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A NOTE ON THE GRANVILLE - HEATH-BROWN THEOREH 

Petr ' FUCHS 

PieaetUed by J.B. TiledtandeA., F.R.S.C. 

Abstract. We consider the possibility ot Improving the 

Granville - Heath-Brown theoren. 

We say that FLT is true for a positive integer n 

if the Diophantine equation K" • yn = zn has no solutions 

in positive integers. Fermat's last theoren states that 

FLT is true for 'every n ̂ 3 but this assertion has not 

been proved yet. 

Filaseta [2] derived an important corollary of Fallings' 

theorem [13 . 

Theorea. (Filaseta) For every n » ? there exists a natural 

number m = m(n) (depending on n) such that if k » B then 

FLT is true for kn . 

Using Filaseta's theoren Granville [j] and Heath-Brown 

[4] established the following theoren. 

Theoren. (Granville - Heath-Brown) For every real nunber x. 

let N(x) be the nunber of positive integers n < x such 

that FLT is false for n . Then 

X-*as 

We will show that, using only Filaseta's theorem, it 

is Impossible to Improve the Granville - Heath-Brown result: 

we will show that Filaseta's theoren Is not sufficient 
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to prove 11m jf$\ ' 0 > if the lunctlon f:<0,oo)-• (0,eo) 

satisfies the condition lim sup = oo . 

x-»oo f(x) 

Let V be the set of all sequences v:{l,2,3,.. .J-•{o,1 

satisfying the following condition: 

for every njg_3 there exists a natural number 

m = m(n) (depending on n) such that if k & m 

then v(kn) = 1 . 

For v e V and a real nunber x let N (x) be the 

number of positive integers n&x such that v(n) = 0 . 

Define the sequence w:{l,2,3,...)—• {0,1^ in this way: 

1 if FLT is true for n 

0 if FLT is false for n . 
w(n) = i 

Filaseta's theorem states w e V and, by the Granville -

Nw(x) 
Heath-Brown theorem, lira — = 0 . 

Granville and Heath-Brown used only Filaseta's theorem 

in the proof of their result, that is, only the infor-

mation that weV . Their proof, in fact, works for any 

V*) 
ve V , so that lim — = 0 for every v 6 V . 

x-»» x 

Now we will prove the following theorem. 

N v ( x ) 
Theorem. Let f : (0. oo )-» (0. oo) . Then lim = 0 

x-*oo f(x) 

for every v£V if and only if lim sup f; v < oo . 
X-»CO l \ * l 
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Proof. ( I ) If lim sup ^ 1 » < oo then there ex i s t x 
X-^oo 

and k such that if « * «_ then gr—t ^ k . Therefore 

Nv(x) Hv(x) x N (x) 
f(x) = —;;— • TTirr é — s — •k -^ 0 a s * - « tor 

every v € V . 

(2) If lim sup Ji t. r oo then there exists a sequence 
x^w 

i xn 1 n=l 0' r8al numbers such that x —• oo and 
x„ 2 >«, . 
f(xn) 

Let P 1 < P 2 < P J < . . . be the sequence of all odd primes 

and denote B. = ' ' P» for every positive integer r . 

Deflne sequences {nr J r_j , {qr3 ri0 in the fallowing way: 

^o = 0 • 
nr is some positive integer satisfying 

x_ 

Kx^) 
r T ( , . _î_) >! & u p^ ? 1 

"r . . , 

xn ^ 2.(Br) r 1 , 
q 

qr is the greatest integer satisfying x >2.(B ) r . 
r 

Clearly {q,.},.^ is increasing and 2(Br) ri xn < 2(Br .) r*1 
r 

for every positive Integer r . 
Finally define the sequence v;{l,2,3,...} —» {o.l^ as 

follows: 
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for 1 é n < 2 ( B 1 ) l : v(n) = 0 

for 2(B r ) r 4 n < 2 ( B r 4 . 1 ) t * 1 ; 

0 i f n,2B are coprine r 0 li n, 
v(n) = { 

<. I if n, 2B are not coprime . 
r 

It is easy to see that v e V . 

Now choose any x and let b be the integer for 
"r q r q_ qr 

which b . 2 ( B r ) r é xn < ( b + l ) . 2 ( B r ) r . I f c * b . 2 ( B r ) and 

c,2B are coprime then v ( c ) = 0 

So that 

N v ( b . 2 ( B r ) q r ) ^ | { c é b . 2 ( B r ) r | c ,2B r are copr ime) | = 

= b.y(2(Br)qr) = b(Br)qr. F T d - -J-) 

and therefore 

~q 

V V V V "n, Nv(b.2(Br) r ) \ _ 

^ ' \ ' H*^ > (b+l)2(Br)qr ' f ( V 

x 
n u 

r b 
b(Br)qr. P T a - - i r ) r j=i p j i » "9 f • q„ f ( x n ) ( b t l ) . 2 

( b + l ) 2 ( B r ) r " r 

Therefore we have found v £ V, such that > f (V 
> i for r = 1,2,... , where xn -• oo as r-»«>o. This 

Nv(x) 
means that lim — =o does not hold for our sequence v . 
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In other words, using only Filaseta's theorem, we are 

only able to prove properties of w which are common 

to all vfeV . We can sum up our results as follows: 

Given any function f : (0, o o ) - • (0,<x») , such that 

Umsup * • = oO , Filaseta's theorem is insufficient to 
x-»aa 

deduce that U n -Mil = g . Therefore the result of 
x-»» f(x) 

Granville and Heath-Brown cannot be improved in this 

manner. 

REFERENCES 

1. G.Fallings: Endlichkeitssatze fiir abelsche Varietaten 

iiber Zahlkorpern, Invent. Math., 73 (19B3), 

349-366. 

2. M.Filaseta: An application of Faltings' results to 

Fecnat's last theoren, C.R. Math. Rep. 

Acad. Sci. Canada, 6 (1984), 31-32 . 

3. A.Granville: The set of exponents, for which 

Fermat's last theorem is true, has 

. density one, C. R. Math. Rep. Acad. Sci. 

Canada, 7 (1-985), 55-60 . 

A. O.R.Heath-Brown: Fermat's last theorem for "almost 

all" exponents. Bull. London Math. Soc, 

17 (1985), 15-16 . 

;—r-s =T—rrr^ Department of Mathematics 
Received November 20, 1990 

Masaryk University 



C.R. Hath. Rep. Acad. Sci. Canada - Vol XIII, No. 2, April 1991 avril 

La clôture separable du corps des séries formelles généralisées 

AH BENHISSI 

Pieiented by P. Rtbenbo-iin, F.R.S.C. 

Résumé: 

On explicite une clôture separable du corps des séries fonnelles généralisées M caractéristique 

non nulle et on met cn évidence un moyen de construction d'éléments algébriques sur ce coips. 

Théorème: 

Soient K un corps dc caractéristique p non nulle, de clôture algébrique K et de clôture separable 

K0 et G un groupe abélien totalement ordonné d'enveloppe divisible A(G). 

On note K le sous-corps de K((T«a))) obtenu par adjonction à KCfT0)) de : 

i)K0 

ii) T«/n, où n e N , (n.p) = I . g G G-, g non n-divisible. 

iii) les racines successives des polynômes inéductiblcs : x' - x - f(T). 

Alors K est une clôture separable dc Kid0)). 

Remarques: 

1) Soit K, le corps obtenu par adjonction à KCCT0)) des éléments décrits dans i) el ii). 

Pour n 2 1, on définit Kn+,, comme étant le corps dc racines sur Kn des polynômes 

inéductiblcs dc la fornie : XP - X - f(T) . avec «T) e K,,. 

Ona: K = U K,,. 
n:l 

2) La clôture algébrique de KftT0)) s'obtient à partir de K par extraction des racines p" ème : 
a 
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Proposition: 

Soient UK une extension de corps, G c G' deux groupes abeliens totalement ordonnés et 

n 
f e UO 0 ) ) algébrique sur KCfl̂ )) : 

f ^ Z gif'.oùlesgieKCrr0)). 
i ! 0 

On suppose que f est tous les gj sont de valuations strictement positives. 

Soit ( X ^ N une Sl li te d'éléments de K. 

Alors la série dc Neumann: S *-m*ra ^ UCl")) est algébrique sur KCCT0)). 
m : 0 

Remarque: 
n 

Supposons f e LCfT0)) algébrique sur KCCl")): f*1 = Y. %? * avec 
i : 0 

m i n l v ( g j ) / O i l S n ) = - B S 0 e t v ( 0 > 0 , 

v étant la valuation naturelle de UCT0'))- Soit a > B 2 0 dans G. 

Alora: ( T ^ f r ^ i ^ • ' ^ g i C ^ f ) ' . avec 
i :0 

v( T( n i + I ) 0 g, ) = (n-l+l)a + vCgj) â (n -i+l)o - P = (n-i)a + o - p > 0. 

On peut appliquer la proposition : pour toute suite (KJ^ N d'éléments de K, la série : 

S 3Lm(1*lf)m est algébrique sur KCfl0)). 

Soit K un corps de caractéristique p non nulle. 

1) Soient s un élément négatif d'un groupe abélien totalement ordonné G et x un élément de K 

algébrique sur son corps premier Fp. 
s 
T" 

La série : f = X x1 T P est algébrique sur K (0°)). Il existe a e G,, tel que pour toute 
i : I 

suite (X. ) ,„ d'éléments de K. la série X MT"f)n est algébrique sur KCfl̂ 5)). 
n : 0 
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2) La série f = X T11" de KCO )̂) est racine du polynôme : 
i : I 

XP - TP» X - IP-' e K((D) [Xj. Donc pour toute suite (Xn)n6N de K, 
0 0 / \ n 

la série E \ \ Z T , p est algébrique sur K((D). 
n:0 Vi: 1 J 

3) La série : f = Z ( - l ) n T n . où p = "—'-, est racine deXp + TX+l 
- • o (p.l)pn 

Donc Z V. 2 (-l)nTP n + , est algébrique sur K((T)). 
m : 0 V. n : 0 J 

- i -A 
4) Soient 0 < n £ m deux entiers. La série f = X T mp est racine de 

i : 1 

m-l , n P 

Xp - 1 * ' X - X T m . 
i :0 

Soit a = 

„ • "P 
0 si -Z— < 1 

n p un entier > l sinon 

Alors pour toute suite (X, )n (. ̂  de K. la série X Xn(T<, f )n est algébrique sur K((T,/ ,n ). donc 
n: 0 

sur K((D). 

Faculté des Sciences de Monastir 
Received September 20, 1990 Département de Mathathématiques 

5019 Monastir,TUNISIE. 
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SUR LE GROUPE DES CLASSES 
D'UN ANNEAU INTEGRE 

SrlM UKR a AIIOIIC 
Piueitted by P. RXbcnboàn, F.R.S.C. 

ABSTRACT: In this paper we are interested in a generalization 
of Nagata's theorem [12J to a new class of domains other than 
Krull domains, the Mori domains and the PVtID domains 
(Theorem 1). 

INTRODUCTION 

Dans C4] et CS], on définit pour un anneau R intègre son 

groupe des classes CKR) = T(R)/P(R), où T(R) est l'ensemble 

des t-idéaux t-inverslbles et P(R) est l'ensemble des idéaux 

fractionnaires principaux. 

Soient R un anneau intègre et S une partie multiplicative 

de R. Si R est un anneau de Krull et S est engendrée par des 

éléments premiers, le théorème de Nagata affirme que Cl(Ra) ~ 

CKR) tC12], Th.6.33-

S.Gabelli et n.Roitman ont montré le mSme résultat si R 

est un anneau 1-acc (Un anneau R est un l-acc si et seulement 

si il vérifie la condition de chaînes ascendantes pour les 

idéaux principaux) [*?]. Parmi les anneaux qui sont 1-acc, on 

trouvera les anneaux de Mori [B]. 

