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FERNIQUE TYPE INEQUALITIES FOR
NOT NECESSARILY GAUSSIAN PROCESSES

Endre Cséki and Miklés Csorgs, F.R.S.C.

Abstract: We present inequalities and moduli of continuity results for Banach

space valued stochastic processes which are not assumed to be Gaussian.

1. Introduction. When studying sample path continuity of Gaussian and sub-
Gaussian processes, inequalities of Fernique play an important role (cf., e.g., Fernique
(1975), Jain and Marcus (1978)). For the sake of quoting one of them from Fernique
(1975), let X be a separable Gaussian process on [0,1]. With the covariance function r of
X one associates the R* valued function ¢ on [0, 1], defined by

(k)= sup (r(s,s)—2r(s,t) +r(t,1))'/%.
ls—t|<h

THEOREM A. Assume that the integral [;° ¢(e==")dz is finite. Then the sample paths
of X are almost surely continuous, and with 6 > 2,z > (1 + 4log 2)!/? we have also

(1.1) P{ ns(t:gbl)((tﬂz:z( sup r1/2(s,t)+(2+21/2)/;°°¢(b; “o-"’)du>}

(s,0)€l0,1)?

{- <]
< (5/2)6 / v /2y,
x

Our aim here is to generalize the inequality of (1.1) to Banach space valued stochastic
processes for the sake of studying their moduli of continuity properties.

We will also apply our results to studying the continuity and moduli of continuity
sample path properties of ¢P-valued Ornstein-Uhlenbeck processes for 1 < p < 2.

Towards this end, let {Y(2), —00 < t < 00} = {Xi(t), —c0 < t < o0}, be a
sequence of independent Ornstein-Uhlenbeck processes with coefficients v and g, ie.,

Xi(+) is a stationary, mean zero Gaussian process with

(1'2) EXk(s)Xk(t) = (7*'/Ak)exp(_'\k|t - SI), k= 1, 2,...,
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150 E. Csaki and M. Csdrgéd

where 7. 2 0, A\ > 0.

A special case of a recent result of Fernique (1990) reads as follows: for each z € R*
let M(z) = sup{Ar : 7& > Axz}. Then Y(:) € €7, 2 < p < 0o, is a.s. continuous if and only
if

=]

(1.3) S /M) < oo and / (log* A(2))Pc?/*~"dz < oo.
k=1 o

Schmuland (1990) proved: if 352, (y&/Ax)P/*(log(Mk V €))?/2 < o0, for 1 < p < 2 and
o (/A )P 2 (log(vk V €))P/? < 00 for 2 < p < o0, then Y(-) € &, 1 < p < 0o, has
a.s. continuous sample paths. We note that for proving this result, Schmuland does not

assume the independence of the Ornstein-Uhlenbeck processes X (-).

2. Inequalities. The following results are extensions of those in Sections 2 and 3 in
Cséki and Csorgs (1990). Proofs, as well as further details, will appear in a forthcoming

paper by the authors.

THEOREM 2.1. Let B be a separable Banach space with norm || || and let {T'(t), —oo <
t < oo} be a stochastic process with values in B. Let P be the probability measure
generated by I'(:). Assume that I'(-) is P-almost surely continuous with respect to || ||
and that for |t| <ty < 00,2 > 1 and 0 < h £ kg < oo there exists a positive monotone

non-decreasing function ¢(h) such that
(2.1) P{IIN(t + k) = T(®)l| 2 24(h)} < Kz exp(—1z")

with some K,v,f > 0 and —o0 < a < co. Then with R = 2%, r a positive integer, we

have

ez P g mp IKC+9-TOI

(-]
> z(¢(a+a/R)+ (1 V2211 + (%)’/’)) / , #(ae=*’ )dz}
orls
< {(TR/a + 1) (R + 1)K + (2TKC,/a)}z* exp(—vz?),
for any 0 < T < to’/g <a< Ty z 21 and a+a/R < h(h where Cr = Cr(anﬂ")') .
@ .
e (2'““ + 1) (2/6)2'+’+‘, provided [ ¢(e"’)dz converges.

j=0 BT
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On letting a = T in (2.2) we obtain the following generalization of Theorem A.

COROLLARY 2.1. Under the conditions of Theorem 2.1 and y > 0 we have

P{ sup [P 2 2(4(T + T/R) + (v 28-)pa +(5)79)) [ T+ y}
(23) < {(R+1)’K +2KC/}z* exp(—7z*) + P{IIT(0)I| > v}

The statement of (2.3) follows from Theorem 2.1 by noting that we have ||T(t)|| <
[IT(¢) — T(O)I} + [IT ().
A weaker version of (2.3), requiring the convergence of f:° ¢(e"’ )2Pdz, was given by

Kalinauskaité (1986).

As an application of Theorem 2.1 and Corollary 2.1 respectively, here we present only

the following general estimation for the moduli of continuity of I'(-).

THEOREM 2.2. Let {I'(t), —co < t < oo} and ¢(-) be as in Theorem 2.1, and assume
also that ¢(-) is a regularly varying function at zero with a positive exponent. Then we

have

i [IT(¢ + s) — T(2)I|
24 lim s <1 as.
(&4} o T ocigh-h ogegn SCR)(1/Mog(/R)ITP =" *°
and, for any t fixed,
(2.5) limsup su It +5) = Tl <1 as.

o ogezs $(RY((1/7)loglog(1/R)/P =

3. (P-valued Ornstein-Uhlenbeck processes. Let Y(:) be the infinite dimen-

sional Ornstein-Uhlenbeck process introduced in Section 1.

We introduce the following notations:

(3.1) ox(h) = {E(Xi(t + h) — Xe(®))*}/? = {27/ Me)(1 = exp(=Ach))}/2,

(3.2) om(h) = 3 o2(h) = Y {2/ Ae)(1 - exp(=Aeh)))P2.

k=1 k=1
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152 E. Csaki and M. Csérg8

We note that E||Y ()|}, = Tie,(/Ax)?/2E|Z|P, where Z is a standard normal
random variable. Hence Y (¢) € €7, 1 < p < oo, almost surely for every fixed ¢ if and only
if

(3.3) D (/M < oo
k=1
First one shows that for 1 < p < 2 we have
(34) P{lIY(t + k) = Y()ller > za/P(R)} < K exp(—7z”)

for all z,v > 0 and some positive constant K.

Also, for p = 2 it was shown in Csdki-Csorgé (1990) that we have
(35) P{IY(t+ k) - Y(t)llo 2 2oyl ()} S K exp(~(1 = €)z*/2)

for all z,¢ > 0 and some positive constant K.

Consequently, by (2.3), (3.4) and (3.5), with 1 < p < 2 we obtain
4
(3.6) P{ sup_[[Y(Oller = (ol lP(T + T/R) + (1 v 2/71)p(1 +(2)/7)
0<t<T v

x/ a(l,f)’(Te"’)dz+y}
2r/p
< {(R+1)’K +2KC,} exp(—2z*) + P{||Y (0)]| > y}

forall z > 1, y > 0, where ¥ > 0 is arbitrary for 1 < p < 2, and for p = 2 we have
0 < v <1/2 (cf. (3.5)).
As a result of (3.6) we can obtain the following sufficiency condition for the a.s.

continuity of Y(-) € &#,1<p <2.

THEOREM 3.1. The convergence of the integral [, c:r(',f)p (e=*)dz is a sufficient condition

for the almost sure continuity of Y(-)€ #,1<p < 2.

Obviously, the necessary and sufficient condition of Fernique (1990), quoted in
Section 1 (cf. also Fernique (1989)), for the almost sure continuity of Y(:) € £ is su-
perior to our sufficient one of Theorem 3.1. For 1 < p < 2 the sufficient condition of the
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latter is to be compared to that of Schmuland (1980). This we will do in our forthcoming
paper.

Another application of (3.6) now combined with Theorem 3.1 yields the following local
laws of the iterated logarithm.

THEOREM 3.2. Assume that for some 1 < p < 2, o(;)(h) is a regularly varying function
at zero with a positive exponent. Then we have for any fixed t

Y (t) - Y(t+ 9)lle

3.7 limsup s
@7) Mo oge<h a1l2(h)(2loglog(1/R))1/?

as,if p=2,

(3.8) limsup sup [¥(t) — Y (2 +)ller

Rl0  0<a<h a(’P/)’(h)(loglog(I/h))‘/P -

as,if 1<p<2

Combining now (2.2), (3.4) and (3.5), with 1 < p < 2 we get

(3.9) P{ sup sup 1Y (t+ 8) =Y (t)|ler
<1<T—a 0<s<

> s(atff(a+ a/B) + 1V 2 rptt 4 (e [ olfrtae i |
< {(TR/a+1)(R+ 1)K + (2T KC,/a)} exp(—7z®)

for all z > 1, where v > 0 is arbitrary for 1 < p < 2, and for p = 2 we have 0 < v < 1/2
(cf. (3.5)).

The inequality of (3.9) when combined with Theorem 3.1 implies estimations for the
moduli of continuity of Y(-) €, 1 <p<2.

THEOREM 3.3. Assume that for some 1 < p < 2, o(p)(h) is a regularly varying function
at zero with a positive exponent. Then we have

Y(+s)-Y®)lle .

3.10 limsup su
(>20) k10 po<:<? h 0<aI<>h a(’,{f(h)(2log(l/h))‘/2

as., if p=2,

(3.11) limsup sup Y(E+s)=Y@lle _

s as,if 1<p<2.
hl0  0<t<1-h 0<s<h a’/"(h)(log(l/h))’/!' i
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For a sharp version of (3.10) we refer to Csdki and Csorgd (1990, Theorem 4.1). A
similar sharp version of (3.7) is also true. We intend to continue studying these, as well as

refinements of (3.8) and (3.11), in our forthcoming paper.
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THE STOKES PROBLEM
AND THE MIXED BOUNDARY CONDITIONS

H.MANOUZI
Presented by G.F.D. Dugé, F.R.S.C.

Abstract. We consider the steady Stokes equations in a bounded domain Q C IR?
with smooth boundary I' = ', UT';. As boundary conditions we require that the ve-
locity and the normal stress components vanish on I'g and T’y respectively. We prove

existence and uniqueness results for this problem.

1. INTRODUCTION. Let Q be a bounded open set in JR? with a lipschitz-
continuous boundary I' = ', UT"; where Iy is a smooth open subset of I" and T'; is

the interior of I' — I'y. We would like to associate with the Stokes equations:

—vAu+Vp=f in
(1.1)

Vau=0 in
the mixed boundary conditions:

ul 0

To

1.2
(1-2) (¥(Vu + VuT) - pI) .n|rl =0

where u denotes the velocity field, p the pressure, f the given exterior force, v > 0
the constant kinematic viscosity and n denotes the unit outward normal to I';.
The existence and uniqueness of the solution of this problem have been investigated

by many authors in the case of the Dirichlet boundary conditions, i.e. when I'; = §

(2], 3], [5].
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In this paper, we give a proof of these results when I’y # §.

