2
cannot be much improved since PMy(T) is isometric to £°°.

The next result concerns # closed Ap(G) submodules @ C Cp(G). These have been
defined and studied by Jacques Delaporte in his beautiful thesis [De].

Let 8 be the topology on PMy(G) defined by: da — ¢ in B iff ||(¢a — @)l — O for-

all n € PFp(G). If p=2 and G is abelian then # on PM(G) corresponds via F*, where
F : L/(G) = A9(G) = A(G) is Fourier transform, to the strict Buck topology on L®(G),
namely, fo — 0 iff [|faglloo — 0 for all g € Co(G) = {f € C(G), f(z) — 0 at o0}. Our
main theorem together with results of Delaporte [De] yield

Theorem 3: Let G be second countable and amenable, H C G a nondiscrete closed
subgroup, a,b € G. Let @ C €p(G) be a f closed Ap(G) submodule and denote o(@) = F.
Then for any z € int yp(F), Q/Wq(z) (a fortiori @c/ Mp(F) if such a,b,z, H exist) has
€ as a quotient and TIMg(z) contains F.

K G is amenable, it can be shown that, for ¢ € Cp(G), @s(4) = Acl(Ap(G) - ¢) isa B
closed Ap module to which this theorem applies. In this case o(Q5(4)) = supp ¢. If P(¢) =
w* cl(Ap(G) - ¢) it follows from results of Delaporte in [De] that @4(4) = P(4) N Cy(G)
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thus (P(é))e C Q;3(¢) C P(¢) and the main theorem can be applied. If ¢ = Appu where
p € M(G) with F = supp u (supp p as a measure), it can be seen that P(Apu) = PMp.(F)
and Q(Appt) = €ps(F) and the result follows from Corollary 1.

We will need to consider in the sequel 1Wp(G) submodules of PMp(G) where W(G) =
PFu(G)'. 13(G) is a function algebra on G and Ap(G) C Wp(G) is an ideal. It is hard to
identify functions in Wy(G). W2(G) = PF(G)"* (the dual of a C*algebra) is better known.
In fact Ws(G) = lin W;’ (G) where W2+ are the continuous positive definite functions on
G associated with the left regular representation. We will embed Wa(G) in Wp(G) if G is
amenable (or p = 2 and G is arbitrary) and then V.f = V2+(G) =ext{w € W;(G); w(e) =
1} will play an important role (where ext denotes extreme points). We will consider a
subspace Dy:(a) of Ep(a) which involves V2+ and is more tractable than Ep(a).

If G is amenable, a powerful result of C. Herz [Hz3] allows one to imbed A2(G) in Ap(G)
by function identification, with decrease in norm, and then PM,(G) can be considered as
a linear subspace of PMo(G) with [|¢llpy, < lI6llpay, if ¢ € PMp. It follows then that
1W2(G) C W(G) (and clearly £,Wy C W if @ € G, where ((af)(z) = f(az),forall z € G
and f € C(G)).

Definition: If P C PM(G) is a linear subspace, let Dp(a) = normcl lin {¢—v-¢; ¢ €
P,ve l’a-uV.‘;‘ }). I a € o(P) and Dp(a) C P let IMp(a) = {p € P*;1 = |y =
(Apba). ¥(Dp(a)) = 0}, the invariant means on P at a.

The reader will find it instructive to see after the next lemma the identification of
Dy (a) for abelian G and p = 2. With the above definition in mind one can show

Lemma 4: Let P C PM,,(G) be a norm closed Wp(G) submodule and a € o(P). If
G is amenable or p = 2 then Dp(a) C Ep(a) and TIMp(a) C IMp(a). If in addition
P C PMp(G) then Dp(a) = Ep(a) and IMp(a) = TIMp(a).

We also note that any norm closed Ap(G) module P C PMy(G) is a Wip(G) module if
P C PMp(G) or if P is w*closed. There exist norm closed Wy(G) submodules of €p(G)

for which Dy.(a) # Ejy-(a) as will be presently shown for abelian G and p = 2.



E.E. Granirer

Let G be abelian, p = 2, and F : L}(G) — A2(G) = A(G) denote Fourier transform.
Then F*(PM2(G)) = L®(G), F*(€2(G)) = C(G) and F*(PM2,(G)) = UC(G). Fur-
thermore, for any norm closed Ap(G) submodule P C PM2(G) and a € G F*(Ep(a)) =
norm ol lin {k — (af) * h; 0 < f € LY(G), [ f(x)dx =1, h € F* P} and F*(Dp(a)) =
norm cl lin {h — a(x)lx; x € G, h € F*P) if P is in addition a Wa(G) module. Thus
F*(Dp(a)) C F*(Ep(a)) with equality if P C PMac(g). (If a = e this last fact is known to
“amenabilists” under the label: “Any invariant mean on UC(G) is topologically invariant,”
see [Pa).) If we take P = €3(G) then by a result of Liu and Van Rooij [LR] there exist in-
variant means on C(G) which are not topologically invariant i.e. 7*(Ep(e) # F*(Dp(a)),
if G is not discrete.

If @ C PMp(G) denote by Vg(a) = C(Apba)+De(a). f p=20r G is amenable and @
is a norm closed Wp, module then the sum is direct and Vg(a) is a closed subspace of We(a).

Corollary 5: Let G be second countable, H C G anondiscrete closed subgroup a,5,€ G,
F C G closed and z € int gy(F).

Let P be any one of (PMp«(F))e, PMpec(F), PMpy(F) or (PMp(F))e, PMpe(F),
PMp(F) and @ any one of Cps(F) or Cp(F). Then

(a) P/Wp(z) and @/We(z) have £° as a quotient and TIMp(z) and TIMg(z)
contain F.

(b) If p = 2 or G is amenable then JP/Vp(z) also has £ as a quotient and IMp(z)
also contains F. If in addition @ is a Wp module (if G is abelian and p = 2 @ is such)
@/Va(z) has £° as a quotient and IMg(z) contains F.

We note that Corollary 5(a) holds for any w* [norm] closed Ap(G) module P{Q)] with
o(P) = F and P, C @ C P. And Corollary 5(b) holds if G is amenable and @ is in
addition a Wj(G) module, which is the case if @ = Qg(¢) for é € PMy(G) with compact
support (or if F is compact).

Are there any (many) elements which belong simultaneously for all 1 < p < oo, to
PMpy(F) ~ A\p(M(F))? Thereom 5.7 of Edwards and Price [EP] implies that if F' = cl v
is compact and U is open in G and admits a URS sequence then there are norm geparably

many such elements.
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We are able to improve this result in that F may be much thinner and o URS
sequences are needed. The price we pay is that G needs to be second countable ;md
amenable and the range of p is bounded.

If G is amenable then Herz’s theorem C [Hz3] allows one to conclude that PMp(G) C
PMy(G)if1 <p< g<2o0r2<g<p< oo, with contraction of norms. Furthermore, if
¢ € PMp then by the definition of support, supp ¢ in PMp(G) is the same as supp ¢ in
PMy(G). Thus PMp(F) C PMy(F) if p,q are as above. Consider in the sequel PM,y(G)
for all 1 < p < oo to be a subset of PM3(G). The above observations will yield now

Corollary 6: Let G be amenable and second countable, a,b € G, H C G a closed
nondiscrete subgroup. Let p < 2 [p > 2] and P C PMp(G) be a w* closed Ap submodule
with o(P) = F. If intoyy(F) # ¢ then Pc ~ My(F) C {N(PMy(F) ~ A(M(F));
P<¢<2[22q2 p]} and all above sets have the cardinality c.

Proof: Our main theorem implies that card (P, ~ Mp(F)) = c since card PMy(G) =
¢ = card P/ My(F) (since P/ Mp(F) has £ as a quotient). But for any p, g Ap(M(F)) =
Ag(M(F)). Hence Pc ~ My(F) C PMy(F) ~ Ap(M(F)) C {N(PMy(F) ~ A(M(F)); p <
9<2,[22¢2p)}.

Note that even P¢ ~ (C(Apé:) + Ep () C Pe ~ My(F) if z € intoyp(F)

The proof of the main theorem is based on the following result of this author (see [Gr)
p. 158):

Theorem: Let X be a Banach space, s, : X — X a sequence of operators K C X
be bounded convex and consider X C X**. Let Ag = {y € w* dl K; s3*y = 0, (y,z3) =
ap, for all n > 1) where 2, € X*, an € C.

If Ap C {w*cl K} ~ {w* seq cl K} then there exists an onto operator t : X* — £°
such that t{UPshX* U {22)° U K%} C ¢ (where K = {z* € X*; (z*,K) = 0} and
c = {a = (an) € £*°; limap, exists}) and such that t* : £°* — X** is a w*~w* continuous
norm isomorphism into, such that ¢*(F) C A,.