Si R est un anneau pseudo-pruférien (ou un PVMD), d'après 

[[13,Th.2.3] et [Cli3.Prop2.i43, on peut déduire que Cl(Ro) = 

C K R ) . 

On désigne par P* la propriété suivante: Pour tout I « 

I»(R) (L'ensemble des idéaux de type fini ), I-» e D»(R) 

(L'ensemble des idéaux v-fini), oa t-»=R:I=txe Frac(R), xICR). 

Si R vérifie P*, on montre aussi que Cl(Rs)~ CKR)(théorème 1). 

MIWNUCS Sttjict Cliisifkiiiont Prliiry 13 « «t Sfcondiry 13 B » , 13 I 23. 
Kty Korifsi CUts-jrotips) krull dauln. 

http://Cli3.Prop2.i43
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un remarque que les anneaux de Krull, de Mori et PVMD 

vérifient P*. 

On rappelle, qu'un R est dit cohérent si et seulement si 

l'intersection de deux idéaux de type fini est un idéal de type 

fini [103. L'anneau R est dit quasi-cohérent si et seulement si 

pour tout I un idéal de type fini de R, Rtl est de type fini 

[33. L'anneau R est dit de Mori [83 si et seulement sl 11 

vérifie la condition de chaînes ascendantes pour les idéaux 

entiers divisoriels. L'anneau R est dit de Krull si et 

seulement si R est un anneau de Mori complètement intégralement 

clos (73. L'anneau R est dit un PVMD si et seulement si D,(R) 

est un v-groupe [133. Pour mettre en évidence l'utilité 

d'étudier la propriété P*, nous donnons un diagramme complet 

entre les classes d'anneaux vérifiant P* ; 

Itethérien , __> rtri 

Cohérent ^f**^ 

Quasi-cohérent ^ ^ ^ 

P** P\*f)« Krull 

NOTATION - TEfWlNOLOBJE 

Soient R un anneau intègre et F(R) l'ensemble des idéaux 

fractionnaires de R. Etant donné I un idéal fractionnaire de 

F(R), on note: l„ = R:(R:1) et I» = U J^, où J parcourt 

l'ensemble des idéaux de type fini contenus dans I. Dn dit que: 

- I est un t-idéal si I = I». - I est un idéal divisoriel 

v-fini (ou simplement v-fini) si I = J„ où J est un idéal de 

type fini contenu dans I. On note: Cart(R) est l'ensemble des 

idéaux inversibles de R. ^î(R) est l'ensemble des t-idéaux de 

R, D(R) est l'ensemble des idéaux divisoriels de R. D»(R) est 
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l'ensemble des idéaux (divisoriels) v-flni de R. U(R) est 

l'ensemble des idéaux de type fini de R et P(R) est l'ensemble 

des idéaux principaux de R. 

On définit dans *^(R), l'opération I.J = tIJ)«. On dit 

qu'un t-idéal l est t-lnver«ible dans ^5(R), s'il eKiste un t-

idéal J tel que (IJ). » R. Désignons par TJR) l'ensenble des t-

idéaux t-inversibles de R. Comm» dans t4J et [51, on appelle le 

groupe des classes de l'anneau R, le groupe CKR)=« T(R)/P(R) 

Tous les anneaux considérés, sont supposés commutatif». 

Intègres et unitaires. 

1J Ss4c_!i«a_a*nÔCAlis«tjpn du théoréwe dm Nanata 

Dn aura besoin de quelques résultats classiques, qu'on va 

les citer sans démonstration mais avec une référence précise. 

Définitiont Soient R un anneau intègre et 1 un idéal de R. On 

dit que I est transportable I4J et [113, si pour toute 

extension plate de R on a: (R:1)B « B:IB. 

ÇcoDSs4*4pn.l. Soient R un anneau et B est une extension plate 

de R et t un idéal de Rt 

a} Si I est transportable, alors t (I„B)*, = (IB)~. 

b} Si I et I-* sont transportables, alors (IB)„ = I^B. 

c) Si I est transportable, alors /„ est transportable. 

d) Tout idéal v-fini ou de type fini est transportable. 

e) Si I et J sont v-fini, alors IJ est transportable. 

Voir Cl U. lemme 2.6 page 69. 

• 

Théorème. 1. Soit R un anneau intégre vérifiant P*. Si S est une 

partie multiplicative engendrée par des éléments premiers de R, 

alors Cl(Ra) s: Cl (R) . 



72 D. Nour El Abidine 

Lemme 1. Soit R un anneau intégre. Si S est une partie 

multiplicative engendrée par des éléments premiers de R, alors 

pour tout I e Dr(R) tel que / - e Dr(R), on at IRa est 

principal si et seulement si t est principal. 

Preuve: La démonstration de ce lemme, repose sur un résultat de 

D.D.ANDERSON et D.F.ANDERSON [[13, Th.2.33. 

Preuve du théorème is 

D'après le lemme i, il suffit de montrer que l'application 

M définie par : C1(R) > CKRo) 
[13 i > [IRo3 

est surjective. 

Soit I e T(RB), un t-idéal t-inversible de R». On peut 

écrire I = (JRo)„, où J est un idéal de type fini de R. De même 

I-1 = (JiRo)^, où Ji est un idéal de type fini de R. On a : 

(II-Mt = (II-MV = (JJiRs)v = Ro. Posons K = JJr. Puisque R 

vérifie P*. K-» e DrtR). D'après la proposition 1, on déduit 

que K et K-* sont transportables et ce qui donne d'après 

(b) prop 1), ( K R B K . = K V R B . Ça découle du lemmel que K^ est 

principal. Par conséquent, il existe d e Frac(R) tel que K„ = 

(JJi)^= dR. D'où (J.J1/d)v= (J.Ji/d),= (J,.J1/d)«= (J^.Jx/dK» 

R, ce qui donne que J,, s T(R). Finalement, on obtient 1= (JRa) v 

= JwRo (prop 1), car J et J-* sont transportables. D'où p est 

surjective. 
• 

Remarque . 

a) Si R est un anneau de Mori, donc R vérifie P* en 

particulier les anneaux noethériens et les anneaux de Krull. 

Ainsi, on retrouve le théorème de Nagata [[123,Th.6.33. 

b) Il y a une grande classe d'anneaux vérifiant le théorème 1 

autres que les anneaux de Mori, on trouvera Les anneaux quasi-
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cohérents [33, en particulier les anneaux cohérents [103. 

• 

Pour compléter le contenu de ce travail, il est 

intéressant de donner des exemples vérifiant P» qui ne sont pas 

des anneaux 1-acc (En particulier non de Morl ), ni PVMD ( voir 

exemple 1). Aussi, de donner des exemples vérifiant P" qui ne 

sont pas quasi-cohérents (voir exemple 2). 

Exeaple f.. Soit A un anneau noethérlen non intégralement cios. 

Considérons l'anneau R o ft[X3+YK[Y3, où K o Frac(A[XJ). La 

suite (Y,l/X)9(V.l/x=»)Ç ...(Y.1/X")Ç (Y.l/X"-»)Ç ... n'est 

pas stationnaire dans R, car X n'est pas inversible dans R, ce 

qui montre que R n'est pas un l-acc. On a: 

a) R est un anneau cohérent [63, par suite il vérifie P*. 

b) R n'est pas un 1-aac, donc non de Morl. 

c) R n'est pas un PVMD [23. 

• 

E>Lenple_?.. Soient K un corps et (X„)„»t des indéterminées sur 

le corps K. Considérons l'anneau B = K[X„Xm3.„«x.™»x>. L'anneau 

C = K[X„3r>ci est entier sur B car Xn» « B. On remarque que B = 

C n Frac(B) ( Frac(B) désigne le corps des fractions de B ) , 

d'après [[73, prop 23, B est anneau de Krull. L'idéal p = XtC « 

XMC) ( X1(C) désigne l'ensemble des idéaux premiers de C de 

hauteurs 1), donc q => p n B e XKB). D'après [[123 ,Lemme3.33, q 

e 0(B). On remarque que q =( ZXxX^B )„»! n'est pas de type 

fini. Posons I = B:q. Puisque B est de Morl, il existe J « 

1<.(B) tel que JCI et B:J = B:I = B:(B:q) = q„ = q. Finalement, 

on obtient J e I,(B> et J-» f I»(B), ce qui montre que B n'est 

pas quasi-cohérent, par contre B vérifie P*. 
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Fixed Point Subalgebras 
Of The Rotation Algebra 

Caria FARSI and Neil WATLING 

Pnuvnted by G.A. EUiott, F.R.S.C. 

ABSTRACT: Here we dassstfy the fixed point subalgebras of the rotation algabra At 

under the automorphisms induced by SL(2,Z) in the standard representation. We then 
give a general characterization of those fixed point subalgebras for $ rational. 

In this note we are concerned with the fixed point subalgebras of the rotation algebra 
Ae, the universal C- algebra generated by two unitaries u and v satisfying ou = puv 

with p = e2"e and 0 < 0 < 1, induced by SL(2,Z), where any A = \ I e 
Ve V 

5Z.(2, Z) gives the automorphism TA of As 

TAM = eoe,r'Vt.c, rA(v) = e w ' M uV. 

These subalgebras are interesting for several reasons. Firstly, are any AF algebras? 
This would provide another example of an AF algebra which is a subalgebra of 
a non-AF algebra. Secondly, concerning mathematical physics, they may provide 
more information about the almost Mathieu operator, H = U+U'+fi(V+V'). For 
example, H is an element of the fixed point subalgebra induced by —/ € SL(2,Z), 
so knowledge of this algebra would be desirable. This special case was considered 
in [1] and [2j with computation of the K-theory for 0 irrational in [7]. 

1 The Action of SL{2, Z) on Ae 

Definition 1.0.1 Define T,R,UÇ SL(2,Z) by, 
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• • ( ; - . ' ) • - ( ; - : ) • • • ( : : ) 

Remark 1.0.2 We have, 

T2 = -I2, T3 = -T,T4 = h, 

^ = [ ~ 1 ~ 1 j , R3 = - / j , ^ = -R, 7Î5 = -R2, F? = / , . 

Note also that Tracc(T) = 0, Trace(«) = l, Trace(fls) = - 1 anrf Trace(l/) = 2. 

Remark 1.0.3 We will also call TT the 'square root of the flip', Tyi the 'flip', TR 

Ihe 'cube root of the flip' and TRI the 'cubic automorphism' (cf. [S], [S], [4], [5]). 

The following theorem classifies all the finite order elements of 5L(2, Z) up to con-

jugacy class. (See |8] for a proof.) 

Theorem 1.0.4 The finite order elements of SL(2,Z) have Trace = 0,±1,±2. // 

AçSL(2,Z) then, 

1. //Trace(/1) = 0, then A is conjugate in 5L(2, Z) to J-T. 

2. If |Tracc(/l)| = I, then A is conjugale in SL(2,Z) to ±R or ±R2. 

3. If |Tracc(i4)| = 2, and An ^ /j for any n e Z, then A is conjugate in SL(2, Z) 

to ±11" for some n e Z. 

4. If |Tracc(/l)| = 2, and An = /j for some n 6 Z, ««en A = ± / 2 . 

Definition 1.0.5 If A Ç 5L(2, Z), we define A* to be the fixed point subalgebra of 

Ihe automorphism TA of Ae. 
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Lemma 1.0.6 Let A,B G SL(2,Z). Then, 

1. If Ais conjugate lo B in SL(2,Z), then J\f 2? >lf. 

2. Tf A" = B for some n € Z, then Àf is a subalgebra of Af. 

We can now classify all the fixed point subalgebras A£, where A is a finite order 

element of 51(2, Z). 

Theorem 1.0.7 1. Let A 6 51(2, Z) with Trace(A) = 0. TVien ^ S? Jg. 

e.LetAe 5 i (2 ,Z) with |'IVace(A)| = 1. 7*en ^ S -4? or >^ S ^ (which 

in turn arc not isomorphic). 

