
C.R. Math. Rep. Acad. Sci. Canada 

Vol. XI, No. 4 August 1989 août 

CONTENTS 
H. OSADA and N. TERAI 

Generalization of Lucas' Theorem for Fermat's quotient 115 

K.OTA 
On p-integrality of a formal group obtained from a hypergeometric function 121 

B. CHOCZEWSKI and M. KUCZMA 
A remark on doubly stochastic measures and functional equations 127 

A. 0 . BAHYA 
Un critère de nuclearité pour certains espaces de type (M) 133 

G. GRATZER, F.R.S.C. and H. LAKSER 
Congmenee lattices, automorphism groups of finite lattices and planarity 137 

H. D'SOUZA 
A general result on local spannedness 143 



C.R. Hath. Rep. Acad. Sci. Canada - Vol. XI, No. 4. August 1989 août 115 

GENERALIZATION OF LUCAS' THEOREM FOR FERMAT'S QUOTIENT 

Hlroyukl Osada 

and Nobuhiro Terai 

PKtitnted by P. Ribenboim, F.R.S.C. 

mP-l_ i 
Abstract: We define the Fermat's quotient qp<m) by qp<m) = ^ 

where p Is an odd prime and < m, p ) = 1. Lucas proved that qp(2) Is 

a square only for p = 3, 7. The purpose of the present paper Is to 

study the equations q^Cm) = x where I Is a prime. 

§ 1. Introduction 

Let p be an odd prime number and let m be a positive Integer 

prime to p. We define the Fermat's quotient qp<m) by qp(m) = 

—% ^ - 1 — Lucas ( [21,[43 ) proved that q_(2) Is a square 
P • p 

only for p = 3,7. 

In the present paper,we consider,as a generalization of Lucas' 

Theorem, whether the equation 

q (m> = xl 

has solutions or not, where I is a prime and x is a positive 

Integer. We prove the following three theorems. : 

Theorem 1. if n ie « prime > 3, then the equation 

(1) q,/!») = x2 



116 H. Osada and N. Terai 

has only s o l u t i o n ( p, ro, x ) = < 5 , 3 , 4 ) . 

Theorem 2 . If r Is an odd prime with r ^ p and the . 

equation 

(2) qp<r) = x r 

has solutions, then p and r satisfy the congruences 

2 r" 1 s 1 ( mod r2 ) .and p r " 1 s 1 < mod r2 ). 

Theorem 3. If t is an odd priroe, then the equation 

(3) qp(2) = xl 

has only solution p = 3. 

§ 2. Proofs of the theorems 

We first prove theorem 1. Then we use the following three Lemmas. 

Lemma 1. < Ljunggren [31 ) 

Let p be an odd prime. The Diophantine equation 

x" - py2 = 1 

has no solutions In positive Integers x and y if p ^ B, 29. 

When p = S or 29, there is only one solution, viz., 

( x, y ) = ( 3, 4 ) and ( 99, 1820 ) respectively. 

Lemma 2. ( Nagell [5],[6] ) 

Let n be an odd Integer a 3 and let A be a square-free Integer 

i 1. If the class number of the quadratic fleld Q</-A ) lo^not 
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divisible by n. the Dlopantlne equation 

Ax2 + 1 = yn 

has no solutions in Integers x and y for y odd and i 1, apart 

from x = ± 11, y = 3 for A = 2 and n = B. 

The following result is well known. ( For the proof, e.g. , 

see Adachi Cll. ) 

Lemma 3. Let K be the quadratic field with discriminant d. 

Idl 

Then the class number of K Is small than — j - , J_f_ .d > 0 , and 

3 , If d < 0. 

Now suppose p s 1 ( mod 4 ). Since -E-^ is a positive 

Integer, the equation (1) becomes 

(4) < m(p-1 ) / 4 ) 4 - PX2 = 1. 

By Lemma 1, we see that the equation (4) has only solution 

( P, ro, x ) = ( S, 3, 4 ). 

Suppose p = 3 ( mod 4 ). Then p g Is odd i 3 since p 

2 3. By (1). we have 

(5) px2 + 1 = ( m2 ,(P-"^. 

We denote by h the class number of the quadratic field fi(/-p ). If 

follows from Lemma 3 that h Is small than ^ g and so h is 

not divisible by P " 1 . Therefore, by Lemma 2, we see that the 

equation (S) has no solutions ( p, m, x ). Thus this completes the 

proof of Theorem 1. 

We next prove Theorem 2. By (2), we have 
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( r(P-1 ) / 2 * 1 X r( p- 1 ) / 2 - l ) = pxr 

Hence we get the following four cases ; 

( r<P-l>/2 • i. r<P-l)/2. ! , „ (a)! ( 2 yr ( 2r-lpzr ^ (b)J 

( 2pyr, 2r"1zr ), (c): ( 2r"1yr. 2pzr ) or (d): ( 2r"1pyr, 22r ), 

where y and z are positive integers with x = 2yz. 

Suppose p = 3. Then (2) becomes r2 - 1 = 3x . Since we have 

r2 - 1 < 3xr for x > 1 

, (2) has no solutions. 

Suppose p > 3. We first consider case (a). Since rtP-l)/2 + l = 

2yr and ^ I 2 2, we get 
r I mnH ^2 1 s 2 y C mod r2 ) 

l a 2r-lyr(r-l) ( mod ^ , 

Since y is prime to r and r is an odd prime, y1"*1""1' = i ( mod 

r2 ) holds. Thus we obtain the congruence 2r~l s 1 ( mod r2 ). 

Since we also have r<P"1)'2 . ^ - 2r~1pzr, we get 

- 1 s 2r"1pzr s pzr ( mod r2 ) 

I E p r - V " - 1 ' = p1-1 ( mod r2 ). 

Hence we obtain the congruence p1""1 s 1 ( mod r2 ). 

We next consider case (b). Then since ^ P - 1 5 ' 2 - i = 2r"12r, we get 

- 1 = 2r"1zr ( mod r2 ) 

. hence 1 = 2<r-l)2
zr(r-U { ^ r2 , 

Since 2 r < ,- 1>a 2 r<r-l)E j ( Fnod r2 j we get 

1 = 2(r-l)2
2r(r-l) s 2(r-l)2 

_ ,r (r-l>-<r-l) _ .-(r-1) , m „ . r2 . = z = 2 ( mod r' ) 

Therefore we obtain the cogruence 2r" 1 = 1 ( mod r2 ), Since we 

ilso have r ^ " 1 ) ' 2 + i = 2pyr, we get 

1 s 2pyr ( mod r2 ) 
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l e 2r-lpr-lyr(r-U a pr-l ( mod r2 , 

Thus we obtain the congruence pr~ = 1 ( mod r2 ). 