I1. THE CASE THAT G IS ABELIAN. All through this section G will be abelian. Herz’s
theorem [Hz3] or in fact the Riesz-Thorin theorem implies that A9(G) C Ap(G) and
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if u € A3(G) lulls, < llulla, for u € A2(G) and by duality PMy(G) C PMa(G) for
1 < p < oo, with [|¢]|pm, < [|¢llpu, for ¢ € PMp(G).

Let F : L}(G) — A2(G) denote Fourier transform. Then F* : PM3(G) — L®(G) a
w*-w* bicontinuous isometry onto. Denote C‘}"(é) = F*(PMp(G)), a pointwise subalge-
bra of L%(G). Equip £3°(G) with the norm induced from PMp(G). Thus, if F*(¢) = f
with ¢ € PMy(G) then [|f[| = |6]lpp, -

£3(G) with pointwise multiplication (a subalgebra of L%(G)) equipped with the PM,
induced norm, is 8 commutative Banach algebra and M (G) module thus M(G)+ £;°(é) C
Lg"(é'). (Since if F, : M(G) — W»(G) denotes Fourier Stieljes transform (see [Rul}) and
v € M(G) and ¢ € PMy(G) then F*[(F,v) - 4] = vV » F*$). Clearly L3(G) = Lo(G).

We stress that F* stands for F* restricted to PMp(G) for some fixed 1 < p < 0o and
is thus an isometry from PMp(G) onto .Cg°(G‘).

If p # 2, functions f € £g°(C:') are very difficult to characterize. Necessary and
sufficient conditions for some ¢ € £°°(Z) to belong to £3°(Z) seem to be unknown. Perhaps
the closest to such, is a powerful theorem of E. Stein ([St] or [La] p. 131).

Definition: (a) If F C G is closed let UCH(G, F) = F*(PMpc(F)), Cp(G, F) = F*(Cp(F)),
LP(G, F) = F*(PMy(F)), UCps(G, F) = F*(PMpac(F)), Cpa(F) = F*(Cpa(F)), L(G, F)
= F*(PMp.(F)), and Bp(G, F) = F*(Mp(F)). (Since G is abelian, PMpc(F) = (PMp(F))c
and PMpuo(F) = (PMps(F))e.) If F = G then omit F and write uc,,(c':) instead of
UCH(G,G) et al. for the other spaces. Denote by C3(G) = F*(PFy(G)) (thus C3(G) =
ColG)).

(a) Define the (strict) g topology on Lg°(é) by: fa = fiff |(fa — f)g]] = oo for all
9 € C3(G). Clearly, the isometry F* : PMp(G) — L£3°(G) is also a f-f homeomorphism.

It so happens that P is a norm closed Ap(G)[Wp(G)] submedule of PMp(G) iff P =
F*(P)is a LY(G) [M(G)) norm closed submodule of Cg"(fv').

(c) I P € £(€) and a € G and (af)(x) = a0 (x) for £ € L(G), and (Exh)(x') =
h(xx') for x,x' € G, h € L®(G), let

£p(a) = normcllin{h — (af)« h; h€ P, 0< f € LYG), [ f(x)dx =1}
Dp(a) = normcllin{h — a(x)éxh; h € P,x € G)
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Proposition 1 (i) Let PP be a norm closed Ap(G) [Wp(G)) submodule of PALL(G) and
P = F*(P). Then F*(Ep(a)) = Ep(a) |[F*(Dp(a)) = Dr(a), thus Dp(a) C Ep(a) in this
case), for any a € G.

(i)If P C PMp(G) is a norm closed Ap(G) (hence Wp(G)) module and P = F*(P)
then Ep(a) = Dp(a).

Definition: Let P C £3°(G) be a norm closed L'(G) [M(G)] module. If a € G is such
that @ € P let, respectively, IMy(a) [TIMp(a)] = {¢ € P*; ¥(a) = 1 = ||¢¥(|, ¥(Dp(a)) =0
[¥(Ep(a)) = 0]}

Remarks: (1) Note that y(Dp(a)) = 0 [¥(Ep(a)) = 0] is equivalent to Y(&yh) =
a(xX)¥(h) [¢((af)+ h) = P(h)) for all h € P and x € G [for all 0 < f € L}(G), [ fdx = 1).

(2) If [P € PMpc(G)), P C PMp(G) is a norm closed [Ap(G)] Wp(G) module and
P = F*(P), then [TIMp(a) = IMp(a)), TIMs(a) C IMp(a).

Definition: If h € C,?°(é) let £(k) = GNA L (G)#*h). It so happens that if h = F*¢
then supp ¢ = E(h) and if ¢ € PMpc(G) then £(k) = G N Bcllin{eyh; x € G}. Also,
F*(Apu) = Fo(p) for all u € M(G), hence, supp Apb: = {2} = E(F3é;) is obvious.
Furthermore, B),(G, F) = normc|{Fsp; p € M(F)} C Cg°(é), and C,’;°(C:‘,F) = {h €
LP(G); (h) C F},if F C G is closed.

If Q C LP(G) let Wo(d) = €d + £g(d) and Vg(d) = €d + Dg(d).

Theorem 3: Let G be abelian second countable, H C G a closed nondiscrete subgroup
a € G. Let P C PMy(G) be a w*closed Ap submodule, o(PP) = F and P = F*(P), Pe =
F*(P¢). Let Q be any norm closed L!(G) submodule of £g°(é) such that P, Cc Q C P.

Then for any d € intgy(F), Q/We(d) (a fortiori Q/Bp(é, F), if such a, H,d exist) has
€ as a quotient and TTMg(d) contains F.

If in additon Q is a M(G) submodule (Q = P, or P are such) then @/Ve(d) also has
€ as a quotient and IMg(d) contains F, if d € int,y (F).

Corollary 4: Let G be abelian, second countable, F C G closed, a € G, H C G
a nondiscrete closed subgroup and @ be any one of MCP(C:‘, F), £g°(é, F), uc,,.(c'.', F),
L3RG, F) or Cy(G, F), Cps(G, F). Let P C Cp(G) be any B closed L!(G) submodule such
that F =Gn{h; h € P}.
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Then for any d € intoy(F), @/Wq(d) and P/Wp(d) (a fortiori Q/B,,(('}',F) and
P/By(G, F) if such a,d, H exist) have £ as a quotient and TTM¢(d) and TIMp(d) con-
tain F.

If in addition Q@ [P]isa M (G) module (which is the case if p = 2 or if F is compact,
or if Q denotes only the first four spaces) then Q/Vo(d) and [‘P/vp(d)]. also has {® as a
quotient and [IMyp(d)), IMg(d) contain F.

Remarks: 1. If f € L;',°(G‘) let @g(f) = B(LY(G) + f). It so happens that if
h € UCp(G) then Qg(R) = Bcllin{tyh; x € G). If F = Q(h) N G then P = Qg(h)
satisfies the conditions of Corollary 4.

2. If p = 2, any B closed translation invariant linear subspace of C(G) = C2(G) is a
M(G) submodule of C(G).

3. Let p € M(G) and k = Fyp = F*(App). Then Qn(h) = normcllin{éyh;x €
G} c Bp(é'F) where F = supp App = supp p (supp p 88 a measure). By Cor. 4, if
intag(F) # ¢ for some a € G and nondiscrete closed subgroup H C G, @ = Qg(h) =
Bcllin{éxh;x € G} is so much bigger than Qn(h) that Qﬁ(h)/B,,(C:'. F) (and even Qg(h)/
Wq(d) if d € intg(F)) has £° as a quotient. If however p = 2 and F = supp 4 is a perfect
compact Helson S set (see [Kal], [Ru] (7.8.8) and p. 188) then Qg(h) = LP(G,F) =
By(G, F) = Fs(M(F)) = Vo(d) = Wq(d) for d € F. Thus Qg(h) is much smaller in this
case.

The above corollary will yield results which are new even if G=2ZorR.

(a) G = T™ and the compact case. Reverse the roles of G and G and let G be com-
pact. Denote then £°(G) = LJ*(G) = F*(PMy(G)) and if F C G is closed denote
£°(G,F) = LP(G, F) and €33(G, F) = L3(G,F) where F : €(G) - A3(G) = A(G)
is Fourier transform. Denote £°(G,F) = #°(G,F) and (G, F) = €8(G,F). Since
G is compact, PMpc(G) = Cp(G) = PMp(G). Thus for any h € £°(G) C £2(G)
(k) = G n Bcllin{éyh; x € G}. And for any norm closed translation invariant (equiva-
lently, £!(G) module) subspace P C &°(G), Ep(x) = Dy(x) and Vp(x) = Ws(x)-
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Corollary 5. Let G be discrete, countable, H C G a nondiscrete closed subgroup,
a€ Gand F C G closed. Let €3(G,F) C @ C (G, F) be any B closed translation
invariant subspace.