S. Let Ae SL(2,Z) wilh A" = It for some n 6 Z and Trace(A) = +2, - 2 . TAen 
Af is isomorphic to As and jff respectively. 

Proof. For part 1., by Theorem 1.0.4 A is conjugate in 51(2, Z) to either T or -T. 

By Lemma 1.0.6 and Remark 1.0.2 we are done. 2. and 3. follow similarly.Cl 

2 Fixed Point Algebras 

We firstly describe the situation for the infinite order elements of 5L(2, Z). 

Theorem 2.0.8 / . / /A 6 5L(2,Z) with |'IVace(A)| > 2, ihen Af^C. 

2. / / A e 5L(2,Z), A ï I2, with Trace(A) = +2, tften Af 5?C(51). 

3. If Ac SL(2,Z), A H -h, with Trace(A) = - 2 , then ^ Sf C((-2,+2]) . 

For the proof of this theorem see [G] and also [9] for 1. in the irrational case. Now 
we will describe explicitly the fixed point algebras Aj, Ag , Ajf ol Section I when 0 
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is rational. Note that A? was described in (2). The proof of the following theorem 
is given in [3], (4), (5|. 

Theorem 2.0.9 LelO = p/q, with p, q coprime positive integers and let fit, i = 
0,1,2 6c any three distinct points ofthe 2-spheTe S2. Then the fixed point subalgebras 
ofthe square root of the flip rr, J$, the cubic automorphism TR*, Af, and the cube 
root of the flip rR, Af, are isomorphic to the following subalgebras ofthe C'-algebra 
C(S2,Mq): 

Aj = {fe C(S2, Af,) | /(fl.) commuies wilh Pf, i = 0,1,2, j = 0,1,2}, 

Af* = {/ 6 C^2,M,) | f(fli) commutes with Qi, i = 0,1,2, j = 0,1], 

Af = [fe C(S't,Mq) | /(îî;) commutes with 5f, i = 0,1,2, j = 0,1,2,3,4}, 

where Pf, Qf andS* are orthogonal families of self-adjoint projections in A/,. Tfteir 
dimensions are given in the following tables, where q is modulo 12 unless otherwise 
stated: 

AJ 
PS 
Pi 
Pi 
P? 

Pi 
Pî 

PS 
Pi 
Pi 

q = 0(mod4) 
I 
2 

0 
0 

1=1 

q = l(mod4) 
Hi 
2 

0 

0 

4 
1=1 

4 
1=1 

4 
1=1 

4 
1=1 

4 
1=1 

4 

q S 2(mod4) 
1 
i 

0 

0 
1±1 

4 
1=1 

4 
1=2 

4 
1=1 

4 
1=1 

4 
1±1 
* 

q = 3(mod4) 

0 

0 
1±1 

4 
3=1 

4 

z±i 

î=2 
4 
1±1 
4 
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< 
es 
Qh 

Q\ 

Qï 

f = 0,6 
2 
3 
1 
3 
1 
3 
1 
3 
1 
3 

s 

ç s 1,5, 7,11 

3 

3 

tfcËl 
î - ( îW 

3 

, = 2 , 4 , 8 , 1 0 

3 
î+^hPl 

3 
?+S(»|3) 

3 
, - ( , | 3 ) 

«-(fW 

3 

9 = 3,9 
2 
3 
2 
3 

113 
3 

1=3 
3 

2 
3 
2 
3 

Af 

sh 
si 
«S 
S3 
s? 
si 
sî 
sf 
sî 
s? 

s? 
si 
si 

9=0,6 
»-6 

8 

1 
1 
8 
2 
s 
1 2 
7 

0 
0 
0 
0 

1 
2 
3 

0 
0 
0 

, = 1,5,7,11 
, -3+2( , |3 ) 

î-WP) 
8 

3 

0 
0 
0 
0 

0 
0 
0 

, = 2,4,8,10 
î+s-hP) 
y-3- ( , |3 ) 

6 
« -3 -h |3 ) 

î+%E1 

,+3(,P) 
6 
2 
3 

0 
0 
0 
0 

0 
0 
0 

, = 3,9 
a -3 

8 
3=3 

8 
2=3 

8 
î±3 

S 
lia 

6 2=1 
3 

0 
0 
0 
0 
1 
1 
0 
0 
0 

Corollary 2.0.10 Lel 6 = p/q, where p, q are coprime positive integers. Then 

K-theory ofjtf, Alf, Af, is given by, 
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Ko(Aj) 
l<o(Af') 
K0(Af) 

,= 1 
Z2 

Z2 

Z2 

q = 2 

Z5 

Zs 

Zs 

, = 3 
ZT 

ZT 

Zr 

, = 4 
Z8 

Z8 

Z8 

, = 5 
Z9 

Z8 

Z9 

, = 6 
Z9 

Z8 

Z9 

,>6 
Z9 

Z8 

Z10 

and, 

UJÇ) = o, /(-.(^r) = o, if.Mf) = o-

3 References 
[1 | O. Bratteli, G.A. EUiott, D.E. Evans and A. Kishimoto, Non commuiative 

spheres 1, Int. Jour, of Math., to appear. 

(2 ) O. Bratteli, G.A. EUiott, D.E. Evans and A. Kishimoto, Non commutative 

spheres 11, Rational Rotations, J. Operator Theory, to appear. 

[3 j C. Rirsi and N. Watling, Quartic algebras. Can. J. Math, to appear. 

[4 ) C. F r̂si and N. Watling, Cu6ic algebras, preprint. 

[5 | C. Rirsi and N. Watling, Elliptic algebras, preprint. 

[6 ] C. Farsi and N. Watling, Irrational quartic algebras, in preparation. 

[7 ] A. Kumjian, On the K-theory of the symmetrized non-commutative torus, C. II. 

Math. Rep. Acad. Sci. Canada 12 (19S0), 87-89. 

[8 | B. Schoeneberg, Elliptic modular functions, Springer-Verlag, New York, 1974. 

[9 J Y. Watatani, Toral automorphisms on irrational rotation algebras. Math. Japon-

ica 26 (1981), 479-484. 

Carta Farsi, Department of Mathematics, University of Toronto, Toronto, M5S 1A1. 

Neil Walling, Department of Mathematics, SUNY at Buffalo, Buffalo, New York 14214. 

Received March 25, 1991 



C.R. Math. Rep. Acad. Sci. Canada - Vol XIII. No. 2. April 1991 avril 81 

A POLYNOMIAL DECOMPOSITION ALGORITHM OVER 

FACTORIAL DOMAINS 

Jaime Gutierrez 

Piuznted by P.IUbenboim, F.R.S.C. 

Ahatraefc.- in this paper we present an algorithm to decompose 

a polynomial f(X)eD(X], where D is a factorial domain. In 

particular we solve a generalization of the decomposition 

problem to multivariate polynomials. The given algorithms only 

work when the characteristic of D does not divide the degree of 

f{X). 

SI.infcrodnofclon.- The functional decomposition problem over 

F[X] (F a field) can be stated as follows: glv^n ffviPPfxi of 

deçrree n° rs. to determine whether there exist o(Xl.htXleFfXI of 

degrees r.a respectively, sueh that f m =gfx>nh m=Qfh txn and, 

in the affirmative case, to compute them. For some time, this 

problem was considered to be computationally hard, but since 

1987 there are several polynomial-time algorithms working in the 

"tame" case, i.e. when the characteristic of F does not divide 

r, < see Gathen el al. (1987), (Gutierrez el al.(1988)). 

Regarding extensions of this important problem, recently Kozen 

& Landau (1989) have found (in the tame case) a solution when 

the polynomial f(X) has coefficients in a commutative ring, 

but assuming that the polynomial involved is monic. 

On the other hand several generalizations of the decomposition 

problem have been posed for multivariate polynomials, see Barton 

S Zippel(1985). This seems more difficult than the decomposition 
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of u n i v a r i a t e po lynomia l s , but even p a r t i a l s o l u t i o n s would be 

an a i d t o a l g e b r a i c s i m p l i f i c a t i o n and e v a l u a t i o n prob lems . 

Gathen (1987) s o l v e s t h e f o l l o w i n g problem: g i v e n f m e 

FIX^ X l̂ of f t o t a l l degree n=rs . and r not d i v i s i b l e by the 

C h a r a c t e r i s t i c of the f i e l d F. t o determine when t h e r e e x i s t 

q(X)eFfXl and hmeFfXj^ XJ of degrees r . s r e s p e r t i v e l y . snrh 

t.hat. HX^ . . . . x j ^ g l h ^ . . . . .Xan and, in the affirmative case,. 
to compute them. 

Now, we remark that solving in all generality the problem of 

decomposition of polynomials in one variable over a factorial 

domain will imply the solution of the decomposition problem for 

polynomials in several variables over a field, in a sense 

different to the one above stated by Gathen. namely, considering 

the qivfin polynomial as a polynomial having as coefficients 

polynomials in one less variable and proceeding to an Iterative 

decomposition, once an ordering has been choosen in the variable 

(c.f.Definition 2.1 helow). Moreover, every decomposition In the 

sense of Gathen is also a decomposition in the new sense of 

definition 2.1. but no conversely, as shown by the following 

example: 

f(X,Y) = ((X3+1)Y2+ 2XÏ+ X2+l)o(Y2+Y+X) = 

(X3+l)(Y2+Y+X)2 + 2X(Y2+Y+X)+ X2+l 

i s a d e c o m p o s i t i o n in our s e n s e but t h e p o l y n o m i a l f i s 

"indecomposable" according t o Gathen's c r i t e r i o n . The s o l u t i o n 

of the decomposit ion problem for f a c t o r i a l domains i s p r e c i s e l y 

the content of §3 of t h i s paper. Bes ides we study and s o l v e the 

more g e n e r a l problem of f i n d i n g (and d e f i n i n g ) a c o m p l e t e 

decomposition in indecomposable e l e m e n t s , s t a t i n g some uniqueness 

r e s u l t s concerning t h i s decomposit ion. As a consequence we can 
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recover Gathen's decomposition and clarify also some of the 

concepts of KozenSLandau with regard to complete decompositions 

(which were obscure to us as they were stated over non 

neccessarily integrity domains, see Remark 2.2). 

S9 fnma «ynnnrai roamlta.- Throughout this paper, we denote 

by D an unique factorization domain and by K its field of 

fractions. We consider the near-ring (D[X],+,o), see Pilz 

(1983). The units in the near-ring DtXJ are the linear 

polynomials ox+f), where a is an unit in the ring D. As usual 

D [Xl will denote the set of all polynomials over R whose o ' 

constant term is zero. 

DofinltlonH 2.1.- As in ring theory, we say that an element 

f (X)eD[X] is indecomposable provided that : 

i) f(X) is non-constant and non-unit in the near-ring D(XJ. 

ii) f(X)= g(X)oh(X), (g(X),h(X)ER[X]) implies g(X) or h(X) is 

an unit. Otherwise we say f(X) is decomposable. 

A nnmnlete Hvnnmnosition of f(X) is a set of polynomials 

f^X), ....fr(X)eDIX] such that fCXl-f^Xlo ofr(X) and the 

fi(X),s are indecomposable.• 

If D=F is a field, every polynomial f(X) has complete 

decomposition in FIX], with a strong uniqueness property (see 

Gutierrez et al. (1989) or Gathen (1987)). 

Ramark 2.2. Obviously the Definition 2.1 may be extended over 

an arbitrary commutative ring. KozenSLandau give a "similarity" 

definition for an arbitrary commutative ring but this one does 
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not agree with Definition 2.1 when D is not an integral domain. 