Simlraly case (c) and case (d) will also yield the congruences 

2r" 1 = 1 ( mod r2 ) and p1"-1 5 1 ( mod r2 ) 

respectively. Hence this completes the proof of Theorem 2. 

Finally we prove Theorem 3. The equation (3) clearly has a 

solution p = 3, so we consider (3) with p > 3. By (3), we have 

( 2 (P- 1 ) / 2 * 1 )( z'P-1"2 - 1 ) = px1. 

Therefore we get ( 2<P-1)/ 2 + i, 2<P-l>/2 - i ) = ( Py l. zl ) or 

( y , PZ ), where y and z are positive integers with x = yz. 

Thus it suffices to show that the eqation 
2(p-l)/2 B tl ± l 

, where p Is a prime > 3 and t is odd 2 1, has no solutions 

( p, I, t ). We have 2(P"1 ) / 2 = ( t ± 1 )( [ t 1 ) and we 

tl± 1 easily see that t ± 1 and — t ± l — are relatively prime. Hence 

we obtain 

( t ± !, f* I , B ( j. 2<P-l)/2 , or ( 2<P-1>/2. 1 ) 

, which are obviously impossible since p > 3 and t is odd. 

Therefore this completes the proof of Theorem 3. 

References 

,2 + l„2 _ -l 
[IJ Adachi, N. , The Diophantine equation x2 ± ly2 = z connected 

with Fermat's Last Theorem, Tokyo J. Math. vol. 11, No. 1 



120 H. Osada and N. Terai 

( 1988 ), 85 - 94. 

[2] Dickson, L.E. , History of the Theory of Numbers, vol.1 , pp. 

106 , Chelsea , 1971. 

[31 Ljunggren, W., Some remarks on the Diophantine equations 

x2 - Dy4 = 1 and x4 - Dy2 = 1, J. London Math. Soc, 41 ( 

1966 ), 542 - 544. 

[4] Lucas, E., Théorie des nomble, Gauthien - Villans , Paris , 

1891, Reprinted by A. Blanchard, Paris, 1961, pp. 423. 

[5] Nagell, T., Sur 1'mpossibi1ité de quelques équation à deux 

indéterminées, Norsk Mat. Forenings Skr. , Ser.I , No. 13 

(1923 ), 65 - 82. 

[6] Nagell, T., Contributions to the theory of a category of 

Diophantine equetlons of the second degree with two unknowns , 

Nova Acta Soc. Sci. Upsal. , Ser. IV , vol. 16, No. 2( 1955 >, 

1 - 38. 

Hlroyukl Osada 

Department of Mathematics 

Rikkyo U n i v e r s i t y 

Nish i - Ikebukuro , Tokyo 171 

Japan 

Nobuhiro Terai 

Department of Mathematics 

School of S c i e n c e and Engineering 

Waseda U n i v e r s i t y 

Okubo, Shinjuku, Tokyo 160 , Japan 
Received February 24, 1989 



C.R. Math. Rep. Acad. Sci. Canada - Vol. XI, No. 4. August 1989 août 121 

ON P-INTEGRALITY OE A FORMAL GROUP OBTAINED FROM A 

HYPERGEOMETRIC FUNCTION 

Kaorl Ota1 

Pneitnted by P. Ribenboim, F.R.S.C. 

§1. Introduction 

In this paper, ue consider P-lntegrallty of a formal group F6(x,y) 

obtained from a hypergeometric function. The definition of FgCx.y) Is 

as follows (cf. Ill): 

Let N be an Integer greater than 1 , 1 an Integer between 1 

and N-l and P a prime greater than N . Set 9 = n • for each 

positive integer n , set 

ae(n) 
e ( e . l ) . ^ ( 9 . k - l ) I f n e l ( m o d N ) and k = 5 ^ S 1 
1 If n = 1 , 
0 otherwise . 

Define 

—2 xn e 0 l lx l l 
n=l 

and 

Fe(x.y) = fë ' fV1 0 +fe(y)] e 0 l[x-yi] 

Honda 111 gave a condition on P-lntegrallty of F (x.y) in terms of the 

p-adlc order ord (a ) of a , which can be computed easily. (The 

valuation Is normalized so that ordp(P) =1.) We say that Fe(x,y) is 

P-lntegral if F (x,y) 6 Zpllx.yll . If d Is the order of P modulo 

N , I.e., d Is the least power of P such that P a l (mod N) , for 

*) This work was partially supported by the Natural Sciences and 
Engineering Research Council of Canada (NSERC) through N. Yui*s grants 
No. A8S66 and No. A9451. 
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each I In (1,2 d-U let m, ,J, be the Integers between 1 and 

N-l satisfying 

(1) p'n̂  e 1 (mod N) 

(2) P J, a 1 (nod N) , respectively . 

Then F Is P-lntegral If and only If 

(3) «ij - J. > 0 for each I e (1,2, ...d-l) , and Fe Is of 

Lubln-Tate type If and only If F Is P-lntegral and 

ord_fa.(P )] = d-l . Let ^ denote the Euler phi function. We can 

prove: 

Proposition 1. if 0(N) £ 3 , for each 1 6 (1,2 N-l) there 

always exist infinitely many primes P such that F is not P-integrai 

for 6 = 1 . 

For a prime P > N , let B(N,P) be the cardinality of a set 

| lslsN-l| F is not P-lntegral for 9 = i I . Then: 

Proposition 2. B(N.P) = 0 if and only if P a l (nod N) . 

BIN.P) = 1 if and only if P s -1 (mod N) . If d = #(N) a£^ (NE7 or 

N=5) , then B{N,P) = N-l . 

Proposition 3. Let N, 1, P, d be as before. Jf F is 

P-integrai. then it is of Lubin-Tate type. 

Because of the condition (3), the larger d is, the more rarely 

F„ becomes P-lntegral. However, we do have the following result: 9 
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2 
Proposition 4. For a given d > 1 , jet N be d and P a 

prime greater than N such that P a l (mod d) and that the order of 

P moduio N is d . Then Fe is P-integrai for 8 = ̂  if and only 

if 1 = d or d2 - d + 1 . 

§2. Sketch of Proof 

Propoaition 1. Take a prime P such that P « ±1 (mod N) . JjT 

F_ Is P-lntegral, F. Is not Q-lntegral for a prime Q congruent to 
9 V ^ H . — ^ ^ — ^ ^ — « 9 ~ ^ ^ ^ 

- P modulo N . 

Proposition 2. It Is easy to check that 

B(N,P) = 0 if and only if P a 1 (mod N) 

and that 

P a -i (mod N) implies B(N,P) = 1 . 