2. NOTATIONS AND THEOREMS. In order to introduce a mixed weak
formulation of (1.1)-(1.2), we define the spaces

V(R.To) = {v e @ (@) : v|, =0}
H = {(v,q) € V(Q,To) x L*(Q) ; L(v,q) = —vAv + Vq € (L"(2))*}
HE(Ty) = {v € L¥Ty); 3w e HY(Q) : v

r‘°=0’ w|r1=v}

where r is such that H'() C L"() and % + % =1, and we denote by < .,. > and
<< .,. >> the duality pairing between L"(£2) and L™(Q) on the one end, Ho*o(l"l)
and its dual space Hoéo(l"l )" on the other end.

We also define the continuous bilinear forms:
a(u,v) =% f (Vu+VuT): (Vv + W )dzs, Vu,v e #H(Q))?
Q

Brsl e — / ¢V.vds, Vve#H\Q))?Vq € L¥(Q)
o
and we provide the Sobolev spaces L%(£2), H!(Q), and (H(Q))? with the norms :
2 * 2
lllo = { [ 1914z} va € 2%(0)
e
lloll = { Il 0 + I90ll5,0 } Vo € ()

i
vl o = {Ilrl o + lloallf 0} o Wv = (v, 02) € @ (@)

We then have the following result :

Lemma 1.1. Let f belong to (L™(2))?. Then the two following problems (2) and
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(b) are equivalent:
(a) mixed boundary Stokes problem : to find (u,p) € H such that
—vAu+Vp=f inQ
(1.3) Vau=0 inQ
((Vu + VuT) - pI).nlr,l =0
(b) Variational mixed boundary Stokes problem : to find
(u,p) € V(Q,To) x L?(Q) such that

{ a(u,v) + b(v,p) = (f,v), Vv € V(Q,To)

(1.4)
b(u,q) =0, Vg € L*(Q)

PROOF: This lemma follows from the Green formula:
{ a(“v V) &+ b(vip) =< L(u,p),v >+ << '71(ubp)"70(v) >>

(1.5)
VY(u,p) € H, Vv e V(Q,T)

where
1 (w,p) = («(Vu + VuT) - pI).n],

T(v) = vln

It is clear that (1.3) implies (1.4). Conversely (1.4) holds Vv € (Hg(R))? since
(H}(Q))? c V(,T,) , and this implies that L(u,p) = f in the sense of distribu-
tions . Since f belongs to (L™(Q))?, we deduce that (u,p) € H. Now from (1.4) and
the use of the Green formula (1.5) we deduce that:

<< 1n(u,p),10(v) >>=0, VveV(Q,Ty)

and by the surjectivity of the operator o [3],[5] this implies (1.3) I

In order to solve the variational problem (1.4) we have to prove the following lemma.
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Lemma 1.2. Let a be a given real number.

Then there exists a unique pair (u;, ) € V(Q,To) x IR such that :

/Vul Vvdz =) /Vvdz, Vv € V(Q,T)
/Vuldz-a

PROOF: We can view (1.6) as a mixed problem of the form

(1.6)

{ A(uy,v)+ B(v,A) =0, VYveV(QTy)
B(uy,p) = —ap, Vp€R

where A(u;,v) = [, Vu, : Vvdz and B(v,)) = -A [, V.vdz .

The continuous bilinear forms A(.,.) and B(.,.) satisfy the two following conditions
A(v,v) 2 GilIvI[ g, Vv € V(Q,T)

sup | B(v,#) |

>2Clpl, YVueR
vEV(Q,T) ||V||1 Q

where the positive constants C) [4] and C; are such that:

V.vdz
||v||1,n < CﬂleIln'n and Co = sup &——-——l- >0

vev@re) Ivihie
Therefore, applying the classical results of Brezzi [2], Girault-Raviart (3], we obtain

the existence of a unique pair (u;, A) solution of (1.6) 1

As an application, we now prove:

Lemma 1.3. There exists a constant C > 0 such that:

(1.7) — 1paVovdz|

20 Vg € L*(Q
vev(2,Io) ||V||1,n ”q“o,n, q ( )
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PRoOOF: Since (H}(Q2))2 C V(2,Ty) we have

- | f[qqV.vdz | - |< Vg, v >|
veviara IMhae T vemiay: Viha
=||Vqll_, 0
Hence
| foqV.vdz |
(1.8) sup LaaV.vdz] > ||Vall_; 0
vEV(Q,T0) ||V||1,n

Now let a = — [, 1dQ .

By virtue of lemmal.2, there exists a unique function u; € V(,I0) such that

/ (1+V.U1) dz =0
Q

Therefore, since the divergence operator maps [3] (Hj(2))? onto the space

zy@ = {oe @ [ qae= o}

there exists u; € (H(€))? such that V.u; =1+ V.u,. The function u; — u; is then
in V(Q,T) and satisfies V.(uz — u;) = 1. Hence
oup | [paV.vdz | > | JoaV.(uz —u;)dz |
vev@re) IVlha [l(uz — w)ll; q

- | fn gdz |
[I(az = w)ll, o

{IIVqII_l,n+ | /ﬂqdm I}

is a norm in L?(Q) which is equivalent to the usual norm ||gl|, o [5], we deduce the
desired result from (1.8) and (1.9)

(1.9)

and since

Let us state the main result of this section.
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Theorem. Let  be a bounded subset of IR? , with a Lipschitz continuous boundary
[ =ToUT, and let f be a given function in (L™(Q))? .

Then there exists one and only one pair of functions (u,p) € V(,T'¢) x L*(2) such
that (1.4) holds .

PROOF: The form a(.,.) is V(£,T'g)-elliptic and the form &(.,.) satisfies the inf-sup
condition (1.7). Therefore, thanks to the results of [2] , [3] , problem (1.4) has one
and only one solution (u,p) in V(€,T0) x L*(Q) 1

1.

2.
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Par
ZINE E. A. GUENNOUN

Presented by F.V. Atkinson, F.R.S.C.

Q.INTRODUCTION:

Dans cette note, nous nous intéressons 2 un théoréme d'existence d'une solution
périodique au sens de Carathéodory pour le probléme :
™ y'® = fLy@®.y'®) p.p. dans [0,1],
Une solution périodique au sens de Carathéodory de (*) est une fonction y € C! telle que y'
absolument continue qui vérifie y(0)= y(1), y'(0) =y'(1).

Nous nous proposons d'étendre certains résultats d'existence en remplagant la continuité par une
fonction de Carathéodory qui n'est pas nécessairement 1-périodique et sans condition de croissance
sur la variable y'. Comme conséquence nous obtenons certaines extentions d'un théoréme de type
Nirenberg ainsi que I'équation de Linéard.

1._NOTATIONS ET RESULTATS PRELIMINAIRES.

Dans la suite, Ck dénotera l'ensemble des fonctions u : [0,1)— R continiiment différentiables
jusqud l'ordre k, muni de la norme flull = max( luily, lu'lly, ..., lu®ly }, ol lully = sup( fu(e)t |
te [0,1]}. L'ensemble des fonctions continues Coestnoté C; Cy ={ue C/ u(0) =0 }. Pour
k > 1, on définit Ck1 = { u e Ck-1| uk-1) est absolument continue}.

(1.1) Proposition . Soientu e C2! ettye (a,b). Si u atteint son maximum  (resp. minimum )
en ty alors pour tout V voisinage de tg, 'ensemble (teViu'@®)s 0) (resp. (te VIu'(®)20))
est de mesure non nulle.

Définition.- Une fonction f:[0,1] x R2—— Restdite de Carathéodory si elle vérifie :
(a) x — £(t,x) est continue p.p.toutte [0,1];
(b) t—> £(1,x) est mesurable pour tout x € R2;
(c) pour tout K > O il existe hg € L! tel que, si lixll K alors If(t,x)l < hg(t) p.p. te [0,1].

Définition. Etant donnés M>Oet f:[0,1] x Rx R—— R une fonction de Carathéodory, on

définit alors f,: [0,1]1 x R x R—— R _la fonction associée & (f, M) par:
max (-M, f(t.y.p)-y) siy>M;
Hitkyp) = fty.p) -y si-M<ysM;

min (M» f(l,Y.P) = Y) si y < 'M;
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et N, : C!— Co L'opérateur de Carathéodory associ¢  (f. M) par:
t
Ny [ul@®) = qu,(s.u(s),u'(s))ds pourtousue Clet te [0,1].

Remarque: La fonction f) n'est pas une fonction de Carathéodory; elle ne vérifie pas la condition (a).

(1.2) Proposition. Soit f : [0,1] x R x R —— R une fonction de Carathéodory qui vérifie :
(H1) il existe M > 0, f(t,M,0) 20 et f(t,-M,0) <0 p.p. dans [0,1]. Alors,

(i) Ny, 'opérateur associé a ( f, M ), est continu;

(ii) Ny, est complétement continu.
Pour une démonstration voir {4] et [7].

2.RE E

(2.1) Théoréme. Supposons que f est une fonction de Carathéodory qui vérifie les hypothéses .
(H1) il existe M >0, f(t,M,0)20 et f(t,-M,0) <0 p.p. dans [0,1],
(H2) il existe M1 > 0 tel que pour tout (t,y) € [0,1]x[-M,M]et Ipl > My, il existe un voisinage UxV de
(t.(y,p)) tel que l'une des conditions suivantes est toujours vérifiée :
(a) f(u,v,g) >0 p.p.ue U, pourtout(v,q) e V
ou bien
(b) f(uv,g) <0 p.p.ue U, pourtout(v,Q)e V.
(H3) Il existe 0 < 8 <1 tel que pourtouty e [-M,M] etipt>M;jona
sign(f(ty.p)) = sign(f(u,y.,p)) p.p.t dans(0,3)et p.p.u dans(1-3,1).
Alors le probléme périodique :
N) y'® = f(Ly®,y(Q®) p.p. dans [0,1}; y(@)= y(1), y'(0)=y'(1),
admet au moins une solution y au sens de Carathéodory dans C2! telle que -M < y(t) <M pour
tout t € [0,1] (ot M est la constante de (H1) ).

Dans le cas o f(t,y,p) est une fonction continue, on retrouve certains résultats d'existence d'une
solution classique démontrés par NIRENBERG [9], GRANAS- GUENTHER- LEE (5], et [8).