In fact, if we take as R=Z4 the ring of integers modulo 4: then 

2X4+X3=X3o(2X2+X) is a decomposition ("tame case") in the sense 

of KozenSLandau, but notice that 2X2+X is an unit in Z4[X). 

Nevertheless KozenSLandau's proof of their decomposition theorem 

over monic polynomials seems to use implicitly a concept of 

decomposable element that agrees with our Definition 2.1. 

S^nenomooaition ovftr faetor-lal domalna.- In this section 

we prove our main result, i.e. that if D is a factorial domain, 

then every polynomial in D{X] has a complete decomposition. 

The key lemma for proving the complete decomposition of f(X) is: 

Lamma 3.1. Let g(X),h(X)e D0 [X] be primitive polynomials, 

then their composition is primitive. 

Thaorera 3.2. If f(X)eD0(Xl is primitive then f(X) is 

indecomposable in D(X] iff f(X) is indecomposable in KtX). • 

An immediate consequence of Theorem 3.2 is the complete 

decomposition of f(X). 

Algorithm 

Input: f (X) =anXn+an.1Xn"1+ +a1X+a0eD[XJ of degree n=rs, and 

r not d i v i s i b l e by the c h a r a c t e r i s t i c of D. 

Output: 9(X),h(X)eDlX) wi th f(X) =g(X)oh(X) and deg (g (X) )=r , i f 

such a decomposition e x i t s ; and "no decomposition" otherwise . 
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A . I . Eind a,PeD such t h a t f (X)= (aX+P)of ' (X) where f ' (X) i s 

primitive. Take o= G.c.d(an,an.1, .aJ, P= a0. 

A.2. Use the standard decomposition algorithm over K[X], with 

input f'(X). If no decomposition of f'(X) in K[X] exist, return 

"no decomposition". 

Xf f(X)=g'(XJoh*(X) is returned with h'(X)eK0tX] and monic, 

h'(X)= x" + (b^/c^^x8'1* + (b1/c1)xf return 

g(X)= (ax+p)og'(X)o(l/8)X and h(X)= 5x o h'(X), where 

5= L.c.ro. (ca_1, c8_2, fCj ) . 

Using Lemma 3.1 and Theorem 3.2 we see that the algorithm 

correctly determines whether f(X)eD[Xl has a decomposition with 

the required degrees, and if so, computes a decomposition. 

If we suppose that G.c.d.(deg(f(X)),characteristic(D))=1, we 

obtain an algorithm to find a complete decomposition of f(X).« 

rorollary 3.3 Let f(X)eDlXl, with G.c.d. (deg(f (X) ),char (D) ) =1. 

The following holds; 

(i)If f(X)=g(X)oh(X)=g'(X)oh'(X) with deg (h(X) )=deg(h'(X) ) and 

MX),!!'(X)eD0(X], then h(X) and h'(X) are associated in K[X]. (In 

particular, if they are indecomposable polynomials, then they 

are associated in D[X)) 
(ii) If f (X)=m1(X)om2(X)o...omr(X)o g1(X)og2(X)o...og1]{X) and 

f (X)=n1(X)on2(X)o ona(X) o ̂  (X)oh2(X)o ohw (X) are 

two complete decomposition of f(X) with deg (mi (X) ) =deg (ni (X) ) =1 

and deg{gj(X))>l, deg(hj(X)>l, then, 

m1(X)om2(X)o omr(X)=n1(X)on2(X)o on9(X) and r=s. Moreover, 
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g1(X)og2(X)o...ogij(X)'=h1(X)oh2(X)o hv(X),u=v and the sequences 

<deg(g.(X) )>, <deg(h.(X))> are permutations of each other. 

Proof, use Theorem 3.2. and the results about the "uniqueness" 

of a decomposition of a polynomial over a field, see Schinzel 

(1982) and Gutierrez et al. or Gathen) • 
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An Approach to Wieferich*a Condition 

Masaharu Yamada 

Pnuented bg J.B. ftUxdlandvi, F.R.S.C. 

The paper shows that the Wieferich condi t ion for the 

2 
f i r s t case of Fermat's Last Theorem, namely, p d i v i d e s 

2P~ - 1 , can be deduced from j u s t the f i r s t two of the 

Kummer-Mirimanoff congruences, rather than a l l of then as 

i s u s u a l l y don^. 

I . Some Pre l iminar ie s 

Let p be an odd prime larger than 3 . Let an i n t e g e r q be 

p-1 
the Fermat q u o t i e n t with base 2 def ined by q=(2 - l ) / p . Let B^ 

be the Bernoul l i numbers defined by 

B =t ( r i B with B =1, then for r < p - 1 , a l l of them are • p-
r i=0 i 1 0 

i n t e g r a l , whereas pB , = -1 («od p M l , von Staudt] p-1 

Let F »X) be the Mirimanoff polynomials defined by 

F (Xl= f~ kJ~ (-X) , where j = l , 2 , 3 , " - . 
j K=l 

If a s o l u t i o n of a polynomial congruence such as F (u)=0 
J 

(mod pi is not congruent to 0, -I nod p, then the solution is 
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called a nontrivial zero of the congruence. 

Let V^L«2i,p-2i,k'lB2iFp-2i*im' 
b k and H (.\l=$ .g„.lp-2l) B„. F „.(X), k 1=1 2i 2i p-2i 

p-1 2 i 
where S,,2' s." 2 "X ' 0 n d b=«P-3,/2' 

Let w be an integer defined by w=((p-1)!+1)/p. |I,Wilson] 

2 2 Since 2qpB i-2q + 2pq(1+w I (nod p I and F (1) = -2qt2pqw Imod p ) p-l p-l 

can be deduced fron Lehmer's formulas (2), then 

2 
(1) F Ills -2q (mod p) and F (1) i 2qpB -2pq (mod p ). p-l p-1 p-1 

Let F(X»=|". c.XX with i n t e g e r s c . = M P 7 ) - ( - l l 1/P. which 1=1 i i i 

i s r e l a t e d to F IXI as f o l l o w s . 
J 

p - l 12) F IXI = IX+n - l - p F ( X ) . and 

131 F IXIS - (Xt l )FIXI Imod p l . 
p-1 

Let r be the fo l lowing operator on polynomials of Z (X] : 
P 

H G I = XdG/dX. 

Since F I X|sr(F IX) I, then we obtain from 121 

141 F^IXIs-XIX*!»1*" (mod pl, and F (X»=XIX-i MX+l ) P " (mod p). 

Also , from the d e f i n i t i o n 

151 LIXIsrlM. .CX)I . 
k k-l 

D i f f e r e n t i a t e -XPF ix" )*F (X)=pF IX), we obta in 
Z * 1 
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( 6 ) l - l » J " l X P F I X ' S + F . I X I S I J - I IpF (XI (mod p I , s o t h a t , 
J J J — * 

17) -XPL. (X~ I+L CXI5 pM.IXI (mod p I. 

k k k 

There i s an i d e n t i t y ( 3 , V I I I - ( 3 . 2 II , which i s rewri t ten 

in our words as 
(8) F (1)XP= i (X+l )F (X)+ — = — H (X» ^—(pB I F J X ) . 

p-1 2 p-1 P- l 0 p-1 p-1 1 
Operating r on both sides, we obtain 

F (ll(p-llXP+1-F (l)pXP=-XF (Xl* i(X2-llF IXI 
19) p-1 P-l P-l 2 p 

(X-1» 2qpB 2qpB 
+ : L.(XI+ f — XF IX) T^- IX-llFo(X). 

p-1 1 p-l 1 p-1 2 

2. Common Zeros of F (ul = F _(u) 5 0 (nod p) 
p-1 p- 2J 

Definition. For a fixed p, let D be the set of ail the 

nontrivial common zeros of F (u)= 0 and F _(u)= 0 nod p. 
p-1 p-2 

Lemma. I f D > u (nod p ) , then D • - u - 1 Inod p l . 

Proof. The fo l lowing i s a formula of Mirimanoff c i t e d 

from ( 3 , V I I I - 1 1 . 2 9 1 ) , and r e w r i t t e n in our words. 

- i (F ( X ) ] 2 S F IX) + IX+1>2PF J §— ) Inod p ) . 
2 p-1 p-2 p-2 -X-1 

Put X=u, and take account of (6), then 

(10) F ( — ) = F 1 - ^ — ) = 0 (mod p) . 
p-2 -u-1 p-2 u 

There e .x i s t s another Mirimanoff 's formula [3 , VIII-( 1.26 ) ] 
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such that 

,111 Fp.2<XlH - X P F p _ 2 ( - l - x " V F p _ 2 ( - l - X ) (nod p l . 

Put X=u, and take account of (101 , then 

F l - l - u l s 0 Imod p ) . 
p-2 
Next, since F IX>= -(X+1»F(XI (nod pl fron (3), and 

p-1 

since (-X-l)F(XI = |(-X-nP+XP+l]/p=XF(-X-ll from the 

definition of F(X). then 

F (X)= F (-X-1 I (nod pl, 
p-1 p-1 

which implies that F (-u-l)= 0 (nod pl for X=u. 
p-1 

Theorem.(a) If D is not encty for a given p. then 

0=(2P"1-ll/°  = 0 (mod p U h U f i = n (mod oI. then D is not empty. 

Proof. Proof of (a). 

The last lenna assures the e.xistence of an element u • D 

satisfying u * 1 (nod p). so that, we assume u • 1 (nod p) in the 

later part of the former proof. 

Let q=np+r for some n, r • Z, it follows from Lehmer's 

formulas (See, the vicinity of (11) that 
2 

F (1)= -2r-2p(n-wrl (nod p I and 
p-1 

2 
2qpB S -2r-2p(n-wr-r) I mod p ). 

p-1 
Under the constraint of pjF (ul, the identity (9) 

p-1 
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y i e l d s (using (2) and (4)) 
i 2 2 

2ruP •2p(n-wr)u -2pr lu -uI 
2 2-= -uF (u) + l l / 2 > ( u - H F t u l - l l + p M u - 1 » L ^ u l 

p-1 P 
2 

+ 2ruF tu) -2r lu- l )F (uK2p(n-wrl(u-nu/(u+n (nod P ). 
1 2 

Replace « for u ' 1 , multiply u P + 2 , and subtract the result 

from the original congruence. Then we obtain 
o 2 

2ru(u P -n-4prlu 2 -ul=-p(u- l | 2 M l lu)-2r(u - l . F ^ u l («od p I, 

where a relation pl F Jul is used, p—* 

Dividing the result by u-1. and rearranging, we obtain 

-PU-IIM (u> = 2r(uP
+U

P"1 + ."*ul-4pru+2r(u+nF2(uMB1od P ). 

Replace u for utmp with an arbitrary integer .. expand 

the result, and take the difference of both, then we obtain 

2r{(p-l)uP"2+lp-2)uP"3+.-- + l}*2rF2luK2r(u*nF3(u»/u 

= 0 (mod p). 

Since the contents inside the brackets may be written as F^-ul/u. 

then the congruence yields 

2r(F (-u)*uF (ul*(u+l)F (u)l= 0 (mod p). 
2 2 •* 

On account of (4). we obtain -4ru2/(u2-l1= 0 («od p). 

which reduces r= 0 (mod p). that is, q is a multiple of p. 

Proof of (b). 
We obtain F (DS 0 and F 11»S 0 Imod pl. by putting 

p-1 P~c 
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X=l on (1 ) and (11), respectively. That is, D includes 1, so that. 

D is not empty. 

Corollary. 

The Wieferich condition, namely, pjq, can be satisfied. 

if and only if a nontrivial zero exits between the first two of 

the Kummer-Mirimanoff congruences such as F (u)5 F (ulF (u)5 0 
P-1 2 p-2 

I mod p). 
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A LATTICE THEORETIC LOOK AT SOME RING 
THEORETICAL RADICALS 

Isidore Fleischer 

PK<u>e.nted by J. Lambefe, F.R.S.C. 