Suppose that B(N.P) = 1 and d > 2 . Then gr is the only 6 for 

which F is not P-lntegral. Find m,,...,»!.. satisfying (1) . Let 

1 be an Integer In (1,...,N-1) congruent to P modulo N and find 

J*1' Jd*} satisfying (2) for 1 = lj • Since Fe for Oj = -i 

is P-lntegral, we see that m.. - n, > 0 . By taking 12 In 

9 (2) (2) 
(1 N-l) congruent to P modulo N and finding Jj Jd_J 

(2) 
satisfying (2) for 1 °  i. . we see that ""j - Jj = "i " "d-i * 0 • 

12 
This Implies that Fe for e2 = -jj= is not P-lntegral. A 

contradiction. Hence d = 2 . 

Now take 1 to be 2 . Then J. satisfying (2) for 1 = 2 is 

either 2m. or 2m. - H , and mj - Jj > 0 implies that Jj = 2m1 - N 

and that mj > N/2 . 
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Suppose that 

ml * "TT N forsome « 6 ( 2 N - 2 ) . By taking 1 to be 

t * i and considering m1 - Jj for Jj satisfying (2) for 1 = t + l 

we can conclude that 

ral * 3TÎ N • 

N-2 

modulo N 

Hence N ̂  < mj < N and we gel mj = N - 1 , whlch Is congruent to P 

Suppose that d = #(N) . Then (mj m^) satisfying (1) 

together with 1 form a complete set of representatives for (Z/NZ)* . 

If (l.N) = 1 , Jj j ^ satisfying (2) are all relatively prime to 

N and mutually distinct. If 1 * (J j j _ then 

<J1 Jd-l* = <ral md-i> "««« (3) can not be satisfied for some t . 

If J4 = 1 forsome t e d d-l>.then 1 = m ^ and m ^ = 

maxlmj l-tad-l) . Hence n ^ - N-l and P2< . i („od N) , so that 
d 

« = 2 - If d a 3 . there exists an Integer k In (1 d-l) such 

that 1 < mk < rat . Take the minimum, BL , of all such m.'s . Then 
o * 

\ " Jk :S 0 and (3) is "Ot satisfied for ko . If d = 1 or 2 , then 

N = 2. 3, 4 or 6 ; these values of N are excluded by the hypothesis. 

If (l.N) = t > 1 , set 1 = ti' and N = tN' . Then (i'.N')-l and 

we can prove the assertion In a similar way by considering 1'. N' 

Instead of 1 , N . 

Proposition 3. We only need to compute ord [a (Pd)] . get 

f = "TT 221 e = ff • For each I In {l d-l> , choose t, such 

that 

1 3 t̂  3 Pf - i and_ t̂  a -IN-1 (mod P*) . 
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Then the number of Integers 1 

125 

1 + N 1 + (f-UN which are divisible by P is equal to 

f-l-t, 
+ 1 , where [x) denotes the largest integer not exceeding x 

for any real x . Hence 

ordjKl+N) ... (l+(f-l)N) 
v d-l f - i - t , 

+ (d-l) . 

On the other hand, for each I In (1 d-l) we can show by using the 

P-integrallty of F that, If t., < t, , no integer among f-l-t^_j , 

f-1-t..-l f-l-(t,-l) is divisible by P . Here ue set to = 0 . 

Hence W 
f-l-t. 

So we have 

d-l 

ordp(f!) = I 
1*1 ? 

d-l 

t=l 

f-l-t, 

Therefore 

ordp[ae(Pd)] = ordp|l(l+N) ... (l+(f-l)N)| - ordpff1Nfl 

d - 1 . 

Proposition 4. Let X.IP) be a set 

j lslsN-1 | Fe Is P-lntegral for 9 = i I . 

For each t In (1 d-l) , let m, be the Integer satisfying (1). 

Since P a l (mod d) , o. a l (mod d) for each t . So n^ = 1 + dn^ 

for some n. e (1 d-l) . Here n n. , are mutually distinct, so 
I 1 d-l 

that (nj nd-lJ = *' d"1> - U e s e e t h a t , m i n t e 8 e r J| 

satisfying (2) for 1 = d Is d for each I . Hence n^ - Ĵ  > 0 for 

2 

each I . For l = d - d + 1 , we can show that n, - J, = d for each 

t , uhere J, are Integers satisfying (2) for this 1 . To prove the 

converse, let 1 be an element of X(P) , find Jj J^j satisfying 
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(2) and set mln<m{-Jj| I3ê3d-1) = t . When t = 1 , there exists <o 

in (1 N-l) such that n, - Ĵ  •= 1 . So Ĵ  a 0 (mod d) and 
o o o 

ue get 1 a 0 (mod d) . This Implies that j£ a o (mod d) and 

J = 1 for each I . Hence by considering mk - J. for k with 

m. = 1+d . we get 1 = d . When t > 1 , there exists t such that 
k o 

J. < d . If 1 = J0.J. Jd_. are mutually distinct, each Ĵ  has 
o 

a form J, + dr. , where (r. rd-l* = ^0 d~ 1 ) ' F r o m t h e 

o 
P-lntegrallty of F , ue see that r. = n. - 1 for t t i and that 

2 
r0 = d-l . Also J, a lm, a l(l+d) (nod d ) Implies that 

o o 
2 

I a l (mod d) . Therefore 1 = d - d + 1 . For the case uhen 

i = J0,J. Jd_. are not mutually distinct, ue get a contradiction. 
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A RBNARK ON DOUBUf STOOHASTIO KSASURES AMD FUWCTIONAL EQUATIOHS 
Bocdan Choczewskl and Marek Kuczma 

Pntitnted by J. Aczel, F.R.S.C. 

1. Let I-lO.ll bo t h e cloaed unit Interval; A measure M defined on 
t h e Borel s u b s e t s o f t h e uni t squaz>e Ixl I s . called doubly s t o c h a s t i c 
If f o r every Borel s u b s e t A d wa have 

piCAxIJ-pCIxAJ- |A |, 
where |A j d e n o t e s tha one-dlmenslonal Lebescue measure o f t h e s e t A. 

Let f J—•! be a funct ion fulftlMng t h e conditions: 
<t> fJ—»I i s an Inoreaslnc honteomorphlsm o f I Into I t s e l f and 

fOcXx f o r xeCO,l>. 
Severa l au thors tcf.,o.g.,I31,E63> have, studied, doubly s t o c h a s t i c 

measures with support contained In t h e s e t <a halrpln> 

H « « x , y > e l x l : y>fCx> or sc^fCy». 

In part icular , H. Sherwood and M. D. Taylor £63 havo shown t h a t If fi 
I s such a measure, t h e n t h e funct ion 

Cl) f><x> rn./M <t,fCt»cIxI: tetO^cI » . xel» 
Is a non-necat lve , monotonie and oontinuous so lu t io n o f t h e functional 
equation 
C2> ltr<xn*<p<3e> m fCx> 
In I; and, conversely , every nonrnecat ive , monotonia and continuous 
so lut ion fJ—tSt o f equation <2> c e n e r a t e s a doubly s t o c h a s t i c measure 
p on Ixl supported on t h e s e t H and fulfilling condition <1>. 