Then for any x € intqy(F), @/Ve(x) (a fortiori Q/Bp(G, F) if such a, x, H exist) has
£ as a quotient and TIMg(x) = IMg(x) contains F. A

Remarks: 1. In particular we can take @ = §°(G, F) or £33(G, F) or Q = Qg(f) =
Bcllin{ézf; = € G} where f € £°(G) and F = Z(f). Or we can take p =2 and @ =
€°(G,F) or ¢(G, F) = w* cllin{x; X € F}.

2. Note that Dg(x) = normellin{f — x(z):f; f € @,z € G} = £o(x), and
By(G, F) = norm cl F5(M(F)) (norm cl in £°(G) or in €°(G) if p = 2).

3. Corollary 6 is best possible in terms of the thinness of F, since any compact infinite
group contains a perfect Helson S set F by Kahane and Salem [Kal] and Rudin [Ru]
(7.8.8). For such F, Q = (G, F) = €3(G, F) = Fo(M(F)) = Ba(G,F) = Vo(x), for
all x € F. Hence TIMg(x) = IMg(x) contains a unique element for all x € F. Clearly
intay(F) = ¢ for all @ € G and all non-discrete closed subgroups H C G.

4. If 1 € intoy(F) then Dg(1) = normcl{f — & f; f € Q;x € G} and IMy(1) is the
set of honest-to-goodness invariant means on Q. Thus IMyg is big, namely it contains F.
This result cannot be proved by the usual methods which use intersection properties of
translates of subsets of G (see Paterson [Pa] Ch. 7) since Q (which could be £°(G, F) or
€°(G, F) if p = 2) need not be even an algebra of functions (take G = Z and F # T).

The following result for G = Z" seems to be new evenif n =1l and p = 2:

Corollary 5': Let G = 2", H C T" a closed nondiscrete subgroup, F' C T" closed and
a € T" Let £3(2",F) C Q C (2", F) be any B closed translation invariant linear
subspace.

Then for any x € intqy(F), @/Va(x) (a fortiori Q/Bp(2", F) if such a, x, H exist)
has € as a quotient and TIMg(x) = IMg(x) contains F.

Remarks: 1. It has been proved by J.P. Kahane [Ka2] that if n > 2 there exists

a continuous curve F C T" (and if n > 3 even a smooth curve, and if n > 2k even

a k dimensional manifold, see also O.C. McGehee [Mc]) which is a Helson set. Thus
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Q = £2(2", F) = Fo(M(F)) = By(2", F) = Vo(x)for all x € F, and TIMa(x) = IMo(x)
contains a unique element for all x € F.

2. Letn:l.T:(c‘e;—fr<051r},I;={e"a;—c$GSe}for0<e<1r. Thus
Vo(eif) = Ce=i @ Do(c?) where Dg(e?) = normcllin{f — e™¢ufin € Z, f € Q).

Recall that T has no proper closed subgroups. The following is new even for p = 2:

Corollary 5" Let F C T be closed, £3(2,F) C Q C £°(Z, F) a translation invariant
B closed linear subspace.

Then for any e¥ € int F, @/Vo(e) (a fortiori @Q/Bp(2, F) if int F # ¢) has €° as a
quotient and IMq(e®) contains F.

Consequently, if I; C F (or I, = F) for some 0 < ¢ < 7 and Q = £53(Z, F) or £°(Z, F)
then Q/Vo(1) (& fortiori @/Bp(Z,F)) has £° as a quotient and IMy(1) is big, namely
contains F.

Remarks: 1. Note that €3°(Z, I) is not an algebra if 0 < € <, and even the fact that
for all 1 < p < 00, £°(Z, I¢)/Bp(Z, I¢) has £ as a quotient seems to be new.

2. Let F C T be closed with int F = ¢. Then €°(Z, F) = By(Z,F) = Fs(M(F)) if F
is a Helson S-set. And yet, £°(Z, F) # By(Z, F) may also happen as is the case if FC T
is any perfect “symmetric” set. It has been shown by G.S. Woodward in [Wol] that any
perfect symmetric set F (such as the Cantor middle third set imbedded in T, see [GMc]
p. 88) satisfies that @ = £°°(Z2, F) # Vo(e®) D By(Z, F) for some ¢ € F (thus card
IMg(e¥) > 1). 1t is not clear to us if £%%(Z, F)/Vq(e?®) has £° as a quotient for this .

(b) The case G = R™: Any straight line in R" (R denotes the additive reals) is a coset
of a nondiscrete closed subgroup. I C R" is an 'open interval if it is a nonvoid open
subinterval of some straight line in R".

I z,y € R" let ex(y) = ei*¥, & = e—;. Thus R" = {ez;z € R").  F C R" let
er = {ez; z € F}. HQ C LPP(R") let Vo(e*) = Céz+Do(e*) and Wo(ez) = Cez+Eo(ez).

Corollary 7: Let G = R™, F C R" closed. Let Q be any of: L3°(R", eF), UCp(R",eF),
LR(R™,eF), UCps(R™,er) or Cp(R",eFr), Cpe(R",eF) and let P be any of the first four
spaces. Let R be any f closed L!(R") submodule of Cp( R") with F = {z; &; € R}.
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If F contains some open interval I then for any z € I, @/Wo(ez), R/Wz(ez), and
P/Vp(ez) (a fortiori S/Bp(R™,ef) if S = P, R or Q) has £° as a quotient and IMp(ez),
TIMq(ez), and TIMz(ez) all contain F.

KT =R orCp(R",er) or Cpe(R*, er) are in addition M(R"™) modules (If F is compact
orp =2, T is such.) then T /Vr(e:) also has £ as a quotient and I M7 (ez) also contains F'.

Remarks: 1. Compact perfect Helson S subsets F C R" do not contain any open
subintervals. They satisfy Q = L3°(R",ef) = Vo(ez) = Ba(R",ef) = Fs(M(ep)) for all
zeF.

2. If f € UCH(R") (or if p = 2 and f € C2(R") = C(R")) and R = Qs(f) =
Bellin{é,f; z € R"} is such that F = {z € R"; ez € Qp(f))} then R satisfies the condi-
tions of Corollary 7.

3. Note that Dg(ez) = normcllin{h — ez(y)¢yh; y € R", h € Q}.

A closed set F C G is p-ergodic if for @ = PMy(F), PMp(F) = €(Apbz) ® Eq(z)
for all z € F. 2-ergodic sets for abelian G have been studied by G.S. Woodward in [Wo
1,2,3). 1t is clear from [Wo2] that if F contains an open set U C G then for any z € U,
PM3y(F) # C(\26:)®Eq(z). It does not follow from [Wo2] that PMa(F)/€(A262)® Eq(z)
has £°° as a quotient even in this case (p = 2).

Important examples of perfect 2-ergodic sets ' C R whose every closed subset obeys
synthesis and yet every “portion” of which is not a Helson set are the “Sigtuna” sets of
1. Katznelson see [GMc] p. 394. (The closed set E is a “portion” of F if for some open
interval Tof R, E=INF.)

Open questions: (a) Characterize those closed F C R" (or FC G where G is abelian)
for which L33 (R", F)/Bp(R", F) has ¢*° as a quotient.

(b) A brilliant result of T. Korner as improved by Saeki [S] shows that every nondiscrete
abelian G contains a compact Helson set F which disobeys synthesis. If P = PMy(F )
does P/ Ma(F) (or P/C(\28a) ® Ep(a) for some a € F) have £ asa quotient?

The proofs of the above results will be published elsewhere.
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ANNEAUX HENSELIENS ET CLOTURE SEPARABLE
SAMAALI Mohammed Salah

Présenté par PRIBENBOIM., ¢.r.s.c.

RESUME (N°2)

Nous présentons queiques résuitats qui expriment des liens entre la
théorie de Galois des anneaux commutatifs et les anneaux henséliens. Nous
montrons A quelle condition la cibture séparable d'un anneau local est
hensélienne puis & quelle condition on peut généraliser la construction
do Nagata de I'hensélisé d'un anneau local . On exprime enfin 'hensélisé
strict d'un anneau local avec sa cibture séparable. '

1-INTRODUCTION
lasmnamonquesuonsontmmairesaexénmtmméotus
Mumﬁma'mmsommum.satAmmﬂmeau et pun
idéal premier de A on note Ap le localisé de A en p . A étant un enneau
tocal de corps résiduel k =A/m , on dit que A est hensétien si toute A-
algébrofuueestdéoomposée(cad.pmd\ﬂtd'mmmm). On appelte
henséiisé d'un snnesu local A un anneau focal DA hensétien, DA
dominant A et tel que tout homomorphisme local de A dans un enneau
local hensétien B se factorise par DA (u: A=Bet i: A-hA ilexiste V:
hA—B tel que u=vol .).

neat) jocal intédoralensent clos A est henséiien si et ssutement si toute
extension entiére in de A est locale . (L2)

11-POLYNOMES DE DECOM POSITION
Mpeutavdrmauuvapprodndesummm\sams.
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Soit P(X) = ag + ;X+......+XN un polyndmé unitaire € AIXIOn dit que
P(X) estfi. s'll vérifie : P(0)=8y ¢ m I'idéal maximaide A et P'(0)=a;em,
(ol P* estia dérivée de P ).Etalors L'anneau focal A est hensélien si et
seulement s tout potynéme {1 do AlX] admet une racine dans I'idéal
maximal de A.Celte racine est slors {'unique recine relevant la racine
nutie du potyndme réduit moduto m. (L)

Soit (X) un polynémefi e AlXl Désignant per x{ ia classe de X modulo
(X)) on remarque que I'idéal (mx{)Alxfl de Alxfl = AKXIAI(X)) est
maximal.

