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A NOTE ON THE STEINITZ CONSTANT OF THE EUCLIDEAN PLANE
Wojciech Banaszczyk

Presented by I. Halpenin, F.R.S.C.

Abstract. Let R2 be the two-dimensional euclidean space.
The paper contains a relatively simple proof of the following re-

sult, announced in [1]: given a finite system of vectors Uypenes

2 =
u, € R with nulu,...,nunu s 1 and v, TR u, = 0, one can

find a permutation 7 of indices such that the norms of all par-

tial sums “ﬂ(l) + ... + “n(k) are not greater than v5/2.

Let R2 be the two-dimensional euclidean space and B its
closed unit ball. Given p,qg 2 0, we denote by K(p,q) the in-

fimum of all p > 0 satisfying the following condition:
for each a € pB and each system Ujreee, Uy € B with a+
uy + ..o tu € gB, there is a permutation of indices such

that a + u + ... + U € pB for each k =1,...,n.

w(1) (k)

The quantity K(0,0) is sometimes called the Steinitz constant of

2

R° (see the introductions to [1] and [6]).

The equalities K(1,0) = K(1,1) = /2 were proved independent
ly by Gross [7], Bergstrom [4] and Damsteeg and Halperin [5]. The
author proved in [1] that K(0,0) = V5/2 (see also {4]).

Let conv A denote the convex hull of a set A c Rz. The

inequality K(0,0) s v5/2 was obtained in (1] as a direct conse-
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quence of the following fact:

LEMMA A. Let ul""'“n € B, nz23, be a system such that

n
n
n -u, + § "
(1) (B/2) conv { uy ;Elui}3=1 £ 0
Then one can find an index k = 1,...,n such that
-u, + i}
(B/2) N conv { uJ ;?ku1}3¢k # 0,

I = ull s /5/2.
i#k
The proof of Lemma A was too involved to be included in [1].
Recently the author has found a simpler proof; presented. be-
low. The author is indebted to Prof. Israel Halperin for encourag-
ing suggestionms.
A few words on notations. The scalar product of vectors u,v
e Rz is denoted by (u,v). By [u,v] we denote the segment join-
ing u and v. The triangle with vertices u,w,v is denoted by
T(u,w,v). We say that vectors Uj,eee Uy € R2 are positively
dependent if they are linearly dependent with non-negative coeffi-
cients.
We shall need the following lemma:
LEMMA B. Let Wy,Wy, Wy € B be positively dependent vectors.

denote
vy =Wy t Wy, T = T(wl,vz,v3),
vy =Wy o+ Wy, T, = T‘Vl';'z'va"
vy =Wy + LY T3 = T(vl,vz,w3).
Let c e R’ be a point such that (c + B/2) N T(w ,w,,wy) # @.

Then there is an index i = 1,2,3 such that (¢ + B/2) n Ty 0
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and lw; - cll s /5/2.

P r oo f. Without loss of generality we may assume that Wy
wy,Wy are linearly dependent with strictly positive coefficients;
then the points wl,v3,w2,v1,w3,v2 are consecutive vertices of a

convex hexagon, as shown in the following figure:

1

b

Vi

Denote ghis hexagon by H and adopt D = ¢ + B/2. Suppose first
that D intereects one of the sides of H; we may assume that D
intersects [wl,v3]. If V3 ¢ D, then lw; = el s v5/2 and we
may take i = 1. So, let vy € D. Since D intersects T(wl,wz,w3),
it follows that D intersects [wl,wz]. But ﬂwl - w2u < nwln +
szﬂ S 2, which implies that ij - cl < v5/2 for j equal to 1
or 2 . Then we may take i = j because the condition vy € D
means that D intersects both Ty and T,.

Let us now suppose that D does not intersect any side of H.
Since D intersects the triangle T(wl,wz,w3) contained in H,
it follows that D is contained in the interior of H. Let S be
the triangle T(vl,vz,v3). We shall consider four cases.

1° D intersects all three sides of S. It is not hard to

3

see that Hc U (wj + B). For instance, T(O,wl,v3) € w + B
j=1

etc. So, there is an index j = 1,2,3 with uwj -cl $1 and we

may take i = j.

2° p intersects precisely two sides of S. Without loss of

generality we may assume that D intersects [vl’v2] and [vl,v3]
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and is disjoint from [VZ’VBJ' Since the segments [vz,v3] and
[w2’w3] are parallel and their distance is 1less or equal to
nvz-w3u==uw1n s 1, it follows that D intersects [wz,w3]. But
lwy = wall < wyll + diwgll S 2, whence ij - cll < /5/2 for j equal
to 2 or 3, and we may take i = j.

30

D intersects precisely one side of S. We may assume
that D intersects [vz,v3] and is disjoint from [Vl'v2] and
[vl,v3]. A direct calculation which we leave to the reader shows
that, in this case, we have |lwl - cll < 1.11... < V5/2, so that

we may take i = 1.

4° D does not intersect any side of S. This is impossible.
Indeed, it is easy to verify that if the interior of a triangle T

contains a circle with radius r, then the area of T 1is strict-

33/2-r2. On the other hand, it is not hard to see

1.4372

ly greater that

The area of

is less or egqual to 271,

that the area of S is less or equal to 4~

each of the triangles T and T

1Tz 3
n
Proof of Lemma A. Denote s = X ;. It follows from
i=1

(1) that there is a pair i,j of distinct indices such that (B/2)
n T(s,s - u;,s - uj) # ¢. We may assume that i =1 and j=2;

thus

(2) (B/2) n T(s,s - uy,8 - “2) # 0.

.

We shall consider several cases. If s - U - u, € B/2, then

(2) implies that (B/2) n [s - u,,s - u2] # 9
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Since |li(s - ul) - (s - uz)u = |1u1 - uzn < nulu + Huzﬂ s 2, we
have lis - u,0 s /5/2 or Is - u,ll s v/5/2 and we take k = 1 or
k= 2, accordingly. So, suppose that s - u; -y, # B/2. If (B/2)
nis-u,s - up - u,] #¢, then s - u il s v5/2 and we take
k

1. similarly, if (B/2) n [s - uy,s - Uy - u2] # @, we take
k = 2. Therefore we may assume that

2
(3) (B/2) n U [S - ui,s - u]_ - uZJ =g.
i=1

2
It follows easily from (2) and (3) that (B/2) n U [s,s- ui] #0;

i=1
without loss of generality we may assume that

(4) (B/2) n [s,s - ull # 0.

Suppose that Uy,eee,u, are positively dependent. Then there
is a pair of distinct indices i,j # 1 such that the vectors u;,
ui,uj are positively dependent, too. By (4), we have (-s + B/2)
n T(—“l"ui"“j) # @§. The existence of an index k with the de-

sired properties follows now from Lemma B.

Finally, suppose that Yy,...,u, are not positively depend-

ent. Then there is a vector e € R2 such that
(5) (ui,e) >0 for i=1,...,n.

It is not hard to see that there is an index j # 1 such that s €

(aul + Buj : a, 2 0}. We may assume that j = 2. Thus
(6) s = au; + Bu,

for certain a,B 2 0. 1In view of (3), (4) and the convexity of

B/2, we must have a,B < 1. Then, by (5) and (6),

n
(ul,e) + (uy,e) s izi (u;,e) = (s,e)
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= a(ul,e) + ﬁ(uz,e) < (ul,e) + (uz,e)

which is impossible. This completes the proof.

REMARK. An easy modification of the above argument allows

one to prove that
K(p,q) = [1 + max (p2,q2,1/4)1Y/?

for each pair p,q 2 0.
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A GENERALIZATION OF TERJANIAN'S THEOREM
Yves HELLEGOUARCH
Presented by P. Ribenboim, F.R.S.C.
In this paper we relate Jacobi's quadratic symbol in @ to Hecke's quadratic symbol for
certain families of numbers in number fields of odd degree (theorem 1). A by-product of this
elaboration is a generalization of Terjanian's theorem to odd degree number fields (theorem 2).

1. PRELIMINARIES

Let Z bethe x:ilgof algebraic integersand let « and P be given in Z. For any
polynomial P(X) e Z[X] we write :

P(a) - P(B) if axp
W ®n, = -P
P'(o) if a=f
Then we have the following elementary facts.
LEMMA 1.- _
) (P)epe Z _
ii) Forany P(X) and QX) € Z[X] wehave:
@ PQ), g = ()5 QB) + P@) Q-

DEFINITION l_ -oand Be Z aresaido be relatively prime if their common divisors in z
are units (of Z ).