2 . In t h e p r e s e n t paper we a r e going t o I n v e s t i g a t e the mutual 
re la t ion between t h e re levant p r o p e r t i e s o f p. Instead o f <2> we shal l 
consider a s l ight ly more general equation 
C3> f*f<x>:H*><xï - hCxX 

We assume that : 
<ti.> lui—*R Is continuous In I and such that , t h e express ion 

<4> ROO - hCx>-h£fCx)], x d . 
I s non-negat ive In I. Moreover, 
CS) h<0)-O, hCl)-i. 

( tt i> There e x i s t s a Ç«<0,1) such t b a t t h o funct ion <4) I s 
nonrdecreasing In CO ;̂) and non-Increasing In CÇ,1). 

Remark. U The choice o f t h e values o f hCO) and h<l> i s n o t 
e s sen t ia l . Note t h a t a funct ion fKl—«R s a t i s f i e s equation C3) In I If 
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and only i f t h e func t ion yCx>>ap<x>H>. x e l . s a t i s f i e s In I t h e 
e q u a t i o n yi.r<x>i*yi<3t> - . ahCx)+2b. Consequent ly i f h<0><<hCl) 
c o n d i t i o n s CS) may b e r e a l i z e d by a s u i t a b l e cho ice o f a and b. 

The i t e r a t e s f" o f f a r e defined f o r a l l i n t e g e r s n by t h e 
r e c u r r e n c e 

f 0 < x ) - x , fn*1<x>-flfnOe>l, n e Z , x e l . 
I t I s ea s i l y s e e n t h a t f o r e v e r y neZ t h e f u n c t i o n f" I s an i n c r e a s i n g 
homeomorphism of I o n t o I t s e l f . Moreover , f o r e v e r y xeCO.l) t h e 
s e q u e n c e <r C x» I s s t r i c t l y dec rea s ing and 

no-oo 
C6) l i m l^Cx) - 0 , l i m f ^ x ) - 1 

n*to iv>-oo 
CcfI3,Theorem OSIX 

We s t a r t o f f w i th some lemmas. 
On s e t t i n g x«0 and x - l In C3> we g e t f rom C5) t h e following 

Lemma 1. L e t ct> and ( t o be fulfil led. If a func t ion fd—»R 

s a t i s f i e s equa t ion C3) in I . t h e n gC0)«0 and f>Cl)-4 . 

Next we have 

liemma 2. Le t <i> and <tii b e fulfilled. 
a> There e x i s t s a unique func t ion f> -J—tX which s a t i s f i e s 

e q u a t i o n C3) in I and i s c o n t i n u o u s a t xmO. Th i s func t ion i s g iven by 
t h e formula 

C7) PjCx) - E C-D'hrff^CxM , xe[0.1); p Cl) - i 
nso 

and I s , in f a c t , c o n t i n u o u s In t h e i n t e r v a l 10,1). If, m o r e o v e r , 
f u n c t i o n C4) i s nondec reas ing In t h e I n t e r v a l CO,?) Cfor a ( e C 0 , l » , 
t h e n s o I s a l so e 

" i 
b> There e x i s t s a unique func t ion ? :I—«R which s a t i s f i e s 

e q u a t i o n C3) in 1 and i s c o n t i n u o u s a t x " l . Th i s func t io n I s g iven by 
t h e formula 

i a> 

C8) p ^ O ^ O ; p^Cx) - j + £ C-l)nClirf"nCx)l-l> . xeCCll 

and I s , in f a c t , c o n t i n u o u s in t h e I n t e r v a l C0,11. If, m o r e o v e r , 
f u n c t i o n C4) i s non lnc rea s lng in t h e I n t e r v a l C?,l) Cfor a («CO,!» , 
t h e n e I s nondecreas ing In C?,l). 

Proof . 
a> Suppose t h a t a func t ion f^a—*R s a t i s f i e s equa t ion C3) i n I. 

We h a v e f rom C3> by induc t ion 

C9> f^Cx) - C - D ^ l l ^ C x ) ] + 3CC-l)nhtfnCx>J , koW, xel . 
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By Lemma 1 
CM» p^WeO. P J C I J - J 

Since p i s continuous a t x«0 we must have 

CU) 11m *> Cx) - 0 . 
x*o * 

Let t ing in C9) k tend t o infinity we obta in C7) f o r xeCO,l) In v i r t u e 
o f Cll) and C6). Relation C7) f o r all x«I Cand hence a l so t h e 
uniqueness o f f> ) r e s u l t s now from CIO). 

The existence of p and Its continuity in (0,1) are a consequence 
of the fact that the series in C7) converges almost uniformly In (0.1) 
CCS.Theorem 2.14]; ef. also (21). It Is a matter of straightforward 
verification to check that p given by C7) actually satisfies equation 
CS) In I. 

Formula C7> implies that 
oo 

«2) ^Cx) - ERtf2"^)] for xeC0.1), 
nso 

where the function R is defined by C4). If R is nondecreasing in 
CO,?), then the monotonicity of p in CO.?) results from that of R and 
of f". n «0,2,4,..., and from the fact that for î O the functions f" 
map the interval CO,?) into itself. 

Assertion b) foUows by the same argument when appUed to the 
equivalent form of C3) 

tptf^OOl-jl + [pCx)-|.} - hlf^Cx»-! . 

As for the monotonicity statement, observe that formula CB> yleUb 
—oo 

" 3 > P3<x> - j - ERtf^Cx)! for xeC0,l). 
na-l 

FinaUy, we have 

Lenaaa 3. Let co and ctt> be fulfilled. 
a> The function PI Ccf.C7» Is the only nonnegative solution of 

equation C3) IQ, I. 
b> The function p Ccf.CB)) is the only solution of equation C3) 

in I which is bounded from above by 1X2. 

Proof. 
a) Let p-J—tIR be a nonnegative solution of equation C3) In I. The 

equaUty pmP1 Cand hence the uniqueness of p) results from (11 and 
from Lemma 1 CcTalso 161). On the other hand. It foUows from C12) 
and CIO) that p actuaUy is nonnegative in I. 

Assertion b> results In a similar way. 
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3 . T h e f o l l o w i n g t h e o r e m i s t h e m a i n r e s u l t o f t h e p r e s e n t p a p e r . 

T h e o r e m 1. L e t h y p o t h e s e s <t>-<tn> b e f u l f i l l e d , and l e t p-J—tSR 
b e a s o l u t i o n o f e q u a t i o n C3) i n I. The f o l l o w i n g c o n d i t i o n s a r e 
e q u i v a l e n t : 

Co) p I s m o n o t o n i e i n I. 