Tbe system of (left-or bi-) ideals of a ring is dosed nnder arbitrary intersection: it thus forms 
a complete lattice (indeed, a complete Osubsemilattice of the powerset of the ring.) It is also 
equipped with an ideal multiplication which distributes over join and for which a ring with 1 acts 
as a (left) identity. Certain properties of the radicals commonly studied do not appeal to the 
dements of the ring, thus can be formulated purely ID this ideal lattice. A similar treatment can be 
carried through for the lattice of left congruences in semigroups; rather than a multiplication, this 
admits a residuation by dements. Radicals in lattice-ordered groups are defined by closure operaton 
on the lattice of convex subgroups. The following attempts a consistently lattice theoretic study 
of these radicals. Chapter 1 operates in a complete join semilattice; In Chapter 2 this semilattice 
is in addition assumed to bave a join-distributive multiplication; while Chapter 3 indicates some 
connections with tbe more familiar formulations using dements. 

Chapter 1. Here we will be in the setting of a complete join semilattice I with largest dement 
E. Meets (written intersection fl) exist when the terms have a common lower bound. 

Call an dement J smalt (BH) i f l f ^ f i — ^ f f v J / E a n d c a l l i t l-small if ff V / ji £ — 
BvJ^E. Note that it suffices to formulate it for B OI, i.e., the /-small are just the superfluous 
mod /. The /-small form an ideal: HVItfiE—'avIVJÏE—'HvlVjvJ'tE. 

The proposed mdicoi is >/7 = V{^^ i» I-small}. This is increasing. v7 3 / , since / is /-small, 
and isotone: J Ç I —> t/J Ç t/î since every J-small is /-small. It is not yet a dosure operator 
since it lacks idempotence. Also, V7 could be E tor some I ? B unless E were compact. By 
iterating the y operation, one eventually reaches the smallest dosure > y (in the pointwise order 
of sdbnaps on L); and if E were compact, it would still be the dosure only of itself. However, this 
can be achieved nnder weaker hypotheses, as we now show. 

A maximal M which indudes / , indudes every /-small J - hence also y/I (and all its iterates). 
Indeed, E ? M D I entails M V J ? E, hence = M whence J Ç M. A , artial converse: Every 
compact C Ç OM 2 I it /-«mall (hence Ç y/I). For suppose not: Then H V C s B fat some 
I Ç H ï E. Study B docs not 3 C, hence (by Zorn) is induded In an M maximal for not 3 C. 
This M is maximal (since anything strictly larger indudes both B and C) and does not D C. 
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Thus, / = f) Af 3 / , which Is dearly a closure operator, la > -/Î. To have thèse coincide, 
it suffices to postulate tbat every ff / £ Is Ç In some maximal M. For if / g ff g Jlf then 
Bvl Ç MV I =t M £ B and so / would be /-small. As such, I ? B for I £ E; conversely, this 
entails that / Ç some M. Moreoever, y/î Is then the largest dosure which does not send aa I ^ E 
to E; for if 7* were another such, then E = Bvt Ç ff v / only for ff V / = E whence T would 
be /-small. 

In summary: In a complete join semilattice with greatest E, In which each B £ Eh contained 
in a maxima] M, the join vT of the /-small J Is Itsdf /-small and eoinddes with the intersection 
of the maximal Af 3 f. y may also be characterized as the largest dosure operator sending no 
ItEtoE. 

Chapter 2. Now the join semilattice L is to come equipped with a mtdtiplication. Since this 
is to model the usual multiplication of left ideals in a ring, it Is assodative; the distribntivity 
of ring multiplication over addition makes it appropriate to postulate the distribatlvity of this 
multiplication over (even infinite) joins (In each factor - of coarse this makes It Isotone); finally, 
left multiplication is decreasing, IJ Ç J, which would already follow from only EJ Ç J. Equality 
could be postulated in rings with unit, in which it would be consistent to require also IE 3 /. 
The maximal elements then enjoy a property of primeness: If /J Ç Af then I ot J Ç Af : for 
if / and J are not Ç M then E = A f V / C A f V /(Af V J) Ç MV IJ, hence IJ is not Ç Af. 
Thus the Af's 3 IJ are in the anion of those 3 / or J whence \/T7 3 vT n t/7; there will be 
equality by the isotoneness of y when IJ Ç I. The /'s for which this inequality. I.e., IE Ç / , 
holds may be termed 6t-efem«nfs. They indnde B and are dosed under arbitrary Intersection and 
join: (n /„)£ Ç IaB Ç /„, (V/„)£ = VIaBÇ V/». 

There is enough structure to define the quotient J-J 3 \/{K:KI Ç J); when it exists (I.e., 
there are such ff) it is a bi-dement since J 3 ff/ 3 K(EI) = (ffff)/. If J 3 a bi-dement / , J:E 
(hence all quotients of J) exist; conversely, If J:E exists then since (J-.E)!? Ç (J:E)E Ç J, J:E 
is a bi-element Ç. J. Moreoever, every other bl-element I Ç J i»Ç J:B since IE Ç I. Now call J 
left-primitive if there is some maximal Af 3 J for which M:E = J. This permits characterizing t/7 
foi bi-elements / as f) primitive JOI: indeed / Ç Af maximal only If / Ç M:E primitive Ç Af. 
In rings, primitive bi-ideals may in tarn be characterized as annihilators of simple modules B/M. 
If E7 = E, these simple modules are even "irredudble" (= the action by B is not Identically 0), 
i.e., the annihilator of E/M,M:B,£ E. In rings without unit it can happen that B* Ç Af, i.e., 
M:E = E; there one restricts to modular maximal Af. (A modular J 3 the bi-ideal J:E; conversely 
a (strictly [J, p. 5|) cyclic module has nontrivial ffaction only if the annihilator of any generator 
g is modular: for if there is an e € ff such that g = eg then r - re € Q:g for all r). 
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The above radical in tbe (semi)lattice of (modular) left ideals will be identified in Chapter 3 as 
the Jacobson radical in rings; if on the other hand one appUes Chapter 1 to the subsemilattice of 
bi-dements, one will find for rings the (larger) Brown-McCoy radical. In fact, this is the largest 
dosure operator not sending any / ^ ff to £ in the subsemilattice of bi-ideals; and it preserves fl 
even sending products to meet. The smaUest dosure operator with the latter property is the lattice 
analogue of the Baer lower nil radical, to which we turn next. 

We ask for the smaUest order-strengthening in the subsemilattice of bi-dements which converts 
product to 3 meet. It must identify every power Jn with J, hence bring J nnder / whenever 
•7" C / . We are thus led to set /* = y {J : some J" Ç / ) . This is increasing (since / ' S /) and 
isotone In /; ( J V ff ) m + n Ç J" v ff" by moltiplicative distribntivity and since these are bi-elements 

— thus the join is updirected and the dominance of meet by product, I'nJ' Ç (IJ)', holds — since 
ffm Ç /.ff" £ J entail ff-*» ÇIJ — equality holding by isotoneness: (IJ)' C (/n J)' ÇPn J' 

- Unfortunatdy, this operator is not idempotent. In general, for any increasing meet-preserving 
self-map. Its self-iterate / —• / ~ is again such; and so is the (pointwise) join of an ascending chain 
of such when meet is (join-)continuous; i.e., distributes across updirected join. Then one attains the 
smallest product-to-meet converting dosure operator (hence complete join-preserving) by iterating 
I —» /'• If £ is compact, its exdosion from the image of Ps £ E will be maintained by the 
iteration. The requisite meet-continuity is a consequence of compact join-generation (B, Lemma 2, 
p. 187J dnce if / n V •k is the join of compact ff, then each of these is Ç some InJaçylnJa. 
This property of compact join-generation also ensures [K, Theorem A] that every (nilpotent) radical 
dement I = vl'u the intersection of primes 3 /. 

In summary: In a compactly join-generated multipUcative semilattice, the smaUest dosure 
operator in the subsemilattice of bi-dements which sends product to meet is obtained by iterating 
V (J : some Jn Ç I) and eoinddes with the intersection of the primes 3 /. It is the universal 
multipUcative join morphism to a meet continuous semilattice. A compact £ wiU not be readied 
from bdow. 

The condition that a complete lattice be multiplicative with meet as product is that (finite) 
meets distribute across (even infinite) joins. One encounters this situation in lattice ordered groups, 
where the lattice of "soUd" (= convex lattice) subgroups enjoys this property |BKW Prop. 2.2.9). 
In any complete lattice the completdy meet-irredudbles are just those maximal for not dominating 
some dement; if the lattice is compactly join-generated, every dement is an intersection of com-
pletdy meet-irredudbles. The solid subgroup lattice is so generated (since an updirected join of 
solid subgroups is thdr set theoretic union); by distributivity the finitdy meet-irredudbles coindde 
with the primes and so the Baer radical operator is the identity. (Also follows from the fact that 
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every element is idempotent). One gets a non-trivid radical by taking the intersection of "dosed" 
primes for some dosure operator on the soUd subgroup lattice. When this is the order-dosare—I.e., 
assigns the smallest containing soUd subgroup dosed for existent suprema—one gets the "distribu-
tive radical". Indeed, a poset is completdy distributive if, for any subsets S having V'*. V £ * £ 
all V 5 entails the existence of a choice fonction f(S)eS such that As Iis) ex ia t3 ^ i8 n o t ^ V-
When AsV-î exists It suffices to take this for x, and then the condition just states that x also 
= VjAf(S) and dually. In a completdy distribntlve group the identity subgroup's distributive 
radical is itself: for if x were V^ for some 5 Ç P for every prime P, then x = V/ A/(5) where 
each A f(S) € fl -P. the identity. Conversdy, the quotient map modulo a dosed subgroup preserves 
all existent extrema: since the elements In the group mapping < the unit—hence those mapping 
< any quotient dement—are dosed; and modulo a prime, the order is total: for disjoint positive 
elements in the quotient would have disjoint polars which yidd a meet-redaction of the kernel. 
Thus, modulo every dosed prime one gets a complete surjection onto a chain. Therefore, a group 
with trivial distributive radicd is competely subdirectly embeddable in a product of chains, hence 
is completely distributive. 

The system of left congruences in a semigroup does not of course carry a natural multipUca-
tion - it does however admit a "residuation" by elements of the semigroup: axCtx is, for every 
left congruence C and dement x, a left congruence which is appropriately designated C:x. This 
operation preserves infinitary meet in C and Is multipUcative in x - C:xy = C:y:x. One could thus 
modd this system by a complete lattice equipped with a multiplicative meet-preserving action by 
a semigroup. The bi-dements are now defined as those C Ç each of thdr C:x - C D r\C:x is the 
largest bi-element Ç C. Observe that C:x as congruence is exactly the annihilator of ( = the pairs 
in S equaUzed by) the image of z in S/C : thus this largest bi-element represents the annihilator 
of S/C, the cyclic 5-set having a generator with annihilator C; it eoinddes with the bi-dement 
C\C:x when this quotient 5-set is strictly cydlc. This coinddence could be taken as the abstract 
analogue of strict cycUdty of quotient i.e., of "modularity" of C. 

