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Series Permutation in Infinite-Dimensional Spaces 

(Main Results and Open Problems) 

V.M. Kadets 
Pneitnted by linxttl Haipe>Un, F .R.S.C, 

a itqueZ to hii mmoin ok ApniZ I9i6, thtie'Comptti Rendue. 

In each standard course of analysis one can find the famous Riemann theorem: if 2 tn 

is a convergent series of reals, then exactly one of the following two conditions holds: 

(a) ]C*n converges absolutely (i.e. 53 l*n| < oo) 

(b) for each t € R there exist a permutation TT : N —* N of the set of natural numbers such 
oo 

that J3 '«(n) = *. A natural generalization of the Riemann theorem is the Steinitz 
ntsl 

theorem (1913) formulated earlier by P. Levi (1905): if J]*i» is a aeries with terms in 

a topological linear space X, we call 
oo oo 

SSfcz„) = {x : 3^ : N - N,i = 53x,(n)} 
nssl nal 

the sum-set of the series; then the sum-set is empty, or 2 ||xn|| < oo and consequently 

S xir<n) = £ Sn for each permutation and the sum-set consists of a single value, or 
n n 

the sum-set is infinite and for each two distinct points z and y it contains the whole 

line ix + (1 — t)y : t 6 R. The history of the problem, diiferent proofs of Steinitz 

theorem and related questions, especially in finite dimensional spaces, are considered 

by I. Halperin [1]. In our paper we shall deal with infinite-dimensional spaces. 

Note: For definitions of (i) moduli of convexity, (ii) smoothness, consult Geometry of 

Banach Spaces (Springer Graduate Texts in Mathematics), 1984 by Joseph Diestel. 
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1. Absolute and unconditional convergence 

Definition 1. Series ]jr)in in a locally convex linear topological space X is said to be 

absolutely convergent if ^ p(xn) < oo for each continuous semi-norm p on X. 
n 

Evidently, in sequentially complete spaces absolute convergent series must be con- ' 

vergent. In particular, if ^ x n is a series in Banach space, then condition ^ ||zn|| < oo 

implies convergence of the series. 

Definition 2. Series ^2x„ is said to be unconditionally convergent if for every permu-

tation ir : N —» N series Yj x^ n ) converges. 

Since the condition S K * » ) < °0 does not depend on the order of the terms, every 

absolutely convergent series in sequentially complete space converges unconditionally. It 

is easy to prove that the sum of unconditionally convergent series does not depend on 

the order ot terms and that unconditional convergence of the series 2 xn in sequentially 

complete locally convex space is equivalent to convergence of all series J2 ±xn. These 
n 

useful facts were firstly obtained by W. Orlicz for the normed case. 

Absolute and unconditional convergence coincide in finite dimensional spaces. Let 
oo 

us consider an orthonormal sequence {en} in Hilbert space. The series £) i-en is un-
n=l " 

conditionally convergent but does not converge absolutely. This simple example shows 

that in infinite dimensional spaces unconditional convergence differs from an absolute one, 

Significantly more says the Dvoretsky-Rogers theorem (1950). 

Theorem 1 [2]. If in a normed space X absolute convergence is the same as an uncon-

ditional one, then X is finite dimensional. Moreover, in each infinite dimensional normed 

space for every sequence {an}, an e R+, J^a^ < oo there exists an unconditionally con-

vergent seriea J ] i n in X such that | |xn| | = o„, n £ N. 
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An important generalization of Dvoretsky-Rogers theorem is the Grothendieck crite-

rion of nuclearity (1956): 

Theorem 1 [3]. A complete metrizable locally convex (i.e. FVechet) space X is nuclear, 

iff every unconditionally convergent series in X converges absolutely. 

As a manual where one can find the Dvoretsky-Rogers and Grothendieck theorems we 

can recommend the monograph by Pietsch [4]. 

Interesting results were obtained while solving the following problem: what one can 

say about the norms of unconditionedly convergent series terms in concrete Banach spaces. 

This subject was developed first by W. Orlicz (1930): 

Theorem 3 [6]. Let X ) i n be an unconditionally convergent series in LPlO, 1], 1 < p < oo, 

r = max{2,p). Then 

5>„ir<oo 
n 

Investigations were continued by M.I. Kadets (1956): 

Theorem 4 [6]. Let X be a uniformly convex normed space and S(t) its modulus of 

convexity. The unconditional convergence of series ^xn implies the convergence of series 

E«(IM). 
n 

One can observe that in Theorem 4 the modulus of convexity can be replaced by Sc(t) 

- the modulus of complex convexity [7, 8, 9]. 

Definition 3. A normed linear space X is said to have Orlicz property if there exists 

a sequence {a»} of positive reals, lim a„ = 0, such that there is no unconditionally 

convergent series X)1» in X with | |zn| | = a„, n g N. A normed space X is said to have 

p-Orlicz property if unconditional convergence of series X) xn in X implies convergence of 

the series 2 \\xn[\r (here the terminology is of our own). 
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Definition 4. A normed space X is said to be uniformly non-ljo for some integer n 6 N 

if there exists such e > 0 that for every sequence (xt )"- , C X, ||x*|| > 1, A: = 1,2, . . . , n 

the inequality holds: 

max Hx, ± x, ± x, ± . . . ± x„[| > Cfc ll**ll,,)1/, 

for each finite set {x^}" C X. 

The following results were obtained by B. Maurey and G. Pisier (10] and independently 

by S. Rakov [11, 12]: 

Theorem 5. The foUowing properties of normed space X are equivalent: 

(1) X has the Orlicz property 

(2) X is uniformly non-flS 

(3) X has M-cotype p for some p 

(4) X has p-Orlicz property for some p 

(p is the same in (3) and (4)). 

As a continuation of former research one can consider the theory of (p, g)-summing 

operators and on the other hand the theory of random series in Banach speices. The most 

essential part of these theories and a good bibliography can be seen in the book by Pisier 

[13]. 

At the end of this chapter we shall formulate some results on weak unconditional 

convergence in Banach spaces. The first result was obtained in 1929 by W. Orlicz [14], but 

after it had been discovered anew by B.J. Pettis in 1938 [15], it was often called the Pettis 

theorem: 

Theorem 6. Let Jf be a Banach space and £ i B such a series in X that Tlifcx.. 

converges in weak topology for any choice of signs. Then the series is norm unconditionally 
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convergent. 

The following result by 0 . Bessaga and A. Pelczynsky (1958) shows an interesting 

correspondence between the theory of weak convergence and the structure of a Banach 

space subspaces: 

Theorem 7 [16]. A Banach space X does not contain isomorphic copies of Co iff every 

series absolutely convergent in weak topology of X converges. 

We note that a space without CQ-subspaces need not be weakly sequentially complete. 

2. The structure of the sum-set 

Definition 5. A point x ia said to be a sum of series S x n (permitting permutations) 
oe 

if there exists such a permutation ir : N —* N that 2 ^ n ) = x. The set of all such 

sums of series 2 xn permutations is called the sum-set of the series J^ x„ and denoted by 

^ ( E ^ n ) (in Russian: OCQ>. . ) ) -

Definition 6. A set A in a linear apace is called linear if with each two distinct points 

x and y it contains the whole line tx + (1 — t)y, t 6 R. 

The Steinitz theorem says that for every series £) i „ in finite dimensional linear space 

5S(X) Xn) is a linear set. In the problem 106 of the Scottish Book, S. Banach asked: does 

the Steinitz theorem hold in infinite dimensional normed spaces? A simple and elegant 

counter-example in £][0,1] to this conjecture was given by I. Marcinkiewicz. The main 

idea of his construction (see [1]) ia that a series of Z-valued functions can not converge in 

strong Lt topology to 1/2. 

The following theorem of E.M. Nikishin [17] answers another question of Banach 

concerning a series of measurable functions: is the set-sum of such a series (in the sense of 
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almost everywhere convergence) a linear space? 

Theorem 8. There exists a series E / n C ) of measurable functions on the interval [—1,1] 

such that: 

(1) the series converges uniformly to some V(t), 

(2) there exists a permutation TT : N —» N for which the series E/ir(n)(*) converges 

uniformly to U(t) £ V(t), and 

(3) there is no permutation a for which the series E /<7(n) W converges almost everywhere 

toaa^m. 

Another interesting infinite-dimensional effect is demonstrated by 

Theorem 9. In every infinite-dimensional Banach space there exists a seriea E xn which 

does not converge unconditionally, but SS(^2xn) consists of exactly one point. 

The existence of series with non-closed sum-set in Hilbert space was shown by M.I. 

Ostrovsky [18]. The series in his example has a non-linear sum-aet. So the following 

problem seems to be open: 

Problem 1. Does there exist in every Banach space a series with linear but non-closed 

sum-set? 

In 1987 V.M. Kadets constructed an example [22] of series E xn in Hilbert space 

equipped by weak topology, for which 5 S ( E ^n) is non-linear. 

An even more pathological example: a series E x n ' n Hilbert apace with 5 5 ( £ i „ ) 

consisting of exactly two points, was constructed (without proof) some years ago by M.I. 

Kadets, but the proof of its correctness were given independently by K. Wozniakowski and 

P.A. Korailov only in fall, 1987 (to appear). I. Halperin has kindly informed us that since 

then an exeunple with two-point sum-set was obtained by P. Enflo. The two-point example 
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can be easily generalized [19] to ein n-point example, n 6 N. 

Problem 2. Does there exist for einy subset A of a sepeurable Hilbert apace H a series 

E xn in H such that 5 5 ( 2 1 „ ) = A? The two moat interesting cases are: 

(1) A is finite; 

(2) A = H\{0}. 

The technique originated by V.M. Kadets [20, 21, 22] allows the transfer of examples 

of pathological sum-sets in Hilbert space to any infinite dimensional Banach space. In 

peirticular. 