C/j) p I s c o n t i n u o u s tn I. 
CjO O S pCx ) £ I f e r x e l . 

A s o l u t i o n f u l f i l U n g Ca)-Cy) e x i s t s t f a n d on ly i f 
oo 

C14) E R t f ^ C x » o | . f o r x e C 0 , l > , 
n=-oo 

and i f s u c h a s o l u t i o n e x i s t s , t t i s un iqu e and t s g i v e n b y f o r m u l a 
C7), o r , e q u i v a l e n t l y , f o r m u l a CS). 

P r o o f . 

A s s u m e Cot). S i n c e p I s m o n o t o n i e Cby Lenuna 1 n e c e s s a r i l y n o n -
d e c r e a s i n g ) , t h e r e e x i s t l i m i t s o f f>Cx) f o r x—*0 a n d x—»1, a n d by C3) 

CIS) I l m p C x ) - 0 , l i m f>Cx) - 1 / 2 . 
x—•© x—»1 

R e l a t i o n s CIS) t o g e t h e r w i t h Lemma 1 s h o w t h a t p t s c o n t i n u o u s a t x « 0 
and a t x - 1 . By Lemma 2 
C16) p m & m p 

Hence, again by Lemma 2, p is cont inuous in I. 
Assume C/j). Then we have C16) tn v i r tue of Lemma 2 , whence Cy) 

r e s u l t s by Lemma 3. 
Assume Cy). Lemma 3 ImpUes C16). According t o Lemmas 1 and 2, p 

Is nondecreasing tn I. 
The above argument shows t h a t , If equation C3) has a so lut ion 

f>:I—»R fulfilUng CcO-Cy), then we must have C16), whence by C12) and 
C13) we obtain C14). In t h e o ther d l r e c t l o n 4 f C14) holds, t h e n p - p . 
By Lemmas 2 and 3 t h e funct ion p g iven by C16) fu l f i l s condit ions 
Ceù-Cy). 

The uniqueness of p a s weU a s formulas C7) and C8) are a 
consequence o f C16). 

Remark 2. If pj—»R Is a so lu t ion o f C3), then t h e inequaUty 
pCx) > 0 f o r x«I 

Is a consequence o f Co) and Cp), but alone t t does not imply e i t h e r ; 
cf. Lemma 3Ca> and a lso (61. 

Remark 3 . The s e r i e s appearing tn C14) converges almost uniformly 
i n . C0,1) and t h u s I t r e p r e s e n t s a continuous funct ion In C0,1), but . 
In genera l , t h i s funct ion need n o t be cons tant Ccf. a l so Remark 7 
below). However, If I t I s , t h e c o n s t a n t must be t . Thus condition 
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C14> may a l so ba replaced by 
oo 

< 1 4 0 E R I f 2 " ^ » « c o n s t for xeCO,!). 
n=-00 

4. Now let us assume 
«tv, There exists a ?eCO,l> such that the function x H» x-fCx) Is 

nondecreasing In CO,?) and nonlncreaslng In C?,l). 

Remark 4. Ve have x - « i ) - R I f^Cx» , where R Is defined by C4) 
with h-f. But since f Is an Increasing homeomorphism, the existence of 
a corresponding ?-?i for R i s equivalent to the existence of a 
corresponding ?-?i for R.f"1, the two points being related bv the 
formula ? "fC? >. " " ^ 

Taking h"f In Theorem 1 we obtain 

' r l l o o r o p ' S1 Let hypotheses «t> and. Uv> be fulflUed, and let 
r*-** te « solution of equation C2) ln_I. Then conditions <cO.<0i,lr> 
are equivalent to ead» other. A solution **-& of the emM«.i^ 
< 2 > *>IfCx»+pCx) - fCx) 
exists tf and only If 
<17> Ê Cf^Cx^f^^Cx)) - | for xeC0,l). 
When It exis ts such a solution Is unique and i s given by the formula 

C18) pCx) -
° tBT x»0, 
E C - D ^ ^ C X ) - ^ + Ê<-i>n*1<f"nCx)-i) tar xeC0,l>. 

n « l nso 
1X2 cat x-i. 

Corollary. Let f be a function fulfilling conditions ct) ^nd «tv,. 
n y r e exists a doubly stochastic measure n supported on the hairnin H 
if and only If f fulfils C17). When tt exists, such a measure Is unlm... 
and i s generated by relaUon CI), where p Is given bv CIS). 

S S ? a r l c * If the funcMon f Is convex, condition ,tv, i s 
certainly fulfilled Ccf. t4,Theorem 7.3.S]; note that then also the 
function x •-» fCx)-x i s convex), but ,iv> can also be fulfUled In 
other situations. Thus our Theorem 2 improves en Theorem 3.4 jn r/ti 
Moreover, our proof of the equivalence of C17) to the existence of a 
monotonie solution pJ-«R of C2) i s simpler than that In 161. 

Remark «. It may weU happen that condition C14) Cresp.C17» Is 
not fulfilled, l.e. equation C3) Cresp.C2» has no monotonie solution 
fKl-*IR- ^ « h i» «-he case. e.g., for the equatidn pCx^X-pCx) = x Ccf' 
t7J, and also [31) as weU as for the equation pCx2>*pCx) . x* 
Cef.tSl), 
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UW CRITERE PE WUCIEARITE 

POOR CERTAIMS ESPACES PE T/PEtM) . 

A.O.BAHS'A 

Pie^eitted by P. Ribenboim, F.R.S.C. 

AbitAact: Tn thU note , tut give a positive aniuien, in the ieptviahte cate, 

to tt question /taiitui by G.ïiac in[î}. It conceAiw the mcXeaKiXy ci totally 

convex H-^pacei . 

I .IntKodacXion. Pans ce t te note , ncu* donnonit une /tepowe poiiXive, dani 

le cat, iipanable , à un plobtime poil pan C.liac dam [?]. Uoai monttiom 

qu'un tipace tocalement convexe iepaAi E, de -type (Ml ,ilpaiiable et topolo-

giquement complet ett nueliaiAe ii, et ieulement ii, le cône de iei ili-

menti poiitiii at nuctlaiAe.NotLi utitUom , pouA. ceZa,une nouvelle caAa-

ctVUiation dei eipacei localement convexei de typed.I qui tit une exten-

iion d'un utiuttat dam [ l ] . 

I I . Pn.i.liminaiA.ei.Noui dinom qu'un lattice localement convexe (F,cl eit 

de type (U lie^p . de type W)) ii ia topologie -c peut êt/te deiinie paJi une 

i m e f è de iemi-no/unei tetleque', potiA. tout peJion o : 

(Jl V x . y e E, | x | è l ^ l ^ P 1 " ' <, P'*'1 ** M\.Vx , yzOjpU'yï-pUUply) 

U M p . d ) et (Z'I .-Vx.ViO , plxvi/) = p(x) V ply)). 