Itis well knownthatif o and B are relatively prime and if o divides Py in Z, then o
divides y in Z.
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LEMMA2.- If P(X) and Q(X) arcin Z[X] then:
3) P °Q);,'¢, =0 M(Q);.p

COROLLARY L.- If o« and B are relatvely prime in Z andif (m,n)=de N, then
(X%, isa G.CD. of (X™),4 and (X"),q in Z.

Outlined proof :
If m=nq+r put P=X" = X%X" and Q = X' in(2) and remark by (3) that:

] nq .
XMgp= 0 Kyp
mod (X" dap
' nq v
X")gp= B Kgg
Then use Euclid's algorithm in N. o

COROLLARY 2.- If o« and P are relatively prime, the only common divisors of a-f
and (X" )a.B are divisors of an indeterminate power of n.

Remark : All those properties are related to general properties of o-derivations, see [t]-
From now on we suppose that o =a2, f =b2 withaand b relatively prime and lying in

a number field K, and we begin by mentioning some elementary facts.

LEMMA 3.-
i) If m = nqt+r, we have:

@ X™) s 2= 22K s s mod(X") 5 »
ab ab ab
ii) If m+r = nq, we have:

2t ,m,' . 2m ' n,'
(5) b (X ).:-bz‘—'-‘ -a (X )n.‘,bi mod(x ).z-bz
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DEFINITION 2.- We say that xe Z is odd if x and 2 are relatively prime.
We say that xe KNZ isprimaryjn K if x isoddandif x iscongruent to asquare

(of K) modulo 4. Finally we will write for me Z :
[m) = sgn(m) (XI'"I) ot

LEMMA 4.-
i) fm>0in Z, [m) >> 0 (i.e. every conjugate of [m] is positive).
If m<0in Z, [m] << 0 (i.e. everyconjugate of [m] is negative).
i) If a and b are odd and if a=b (mod 2) then [m] is primary in K when m is
primary in Z (i.e. m=1 mod4).

LEMMAS.-If n isprimary in Z and if the absolute degree of K isodd, we have:
-1 -1
© (F)J B (m)n

where the index J (resp. H) indicates that we are considering the Jacobi (resp. Hecke) symbol
in Q (resp. K), see [2] p. 136 and 221.

2. KEY RESULT

This result follows from the following particular case of Hecke's quadratic reciprocity law,
see [2] p. 221.

If the number of real embeddings of a number field is odd and if x and y are totally
positive or negative relatively prime integers in K, one of which is primary, we have :

@ (3),, (%)H e

THEOREM L.- If the degree of the number field K is odd and if a and b are relatively
prime odd integers of K congruent modulo 2, then for any relatively prime primary integers m
and n in Z, we have :

® (%), ) ([[L::I]l H

105
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Proof :

1) We remark that we can apply (7) to the numbers [m] and [n] so that (8) is in fact
symmetrical in m and n. This follows from corollary 1 and lemma 4.

2) Then we make an induction on v = sup(Iml,Inl) by supposing that (8) is true
when v< p. Suppose now that sup(Iml,Inl) =iml| = u anddivide Iml by Inl.

2.1) If the remainder r is odd, we write

(&)} Iml = inlg+r O<r<inl

Then (9) and relation (4) of lemma 3 give :

(=) - (2], . (x™hwe| _ [ (X )uays

(x™)ashu (X"l

Wenowput Iml = em and r = €T with €,¢'=%1 and a primary r, then we get

[Ehiz)- (b - (@b (MR,

Then lemma 5 and the induction hypothesis give us (8).

2.2) If the remainder r is even, we write :
(10) Iml +r = Inlq O<r<linl r odd.

Then (10) and relation (5) of lemma 3 give :

(|£n|_)l=(._nr_)I ' (x'm')'a’.b’ - -(xt)'a’.u’

' ' L} .
(X " )a:.b’ H (xlﬂ)lz.h: H
and, with the above notations, we get : .

(ehm) =2 hx) - (M) lEhE,

Then lemma 5 and the induction hypothesis give us (8). a
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3. CONSEQUENCES

COROLLARY 3.-Let m be an odd non square integer and let a and b be two integers in
Z , relatively prime, odd and congruent modulo 2.

If K is a number field containing a and b and of odd absolute degree, then the ideal
2m | 2m
a~ -b

az-b

generated by in K cannot be a square.

Proof :
As m is not a square, there is a rational primary prime £ such that :

y J

m-1

Applying theorem 1to m* = (-1) 2 m and £ weget :

([r[nﬁ]])u=(%)1= -1

and this implies that the ideal generated by [m*] cannot be a square. [w]

THEOREM 2.- Let p beanoddprimeandlet a and b betwointegersin Z which are
supposed relatively prime, odd and congruent modulo 2.

If the degree of a number field K containing a and b is odd, and if a2p - b2p generates
the square of an ideal in K, then one of the prime factors of this ideal divides p.

Proof :
Since :
a?-b? = (a%-b?) X")2,

generates the square of an ideal in K, corollary 3 implies that the two factors on the right have a
common (ideal) divisor. Corollary 2 gives the conclusion. u]

107
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COROLLARY 4.- Let K be a number field of odd degree and class number, and let Ok be
its maximal order. Then if the odd prime p is greater than a certain constant C(K) the
relation :

X y2p = 2772

3
with ye N, Y21, (x,y,z) € O and x or y primeto2, ee O, implies that z and p
have a common (ideal) divisor.

Qutlined Proof :

Apply theorem 2 to the Hilbert class field H of K and take p sufficiently big not to divide
the cardinal of the group of units of Oy/40y. In order to do this, note that [H : K] is odd and
so is the degree of H over Q, and use the Principal Ideal Theorem to replace x and y by
relatively prime integers in H. o

The next corollary enables one to get rid of the condition "x or y isprimeto 2"

COROLLARY 5.- Let K be a number field of odd degree and class number, andlet ye N,
v 2 1. Then if the odd prime p is greater than a certain constant C(K, ) the relation :

x2P - y2p = £ 227 22p

with (x,y,z) € 0?( and ee 0;( implies that z and p have a common (ideal) divisor.
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EQUATIONS FOR FAMILIES OF RELATIONS CAN ALSO BE SOLVED

J. Mala and A. Sz4:z

Presented by G.F.D. Dugé, F.R.S.C.

ABSTRACT

To justify the title, we show that if A is a

family of relations on a set X, then there exists a
A -1
natural enlargement A& of & such that ﬁ = ﬁ

o A
if and only if £ = {s} for some symmetric relation

S on X.

Since Weil’s uniformities and their immediate generalizations
[2]) are families of relations, it is of some importance to solve
equations not only for functions or relations, but also for

families of those.

The possibility of such kinds of investigations can be most
easily demonstrated by proving the following theorem whose subject

matter is very similar to that of the theorems of Kenyon [1].

THEOREM. If A is a family of relations RcXxX and

Py
A ={secxxx: VxeX:3Re A : RIX)cS(x) },

then the following assertions are equivalent:

~

A
1 A =(s': se Ar= A
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A
(ii) /1A is symmetric and NAe A 3

(iii) there exists a symmetric relation ScXxX such that

A
A = (53" .

A
PROOF. If (i) holds, then because of A Cﬁ , We also have

-1 A

A < A .

Hence, by noticing that

A

N&-nNA3K ana NA - NAT ,

we can at once derive that
NAac nary' .
Consequently, the relation
s=/NA
is symmetric.
To prove that now S ¢ .ﬂ? is also true, note that if
Vx c XxX for all x ¢ X such that
Vx(z) = §(x) 4if 2z=x and Vx(z) =X if 2z e X ~{x} ,
then th;a family
V= v, 4

A

has the property S ¢ ¥ .
Moreover, since
Vx-1(w) = X~{x}) if w e X\S(x) and Vx-1(W) =X if w € S(x) ,
and S is symmetric, it is clear that

|

v c:.ﬁ
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is also true.

Namely, if x € X and w ¢ X \S(x) , then because of the

T(x) , i.e., x £ S(w) .

symmetry of S, we also have w ¢ S~
Hence, by the definition of S, it is clear that there exists an

R ¢ A such that x ¢ R(w) , i.e., R(W)c X \(x} . Consequently,

-1 A
Vx € JQ .
Now, by combining the above inclusion with (i), we can also
state that
-1 4-1
vV c A

&

A
ie., 2% c A . Hence, by noticing that

R A
A = A
A A

we can at once derive that 2% < A .

A
This latter inclusion, together with S ¢ 2# » shows
A

that s ¢ A . Consequently, (ii) also holds.

Finally, to complete the proof, we note that if (ii) holds,
then the relation S = /7.2 has the properties stated in (iii).