Theorem 10. In every infinite dimensional Banach space there exists 

(1) two-point [24] and n-points [19] sum-sets; 

(2) non-closed sum-sets [22]; 

(3) non-Unear weeik sum-sets [22]. 

The following is a hybrid of exeunples by E.M. Nikishin and M.I. Kadets-

K. WoznieJcowski-P.A. Korailov: 

Theorem 11 [23]. There exist a aeries of continuous functions E / n ( 0 on the interval 

[0,1] which 

(1) converges uniformly to some U(t), 

(2) after some permutation of terms it converges to V(t) je U(t), and 

(3) if W{t) is distinct from U(t) and from V(t) then the series X!/irff.l(0 cannot converge 

to W(t) even in the sense of edmost everywhere convergence. 

The only known non-trivied example of a linear-topologiced space in which the Steinitz 

theorem holds is the space s: all real sequences with point-wise convergence [25], [38], [lj. 



158 V.M. Kadets 

In this connection a most interesting unsolved question in the seriea permutation theory, 

it seems to us, ia the following: 

P rob lem 3 . Does the Steinitz theorem hold in metrizable locally convex nucleeir spaces? 

An importemt direction of reseeu'ch is to obtain sufficient conditions (weaker them 

absolute convergence) for Unearity of the sum-set. The first result in this direction is the 

M.I. Kadets theorem (1954): 

Theorem 12 [26]. Suppose 1 < p < oo, r = min{2,p}, X!xn a series in Lp and 

£ | | i n | | r < oo. Then SS(Zx„) is a linear set. 

S. Troyanski (1967) has generalized this result to the unformly smooth spaces: 

Theo rem 13 [25]. Let X be a uniformly smooth Banach apace and p{t) its modulus of 
eo 

smoothness. Then the condition E p d k t l l ) < oo implies that the series 2 x* 'n X has a 

linear sum-set. 

Now we will introduce two notions analogous to M-cotype and uniform non-4S'-ncss: 

Definition 7. A normed linear space X ia said lo be uniformly n o n - ^ or B-convex, if 

there exists an integer n 6 N and a real £ > 0 such that inequality 

n 

m i n II S ±x«ll ^ n - £ 

holds for each fx.lf C X, max||xi|| < 1. 

A normed linear space X is said to have infratype p > 1 if there exists a constant 

C > 0 such that the inequaUty 

n 

imn|lX)±x.ll<C(EllI'llP),/'' 
i=i ,• 

holds for each finite set {xt-}y c X. 
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Pisier Theorem [28]. A normed space X is B-convex iff it has an infratype p > 1. 

The widest class of spaces for which Theorem 12 and the like hold is the class of 

uniformly non-<j (B-convex) spaces: 

Theorem 14. (V.M. Kadets, 1984, [29, p. 136-158]). If a Banach apace X has an 

infratype p > 1 and a series E 1 " in X is p-absolutely summable (i.e., Sll1"!!1' < o0)* 

then SS(52xn) = oo is a linear set. Conversely, if a space X is not uniformly non-q , 

then for each sequence an J. 0 of positive numbers, Eai» = 0 o , there exists a series E 1 " 

in X with nonjinear SS(%2x„) and |[zn|| < «n," € N. 

In aU Theorems 12-14 not only Unearity but closedness of a aum-aet holda too. 

Another type of sufficient conditions was investigated by E.M. Nikishin (1970) in the 

case of functioned series. 

Theorem 16 [30]. Let E/••(*)> * ^ [0,1] be a series of measurable functions with 

E / n W < 0 0 edmost everywhere. Then S5(E/i>)> considered in the sense of almost 

everywhere convergence, is a linear set̂  

More precise characterization of the sum-set structure in terms of the "functionals 

of absolute convergence" can be found in a number of pubhcations beginning with the 

original Steinitz work; and including a contemporary M.I. Ostrovsky paper: [31, 27, 18], 

The exactness of the Theorems 12-15 was investigated in papers [17, 21, 32]. 

The next results are connected with the notion of unconditionally divergent series. 

Definition 8. A series E 1 » is said to be unconditionaUy divergent if for each re-

arrangement of signs the series 2 Axn diverges. 

The characterization of unconditionally divergent series in finite-dimensional spaces 

was given by A. Dvoretzky and C. Hememi in 1947: 
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Theorem 16 [33]. A series E *< ' n finite-dimensional space is unconditionedly divergent 

iff Um ||x.-|| ^ 0. 
. _ »—too 

We recall em important J. Lindenstrauss result (1963): 

Theorem 17 [34]. Let X be a uniformly smooth Bemeich space, p(t) its modulus of 

smoothness and £ ) x „ em unconditionaUy divergent series in X. Then E/KII2"!!) := o0-

It is easy to prove that 

Theorem 18. Suppose X is a Banach space of type p and E ^ ^ an unconditionally 

divergent series in X. Then E ||x„||p = oo. Conversely, if there exists such a sequence 

£„ > 0, 52£n = oo, that there is no unconditionally divergent series E 1 » in X with 

Ilxn|| < £n, n € N, then X is B-convex and hence X has a type p > 1. 

(Definition of type and its meiin properties one cem find in [35].) 

Problem 4. Suppose X is a Banach space of infratype p > 1 and ^xn is an uncondi-

tionally divergent aeries in X. Is it true that under above assumptions E \\xn[\p = oo? 

Problem 5. Does the Dvoretzky-Hanani theorem (Theorem 16) hold in metrizable 

locally convex complete nucleeir spaces? 

A very important correspondence between unconditional divergence and the sura-set 

structure was obtained by D.V. Pechersky in 1988: 

Theorem 19 [36]. Let E xn be a seriea in a Banach space such lhat for every permu-

tation g : N -> ISI the series X)xif(n) is not unconditionally divergent. Then 5 S ( S x „ ) is 

a closed Unear set. 

As a consequence the famous Chobanyan theorem (1984) follows: 
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Theorem 20 [37]. Let £ i n be a aeries in a Baneu:h apace auch that )>]:txn converge^ 

for edmost all choices of signs. Then 55( J2 xn) is a cloaed Uneeu: set. 

The last results in this review concern the notion of limit points of a series: 

Definition 9. A point x ia sedd to be a Umit point of a series X ) i n if there exists a 
nt, 

sequence of integers ni < nj < nj . . . for which x = lim 2 xl- For a fixed series J ) i n 
m—*oo ^ = j 

the set of all limit points of all permuted series Sxir(n) is caUed the limit point-set of the 

series 2 x n and is denoted LPS(y]x„) (in Russian: OHT (]Cxn)). 

The classic residt (known in fact to Steinitz) is the foUowing: 

Theorem 21. Suppose that 52 xn is a series in a linear-topologiced apace X , i € 

£ P S ( 2 x n ) . Then the set {y — x : y £ LPS(52xn)} forms em eidditive subgroup in 

X. 

The last result concerning LPS was obtained in 1987 by W. Banaszczyk (to appear): 

Theorem 22. Let 23 x n be a series in a metrizable locedly convex nuclear space, 

Um xn = 0. Then i P S ( 2 x n ) is a lineeur set. 

It is easy to see (and probably it was obtained by somebody prior to me) that 

Theorem 23. If LPS(^x„) for some series 2 x i » in a Banach space X contedns a 

subset of a form Xi + x where x £ X emd X | ia a aubspace of finite codimension, then 

LPS(J2xn) = Xj + x, where Xj D X\ is a aubspace. 

Problem 6. Cem every closed subset of a BaneuA space, which satisfies the conditions 

of Theorems 21 and 23 be the limit point-set for some series ^ i n ? 
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RlUn HYPERSPHERES : A OKWRRAL APPROAfH 

Yva HELLEGOUARCH 

Pntiented by H.S.M. Coieten., F.R.S.C. 

ABSTRACT 

An aid tbeoum by Dcicanet b basic in the çconrOTCtl gcucnlintiom of Ford cfcde» tad of 

PSl^Z) ihll wc give here. 

Psxtkular cue* will be detailed in -quaurnlonte homognpUes' and proof, will appear 

suiucwuetc eue. 

I) PREREQUISITES 

In litis paper we are concerned wilh applications of invenive geomeny to an arilhmctica] 

litmcon arising bom Diophantine Approdmadca (Faroy series. Ford circles) and conccminftbo 

model II - R'U M (see |1) and [2D. 

TUs simadoo Is best described in die aeoiog of Wilker 02]). 

Inddssetdngapotsl ua (\ is represented by a n y : 

M = (X» : X>0) c R"J 

bwUcb 

a-(2u.lul ,-l . Inl'+l) 

Following Wilker wBiotrodnco a Lorentz bilinear fonn on R0*1 : 

« • y • *iïi*...*'v.ciw,i-*..#** 

Tbea>ny[ i ]c R» 1 names a point of II iff: 

i.a -a, tv»o 
wbere p<i) t- ic»»i. 

The image of an Inversive bail of 11 is the set of rays M sochthat s t y S O fora 

certain y a R"*3 such chat y • y • 1. 

the image of the sphere Uniitiag this ball is : 

(W ; x . y - 0 ) . 

In this mttfRl, MObius tnnsfonnations are Jost the linear trarufonnanoni of R8*3 wfalcfa 

preserve • aad the positive cone : 

Ixs R " 1 ; x . a - O . p(x)>0|. 

If 9 0 S ^ j (thegtoopofMdhiiisinnsbnnatioosaf ID theooimof 9 |7)U defined by: 

Ifl = [trace (M.'M)] ' ' 

wine M islhematrixof 9 in the canonical b^is c „ . . . ^ , j of R1"2. 
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S^,, is shaiply transldve on (caneslan) cluiten in R°*2. when 'cluster' means an ordered set 

of n+2 pointa Q of R**3 such thai : 

•il / ' " '"J C1.q.C<)U- l . l l f U j 

Hie vector Ca R"*1 attached to the EucUdean bail l u - ? ! $r - e ' : U : 

(1) C - ( e ï , " t ' ^ , e ' . e ' , ' ^ e e ' ) 

audits bead c - r ' 1 b given by: 

C - E . C 

with E-(0....,0,-l.-l)<i R"». 