Une iemi-nonme qui veniiie il) Ueip.lî], neip.lt')) iena dite 

iolide lieip.additive , A.eip. une U-iemi-notme I. 

S i K eit un cône convexe lie K*KcK et \K ez.K , quelque ioit 

A ^ 0 1 , aloiLi on note ptui K' l'emenble K ' = \ < 6 E ' ; ilx] ^ 0 , Vx fe K } . 

Ve^iniXion [Z] . Un cône convexe K dam un espace £oca£ement convexe iepaAt 

(E, r ) eit dit micliaiAe , i'il exiite une baie (B de iemi-nonmei deiinii-

iant r et telle que : 

Vp6<B , 9i5pe V : Vx & K , pix) ^ iplx) . 
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III. Ctitlte de micliaAiti . Now donnom tout d'abotd la cMtacteJUiation 

iuivante det eipacei localement convexei de type ID. 

Pnopoiition IIT.l. Soit (E,r) un ^atttce localement convexe ^epatg dont te 

cône dei ilbnenti poiitiji eit noti pan K. Alolijt.T.) eit de type (L) ii, 

et ieulement ii -. 

(a| ta jonction xi—»(x | eit continue en zltio . 

lb) Le cône K eit micliain.e . 

P/teuve . On suppose que (E,-c) eit un espace de type IL] . Aloti-c peut 

êtte deiinie pan. une baie C6 de iemi-nonmei venliiant lei pnopnietii 11] 

et It). L'aiiiJtmation ia] neiulte de (I) cat, poat tout pe&eX tou x « E 

on a : p( |x | | °p(x | . En outte , d'aptes ta plopoiition 6 deCs] , K eit 

nucliaiAi . Recipnoquement ii K eit nuctiaiAe , il exiite une hase (B de 

semc-nounes rfeunissant -c te t te que : 

Vpe(E> , l i p e K' : V x e l C , pix] é. ipM . 

Donc, poun tout x e K , i ix) ^ 0. On pose atom p'txl»^ (|x|) , quelque 

ioil x e E . Ri-csque , | x+ t / | è | x | • M et |ofcx| = lo<|. | x |, pottt tous 

x,;/ e E et «e K, p' est une semi-notme qui vlAiiie lu pnopniitli il] et 

{?) can i eit monotone croissante SUA K, Il t e s te 9. ptouveA que la topo-

logie dijinie pan tei iemi-nonmei ( p ' L i r t , est iqtUvalente S x . Sott U 
p© t o 

un voiiinage de zino poutr; il exiite un voiiinage V de ze/to pout x , 

qui eit iquitibni el tel que : V - VCU . 

On il exiite pe(Bet fc > 0 te l s que EB c V i oà B Ax e E; pix)<,l] 

cat Cb e i t une base de iemi-nonmei deiiniiiant -c . 
Soit P.'. 'kxeK ; £ M •£ i] .Atom B' .cZ icaA , pix] <.i ix), 

tp p ip P P 
quelque soi t x e K), P'où £ B', c £ 8 c: V . Konàiom que 

P 
[xet ; p'Ix] £Z}<Z V . 

Soit xeï telque p'ix] ^ g . A-fots on a : ép(x+l * L,lx') <: £ . 

Puisque i tit positive sut K on a : ^Ix'*') «-̂ fc où Ae[0, i ] . 
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Si A -O alon* y t ' V ) • «-4<p(x+ | .C6I, d'oa f 'x* e B'6p<= 8 p 

e t done x* fe 1/ . S i A |( 0 a^ots A.'t'x* « B'. done x* fe A l / c f ( cat V 

est {.quAlibtil]. Vonc dam tous lei cai x* « V . On a de même x 6 V . 

donc .- x • x+- x" « I/-1/ «=. U . 

Pe la contimUlt de la fonction x^-»|x j et de fa fonction ip, 

il ntiulte que , la bou£e£t tE ; p ' (x là t jes t un voisinage de zïto pout 

•c ,quelque s o i t p ' e t £ > 0. 

Cototeai/te I I I . 2 . [I J. Soit (E, II- Ijl un l a t t i c e de Banach. Afot^ E est 

de type i L ) s i el ieulement s i .-

(a) la jonction x, t\x\ tit continue en z£to . 

(b) le cône des (llmenti poiitiii de E es t bien bas!! . 

Pteuve: P'apt8s ( [2 ] , conollaine , p 162], un cône convexe , dam un 

espace de Banach eit nuciêoite s i , e t seutement s i . i t est bien baii . 

Pans [Z] , G. îsac pose t e ptobtême suivant : 

PtobiSme :Si (E, xl es t un espace tocalement convexe et de typeiU) dont 

le cône dei llfmenti posi t i fs es t nuefgaite . est-ce que t 'espace E est 

wuetgaiAe ? 

En tefa t ion avec ce ptobtême , nous obtenons te : 

ThgotSme I I I . 5 . Soi t (E,tl uw espace tocalement convexe sepatg, de type 

(M), topotoaiouement comptet et sëpatabte. Atots tes asseAtions suivantes 

sont iquivalentei : 

(a| E est nuclgaite 

(bl K '\x6l i x - ^ o j e s t un cône nuctgaiAe . 

P/teuve .(a)entAoine (bl ; Lotique E est nuctêoiAe atots , d'apte* ( [ - I l 

theotême 3 I , C peut ê t te définie pat une base de semi-notmes sotides 

e t addit ive SUA t e cône K. Ainsi (E,rl es t de type (Il . Pone K eit 

nucliaÀAe, d 'aptes t a ptoposiiion 6 de [il .ib] enttaine (al : On a 

tout d'abond que t'applicalion x, »|x| es t continue en zÊto puisque 
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IE,xl est de type (H) et donc t p e u t êtte définie pat une iamilte de 

semi-notmes sotides . En outte , puisque t'on suppose que K eit nuctêaite, 

(E, x l est de type (tl d'aptes ta ptoposition I I I . l . Ainsi -c peut êtte 

dijiniz pat une base de semi-notmes qui sont sotides e t additives (cat 

(E, x ) est de type (Ll) et pat une base de H-semi-notmes sotides (cttA(E, x ) 

est de tifpe IM)| . Ponc d'aptïs t e theotême 3 de [ O , (E, x ) est un espuce 

nuctêaite . 