On the other hand, if (iii) holds, then because of

A - -1.4 A 2
A =)y T s st 4,
(i) also holds.
REMARK. Concerning the equations
A 1.4 41

(a "' -2 and (2

we could not prove some similar results.
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The authors are indebted to Gy. Maksa for his valuable

suggestions.
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TORSION-FREE NORMAL COMPLEMENTS IN
UNIT GROUPS OF INTEGRAL GROUP RINGS

M.M. PARMENTER *

Presented by N.D. Gupta, F.R.S.C.

Let U(2G) denote the group of units of an integral group ring.' In [4], Ritter
and Sehgal showed that for many finite nilpotent groups, the.Bass cyclic and
bicyclic units generate a subgroup of finite index in U(ZG). This result does not
hold for all finite nilpotent groups - the problem lies with the Sylow 2 - subgroup
of G. Specifically, it is shown in [4] that the Bass cyclic and bicyclic units
generate a subgroup of infinite index in U(ZP) for the following group P of order
16:

P-<abia®=b'=1, [ba)-a’>

In (1), a further investigation of U(ZP) was carried out, and it was shown that
if W 1is the subgroup of U(ZP) consisting of all units of the form
1+ (1 - az)(l + bz) (al + «,a + “3b + “a“b)' o« in Z, then W 1is a torsion-free
normal complement for P in U(ZP), and that a necessary and sufficient condition
for such an element to be a unit is that (1 + 4«1)2 + (luxz)2 - (b=3)2 - (4«1‘)2 -1.
Using this, the author constructed a finite set of generators for a subgroup of
finite index in W (announced at the Canadian Mathematical Society Meetings in June,
1989).

Subsequently, Jespers and Leal [2] investigated the structure of U(ZG) for a
wide class of groups using a different approach. When applied to the particular

group P mentioned above, their work yields the surprising result that the

* This research was supported in part by the Natural Sciences and Engineering

Research Council, Grant No. A8775.
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subgroup of finite index we had described is in fact equal to W and that W is
isomorphic to a group of 2 X 2 integer matrices which is free of rank 9. The same
approach is also applied to show that the dihedral group of order 8 has a torsion-
free normal complement isomorphic to a group of 2 X 2 integer matrices which is
free of rank 3.

It may not be apparent, however, to the reader of [2] that both of the
particular results mentioned above can also be established by simple, direct
arguments following from [1). In view of the significance of the group P in
work on units, we think that it may be useful to briefly indicate the steps of
these elementary arguments.

For general information on terminology and results concerning group rings, the

reader is referred to [5].

1. Dihedral Group

Before considering the group P, we must first describe the units of zna,

where DA is the dihedral group of order 8, i.e.

2 2

D =<ab ! a®=b’=1, [ba] -a>>

4
We remark that the units of ZD; have also been carefully studied by Polcino
Milies [3], but a different formulation is needed for our purposes.
It was shown in [1) that, up to multiplication by * DA' all units in ZDa are of
the form 1 + (1 - 32)(¢1 + «,a + ¢3b + ¢aab), o in Z, and that a necessary and

sufficient condition for such an element to be a unit is that

2

*) a+ 2«::1)2 + (2«:2)2 - (2«3)2 st -1

Let U, be the subgroup of U(ZDk) consisting of .all such units

2
Consider the set of 2 X 2 matrices
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1+ 22 2z
R =
2Z 1+ 22

If we define a map f£: U, » R by

2 1+2 (ul + aa) 2 (u3 + az)
f(1+ (1 - a%) (xl + @ya + ¢3b + aaab)) -
2 (¢3 - ¢2) 1+2 (ml . ua)

then, using property (*), it is easily checked by direct calculat{bﬂ that £ 1is an

injective homomorphism. Moreover, the image of £ |is preciéely the set of all

1+ 2a 2b
determinant 1 matrices where b + ¢ is even.
2¢ 1+ 2d

The above description of these units now allows us to determine the structure

of U2 . Since this is done in exactly the same way as in [2], we will just sketch

the procedure. First note that the subgroup V of U2 consisting of those elements

for which o, + ¢, + &, + «

1 2 3 4
U(ZDA), and that «(V) is a subgroup of index 2 in a matrix group which is known to

is even is a torsion-free normal complement for Da in

be free of rank 2. Hence «(V) is free of rank 3, and a set of generators can be
calculated. One such set turns out to be exactly the images of the bicyclic units
inV .

In summary, we have

Theorem 1:
In U(ZDA), Dh has a torsion-free normal complement which is a free group of

rank 3 generated by bicyclic units.
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2. Group of Order 16

Now we are ready to consider the interesting group P defined earlier, namely
P-<abla=be1l, [ba] =a>

It was mentioned before that, up to multiplication by +* P, all units in U(ZP)

are of the form 1 + (1 - az) 1+ bz) («1 + aza + ¢3b + «Aab), qi.in Z, and that
a necessary and sufficient condition for such an element to be a unit is that

2 2 2 2
(%) (L + 4o) + (4))” - (hee)® - (4e))® = 1.

Let W be the subgroup of U(ZP) consisting of all such units.

Define g: ZP -~ D, to be the Z - linear extension.of the natural epimorphism
from P to Da obtained by setting b2 = 1. Then g(W) is contained in the set
of units of V of the form 1 + 2(1 - az)(ctl + «a + «3b + “Aab)'

Surprisingly, perhaps, it is also true that any such unit in V 1is, in fact,
in g(W). To see this, note that if 2 is replaced by 1 + b2 in such a unit, we
obtain an element of ZP, and this element satisfieé equation (**) because the
original unit satisfied (*) in ZDA.

In addition, it is clear that g is injective when applied to W. 1t follows
that W 1is isomorphic to the group of units in V of the form
1+ 2(1 - az)(cx1 + «23 + ¢3b + uaab). Using the fact proved earlier that the
bicyclic units generate V, we conclude that g(W) 1is of index 4 in V. It
fellows that W is a free group of rank 9, and a set of generators can be
constructed from those of V (also a nice matrix interpretation of the group W is
obtained since W {is isomorphic to £(g(W)) .

In summary, we have
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Theoxem 2:

In U(ZP), P has a torsion-free normal complement which is a free group of

rank 9.

The following set of generators for W is obtained by slightly modifying the

above procedure:

v, =1+ (1 - 32) (1+ b2) (a +b)

1
vy =1+ (1-ad) (L+b% (-a+ ab)

vy =1+ (1-ad) (1+b%) (13a+ 5b - 12ab)

v, =1+ -ad) (1+b%) (17a + 15b - 8ab)

vg =1+ (1 -ad) (1+b%) (-125a - 44b + 117ab)
Ve =14 (1 -a®) (1+b?) (149a + 51b - 140ab)
vy =14 (1-ad) (L+b?) (-2+a - 2ab)

vg =1+ (1 -a%) (1+b% (-8 - 19a - 14b + 15ab)
Vg =1+ (L-a%) (1+b?) (-2 - 7a- 4b+ 6ab)

This presentation is perhaps interesting because generators Ve V4o Vg Vg
share with the bicyclic generators Vi Yy the property that they are all of the
form 1 + n where n is nilpotent. We will close by showing that it is impossible
to find a complete set of generators of this type.

Since a nilpotent element in an integral group ring has identity coefficient
equal to 0 ( [5], p. 167, or an easy direct argument-.for the special case where the
group is P), it follows that if 1 + “1' R nt are units in W, with
By g 55 n, nilpotent, and (1 +n)) (L+ 1) ... (L4 n) =1+ (1 -ad) (1 +b?)
(a1 + <, + a3ab + «aab), then oy - 0 (mod 4). Thus generators vy and vgq are

not contained in the subgroup of W generated by all units of the form 1 + n,

where n is nilpotent.
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Class Numbers Bounded Below by the Divisor Function

By R.A. Mollin
Presented by P. Ribenboim, F.R.S.C.

Abstract

The main result of this paper is to provide lower bounds in terms of the
divisor function 7 for the class numbers of a collection of real quadratic fields.
These results generalize the very special case found in Halter-Koch [2]. Moreover it
generalizes and extends work in Mollin [4] - [11) as well as in Azuhata [1}, Hasse [3]
and Yokai [15] — [17].

§1. Notation and Preliminaries.
Throughout K = Q({d) where d > 0 is squarefreec and K has class number

h(d). 7(x) denotes the number of positive divisors of an integer x. We let

o= 2ifd=1(mod 4) sad
1ifd=2,3 (mod 4)

wg = (¢ -1+ [d)]e.

The continued fraction expansion of wy = <a°,a.1,az...,ak>, with period length k,
satisfies: a = [(P{ + H)/QJ for i > 0 where: (Po'Q.,) = (¢ -1, 0), and | |
denotes the greatest integer function.

i = - =d - P2 i

Finally, Pin aiQi Pi, and Qin d-P - fori> 0.