A cluster can beinteipieted as n+2 exlemally langent bails in tl. Given o+l extemally 

tangent balls CI.—.C^I a neeessaiy and sufficient condition for Ç,,] to be externally tangem 

to the previous ones is 1>escaites*conditioa" : 

(19) : 2nE + [E.(C1+...+ C„,)](C1+...+ Ca.1) - n [(E.C,)C,+...+ ( £ . C ^ ) C r t ] 

ggnafc : equatioo (&) is impossible io CL., when: 

(e1+...+ tn,1) ,S(n-l)(e1+.. .+ e „ , ) . 

2- HOROSFHERIC CLUSTERS IN FOINCARE'S HALFSPACE 

Wc now change n to n+1 and consider Poincxtd*s half space dl]): 

H»" • (uo R~l. t^„>0]. 

In this context n will be Ihc hypecplane limiting H»1 completed by —. 

We are interested in the ciusten in R"' which an contained in IP»' tl II and in which 

eveiy ball is horaspheric (i.e. tangent to 11). Repiesenting the duster (Il.Ci C„j) in 

invenive cooirtmatei. Descanes* relation (3 ) gives : 

(»•) 2(n+l)E+ [B . (C, +...• C„1)](n+0,+..,+ C„p - (n+1) ((E . CpC,*...* <E . C„,)C ,̂] 

with n - w. imm. 

11 being always g m m in aU our ciusten we will omit it systematically and write 

(CIM...C^2) for a generic horaspherie cluster. 
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Barin Twwoipheric d tmen 

They aie (be dusters tn wMcb the ftm hcrojpSaç b tbe EOcBfcan bypoplane 

P - ( x e R i ^ i " 1 ) whichisrepnscntcdby P-Ce,^,. 1.1) inWUkcr'scoonUnitcs. 

For soeb a chuter we bave <e3,.-..Ca,j) • (2,...,2) and the (EucUdean) centres of the 

hcroiphcrcs (^.....C^j fonn axegular simplex S. 

Horospheric dusten poseu a generating property which is already tuod in (S) and appears as 

a putiailar case in WSker's relation p. 162 in [3]. 

THEOREM I.- Each horosphcric duster (^.... .C^j) give» birth to n+2 new 
horoaphcricdarter» (C, C. . .C^,) .with i - l . . . .^+2 . where C,' taddermlned 
by the equation : 

(2) q + q - |ai+cl+...+^+«.+ciM^ 

Rgmart: When wo ap|dy C2) to a basicboroghcricduster (P.C^....,C^3) with t^l.wehavc: 

so ^ I—» aj jsarefleaioointho i - fiKcofdicshnptcit S. 

St FORD'S CONFIGURATION 

Starting wid a basic duster, putting P in the fim place and taUng 1 • 2,. ...a+2. the 

geoenâng process of theorem 1 gives as n+1 new basic caitesian sets, going on indefinitly we 

Apart froa P, ^ 1 contains only tpheies of bend 2. Tbe points where die latter are toodtiag 

P formaspedalset L tn E0 wUcb can be coosmicted by repeated applicatloBs of (2>. L is oot 

always a lattice but we wfll suppose dial OG L aodwewiildenoeby A the group generated by 

L:ff n>2. L b not discrete and A b not Hmtdy generated, but if n £ 2, L Is a lattice. 

ttMTmJe fer iwl ; 

'. QXD 
0 1 2 3 

*- P 

- n 

; When lâS, iwog>heresof &\ can intersect each other. 

Taking 1 « 1 and applying theorem 1 to the dusten of ^ i we get, by the tame generating 

proceu, tbe fim derived configuration 72. 
_, _ 2fn+l) 
y 2 contains > , and new spheres of bend . 
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Bv.mpl* for n- l : 

0 1 2 3 

TaUng lm 1...D+1 and applying dteorem I tothodusters of ^ in bendîtaty order we get 

the second derived configunuion ^3, which, by definition, certains f 2 and the new spheres. 

nRPfWnrmWS mnA WftTATTOWS 

ST wiD denote the v derived configuration and &m[J If will be called the 
» V * 

Fend conflgurarion of R o f^ [4j for n - I). 

5 wiU denote tbe bends of the spheres of & , and £ wiilbe UÔ , v r v v v 

0 ¥ willdenote tbe tet of points where the spheres of 5 touch H and (9 win be U Ov. 

Rematk : Thb coattruedoo sccras to lie midway between Coxctcr's sequences of soccessivdy 

tangent spheres [5) and Boyd's osculatoiy packings (6). 

But h b not a "packing" ai all tf na3. 

THEOREM J,-

1) In a baab of R^+S constituted by Ihe Imagea of a baste cluster (wttboui 

omttling Fl), the coordinates of any Ford sphere lie In Z[—]. 

2) « C 2 Z [ | ] 

3) O c Mu(Q®A) 
4) If C| and C^g Sf, Ihen Ci *C^+ I a fi. 

5) W C! • C2+ 1 « gy.then Ci and C2 cannot be Unked by a Coaeler sequence 

[5] of leoglh i v. 

6) If Cj and C2 a ^ are touching each other nt a + X eMl s H"*', Ihen ï a Q ® A 

and Xe Q. 

4) THE GROUP OF THE FORD CONFIGURATION 

DBFINTTION 3.- CMC?) (resp. M(7) will denote the group of MObtus tnnsfonnations (resp. 

orientadoo preserving MSbius transfortnattons) which preserve $ {[I] p. 22). 
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Eunslfl: 

u (Cl C^i) is a cluster, the refleaion Ob in the sphere O named by die ray 

m + q + . . . + V •...+ €„ , - n q i isin OM^). Il sends C, a d, andptcsaves ^ for 

J f l 

TBBOUM3.-

1) OMi?) ia mado up of Ihe Isomelrlea âs<L) of L and of the product, o 0 » 
where D la M above and tpa5i(L). 

W M(*) I, made up of «a+OJ «nd of the produca Ojy. where D la «a above and 
yo <s-(L). ' 

' ) JJ «n.l denolea Ihe uoll vecior of K°+l orlhotonal lo P. Ihen for all « , 

o'aOMlf), « (e^i ) • «'(CMI) meana thai g 1 . g t «lib «a orthogonal t preaervlnii 

«• fil «n+l. 

COBOLLABY .-

O Is the orhil of - under Ihe aclloa of M<*) and any <i>oQM(7) la determined 
by lia action oa 8 . 

"Ms mrollary mates il dear that OM(?) is entirely dctennined by its actiooon 11. 

In ftq it is mnipnud of Poincargs ratrndoni of cletneeta of OMdl). 

Now denote by xo the vector (0... . .0,1)Q K>" and consider: 

p<9)^ hypabolicifistance (e„i.p(e.„)) 
Il ts dear that wc have : 

(KW1) S PW + lXÇ-) 
p(9)-0 e> f a SsO-) 

butwealsohave 07] theorem2 p. 306) : 

(4) i f P - I I P + 4smti>p(9). 

Ihe vector ^ cf [7]p>306 is here e^,]. and if we choose now, u in theoretn 2, the images 

oflho bask duster (ni,,CI.....Q„2) u a basis for R"1 we have: 

(S T t v j . C j + i n + p - C j + n - E 

where Cj denotes the Fold çhen toochin j n at the origin 0. 

Itea the Rladcos (4) and <5), theorem 2 and letnma 1 nf rH give the following result : 
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TKEOUM 4.. For any ça aM(7) we hav, : 

D i»! 1 . Z [ i ] . 

» coshp(<p)a Z [ i ] . 
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QUATERNIONIC HOMOGRAPHIES : APPLICATION TO FORD HYPERSPHERES 

Yves HELLEGOUARCH 

Pneitnted by H.S.M. Coxete»., F.R.S.C. 

Algebraic tools (complex numbers and Hamilton quaternions) are used here to describe the 

geometrical objects of [1]. 

Ford's classical results in dunension 1 as well as Rieger's results in dimension 2 are recovered. 

In dimension 4 new results are obtained : they illustrate the usefulness of GLjOH) and SL̂ OB) in 

the study of Môbius transformations of the Poincaré space H5. 

NOTATIONS.- Ingeneral we will use the notations of [1], in particular n will be the dimension 

of the hyperspheres considered. 

When we consider Œ or H, z-» z denotes the basic involution and Izl is Jzz. 

1) QUATERNIONIC HOMOGRAPHIES 

We will denote by GL^H) the group ofiegular matrices wilh entries in H and by SL^H) 

the subgroup of those matrices with unitary Dieudonné determinant If Me GL^H) its Dieudonné 

determinant has an absolute value which is well defined and will be denoted by I det MI 

DEFINITION 1.-

Forany M = (" g) e GLjClH), we define ^ et vM = W —• H. where IH := IH U {..), 
bjr: 

q>M(z) = (az + P) (YZ + P)''. VM(z) = (<" + P) (7*+ 5)"1 
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THEOREM 1.-

1) q) is an epimorphism of GL0(IH) on the group M(IH) of direct Môbius 
A 

transformations of [H 

2) The Poincaré extension (pM of ipM can be expressed by : 

9M(Z+te5) 
(oz + P)Cyz + 6) + 071 + ldet MI tes 

lYz + 8 l 2 + l 7 l 2 t 2 

COROLLARY 1.- For all M e GI^B), (pM preserves cross-ratios in the sense of [41. 