On a une expression explicte de cet hensélisé comme suit :
PA= o Ml ) Alsgl)

On peut amétiorer ce résuitat trés connu en so fimitant & certeins

polynSmes {i. A savoir ¢ ctibie : :

poiyndmes unitaires de AX1
11-1-Définition

g gire AlX] est dit de décomposition s'il est {i. et
frréductible I'ensembie des polyndmes unitaires de AlX].

On peut voir & itre d'ezempie quesi P(X)=ao+a]1X +X2 est un polynbme
de décomposiion € AlX) 1e. P(X) irréductible ap em et a} ¢ m il est

séparabie car :

P(X) - X (&f + X) lesracines do P sont simpies dans toute ctéture dek (k =
A/m); (0 et -% dansk),

i1-2 -Lemme

Soit A un anneau local intégralement clos de corps des fractions K et

(K'/K) une extension galoisienne finie . Soit A" a fermeture intégrale de A
dans K', q e q les idéaux maximaux de A* A¥q ) 'anneau de

décomposition de q|,aetbdes élémentsdeA’(q‘),aeqletuqlm,J=r,
beqi-2..i-retbeq et {=atb, P=Irr(a,A)F=Irr(b,A) alors
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il y a équivalence entre :
1) Le polynfme F(X) de AlX] est séparabie.

i) Le polynbme P(X) de AIX] est séperable .
w)[K2q,):K) =r est £2.

De pius s'it en est ainsi AZ(q i )=Alal .Refl Lemme .111.2.1.(T)].
11- BXTENSIONS GALOISI D'UN ANNBAU LOCAL ELIEN

ONS! CUoN @

CLIO! 10 Nagala G S811Se ¢ eau focal: Soit A un anneau
decorps desfractions K Ls= (K) 1a ciblure
algébrique séparable de K (notation dans (T))et Qg la fermeture inlégrate
de A dans Ls Soit qg un idéal maximal de Qs et Hs =G2A(gs) e groupe
de décomposition de gs par rapportdA (Hs={o e Gal(ls/K)/ clqs) =qs )
).L'anneau de décomposition de s par rapport4 A est noté AZ(gs) et
c'est I'ensembie des éiéments de Qs invariants par ceux de Hs :
A%qs) = asts  Ators rhenséiss DA do A est isomorphe &
asts (o nadfi5) te localisé de RsMs en 1idéat (g, nQs''s) . Pour un anneau

local queiconque B ona B = A/a avec A local et intégralement clos et
hBahA/ah Clest ia construction de Nagata (N) de r'hensélisé do A. Dans
l'intention de génératiser cette construction on démontre :

111.1. Proposition

Soit A un anneau local et S une extension de A , tocalement fortement
séparabte el connexe. Alors les assertions suivantes sont équivaientes :

1) A est hensédtien .

i) Sest local et hensdtien .

i) 2j(A) est local et hensélien Refl Coroltaire .111.3.4 (T)]

Pour démontrer oo résultat on I'étabiit d'abord pour un anneau focal
intégralement clos puis par pasage au quotient on te démontre dans le cas
général.
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111.2 Proposition

Soit A un anneau local intégratement clos, Qj(A) ia ciblure séparable
do A, q un idéal maximal do Qj(A) et H = H(q) e groupe de
décomposition de q sur A. Lesassertions suivantes sont équivalentes :
i)L'anneau 0j(A)q est henséiien .

: h
1) L'hensetisé DA de Aest isomorphe & 0y(A)" QoA

i) La fermeture intégrale de A dans DA est localement fortement

séperable sur A ReflProposition .111.4.7.(T)).

111-8-Définition

Soit A un anneau focal inlégratement clos .

Ondit que A est préhenséiien s'il vérifie les propriélés équivalentes de la |

Proposition 111.4.7)).
Exempie d'anneau Préhensdfien :
Seit A un anneau focal intégralement cios tel que tout poiynéme do
décomposition sur Aest dedegré<2.
Alors A est préhensétien .

1V.1 HENSELISE STRICT D'UN ANNEAU LOCAL

Ondit qu'un anneau local A est strictement hensédtien s'il est hensétien et
si son corps résiduel est séparablement clos(R).

Exempie Soit A un anneau local intégralement clos. On va donner Ila
construction de 'hensélisé strict de A qu'on note : DSA . Soit K te corps
des fractions de A. Ls = 0(K) et Qg lafermeture intégrale de Adans Ls.
Soit gsun idéal maximatde Qs et Ts = (qs) le groupe d'inertie de qg

per rapport AA .Onadonc 1) DSA « 0s1s (asn s TSy 1) st a est un idéal
de A :hs(A/a) = hsA/ahSA [Lemme 1V.1.2. (T)].

D'abord on exprime hSA dans le cas £
hensdfien.




M.S. Samaali 209

1V.1 Proposition

sépambxedeA ﬂj(A) estl‘henséusé strict.de Acesttdlmquona :
hsA = Qj(A). RefiProposition .IV.1.3(T)l

IV. 2.Théoréme
Soit A un anneau local hensélien L'hensélisé strict de A est sa clbture
séparable Qj(A) .
cad. : hsA =j(A) . ReflThéoreme 1V. 1.4.(T)]
1V.3.Corollaire .

Soit A un anneau focal, hA 'hensétisé de A et hSA I'hensélisé strict de
A . Soit k=A/m1tecorps résiduel de A Alors hSA est une extension
galoisienne de NA degroupe deDalols Gvérifiant : G =Gai(hsA/hA) =
Gai( 2 (k)/k) Et depius ona DSA = gy(hA). ReflCorotiaire . 1V.1.5. (T

IV. 4.Proposition

Soit A un anneau focal intégratement clos préhensélien ; et soit q un
idéal maximai de Qj(A) . Alors Thensélisé strict de A noté hsA est
ismorphe & Qj(A)q ReflProposition 1V. 2.1(T)l

Pour un anneavu local quelconque :
1V.6.Théoréme .1V.3.2.
Soit A un anneau jocal mtégralement clos et soit qunldwmanmal de
0A)0n a hsa = gyba) « MayAk) = PAlgjA)l  Lrecorsme
JAV.3.2.(T)L
IV. 7. Corollaire 1V. 3.3.

: : 3 ors os el hensélien . Solent K le
corps desfradlons deA et K’uno extension galoisienne finle de K . Soit
A’la fermetutre intégrale de A dans K° .Soit q° 1'idéal maximal de A°
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ol T te groupe ,d'inertie deq” .
Alors f'anneau d'inertie de q°, AT , esl une extension galoisienne de

A.Ref| Corotlaire 1V. 3.3.(T)l.
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WEIGHTED STOCHASTIC PROCESSES UNDER CONTIGUOUS ALTERNATIVES

Barbara Szyszkowicz
Presented by Miklds Csorgé, F.R.S.C.

Abstract: We present optimal results for the asymptoic weighted sup-norm be-
haviour of partial sumn processes based on independent observations, ranks and sequential
ranks under the null assumption of observations being identically distributed, as well as
under a class of contiguous alternatives.

1. Introduction. Let X;,Xa,... be independent random variables. We wish to
test the null hypothesis Ho : Xi, 1 < i < n, have the same distribution F, versus the
alternative hypothesis Hj : X;, 1 <i < n, have the respective distribution functions Fi,,
where we assume that all Fi, are absolutely continuous with respect to the distribution
function F and

(1.1)

n

dFin a7 1 i— i
|[Lertw)] =14 et S <ts

where F~1(u) = inf{z : F(z) 2 u}, 0 <u <1, F~'(0) = F~'(0*). We assume also that
there exists a function g € L?[0,1]? such that

1
(1.2) / g(t,u) du=0  for almost all t € [0,1]
0

and

(1.3) /o‘j: [g,.(l,u) -9 (@,u)]z dudt - 0, n — oc.

It is well known that the sequence of direct products Fin x ... X Fop, n =1,2,...is
contiguous (for the notion of contiguity see e.g. Le Cam, 1960, 1986; Greenwood and
Shiryayev 1985; Héjek and Sidak, 1967; Roussas, 1972) to the sequence F x ... x F (cf.
Oosterhoff and Van Zwet, 1975).