§2. Results
Since the proofs are too long and detailed to provide herein we state, without

proof, the results; and provide applications thereof. The proofs will appear elsewhere.
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Theorem 2.1

Let d = a? + r # 1 (mod 4) be square—free with |r] < 2a, and set
g = ged (2a — |r - 1|,d). Assume that no divisor m of 2a — |r — 1| with
1<m < 2 - |r-1| equals Q; for any i in the continued fraction expansion of
Jd. Then: h(d) > 7(2a — [r — 1]) 2" where n is the number of distinct prime
divisors of g if 2a — |r -1| is odd or g is even, and n is the number of distinct

prime divisors of 2g otherwise.

Applications I
(1) I r = 1 and a is odd then we have the result of the Halter-Koch [2]; viz.;

h(d) > 2r{(a) — 2. This is a very special case of Theorem 2.1, however since here
k = 1. The only other possibility where k = 1 will be completed in Theorem 2.2.

(2) [r] = 2, (Note that in [9] we showed that if h(d) = 1 and d = £* + 1
(>7) with d # 1 (mod 4) then |r| = 2). By Theorem 2.1:

|
N

2a-1)-1ifg=1landr =
d)>2{rna-1)-2ifg=3andr =
M2a-8)-1ifr = -2

|
X

This leads to the conjecture: If d = a? + 2 then h(d) = 1 if and only if
d € {2,3,6,7,11,14,23,38,47,62,83,167,227,398}. A more general result than this
conjecture was proved under a suitable Riemann hypothesis in [12] - [13]; and
without the Riemann hypothesis in [14] to the extent that there is possibly only ome
more value, (which would turn out to be a counterexample to the Riemann
hypothesis if it existed). Also see [9, Theorem 1, p.162] for further restrictions on d

when h(d) = 1, and compare those restrictions forced by the above.
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(3) d = a%? + r where |r||4a and d # 1 (mod 4). It is easily checked that
the hypothesis of Theorem 2.1 holds in this case. In fact (1) — (2) above are special

cases thereof.

Theorem 2.2. Let d = £? 4+ r = 1 (mod 4) be square—free with |r| < 2¢

(a) If 20— |r—1]| =0 (mod 4) then h(d) > 7((2£ — |r — 1]|)/4) - 2® where
m is the number of distinct prime divisors of ged (2¢ - |r - 1],d); and no divisor t
of (2¢- |r-1|)/4 appears as a Q;/2 in the continued fraction expansion of
(1 + {d)/2 with1 <t < (2¢0- |r-1])/4.

(b) If 2 — |r — 1| = 0 (mod 4) and no divisor t, with 1 < t< 2{ -~ |r - 1]
equals Q;/2 for any i in the continued fraction expansion of (1 + [d)/2 then:

B(d) 2 (¢ - c/4 - 1]) - 2°

where m is the number of distinct prime divisors of ged (£ — |r/4 - 1{, d).

Applications IT:

(1) If r = 1 then we get Halter-Koch’s [2] special case h(d) > 7(¢/2) - 1.

(2) If r = 4 then we get Halter-Koch’s only other result along these lines in
[2); viz. b(d) > () - 1.

(3) f d=1(mod 4), r > 1 is odd and r|¢ then h(d)> r{(2¢(-r+1)/4)~1.
Here we can easily check that the hypothesis of Theorem 2.2 holds.

(4) f r>4d=1(mod 4), r even and r|4{ then again the hypothesis of
Theorem 2.2 holds and we get:

h(d) 2 {¢{-r/4 + 1) - 2® where m is the number of distinct prime

divisors of ged (£ — r/4 + 1,d).

(5) ¥ d=1(mod 4), r < -1, { even and r|{ then h(d) > 7((2{+ r-1)/4)-2°
where m is the number of distinct prime divisors of ged (2£ + r — 1, d).
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(6) d =1 (mod 4), r <0, ¢ —4 r even and r|4L Then:
h(d) > (¢ + (r/4) - 1) - 2® where m is the number of distinct prime divisors of
ged (¢ + (z/4) - 1,d).

Remark 2.1  All of the examples in Applications (I) — (II) are instances of
ERD-types, i.e., extended Richaud-Degert types d = £? + r with r|4{ which have
been extensively studied in [1) - [17]. In point of fact the aforementioned
applications yield all ERD-types thus extending and completing the special cases
r =1 and r = 4 done by Halter-Koch [2].

Remark 2.2 The above applies not only to ERD-types but more general types as
well. For example d = 102 - 6 = 94 is not an ERD-type and the bound in
Theorem 2.2 is precise; ie, h{d)=1=n2a+r-1)-1=1713)-1= 1
Many more such examples abound, and it can be shown that there are in fact

infinitely many such non-ERD types.

Remark 2.3 To illustrate the sharpness of the bounds we give some explicit
examples for Applications (II).
(1) d=65=8+1; h(d) =2 =r4) -1
(2) d =85 =192+ 4; h(d) = 2 = 7(9) - 1
(3) d =105 = 102 + 5 h(d) = 2 = 7(4) - 1
d =689 =262 + 13; h(d) =4 > 7(10) -1 = 3
(4) d=21=324 12 hd) =1=77) -1
d = 2669 = 512 4 68; h(d) = 4 > 7(35) -1 = 3
(5) d=122 -3 b(d) = 1 = 7(5) - 1 '
d=71T=281-7T;, h(d) = 4 = 7(12) - 2
(6) d = 1509 = 392 — 12; h(d) = 3 = 7(35) — 1
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ZEROS FOR SET-VALUED MAPS WITH NON-COMPACT DOMAINS
by
H. Ben-El-Mechaickh

Presented by P. Ribenboim, F.R.S.C.

ABSTRACT. The main purpose of this note is to prove a result on the existence of a zero for
certain set-valued maps with non-compact domains which extends well known theorems of Browder [5], Fan
{10}, Comet (8) and Lasry-Robert {12].

BASIC DEFINITIONS

Let's first formulate some basic definitions and properties. (Our notations and
terminology on set-valued maps are those of [4]). By a space E we shall always understand a
Hausdorff topological vector space. If Y is a space, a point X, € X is a 2610 for the map
A: XY if Qe A(xgy)

If X and Y are two sets and if A is a class of (set-valued) maps, we write

AKY)={A: X YIAe A}, AX) =AXKX).

The basic class of H-maps is defined by:

AeH < (i) A has non-empty closed convex values, (ii) A is uhc a,

The class K = {A | A is usc and has non-empty compact convex values} first
considered by Kakutani, satisfies K g H. In fact, if E is a locally convex space, KXE) =
{A € H(X,E) | A has compact values} (cf Castaing-Valadier [6]). Also, if f is a locally
lipschitzian (resp. convex and continuous on the interior of its domain) real function, then the
Clarke generalized gradient map of (resp. gradient) is an H-map (cf Aubin [1]).

Definition 0. Let E and F be two spaces, 1 € L(EF) a bounded linear operator, X a
non-empty subset of Eand U, Vg X. AmapS: X—-)F:ssaxdtosausfytheggnmmn_of_m
on U with respectto V and 1 if and only if for an; xe U, oe(x,w) 20

y y 1oy e M w6 s(x.¥)

where My(x) = {p€ E'l¢(x)2 max ¢(z)}).
ze V

In the case where V = U = X, a similar condition was considered by Aubin [1].

THE MAIN THEOREM
The purpose of this note is to prove the following:
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Theorem 1. Let X be a non-empty convex paracompact subset of a space E, F a
locally convex space, 1 € L(E,F) and S € H(X,F). Suppose that there exist a compact K ¢
X and a compact convex C < X such that:

(i) S satisfies the condition of Fan on X \ K with respect to C and 1;
(ii) S satisfies the condition of Fan on K M dX with respect to X and 1.
Then S has a zero and 1 + S is surjective.

PRELIMINARY RESULTS AND PROOF
The following non-linear alternative will be useful in the sequel:

Lemma 2 @, Let X be a non-empty convex subset of a space E and
f, g : X x X = R two functions satisfying the following conditions:
(i) forany (x,y) € X x Y, f(x,y) < g(x,y); (ii) for any y € X, x = f(x,y) is Isc on X;
(iii) forany x € X, y — g(x,y) is quasi-concave on X; (iv) for some A € R, there exist a
compact K ¢ X and a compact convex C < X such that for each x € X\K there exists y €
C with f(x,y) > A.

Then, one of the following properties holds:
(1) there exists x,, € X such that f(x,,y) <A forally € X, or

(2) there exists yo € X such that g(yq,yo ) > A-

Let's introduce at this point a convenient abstract class of set-valued maps, namely the
class of S-maps defined by:
Ae S(X)Y) ¢ Forevery paracompact K € X, Al has selection s € ¢(K,Y);

where ¢(K,Y) is the class of all continuous functions from K into Y.