Remark : If we define [zi.za.za.zj b^: 

[Zp^.Zj,^] = [(ZpZjKzj-Zs)"1] [(zi-z^Xzz-z*)"1]"1 

then one can see that the conjugacy class of [ z^ .z s . z j is invariant bv ip^. 

COROLLARY 2.- If M e SL2(IH), the image of P := e, + IH b^ tpm is the Euclidean sphere : 

^ a y 1
 + _!2_ . _L_) . 

2lYl2 2IYI2 

COROLLARY 3.- Let : 

M - ( * J ) eSLjClH). Z^q^CP) 

M ' = ( ^ P
5 ) e S ^ I H ) . Z':=9M.(P) 

then the inversive product of Z and Z' iŝ : 

v . v . - , 2 l i y i 2 a -Y - lY l 2 a 'Y ' l 
lYl2 lY'l2 

LEMMA 1.-

Let M e S ^ H ) and let (pM denote the Poincaré extension of q^, then we have 

2coshp(eJ,$^(e5)) = | a l 2 + ip i 2 + I Y I 2 + I5I2 = II MP2. 

Taking in account [5] we can generalize theorem 10 of 16]. 
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THEOREM 2.- The mapping M —• (PM induces a homomorphism of SLjOH) 

into the proper orthochroneous Lorentz group J36
+. In the standard Inversive 

coordinates the matrix of (f is the transpose of : 

R(O8+PT) I(a8-tto) J(oi+piy) VU/â+M R(aP-T6) R(«t]j*l8) 

R(ai5-Pii) Koig.piY) J(oi8-piT) K(t^5-Pî  1(OP-T5) I ( O ^ 8 ) 

R(aj5.pjï) Vafl-m Hail-m K(aj6.pjï) «âp-T») Ko^iî) 
R(altS.pkî) «aki-pttf J(akS-pti) K(ali.pkÂ K(ô ï̂«) K(ôpn5) 

R(orPÎ) I(«ï-f») W?») W^-pi) i(lal2-lpl2.|7lI
+|SlJ) i(lol2.|MVl7l2-l8l2) 

i(lol2+lpl2-lïl2-lsl2) i R(a |̂ii) Ko^PS) J(a^p5) K(o^) i.(lol2+lpl2-lïl2-UI2) ido l '+UlMï lMs! 2 ) 

where R, I, J, K denote the standard coordinates in H. 

Remark : The entries in this matrix have been corrected bv J.B. Wilker who calculated them 

independently. 

COROLLARY 4.- If M 6 SI^W), the norm of the application ipM in the sense of [5] § 4 is 

given by : 
2 4 

= 2 + DM11 . 

2) CONTINUED FRACTION ALGORITHM 

In this section we will use the following notations : 

E being any set in IH we consider the matrices : 

CP„ Pv M=S TS . . .S T = r v „ V I ) 
o 0 "i av ^ q v- ' 

with o0,...>av6E. 

Clearly M e SL2(IH) and those matrices make up a multiplicative monoid. We will write : 

[a0,...,av,z]=<pM(z) 

so that: 
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Pv and qy being defined by the usual formulas : 

(p-Kq-i) = (1,0), (p0,qo) = (ao.l) 

(i) (Pv.qvHOviOv+Pv.j.qv.iOv+qv.j) 

aD,...,o^eE 

We will suppose that O e L and we will denote by 0(L) the group of all orthogonal 

transformations 6 such that 0(L) is in the smallest subfield of H containing L 

THEOREM 3.- Each Ford hypersphere Z canbewrittept 

Z = [ao.al,....ov](P) 

with tt06 L and ai = 6i(kï)-9i.l(Ai.1) with Xge L and 6 ^ n(L) for I S i S v . 

COROLLARY 5.- The Ford hyperspheres can be written : 

^ l i O 1 ' lit? 
with py and qy as in (1) with a0,...,av as in th. 3. 

COROLLARY 6.- 5 C ( 2 l q v l 2 ; q v as In Corollary 1). 

3) DESCRIPTION OF THE DIFFERENT CASES 

3,1) If n=4, we can choose the axes in such a way that the vertices of the regular simplex where 

the spheres of a basic molecule touch IT are : 
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Thering A generated by p,c,x is: 

Z[p.cr.x] = Z+Zp+Zo+Zx+Zpo+Zoï+Zxp+Zpcrt 

and all the elements z e A are integral in the sense that z + z e Z 2 and zze Z —y . 

All the numbers Pv> qv are in the field of fractions of A. 

3,2) If n=2, we can choose the axes in such a way that the fundamental simplex is : 

0.P.-P2 

Then L = Z[p] and, sine Zip] is a Euclidean ring, we have : 

THEOREM 4.-

1) M(^) = PSL2(Z[p]). 

2) Our Ford spheres are the Rieger spheres ; 

I Cl 1 

2 I Y I 2 I Y I 

with a and ye Zip] relatively prime. 
Corollary 3 gives Rieger's condition of tangency for two Ford spheres : 

loy-o'yl =1. 

33) If n=l, we can choose the axes in such a way that the fundamental simplex is : (0,1). Then 

L=Z and, since Z is a Euclidean ring, we have: 

THEOREM 5.-

1) M(5P) = PSL2(Z). 

2) Our Ford spheres are the usual Ford circles [2] : 

-i ei 1 
Z(aY + 4 ' - 2 ) 

2/ 2/ 
with a and Y 6 Z relatively prime. 

Corollaiy 3 gives a well known condition of tangency for two Ford circles : 

IOCY'-OVI = 1 -
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Special features in dimension 1. 

Theorem 5 suggests to put e» = 2 ev
2 in relation (2) of [1], then multiplying by E one gets : 

(e,+92+e3) (-9,+fl2+e3) (e1-e2-e3)(61+e2-e3)=o 

so we déduce : 

PROPOSITION.- If the bends (e , ,^^) of the cluster ( Z i ^ . Z ) ) are such that 

0 S ë! S 62 S E3 we have ; 

Example : Applying relation 2 of [11 we get the following sequence of successively tangent 

circles [7] 

(P.Z2.Z3) (Z2.Z3,Z4) (Z3.Z4.Z3) 

NTH 2 (i=l) cyclic permutation 

^ , ( Z 4 . Z 2 . Z 3 ) / ^ ( Z s ^ . Z , ) 

Then the e v in the first line make up the Fibonacci sequence, applying again relation 2, with 

1 = 2, to clusters of this line we get the LllCSS sequence. 
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Remarks on proup actions and induction theorems 
Victor Snaith F.R.S.C. 

Sll In [Sn] I used group actions on spaces related to representations of a finite group to give a 

natural canonical form for Brauer's induction tbeorem [S, p. 78, Theorem 20]. However, the 

canonical form does not establish the complete form of Brauer's tbeorem since it does not specify 

the type of subgroups from which one must induce the linear characters. 

In this note I make the remark that one may, indeed, recover the original result of Brauet 

using only the group actions of [Sn]. 

S2; In this section let C denote the cyclic group of order n, and let Il(Cn) denote the com-

plex representation ring C . Let V be a virtual representation which is a JMinear combination 

of permutation representations 

(2.1) V = ! :a d Ind c "( l )eR(C n ) . 
d|n d 

Here V in (2.1) is the image of the element £ ad[Cn/Cd] under the canonical map from 

the Burnside ring 
b: A ( C n ) - - . R(C n ) 

b[(Cn/H]) = I n d g ^ l ) 

The map, b, in (2.2) is injective. This is easy to see by use of the Mobius inversion formula. 

Let $ . be any one-dimensional representation of the form 

(2.3) * e : C n ^ C n / C e > ^ C * -
If dimrHomp (è , V) = F(e) then the Schur inner product satisfies 

A%t^ _ - A w = J1 « d «vides e, 

(2.2) 

<*e,indc°(i)>c = <* e , i> c ={J i | ; 
d n a ' 

Research partially supported by an NSERC grant 



178 V. Snaith 

Hence 

(2.4) 

'F(e) = S a . and 
dje 

a d = L a(m)F(d/m) 
m|d 

where p ia the Mobius fonction [H, pp. 37/38]. 

2.5: Example 

Let W be a compact manifold upon which C acts. By virtue of classical triangulation 

theorem we may assume that W is a finite simplicial complex and that 0 acts cellularly by 

permuting the simplices. Let (C»(W;C),d) denote tbe resulting simplicial chain complex [Sp ]. 

Set V equal to the Euler characteristic 

(2.6) V = S H / C J W C ) = L f - l M w j C ) e K[Cn) 

where H^WjC) denotes the i-th simplidal homology group, H^W^) = (ker (C.(W) - ^ 

Ci_1(W)))/(im(diCi+1(W) - C^W))). 

We will require the following simple consequence of (2.4) for the injectivity of (2.2)) for this 

example. 

2.7: Proposition 

Let W be a compact manifold with a Cn-action. If x(Ht(W;C)) = 1 e R(C ) then the 
C C 

Euler characteristic of the fixed-point set, W n, satisfies x(H*(W n ) ; C) = 1 « 2. 
2.8: Coronary 

Let p be a prime and let G be an extension of the form C >—> G —<-• P where P is 
— n 

finite p-group and (n,p) = 1. Then, if G acta on W of §2.7 then WG is non-empty. 
Cn 

Proof: P acts on W = Y in a cellular manner so that (see [Sn]) 

K-lfcpit) = Sojjlndj-fl) € R(P). 

Therefore 

1 = E(-l)idimc^(Y;C)1 by §2.7, 

= JK-l^dimjCjOfjC) s o G (mod p). 

Hence a G is non-zero which implies that YP, and hence X G = YP, is non-empty, as 

required. 
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53: Applications to induction theorems 

In this section we are going to give, proofs of three well-known induction theorems. The 

only novelty of our proofe consists in the group action which we use repeatedly to avoid steps 

which are usually accomplished algebraically. 