Let Q* be the class of functions g defined on (0,1) which are nondecreasing near zero

and nonincreasing near one, and

(1.4) oslgi"_‘q(t) >0 forall § €(0,1/2).

Define ‘
I*(g.¢) = [, (81 — 1)~ exp(—c(t(1 — 1)~ g%())) dt.
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For discussions concerning weight functions g and the integral I*(q, c), we refer to Csorgg,
Csorgd, Horvith and Mason (1986) and Csorgé, Shao and Szyszkowicz (1990).

Csorgd and Horvith (1988) studied processes

k n
(1.5) Z=) Y MXi, X;), 1<k<n,
i=1 j=k+1

where h is a symmetric or an antisymmetric kernel. Using || - /ql|-metrics, they obtained
results under the null hypothesis Ho, while Szyszkowicz (1991) studied such processes under
the class of contiguous alternatives Hj. In both papers the condition E[h(Xy,X2)I” < 00
for some » > 2 is assumed. Here we improve on these results by assuming two moments
only.

The description of contiguous alternatives as given in (1.1)-(1.3) was used by Khma-
ladze and Parjanadze (1986). They consider the asymptotic behaviour of partial sums
based on the normalized sequential ranks £,...,&n, namely n—1/2 2 a(é),1<k<n,

1<i<k
with

1 1
(1.6) a € L*(0,1), where / a(u) du = 0 and / a®(u)du = 1.
() (]

Assuxﬁing some mild, appropriate conditions on a, they obtain the limiting distribution
of this precess under Ho as well as under the class of contiguous alternatives of H,. Here
we present “bridge” like generalizations of their results, using also weight functions.

Proofs, as well as further details, will appear in a forthcoming paper by the author.

2. Antisymmetric Kernel. In this section we assume that h is an antisymmet-
ric kernel, i.e., h(z,y) = —h(y,z). Given Ho, Xy,...,Xqn are ii.d.r.v’'s and we have
Eh(X,,X2) = 0. Let i(t) = Eh(X,,t) and we assume

(2.1) Eh*(X1,X2) <oo and 0<o? = Eh* (X))

Here we consider Ux = Zi, where Z; is defined by (1.5). It is shown in Csorgd and Horvith
(1988) that Ui, which itself is not a U-statistic, can be expressed as a linear combination
of U-statistics. Hence the study of U can be based on the projection of U- statistics on
the basic observations (cf. e.g., Serfling, 1980).

We will assume throughout, without loss of generality, that all random variables and
stochastic processes introduced so far, and later on, are defined on the same probability
space.
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THEOREM 2.1. We assume that Hy holds, h(z,y) = —h(y,z) end (2.1) is satisfied. Then
we can define a sequence of Brownian bridges {B,(t), 0 < t < 1} such that we have, as
n — oo

(a) Let g € Q°. Then

n-3/2

| L - —-B,,(t)l Ja(t) = op(1)

0<t<1
if and only if I*(g,c) < oo for allc> 0.
(b) Let g € Q*. Then

-3/2

sup
0<t<1

Bu(t)| /a(t) = 0p(1)

if and only if I*(g,c) < oo for some ¢ > 0.
(c) Let g € Q*. Then

sup
0<t<1

/2 »
Ui+ /9(t)— Sup |B(t)|/q(t)

o

if and only if I*(q,c) for some c > 0, where B is a Brownian bridge.
REMARK 2.1. We emphasize that (b) and (c) do not follow from (a), nor does (c) from

(b).

REMARK 2.2. Ta.king h(z,y) = = — y gives Ui equal to Tx = n(Sx — k/nS,), 1

k < n, where S} = EX., or equivalently to Tx = k(n - )(1 YXi-4 2 X.-).
i=1 i=k+1

Consequently Theorem 2.1 can be restated for these partial sum processes assuming only

the existence of two moments for the summands. Part (a) of this version was proved by

O'Reilly (1974) for continuous ¢ € Q* under the assumption of E|X;|* < co.

Another example which has gained special attention in the literature is h(z,y) =

sign(z—y). Pettitt (1979) studied the processUr = Y Y. sign(Xi—X;). Theorem
1<i<k k41<5<n
2.1 indicates what kind of weight functions are possible for the process Uy under Hp. We

note also that Uy is equivalent to Ry =2 Y R? — k(n + 1), where R} are the ranks of
1<i<k
X1,...,Xn. Hence we can conclude similarly weighted results under Hy, and also under

the sequence of contiguous alternatives H,, for cumulatives of ranks as well.
Considering H; we have the following result.

THEOREM 2.2. Assume that h(z,y) = —h(y,z) and under Ho (2.1) holds. Then under
contiguous alternatives H, we have
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(a) Let g € Q°. If I*(q,c) < oo for allc > 0, then

-3/
o) (T twsnn) /2B + KOVa(®) in DI

where

t el 1,1
)= 2 [ [ oo whF-duds + 2 [ stonuiber=? s

and B is a Brownian bridge.
(b) Let g : (0,1) — (0,00) be such that (1.4) holds. Then (2.4) holds in D[5, 1 — &}
forany0 <6< 1/2

3. Symmetric Kernel When considering a symmetric kernel i.e., k(z,y) = k(y,z),
similar type of results hold, however the limiting process is different (cf. Csorgé and
Horvith, 1988). Let ER(X;,X,) = 6, and h(t) = E{h(X,,t) — 8}. Given Hp we assume

(3.1) EhY(X,,X2) <oo and 0<o?=Eh} (X))

Here we consider Uy = Zx — k(n — k)8, 1 <k < n.

Let T denote the Gaussian process defined by
()= -)W() +t{W(1)-W(t)}, 0<t<],

where {W(t), 0 < t <1} is a Wiener process.

THEOREM 3.1. We assume that Hy holds, h(z,y) = h(y,z) and (3.1) is satisfied. Then
we can define a sequence of Gaussian processes {T'n(t), 0 < t < 1}, where for eachn > 1

{Ta(t), 05t <1} B (D(t), 0t <1},

and such that (a), (b) and (c) of Theorem 2.1 hold with the sequence {B,} of Brownian
bridges replaced by the sequence {T'n}, and Brownian bridge B replaced by the Gaussian
process I,

THEOREM 3.2. We assume that h(z,y) = h(y,z) and under Hy (3.1) holds. Then under
contiguous alternatives Hy we have

(a) Let g € Q*. If I(q,c) < oo for all ¢ > 0, then

n-3/
(32) ("= i0nsa) /20 2 (00 + brte)/ate) in D0, 1

a
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where
- t pl -
bl"(t):_(l_a_t)./o/o (s, u)R(F~'(u)) duds
10 ¢
+§( /o /o 93, w)h(F~(u)) duds — /o /o o(s, W)h(F~(u)) du ds).

(b) Let g : (0,1) = (0,00) be such that (1.4) holds. Then (3.2) holds in D, 1 - 6]
forany0 < 6 < 1/2.

Contiguous alternatives of H, as parametrized in (1.1)-(1.3) accomodate the notion
of a changepoint by assuming that there exists A € (0,1) such that g(t,u) = 1{t > A}g(u)
for some square integrable function g.

Further discussions of the so-called changepoint problem as well as detailed proofs of
related results will be published in a forthcoming paper by the author.

4. Sequential ranks. Let X;, X3,... be independent continuously distributed ran-
dom variables with unknown distribution functions. For each n > 1, let &,,...,£, denote
the normalized sequential ranks of the first n of the random variables X,, X3,..., i.e.

&=k Z 1{X; < Xz}, k=1,...,n.
1<i<k
We introduce

[(n+1)q]

- N RV ESI
»t)=1{" 1/2( > a(§) — =——— ga(f,)), 0<t<1

i=1
0, t=1.
THEOREM 4.1. Let Ho hold. We assume that function a is as in (1.6) and

(4.1) a(u) has a uniformly bounded derivative on [0,1).

n=3/2

Then Theorem 2.1 holds with 25—Uj(n41)q) Teplaced by Ya(t).

THEOREM 4.2. Assume that function a is such that (1.6) and (4.1) hold. Let B denote
a Brownian bridge. Then, under the alternative H,, we have

(2) Let g € Q*. If I*(q,c) < co for allc > 0, then

(4.2) Ya(t)/a(t) > (B(t) + R(t) — tR(1))/q(t) in DI0,1],

where

t 1
R(t) = - /0'@ ds+ A(t) and A(t) = /o /o 9(s,u)a(u) ds.
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(b) Let g : (0,1) — (0,00) be such that 6<22£—6 q(t) > 0 for all § € (0, 1/2). Then
(4.2) holds in D6, 1 — 6] for any & € (0, 1/2).
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THE PROBABILITY OF INVERTIBILITY FOR A MATRIX OVER A FINITE
COMMUTATIVE RING
David E. Dobbs! and Mark J. Lancaster

)?numtu; by P. Ribenboim, F.R.8.C.