Examples of S-maps were first considered by E. Michael [14]. The inclusions F(X,Y)
c B(X,Y) c S(X,Y) where A € F(X,Y) < A has open fibers and non-empty convex values;
A e OX,Y) & (i) A hasconvex values, (ii) A has a selection B with open fibers and non-
empty values are proved in [3]. For other examples of S-maps the reader is referred to E.
Michael [14], [15].

The starting point is the following existence theorem for quasi-concave functions.
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Proposition 3. Let X be a non-empty convex paracompact subset of a space E, Y a
non-empty convex subsetof X = ( @: X — R|@is usc and quasi-concave }, and A €

S(X,Y). Suppose that there exist a compact K ¢ X and a compact convex C ¢ X such that
forany x e X\ K and any ¢ € A(x), ¢(x) < lm:é o(2).
z€e

Then there exists x, € X and ¢, € A(x, ) such that @, (x,)= ma:)t(cpo( z)
ze

PROOF. Since A € S(X,Y), there exists s € c(X,Y) with s(x) € A(x) forallx € X.
Clearly, the function f:X x X — R defined by f(x,y) = [s(x)1(y) - [s(x)](x) for (x,y) €
X x X satisfies (ii) and (iii) of lemma 2. Moreover, if x € X\K and ¥ e C verifies [s(x)I(¥)
=zlgaé (s(x)](z) then [s(x)}(x)] < [s(x)]F) i.e. f(x,¥) >0 and (iv) is therefore satisfied for A

=0. Since f(y,y) =0forally € X, (2) is impossible i.e. there exists x, € X such that f(x,y)
<0forevery y € X. The proof is complete with ¢, =s(x,). ¢

In the case where S = F, this result was proven by to J.C. Bellenger [2]. If X is
compact and S = @, the preceding result is due to S. Simons [16); if X = ( ¢: X - R @ isusc
and concave) and S = F, the result is due to K. Fan [10].

Let now 1 € L(E,F) a bounded linear operator where F is a space and Q a convex
subsetof {y:F — Ry is usc and quasi-concave}. Putting P =F in proposition 3 leads to
the following analytical formulation:

Prgposiﬁon 4. Let X be a non-empty convex paracompact subset of a space E and
f, g : X x Y — R be two functions satisfying the conditions:
(i) forany y € Q, x — f(x,y) is Isc on X; (ii) for any x € X, y — f(x,y) is concave on ‘ll\';
(iii) for any y e Q, x — g(x,y) is usc on X;; (iv) forany x € X, — g(x,y) is convex on Q’;
(v) there exist a compact K ¢ X and a compact convex C < X such that:
for any x € X\K, if y € Y satisfies y1(x) 2 zxgaé y1(z) then f(x,¥) < g(x,y).

Then one of the following properties holds:

(1) there exists & € X such that fR.y) < gRy) forallye ¥, or
(@) there exists x, € K and g & ¥ such that

Vollxg) = maxyol(z) and f(xg¥o) > 8o ¥o)-



128 H. Ben-El-Mechaiekh

Now, let S,T € H(X,F) where X, E and F are as before . The previous proposition

appliedto ¥ = F, f(x,y) = ei"i'f( | v and g(x,¥) = 6g(x,y) for all (x,y) € X x F',
z X,

gives:

Proposition 5. Suppose that there exist a compact K ¢ X and a compact convex C

< X such that forall x € X\K, forallye F ¢
1%y, x> 2 <l¥y, > = inf <y,z> < ).
il zlgm(‘! ¥ z € T(x) ¥ s (.

Then one of the following properties holds:

(1) there exists X € X such that ian(g)q" 2> < 0g G.\v) forallye F,or "
ze
(2) there exists x, € Kand y, € F such that

1xy, € Ny(x,) and se i%tixo)wo.p > 0g (X5¥,)

where Nx(x.) = (9 € E'l ¢(x) = :ga;((p(z)] is the normal cone to X at x,,.
z

Putting T =0 in Proposition S enables us to give the

PROOF OF THEOREM 1. Notice first that (ii) is equivalent to
(ii)' S satisfies the condition of Fan on K with respect to X and 1.

For, if x € K N int(X), there exists an open neighborkood U of the origin in E such that x + U
C X and, if 1%y € Ny(x), then 1%y(x) 2 1¥y(x + u) ie. 1*y(u) <Oforanyu € Uie. 1*y
=0 =y and therefore 6g(x,) = 0. Since the condition (2) of proposition 5 cannot be
verified, there exists X € X such that 0 < as (ﬁ.\v) for all ¥y € F'. Suppose, for a
contradiction, that 0 ¢ S(Jb. There exists a convex open neighborhood U of the origin in F
such that U A S®) = @. By The Hahn-Banach theorem, there exists §f € F and & €R such
that (y) Sa< $(x) forallx e Uandy € SR). Hence, P(y) So<Oforallye S®)and
og é,{l\l) < 0 which is impossible. To prove the second part of the theorem, for arbitrary v €
1(X), say v = 1(x,), consider the map R(x) = S(x) + 1(x) - v. Clearly, R € H(X/F), and
since OR(x,y) = Og(x,y) + <1*y,x-x,> then R satisfies the condition of Fan on X \K with
respect to <”: = conv(C,x,) and the condition of Fan on K M dX with respect to X and 1. The
conclusion follows from the first part of the proof. ¢

REMARK: in the case where X is compact, then (i) and (ii) are satisfied and we obtain
results of Browder [5], Cornet [8], Fan [10] and Lasry-Robert [12].
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SOME CONNECTED RESULTS
Putting S =0, E = F and 1 = Id in Proposition 5 leads to:

Proposition 6. Let E be a locally convex space, X < E be non-empty convex
paracompact, T € H(X,E), K ¢ X compact and C ¢ X convex compact such that;

(i) forany x € X\K, <¢, x>2 max <¢,z> = inf <@,2><0;
ze C z e T(x)

(ii) for any x € K M 3X and any ¢ € Nx(x), there exists § & T(x) with ¢@) < 0.
Then T has a zero.

REMARKS: (1) The previous results contains several extensions of the Fan-Glicksberg-
Kakutani fixed point theorem. Indeed, given a a locally convex space E and a convex compact
X cE,amap T: X — E is said to satisfy: (1) the condition of Kakutani if T(x) N (X-x) # @

for all x € X; (2) the condition of Halpemn if T(x) N N é}ol(x-x) # @ for all x € X; (3) the

weak condition of Halpern if T(x) N A\éjoux'x)* @ for all x € X; (4) the condition of

Eanif forx € X, and @ € Nx(x) there exists ze T(x) such that ¢(z) < 0; one easily verifies
the implications (1) = (2) = (3) = (4) = [(i) and (ii)].
(2) Under the hypothesis of 4 and assuming that for each x € X, S(x) or T(x) is
compact for a suitable topology on E, one can formulate a coincidence theorem for H-maps.
The following matching theorem is a slight modification of a result of K. Fan [10] and
follows directly from the previous proposition:

Propeosition 7. (K. Fan). Let E be a locally convex space, X < E be non-empty
convex paracompact, K < X compact, C < X convex compact, {F; i € I} be a locally finite
closed (in X) covering of X and {C; |i € I} a collection of subsets of X indexed by the same

set I satisfying: (i) for any x € X\K, conv{C; lie I(x)) " C=@; (ii) forany x € K N 9X,
conv(C;lie Ix)) N X# @ where I(x) = {ie Ilxe Fj}.
Then there exists a finite subset I, < I such that iQIOFi N conv(Cjlie I} #@.

(For the proof, take T(x) = conv (C; |i € I(x)} in proposition 6).

Using Proposition 7, we derive a non-linear alternative of the Leray-Schauder type for
the class F.
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Theorem 8. Let E be a locally convex space, X S E closed, K ¢ X compact, C < X
compact convex, 0 € int(X) N K, A € F(X,E) such that for any x € X\K, Ax)N"C=»@.

Then one of the following properties holds:

(1) A has a fixed point, or

(2) there exist & € 9X and L € J0,1[ such that & € AA(R).

NOTES
(1) A closed convex valued map A : X — F is upper-hemicontinuous (she in short) if the function x =
OpA(x.9) = ve s:lkp( )<q»plsuscoanorall<pe F. Amap A : X - Y is upper-semicontinuous (usc) in X
if (xe X1A(x) c V) isopenin X foranyopen V C Y. If A is usc then it is uhc.
(2) Lemma 2 is the analytic formulation of a fixed point theorem for ®-maps without compactness on the
domain. The reader is referred to {3). Conditions similar or éqnivalml to (iv) were considered by various
authors (cf (3}, (4], {10], [13)).
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A NOTE ON SPECIAL UNITS OF RUBIN

Trajano Nébrega
Presented by P. Ribenboim, F.R.S.C.