Chapter 3. In a semilattice of submodules of a module £, / V / = / + J, the set of pairwise 
sums of elements from / and J. Thus Bv J = B just when B + J Indudes any set of generators 
of £ and if £ has a single generator, say e, this comes toe-J meeting ff : In a module generated 
by e, J is /-small just when e-J is disjoint from aU ff (^ £) 3 /, i.e., each e - j is induded in no 
such ff : the submodule generated by e - j and / is all of E. In a unitary module over a ring with 
unit 1, this says: there exists an r such that (1 - r)(e - j) - e 6 / , or rj = re + j(I). This "left 
quasi-regularity modulo 1" can serve to characterize the dements of /-smaU submodules even over 
rings without unit: for if e - j Ç ff 3 / then so does re - rj, hence j and so e; conversely, 'f j 
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belongs to an /-small and e - J 6 R(e -j) + I then this = E hence j 6 R(e - }) + I. 
In the lattice of bi-ideals of a ring with unit, J wiU be /-small just when the bl-ided generated by 

each ( 1 - i ) and / Is £. The bi-ideal generated by (1 - j ) Is obtained by adjoining to the generated 
left Ideal, £(1 - j), the tatter's right multiples, thus aU finite sums Est - ajt; that 1 belongs to 
this ideal + / thus comes to j € (r - rj + Ssi - ijt + / } , which Is a two-sided "quasi-regular" 
(called "weakly" In [BH|) form usable also in rings without unit (indeed it is left quasi-regularity 
mod the bi-ideal Est - sjt + I). The bdonging of j to the bi-ideal in brackets entails the latter's 
coinddence with £; an overldeal of { } maximal for exduding j is maximal; modulo such the ring 
is simple with, aa image of j , a right unit; this Is also a left unit, since (1 - J)B Is a bi-ideal (bdng 
left-annihilated by If) ^ î (else some f - JF = J whence 5 = Fj = F, contradicting J j4 5). This 
yidds the description of the Brown-McCoy radical. 

In a commutative lattice-ordered group the join of solid (i.e., convex lattice) subgroups Is again 
thdr algebraic sum, hence / V J Is again the set of pairwise sums of dements and when £ has 
a single generator e — known here as a "strong unit" — the /-small J are those consisting of 
j's for which e-j generates (convexly) all of £ over / . Similarly, the join of convex ideals in a 
lattice-ordered ring is thdr algebraic sum and so in such a ring the /-small left ideals J just consist 
of j's for which the convex left Ideal generated by £(1 - j) and / is £ — this comes to j in this 
Ideal. Note that the soUd ideals of a lattice-ordered ring form a multiplicative lattice [BKW 8.2] 
which is a complete sublattlce of the solid subgroup lattice, hence is compactly join-generated with 
meets distributing across (even infinite) joins. The "f-radical" of [BKW 8.6.1] is the above /*, the 
join of nilpotents (mod /) , in this lattice; its non-idempotence is noted p.166 and its indusion in 
the fl of the containing primes — the "F-radical" — in 8.6.16. Hence this is a spedal case of the 
story devdoped lattice theoretically in Chapter 2 above. 
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SOR LA CONTINUITE 

TB3 HCKOMORPHISMES D'AIGEEHBS 

M. EL AZHARI 

Piejtznted by U.V. Choi, F.R.S.C. 

néamé. Neus dsnnsna un thé«rèm« de centlnulté. automatique (théorème II.i) 

dent la démanetratien repose ossantielleœent sur la généralisation do la 

technlqua de DO.Sln.Sya. Conme oonséquenoe, noua obtenons deux théorèmes de 

T.Husaia ot S.B.Ng (théorème 1 da [2] et théorème 1 do[3] ) . 

I* PréUminalraa 

Soit E uns algèbre sur le corps X ( Q B ou B) f on dit souvent que 

E est une K-algèbre. Si E est munie d'une topologia r compatible avec aa 

struoture d'espace vectoriel et pour laquelle la multiplication est ségasément 

continue, on dit que (E, r ) est une algèbre topologique. 

One algèbre localement convexe (en abrégé a.l.o) est une algèbre 

topologiqus munie d'une topologie d'espace localement convexe. 

Soit (E, r ) une algèbre topologique. On dit que (E, t) eat une algèbre 

localement multiplicativement convexe (en abrégé a.l.m.o) sl r est définie 

par une famille (p )x de senl-nornes d'espace vectoriel vérifiant en outre 

P̂  (xy)^ ̂  (x) ̂  (y) pour tout A et toua x,y de A. 

II. Résultats. 

Théorème H.l. Soient A,B deux IR-espaces vectoriels topologiques, A étant 

metrisable et complet. Soient s i A—»A, htB-»B deux fonctions tel que 

s est continua et s(o) = 0, Considérons Ih={g€B*tg(h(x))=g(i) pour tout 3t de B } 
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\ B dual algébrique de B) et supposons que I. est non ride. 

On suppose que B satisfait à la condition 

(P) pour toute suite {yn}CB , yn / 0 , yn-/-> O 11 existe 

f 6 I h tel que ffrj-y-^o 

alors toute application linéaire T de A dans B telle que T(a(x)) * h(Tx) 

pour tout x de A, est continue. 

Preuve t Supposons que T n'est pas continue. Il existe une suite 

txn) n i 1 ^ *' 'Sr"*^ ma^a ^n'»* * ". On peut supposer que x |< 0 

et Txn |< O pour tout n»1. Par hypothèse, il existe fC Ih tel que 

f(Tx ) - / — • 0, On peut construire à partir de la suite (x ) , une suite n n n 
(an])ni telle que inf f(Ta ) « e > 0 . 

m 

On a C a^—»• 0 ainsi o( C~ a ) — > 0 car s est continue. 

Posons y_ » s( 6~ a_) pour tout m » 1 . 
D O 

Alors f(TyB) » f(T(8( l^^)) 
- f(h(T( E"̂ ,,,))) 

n 
- f(T( e"1a(n))2>1 pour tout m» 1 

On définit g^ j Ak+1 > A pour k»0 

Eod»,) - ^ 

K ^ b i — - V i î - gi <bi' Kk-i ^•••••bk+i)) 
Bn utilisant la nftme construction faite dons [51 , on peut définir une sous-

eulte ( « k ) k > 0 de ( y a ) B > 1 tel que pour tou*.lc>0 

(6p_ic(,Tc»,*'»zp^p>k e8t une 8 U l t o de Cauchy. 
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Soit «Te " " • «p-lc ( V " V 
p-»oo 

par définition g ^ (^.....Sp)-^ + •(«p.(iwi)<"k#1,,","p^ 

On obtient ^ " ^ + B^ck+i^ 

ainsi fe^ o T ^ + T(8(ek+1)) 

On a fC»^) » f C ^ ) + fWaCcjj^))) 

= f ^ ) • f ^ ^ ^ ) ) 

- f(T^) * (fCUB^,))2 

» 1 + ti.TOy^)2 pour tout k»0 

d'où f(To0)» 1 + f^o,)2 

> 2 • f(Tp2)2 

» k + f (T ^ ) 2 

i.e f(Too)>k pour tout k»0 

es qui est absurde. 

Comme conséquence , on a i 

Théorème II.2. Soient A,B deux IR-algèbres topologiques, A metrisable et 

complète. On suppose que B satisfait à la condition (D) pour toute suite 

{ y } C B , y t 0 , y -/-» 0 il existe un caractère f de B tel que 

f(yn)-/-* 0 . 

Alors toute application linéaire T i A — » B vérifiant T(x ) - (Tx) 

pour tout x de A, est continue. 

Preuve. On considère s t A »• A et h f B — » B 
2 2 

x x' x X 

remarquons que f de la condition (D) est dans Ih. On applique alors le 

théorème II.1. 
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Théorème II.3. Solt A uns IH-a.l.m.o. séquentiellement complète. 

Soit B une IR-algèbre topologique satisfaisant à la condition (S) du 

théorème II.2. Alors toute application linéaire T de A dans B vérifiant 

T(x2) = (Tx)2, x Ç A , est bornée. 

Preuve. On applique le théorème II.2 et le théorème de structure de 

H.Akkar ( [i] ) affirmant que si A est une a.l.m.o. séquentiellement 

complète, alors A est homologiquement limite inductive d'a.l.m.c. 

m?trlsables et complètes. 

Remarques 1, Lea théorèmes II.2 et II.3 sont des améliorations des théorèmes 

1 de [23 et 1 de [3] . 

2. Sans l'énoncé du théorème II.1, on peut remplacer IR par un 

corps archimédien. 

3. X est une IR-algèbre de Banach, mais Œ ne satisfait pas k la 

condition (S) cat le seul caractère réel de C est l'application nulle de E 

dans IR. 

4. On peut remplacer B dans les théorèmes II.2 et II.3 par IR { 

c'est une H-algèbre de Banach qui satisfait à la condition (D). 

Remerciements. Je remercie Hessleurs les Professeurs H.Akkar et H.Oudadess 

pour l'aide précieuse qu'ils m'ont apportés durant l'élaboration de oe travail. 
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Values of BernoulU polynomials 
and Hurwitz's zeta function at rational points 

GERT ALMKVIST AND ARNE MEURMAN 

Pteaented by F.G. Roonet/, F.R.S.C. 

The Bernoulli polynomials B„(t) are defined by 

xe'* ^Bn(t)xn 

e*-l L, „! 6 1 " n=0 

Then Bn(0) = Bn are the Bernoulli numbers. 
During his work on asymptotic formulas for the number of plane partitions [1], the first 

author found that for odd n > 3 it seemed as if 

JfcnBn(fc/Jfc) 

was always nn integer. For even n this was not the case. But by redefining the Bernoulli 
polynomials ns follows we get a general statement. 

DEFINITION 1. Bn(t) = Bn(t) - Bn. 

Thus for odd n > 3 we have Bn(t) = Bn(t). 

THEOREM 2. Let h and k be positive integers. Then 

knBn(h/k) 

is an integer. 

Before we start the proof we make some remarks. 
REMARK 3: If/i is an integer then Ân(/i)/n is an integer, see (4, p. 6 ] . 
PROOF: Ùn(h)/n = E J ; } r" if fc > 1. 

Otherwise Bn(0) = 0 and B„(h) = (-l)nBn(-h). 
REMARK 4: It is sufficient to prove the theorem for h = I. 
PROOF: It follows from the addition formula 

B„(x + !/)=èQflm(x)y"-'". 
t t i = n * ' 
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REMARK 5: We have the following remarkable formula 

V^nÔM/LV»" . f^Bn+l{k)x'Yl 

nsl \»=0 ' 

PROOF: We have 

2 ^ f l - ( 1 / * ) - ^ - - e t x _ i * x ^ e' - 1 ,1 
n=l 

Unfortunately it seems impossible to prove the theorem directly from this formula. 
PROOF OF THEOREM 2: By Remark 1 Bn(x)/n is a polynomial that takes integer values 
on the integers. Hence it is a linear integral combination of (^):s (see Stanley [S] p. 38). 
We identify the coefficients. 
LEMMA 6. ffn > 2, then 

B„(t)=nYtJ\S(n-l,j)(.t+^ 
j o I 

«vhere S(n, m) is the Stirling number of the second Icind. 

PROOF: See Rademacher (4) p. 9. His 

A^j = j\S(q,j). 

It follows that 

k-B-d/*) = E n ^ - ^ ' ^ H -k)(l-2k)...(l- jk). 

We want to show that each term in the sum is an integer. 
Assume that i + 1 = p'f where p is a prime and (p,f) = 1. We want to prove that the 

numerator of the j-th term is divisible by p". 
Case 1. (p,fc)= 1. , . . , t 

Then there exists r < j such that rfc = 1 mod p" and hence p" divides 1 - r*. 
Case 2. p\k. 

If j = n _ 1 then j + 1 = n and we are done. Otherwise 

„ _ j _ l = i > l . 

Since p|fc we have p^k"-*-1 and we have to show that 
pa-J|5(n - l . j ) = S(/pa + * - 1,/p0 - 1). 
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LEMMA 7. Forn,r > 1 we have 

5(n,n-r)= V c(s>*-r)( J 

«vhere the c(.t, s - r):s are integets. 
PROOF: Put m = n - r. Then 5(n,m) is the number of partitions of an n element set ft 
into m nonempty subsets, say 

ft = Ai U • • • U .Am (disjoint union). 
Let n - s of the AfS be singletons. They are determined by their union, that can be chosen 

ways. Hence wc obtain 
S(rt,n - r) = 53c(a,3 - r)f J 

where c(s,s - r) is the number of partitions of an s element set into s-r subsets all of 
cardinality > 2. From n i < n we obtain s > 0 and hence c(s, s - r) ^ 0 only if s > r. Since 
s-r disjoint subsets of cardinality > 2 has cardinality > 2(5 - r) we get (if c(s, s-r)?0) 

2(s -r)<s i.e. s < 2r. 