Abstract. Each finite commutative ring R is uniquely expressed as a
product of local rings (R;, M;). It is proved that the probability that an

nxn matrix over R be invertible is TT(1 - qi'l)"'(i - g™, where q; =

IR;/M;|. Asymptotics of this formula are also investigated.

Probabilistic interpretations have often been given for enumeration
results in number theory and algebra (cf. [5, Exer. 21(a), p. 38, [1,
Theorem 3.4]). We do so here for the enumeration of invertible nxn
matrices over a finite commutative ring R (with unit). This
enumeration is carried out in the spirit of Koblitz, who sketched the case
R = Z/mZ in (2, Exers. 16-20, pp. 77-78). Our main probabilistic result is
Theorem 2, with Corollary 3 recording the case of R = Z/mi.
Proposition 5 studies the asymptotics of the formula in Theorem 2. This
leads to quantitative explanations in Remark 6(ii) as to why a “large”
matrix over a “large" finite field is “typically” invertible, and why this
need not be the case over a “large” finite commutative ring.

In what follows, n and m always denote positive integers, with m22;

M, (A), the ring of nxn matrices over a ring A; GL,(A), the group of

1 Supported in part by a UT Faculty Development Grant
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invertible nxn matrices over A; and l"‘q. the finite field with @

elements. It is convenient to write b(n, A) IGL(A)l and

2.
a(n, A) = b(n, A)/IAI? . 1f for each (i, ), each element of A is equally
likely as the (i,j) entry of an element of My(A), then a(n, A) is the

probability that an nxn matrix over A will be invertible.

LEMMA 1. () bn, Fg) = (q" - D" - Q)q" - qd-q" - n-1) and
aln, Fg) = (1 - ThHa-ad-0-q".
Gi) If A =TI A; for finitely many rings A;, then bin, A) = Tl b(n, A)

and a(n, A) = T a(n, A).

Proof. (i) The first assertion is well-known (cf. [3, p. 456)). The second

assertion then follows from the above remarks, since (q" - q‘)/q
1-q -(n - i)

(i) Since M,(B) = B @7 M,(D) for each ring B, thereis a
ring-isomorphism Mp(A) = T M(A). This induces a group-isomorphism
GL,(A) = TT GL, n(A;). Equating cardinalities gives the first assertion. Then

a(n, A) = bln, A)/(TT IA{ I)n = (1T b(n, A/(TT 1A] |n )=
T (b(n, Ai)llAiln )=Taln, 4). O

THEOREM 2. Let R be a finite commutative ring, necessarily uniquely
expressed as a product of (finitely many finite) local rings (R;, M;); put

g IR;/Myl for each i. Then

a(n,R) = M; (1 - qi'i)‘“(i - qi™ for each positive integer n.
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Proof, The decomposition R = TT R;, with R; local, follows from the

theory of artinian rings [6, Theorem 3, p. 205]. By Lemma 1, we may

assume (R, M) local, and we need only prove that a(n, R) = a(n, K),

where K = R/M. Consider the surjective ring-homomorphism f: M (R)
= M(K) that reduces each entry of a matrix modulo M. This induces

a surjective group-homomorphism g: GL,(R) =GL,(K). (Indeed, if f(N)
is invertible, then det(N) € R\M, the set of units of R,andso N is

invertible) Moreover, ker(g) = {(r; J) € M,(R): rij - § j € M for all i, j).

(Notice that any such (rU) is invertible since its determinant is a unit.)

2
Thus, [ker(g)l = IMI™ . Hence, by the First Isomorphism Theorem and
2
Lagrange’'s Theorem, we have b(n, R)/IMI® = b(n, K). It follows that
2 2 2
a(n, R) =b(n, K)IMI? /IRI® = b(n, K)/IR/MI? = a(n,K). O

COROLLARY 3.If m=TI piei is the prime-power decomposition of m,

then a(n, Z/m2) = TM; (1 - pi‘i)---(1 - pi-n),

Proof. By the Chinese Remainder Theorem, Z/mZ = TI l/pi"l ; and the

residue.ﬁeld of l/piei is Fp{. Thus, Theorem 2 yields the assertion. O
REMARK 4. (i) It is important to note that IRl does not determine
a(n, R). We illustrate this with the four commutative rings of order 4.
Using Lemma 1 and Corollary 3, we have a(2, 2/2Z x 2/22) = 9/64,
a(2, 2/42) = 3/8 = a(2, (Z/2DIX1/(X?), and a(2, Fg4) = 45/64.
(ii) From the definition of a(-, -) or Corollary 3, note that a(1, Z/m)

= p(m)/m. Although the asymptotics of ¢ are not as pleasant as for T
(cf. [5, Exer. 11(c), p.33)), satisfactory asymptotics for a(-, -) can be
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established: see Proposition 5 and Remark 6. There, we study a number
L(R), which is intuitively the probability that a "large” matrix over a

finite commutative ring R be invertible.

PROPOSITION 5. Let R, Ry, q; be as in Theorem 2. Then L(R) =
lim,,_, o aln, R) exists, equals TT; L(R;), and is strictly between 0 and
1. Moreover, L(R;) ~ exp(-1/q;), in the sense that

expl(-2q; -3)/2(q;? -1)2LR)zexpl((-2;> + qi2 + 2q; -2)/2(q;2 -1)(g; - V).

Proof. (Sketch) Applying standard limit theorems to Lemma 1(ii), we
may suppose (R, M) local, with residue field of order q. It suffices to
establish the displayed inequality, with R; = R,qj=q (The fact that q
is a prime-power will not be needed here; we use only that 2 < q) View
L(R) as the infinite product Ty, (1-q™M =T (1+ o), where oy, =
-q"N. By a standard result in advanced calculus [4, Theorem IlI, p. 487),
this infinite product converges (and so L(R) exists) because the
geometric series Z °‘n2 converges absolutely. By the proof of (4,
Theorem II, p. 486), to establish the displayed inequality, it is enough to
find suitable upper and lower bounds for 2 In(1 + &y). This may be done

as in the proof of [4, Theorem III, p. 487) by expressing In(1 + o) as

an - Bp and then using Taylor's Formula with Remainder to bound Bp,

above by 1/2q%"(1 - q )2 and below by 1/2q2". The associated

calculations with geometric series are left to the reader. O

REMARK 6, (i) Despite Proposition 5, another limit associated with
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al-, -) does not exist. Specifically, lim,_,, a(n, Z/mZ) does not exist.
To see this, let m approach = through a subsequence {my). If my =
pX for some fixed prime p, then the sequence {a(n, Z/myZ)) is constant
and the limit in question is (1 - p™1)~(1 - p™M). If, instead, my, = py
(which denotes the k-th prime), then the limit is 1. Moreover, the limit
can actually be 0. For simplicity, we show this when n = 1. Consider
my = pyPo Pk- Then limy_, ., a(l, 2/my2) = T (1 - pk'l). and this
infinite product diverges to zero by [4, Theorem IlI(i)]. (To apply the cited
result, note that % -pk'l diverges and X pk'z converges.)

(ii) 1f one wishes simpler bounds for L(R;) than those given in
Proposition 5, one may use the upper bound exp(-1/q;) and the lower
bound exp(-2/q;). Since limq__,,, exp(-1/q) = 1, the bounds in
Proposition 5 explain why the typical “large” matrix over Fq is
invertible, for “large” q. Indeed, one has the following. If 0< € <1, then
L(Fq) > 1 - € for all (prime-powers) q > -2/In(1 - €).

Moreover, the bounds in Proposition 5 seem quite good even for a
“small” q, such as 5. Indeed, the upper bound for L(Z/5Z) given by
Proposition 5 is 0.7627.., and the lower bound is 0.7538....

Double-precision computer calculation of the product of the first 1000
factors of the infinite product indicates that the actual value, L(2/52) =
Myepn (1 - 5™M), is approximately 0.7603...

On the other hand, the bounds in Proposition 5 also explain why the
typical “large” matrix over a “large” finite commutative ring need not be
invertible. Indeed, by analyzing infinite products that are "dominated”

by the infinite product that was shown to diverge to zero in (i), one can
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obtain the following result. If € >0 and Pj denotes the j-th prime,

then L(Z/pypy~pyl) < € for all sufficiently large k.
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On the classification of C’-algebras of real rank zero:
inductive limits of matrix algebras over graphs

Hongbing Su
Presented by G.A. E€Liott, F.R.S.C.

Abstract

In this paper a K-theoretic classification is given of the real rank zero (C--algebras that
can be expressed as inductive limits of sequences of finite direct sums of matrix algebras over
finite connected graphs (possibly with multiple vertices). The special case that the graphs are
circles is due to Elliott.

Statement of the Result

The problem we are interested in is to classify certain C*-algebras by their
K-theory data. Given a C*-algebra . there are two abelian groups associated
with it. Namely. Ko(.1). which is often an ordered group. and K;(A) [1). The
complete invariant in the present classification will be the graded group K. =
Ko@K,. together with the distinguished subset consisting of the pairs ([e]. [u}),
where e is a projection in the algebra and u is a partial unitary with support (and
range) e [7]. Following [7]. we shall call this set the graded dimension range.