1. Introduction:

The group Ceye(J) of cyclotomic units of an abelian number field K plays an
important role in the study of annihiators of the ideals class group of K. In a recent
paper, Rubin [1], defined a group of Special units S(K) of an abelian number field
K and showed that when K = K}, the maximal real subfield of the cyclotomic field
Q(ezﬁ? ), then S(K) contains Coyu(K). He expresses interest in the question whether
this inclusion is an equality, when K = K} for some positive integer m.

In this note we show that this inclusion is strict: Let K, = Q(e"-é'-j), C=
Coya(Km) N K} the group of cyclotomic units of K}, defined by intersection and
Cn the image by norm from K, to K} of Coyu(Km), where CoaKn) = {6 =
75 (i—€1)% : a; € Z and § is a unit in Z[{x]}. We show that Cy C Cr C S(KJF).
In the presence of this it is natural to extend Rubin’s question and ask whether the
second inclusion above is an equality.

Through this paper we will denote { = e, b = e forn#m, K,=
Q(£.), K} = K,N IR and Ok the ring of integers of a number field K.

Since K, = I(,, when n is odd, for cyclotomic fields K,, we may take n # 2
(mod 4).

2. The main results

We begin showing that C; C S(X}). For this, we need some notation. Let p be
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a rational prime that splits completely in K}, L=K} K}, Ly =K, L, pthe
product of all prime ideals of L that lie over p and py = pOyL,. It is easy to sce that

p=(1-&)1 —&")0s and iy = (1 = &)1 - £)OL,.

Theorem 1: If ¢ = €M7 (1 — €)% € K, then u = ¢*IZ7[(1 - €'6,)(1 -
€M% € L, € =u(mod p) and Ny x4 (u) = 1. In particular C; C S(K}).

Proof: Since (1 — ¢')? = (1 — £6)(1 — €€;") (mod ;) then € = u (mod f).
If € € K} then ¢ = €, where bar means complex conjugation, and this im-
plies that £2+ERi'ia = (=1)%='% and so 4t + 2Z77'ia; = 0 (mod m). But
this is sufficient condition for u € L, because Gal(L,/L) = {1,0}, where o
is the complex conjugation restricted to L;. Now, NL/K+(u) = Npyka(u) =
£V N [(1 = E6)(1 — £61)]% = €¢-0nn (1= " cerr-1, where o,
is the Frobenius map for p in the Galois group of K}/Q.’ Slnce p splits completely
in IC} we must have oyt = Idys and so Np s (u) = 1. But u is integral and
Npjg(u) =1, then u is a unit of L. Finally, if € € C; and p is a rational prime that
splits completely in K} then there is a unit of L with norm 1 from L to K} such
that €2 = u (mod /5), so that ¢ is a special unit in sense of Rubin; thus C; C S(K}).
We now proceed to show that Cy contain Cy properly. First we need two lem-
mas.
Lemma 1: If m is a prime power, m = p° say, then a = II7 (1 — €)% is a unit in
K., if and only if Z7;'p"a; = 0, where p"i//[i.

Proof: Let i = p't with0 < r < aand (,p) =1. Then 1 —¢ =1— (§) =

L, (1 - €'¢) = TP, (1 — €497°7"). But each factor 1 — £, with (¢,p) = 1,
is associated to 1 — ¢, hence 1 — & = g;(1 — €)P" for some unit ¢; of I,,. Now
a=¢(l- 5)2:'5?"""" and the principal ideal (1 - £) is prime, then a is a unit in K,

if and only if £27'p"a; = 0.

Lemma 2: If m =p° (witha>1if p=2) then Cy = C}. -

2
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Proof: It is clear that C} C Cn. If « = II2;'[(1 — €)(1 — €))%, we can
write a@ = (=1)%i'e . g-ERNANRIN(1 - €)%, If m = 2° then E73lia; =
L2 e = E27'2%e; = 0 (mod 2) (lemma 1) and & = (—1))3:‘";11“"/32 where

B = €T 71 - €)% € K. If SP7'a; = 0 (mod 2) then § € C; and

=1 i=

a=p*€Cl. Z]"a; =1 (mod 2) then f = {7 where y € Cr and a = 4 € C}.

Now we suppose p # 2 and f = £-5mi' 5 . ™Y1 - €)% where 2}'.;'-“1—" is consid-
ered mod p°. Since £27'a; = E72'p"a; = 0 (mod 2) (lemma 1) then B € C; and

a=peCl

Remark: Since Cj is of rank ﬂ;”-" — 1, the torsion part of C; = {£1} and C} is
torsion free, we have [C; : C}] = 2”5""1, ¢ being Euler's function.

Theorem 2: If we denote by 8(m) the index [C; : Cy), then

277 if m is a prime powel
0(m) = { ., prime power

otherwise.

Proof: By lemma 2 and the remark above, we only must show that [Cy : C}) = 2
when m is not a prime power. Let a = IZ*(1 — €)1 - €))% € Cn. If m is

odd then g = ¢£-5Ri'% . n2'(1 - €)% € Kn. Moreover, if £%7'a; = 0 (mod

=1

2), then B € C; and a = 2 € C? But if 27'a; = 1 (mod 2). Then we take

a=(1-¢)(1—€") o, where o = 173 [(1 — €)(1 — €))%, with Z27'5; = 0 (mod
2) and o' € Cy because o and (1—¢)(1—-¢~!) do. So a € (1-£)(1—£71)C3. Now we
suppose m even. If £77'a; = 0 (mod 2) then § = ¢ it S IR - €)% € K.
If further B727'a; = 0 (mod 2) then B € Cr and a € C}. But if £7'¢; = 1 (mod 2)
then B = ¢V with 4 € Cy, and @ = 4? € C}. I, on the other hand, £7*3ia; = 1
(mod 2) we take a = (1 — £)(1 — £7!)a’; as before a € (1 — £)(1 ~ £71)CE. In
both cases, m even or odd, we showed that Cy C CJ U (1 — £)(1 — £7)C?. So,
to complete the proof, we need only to show that (1 — £)(1 — ¢~!) € C?. Since

(1=€)(1—€1) = =611 — €)%, if (1 — €£)(1 — £~1) € C? then —£~! € K2, that is,

3
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—£7! = (££!)?, for some t, and so —1 = £2*+1, This implies that m is even and m
divides 2(2¢ + 1), which is a contradiction, because m # 2 (mod 4).

Corollary: The group Cy is a proper subgroup of S(K}).
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THE MEAN VALUE OF [¢(( +it)? AT THE ZEROS OF Z()(¢)
C. Yealcin Yildirim

Presented by J. Friedfander, F.R.S.C.

Introduction. The functional equation of the Riemann zeta-function may be expressed

in the asymmetric form

1-, _I(3)
1) ¢(1-s) = x(1-3s)(s); x(1-s) = =3 .F‘?%)' secC.
The real function Z(t) is defined as
@ 20) = {xg+i) G +in
and we put
1 d*
®) Z(e) = (x()} 25 (x(o)(s)

so that |Zx(d +it)| = |12(5)(¢)|.
In [1] Conrey and Ghosh proved on the Riemann Hypothesis (RH) that

szi:«r KE+im)P? ~ ’3,;”:2% . Here 34iv; runs through the zeros of Zy(s) ( [{(:+im1)l
is a maximum on Res =1)and L=log-£. They also stated on RH

T K@ +in+iZE)P ~ C.'(a)%l’,,1 giving C(a) explicitly and deduced that the gaps
0<n<T
between the maxima of {(s) can be 1.4 times the expected average. In this paper we

prove the following extension of this result.