END OF THE PROOF OF THEOREM 2: To finish the proof we notice that the numerators 
in the hinoniinl coefficients in the expansion of 

SUp'+b-lJp'-l) 
contnin tho factor fp". The denominator s! contains 

vp{s\) = (s/p) + [s/p2] + •••< -ÇïéïJÂ = ^ T ï ^ § 

fnctors of j> if j . > 3. If p = 2, then v2(s\) < s - 1 and the numerator 
( / . 2 « - | - 6 - l ) . . . / . 2 0 - ( / - 2 ' ' - l ) . . . ( / 2 a - l - 6 - s ) 

contnins nt least n + (.i/2) - 1 factors 2 and 
a + [s/2] - 1 - (s - 1) > a - 6. 

Hence the theorem is proved. 

S <i<b 

Q.E.D. 

EXAMPLE 8: For A: = 4 we get for odd n 
4nB„(l/4) = - n £ n _ , 

where E„ are the Euler numbers defined by 

coshx ^ n! 



G. Almkvist and A. Meurman 107 

The Hurwitz zeta function. 

The Burwitz zeta function ((s, a) is defined by 

n=0 

(see Apostol (2] p. 251). Thus ((â, 1) = Ç(s) is the Riemann zeta function. The coimection 
between Ç(s, a) and the Bernoulli polynomials is given by 

Ç(l - s, a) = B,(a)/3 for a € N 

(see [2] p. 264). Hence Theorem 2 implies 

THEOREM 9. For odd n > 3, 
nJb»C(l-n,&/*) 

is an integer. 

To get some results for positive s we can use the functional equation for Ç(s, h/k) (see 
[2| p 261) 

2T(s) k 
C(l - s,h/k) = ^ i i L ^ c o s d w / Z _ 2*rh/k)as,r/k) 

Multiplying by sk' we get 

PROPOSITION 10. For odd s>3 and fc > 2 we have 

t - i 
£>a(2irrA/fc)C(Wfc) = (-l)l-W{j£k'B.(h/k) = ^ • integer. 
r=l 

REMARK 11: The matrix 
(sin(2irrA/fc)) 

r,h = l,...,k — li8 not invertible so we cannot compute the ( ( J , h/k) explicitly. Thus for 
fc = 4 we get for odd s>3 only one equation 

as,i/4)-as,m=§fa\E..i\ 

A definite integral. 

For Re d > 1 we have ([2| p. 251) 

Jo 

.. . 1 rx-'e-" J 
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Substituting this into the functional equation for C(s,a) we get 

C(l _ 3,/,/fc) = S E"*^/ 2 " torVWWl 

„ f * roo -t-lf-rx/k 1 
_ _ 1 — R e I e'"'2 V e-2'rhi'k / dx \ 

- (2^ R e \ e èï6 Jo I - * - f 
(2fffc)• Jo 

1 /•«' r'-'(cos(ff3/2 - 2irVfc) - e-'/* cos(irs/2)) ^ 
cosh(x/fc) - cos(2w/i/fc) 

Assume now that s is an odd integer > 3. The substitution x >-* 2irx gives 

, .w, Z"00 x'"1 sin(2ïr/»/fc) j 
fc-C(l-3,h/*) = ( - l ) < - , " 2 y o ^ h ^ / ^ - c o s ^ V f c ) ^ -

Hence if fc > 2 and h < fc 

f00 x ^ ] ^ _ , lV.4..W2 fc'B^fc/fc) _ i n t egC T 

y0 cosh(27rx/fc) - cos(2*h/k) V ' 3sin(2>rft/fc) 5sin(2jrh/fc) 

This result is already in Bierens dc Haan (3) p. 129. Formulas 88.5 and 88.6. 
Finally we give a couple of elementary formulations of some of our results. Let a and 6 

be positive integers. 

1. Define . . , . 
J* ' e"1 —1 

Then / ( n , (0 ) is an integer for all n. 
2. Let , „ 

ax sinh(6 - a/2)x _ y-. cnxn 

2 " sinli(ax/2) ^ n! 

Then cn is an integer for n > 3. 

REFERENCES 
1. G. Almkvist, A rather exact asymptotic formula for the number of plane partitiona, to appear in 

"Contemporary Mathematics," volume dedicated to the memory of Emil Grosswald. 
2. T.M. Apostol, "Introduction to analytic number theory," Springer Veriag, New York, 1976. 
3. D. Bierens de Haan, "Nouvelles tables d'intégrales déRnis," Leiden, 1867. 
4. H. Rademacher. "Topics in analytic number theory," Springer Verlag, New York, 1973. 
5 R P Stanley "Enumerativc combinatorics." Vol. 1, Wadsworth it Brooks/Cole, Monterey, 1986. 

Department of Mathematics 
University of Lund 

Received April 23, 1991 



C.R. Hath. Rep. Acad. Canada - Vol. XIII, No. 3, June 1991 Juin 109 

LE THRORKMKDK ROLLE 

Si HtLKmRPSDRS SERIES FORMELLES GENERALISEES 

AURFNHISSI 

Pigmented by P. mbenbaim, F.R.S.C. 

RESUME ; Dans cette note on étudie les conditions de validité du théorème de Rûlle pour les 

polynômes sur le corps des séries formelles généralisées. 

INTRODlir.TION : Dans la suite K désigne un corps ordonnable, G un groupe abélien 

totalement ordonné et K((TG)) le corps des séries fonnelles généralisées à coefficients dans K et 

à supports bien ordonnés dans G . 

1. D'après [ 5 ] th . 2 . 1 , si K est réel clos ct G est divisible par tous les entiers impairs, 

alors K( (T C ) ) a la propriété dc Rolle. 

2 . Dans [ 5 ] p. 69, on signale que le premier exemple de corps ayant la propriété de Rolle sans être 

réel clos est donné par Felling dans [ 7 ] . D'ailleurs, dans la littérature on trouve pas d'autre ! 

Les séries formelles généralisées fournissent une nouvelle famille de tels corps . En effet si K est 

réel clos quelconque ct G est divisible par tous les entiers impairs et non divisible par 2 , par 

exemple G = | n / 2k+l . ne Z . k e IN ) , alors K (( T G )) a la propriété 

de Rolle d'après la première remarque et n'est pas réel clos d'après [ 2 ] proposition 1 . 

3 . Si K( (T G ) ) a la propriété dc Rolle. alors G est divisible par lous les entiers impairs car 

si a 6 G et n e IN* est impair, alors la série T0 admet d'après corollaire 2 .6 du [ S ] 

une racine n •"" dans K (( T G )). Donc a est divisible par n dans G . 

I.EMME 1 : Soient K et L deux corps isomorphes et ordonnables. Si l'un des deux corps a 

la propriété de Rolle, il en est de même pour l'auirc. 
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DEMONSTRATION Supposons que K a la propriété de Rolle. Soient P e L[X1 

et a < b dans L telsque P ( a ) = P ( b ) = 0 . Notons P . a et b lesimagesde P , a et 

b par l'isomorphisme de L dans K . Alors P ( â ) = P ( b ) = 0 , etd'apiès cor.2 . 3da 

1 5 ] , ilcxiste c e Ktelque'P'Cc) = 0 et ( â - c ) ( b - c ) e K*2 . Si c est l'image dc"c par 

l'isomoiphismc. alors P' ( c ) = 0 el ( a - c ) ( b - c ) e L*2. Donc a < c < b 

EXEMPLE : Soient K un corps réel clos et G, ct G2 deux groupes abeliens totalement 

ordonnés. On suppose que G, est divisible et que G2 est divisible par tous les entiers impairs cl 

non divisible par 2 . Munissons le groupe produit G, x Oj de l'ordre lexicographique. Le corps : 

K ( ( T 01x02)) alapropriétédeRolle. Les corps ^ ( ( T 0 1 » G 2) )ct K a T ^ a T 0 1 ) ) ' 

sont isomorphes .voir ( I Jch.II,pr. 3 .D'après le lemme le corps ordonnable K (( T ^ )) (( T Gl )) 

a la propriété de Rolle. pourtant le corps K (( T 0 2 )) n'est pas réel clos . 

PROPOSITION! : Si K est archimédien pour au moins l'un de ses ordres et si K ( ( T 0 ) ) 

a la propriété de Rolle . alors K est réel clos. 

DEMONSTRATION : Notons v la valuation usuelle de K (( T G ) ) . K ([ T G ]J son anneau, 

M son Idéal maximal el < l'ordre pour lequel K est archimédien et son prolongement de Neumann 

à K (( T*3 )) . D'après [ 5 ] th. 1 . 2 . le corps K (( T G )) admet une valuation hensélienne v' 

pour laquelle le corps des restes R est réel clos et le groupe de valeurs est divisible par tous les 

entiers impairs .Soit A l'anneau de v' . On va montrer que K K T G )J C A. On a : 

KI1TGI1 = K + M .Soit f = aV+ e M, a * 0 , o > 0 .On peut supposer que a > 0 . • 

Donc 0 < f < I .D'après th. 8 . 3 du ( 8 ) . la valuation v' est compatible avec < . 

Donc v' ( f ) â v' (I ) = 0 . Donc M C A . Soil a e K* . 3 n e IN* tel que 0 < I a I < n . 

Donc v' ( a ) â v' ( n ) = v' ( I + .... + 1 ) â v' ( 1 ) = 0 . Donc K C A . 

D'après j 9 j p. 60, la valuation v définit sur R une valuation quotient v / v' de corps 

résiduel K , égal à celui de v , qui est ordonnable. D'après th. 8 . 6 du ( 8 ] . comme R est 

réel clos. alors K est réel clos. 
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PROPOSITION 2 : Si K est eucUdien et si K (( T G )) a la propriété de RoUc, 

alors K est réel clos. 

DEMONSTRATION : Tout polynôme de K ( X ] de degré impair admet d'après cor.2 . 6 

du 15] .une racine dans K( (T G ) ) . Cette racine appartient â K . 

REMARQUE : L'hypothèse K archimédien ( resp. euclidien ) dans la proposition 1 ( resp. 2 ) 

est imperative . En effet dans l'exemple précédent on a montré que K ( ( T 0 2 ) ) ( ( T G l )) ala 

propriété de Rolle et que K((TG 2)) n'est pas réel clos. Ceci s'explique par le fait que 

K((T G 2 )) n'est archimédien pour aucun dc ses ordres d'après [3] ct n'est pas euclidien car si 

a € G2 n'est pas 2 - divisible alors ± T a ne peut pas être un carré. 

LEMME 2 : Soit K un corps satisfaisant la propriété dc Rolle. Alors toute extension finie de K 

est de degré égal à une puissance de 2 . 

DEMONSTRATION : D'après 16 ] th. 57, il suffit dc montrer que toute extension finie L dc 

K est de degré divisible par 2 . Soit P le polynôme minimal d'un élément primitrif. 

D'apièsES] cor. 2 . 6 , t L:K ] = dég P estpair. 

LEMME 3 : Soient G C G' deux groupes abeliens tels que le groupe G ' / G est fini 

et G est divisible par tous les entiers impairs. Alors card (G' / G) est une puissance de 2 . 

DEMONSTRATION : Supposonsque caid(G'/G) ne soit pas une puissance de 2 . Il admet 

donc un diviseur premier p â 3 . D'après le théorème dc Cauchy le groupe G'/G contient un 

élément g d'ordre p. 

Donc pf =11, puis pg e G.Conune G est divisible par p .alors : pg/p e G . Donc g = Ô : absurde. 