We will study representations over the classical fields, K = R, C or H. If P is a representation 

on a K-vector space of dimension n then we may assume that u lands in the compact subgroup 

of GL K given by O(n), U(n) or Sp(n) - the orthogonal, unitary or symplectic group, respec-

tively. When K = Dt we will assume that n is even and we will set Xn = 0(2n), U(n) or Sp(n) 

when K = Dt, C or H respectively. The group Xj sits inside Xn as the subgroup of "diagonal 

matrices". The normaliser of Xj in Xn is Yn = J U X ^ the wreath product generated by the 

permutation matrices, S , permuting the factors of X? by conjugation. 

Suppose now that 

(3.1) ^ G - X , , 

is a K-representation (for K = R, C or H). Set W = \ l ^ n with G acting, via v, by left 

translation. Assume, henceforth, that this action is triangulated, as in §2.5. 

3.2: Lemma 

If H fixes gYn thm 

(i) RÊ?]T(g-1*g) (and hence v) is a sum of induced representations of the form 

Indjrt: J - . Xj). 
rt 

(ii) If y is not the sum of induced representations of the form IndT (fr L —• Xj) then 
1 = S ag lnd^l ) e R(G), 

H<G 

for suitable integere, an. 

Proof: To prove part(i) observe that (g~1»«)(H) < Yn. However, for ^: H —« Yn, consider the 

composition A: H —< Yn —» Y ^ X j ) 1 1 g Sn. Now suppose that ij,—48 « {1 n} are the 

H-orbit representatives of the H-action on {l,...,n} via A. For each L set J. = 8tabH(i.) < H. 

Let $•• Jj —• Xj denote the homomorphism given by the (jj)-entry (where, in the case K = R, 

this means the (j,j) diagonal 2x2 block). An easy character calculation shows that tji = 

SlndfOMeRKWcRfG). 
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(3.3) 

To prove part (ii) we use the fact that H*(W;C) s H*(point; C) so that, in R(G) 

1 = ^ - ^ . ( W i C ) 

= EH/c^WiC) ' 

However, the representation given by t[G]((7) c C-(W;C) is isomorphic to Ind"t , / iC1) 

where slabQ^) is the stabiliser of the i-simplex, a. Since stab^o) < G, by part (i), we see 

that part (ii) follows at once from (3.3). 

3.4: Definition 

We recall some wdl-taiown definitions. G is an M-group if every irreducible complex 
G * 

representation of G is of the form Indg(fr H —> C ). 

An elementary group is a finite of the form C « P where P is a />-group, for some prime 

p, and C is cyclic of order prime to p. 

An R-elementarv ffrouo is semi-direct product of the form P s C where P is a finite p -

group, for some prime p, and C is a cyclic group of order prime to P so that y c P acts on 

C by the formula yxy- = x for c = T l for all x c C. Notice that an elementary group is 

R-elementary. 

We will need two corollaries of §3.2. 

3.5: CoroUary 

There exist M-groups, H^ such that 1 = £ a IndS (1) t R(G). 
a a 

Proof: If G is not an M-group there exists a C-representation, u, of G to which to apply 
§3.2(ii). The result follows by induction on the order of G, for it 1 = £ an IndSfl) and 

H^G " a 

H is not an M-group then there exist M-groups, •!« $ H such that 

1 = £ b^ Ind^ (1) e R(H) and Ind^(l) = £ b^ Ind^ (1) t R(G). 

3.6: Corollary 

Suppose that G is as in §2.8 then every irreducible K-representation (even dimensional if 

K = R) of G has the form, Indj|((|i: H - • Xj), for some (H,(|)). 

Proof: By §2.8 W G # <> so the result foUows from §3.2(i). 
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3.7: Theorem (Brauer) 
If x e R(G) then there exiat elementary subgroups, J g < G, and integers ĉ  such that 

x = ï c 5 I n d g ( ^ J ê - C * ) « R ( G ) . 
6 à 

Proof: We proceed by induction on the order of G. Let 1 = B a0 IndH (1) be as in §3.5. By 
a or 

Frobenius reciprocity 
x = x.l = S aa Indi (l)x = E a Indg (Resg (x)). 

o o a a ot 
Therefore we may assume G is an M-group. Let A denote the subgroup of R(G) consisting 

C * 
of the S-linear span of elements of the form Ind j (̂ : J —• € ) with J an elementary group. By 
Frobenins reciprocity together with §3.6 A is an ideal of R(G). Furthermore, if v is an 

G * 
irreducible representation and dim(v) > 2 then v i A, since v = Indg(^: H —• C ) with H < G. 
If G is not abelian there exists an irreducible, v, with dim(f) > 2. Hence, if v is the dual of 

u then we A. However, if tp is a,one-dimensional representation of G then 

<il>, m>Q= <$*/, V>Q 
fl if V» = 1. 
.0 if not. 

Hence w = 1 + E A. with A. irreducible and dim(Ai) > 2. Therefore 1 « A and A = R(G). 

The remaining case is when G is abelian, for which the result is easy since all the irre-

ducible representations of G are one-dimensional. We leave this case to the reader. 

We will conclude with the results which correspond to §3.7 in the case when K = R or H. 

Here my results are less satisfactory since I have not been able to find a self-contained proof 

which uses only the results of §2.. Instead I have had to content myself with a proof which 

follows that of [M] and merely uses §2.8 to replace Martinet's use of the Borel-Serre result that 

supersolvable groups normalise a maximal torus. 

3.8: Theorem 
rt 

(i) Rtii(G) is generated by B-representations of the form IndK(6: K —< 0(nK)) where 

K is R-elementarv and nr, = 1 or 2. 
rt 

(ii) RH(G) is generated by H-representations of the form Indĵ i/i: K —• Sp(l)) where K 

is R-dementaiy. 
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Proof: By [S, p. 98, Theorem 27] R)R(G) is generated by the images of Ind^: R^K) - • \(G) 

as K runs through R-elementary groups. Let i/ be an irreducible orthogonal representation. If 

dim(i/] is even set w = f and if dim(v) is odd set w = v • 1. Let K act on W = 

0(2n)/SnJO(2) = Xll/Y11 (2n = dim(w)) as in §3.1. by §2.7, WK # ^, so that the argument 

used to prove §3.2 shows that w = E Ind j ($j: Jj —• 0(2)) « RK(K) and part (i) follows, since 

J. is R-elemenlary. 

To prove part (ii) we remark that RH(G) is an Rtt(G)-inodtile. Hence RH(G) is generated 

by the images of Inde: R H(K) —• R H(G) by part (i) and Frobenius reciprocity. The proof of 

part (ii) is completed by the symplectic analogue of the argument used in part (i). That is, if v. 

K —t Sp(n) is an irreducible symplectic representation of an R-elementary group then c is a 

sum of representations of the form Ind j (0: J —• Sp(l)), as is seen by applying §2.7 and §3.2 to 

the action of K ou W = Sp(n)/EI1/Sp(l) = X ^ Y ^ 
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Jacobi suna. Fermât motives and the Artin-Tate formula 

Norlyukl SUVA and Norlko YUI 

PneAented by G. de B. Rob-tiwon, F.R.S.C. 

Let a , n E M , m E 3 and n £ 1 . Let u (= M (O) denote the 
m m 

group of m roots of unity. Let k = F be a finite fleld of 

characteristic p > 0 such that q B 1 (mod m) (I.e., k a I^IC)) . and 

let kx = F x = <z> . Choose, once and for all, a multiplicative 

character X : ** » V . Z(z) = e2"1/BI =: Ç . Put L = 0 « ) . Let 

G = ̂ / { d i a g o n a l ! = (g = (1^,^ <n+1) e M^l/ldlagonall , 

Is Identified with tl 

n+1 N 

7 a, B 0 (mod m) [ 

1=0 ' 

and let G be Its character group. Then G Is Identified with the set 

n+1 

a = (a,,, a. a,.) € (Z/mZ) 
0 1 n+l 

n+1 a. 
by G x G > L : a(g) = fl <l 

1=0 ' 
Let a(= an) = (a = (a„,a, a ,) 6 G I a, « 0 (mod m) for all 1) . 

m 0 1 n+l • i 

1. The Jacobi sum, J(a)(= J(a) ) . a e a , of dimension n and degree 
m Is defined by 

J(a) = (-1)" ̂ ( V j ) ' xlv2) 2 ... x(vnM) "^ 

where the sum Is taken over all (n+l)-tuples 'vl•v2,••••vn+i' 6 '̂  ' 

with a linear relation v. + v. +... + v = -1 . Properties of Jacobi 

sums which are relevant to our discussions are summarized as follows: 

Put T = Gal(L/0) . 

(a) J(a) E ZICl c L with the complex absolute value q 

(b) r = ( (rt | (rt(Ç) = Ç1 , (t,m) = 1 ) 3 lZ/aI)x acts on J(a) by 

J(a) t = J(ta) . 
(c) If m Is prime. J(a) a 1 (mod ( l -Ç) 3 ) . (The Iwasawa 

congruence). (111.) 
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2. Let X (= X^) be the Format variety over k of dimension n 
m 

and degree m deflned by the equation 

*S • * ? • • • • C i - 0 c ' f 1 -
The zeta-function of X , Z(X,T) , has the form 

(-l)n+1 
Z(X.T) P m 

(l-T)(l-qT)...(l-qnT) 

where P(T) = det(l-* T) is the characteristic polynomial of the 
Frobenius endomorphism 4 of the 2-adlc étale cohomology group 
H^X.O.) U prime * p) , or of the cyrstalline cohomology group 
HiX/W)„ , Induced by the Frobenius endomorphism 4 of X relative to 
k . Then P(T) 6 1 + TZ[TI with deg P = B (X) (the nt h Bettl number 
of X), and furthermore, over C , 

P(T) 
H (1 " J(a'T) If 2|n 

aeS 
(l-q,l/2T) n " " J<a'T) If 2|n 

asS 

3. Fermât submotlves of X are defined as follows. 

For a E G .put pa = ji- £ a(g)"1» g e LtG] and for A = [a] (the 

geG 
(Z/nZ)x-orblt of a) , let P. = 7 p. e ZI^l [GI . Then p and p. 