Theorem. Assume RH and let k be a fixed natural number. Let v run through the
zeros of ZU)(t) (i.e. Zu(3 +im)=0). Thenas T — oo:

1 . . L3 -
T kG im+iZ2) = T ok B 2al
T 2 L 27 (27a)
k
-8 _ i —
+2Re Y =My oy 7Ly
i=1 uj
TL?
~ —2-’r—c1.(a) , say,
where u; = —2v; + 2wai and v; is a zero of the k-th partial sum for the exponential

2 L]
function, i.e.: 1+u,-+%+---+%=0 (G=12..., k).
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Assuming RH, Z(t) has asymptotically % logT zeros in [0,T] as T — oco. By
repeated application of Rolle’s theorem the same is true of 2(*)t). Comparison with
the classical result f: [¢(3 +it)l*dt ~ TlogT (see [4], Ch. 7) makes it clear that the
average of |((2 + i) over the zeros, 7 € [0,T), of Z*(t) is ci(0) times the average

of K(_;_ +it)|? overall t€ (0,T]. The sum over the zeros of partial sums of e* has been

evaluated in [6] as

2k+2+2+0(%8%) (k odd and k> 1)
2k+2-%+0(%82) (k even).

vj

X e 4 2u;— 1
L kL Rl
@ X

=1
Using (4) in the Theorem we have
ZE(1+1+0(8%) (k odd and k>1)
21 +0(%Y) (k even)

From the Theorem we may compute values for S such that for all sufficiently large

Corollary. h> i <3 +imw) P~ {
0

<tu<

T there exists y5 and 77 , consecutive zeros of Z(®)(¢t) with T<nm < 7% €2T and

Br/2

¢ =7 > BudE . The computation is based on determining By suchthat [ cx(a)da=1.
-Bu/2

A table of the values of ci(0) and S for 1 < k < 28 has been given in {5]. As k

increases P, decreases monotonically. Some sample values are f; = 1.4, f; = 1.295,
By = 1.224, Bs = 1.035.

Preliminaries. In this section we present the lemmas that will be used in the proof.
The constants implied by € or O symbols may, in general, depend on & but we suppress

this in our notation as k is a fixed integer and T — oo .

Lemma 1. The function x(s) defined in (1) satisfies in [Im s| = |t| > 1
. RN
L(s) = -log{d + () and (2(s) < o k2 1).
For the proof see [3].
By differentiating (1) k times the functional equation of Zx(s) is obtained:

Lemma 2. Z;(s) = (—=1)*x(s)Zx(1 —s) forall seC.
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Lemma 3. Assuming RH, Z(s) has at most O(log T') zeros with ordinates in [0,T] off
the critical line.

Lemma 3 is shown in the same way as in the case k =1 (see [1] or [5]).

Lemma 4. Assuming R.H., the zeros of Zy(s) which are not on o = % are within a

distance } from o =3}.
Proof. On R.H. ‘%(3) < (logt)*1=% uniformly for 4 <op <0 <03 <1 and t >2.
The case j = 1 is Theorem 14.5 of Titchmarsh [4], and applying Cauchy’s theorem in a
disk of radius (log 3%)~" around s the bound for $7(s) for j > 1 is obtained. Thus

gc"(a) <€ (logt)*+1-27 4 (logt)* (cf. Eq. (3)) and the assertion follows immediately.

Lemma 5. Let Zu(s,T) = (% + j{-)k((s) , where L = log,-T; . Assuming R.H.,

Zy o\ _ 2 g
Zk(s)— Zk(.s,T) < T
for azg and T<t<T+U<L2T.

Proof. In (1] it was proved upon R.H. that %-i-(s) - %&-(s,T) < % and the result can
be proved by induction on k (see [5)).

Lemma 6. Assume R.H. At s =1 Z(s,T) has a pole of order k + 1. There are k
zeros of Zi(s,T) located at z; =1— % vj +Ok(f,-) (=1,..., k), where v;’s are the

k
rootsof Y, %4 = 0. There are no other zeros or poles of Zi(s,T) with % <0 <2. Thus
r=0

we have
&

Z . —(k+1) 1
7 00} = s—i6—l+’Z=; iy T AT

where W(s,T) is regularfor § <o < 2.

Proof. The statement about the poles follows from the facts that ((*)(s) has a pole of
order k+1 at s =1 and {(s) and its derivatives don't have poles in ¢ > 2. Since we

k k ;

. . Zu(s,T) _ k) (D) J

assume R.H. we may consider W;(s) =: (%) -—“((-,*)—1 = J&- ;) “—(s)(f) .
The change in the argument of Wy(s) along the rectangle with vertices 2 + iT and
2 44T is 0 because, for 1 < j < k, ﬁ ﬁ:—’-(s) = o(L) on this rectangle. By the

3
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argument principle the number of zeros of Wi(s) is equal to the number of its poles
counted according to multiplicity and the latter is k.

. () ~1) ©
Let now 7= 1= 2u. Since Se(n) = GAF+ 2 )C,~..(n— 1)", where Cj,

n=—(j-1

are constants, we have

SR iaess () 2V S o (22"
= 5 (s (@ 5 en(Z)
J=0 =0 n=—(j-1)
k L
so that if Wi(n) = 0 then g = v+ O(}) where Y %4 = 0. Hence we conclude that
r=0
Z34(s,T) has k zeros located at z; =1 -4v;+0(&)ii=1, ..., k.
Lemma 7. For o 2 % , there is an absolutely convergent Dirichlet series such that
Z} o~ ar(m)
=k = —_—t -1
TAGEY .,2;, = +O(T)
where, as T — oo, forany € >0 ax(m)=ar(m,L) &, T¢ for m« T.
This result has been proved in [2].
We quote the last lemma from Gonek (3):

Lemma 8. Let {ba}32, be a sequence of complex numbers such that for any ¢ > 0,

n=1

by < n. Let 0 > 1 and let j be a non-negative integer. Then for sufficiently large T
1 /(T

5 I (> b..n"'“)x(l—a—it)(logEt;)jdt = Y ballogny+O(T°~}(log T)) .

m=1 1SnSE

Proof of the Theorem.  As the real part of the zeros of Zi(s) arein (} - 3,1+ 1)

(Lemma 4) the residue theorem allows us to write

S mtink-p-it) = 5 [ Pro)tew io)—s - i6)ds,
pa =By +ivy
T <T+U

where we take R to be the rectangle with vertices -E +1:T, -:- +idT+U), % +i{T+U),

3 44T, described in the positive sense.
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On R.H., by Lemmas 3 and 4, only O(L) of the zeros of Zi(s) are off the critical
line and for such zeros p to the right of 0 =3 [((ps)|> < T . Thus

Z; .
@ X KG+m+iol = g [ ZKs +ioX - s is)ds + OTHE)

sam ity

T<14<T+U
We can assume without loss of generality that the contour R is at a distance > L!?
from the zeros of Zi(s). Then the integral along the horizontal sides is < T# and it can

be absorbed into the last error term. Using the functional equations of ¢(s) and %(5) ,
T+U
Lemma 1 and the well-known result [ [¢(2 + it)|2dt = UL + O(U) + O(T3+¢) (see
T

Theorem 7.4 [4]), with U = T4, (5) is reduced to

444T+U)
1 A _ )
® > I((%+i'n+i6)l’ = o / E:-(s)(((s+16))zx(1—a—z&)ds
T<vwm<T+U 1T

2
2ReI+Uz—i+O(UL), say .

In the integrand of I changing Ezf-(s) to %(s, T) (cf. Lemma 5), produces an error of
O(U’T;-l"“) . Next, in order to use the Dirichlet series approximation to %(s -i5,T)
we move the integral to o = % where the approximating series is absolutely convergent.
Then by Lemma 7, estimating the integral on the horizontal sides trivially, we have
24+(T+U)

= i sl x(1 = 5)(¢())’ds + O(T#) + oWPT-¥+7) .

27i me

T

Applying Lemma 8 we get

I = Z ar(m)m®d(n) + O‘(T§+‘) .
FSmag LY

This sum is converted back to another integral via Perron’s inversion formula so that

2447 e
1 2 . . . - .
= [%’ [ Bt BT dsZds 40, (AT 4 29)] _rourt.
.—l'T z=L



140

C.Y. Yildirim

The last integral can be evaluated using the residue theorem by carrying the line of in-

tegration to o = % . The residues are calculated from the information in Lemma 6 and

returning to (6) we obtain

e~Witiwai _ (_9,. rat) —
. hvmeon < o S
T(7.<T+.U
+2k+1) mg:”"‘) ] owrL)

where § = 1’24 with |a| < 2, say. This is the desired resuli with U = T% from which
the theorem is readily deduced.
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DETERMINATION DU DEGRE OPTIMAL dn
DE MONOMORPHIE POUR LES STRUCTURES
RELATIONNELLES AU PLUS m-AIRES.

par Claude FRASNAY

Presenté par P. Ribenboim, F.R.S.C.

———

Rappelons qu'une structure relationnelle

r = (E, (mi)ie I (ri)1€ 1) est un triplet tel que Qsm1<m et
r1G gMi pour tout i€1I. Pour Ogn<y, un telle structure r est dite
n-monomorphe si, quels que soient XCE et YCE de cardinal

|X| = |Y] = n, les deux restrictions r|X et r|Y sont isomorphes.