The first result of this kind was the classification of inductive limits of se-
quences of finite direct sums of matrix algebras (called AF algebras). in which
case K, is trivial [6]. The group K. together with the dimension range. is a
complete invariant. In [7]. this classification was extended. It was shown that
if one replaces the matrix algebras by matrix algebras over the unit circle and
restricts the limit C*-algebras to have real rank zero (see Definition 2). then K..
as a graded group. together with the graded dimension range, is a complete in-
variant. This important work suggested the problem of classifying all separable
nuclear C*-algebras of real rank zero and of stable rank one (i.e.. such that the
invertible elements are dense). (Cf. [8].)

In this paper. the C*-algebras considered are those real rank zero C*-algebras
that can be expressed as inductive limits of sequences of finite direct sums of
basic building blocks defined as follows:

Definition 1 Let X be a finite connected graph and denote by C(X) the
C*-algebra of complex-valued continuous functions on X. A C*-algebra A will
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be said to be a basic building block if A is isomorphic to a sub-C’-algebra of
C(X)z M, of the following form:

{f € C(X) <M, | f has block diagonal form at each vertex of X'}.

for some positive integer n. The number of blocks at each vertex should be the
multiplicity of that vertex. )
Example The following is an example of basic building block:

A = {f € My(C[0.1]) | £(0) is diagonal}.

Definition 2 A unital C*-algebra is said to be of real rank zero if the set of
invertible selfadjoint elements is dense in the set of all selfadjoint elements [5).

The main result of this paper is the following:

Theorem 1 Let .1 and B be two C -algebras of real rank zero. Suppose that
A and B are the inductive limits of sequences (4;) and (B;) of finite direct sums
of basic building blocks. Suppose that the graded groups K.(A) and K.(B) are
isomorphic. in a way preserving the graded dimension range. Then A and B are
isomorphic.

The work was clearly motivated by the question described above and the result
generalized the classification theorems in [6] and [7] (referred to above). which
correspond to the cases of points and circles. respectively.

One can show that the main result of [2] can be extended to this setting. As an
application. a simple C*-algebra with unique trace arising as an inductive limit of
the basic building blocks considered in this paper must be of real rank zero and
therefore comes under the classification theorem. (This remark is used in [4].)

Another reason to consider C*-algebras of this kind is to study group actions.
In this setting. one will be able to construct interesting actions other than inner
actions: see [3]. [9] and [4].

Sketch of the Proof of Theorem 1 .

For simplicity. we shall sketch the proof only for graphs in which each vertex
has multiplicity one. For the general case. see [10].

The proof can be divided into four steps.

Step 1 One can replace arbitary graphs in Theorem 1 by graphs of the
following special form: S'v...v Sl i.e.. finitely many circles joined at one point.
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This follows from Theorem 2 below. together with Theorem 2.2 and Theorem
2.1 of [7]. This reduction is crucial in this work since we can only prove Theorem
3 and Theorem 4 in this case. The proof of Theorem 2 uses the following pairing
lemma. '

Suppose that ¢ is a unital C*-algebra homomorphism between two basic build-
ing blocks A = M,GC(X) and B = M,,OC(Y"). For each y € Y. the evaluation
map 7, from B to M, given by

7,(9) =g(y) for g€ B

is a C’-algebra homomorphism and hence gives rise to a representation 7,d: 4 —
‘M. There are then k = m/n points (;) in X and a unitary u € My, such
that
f(z1)
(ry@)(f) = Ad(u) for fe A
flzi)

Lemma 1 Let A be a C-algebra of real rank zero. arising as the inductive
limit of a sequence (;) of basic building blocks. For any i and any € > 0. there
exists j > i such that for any two points in the spectrum of A;. the corresponding
two families of points in the spectrum of A; can be matched up to be within € point
by point.

With a slight modification. both of the statement and of the proof. Lemma 1
still holds if each .{; is a finite direct sum of basic building blocks. This is the
version used in proving Theorem 2 below. In fact, the lemma is still true if instead
of basic building blocks one has matrix algebras over arbitrary compact metric
spaces (see [10]).

Before stating Theorem 2, we need the following

Definition 3 Let X be a finite connected graph with k edges, L1. Lz. -+ L.
For € > 0, a finite subset F of a basic building block A isomorphic to Ms(C(X))
is said to be approximately constant. to within e, if there exists a unitary u

©%-,M(C(L;)) such that the image of each element of F. under the natural
embeddmg of A into @_,M,(C(L;)) combined with Adu. when considered as a
matrix-valued function on the disjoint union of the L;. is approximately the same
at each point. to within .

The definition in [7] for a circle can be viewed as a special case. by considering
the circle as a graph with a single vertex.

225
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Theorem 2 Let 4; — 4y — A3 — --- be a sequence of finite direct sums
of basic building blocks. and suppose that the C'-algebra inductive limit is of
real rank zero. For each i. each finite subset F C A;. and each € > 0. there
ezist j > i. a sub-C*-algebra A9 C A; isomorphic to a finite direct sum of basic
building blocks. and a map & from A; to .-l_‘,? such that the component of 6(F) in
each basic building block of .42 is approzimately constant, to within e. and such
that the following diagram approzimately commautes. to within €. on F:

Ai = A
N T
A
Furthermore. the spectrum of each basic building block of Ag may be required to
have the special form S'v S'v...v S'.

Step 2 The isomorphism K,.(4) — IX.(B) can be lifted to an intertwining of
subsequences of the sequences K.(4;) and K.(B;).

More precisely, after passing to subsequences of .4; and B; and changing nota-
tion, one has a commutative diagram

Ked; = Kodg = - = KA

L\ 71 it
K.B, - K.B, — .-+ —» K.B

where each map preserves both the graded group structure and the graded di-
mension range. This is due to the special nature of .4; and B;. For example. an
application of Bott periodicity shows that K,.d; and K.B;. as groups. are finite
direct sums of copies of Z. '

Step 3 The maps intertwining the sequences K,.4; and K.B; can be lifted.
individually. to C*-algebra homomorphisms. In other words. one has a not nec-
essarily commutative diagram

4 = 4y = o5 4
1 71
By - B, -+ .-- - B
This follows from
Theorem 3 Let A and B be finite direct sums of basic building blocks. Sup-
pose that the spectrum of each basic building block of A or B has the special
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form considered in Step 1. For any map o: K.A —K,B preserving the graded
group structure and graded dimension range. there is a C -algebra homomorphism
Y: 4 — B such that K,y = 0.

Step 4 Let C; — Cy — -.- be a sequence of finite direct sums of basic
building blocks. and suppose that the C*-algebra inductive limit is of real rank
zero. We shall say that the sequence is special if for each i. each finite subset F'
of C;. and each € > 0. there exists j > i such that the image of F in each basic
building block of C; is approximately constant. to within €. (This property is
stronger than that guaranteed by Theorem 2.)

Applying Theorem 2 above together with Theorems 2.2 and 2.1 of [7], we
may replace the sequences 4; and B; at the very beginning so that they are
both special. After passing again to subsequences of 4; and B; (and changing
notation), it is now possible to change each of the homomorphisms .4; — B; and
B; — A4 obtained in Step 3 by an inner automorphism in such a way that the
diagram becomes an approximate intertwining in the sense of Theorem 2.1 of [7].
This follows from Theorem 2.2 of [7] together with

Theorem 4 Let A — Ay — A3 — --- be a special sequence of finite direct
sums of basic building blocks. each of which has the special form of Step 1. Let
i be fized. and let ¢ and ¢ be two unital C"-algebra homomorphisms from A; to
Aiy1 such that K,¢ = K¢, Let F be a finite subset of A;. and let € > 0 be such
that the set of components of the elements of F in each basic building block of
A; is approzimately constant to within €. It follows that there exists j > i such
that ¢ and v composed with the map from Ai4 to A; are approzimately unitary
equivalent on F. to within €.

It follows from Theorem 2.1 of [7] that 4 and B are isomorphic.

Acknowledgement
The author wishes to thank Professor George A. Elliott for suggesting the
topic of this paper and for many helpful discussions.

References

1. B. Blackadar, K-Theory for Operator Algebras. Mathematical Sciences Re-
search Institute Publications 5. Springer-Verlag. New York. 1986.

2. B. Blackadar. O. Bratteli. G. A. Elliott. and A. Kumjian. Reduction of real



228

rank in inductive limits of C*-algebras. Math. Ann.. to appear.

3. O. Bratteli. G. A. Elliott. D. E. Evans. and A. Kishimoto. Finite group
actions on AF algebras obtained by folding the interval. K-Theory. to appear.