Par exemple la fonction” f(t,y,p) = t-2p" + y2m+l + t,0<a <1 estune fonction qui vérifie les
hypotheses (H1), (H2), et (H3) mais ne vérifie pas les hypothéses des théorémes d'existence dans
(51, [8], et [9).
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Démonstration du théoréme (2.1): Soit f une fonction de Carathéodory qui vérifie (H1), (H2), et
(H3). Pour tout A e [0,1), considérons la famille des problemes :

(N),, Y'® = Af(ty).y'®) p-p. dans [0,1}; y(0)= y(1), y'(0)=y'(1),
et la famille des problémes associés :
(N)1a y'O-y® = fLty®.y'®) pp.dans[0,1}; y©0) = y(1), y(©) =y(l),

ol f; estlafonction associéed (Af, M), (N); estappelé le probléme associé & (N),.
Notons que la fonction Af vérifie (H1) pour tout A € [0,1].

(2.2) Lemme.
(i) PourtoutA € [0,1] et toute solution y de (N) ,on a la majoration llylly <M;
(ii) Toute solution y de (N);, est une solution y de (N),. De plus, on ala majoration lly'lly < M,
pour tout A € [0,1].

Preuve du lemme. (i) Soit y une solution de (N);3, nous allons montrer que llylly <M. En effet, soit
b e [0,1], tel que la fonction t —— y(t) atteint son maximum positif en b. Supposons que
y(b) > M et que b e (0,1), il existe alors un voisinage V de b tel que y(t) > M pour tout t € V.
D'apres la définition de fyona y"(t) - y(t) 2-M p.p. dans V; par conséquent y"(t) >0 p.p.
dans V et on obtient une contradiction avec la proposition (1.1).
Supposons maintenant que b = 1 et que y(1) > M, il existe alors a < 1 tel que y(t) > M pour tout
te [a,1]. Par suite y"(t) >0 p.p. dans [a,1] ety ‘(1) - y'®) =J! y"(s)ds > O pour tout t € [a,1];
puisque y'(1) = 0 on a y'(t) < O et on obtient que y(1) < y(a), ce qui est une contradiction avec le fait
que y ateint son maximum en 1. La démonstration est analogue si on suppose que b =0 et y(0) > M.
Dans le cas ob la fonction t —> y(t) atteint son minimum négatif en b telle que y(b) <-M et
b e (0,1), il existe un voisinage V de b tel que y(t) < -M pour tout t € V. D'aprés la définition de f,
on a : y"(t) - y(t) SM p.p. dans V; par conséquent y"(t) <O p.p. dans V et on obtient une
contradiction avec la proposition (1.1). Les autres cas se traitent d'une fagon analogue et on obtient
que -M < y(t) <M pour tout t€ [0,1].
(ii) Soit y une solution de (N);3, A € (0,1], d'apres la définition de f; et (ii)ona:
y'® = Af(ty(®).y'®) pp. dans[01],

et donc y est une solution du probléme (N),. Soit maintenant b € [0,1], tel que la fonction
t —— y'(t) atteint son maximum positif en b. Supposons que y'(b) > M;, be (0,1), alors
ly(b)l <M, sinon y(b) atteindra son extrémum en b ce implique que y'(b) = 0. Donc d'aprés (H2)
et la continuité de la fonction ( t,y(t),y'(t) ), il existe un voisinage (b - 3, b + 8 ) de b dans (0,1) tel
que l'une des altematives suivantes soit vérifiée :

(@) y"(t) >0 p.p.dans (b, b+ 3) ce qui implique la contmdxcuon y(b+3)>y'(b)
ou bien
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(b) y"(t) <0 p.p. dans (b - §, b ) ce qui implique la contradiction y'(b - § ) > y'(b).
Maintenant, si b = 0 alors y’ atteint également son maximum en 1, d'aprés (H3) et la continuité de la
fonction (t,y(t),y'(t) ), il existe deux intervalles (0,8),(1- 8, 1) tels que l'une des aliernatives
suivantes soit vérifiée :

(@) y"(t)>0p.p.dans (0, 8) ce qui implique la contradiction y'(8) > y'(0);
ou bien

(b) y"(t) <0 p.p.dans(1-8, 1 ) ce qui implique la contradiction y'( 1- § ) > y'(1).

Les autres cas se traitent d'une fagon similaire. Si A = 0 alors les seules solutions sont les fonctions
constantes comprises entre -M et M, et la démonstration du lemme est complte.

Fin de 1a démonstration_du théoréme (2.1)
Considérons Cly = {ue Cl1 u(0) =u(l) , u'(0) =u'(1) }, Co= {ue Clu(0) =0 }, l'opérateur
linéaire bijectif continu L : Cly, — Cy et l'opérateur Ny, : Cly — Co définis par :

L{u](t) = u'(t) - u'(0) - {t u(s)ds et Ngyful@®) = g( fy (s, u(s), u'(s))ds ,

pourtousue Cly, te [0,1] et Ae [0,1].

L'opérateur Ny, est l'opérateur de Carathéodory associ€ 2 (Af,M); donc, d'aprés la proposition
(1.2) Ny, est continu et complitement continu . De plus, le probléme (N))) est équivalent au
probléme de point fixe de Fopérateur complétement continu L-INp, : Cly, — C!,. Posons alors
r=1+max{M,M;} od M et Mj sontles constantes de (H1) et (H2) respectivement, et définissons
Kr={ue Clylllull; Sr}. Parle choix der et (ii) du lemme (2.2), la famille d'opérateurs
L-IN #a est sans point fixe sur la frontitre de K pour tout A € [0,1). Par conséquent
L-INg, : [0,1]xK,—> Cly est une homotopie compacte sans point fixe sur la fronti¢re de K,
entre L-INy, et L~!Ngo. De plus, tL-INgg : [0,1]xK; — Cly, est une homotopie compacte sans
point fixe sur la frontitre de K, entre L-!Npy et la fonction constante nulle qui estdans K. Parle
théoréme de transversalité topologique (voir [2],[3]) L~!Ny; a un point fixe qui est solution du
probléme (N) et la démonstration du théoréme est compléte.

3. PROBLEME PERIODIQUE DE TYPE NIRENBERG.

Dans cette partic nous discutons certains résultats d'existence de type Nirenberg pour le
probléme périodique od f(ty,p) = yo(t.y.p) - B(Ly.p).

(3.1) Théordme - Soient a(ty,p) et B(ty,p) deux fonctions de Carathéodory qui vérifient les
hypotheses:

(i) Il existe M > 0 tel que ( B(t.y, 0¥y oUt,y,0)S 1 et o(ty,0)>0) silyl=M,

(ii) 11 existe M > O telle que o(t,y,p) >0 p.p. dans (0,1], y € [-M,M] et Ipl>M,,
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(iii) B(tY.p)/ a(t,y,p) —— C quand Ipl —— = uniformément pour presque tout t dans
{0,1] et pour tout y e [-MM].
Si ICl >M alors le probleme :
N) y'(®) = y(0oty(®),y'(®) - Bty(®).y'(t)) p.p. dans [0,1];
admet au moins une solution y périodique au sens de Carathéodory dans C%!.

Démonstration : 11 est facile de voir que la condition (i) implique I'hypothése (H1). Il suffit
maintenant de vérifier (H2), et (H3). En effet, supposons que C > 0, il existe € > 0 tel que
M < C - &. D'aprés (iii), il existe My tel que C - & < B(t,y,p)/ a(t,y,p) pour presque tout
te [0,1], y € (-M,M) et Ipl > M,. Donc, y - B(t.y,p)/ a(ty,p) <M - (C-€) <0 pour tout
(t,y) € [0,1]x[-M,M] et Ipl > Mj. Si on prend M3 = max (M;,Mj), la fonction
f(ty,p) = you(t,y,p) - B(t,y,p) > O p.p. dans [0,1], y € (-MM) et Ipl > M3.SiC<0la
démonstration est similaire, et la démonstration est compliete.

Remarque : La condition (ii) peut étre remplacée par la condition :
(i)' I1 existe My > 0 telle que a(t,y,p) <O p.p.dans [0,1], y € (-M,M) et Ipl > M.

(3.2) Théortme - Soient a, P :[0,1] x R* x R—— R deux fonctions de Carathéodory qui
vérifient les hypotheses du théoréme (3.1) et I'hypothése:
(H) Pour tout (t,y) € (0,1)x(0,M), il existe un voisinage UxV de (t,y,0) dans (0,1)x(0,M)x R
tel que a(u,q,p) > 0 et B(tq,p) > 0 p.p. dans U, (q,p) dans V.
Si ICl >M alors le probléme périodique :
N) ¥ = y®ary®.y'®) - Bty@®.y'®)  p.p-dans[0,1]; y©0) = y(1),y'(0) =y(1)
admet au moins une solution positive y dans C2.!.

Démonstration. Définissons o*, B*:[0,1] x R x R— R par

o* (Ly.p) = alylp) et B* (ty.p) = B(t,lyl,p)
fty.,p) = y a*(ty.p) - B*(ty.p) vérifie les hypotheses du théoréme (2.1). Par conséquent le
probleme périodique :
M)’ y"(®) = y(©aty®),y'®) - Bty®.y'®) p.p. dans [0,1]; y(0) =y(1), y'(0) = y'(1)
admet une solution y. De plus y 2 0, sinon , d'apres les conditions au bord y atteint son maximum en
to € (0,1) tel que y(to) < 0. D'apres (b) et la continuité de y, il existe un voisinage V de ty tel que
y"(t) <0 p.p. dans , ce qui contredit la proposition (1.1). On en déduit que y est une solution positive
de (N).
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Universal Bundles in Simplicial Sheaves

André Joyal and Myles Tiemey

Presented by J. Lambek, F.R.S.C.

Abstract

Let & be a Grothendiek topos, and denote by S(6) the category of simplicial objects in 6.
For a group G in S(8), we study the question of the existence of a universal principal G-bundle in
S(8). We find that such a bundle exists if G is amenable, meaning that principal G-bundles extend
uniquely along anodyne extensions of S(6). Our principal theorem states that for any group G
there is an anodyne homomorphism G «— G with G amenable. Finally, we introduce the concept

of pseudo-torsor, which corrects for the lack of representability of HI(, G).

1- Amenable groups
We begin with a brief review of the classical theory {3]. Given a group G in the category of

simplicial sets S, there is a contractible space E, on which G acts freely, yielding a universal

principal G-bundle E — E/G = B. E can be chosen to be a Kan complex, in which case B is also.

The universality of E—> B takes the following form: for any simplicial set X, the map f —

- f*(E) from hom(X,B) to the set of principal G-bundles over X induces a 1-1 correspondence
between the set [X,B] of homotopy classes of maps, and the set H!(X,G) of isomorphism classes
of principal G-bundles over X.

Replacing the category of sets by an arbitrary Grothendiek topos 6, we consider the
analogous problem for the category of simplicial sheaves S(8).