Pour Osmsw et O<psw, notons Rs la classe des structures
relationnelles r d'arités m,<m et de cardinalité |E|>p. Pour O<q<w,
notons Mq la classe des structures relationnelles r)qui sont
n-monomorphes pour tout n<q. Par exemple, Rg = Mo est la classe de
toutes les structures relationnelles et, pour m<w, Rg est la classe
des structures relationnelles au plus m-aires tandis que Rz est

la classe des structures relationnelles au plus m-aires de cardinalité
infinie. Bien entendu, pour m<w, p<w, q<w, on a les inclusions

Ric R'p"”e RS, R < RO,y e RDL M eMo ) oMo et, pour-abréger, on dit

que M, = ., M, est la classe des structures relationnelles monomorphes.
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En 1964, nous avons démontré& pour les relations un théoreéme
de compacité monomorphique que M. POUZET a &tendu en 1976 aux struc-
tures relationnelles. Avec les notations ci-dessus, ce théoréme prend
la forme suivante : “"Pour tout m<w, i1 existe p<w et q<w vérifiant
la condition Rﬁn H & R?‘\"m ", Plus précisément (pour m donné), si
1'on note L 1'ensemble des couples (p,q) vérifiant la condition
précitée, prz(Am) est un .intervalle [dm. *[ qui définit le degré

optimal dm de monomorphie pour les structures relationnelles au plus

m-aires. On peut lui associer de manizre minimale un cardinal
Pp<w et ainsi, dés qu'une structure relationnelle r au plus m-aire

et de cardinalité 2p  est n-monomorphe pour tout n(dm alors cette
structure r est n-monomorphe pour tout n<w.

Durant la période 1964-1984; les travaux ayant mené au
calcul exact des valeurs dm se décomposent de la manidre suivante :
en 1964-65, nous avons obtenu d°=0, d1=1, qan, d3-4 et d4=5 ou 6,

ainsi que 1'encadrement m+lsdm§9m2 pour m35. ‘En 1977, W. HODGES,

A.H. LACHLAN et S. SHELAH ont obtenu la trés fine majoration
dm<2m-2 pour m»5. En 1983, P.J. CAMERON a pu trancher notre alter-

native sur d, en faveur de d,=6. Enfin, en 1984, & 1'occasion du
séminaire de Montréal consacré 3 1'Algébre universelle et 3 la
Théorie des relations, nous avons obtenU‘dm = 2m-2 pour tout mp3.
En faisant intervenir (pour tout x&Q) la partie entidre

[x]ez ([x] < x < [x]+1) et 1a partie positive x* = Max(0, x), on

peut écrire pour tout m<w 1la formule explictite : dm=2m-2+[2- %]+.
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Comme RT n M, = RynM_,, pour tout qxd_, i1 nous suffisait

q q+
(pour obtenir d; > 2m-3) de trouver pour m>3 une relation m-aire de
support w qui soit n-monomorphe pour tout n¢2m-3 etﬁqui ne soit pas

(2m-2)-monomorphe. Pour cela, 1ntroduisohs sur w deux-bons ordres «

et B : a est le bon ordre usuel et B se déduit de a en interver-

tissant les &léments m-2, m-1, autrement dit
0<1<2<,..<m-3<m-2<m-1<m<... (mod. a)

0<1<2<...<m-3<m-1<m-2<m<... (mod. B)

Posons A = {0,1,2,..., 2m-3}, B = (1,2,3,..., 2m-2} et
définissons une application X ~— ay de P2m-3(m) sur A en posant
ay = M;n (A-X). Par exemple ay = 0 pour tout xe‘kﬁ-3(9)» et ay=n
pour X gPyn _3(A), X = A-{n}.

Sur chaque X¢5P2m_3(m) comme support, on introduit une
chaine 6y de 1a maniére suivante :

8y = alX pour aye (0,1,2,...,m-3}

= alX = 8|X pour ay € {m-2, m-1}

>
[}

B|X pour ayelm, m+l,..., 2m-3}

De manidre gé&nérale, appelons vibration m-aire suscitée
par une chafne ¢« de support E et notons v(¢@) la relation m-aire
de support E satisfaite par les m-uples (xo,xl,xz.ﬂ.,xm_l)e,Em
vérifiant les trois conditions suivantes :

les m éléments XgsXpseeosXp g sont deux & deux distincts
x, minore {XpsXpseeesxp o} (mod. ¢ )

Xo-1 majore {xl,xz,...,xm_z} (mod.?]
Pour les restrictions aux parties F de E et pour les
images isomorphiques par les bijections f : £ — E', on peut vérifier

que v (¢IF) = v(g)IF et v(F(¢)) = F(v(g)).
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Revenant & la famille des chaines eX(XGPZm-3(“’))'
introduisons la famille des vibrations m-aires v(ex) et montrons
que les relations m-aires v(ex) (de cardinalité 2m-3»m) sont deux
4 deux compatibles. Trois cas sont 3 envisager pour X¢5P2m_3(w) et
Y ePZm_3(m) tels que ay < 3y (mod. a) R

(1) 0< ay s ay sm-1: alors v(8y) = v(a]X) = v(a)|X et
v(8y) = v(a|Y) = v(a)|Y sont compatibles.

(2) m-2 ¢ ay ¢ ay € 2m-3 : alors V(ex) = v(B[X) = v(B)|X et
v(8y) = v(B]Y) = v(B)|Y sont compatibles.

(3) 0gay gm3etmsays 2m3 : alors v(ey) = v(a)|X et
v(8y) = v(B)|Y. Comme ay e (0,1,2,:..,m-3}-X et
{0,1,2,...,m-1} ¢Y, i1 est commode de partager Y en 4 parties
(ay}, Yir (m-2, m-1}, Y, (de cardinaux respectifs :

1, m-3, 2, m-3) en posant : Y;-= {0,1,2,...,m-3}-{ay} et
Y, = ¥ - {0,1,2,...,m-2, m-1}.

Dés lors : XnY¢ Ylu{m-z, m-l)uYZ. Si un m-uple

(X 3XqaeeesX )é'(XnY)m satisfait 1'une ou 1'autre des deux
0’1 m-1

vibrations v(a}|XnY, v(B)|XnY, alors nécessairement Xo évl et

Xn-1 &Yy, donc ce m-uple satisfait -1'une et 1'autre. Ainsi

via)[XaY = v(B)|XnY et les deux vibrations v(ex)',' v(eY) sont
encore compatibles dans ce cas.

Puisque les vibrations v(ex) sont deux 3 deux compatibles
lorsque X parcourt P2m_3(w), i1 existe une et une seule relation
m-aire r de support w telle que : v(ex) = r|X pour tout Xe P2m-3(“’)'

Puisque deux vibrations m-aires de méme cardinalité finie sont
isomorphes, il en résulte que r est n-monomorphe pour tout ng2m-3.
Par contre, montrons que les deux restrictions r|A et r|B (de cardi-
nalité 2m-2) ne sont pas isomorphes.
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De maniére générale, disons qu'une relation m-aire p de
support E est jointive et (plus précisément) qu'un &lément uet
est un joint pour p dé&s qu'il existe deux m-uples
(XgrXpoeeoax, 1) E™ et (Ygr¥yseeea¥p_ ) e E™ satisfaisant tous

les deux la relation p et tels que u = Xx = ¥y IT est clair que

m-1
toute image isomorphique d'une relation jointive est une relation
Jointive.

Or r|A est une relation jointive puisque A contient (comme
parties de cardinal 2m-3)

X =A-{m-3} = (0,1,..., m-4, m-2, m-1, Myeeos 2m-3)
et Y=A-{m =(0,1,..., m-4, n-3, m-2, m-1,..., 2m-3}

pour lesquelles ay = m-3 et ay = m." Ainsi rlx = v(a)|X est satisfaite
par (m-2, m-1, m,..., 2m-3) et r|Y = v(B)|Y est satisfaite par
(0,1,..., m-3, m-1, m-2), donc u = m-2 est un joint pour 1a relation
rlA.

Par contre, puisque ay = 0 pour tout Xe;sz_s(B). il en
résulte r|X = v(a)|X, donc r|B = v(a)|B = v(a|B) est une vibration
m-aire de cardinalité 2m-2. Or une telle relation ne peut &tre
Jointive : en effet s'i1 existe un Joint u = Xn-1 = ¥, POuUr une
vibration m-aire v(¢) de support E, cet &lément u majore strictement
une (m-1)-partie (xo,xl.....xm_z) de E et minoreﬁstrictement une
(m-1)-partie (yl.yz.....ym_l} de E, ce qui impose IE] 3 2m-1.

Ainsi r[B est une relation m-aire non jointive alors que

r|A est une relation m-aire jointive : elles ne sont donc pas
isomorphes et la relation r n'est pas (2m-2)-monomorphe.
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