PROPOSITION 3 : Soient G un groupe abélien totalement ordonné divisible par tous les entiers 

impairs et K un corps vérifiant la condition ( * ) : « si P e K [X ] et a < be K sont tels que 

P (a ) = P ( b ) = 0 , alors il existe c e K tel que a < c < b el c est un zéro d'ordre impair 
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de P'» . Alors K((T G )) satisfait la propriété de Rolle. 

DEMONSTRATION : Soient P ( X ) e K ( ( T G ) ) [ X ] et a < b e K((T G )) telquc : 

P(a) = P ( b ) = 0 . Quitte à remplacer P(X)par P(a + (b-a)X),onpeutsupposcrquc 

a = 0 et b = I . On peut aussi supposer que les valuations des coefficients de P ( X ) sont toutes 

positives et pas toutes nulles .Soit p ( X ) e K [ X ] le polynôme dont les coefficients sont les 

termesconstantsdeccuxdcP(X). Alors p ( 0 ) = p ( l ) = 0 .p^O , p'( X ) est le polynôme 

dont les coefficients sont les termes constants dc ceux de P ( X ) . Il existe 0 < c < 1 un zéro 

doidre m impairde p ' (X) dans K . P o s o n s : ? ' ^ ) = ( X - c ) i n g ( X ) , o ù g ( X ) e K I X ] 

n'est pas annulé par c . Par le lemme de Hcnscl, il existe H ( X ) e K [ ( T G ] ] ( X ] unitaire dc 

degré m et G ( X ) 6 K H T 0 ]] [ X ] tcIsqueP'(X) = H ( X ) G ( X ) et (X-c)™ 

( resp. g ( X ) ) est le polynôme dont les coefficients sont les termes constants des coefficients de 

H(X) (rc sp .G(X) ) .CommedegH(X) = m est impair. alors H ( X ) admet au moins un 

facteur irréductible de degré impair. ( Ce facteur F peut être choisi tel que si f* / H ct F*"' V H, 

alors k est impur ] . Soient f une racine d'un tel facteur dans une clôture algébrique dc K (( T G )) 

et n son degré. Soient G* le groupe et K' le corps résiduel du prolongement de la valuation 

naturellede K((T G ))à K((T G ) ) ( f ) . Alors: | K ( ( T G ) ) ( f ) : K((TG))1= n 

= | K* : K 1. | G" : G ) . Comme n est impair . alors que [K' : K] et [G' : G] sont des puissances 

de 2 par les lemmes 2 et 3. on doit avoir :n = [K':K] = [G'rG] = 1 .Donc f e K ( (T G )) 

et H ( X ) = ( X - f ) l [ R(X)e K | [ T G ] ] (X ] . Comme K U T G ]] est un anneau de valuation , 

alors f e K (( T G ] ] . Ainsi f est une racine de P'( X ) de terme constant c avec 0 < c < I . 

Donc 0 < f < 1 . Dans cette notation < désigne un ordre sur K et l'un dc ses 

prolongements â K((TG)). 

REMARQUE : L'ordre de f dans P" ( X ) est égal à l'entier Impair k . En effet supposons 

que G ( f ) = 0.alors g ( c ) = 0 : absurde. 

PROPOSITION 4 : Tout corps réel clos a la propriété (* ) de la proposition 3 . 
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DEMONSTRATION : Soient K un corps réel clos, Pe K [ X ] et a < b e K telsque 

P ( a ) = P ( b ) = 0 . Comme P a un nombre fini de racines, on peut se ramener au cas où a et b 

sont deux racines consécutives. Par le théorème de Rolle 1 . 2 . 5 p. 10 du [ 4 ] , P' admet au 

moins une racine dans ] a , b [ . Soient c, , cn toutes ses racines . Supposons qu'elles 

soient toutes d'ordres pairs. Alors : 
n 

p = n (x -Ci ) m i g ( X ) , 

où les mj e IN* sont pairs et g ( X ) n'a pas de racine dans ] a, b [ . D'après 1 .2 . 4 p. 10 

du [ 4 ] , g ( X ) ne change pas de signe sur ] a . b ( .Comme le mj sont pairs , il sera de même 

pour P . Donc d'après 1 . 2 . 7 du [ 4 ] , le polynôme P est strictement monotone sur 

l'intervalle [ a, b ] . ce qui contredit P ( a ) = P ( b ) = 0 . 

REMARQUES r 

1 ) II existe des corps qui ne sont pas réel clos et qui sadsfont le théorème de Rolle et la 

propriété (• ) . En effet si K est réel clos et G est divisible par tous les entiers impairs et non 

par 2 . alors on a montré précédemment que le corps K((T G )) a la propriété de Rolle mais il n'est 

pas réel clos. D'après la remarque de la proposition 3 . il vérifie aussi la propriété ( * ) . 

2 ) D'après le théorème 3 . 1 du [ 5 ] et la proposition 1 du [ 2 ] , le corps K (( T G )) a la 

propriété de Rolle pour les fractions rationnelles si et seulement si K est réel clos et G est divisible. 
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ON SOLVABLE UE IDEALS OF A RWO 

RJCSharma and J.B.Splvastava 

Pxuanted by H. Zai&znhaai, F.R.S.C. 

Abstract: Let R be an associat ive , unitary ring in which 2 i s 

Invertible. I t Is proved that If a U e Ideal U of R Is solvable 

then yICU>R i s a two sided nil Ideal of R. 

Let R be an assoc iat ive ring with Identity and Jf<R> be the 

a s soc ia ted Lie ring of R under the U e multiplication 

tx.yl - xy-yx } x,y « R. 

An Ideal U o f «CRJ i s called a U e Ideal of R. The ident i ty 

ur - Iu,rl + ru s u € U,r e R ImpUes t h a t UR - RU - RUR - tho two 

sided ideal of R generated by U. For any two Lie Ideals U and V ol 

R, tU.Vl denotes the Lie ideal of R generated by all tu.vl: u € U. 

v « V. 

The Commutators are defined l e f t normed. I.e. 

Ix1,Kj,...,>cnl-Itx1,xa,.....xn.tl,xnJ,for n>3 and lx„x a l -x ,x l -x i x t 

for all xi,ica.....,Nn « R. The derived chain and the lower central 

chain o f a Lie Ideal U of R are defined by 

6<0,<U>-U. <S<ra><U)»t<S"""l,<U>i a,,""1,<U>l f o r m > t. 

and >'1<U>"U, )'n<U>»l)'0.,<U>,Ul for n > 2, respect ively . 

U Is said t o be solvable<nllpotent> If for some posi t ive 

integer C. ô<c,<U)=0 <ye.,<0>«0>. R i s said t o be Lie solvable 

<Lio nllpotent> If there e x i s t s a pos i t ive in teger n such that 

A""<JfCR» - 0 , <yn.,<Jf<R)> - 0>. 
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Jennings III proved t h a t if a ring R Is Lie nilpotent then 

r^XKRiyft Is a nil Ideal of R. Sharma and Srivastava IJI proved 

t h a t if a ring R In which both 2 and 3 are Invertible Is Lie 

solvable , then ylCJf<R»R | s a nil Ideal of R. In case of Lie 

n i lpotent grouprlngs . we r e f e r t o Levin and Sehgal I2J and Sharma 

and Srivastava 141. In t h i s paper we take up the case of a solvable 

U e Ideal U of a ring R i n which 2 i s Invertible and prove <Theorem 

S> t h a t rx<l»R Is a two sided nil Ideal of R. It Is shown that the 

condit ion of Invertlbll l ty of 2 cannot be dropped. Some other 

re la ted resu l t s are also obtained. 

We begin with 

Lenuna r Fop any U e Ideal U of a ring R̂  

tj^CU»)' s «''"CUJR 

Eraaf . f o l l o w s from Lemma 2 . 4 t l l > and Theorem 2.7 of 141. 

Lemma 2^ For anj^ L i e I d e a l U of a r i n g R^ 

t « , * , < o > , j r < R > i R)" S d , I , < U > R . 

E t o a t . f o l l o w s from Lemma I and C o r o l l a r y tl.tfCO. m >. 
L e m m a ^ Lêt U feft a y a ideal gr a r lnc J^ then 

£aE x. y « U. 4Ix. yl9 e y <U)R. 
9 

P^oof, We dbserve t l i a t 

2 Ix.yl» m Ijt*,y,yJ* xly.x,yl+ ly.x.ylx 

s Ix .y.yl Cmod y^CUJR). 
And, 

2 Ix'.v.yllx.yMy'.x'.y.xl + Ilx'.y.vl.Ix.yll 

• Ix'.y.y.xlv + ylx'.y.v.xl 

s ly .x ,v.xl (mod /,<ll)R> 
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But ty2,x2,y,x] « HU*,Jf<R)],U,U] S ItU.JfCR>l,U,U] 

£ >%(m By Lemma <1.2(1> I3I>. 

Hence, 4Ix.yJ* e y,(U)R 

Lemma 4^. Let U be a Lie ideal of, a ring R in which 2 Is Invertible. 

Then f o r every a e 6U,<U>R t h e r e e x i s t s a p o s i t i v e Integer JJ such 

t h a t au e 6,,'<U>R. 

Proof. Let x . , y e U and r e R for I • 1,2,. . .,n. 
n - ^ 

If a - £ Ix ,y.Ip. G 6 "(UiR, then a*"** will be a f in i t e sum 
l - l l l l 

cons i s t ing of C2r>+l>-fold products of the e lements of the type 

I x i , y i l r i , 1 - 1 , 2 , . . . , n , and In e a c h such C2n+1 > - f o l d product a t 

l e a s t one I x j . y j l r j for some J—1,2 , . . . , n w l l l be repeated a t l e a s t 

3 - t i m e s . Hence a n i s a f i n i t e sum of t h e e l e m e n t s of the type 

r l x j , y j I s tx j , y j l t I X j , y j lw f o r some r , s . t , w e R. 

The proof of the lemma follows from the following observation and 

Lemma 2 

rlxj.yjlslx^yjltfxj.ypw 

>rtxi,yjlstxi,yjIztw - rtXj.yjlstx^yjMXj.yj.tlw 

=rtxj,yjJsIxi.yilttw <modtâ<1>(U>.Jf(R>]R> 

•rstXj.Vj^tw • rlXjjyj^JIXj^p'tw 

spslxj.yi]3tw <roodIâ<<><U>,Jf<R>]R> 

SO CmodI6",CU>jr<R>]R> by Lemma 3 

M can be taken a s any pos i t i ve Integer g r e a t e r or equal to 6C2n*l>. 

We can now easi ly conclude 

Theorem ^ Let R be a ring in which 2 iS invertible . If a Ue Ideal 

U of R (s solvable .then >-ICU>R | s a two sided nil ideal of R. 
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Proof, follows by repeated applications of Lemma 4. 

We can Improve upon the Theorem 2.4 of 131 a s 

ThftPr^m â. t e t B fefi B EIDC ID which 2 Is Invertible. If B Is U e 

sabeafels then rt(x<imR is a iâta. sided nu ideal aL B, 
Proof. foUows from Theorem 5, for tMKR>. 

Thoff»>e'n Z» L£t R fee a ring ID which 2 iS. Invertible. l£ a U a UfiAl 

y Q£ B iS nilpotent. then ^ « U » i s a two sided nU Ideal of B. 

Proof foUows from Theorem S. 

Remark g. The condition of InrvertlblUty of 2 In Theorems 3,6 and 7 

can not be dropped, fop exaeiple. If R-ZtISal, the group algebra of 

characterist ic 2 of the group of permutations S , on three symbols 

over Zt"<0,l>, and U-^jUTCR», then It Is easy t o s ee that 

6'z,<m Srs<U>»0, «a*»1) e rtOn and Cor*cr*J'mCo*ox}*0 for every 

positive integer k, where o"CU.3>, 
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