A L a m 'a rA aeA 

are Idempotents with \ pa = 1 and V P. = 1 where the latter sun 

aeG AEOIG) 

runs over the set 0(G) of (Z/mZ)x-orblt of G . Identifying 
g e G c AuKXj^) with U s graph, p may be regarded as an algebraic 
cycle on (X x X) with coefficients In Z(i] . The pair M. := (X,pJ *- m A A 
Is called a Fermât submotive of X corresponding to the (Z/mZ)x-orblt 
A In G . ((21.) The field of definition of M. is the prime field 
F with (p,m) = 1 or 0 . 
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4. The motivic decomposition of X , X = (X,AX) = e M , commutes with 
cohomology functors with various coefficients, and this enables us to 
define some numerical invariants of M. . For a E a and t E (Z/mZ)x , 

/ 1\ let |ta| = £ (—— ) - 1 where <x> stands for the fractional part of 
1=0 \ m / 

X £ O 

(a) The nth Bettl number of M. Is B (M.) := dlm„ I^IM. r,0.) 
A n A 0. A, k t 

= tt A If A c B . 

(b) The (l.J)-th Hodge number of M. is h1,J(M,):= din, H^M.,!!1) 
A A k A 

= «( a e A I jaj = 1 } if 1 + J = n and A c B . In particular, 

h ' (MA) = P„(MA) (the geometric genus of M ). 
(c) The slopes of MA are <A

H<a'/'f > „ . where H = (p1 mod m j 

0 a 1 < f> , f the order of p mod m and Aj-la) = j; |ta| . 
teH 

We have P(T) = n . P (T) if 2|n , and (l-q"72^ n - P,(T) 
AEO(G) A aeO(G) A 

If 2ln . where PA(T) = n (l - j(a)T) E Z[T1 . 
aeA 

5. A theorem of Mazur that the Newton polygon lies over or on the 
Hodge polygon is also valid for Fermât submotlves M. . Now we can make 

A 
the following definition. 

(a) M is said to be ordinary If the Newton polygon of M. 
" A 

coincides with the Hodge polygon of H. . 
A 

(b) M. is said to be supersingular If the Newton polygon of H. 
rt A 

has the pure slope n/2 . 

(c) MA is said to be of Hodge-Witt type if HJ(M .WU1) is of 

finite type over W for all pairs (I,J) with 1 + J = n . 
Combinatorial characterizations are given in the following theorem. 
Theorem. Let H be a Fermât submotive. 
(a) MA is ordinary if and only if ]pa| = |a| for every a E A . 
(b) MA is of HodgerVltt type If and oniy if for each 

J . 0 < J < f . ||pJa| - jaj s (01 . (0. U or (-1,0> for every 
a e A . 

(c) MA is supersingular If and only If A„ta) = nf/Z for 

every a E A . 
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Examples. (a) Let m = 7 , n = 2 and A •> [1,1,2,3] . Then M 
Is not ordinary but of Hodge-Wltt type. 

(b) Let m = 7 ,n = 3 and A = 11,1,2,4,6) . Then M,, is ordinary. 
(c) Let m = 7 , n = 4 and A = [1,1,1,6,6,6] . Then MA Is 

ordinary and supersingular. 

6. Let n - 2d and let M, be a Fermât submotive over k = F . 
A q 

Theorem. The following statements are all equivalent. 

(1) M is supersingular. 

(ii) J(a)/q is a root of unity for some a e A . 
(Ill) J(a)/q is a root of unity for every a e A . 

Theorem (n = 2) . The following assertions hold. 
(a) The Picard number p(Xj-) of the Fermât surface Xj- Is equal 

to 1 + £ BT'M» C' where the sua runs over all supersingular Fermât 
submotlves M. ç 

(b) (The Artin-Tate formula). Let M be supersingular. Then 

p (M ) 
lBr<MA)p-torsMdet '«"V | V =<! : 

Br(MA,£-tors = <0> .2££ ldet ^ ' " A ' 9 Z«l = * for any 
prime t with (I, mp) = 1 . 

(ci (The Artin-Tate formula). Suppose that M. is not supersingular. 

t*^ p (M.) 
i^'Vp-torsH8 A - iv1'"'!;;1 = i n n-win;1 •. 

r aeA 
l^'^'i-torsl = lPA(1/<,)lï1 = I H (l-J((a)/q)Tj tor each 

prime t with (t, mp) = 1 . 
(The t-part Is due to Shioda [2).) 

Corollary. Jf X is a Fermât surface of Hodge-Vltt type over k , 

then det NS(X) divides a power of m . 

(This extends a result of Shioda [2] for ordinary Fermât surfaces to a 

larger class of Fermât surfaces of Hodge-Wltt type.) 
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7. Theorem (n = 2). Let m > 3 be prime. Let M be a Fermât 
submotive of Hodge-Vltt type over k = F Suppose that M is not 
supersingular. Then 

N o r m e d - J(a)/q) = t Bm3/qw ' V 

where B is a positive integer which is a square or twice a square. 

possibly aultiplled by a divisor of 2m , and w (M.) is the dimension of 
— 5 . A 

the p-divisible formai group in H (Mâ,C ) . ^^^-^^^^—^—^—^-—.^^^^^—~ A m 
(This generalizes a result to Shioda [2] on ordinary Fermât 

submotlves. ) 

B. Let n = 2d , m > 3 prime and k = F with p a l (mod m) . 

Let J(a) be a Jacobi sum of dimension n and degree m over k . 

Let PA(T) = n ï1 " Jla'T) E Z[T] . Then for each r . 0 s r s n . 
aeA 

Norm^jjd - J(a)/p ) = P^i'P ' ls a rational number, and there exists a 

certain duality between Norm^pd - J(a)/qr) and NOHIL, (1 - J(a)/qn"r) 

Examples. (a) Let n = 5 , n = 4 and a = (1,1,1,1,2,4) . 

1 

Nr(l 

Nr(l 

Nrd 

Hrd-

P 

-Jla)) 

-J(a)/p) 

-J(a)/p2) 

-J(a)/p3) 

U 

S331«41-

531S1 

S3 

11 

S31S1 

l l 4 

1381 

31 

5358771-116101 

537411 

53 

31 

537411 

314 

41 

5311'58081462S1 

34S3281 

s3 

4Î 

3453281 

414 

Nr(l-J(a)/p4) 5331'41'1381 5358771-116101 53U>58081462S1 
II8 318 418 
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(b) Let m = 7 , n = 6 and aj = (1,1,1,1,1,2,2,5) , and 

a2 = (1,1,1,1,3,3,5,6) 

29 43 

Nrd-J(a )/p3 JL JL8^ 
1 ^f_ 4 3 ^ 

Nrd-J(a),)/p3) Z-Ij itïL 
2 292 432 

Theorem. Let J(a) be a Jacobi sum of dimension n = 2d and 

degree m prime > 3 . Then m3 always divides Nrd - J(a)/qr) for any 

r , 0 a r a n . Furthermore for r = d , under certain additional 

t+3 H 
conditions, if m (te 0) divides Nr(l - J{a)/q ) , then t must be 
even. 

(The first assertion Is due to Shioda [21; cf.[1]. ) 

Conjecture (n = 2d) . Let J(a) be a Jacobi sum of dimension n 

and degree ro prime > 3 over k = F with p a l Cmod m.). Suppose 
that the Fermât submotive M corresponding to J(a) is not 
supersingular. Then 

Nrd - J(a)/pd) = + B n 

qdh0'2d+(d-l)h1'2d-1+...+hd-1'd+1 

where B Is a square. 

The detailed account of this paper can be found In [3]. 
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Monstrous .Em's and a generalization of a theorem 
of L. Solomon 

A. PIANZOLA AND A. WEISS 

Pneitnted by R.V. Uoody, F.R.S.C. 

Abstract. We generalize a theorem of Solomon to give a formula for counting 
the number of conjugacy classes of elements of prime order of a compact simple 
Lie group with character values in a number field of a given degree. 

Using the "monster Lie algebra" [BCQS] as motivation we consider the following 

situation for the Kac-Moody Lie algebra of type El0 

0 8 
I 

0 - 0 - 0 - 0 - 0 - 0 - 0 - 0 - 0 
- 1 0 1 2 3 4 5 6 7 

8 
If <3 ~ © ibrj is the root lattice of Eio then Q is isomorphic to the Lorentzian 10 

i = - l 

dimensional lattice. Let S = ao + 2ai + Sa^ + 4oj + 604 + 605 + 4o6 + 207 + Soj be the 

null root of affine Es. The element 

u; = a_i + S 

is an isotropic element of Q. Consider the set of "Leech roots" 

n={a€Q\iJa = -l and ||<»|| := a o = 2}. 
8 

If Ag = 0 Za, then 
•=1 

Q n XwLIZu ~ Aj 

Both authors acknowledge the continuous financial support of NSERC. 
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and we have a bijection 

Ag*—tH 

given by 
a i - » ô : = o + 5 + ^ - ! L — j ^ . 

Consider the matrix A = Aaip indexed by a given sublattlce A of As defined by 

>l< . . , :=â- /8 = - i ( [ | * - / > | | - 4 ) . 

Then A is a Cartan matrix if and only if A does not have Emy elements of norm 2 (In the 

monstrous case one can use the full Leech lattice). The following construction shows how 

to produce such sublattlces. 