First, recall that if G is a group in any topos, a G-torsor over X is an object E provided
with a free (right) G-action ©: EXG — E (free means the map (6, T): EXG — EXEis
injective). E— X is the projection of E onto the quotient E/G =X of E by the action of G. In the
topos of simplicial sets S, a G—torsor over X is simply a principal G~bundle over X. If Gisa

group in the topos S(8), by a principal G-bundle over X, we will always meana G-torsor over X

167
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in the above sense.

As to the homotopy theory of S(€), recall (2] that there is a Quillen homotopy structure (4}
on S(B6), in which the weak equivalences are maps f: X — Y inducing isomorphisms on the
homotopy sheaves, the cofibrations are the monomorphisms, and the fibrations are maps having
the right lifting property with respect to the cofibration weak equivalences. We call a cofibration
weak equivalence an arnodyne extension.

We can recognize weak equivalences in a different way. Namely, if p: B — Sisa
surjective geometric morphism with B boolean [1], then the axiom of choice is satisfied in B, and
the logic is classical. The morphism p induces a surjective geometric morphism, also called p,
S(B) — S(6), and the theory of S(B) is the same as S. A map f: X — Y isa weak
equivalence iff p*(f) is, so that geometric constructions yielding weak equivalences in S, yield
weak equivalences in S(6). We call a map f a Kan fibration if p*(f) is a Kan fibration. This notion
is strictly weaker than that of fibration in S(8).

Formally inverting the weak equivalences yields the homotopy category of S(6). (We
obtain the same category by inverting only the anodyne extensions.) If X and Y are simplicial
sheaves, we denote by ho(X,Y) the set of morphisms from X to Y in the homotopy category. If Y
is a fibrant simplicial sheaf, then ho(X,Y) is in 1-1 correspondence with the set [X,Y] of
homotopy classes of maps from X to Y. (A homotopy is a2 mapping XXI — Y with Ithe
constant simplicial sheaf on the 1-simplex A[1] of S.)

Now, given a group G in S(8), we want to know if there is a universal G-torsor E— B.
Equivalently, we can ask whether the functor HI( ,G) can be represented in the homotopy
category. An obvious necessary condition is that H!( , G) should invert anodyne extensions. More
precisely, if A < B is an anodyne extension and T — A is a G-torsor over A, then there
should exist a G-torsor § — B, whose restriction to A is isomorphic to T. Moreover, S should

be unique up to isomorphism.

Definition 1 A group G in S(6), whose torsors have the above property is said to be amenable.
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Example A simplicialy discrete group is amenable.

Proposition 1 If a group G is amenable then there exists a universal G-torsor E— B.
Indication of proof; For any groupoid G = (s,1): G} — G¢*Gg in S(E), let BG denote the
diagonal complex of its nerve NG, considered as a double simplicial sheaf. Let EG denote BG',
where G' is the groupoid of arrows of G (a morphism h: f — g is an arrow h such that hf = g).
The codomain t s a functor &' — G inducing a mapping EG — B®G. The domain s defines a
functor &' — Gy, where Gy is considered as a discrete groupoid, and induces a mapping

EG — Gy, which is a weak equivalence. Moreover, G acts freely on the right of G', inducing a
free G-action on EG.

When G is the group G, let BG —— B be an anodyne extension with B fibrant. Since G is
amenable, the torsor EG — BG extends to a G-torsor E — B with E contractible. An easy
argument shows that E—— B is the required universal G-torsor.|

A graph with units A in S(B8) is a diagram

dO
Ay —— Ay T3 Ag
dl
in $(8) with d% = d!u =id Ao- An anodyne extension of graphs is a morphism of graphs
k:A «— B with kg and k; anodyne extensions of S(E). If A is a graph with units in S(8), let
F(A) denote the free groupoid on A.

Definition 2 A groupoid G in S(8) is said to be fibrant if, for any anodyne extension of graphs

A «—— B, each diagram
F(A) — G

[
F(B)
has a dotted filler.
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Proposition 2 A groupoid @ is fibrant iff Gy is fibrant and (s,t): Gy — Ggx G is a fibration of
S(E).

Call a groupoid G locally transitive if (s,t): Gy — Gg* Gy is a Kan fibration.

Theorem 1 A locally transitive groupoid G in S(6) has a completion a: G «— G such that ag and
a, are anodyne extensions, and @ is fibrant.
Indication of proof; There is a small set of generators for the anodyne extensions of graphs, and

pushouts of diagrams of the form

F(A) — G
F(B)
with A — B anodyne and G locally transitive yield anodyne extensions of groupoids. Thus, we

can obtain the desired completion by repeated pushouts and ordinal colimits.®

Theorem 2 For any group G in S(6), there is an anodyne homomorphism G «——> G with G
amenable.

Indication of proof: Let G denote the locally transitive groupoid ISO;(EG, EG)— BGxBG, and
let G —> G bea fibrant completion of G. The vertex group GofG corresponding to the single

vertex of BG is amenable and provides the desired anodyne homomorphism G «—» G.m

Theorem 3 An abelian group in S(6) has an abelian amenable completion.

Indication of proof: The category of abelian groups in S(E) has a Quillen structure, in which the
cofibrations are monomorphisms, the weak equivalences are homomorphisms which are weak
equivalences in S(6), and the fibrations have the right lifting property with respect to the

cofibration weak equivalences. These fibrations are also fibrations in S(6).
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LetA be an abelian group in S(6). Taking the cone onA yields a monomorphismA «—
E(A) with E(A) contractible. Dividing by A gives an exact sequence A —— E(A)— B(A), in
which E(A)— B(A) is an A -torsor. In the above Quillen structure, let B(A) — B be an

anodyne homomorphism with B fibrant, and factor EA)— B(A) — Bas

E(A) —> E

|

B(A) — B

where E(A) — E is an anodyne homomorphism , and E— B is a fibration. Let A be the
kernel of E—» B. Then A «—— A is anodyne, and A is fibrant and amenable. E— Bisa
universal A-torsor.m
Remark This process yields a representation theorem for sheaf cohomology in terms of torsors:
HY(E, 1) = HI(K(T, n-1)),

where E(‘r( ,n-1) is an abelian amenable completion of the abelian group K(TT, n-1).
2. Pseudo torsors

In this section we define a relaxed notion of torsor (or bundle), whose equivalence classes

can be represented in the homotopy category for an arbitrary group G.

Definition 3 Let G be a group in S(8). A G-pseudo torsor over X is a simplicial sheaf T over X, on

which G acts freely, and is such that the map T— X factors as

T/G

N

X

with T/G — X a weak equivalence. A morphism of pseudo torsors is acommutative triangle

171
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T ——— T,

X
where the map T; — T, respects the action of G; it is always a weak equivalence.

The set of components of the category of G-pseudo torsors is denoted by A'(x.6). we
remark that two pseudo torsors Ty and T, over X are in the same component iff there is a third
pseudo torsor T3 over X and a pair of mappings T\ — T3 «— Ty.

LetG «— G be an amenable completion of G.

Theorem4  A'(X.6)=H'(X,6).
Indication of proof: A direct argument shows Al (X,G)= ho(X, BG). The map BG — BGisa
weak equivalence. Let BG «— Bbe anodyne with B fibrant. By Proposition 1 we have:

A'(X,6) = ho(X, BG) = ho(X, BG) = [X, B] =H'(X,5).

References

[1] M. Barr, Toposes without points, J. Pure App. Alg. S, 1974, pp 265-280.

(2] A. Joyal, Homotopy theory of simplicial sheaves, to appear.

(3] J.P. May, Simplicial Objects in Algebraic Topology, Van Nostrand Math Studies, #11, 1967.
{4] D.G. Quillen, Homotopical Algebra, Springer Lecture Notes in Mathematics, #43, 1967.

Received August 27, 1990



C.R. Math. Rep. Acad. Sci. Canada - Vol. XII, No. 5, October 1990 octobre

Sur ’équation de Pillai et la différence
entre deux produits de puissances de nombres entiers

Par Michel WALDSCHMIDT
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75231 PARIS Cedex 05 FRANCE

Presented by P. Ribenboim, F.R.S.C.

Summary. We give an estimate from below for the distance
between two products of powers of rational integers. As an
example, we show that for positive integers z, y, m, n with y > 2,
z™ > y™ and m/logy < 1.37 - 10!2, we have z™ — y™ > z™/2,

Résumé. Soient k et n deux entiers positifs avec 1 < k < n, et
soient ai,...,an, hi,...,h, des entiers positifs, avec

hy ., ki # ahk+1 I T

a ay k41 an"-

On cherche & minorer la distance entre ces deux nombres. Les
seules estimations effectives non triviales valables pour n quel-
conque utilisaient jusqu’ici la méthode de Baker. Nous proposons
une nouvelle minoration provenant d’une méthode de transcen-

dance différente, et nous en donnons une application a I’équation
de Pillai 2™ — y™ = k.

1. Enoncé du résultat.

Soient n un entier > 2, a,,...,a, des nombres entiers posi-
tifs multiplicativement indépendants, et b,,...,b, des nombres
entiers rationnels non tous nuls; ainsi

Qb ab £ 1.
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b.‘ n 3
Nous ordonnons les nombres al I de telle sorte que al’ | soit

le plus grand, et nous appelons ag le plus petit des a; avec
1<z:<n-1:

max _|b;|loga; < |bn]logan, ay = min a;.

1<i<n—1 1<i<n~1
Nous posons également

M = max{ni"e?**+1°; |b,|/log ao}.

Théoréme. Sous ces hypotheses, on a

abtt ... gbh — 1| > exp{—Co(n)log Mloga, ---logax.},

avec
Co(n) < 63n+9n4"’+5.

Les meilleures minorations générales et explicites connues
jusqu’a maintenant étaient celles de [BGMMS)]. Notre énoncé
est légérement plus précis car il ne fait pas intervenir de terme
parasite en logloga avec a = maxj<i<n G-

La condition M > n"e207+10 n’est pas vraiment restrictive :
en comparant notre estimation avec la minoration triviale, nous
allons montrer qu’il n’y a pas de restriction & supposer |b,|/ log ag
assez grand.

En effet, |a‘1" ceeabn — 1| étant un nombre rationnel non nul,
il est minoré par I'inverse d’un dénominateur :

a'{‘ ool — 1| > exp {—n|ba|logan}

A s - bi b . e 1A
grace a notre condition ag il < aln"l. Par conséquent, pour établir
la minoration du théoréme il n’y a pas de restriction a supposer

(1) n|by| > Co(n)log Mloga, ---logan—_i.
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Le membre de droite de (1) est au moins Cy(n)log M logay ;
en minorant log M par e3n, tant que notre constante Co(n)
sera supérieure a n"+%¢3" on pourra supposer sans perte de
généralité
Ibnl/log ap > nint53n+3

De plus, si n > 3, le membre de droite de (1) est plus grand
que n(logag)?, donc si on remplagait |b,|/logag par |b,| dans
la définition de M on ne perdrait méme pas un facteur 2 dans
’estimation finale.