4. O. Bratteli. A. Kishimoto, Non-commutative spheres III: Irrational rota-
tions. preprint. ,

5. L. G. Brown and G. K. Pedersen. C*-algebras of real rank zero. J. Funct.
Anal.. 99 (1991), 131-149.

6. G. A. Elliott. On the classification of inductive limits of sequences of semisim-
ple finite-dimensional algebras, J. Algebra 38 (1976). 29—44. v

7. G. A. Elliott, On the classification of C*-algebras of real rank zero, preprint.

8. G. A. Elliott. Dimension groups with torsion. International J. of Math. 1
(1990). 361-384.

9. D. E. Evans and A. Kishimoto. Compact group actions on UHF algebras
obtained by folding the interval. J. Funct. Anal. 98 (1991), 346-3G0.

10. H. Su. On the classification of C*-algebras of real rank zero: inductive
limits of matrix algebras over non-Hausdorff graphs. preprint.

Department of Mathematics {Received August i:‘. 1991

University of Toronto

Toronto. Canada. M5S 1A1




C.R. Math. Rep. Acad. Sci. Canada - Vol. XIII, No. 5, October 1991 octobre 229

L’*-~COHOMOLOGY AND HECKE OPERATORS

Salahoddin Shokranian®
‘Presented by J. Lambek, F.R.S.C.

Absiract

In this paper the sbectra] decomposition of the L?—cohomology repre-
sentation of Hecke operators for a twisted group is studied. The result is
used to define a L?—Lefschetz number for a twisted group.

1. In the context of representation theory, Lefschetz numbers have been
studied by several mathematicians for the purpose of calculating the mul-
tiplicity of an automorphic representation in the space of cohomology. For
example, suppose that G is a connected reductive group over @ such that
G(IR) the group of its real points, has a discrete series representation. In
this case J. Arthur in his work [A] has shown that, L?—Lefschetz numbers
for Hecke operators can be used to calculate the “sum” of multiplicities of
an irreducible discrete series representation in a finite Langlands’ packet [L].
The work in [A] is based on several fundamental results; the spectral de-
composition of cohomology due to Borel and Casselman [BC], the theorem
of Clozel and Delorme. [CD] on the existence of Euler-Poincaré function,
and an invariant trace formula [A1]. Indeed, the assumption that G(R)
has discrete series is necessary for the application of the first two results.

Our aim is to define and to study a L?—Lefschetz number for certain non-
connected reductive groups which are important in arithmetic through their
use in the base change theory. This will be done in two papers, beginning
with this one.

2. In general we define a twisted group as being the group generated by
a connected component of a disconnected algebraic group over a field. In

*Based on the talks given at Purdue, Toronto, and Queen’s University. The author thanks the financial
supports of these institutions and NSERC - Canada.
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a special case, let G be a connected reductive group over @, and € an
automorphism of G of finite order defined over @. Suppose that (e) is
the group of order ¢ generated by e. Denote by A the ring of adéles of
Q. Then, define the e-twisted group G¢(A) to be the semi-direct product
G(A) >d(e). There is a representation m of G(A) called e—stable, which
can be extended to the non-connected group G¢(A) (cf. [AC], for groups
over local fields). Let Ag be the subring of finite adéles, then A = IR x A,,
and G(A) = G(IR)G(Ay). For a group H let [I(H) be the set of irreducible
representations of H. Then, any m € I(G(A)) has the tensor product
decomposition ™ = ., ® mo, where 7, € [1(G(R)), mo € N(G(Ao)).

3. Let (u, V,) be a finite dimensional irreducible representation of G defined
over §. Then p can be considered as an irreducible representation of G(IR)
or G(€). Let Ag be the split component of the center of G. Define a
quasi-character u denoted £,(2), of Ag(IR)° by

p(zz) = &u(2)'p(2),

where Ag(IR)° is the identity component of the real points of Ag, z €
Ac(IR)%, and 'z € G(IR). There is a normal subgroup G(A)! of G(A) which
contains G(Q) as a diagonal discrete subgroup, such that G(A) is the direct
product of Ag(IR)° and G(A)! (cf. [A2]). Let L(x) be the space of functions
v on G(Q)\G(A) such that

p(2z) = &u(2)p(2), (2 € Ag(R)’, z € G(A)).
For p € L(p), define

(R(0))(z) = (™ (=),
and
(R(Ne)) = [, TW)ele™ (20))d,

where z,y € G(A). Then by [Mii], the restriction of R*(f) to the discrete
spectrum Lg(p) of L(pt) under the regular representation of G(A) is of trace
class.

4. Fix a maximal compact subgroup K(IR) of G(IR), and set K'(IR) =
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K(IR)Ag(IR)°. Define a globally symmetric space with respect to a fixed
left G(IR)—invariant metric by: X = G(IR)/K'(IR). Let Ko be an open
compact subgroup of G(Ag). Then let

Sk, = G(Q)\X x G(Aq)/Ko.

We have
S = ljt_‘u_n Sk, = G(Q)\(X x G(A)).
Consider the local system

Vi = V(@) xg1) (X X G(Ao)).

This is a sheaf, and a g—form with values in f’,, is a section of the bundle
AT*(S) ® V. Observe that G(A,) acts on the L?—complex Ay (S, V.)
through its action on S, and this defines a L2—cohomology representation
of G(Ao) by means of the operators

Hiy(9,V,) = @ H)(9,7,),
q20
where g € G(Ay).

Lemma 1. The L2—cohomology representation of G(Ay) is smooth.

Proof. One needs to show that Hp,(S, V,) is the union over open compact
subgroups Ko of the space of fixed vectors Hy(S, 17,.)"0. But,

Hpy (S, V) = lim Hiy (St V,).

Let ¥ = ¥(G(Aq), Ko) be the Hecke algebra of locally constant functions
on G(Ao) which are Ko—bi-invariant. For h € ¥, define the operator of
finite rank

Hiy(e.h, Vi) = [, B Hy (7 (9), Va)do.

B. We say that a representation of G(A) is automorphic if it occurs in
the discrete spectrum of L(p). Let 7 be an automorphic representation
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of G(A), and g its Archimedean component. Let § = Lie G(RR), and
H9(G, K'(IR); mpr ® p) the g—th relative Lie algebra cohomology. Then, we
say that mp is a representation with cohomology if

H'(G,K'(R);mr® p) = Q)H'(Q,K'(R);ﬂn ®p) #0,

The space of representation with cohomology is denoted by [l.e(G(IR)).
According to (|[BC|, Theorem 4.5), the L?*~ cohomology H{y(Sk,V,) has
the following spectral decomposition

Mmyisc(m)(H(G, K'(R); "R ® p) ® V( "),
»€[[(G(A))

where V(rré‘") is a certain finite dimensional subspace of the underlying
space of mo, and mg;q.(7) is the multiplicity for which 7 occurs discretely
as a direct sum in L(p).

Now, suppose that 7 g is an e—stable representation in [1.¢(G(IR)). Define
the e—twisted Euler-Poincaré Characteristic of mg by

Xu(mm) = ;(—l)"dim HY(G,K'(R) : g @ p).

Then, define the e—twisted L?—Lefschetz number of triple (e, ., k) by
(e, ) = S(-1)%tr(Hy (e, b, V)-

Observe that L(e, i, k) is well defined since H&) (e, h, ‘7,,) is of finite rank.

Lemma 2. Let [.(G(A)) be the space of irreducible representations =
of G(A) whose Archimedean component mg € M.(G(R)). Then, for any
h € N, if mp is e—stable we have

L(‘vl‘v h) = Z mdisc(") : X:,(’TIR) : trﬂ'o(h’e)r
=€[](G(A))

where

mo(k,€) = /G( Ad h(g)mo(e™"(g))dg.
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Proof. This is a direct consequence of the decomposition of L?—cohomology
and the definition of x§(7r)- ]

Here 1 would like to thank J. Arthur for his helps and encouragements.
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Class Numbers Bounded Below by the Divisor Function
by R. A. Mollin
[C. R. Math. Rep. Acad. Sci. Canada ~ Vol. XII, No. 4, August, 1990, pp. 119-i24].

CORRIGENDA

Page_120. On line 2 of Theorem 2.1, 2a — |r — 1| should be (2a - |r - 1])®. On
line 3 of Applications 1(2), (d) should be h(d).

Page 121. On line 4 of Theorem 2.2(a) (2¢ — |r—1]/4) should be (2 - |r-1|/4)%

On line 1 of Theorem 2.2(b) insert "of (2¢ - |r — 1])? "after "t" and on the same
line replace " ... = 0 (mod 4)" by "... # 0 (mod 4)".

Fixed Point Subalgebras of the Rotation Algebra
by C. Farsi and N. Watling

{C.R. Math. Rep. Acad. Sci. Canada - Vol. XIII, No. 2, April 1990, pp. 75-80]
CORRIGENDUM

p. 79. On line 2, in the second row, second column of the upper table, replace

the entry % by 9%1 .
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