Let A be a indecomposable irreducible root system emd let P, Q, PV,QV be its weight 

(respectively root, coweight, coroot) lattice. Fix N 6 Z>0 , let 

5 = { / € Hom^P, Z/N2) j / is surjective}. 

The Weyl group W of A acts on S via (ui/)(^) = f(w~lp,) and the orbits of W on 5 define 

an equivalence relation ~ on 5. We let S := S/ ~ and let G be the amply connected 

compact Lie group of A. Finally we let £ denote the set of conjugacy classes of elements 

of G of order N. 

If i € G is of order N then x ~expi2irN~lz for some z 6 Qv and we can define 

fs-.P-* Z/NZ 

by 

f.{p)-.= (p,z) + NZ 

(or all î 6 P-

LEMMA 1. The procedure 11-* z t-* f, establishes a bijection ofE witb S. 

a 
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Let z be as above and let A(z) be the smallest number field containing all the 

character values of z at every finite dimensional representation of G. Clearly QC A{x) C 

(Q^rt'"-1) and we define a( i ) := dim(QA(z) and 6(z) := dimA(r) Q{ei2'N~l) (called the 

height and depth ot x respectively). 

Let C be the set of sublattlces L of P satisfying P/L =; Z/NZ. The Weyl group 

EK:ts on C inducing an equivalence relation ~ and a quotient set C := C/ ~ . 

LEMMA 2. There exists a well defined surjection 

given by 

f. t-t keif.. 

Moreover it x = exp t2irAf "' z then 

• The preimage of ker/, has cardinality 0(1). 

• (A of type .Bs,). fbr an element of ker / , to have no elements of norm 2 it is necessary 

and sufficient that i be a re/çulai element of G. 

• 
Going back to Eg we see that a suitable sublattlce A of the Eg lattice can be con-

structed for iV = 31 using the unique conjugacy class of regular elements of order 31. Such 

an element is given by 

x := exp i2!r2/31 

where z = uij' + • • • + w^. (Here the Ui's are fundamental coweighls relative to a base 

a i , . . . , as of A.) We have 

8 8 
A = { X>"i 11>. == 0(31)}. 

1=1 i = i 
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Let WD :— (tu e W | U)A O A}. It is known that WD is generated by a Coxeter 

transformation [Pz€l]. Since a(i) = 1 we can use Lemma 2 to conclude that 

Card K = [W: WD] = 23.224.320. 

The numerology of these lattices and of the "monstrous like" Kac-Moody algebra generated 

by their associated Ceirtan matrices is suggesting. There is edso em induced "root-data" 

geometry [MP] inside tbe .Em lattice obtained from A. 

The last lemma indicates that counting W-orbits of lattices cem be accomplished by 

counting conjugacy classes of a given height. This problem is of interest on its own emd 

can be solved as follows: 

Given D, b e Z>Q consider the polynomial 

B o , 6 ( t ) : = l > ( j ) A „ . ( 0 
m\D 
b\m 

where p is the MSbius function emd for eeich m € Z>0 

-MO ̂ E («''<•'"-i) 

where /J(UI) is the multiplicity of a primitive dth root of unity as an eigenvedue of tv. 

THEOREM 1. Let p be a prime which is relatively prime to the order of W and let D 

be the greatest common divisor of p - 1 and the exponent of W (i.e. tbe least common 

multiple of the orders ot elements ofW). For all b e Z>0 tbe number ot conjugacy classes 

of elements ot G of order p and height b is given by evaluating Bp.ilt) at p. 

D 

Recall that if z e G is of prime order p then [Pzil] 

p-l<a(x)h 
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where h is the Coxeter number of A. The limit case when p — 1 = a{x)h forces z to be 

regular [Pzl2] and witb the aid of Theorem 1 we cem show that 

THEOREM 2. It p is a prime such that p-1 — ah then tbe number ot conjugacy classes 

ot elements ot G ot order p and height a is a 

D 

Remark. There are 2 conjugacy classes of quadratic (i.e. height =2) elements of order 61 

in G of type Eg. By Lemma 2 these produce a "distinguished" set of index 61 sublattlces 

of Ag with no elements of norm 2. This set has again 23.224.320 elements. 

We finish by describing an easy way of computing the number si(d) of elements of 

W that admit a primitive dlh root of unity as an eigenvalue of multiplicity k. This permits 

an immediate calculation of the A and hence B polynomials. 

THEOREMS. Let d 6 Z-ïQ and Jet m i , . . . , m/ be the exponents of W. Define 

Kd) := (i € (1 U l d divides (m; + 1)). 

Then 

1 ' i=o ie/(<i) 

D 

The case d — 1 gives a well known result of Solomon [SlmJ. This last theorem is of 

its own interest and we finish by listing three immediate consequences of it (all known and 

listed in order of increasing difficulties of the original proofs). 

COROLLARY 1. fbr —1 to belong to W it is necessary and sufficient that all exponents 

ofW be odd. 

D 
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COROLLARY 2. (Springer). Itw 6 W admits a primitive d"1 root of unity as an eigenvalue 

then d divides (m,- + 1) for some exponent m,- otW. Q 

COROLLARY 3. (Kostant,). i£u) 6 W admits a primitive h"1 root of unity as an eigenvalue 

then u> is a Coxeter transformation. D 
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Navier Stokes Derivative Est imates in Three Space Dimensions 

with Boundary Values and Body Forces. 

G.F.D. Duff F.R.S.C. 

Abstract. Conditions eure stated on boundary values and body forces that ensure the 

derivative estimates of [3] in the initied and boundary value problem for the Navier Stokes 

equations in three space dimensions. Interpretation of these results, and nn applirntion lo 

fluid layers, are given. 

1. Introduction. 

Consider the initial and boundary value problem for the Navier Stokes equation 

"M + U*ui.* = -p,i + vAui + Bi(T,t) 

where i,k = 1,2,3, subscript commas denote derivatives, and A is the Cartesian Laplncr 

operator. The velocity vector ut = Ui(x, i) describes the flow of a viscous incompic-ssiblo 

fluid; thus v denotes the constant viscosity and 

"... = 0. 

The impressed force or body force per unit mass is denoted by i3j(.r. t). 

On a region fi C 7ÎJ we impose initial values 

«((1,0) = ii«(z) 6 I ^ f t ) 

and boundary values 

Ui(z,t) = Wi(r,t) on Oil. t > 0. 

where u>j(z,t) is defined on fi and is subject lo conditions stated below. 

When boundary values and body forces are zero, it has been shown in [3] tluit the 

L I (n ) norms of typical derivatives satisfy an integrability condition over time: 

[lDrD:»i|jei,(<r+2-""(o,r) 
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where 0 < T < oo, and that max \D^Dlu\ € i< 2 r + ' + , ) _ , ( 0 ,T) . Herein are stated condi-
*6n 

tions on general boundary values emd body forces that ensure the same integrability results 

for the solutions Uj(z,t) in the nonhomogeneous case. Note however that the incompress-

ibility condition still holds. 

2. Statement of the Main Theorem. 

Throughout this work the order of a partial derivative DfZJJu is effectively the 

weighted order 2r + s = 2r + si+sj + ss where si are the components of the 3-index 

s. The weighted order will often be subject to an integer or half-odd integer correction 

according to the index of the space norm in which it appears. 

Theorem. Letuo € i J ( î î ) and let p be an odd positive integer, r, s be non-negative integers 

where s is a S-index. Then 

o; £ | |Vu. | | , 6 L*10,T) and lKl|./6,l|B||./8 6 LJ(0,T), iAen ||u||3 6 i ^ O . T ) and 

\\Vu\U € L'{0,T). 

b) if toe have 

WD^D'MU/i € I ^ f t r r ^ . T ) , 2r + s < i (p - 1) 

WD'tD'MU e L^r^CO.T), 0 < 2r + s < ^ip+l) 

and 

WD^D^BWi/i 6 L*#*i{0, T), 2r + s < - (p - 1) 

\\Dr
tD'xBheL*&7*{0,T), 2r + s<-(p-3) 

then 

HDrDJuJI, 6 i^rf^(0,T), 0 < 2r + s < i(p + 1) 

anil 

max|UJI>>|, €i i : * n ' ( 0 , T ) , 2r + s < - ( p - 3) 
«60 * 

file:////Vu/U
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c) if the conditions of b) hold for all odd positive integer} p ihen the conclusions hold for 

all orders of partial derivatives. 

A complete proof of this result will be given elsewhere. Here we remark only that the 

overall course of the proof is similar to the proof for the initial value problem only [3], but 

the details of the estimates are considerably more complicated. The conditions sufficient 

for each weighted order are stated separately; it would be possible for these lo fail from 

some order onward initially or after a certain time interval. Because of interpolation and 

embedding theorems, these conditions are not all independent in general, but we do not 

discuss any details here. 

3. A nonhomogeneous integrability lemma. 

The proof proceeds by reducing certain integral estimates to a standard form and then 

applying an integrability lemma for the time variable (Lemma 3 of [3]). The modified form 

of this lemma, suitable for the non-homogeneous problem, is the following; 

Lemma Let a > 1, p > 0, F(f) > Po > 0,G(f) > 0 an£N{i) > 0. i £ t ,F (0 e L'{0.T\ 

and assume for 0 < t <T thai 

F,( t) + G{t) < A"F"+'(t) + N{t) 

where N(t) < CF'(t)Q(t) with Q(t) ç LHQ,T). 