2. Démonstration.

Nous montrons d’abord comment se ramener aux notations
de [W2] (avec un passage aux logarithmes), puis nous indiquons
comment conclure en reprenant les arguments de [W2]. Pour
terminer nous explicitons le calcul de la constante Cp(n).

a) Dés que |a,'{l ceeabn — 1| <1/3,ona

[bilogay + -+ by loga,| < g|a'1’1 coegbn -1

(voir par exemple [PW] lemme 2.3). Le probléme est donc ramené
4 la minoration d’une combinaison linéaire de logarithmes de
nombres algébriques.

b) Pour nous ramener aux notations de [W2], nous posons
log A; = e(n + 1) log a;, E=e, D=1,
€ = 0.23, € =2-1075, €3 = 1/76,
G=(1+e)logM, Z =10+ 2logn,
n(2n + 3)2
3 = ———
n+1
n—1
e =n(n+1)>2 <3nz+l) gt (1+e)

_ 2n™*2(3n 4+ 1)"1(2n 4 3)*" 2
2 (n+ L=

(1 +e3),

(14e)"t . (1+¢),
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n+1
2n

On va voir que le théoréme est vrai avec

Cl =C = Ca.

(2)  Co(n) =(5+1logn)e™(n+1)"(1 + €1)(5n + 13)cs.
Vérifions d’abord que I’on a
G > max{2(n+1)Z; 2 + log(|b.|/log ao)}.

En effet, pour n > 2, on vérifie 4logn + 10 < €, (4nlogn + 20n +
10), donc (1 + €;)log M > 4(n + 1)(5 + log n). D’autre part on a
log M > 50+8log2 > 2/¢;, donc 2+log M < (1+¢€;)log M. La
minoration annoncée de G est bien vérifiée.

La principale différence avec [W2] est 1’absence d’un facteur
2 dans la définition de c3 ; cela permet de gagner un coefficient
27*+1 sur ce que nous donnerait une application brutale des
résultats de [W2]. Cette amélioration est due au fait que les
a; sont réels positifs (dans [W2] on travaille avec des nombres
algébriques complexes). Pour justifier ce raffinement, on note
d’abord que, dans le lemme 2.1 de [W1], quand les u;; sont
réels, on peut remplacer ’exposant 2p de I’hypothése par p. Il
en résulte que, dans ’hypothése (2.8) du corollaire 2.7 de [W1],
on peut omettre le facteur 2 & gauche, quand on suppose que
les fonctions analytiques considérées ont un développement de
Taylor a origine a coeflicients réels. Ainsi, quand les nombres
log o; de [W2] sont réels, on peut omettre le facteur 2 & gauche
de (5.8) et de (6.4). La seule correction a apporter est dans la
minoration (8.2) des ¢; au paragraphe 8 de [W2] (II) : dans le
casn=2o0na

c3 >33, ¢3>2-105 ¢ =cq4>3.9-10°.
Cela permet de vérifier, pour n > 2,

c3>8n2+1, c3>12-10%%, ¢ =c4>2-10%n%
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On remplace finalement la condition (8.6) de [W2] par la majo-
ration C(n) < (5n + 13)cz/2.

c) Il ne reste plus qu’a calculer numériquement les valeurs de Cy
données par (2) :

n= 2 3 4 5
Co(n) < |2.45-1010|4.65-10%° |2.21-10%! |2.22-10%7

n= 6 7 8 9
Co(n) < |4.22-103%|1.39- 100 |7.43-10%6 |6.11 - 1053

et
Co(n) < e¥"166p4n+5  pour n > 10.

3. Application & I’équation de Pillai.
Le cas n = 2 du théoréme fournit 1’énoncé suivant :

Corollaire. Soient z, y, m, n, k des entiers positifs satisfaisant
™ — y™ = k. On suppose

™ >k et y>2.
Alors on a

m < Clogy avec C =1.37-10'%

Remarque. L’existence d’une constante absolue C vérifiant la
conclusion du corollaire résulte déja du théoréme 2.2 de [PW],
mais la constante n’y est pas explicite. Toutes les autres estima-
tions (notamment celles de [BGMMS])) font intervenir un terme
logarithmique supplémentaire. D’un point de vue numérique,
’estimation que I’on déduit de la section 9b de [MW], & savoir

m < 9600(log y) (8 + log max{m,n})z,
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(9600 apparait comme majorant de 2(log3/log2)?1905) est
meilleure tant que m et n ne sont pas trop grands :

max{m,n} < 10%184,
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REAL RANK ZERO FAMILIES OF C*-ALGEBRAS.

BY EbDwin J. BEGGS AND DaviD E. Evans.

Presented by G.A. ELLiott, F.R.S.C.

This paper is devoted to a short proof of the following result about real
rank zero [1], and families of C*-algebras [2]. Suppose that X' is a compact
topological space, and that A(z) (z € X) is a family of C*-algebras over
X. Then the family A has real rank zero if and only if both X has real
rank zero and each A(z) has real rank zero.

To begin, we give a brief summary of the definitions we shall need.

Definition 1 : Continuous fields of Banach spaces.

Let X be a topological space, and []_¢x E(z) be a product of Banach
spaces. Then we consider a vector subspace I' C Il.ex E(z) with the
following properties:

(a) Tor all s €T, the function z + |s(z)] is continuous on X

(b) For all z € X, I'(z) is dense in E(z).

(¢) Letr€J].ex E(z), and suppose that for all z € X and ¢ > 0, there
is an element s € T so that |s(y)—r(y)| < ¢ for all y in some neighbourhood
of zin X. ThenreT.

Proposition 2.

IfseT, and f: X — C is continuous, then f.s€T.
Proof. [2;10.1.9].
Definition 3 : Continuous fields of C*-algebras.

If each E(z) is a C*-algebra, and if T is closed under pointwise * and
multiplication, we say that £ = (X, E,T) is a continuous field of C*-algebras
over X.

In this case, we can form a C*-algebra by setting ||s|| = sup,¢x |s(2)].
for s € T, and taking those elements of I' of finite norm.

Typeset by AS-TEX
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Definition 4 : Real rank zero topological spaces.

We shall say that a topological space X has real rank zero, if for any
function f : X — R, and any ¢ > 0, there is a function g : X — R which is
uniformly within ¢ of f, and with 1/g bounded on X.

Proposition 5.

Suppose that the unital C*-algebra A is generated by a continuous field
of C*-algebras A(z) over a topological space X. Then the set of z € X
with the associated algebra A(z) = 0 is both open and closed.

Proof. If the identity in A is I, it follows that I(z) is the identity in A(z).
The norm of the identity in a C*-algebra is either 0 or 1, and can only
be 0 of the algebra is {0}. Thus the set of z € X with the associated
algebra A(z) = 0 is contained in the open set {z € X | |I(z)| < 3}, and
its complement is contained in the open set {z € X | |I(z)| > 3}. O

We shall use the last result to assume that a unital C*-algebra A, which
is generated by a continuous field of C*-aigebras A(z) over a topological
space X, has A(z) #0forall z € X.

Theorem 6.

Suppose that the unital C*-algebra A is generated by a continuous field
I’ of C*-algebras A(z) over a compact topological space X. Then if A has
real rank zero, so has X.

Proof. Take a continuous function f : X — R, and an € > 0. Then the field
f.I €T, and so corresponds to an element b € A. Then b(z) has spectrum
in A(z) consisting of one point, f(z). By the real rank zero property. there
is an invertible element ¢ of A within ¢ of b. The spectrum of ¢(z) is then
contained in an interval of radius ¢ about f(z). Since ¢ is invertible, there
is an interval (—6,6) in the complement of the spectrum of ¢, and thus also
in the complement of the spectrum of ¢(z) for all z € X.

Now take a continuous function #* : R — R which has k*(t) =t on
the interval [§,0), and is zero on the interval (—oco, —6). Then k*(c) € 4,
and k*(c)(z) has norm either > &, or zero. Thus the set U* = {2 €
X| |k*(c)(z)| > 0} is open and closed, as its complement U~. If z € U+,
we see that

|f(z) = I+ (e)(2)l| < €.,
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since |k*(c)(z)| is the biggest element of the spectrum of ¢(z).

In the same manner, we take a function £~ : R — R which is zero on
the interval [§,00), and has £=(f) = ¢ on the interval (—oco,—6]. Then if
z € U™, we see that |f(z) + |&=(c)(z)I| < ¢. Thus the continuous function

h defined by
{ lk*(e)(z)l  zeU?
h(z) =
= k= (e)(z)] z€U~
is uniformly within ¢ of f, and |h(z)| > éforallz e X. O

Proposition 7.

Suppose that the unital C*-algebra A is generated by a continuous field
of C*-algebras A(z) over a compact topological space X. Then if there is
an o € X with A(zo) not real rank zero, then A is not real rank zero.

Proof. Take ag € A(zg) not in the closure of the invertible elements. By
the density axiom 1(b) for a family of algebras, there is an element a € A,
so that a(zy) is sufficiently close to ag that it is also not in the closure of the
invertible elements in A(zo). Then a is not in the closure of the invertible
elements in A. O

Theorem 8.

Suppose that the unital C*-algebra A is generated by a continuous field
of C*-algebras A(z) over a compact topological space X. Then if X has
real rank zero, and for every £ € X'. A(z) has real rank zero, then A has
real rank zero.

Proof. Suppose that there is an Hermitian a € A(z) which is a distance
> ¢ from any invertible elements. Since every A(z) is real rank zero, for
every £ € X, there is an Hermitian b, € A with b;(z) invertible, and
|bz(z) — a(z)| < €/2. Suppose that the spectrum of b;(z) has no points
within the interval (=6z,6z).

Now we construct a closed and open set U, containing z so that, for all

y € U, the spectrum of b.(y) has no points within the interval (—§:/2, 6. /2).

This is done by taking a function f : R — [0, 1] with f(t) = 0 for all [t| > &,
and f(1) = 1 for all |t| < &;/2. Then g(y) = 2|f(b=(y))| -1 is a continuous
function on X, and there is another continuous function  : X — R which is
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never zero, and which is uniformly within 1/2 of g. Then U = h~!(~o00,0)
is both closed and open, and has the required property.

Next we find a closed and open set W, C U containing z so that, for
all y e Wy, |b,,-(y) - a(y)I < €. To do this, take a function f; : R — [0, 1]
with f;(t) = 0 for all |{] < ¢/2, and f;(t) = 1 for all || > ¢. Then
91(¥) = 2|f1(b=(¥) — a(y))| — 1 is a continuous function on X, and there
is another continuous function k; : X — R which is never zero, and which
is uniformly within 1/2 of g;. Then W, = U, N h7!(—0o0,0) is'both closed
and open, and has the required property.