Remeteiements.l'auteuA Aemetcie H. t e Pt.G. Isac, du cott2ge mititaite 

toyat S^-Jean (Québec , Canada! ,pout t 'avoit i n i t i é 3 ta thêoAie des 

cônes et M. t e Pt. M. Oudddess , de t'E.N.S (RABAT), pouA de nombreuses 

et sfiroitantes discussions . 
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CONGRUENCE LATTICES, AUTOMORPHISM GROUPS 
OF FINITE LATTICES A N D PLANARITY 

G. GRATZER FRSC AND H. LAKSER 

University of Manitoba 

Abstract. It was proved by R. P. Dilworth (unpublished) that every finite distributive 
lattice D can be represented as the lattice of congruence relations of a finite lattice L. We 
strengthen Dilworth's Theorem by making L very small and planar. R. Frucht proved lhat 
every finite group G can be represented as the automorphism group of a finite lattice L. We 
combine the results of Dilworth and IVucht, proving the independence of the congruence 
lattice and the automorphism group of a finite lattice. The present authors proved in 10S6 
that every { 0,1}-homomorphism of finite distributive lattices can be represented as the 
restriction-homomorphism of the congruence lattice of a finite lattice L to the congruence 
lattice of an ideal L' of L. We strengthen this result by constructing L and £' planar and 
rigid. 

1. Background. Let L be a lattice. It was proved in N. Funayama and T. Nakayama [2] 
that the congruence lattice of L is distributive. For a finite lattice L. the converse of this 
result was proved by R. P. Dilworth: Every finite distributive lattice D can be represented 
as the lattice of congruence relations of a suitable finite lattice L. The first published proof 
of this result is in G. Grâtzer and E. T. Schmidt [7]. For another proof of this result by 
the present authors, see [3, pp. 81-84]. 

Now consider the automorphism group of L. The characterization theorem of the au-
tomorphism group of a finite lattice is due to R. Fnicht (l): Even' finite group G can 
be represented as the automorphism group of a suitable finite lattice L. In fact. Frucht's 
construction yields a simple lattice of length three. 

Given a lattice L and a convex sublattlce L'. it is well known that the map 

Con L - . Con L' 

determined by restriction is a lattice homomorphism preserving 0 and 1. Based on the proof 
of Dilworth's representation theorem given in [3], it was shown by the present authors in 
[4| that, conversely, any { 0,1 }-preserving homomorphism of finite distributive lattices can 
be realized by restricting the congruence lattice of a finite lattice L to the congruence 
lattice of an ideal L' ot L; for an alternate proof, see E. T. Schmidt [10]. 

2. Resul ts . In this section, we summarize the related new results of the authors; see [5] 
and [6] for the proofs. 

Firstly, the "improved" form of Dilworth's Theorem: 

This research was supported by the NSERC of Canada. 
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THEOREM 1. Let D be a finite distributive lattice with more than one element. Then there 
exists a "finite planar lattice L with no proper automorphism such that the conff-uence 
lattice ofL is isomoiphic to Ù. The lattice L can be chosen to have 0(\J(D)n elements, 
where JID) is the set of nonzero join-irreducibte elements in D. 

Compare this with earlier proofs yielding lattices with 0(2l-'<D)l) elements (or more) 
and order dimension 1J(D)| (or higher). We believe that the new construction provides 
the simplest known proof of Dilworth's result. 

Secondly, we show that the congruence lattice and the automorphism group of a finite 
lattice are independent: 
THEOREM 2. Let D be a finite distributive lattice with more than one element, and Jet G 
be a finite group. TJien there exists a finite Janice L such that the congruence lattice oTX 
is isomorphic to D. and the automorphism group of £ is isomorpJiic to G. 

The proof utilizes Fnicht's result but does not use Dilworth's Theorem. 
Combining Frucht's result with the result of G. Sabidussi [8], the automorphism group 

of a lattice is characterized as an arbitrary group. We obtain: 
THEOREM 3 Let D be a finite distributive lattice with more than one element, and Jet G 
be an arbitrary group. Then there exists a lattice L such that tbe congruence lattice of L 
is isomorphic to D, and the automorphism group of £ is isomorphic to G. 

Thirdly, we apply the new lattice construction to prove the foUowing theorem, which 
improves" the result of [4] by showing that we can enforce planarity: 
THEOREM 4. Let D. D' be finite distributive Jattiees. and let tp : D -> D' be_a {0,1 }-
preserving lattice Jiomomorpiu'sm. TJien there exist a finite planar lattice L, an ideal V 
of L. and lattice isomorphisms 

o ; D - > C o n £ , p'-.D'-tConL' 

such that yp' Ij *>". composition of o with the restriction of Con £ to Con£'. Moreover, 
the Jattiees £ and £' have no nontriviaJ automorphisms. 

By a nonfrmoJ automorphism we mean one that is distinct from the identity mapping. 
Fi'nallv, we combine Theorem 4 with automorphism groups. In general, automorphisms 

of a lattice do not restrict to automorphisms of its ideals. However, we can construct 
lattices where this does happen: 
THEOREM 5. Let D. D' be finite distributive lattices with more than one eJement. and 
leiv : D — D' bea { 0.1 i-preserving Jattice homomorphism. Let G, G' be groups, and 
ISlrf-.G — G' be a group homomorphism. Then there are a Jattice £. an ideal £' in L, 
lattice isomorphisms 

o:L»-»Con£, g':£)'-» Con£', 

and group isomorphisms 

r : G - * A u t £ . T ' : G ' - A u t £ ' 
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such lhat, for each x e D, the congruence relation xtjigf on £' is the restriction to £' of 
the congruence reJation xg on L, and, for each g ÇG, the automorphism grjr' of L' is the 
restriction of the automorpJiism gr of L. 

If G and G' are unite, then the lattice L can be chosen to be finite. 
Note that we do not claim that the lattice £ in Theorem 4 can be chosen to be planar. 

3. Method. To illustrate the constructions, we shall use the lattice A of Figure 1. Note 
that the diagram also shows J(A) whose elements are labeled. 

We shall describe the lattices £ and £' of Theorem 4 in two special cases. Let us consider 
the distributive lattices D = Cj (the two-element chain { 0, e } with 0 < e) and D' = A. 
Let rl) : D -> D' satisfy 0 : e i-» 1, 01-» 0. The resulting lattice £ is depicted in Figure 2. 
The generator of the ideal £' is drawn as •. It is easy to see that in £' every prime interval 
is projective to one with a label; that prime intervals with the same label are projective: 
that the congruences generated by labeled prime intervals form a poset as illustrated in 
Figure 1. Hence, the congruence lattice of £' is isomorphic to D' = A. The lattice £ is 
obviously simple. 

This method can be generalized to all cases in Theorem 4 except if \D'\ = 1. To illustrate 
this case, we consider the lattices D = A and D' = £2- Let 0 be determined by setting 
0 : 6 >-> e, d »-• 0. The lattice £ we construct is depicted in Figure 3. where the generator 
of the ideal £' is drawn as •. Again, it is easy to see that the congruence lattice of £ is 
isomorphic to D = .4, the lattice £' is simple, and the restriction-homomorphism is the 
same as 0. 
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A general result on local spannedness 

by 

Harry D'Souza 
Pneitnted by G. de B. Robimon, F.R.S.C. 