Then G(t) < CF,,(f)Qj(t) where Q,(t) e ^ ( O . T ) ; G(t) and Njt) 6 L^IO.T) and 

tT G(i\ tT tT F 1 - " 

/ *Wdt£Kl ™ + /<?(<)<* + J ^ 
/ G(t)^dt < (A' + l ) / F » , ( t ) d ' + - 7 - / Q(<M< + ^ - • — • ^0 ^o a + p Jf, a + p a - \ 

The straightforward proof of this lemma is omitted; we shall comment instead on 

the nature of the hypothesis W(t)F(t)" 0 € ^ (O .T) made on the nonhoiuogcnrous term 

N{t). In practice singuleirities of F(t) are determined by « and its derivatives ami are not 

predictable or controllable in advance. Thus the assignable or controllable singularities of 
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N{t) are limited to those of the integrable function Q(t) and while stronger singularities 

of iV(t) may occur they are limited to those of F(f), that is, to singular instants, regarded 

as unpredictable in advance, of the solution u. 

The behaviour at emy time of the boundary vedues and body forces can contribute to 

the formation of later singuleirities in the solution field u, even if these nonhomogeneous 

terms are themselves well-behaved. Thus later singularities of F(t) may, in theory, be 

causally related to those of N(t) through the overaU behaviour of the nonhomogeneous 

terms and the solution. 

4. Interpretation of results. 

The well known energy relation 

M,t)\\l+2uj\\Vu(,T)\\ldT = |[u(, 0)112 

and its counterpart in the nonhomogeneous case, show that the kinetic energy f [|u||5 is 

bounded, and the rate of viscous dissipation of energy f |1VU||J is integrable over time; 

that is, ||VU|1J € L2{0,T) for T > 0. At the next level, the space rate of change of 

shear (or space rate of change of velocity which generates viscous dissipation of energy) is 

majorized overall by ||Au||j which is time integrable to the | power. ||Au||j 6 Li{0,T). 

The acceleration n = gft = u, + u • Vu also satisfies ||a||j € l i ( 0 , T ) while the time 

rate of change of shear satisfies l | ^ V u | | j = ||V(u, + u • Vu)| | , 6 i,*(0,T). The time-

inlegrabilily of the maximum values over fl and of the intermediate 2^(0, T) norms for 

2 < p < oo are eis shown. 

Table 1 Time Integrability of || ||p. 

Quantity 

velocity 

shear 
acceleration 

time rate of change 
of shear 

Symbol 

u 

Vu 
<•=£ 
&(*«) 

p = 2 

oo 

2 
| 
-

2 < p < o o 

f ï ^ î (2<p<6) 
I A (6<P) 

. r 
sfr 
<£> 

p = oo | 

1 

1 
\ 
I 
4 
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5. Averages over Layers: 

By means of the gradient inequedities in [1,2], the foregoing integrability results can 

also be applied to averages taken over layers of fluid defined by the motion. In the first 

instemce, consider a fluid layer, such as a boundary layer, with velocity of magnitude u. 

where Ui < u < Ui + du. The layer thickness at any point is du/|Vu|. Thus we define the 

sphericedly symmetric equimeasurable decreasing rearrangement u* of u in H or a suitable 

subdomain otilÇ. Rs. Then [1,2] 

1 f dS_ 
l«-(*-)l " Js |Vu| 

where S is the surface area, dS the surface element, defined by u* < u < u* + du. Thus 

S|u*'(i*)| is the heurmonic average thinness (reciprocal thickness) of the layer, per unit of 

velocity increase, averaged over the layer surface. Here also i* = V = V = ^r1 where r 

is the corresponding spherical radius and dV the volume element of the layer. Then 

| |Su"l |£= / {S\u-\x-)\)'dx- < I [Vui'dx, 
J a- Jn 

<| |VU| | J 6 1 ^ ( 0 , 7 ) p > 2 

Thus the average thinness of the u-layers, integrated by volume over the region, has the 

same integrability over time as the corresponding gradient norm. Again a table may bo 

constructed as follows: 

Table 2 
Layers defined 
by ranges of: 

(rearranged quantity) 
velocity 

shear rate 

acceleration 

time rate of change 
of shear 

Symbol 

u 

Vu 

« = & 

& V « ) 

Gradient 
or majorizing 

quantity 
V» 

An 

V ( H , + I( • VM) 

A(IJ , + « - V I I ) 

Time Integrability. 
|| ||p of layer Ihinncss 

( > = 2 2 < p < o o p = oo 
2 

2 

ï 

1 
T 

^ 3 

Tfr 

. F 
4 p - l 

^ 

1 
1 

1 î 
1 
4 

1 i 
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A GEHERAL XHTEGRAL INEQUALITY FOR THE DERIVATIVE OF AH 

EQUIMEASURABLE REARRANGEMENT 

Dragoslav S. Mitrinovic and Josip E. PoSarié 

Pneitnted by 6.F.P. Vuii, F.R.S.C. 

1. Introduction. Por a real valued measurable function f on the 

domain [0,bl tho equimeasurable decreasing rearrangement f of f is 

defined as a function yT1 inverse to p, whore p(y) is the measure of 

the aet ix I f(x)> y}. Since f* is monotonie f*' is defined almost 

everywhere on [0,b], and the following inequality is valid ([1,2])! 

Let f be differentiable almost everywhere in Co.bD. If P > 0 , 

then 

( 1 ) / | f , l » ( x ) l p d x ^ / l f K 3 c ) l p d x , 
0 0 

and the reverse inequality is valid if p < 0. 

A related inequality is also given in [21, and a generalization 

of this result for convex functions is given in |.5l • 

In this paper we shall show that e similar goneraliaation of 

(1) can be given, but for monotonie functions. 

2. The penersl inequality 

Theorem 1. Let £ be differentiable almost everywhere in [O.bJ and 

let G(y) be a nondecreasing function for y>0. Then 

(2) /GCIf^x)!) dx - /G(|f'(x)|)dx. 
0 O 

Proof, AS in L2,3J let the multiplicity n(y) of f at the level y 

be the number of roots x^- xk(y), k- l,...,n(y) of the equation y -

f(x), in [0,b]. The basic relation connecting the derivatives of f 

is obtained in [2] : 

If^'Wr1 - Ë If'Cx^T1. 
Using x* as independent variable for tho rearranged function f*, 

we have as in [3j 
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If^'Cx")! - Idy/dx"!, 

hence from the basic relation 

dx" - |f,,«(x,,)r1dy - £ |f»(xk)rX4y - 5 dxk. 
k"l K"i 

Therefore 

GCIf^'Ddx" - 6(( E ifKx^r1)-1),? If'Cx^l^dy 
knl K-1 

- H( E |f,(xk)r1)dy 
k=l K 

where H(x) = xG(l/x). It ia obvious that the function H(x)/x is 

nonincreasing, so tho following inequality ia valid (aee t*t P. 85]) 

H(Ex) - EH(x). 

Thus we obtain 

G(|f , , , (x, l)l)dx, , - H( E | f«(x k )r 1 )dy 

i EH(|f , (x1 , )r1)dy 
k-l *• 

- E IfHx,..)!"1 Gdf'CxJDdy 
k-1 

. E Gdf'CxjJDdXj^ 
k-1 

uaing in the last step the relation dy - If »(xk)|dxk. Integration 

over the domain QO.b] now yielda the stared result/as the integral 

elements baaed on the dXjc exactly cover tho interval [O.b] once whan 

the summation over all integral elements based on dx* is performed. 

This completes the proof of Theorem 1. 

In fact, we can prove the following result (aee [$])* 

Let X(f) and a(f) be arbitrary positive functions on tho range 

of f. Then, aasuming the indicated expressiona are defined ond that 

G(x) is nondecreasing, we have 
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/X(f,,)6(a(f")|f"«|)dx S f \(f)6(a(f)|fM)dx 
and the reverse inequality if G(x) ia nonincreasing. 

3. Ihe m-dimenaional case. Recall from [2] that a function f(x) 

- f(x^,...,x ) has a spherically symmetric equimeasurable decreasing 

rearrangement which is essentially a function f* of volume or of 

radial distance only. Let 

fiU) - meas.[(x1,...fx|||) I f^,...^) > z], 
and let 

f"(x) - fT^x). 

The basic relation for f£ PC1 is derived by integration over 

the lover surface f-f" in the domain D involved. If dn denotes the 

inward normal differential, and \7f the gradient, then |Vf|dn- df. 

Since 

u(z) •» / ̂  dV - / ̂  dndS 
f=z f-z 

we find 

du » E /dndS = E / -M- as. 
r IVfj 

The aumtnation runs over all componentâ of the level surface f •> f*. 

However, 

du d f " 
^ lf"»(x)| 

while |df| « Idf^l. Comparing, we obtain the m-dimensional basic 

relation (see 12,3]): 

— i — , . E / -âs_ . 

[^•(x)! - f-f" I Vf I 

The n-dimensional analogue of the multiplicity function ia now the 

level surface area 

f-f" 
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TheoriM» 2 . L e t _ 6 ( x ) be nondecreaaing f o r x > 0 . Then 

/ G ( | f « « ( x ) | ) d v 2 / G ( | V f | ) d V . 

Proof. The integral on the l e f t has the d i f f erent ia l 

G(|f , l»(x) | )dV - G ( ( E / ( | V f i r 1 d S ) - 1 ) E/dSdn 

- G((E/ ( |Vf | )~ 1 dS)- 1 ) E / jVf l^dSdf 

- H ( E / | 7 f r 1 d S ) d f 

- £ / . H ( | 7 f r 1 ) d S d f 
f-f" 

- E / IVf l^GdVfDdSdf 
f-f^ 

• £/ _G(|Vf|) dSdn 
f-f" 

" £/ _0(|^f|)dV. 
f-f" 

The result now follows, as in the onedlmensional case, by integ-
ration over the domain S. 

Again it is possible to include positive weight functions Xff) 

- XU") on the range in the integration, and an arbitrary positive 

function a(f) in the argument of 6, i.e. if G(x) ia a nondecreasing 

function we have 

/ X(f,,)G(a(f«)|f"»(x)|)dV i / X(f)G(a(f)|Vf(x)|)dV. 
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