Now take a finite cover Wy, ..., W, of the W, corresponding to z,,...,z,.

Define a disjoint closed and open cover W,...,V, of X recursively as fol-
lows: Vi = Wh, Viga = Wi \ (V; u---u Vg). Then we define ¢ € A

.by

oy) = b (y) yeV:.
This is in A by axiom 1(c), and is invertible by the following lemma:
Lemma 9.

If an Hermitian ¢ € A is such that there is a number § > 0 with the
spectrum of ¢(z) containing no points of (—4,6) for all z € X, then c is
invertible.

Proof. Take a continuous function s : R — R which is equal to the multi-
plicative inverse function for all ¢ ¢ (—6,6). Then s(c) is the inverse of c,
andisin 4. O
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THE INDEX OF A TOWER OF SEMI-SIMPLE ALGEBRAS
Vlastimil Dlab, F.R.S.C. and Claus Michael Ringel

Abstract: Towers of finite dimensional semi-simple algebras and their inductive limits
v have been subject of a number of studies in the theory of C*-algebras, in particular in the
language of AF-algebras. A significant part of the theory is purely algebraic and in this brief
account, we wish to outline a general approach to the theory of pairs of semi-simple algebras, the
Jones fundamental construction of a tower and its index. The index is expressed in terms of the
largest real part of the eigenvalues of a Coxeter transformation associated with the associated
(weighted) valued graph. In this way, a “discrete” nature of the set of all possible values for
this index seems to be clarified.

Throughout the paper, A C B will denote a k-pair, i.e. a pair of finite dimensional
semi-simple k-algebras with unital embedding. Recall that semi-simple k-algebras are finite
products of full matrix rings over division k-algebras; those which are products of division
k-algebras will be called basic.

THEOREM 1. Let A C B be a k-pair and

a [
A =[] Mat(z;, F;), B = [] Mat(y;,G;).
i=1

=1

Then there are (finite dimensional) F;-spaces X; and F;-G-bimodules f,(;M;)g; such that
A~EndXr and B2 End(Xr® rMg),

where Xr = 'é)l X; and pMg = .él jél iM; with canonical operations by the basic
k-algebras

3 F=FRxFHx..xF, and G=G; xG2x...xG;s.
Furthermore,

% End B4 ~ End(Xr ® rMg ® cM}),

where gMp = Hom g(rMg,cGg). Moreover, writing

End B, = [] Mat(ze, o),
=1
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we have

a a [
Yy = 2 Tiugy and Ze = E a; Z U;;Vj5¢,

=1 i=l =1

where u;; = dim(;M;)g; and v;; = dim g, (;M;).
As a consequence of Theorem 1, one obtains the following assertions.

THEOREM 2. There is a bijective correspondence between the pairs A € B of
finite dimensional semi-simple k-algebras and the pairs (r Mg, XF) of finite dimensional
F-G-bimodules and finite dimensional F-vector spaces over basic semi-simple k-algebras
F and G. Given (rMg,XF), the corresponding pair is

End(XFr) C End(Xr ® rMg).

THEOREM 3. Given a pair A C B, let B C C be the pair with C = End(B,). I
(rMg,XF) defines A C B then
(Hom g(rMg,aGa), XFr @ rM¢)
defines BC C.

In particular, to a pair A C B one can attach a the weighted valued graph of the
corresponding k-species (F, G, rMg) (see e.g. [DR1]). Write U = (uy;), V = (viz).

Given a k-pair A C B, the fundamental construction of V.F.R. Jones [J1] defines the
tower of finite dimensional semi-simple k-algebras

ACACAC...CACAnC..,
where Ag = A, A1 = B and Ap41 = End(4;)4,., forp> 1.

Let pMg be the F-G-bimodule associated with the k-pair A9 = A C B = A; as
in Theorem 1. Then, in view of Theorem 3, the bimodule associated with the k-pair
Ap C Apy, is either pMg if p is even or gMg = Hom g(r Mg, cGg) if p is odd.

Let us attach to the k-pair A C B the tower transformation t4p of the a-dimensional
real space R(®) defined by

tap(x) =xUVr
and recall [GHJ)] that the index of A C B is
[B: A] = limsup |tfw(x)|'/”,
p—oco

where the norm |...| denotes the sum of the (positive) coordinates of ¥ 5(x). Thus, the
Perron-Frobenius theory yields that [B : A] is the largest real eigenvalue of t45.
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We attach to a given k-pair A C B, the Coxeter transformation c4p of the real space

REH = {(x,y) | xR, y e R®)}
given by the matrix

(o vae)= (o DG 5)
vir vtry-1) " \V'" I1)\0 -I
(see [Bo]). It is well-known that the eigenvalues of c4p and t4p are closely related: if A
is an eigenvalue of c4p, then 2 + A + A~! is an eigenvalue of t4p, and all eigenvalues of
top are obtained this way.

Thus, the theorem characterizing the representation type of a hereditary tensor algebra
[DR1] and the basic properties of the eigenvalues of Coxeter transformations clarify the
link between the values of [B : A] and the representation type of A(A4, B) = (A B),

0 B
answering a question raised by Jones in [J2].

THEOREM 4. Let A C B be a (connected) pair of finite-dimensional semi-simple
k-algebras, and (B : A) its index. Then
(i) [B : A) < 4 if and only if A(A, B) is of finite representation type, and, in this
case,
[B: A) = 4cos® X for somen 2> 3.
(ii) [B : A) = 4 if and only if A(A, B) is of tame representation type.
(iii) [B : A] > 4 if and only if A(A, B) is of wild representation type, and, in this case,
[B : A] 2 po, where po = 4.0264179491869598599 . .. is the largest real root of the
polynomial
z5 — 9z% 4 272° — 3122 + 12z - 1.

Let us also point out that Zhang [Z] has established that A\, = {f1+,/& +

"/% — /& is the least accumulation point of the largest real eigenvalues of the graphs
which are neither Dynkin nor Euclidean. Thus, the value p, = 2 + p. + p! =
4.079595623. . . is the corresponding accumulation point in the set of the values of the

index.

A paper with complete proofs of the statements will appear elsewhere.
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REMARK. The above results were presented at the Tsukuba International Confer-
ence on Representations of Algebras on August 16, 1990. Subsequently, we have learnt at
the ICM in Kyoto that S. Popa has also derived the existence of the gaps for the index of
pairs of multimatrix algebras; in particular, he established the gap [4, po] which coincides
with the gap obtained for general pairs of semi-simple algebras.

REFERENCES

[Bo] N. Bourbaki, Groupes et algébres de Lie, Chap. 4, 5 et 6, Hermann 1968.
[DR1] V. Dlab and C.M. Ringel, Indecomposable representations of graphs and algebras,
Mem. Amer. Math. Soc. No. 173 (1976).
[DR2]) V. Dlab and C.M. Ringel, Eigenvalues of Coxeter transformations and the
Gelfand—Kirillov dimension of the preprojective algebras, Proc. Amer. Math. Soc.
83 (1981), 228-232.
[GHJ] F.M. Goodman, P.de la Harpe and V.F.R. Jones, Coxeter graphs and towers of
algebras, Springer—Verlag 1989.
[J1] V.F.R. Jones, Index for subfactors, Invent. Math. 72 (1983), 1-25.
[J2) V.F.R. Jones, Index for subrings of rings, Contemp. Math. 43 (Amer. Math. Soc.
1985), 181-190.
[Z] Yingbo Zhang, Eigenvalues of Coxeter transformations and the structure of regu-
lar components of an Auslander-Reiten quiver, Comm. Alg. 17 (1989), 2347-2362.

Department of Mathematics and Statistics Fakultat fiir Mathematik
Carleton University Universitit Bielefeld
Ottawa K1S 5B6 D-4800 Bielefeld 1
Canada West Germany

Received: Sept. 10, 1990



b

C.R. Math. Rep. Acad. Sci. Canada, Vol. XII, No. 5 October 1990 octobre

PYTHAGOREAN AND EUCLIDEAN ORDERED VALUED FIELDS

Norman L. Alling

Presented by P. Ribenboim, F.R.S.C.

Abstract. Necessary and sufficient conditions are given for an
ordered valued field (F, v) to be Pythagorean (resp. Euclidean}.
These results are applied to relative Henselizations of (F, v),
and relative Neumann-completions of (F, v) in immediate, valued

formal power series field extensions (F~, v°) of (F, v).

0. Introduction. Call a group (T, -, 1) divisible by neN if for
all Yel, there is a §el with 6" = Y. For subsets E of an ordered
group (G, <, +, 0), let E* = {geE: g # 0}, g = {geE: g > 0}, and
let I(E) = {Zif] x,: neN, and x;, ..., xneE}. For subsets S of a

field F, let S? = {x2: xeS}. Recall that F is Pythagorean if
L(F2) = F2. Henceforth assume that (F, v) is an ordered valued
field (i.e., F 1s an ordered field and v is an o-valuation of F
(5, p. 391). Let A be its valuation ring, M its maximal ideal, U
its units, let A be its place, K i{ts residue class field, and let
(G, <, +, 0) be its value group ordered such that v(x + y) s
Max.{v(x), v(y)}, for all x, yeF. Let P = {xeF: x 2 0}, and
recall that F is Euclidean if P =« F?*. A coefficient field of

(F, v) is a subfield L of A, for which A(L) = K.
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1. Two lemmas.

LEMMA O. F is Euclidean iff (a) K is Euclidean, (b) G is
divisible by 2, and (c) (1 + M, +, 1) is divisible by 2.

PROOF. Assume F is Euclidean. For keK’ there 1s an aecA with
x(a) = k. Since A preserves §, a > 0. Since F is Euclidean,

there exists beF with b2 = a. Since 0 2 v(a) = 2v(b), beA.

(x(b))?* = k, proving (a). For geG, there is an xeF> with v(x) =
g. Since F is Euclidean, there is a yeF with y* = x. g = 2v(y),

proving (b). Let meM. Since F is Euclidean, there exists a zeF>

with z2 = 1 + m. Since 2v(z) = v(1 + m) = v(1) =0, zeU’. Since

A(z)2 = A(1 + @) =1 and z > 0, A(Z) = 1. There is a ueM with 2

« 1 + u, proving (c). Now assume (a), (b), and (c). Let xeF>.

By (b), there is an heG with 2h = v(x). There is a yeF with v(y)
= h; hence v(y2?) = v(x), and x/y*sU>. Let k = A(x/y?). Since

x/y’aA>. and since A preserves S, keK’. By (a), there is a cekK
with c? = k. There is an acA with i(a) = ¢. Since A(x/y?a?) =
A(x/y2)Ar(1/a?) = k/¢? = 1, there is an meM with x/y?a? = 1 + m.
By (¢), 1 + m has a square root in T + M. Let z = ya/(1 + m)eF;

then x = y2a?(v¥(1 + m))? = z?, proving F is Euclidean. o

For x, ycF*, let g = v(x), and h = v(y). Without loss of gener-
ality, we may let g ¢ h. Let z = y/x; then x2 + y? = x?(1 + z2).
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.0) (i) F is Pythagorean iff (ii) 1 + M? and 1 + U? are subsets

of F2.