In this article we give a simple proof to show that if X is a 

complex projective manifold wilh dim X S 3, and L an ample and spanned 

line bundle on X, and if (X1, L') is a reduction of (X, L), then L' is locally 

spanned. L is such that the intersection of (n-2) generic members of IL! 

is a smooth elliptic surface of Kodaira dimension K ( S ) = 1 , and moreover 

K(A) 7* 0, where A 6 IKX + (n-2)LI. 

Introduction 

In a crucial result in [D], it is shown lhat for a pair (X,L), 

where X is a smooth threefold, if L is very ample then for the reduction 

(X'^'), L' is locally very ample. The aim of this article is to generalize 

this result to smooth varieties of similar kind of arbitrary dimension, by 

weakening the very ample hypothesis on L, to ample and globally 

spanned, and prove that L' the associated line bundle of the reduction 

(X'JL') is locally ample and spanned. This technical result allows for 

considerable simplification of the proofs of theorems involving biregular 

classification of these types of varieties. The counterexample in (1.5) 

shows that the hypothesis on A cannot be relaxed to simply K(S)àO. 

Notation and background material 

(0.1) Throughout this paper X is a complex projective manifold of dim-

ension n S 3. L is an ample line bundle on X, such that the intersection 

of (n - 2) generic members of IU is a smooth elliptic surface of Kodaira 

dimension ic(S) = 1. We also assume lhat K(A) à 0, where A e IKX + (n-2)LI, 
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the linear system associated with KjçtSL*'2. 

(0.2) Let PC.L') be a reduction of (X,L). (see (D; (0.6)]). 

(0.3) Let L be a line bundle over X. Let A , , . . . , An_2 be the general 

members of the linear system ILl and let X; = n l s . s n i A: , then dimCXp = i. 

We will often denote X2 by S, and we have the following descending 

chain X ^ X ^ s . ^ s X ^ X j = S. 

(0.4) Remark: (i) Since S is smooth, by Bertini's theorem, Xj is smooth 

for all i. 
(ii) As in (0.3), we have a similar descending chain 

X*3X,
n . 13 . . .3X,33X,

2 = S'. 

(iii) Since S' is a minimal model of S, K ( S , ) = 1 . 

Main results 

(1.1) Theorem: Let (X,L) and ÇC,V) be as in (0.1) and (0.2), (Aea 
L' is ample on X'. 

Proof : Follows immediately from [Fu; 5.7] 

a 

(1.2) Lemma: Let (X. L) be as in (0.1) and X be as in (0.2). then 

there exists a morphism ?„ : X" -» C, such that pa'(M) = Kx®L*n'7:>, 

where dimC = 1, and M is a line bundle on C. 

Prwf: By [D;(0.11)] we know that there is a line bundle M over 
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a curve C, such that K ®L' = p*(M). So, in [S], on going over 
X 3 

the structure theorem foUowing (2.1) in [S], for o(X,L)s3, and noting thai 

a(X,L)=3 if K(A) S 0; we see that Kx«L,(n"2> is semi-ample and numerically 

effective. Hence by using adjunction repeatedly, and using [S; (2.1)], we 

see by Lefscbetz theorem that K^SL'* " 2)= pn*(M). 

• 

(1.3) Theorem : Let_ (X.L) be as in (1.0). Assume moreover that L is 

spanned by global sections, then V is locaUy spanned with respect to pn 

Proof : We first show that Kx. ® L'2 is spanned by global sections, 

and then we show that Kx. ®L'<n'1> is spanned by global sections by 

using induction on i = dimQCj) a 3. 

Let S'= X'j (see 0.4). We first prove the following: 

Claim: L'S.L'S. i 5. 

Proof (of claim): Suppose L'^Lj, S 4. ihen by Catelnuovo's inequality [Ha], 

and on noting that S' is an elliptic surface we see lhat g(L's,) S I, but 

by [A-S; (0.2) and see also (1.1) end of proof there], these are Gorenstein 

del Pezzo surfaces. Since ic(S') =1, this is impossible. This proves the claim. 

Now since on X'y LXX" = L'S..L'S, i 5, and since (X3,L') 

is not in the list of [A-S; 0.2], it follows by [A-S;Thrm.A] that KX.®L'2 

is spanned by global sections. 
Consider ihe following short exact sequence: 
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0 - » K .®L'( i - 2 ) -»Kv.®L'( i - 1 ) ->Kv. ®L'(i-2>-» 0 
X i X i X i - i 

Using the sequence for 1 = 4, and the Kodaira vanishing theorem on the 
3 

associated long exact sequence, it foUows that K ®L' is spanned 
x 4 

by global sections. So, using the same exact sequence for for i = n. and 

by the induction assumption for i = n-l, it foUows that Kx.®L'<n'1) is 

spanned by global sections. By lemma (1.2), therefore pn*(M)9L' is 

spanned. Since p^M) is locaUy trivial, L' must be locally spanned. 

• 

(1.4) Theorem: Let (X,L) be as in (1.0). Assume moreover that L 

is very ample, then V is locally very ample. 

Proof : By the main theorem in [S-VdV] we know that Kx. ® L,<n"l> 

is very ample. By Lemma (1.2) Kx. ® L,<n-2) = pn*(M). Hence pn*(M)®L' is 

very ample or L' is locally very ample. 
D 

The following example shows that on weakening the condition K(A) i. 0, 

in (0.1), to the condition K(S)a0, lemma (1.2) is false. 

(1.5) Example: Let S be a smooth eUiptic surface of non-negative 

Kodaira dimension such that any morphism of S onto a curve factors 

through the projection p:S -» C, defining the elliptic surface (this is the 
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case for minimal models of all but very special class of elliptic surfaces). 

Let H be a very ample line bundle on S, and lei V = H©H©H. Let L 

denote the tautological bundle of the fourfold X = P(V). Then L is very 

ample, and if A. G ILl, then A ^ A2 is a smooth eUiptic surface of non-

negative Kodaira dimension. In fact S is birational to A ^ A2, and so K(S) 

= K(A,n A2). Now we can easily see that the only reduction of (X,L) is 

(X,L). Furthermore, any morphism from X to a curve must factor through 

the composition of X to S and S to C, since the fibres of X -» S are P2, 

that must go to points under a map to a curve. Now lei us consider 

Kj^SL*4"2' restricted the fibre P2 of X -> S. By adjunction, and on noting 

that Lp2 = dp2(l), we see that (Kx®L4"2)p2 = dp2(-l). Hence it cannot be 

a pullback from the base curve C. 

Acknowledgement: The author would like to thank A. Sommese for 

many useful discussions. 
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