PROOF. Clearly, (i) implies (ii). Assume (iif). If g > h, zeM.

If g = h, zeU. In both cases x* + y2¢cF?, proving (i). o

LEMMA 1. Assume that (F, v) has a coefficient fileld L. F is
Pythagorean iff (a) K is Pythagorean, and (B) N, defined to be
{1 + 28m/(1 + 22) + m2/(1 + £2): el and meM}, is a subset of F2.

PROOF. Assume (a) and (B). Since g 2 h, zeA; thus there are fel
and meM with z = £ + m. Hence 1 + z? = 1 + 22 + ng + m?*., By
(a), there is a 8cL with §% = 1 + 22. Since -1 is not in K2, § #
0. 1 + 2% =62 +22m+m® = &2(1 + 200/(1 + 22) + @2/7(1 + 27)).
By (8), there exists feF with 1 + 22m/(1 + 2%) '+ m®/(1 + 2?) =
f2. Hence x* + y? = (x8f)2eF?, proving that F is Pythagorean.
Now assume that F i{s a Pythagorean field. Let &, peL. 22 + p? =
f2, for some feF. A(R)2 + A(p)? = A(£f)2, proving (a). For LeL,
meM, let z = & +m. 1 + 22 =1 + £2 + 22m + n®, By (a), there
is a 8eL with 62 = 1 + 22, Since -1 is not in K2, 6 # 0. Then
62(1 + 22m/(1 + 22) + m2/(1 + 22)) = &% + 22m + m? = 1 + 22,
Since F is Pythagorean, there exists feF with f? « 1/§2 + z2/§2.
Hence (1 + 22m/(1 + 22) + m2/(1 + 22?)) - £2, proving (8). o

2. Applications. Let Hen(F, v) = (fecAlX]): f is monic, £(0)eM,
and £'(0)eU}. Call (F, v) Henselian relative to a subset H of

Hen(F, v) if feH implies there exists meM with f(m) = 0. (F, v)
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is Henselian iff it is Henselian relative to Hen(F, v) [3, 16.61].
Let (F~, v~) be the Henselization of (F, v). Call the smallest
valued subfield of (F~, v~) containing (F, v) that is Henselian

relative to H the Henselization of (F, v) relative to H. For

subsets S of M, define H,(S) to be {(1 + X)2 - (1 + u): ueS}.

COROLLARY 0. F is Euclidean iff K is Euclidean, G is divisible

by 2, and (F, v) is Henselian relative to H,(M).

COROLLARY 1. Assume that (F, v) has a coefficient fleld. F is
Pythagorean iff K is Pythagorean and (F, v) is Henselian relative

to Hp( - 1).

By a slight extension of Theorem 2 of [6], there exists an order-
preserving monomorphism ¥ of (F, v) into the valued formal power
series ffeld (F*, v*) = (H(G, K, p), v") [5, pp. 49-64] (p being
a positive factor set of G in K); with (F", v") an immediate ex-
tension of (F,, v,) = (¥(F), v*|¥(F)), and v = v"+¥, Elements of.
the ring K([X]] of formal Taylor series with coefficients in K,
may be evaluated over M" [4, M.TJf (Fo, Vo) is Neumann-complete

relative to a subset T of K[[X11x2¥ if for a11 (£, M(£)) in &,
£(M(f)) is a subset of F, [1]). For subsets S of M, define V,(S)

to be {IJ:O ('gzl-xj. S}. From Lemma 0, Lemma 1, and an exten-

sion of [4, 4.91], obtained by using a slight extension of
Theorem 7.30 of [2], we have the following.
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COROLLARY 3. F, is Euclidean iff K is Euclidean, G is divisible

by 2, and (F,, v,) is Neumann-complete relative to V,(M,).

COROLLARY 4. Assume that K is a subfield of F,. Fo is
Pythagorean iff K is Pythagorean and (F,, v,) is Neumann-complete

relative to v, (m, - 1).

Let v,(M,)(F.)0 = Fqo; let v,(u,)(F,)“ be the field generated by

.1 (F)™" and (1,20 (V/2)end: mev, (M) (F)™ and v (m) < 0]

in F*; and let V,(M,)(F,)” be the union of (V,(M¢)(F)") . .

COROLLARY 5. Assume that K i{s a Euclidean subfield of F,, and

that G is divisible by 2. V,(M,)(F,)” ia the smallest Euclidean
subfield of F* that contains F,.

Let 7,(H, - 1)(F,)° = Fo; let 7,(I, - 1)(F,)™ be the subfield of

F" generated by v,(I, - 1)(1.-‘.,)“'1 and [ZJ:O (152)°uj= U=

22m/(1 + %) + m2/(1 + &%), feL, meV,(R, - 1)(F,)n-1. and v(m) <

0}; and let v,(m, - 1)(F,)* be the unIon of (v,(n, - 1)(F°)n)n<u’

COROLLARY 6. Assume that K is a Pythagorean subfield of F,.

v,(0, - 1)(F,)® is the smallest Pythagorean subfield of F~ that

contains F,.
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3. Remark. By [2, 7.41], an extension of Neumann's Theorem (4],

each f(X;, ..., xn) in K[[x1. ey an] may be evaluated over

M,n. The degree of dependence of such constructions on the em-~

bedding ¥ has been considered, and will be reported on soon.

REFERENCES

1. N.L. Alling, Neumann-Complete Formal Power Series Fields,
Math. Reports (Canada) XI (1987), 2u7-252.

2, e==cceem--- , Foundations of Analysis over Surreal Number

Fields, North-Holland, Amsterdam, 1987.

3. O. Endler, Valuation Theory, Springer-Verlag, Berlin, 1972.

4. B.H. Neumann, Ordered Division Rings, Tians. Amer. Math. Soc.
66 (1949), 202-252.

5. S. Priep-Crampe, Angeordnete Strukturen: Gruppen, Kdrper,
projektive Ebenen, Springer-Verlag, Berlin (1983).

6. F.J. Rayner, Ordered Fields, Seminaire de Theorie des Nombres .

1975-1976 (Univ. Bordeaux I Talence), Exp. n° 1, 1-8.

University of Rochester

Rochester, NY 14627

U.S.A. Received August 20, 1990



C.R. Math. Rep. Acad. Sci. Canada - Vol. XII, No. 5, October 1990 octobre

SERIES FORMELLES GENERALISEES
SUR UN CORPS PYTHAGORICIEN

Ali BENHISS!
Note présentée par : P.RIBENBOIM, F.R.S.C.
Résume :

Dans tout l'article K désigne un corps commutatif, G un groupe abélien
totalement ordonné et K((T°)) le corps des séries formelles généralisées &
coefficients dans K et & exposants dans G.

Dans ce travail on donne une condition nécessaire et suffisante pour
que K({T%)) soit pythagoricien et on explicite une cldture pythagoricienne de
ce corps.

Si G = 2, les résultats sont connus dans [2] et [6].

Proposition.1:

Le corps K((T%)) est ordonné maximal si et seulement si le corps K est
ordonné maximal et le groupe G est divisible.
Exemple:

Le corps R((T®) est ordenné maximal.
Lemme.1.

Si la caractéristique de K est différente de 2, Alors pour toute série x
de K((T®)) de valuation strictement positive, 1a série 1+x admet une racine
carrée dans K((T®)).

Proposition 2 :

Soit (K<) un corps ordonné. On met sur K((T°) l'ordre défini par
Neumann [4].

Notons P I'ensemble des éléments positits de K et P ceux de K((T®)).

Alors : [ K((T®)) 2= P siet seulement si K=P et G est 2-divisible.
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Déefinition:
Le corps K est dit pythagoricien si K2 + K3 = K2,
Exemples :

1) Soient K un corps ordonné maximal, donc pythagoricien et G un groupe
divisible. D'aprés 1a proposition (1), 1e corps K((T%)) est ordonné maximal,
donc pythagoricien.

2) Soient K un corps ordonné dont 1'ensemble des éléments positifs est
égal & K2 et G un groupe 2-divisible.

D'aprés la proposition (2), 'ensemble des éléments positifs du corps ordonné
K((T®)) ést [ K((T®)) I2. Donc K((T®)) est pythagoricien.

Ces exemples seront généralisés a un groupe G quelconque.
Remarque :

En caractéristique 2, tout corps est pythagoricien.

On suppose dans la suite que la caractéristigue de K est différente de 2.
Proposition 3 :

[ K{TO) P = K((T®) si et seulement si K? =K et G est 2-divisible.

Théoréme 1 :

. i) K% = K et 6 est 2-divisible,
K((T)) est pythegoricien e ou

ii) K est pythagericien et ordonnable.
Coroliaire 1:
Si K est de caractéristique impaire, les trois propriétés suivantes sont
equivalentes :
i) K((T®)) est pythagoricien.
i) [KUTE) B = K(T9)).
i) K2 =K et G est 2-divisible.
Corollaire 2 [2,cor.19]:
K((T)) est pythagoricien si et seulement si K est pythagoricien et

ordonnable.
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Corollaire 3

Le corps des séries de Puiseux K((T”MJJ = t; K(('T“nn est
pythagoricien si1 et seulement si K est pgthagor|c|’ne:1 :
Théoreme 2 :

Soient K un corps de caractéristique différente de 2 et de cidture
pythagoricienne P et G un groupe abélien totalement ordonné.
Dans le cas o0 K n'est pas ordonnable, on suppose de plus que G est
2-divisible.

~

Alors: K = U L((TG)) est une cldture pythagoricienne de K((TG)).
L

KecLEP
——

fini
Remarques :
1) Dans le cas ol K n'est pas ordonnable, I'hypothése G est 2-divisible est
impérative dans le théoréme.
Eneffet: -1ezK2czP?2=P2 SoitieP telque: i2=-1.
i-iT
2

et
Soit « e G non 2-divisible. 18 série :[ T ] +[ ] =T ne peut pas

étre un carré dans K.
2) Avec les notations et les hypothéses du théoréme (2), on suppose de

plus gue K n'est pas pythsgonicien. D'apres [6], I'extension P/K est séperable

de degré infini on peut donc trouver une suite (xn)m5 " d'éléments de P tels
que : Iim degK X = oo,
0= +00
+ 2 "3 G
o~
Soitws G -{0). La série f(T) =2 % T  de P(T)) n'appertient pas & K.
n0

. ~

Donc P((T®)) contient strictement K.
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Corollaire :

Soient p un entier premier impair, fp 18 cloture algébrique du corps
premier le , K un sous-corps de f?p et G un groupe 2-divisible.

[+ ]
Alors UKF ((TG)) est une cloture pythagoricienne de K.
2

n:0 p

o)
6 . "
En particulier, lecorps U F_ ((T')) est une cldture pythagoricienne de

0 m2
" op

F ()
p

Lemme 2:

Soient K un corps non ordonnable de caractéristique différente de 2 et
de cldture pythagoricienne P, G un groupe abélien totalement ordonne et 52
1a cléture pythagoricienne de K((T®)).
Alors: vaeG6-{0}, ona: T«/z" e .

Soient K un corps non ordennable de cldture pythagoricienne P et de
ceracteristique différente de 2 et G un groupe non 2-divisible.
D'aprés (3,ch8,83.11, ona: P2z P.
Onnote G'= { hd loneB, Ne N] : c'est un groupe 2-divisible.

P

D'apres le théoréme (1), 1e corps P((T%)) est phthagoricien.

5 i i (e .
D'aprés le théoréme (2), le sous-corps : K= U L)) estaussi
KeLeP

pythagoricien. fini

Soient K une cléture algébrigue de K contenant P, A(G) I'enveloppe divicible
de G,B(G) 'ensemble des parties bien ordonnées de G, et

F(6) = { XCA(G): <X UGB >/G de type fini, X =% A, de N* Ae®B(G) }

Dans cette notation < Xu G > désigne le sous groupe de A(5) engendreé par
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XuGet <X 6 »/G le groupe gquotient.

Soit $(G) I'ensemble des éléments de F(G) pour les quels d est une
puissance de 2. Les éléments de (G) sont des parties de G'.

Dang [5] on montre que si L est un corps, alors l'ensemble :

LIF(GY) = (((T) e LUTA®)) / 5(f) « F(G) ) est un sous-corps de L(T*©))
ol S{f) est le support de f.

Considéf\ons I'ensemble : L{HBG)) = {feL (F(G))/ S(f)e BG)} et le

corps: K = U LIFEG).
Ketek

fini

Si K est de caractéristigue nulle, d'aprés [ 1, Prop.3 |, le corps It est une
cldture algébrique de K{(TC)).
Si K est de caractéristique p non nulle, d'aprés [ 1. Prop.2 ], toute ext%r;:;ion
finie de lt est de degré égal & une puissance de p. Dans les deux’K est
pythagoricien. 11 en est de méme pour En 12
Theoréme 3:

Avec les notations et les hypothéses précédentes, le corps :

Kak = U L(B(G)) est une cldture pythagoricienne de K((TG)).
KeLek

fini
Corollaire 1:

Soient p un entier premier impair, Fp une cldture algebrique du corps
premier Fp et K un sous-corps de i-"p. Soit G un groupe non 2-divisible.

x
Alors U KF _ (S(G)) est une cloture pythagoricienne de K((Ts)).

n0 2
()]

: o 6
En particulier, une cldture pythagoricienne de F _ {((T7)) est
[}
x
UF (D).
m2

nfl
P
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Corollaire 2 [2, Prop.181]:
Soit K un corps non ordonnable de cldture pythagoricienne P.
1

n

[
Alors U P.l<((T2 ) est une cldture pythagoricienne de K((T)).
n0
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Squares in Fields of Generalized Power Series

BY PauLo RIBENBOIM, F.R.S.C.

Abstract: The paper is devoted to the investigation of properties of fields of gener-

alized power series, which are related to squares and reality.

1. Let R be a commutative ring with unit element, let (S, <) be an ordered com-
mutative additive monoid; assume that the order is strict: if s,s’, € S and s < &,
then s+t < s’ +t. Let A = [[R5S]] be the ring of generalized power series with
coeﬂic'ients in R and ezponents in S. Its elements are the maps f : § — R with
support supp(f) = {s € S | f(s) # 0} artinian (i.e. containing no infinite de-
scending chain) and narrow (i.e., containing no infinite subset of pairwise order-
incomparable elements). The addition is pointwise and the multiplication is well
defined by (f * 9)(s) = Lisu=s f(t)g(u), for every s € S. For details, se [Ri 1],
[Ri 2].

An order < on S is subtotal if for every s,t € S there exists an integer k£ > 1
such that ks < kt or kt < ks.

If < is a subtotal order, let <’ be defined by s <’ ¢t when there exists k > 1 such
that ks < kt. Then <’ is a compatible total order on S, said to be associated to <.

If (S, <) is a subtotally ordered group, then necessarily S is torsion-free.
It was shown in [El-Ri] that A is a field if and only if R is a field and (S, <) is
a subtotally ordered group. In this situation, for every f € 4, f # 0, let '(f) be

Typeset by ApS-TEX
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the first element (in the total order <’ associated to <) of supp(f). Then 7’ is a
valuation of the field 4, called the natural valuation.

2. Let F be a field. I recall some well-known definitions and introduce notations.

[m],. =set of all sums of m squares in F.

Of = set of sums of squares in F.

A(F) = the level of F = the smallest n > 1 such that —1 € [n], or oo, if
-1 ¢ OF.

PN(F) = the Pythagoras number of FF = the smallest integer m such that
Or =[m],.

F is a real field when -1 ¢ Op.

F is a pythagorean field when PN(F) = 1.

Py(F) = the pythagorean closure of F'.

F is an euclidean field when F = F? U (—F?).

If F is a real field and F* a real closure of F, let Eup.(F') denote the euclidean
closure of F' in F*.

3. In this note, I announce the results stated below. The proofs will be published
elsewhere [Ri 4]). It should be observed that it is not assumed that the order <
is total; for this particular case, some of the results were obtained independently
by Alling [Al] and Benhissi [Be]. There are of course many instances of subtotally
ordered groups which are not totally ordered.
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(3.1). A(R) = A(A). In particular, R is a real field if and only if A is a real field.
(3.2). If R is a real field, then PN(A) = PN(R).

(3.3). If Ris not areal field, then A(R) < PN(A) < 14+ A(R). If R has characteristic
char(R) #2 and S #2- 5, then PN(A) =1+ AR).

(3.4). Assume char(R) # 2.
i) If Ris areal field, then A is a pythagorean field if and only if R is pythagorean.

ii) If R is not a real field, then the following conditions are equivalent:
a) A is pythagorean.
b) A=A
c) R=R*and $=2-S.
d) Ris pythagoreanand S=2-S5.

(3.5). Let char(R) # 2, let S be a torsion-free group, let (QS, <) be subtotally

ordered. For every n 2> 1, let < still denote the restriction of < to 15; let A, =

[[R*S<)] (for n > 1) and A* = {J A,. Then A" is pythagorean if and only if R is
n=1

pythagorean.

(3.6). If R is a real field or § = 2- S, then Py(4) = LPJ[[FSS]] (where F is any
subfield of Py(R),[F : R] < ).

(3.7). Assume that char{R) # 2 and R is not a real field; assume also that S is a
torsion-free group which is not 2-divisible, §/2- S is finite and (QS, <) is subtotally
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ordered. Then (with previous notations) Py(A4) = L’JGI[[F%S'S]] (where F is any
subfield of Py(R) such that [F: R] < 00).

(3.8). A is a real closed field if and only if R is real closed and § is divisible.

(3.9). Let R be a real field, R* a real closure; let (S, < be a subtotally ordered
torsion-free diviSsible group. Then A* = LFJ[[FS'S]] (where R C F C R* and

[F : R} < 00) is a real closure of A.

(3.10). Let R be a real field, R* a real closure of R; let S be a torsion-free group
and let < be a compatible subtotal order on QS. Then:

i) 4" = ﬁl[[F#S-S]] (with R C F C R*,[F : R] < ) is a real closed field.

ii) If moreover, §/nS is finite, for every n > 1, then A" is a real closure of A.

(3.11). A is an euclidean field if and only if R is an euclidean field and S =2 S.

Let R be a real field, R* a real closure of R, let (S, <) be a subtotally ordered
divisible group, A = [[R5<]] and A* as in (3.9).

(3.12). Bus(4) = YIIFSS]) (for RC F C Bup-(R),[F : ] < co).

Let R be a real euclidean field, R* a real closure of R, S a torsion-free group
which is n-divisible, for every n > 1, and such that S/2- S is finite. Let < be

a subtotal compatible order on QS = 35S and A* = lp"'p [[F*55)) C [(R-25<]),
=1
where RC F C R* and [F: R] < oo; by (3.10) A® is a real closure of A.
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(3.13). With above hypothesis and notations:

Eug(4) = | E,

n=0

where Eg = A, Enyy = E, (e,,,.“)‘es.
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A remark on the equation of Fermat

Aleksander Grytczuk and Jaroslaw Grytczuk

Presented by P. Ribenboim, F.R.S.C.

Abstract. In this note we improve a well-known and old result of A. Griinert
concerning the equation of Fermat.

1. Introduction
From the well-known and old result of A. Griinert ([2], see also (3], p. 226) it follows

that if n is an integer, then n > 2 and 0 < z < y < z are integers satisfying the equation

of Fermat

(1) "4+y" = "
then

(2 z>n

We prove the following theorem, which improves (2).

Theorem. Let k be a positive integer. If n > (2k + 1)c, where ¢ = Tll:%:g_:)' and if
the equation (1) has a solution in integers 0 < z <y < z then

n+k if z=y=1
(3) 25 2An+k) if z—y=2

on
_?(n+k) if z—y>2
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2. Lemmas

Lemma 1. Let k be a positive integer. If the equation (1) has a solution in positive

integers <y < z for n > (2k + 1)c, where ¢ = then

log 2
2(1-log 2)

4 - ‘
) PTv<3 +k
The proof of Lemma 1 follows immediately from the proof of Theorem 1 in (1].

Lemma 2. If n,z,y,z are positive integers with z < y < z and (z,y,2) =1 such that

(1) holds, then there exist § € {0,1} and positive integers a,d with d | n such that
(5) z—y = 26d71a" .
The proof of Lemma 2 follows from a well-known result of Barlow and Abel (see [3], comp.
[4], Chapter 11).
3. Proof of the Theorem
First we remark that from Lemma 1 it follows that
(6) z>(z—-y)n+k)

andweget z>n+kif z—y=1 and 2 > 2(n+k) if z —y = 2. Thus we can assume
that z —y > 2. From (5) of Lemma 2 we find that a > 1. Indeed, if a = 1 then by (5)

there follows
] (z-y)d = 2°.

Since z —y > 2 we have by (7) 2d < 2% which is impossible because 6§ = 0 or 1. From

(5) for a > 1 we obtain

2"
(8) zoy 2>

(]
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Since d | n thus d < n and by (8) we get

2"
(9) sy & ==
From (9) and (6) we now obtain

2"
> —n-(n+k)

and the proof of our Theorem is complete.
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