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p-1_
Abstract: We define the Fermat's quotient qp(m) by qp(m) = —m——;——l-

where p is an odd prime and ( m, p ) = 1. Lucas proved that qp(Z) is

a square only for p = 3, 7. The purpose of the present paper is to

study the equations qp(m) = xl where Ul is a prime.

§ 1. Introduction

e e

Let p be an odd prime number and let m be a positive integer

prime to p. We define the Fermat's quotient qp(m) by qp(m) =
Pl o

P .

only for p = 3,7.

Lucas ( [2),[4) ) proved that qp(Z) is a square

In the present paper,we consider,as a generalization of Lucas'
Theorem, whether the equation
I
qp(m) = X
has solutions or not, where !l is a prime and x is a positive

integer. We prove the following three theorems. :

Theorem 1. If p _is a prime > 3, then the equation
= %2
1) qp(m) b
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has only solution ( p, m, x ) = ¢ 6, 3, 4 ).

Theorem 2. 1f r is an odd prime with r #»# p and the
equation
2) a,(r) = x'

has solutions, then p and r satisfy the congruences

2™ 21 (mod r2) and p" =1 ( modr?).

m

Theorem 3. If L is an odd prime, then the equation
(3) a,(2) = xt

has only solution p = 3.

§ 2. Proofs 0f the theorems

We first prove theorem 1. Then we use the following three Lemmas.

Lemma 1. ( Ljunggren (31 )

Let p be an odd prime. The Diophantine equation

x4 - py2 = 1

has no solutions in positive integers x and y if p # 5, 29.

When p = 5 or 29, there is only one solution, viz.,

(x, y)= (3, 4) and ( 99, 1820 ) respectively.

Lemma 2. ( Nagell [51,16] )

Let n be an odd lnteger > 3 and let A be a square-free integer

21, If the class number of the quadratic field Q(/-A ) is not
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divisible by n, the Diopantine equation

Ax2 + 1 = y"

has no solutions in integers x and y for y odd and 2 1, apart

from x =% 11, y = 3 £g£ A= 2 222 n=25.

The following result is well known. ( For the proof, e.g.

see Adachi [(11. )

Lemma 3. Let K be the quadratic field with discriminant d.

Then the class number of K 1is small than —%— ,» if£ 4 >0, and

'_l'da-l_'tid<°.

Now suppose p =1 ( mod 4 ). Since —B—i—l- is a positive

integer, the equation (1) becomes

m(p—l)/4 4 2

(4) ( )" - px” = 1.
By Lemma 1, we see that the equation (4) has only solution
(p, m x)=(65, 3, 4).
Suppose p = 3 ( mod 4 ). Then —2—§—l— is odd > 3 since p

2 3. By (1), we have

(5) px2 + 1 = ( m2 )PT1/2,
We denote by h the class number of the quadratic field Q«/~p ). If
follows from Lemma 3 that h is small than -IL%—l— and so h is
not divisible by —2—%—1—. Therefore..by Lemma 2, we see that the
equation (5) has no solutions ( p, m, X ). Thus this completes the

proof of Theorem 1.

We next prove Theorem 2. By (2), we have
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( r(p—l)/2 + 1 ¢ r(p-l)/2 - 1) = pxF
Hence we get the following four cases ;
pCPTI2 gy p T2y o ay: ¢ 2yT, 2T 2Ty, b

C2py’, 277120 ), (e:  277YyT, 2p2 ) or ar: ¢ 2T lpyT, 227 ),
where y and 2 are positive integers with x = 2yz.
Suppose p = 3. Then (2) becomes r?2 -1 = er. Since we have
r2 -1 ¢ 3x"  for x> 1

,» (2) has no solutions.

Suppose p > 3. We first consider case (a). Since r(r"—“/2 + 1 =
2y" and —2—%—1— 2 2, we get
1=2y" ( mod r2)
, S0 1= 2T TP o pod r2 .,
Since y is prime to r and r is an odd prime, yr(r-l) =1 ( mod

r-1

r? ) holds. Thus we obtain the congruence 2 21 ( mod r2 ).

Since we also have r(P°12/2 _, 2771027, we get

- 1= 2" 52" = pz" ( mod r2? )
, S0 12 pFlF ) o Tl onod r2 ),
Hence we obtain the congruence pr-l =1 ( mod r2 ).

fp-/2 r-1_r

We next consider case (b). Then since 1 =2 2, ve get

-1 =271 ( mod r2 )

-1)2 -
2(r 1) zr(r 1)

, hence 1= ¢ mod r2 ).

Stnce 2 T , Ty nod r2 ), we get

-1)2 = -1)2
=z 2(r=D% r(r-1) _ p(r-1)

e of (F-)=(r=1) _ ,=(r=1) (o o,
r-1

. Therefore we obtain the cogruence 2 1 ( mod r?2 ), Since we

r(p-l)/2

also have + 1 = 2pyr. we get

1 = 2py" ( mod r2 )
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r-lpr-lyr(r-l) 5 r~1

, 80 132 P ( mod r2 ),

Thus we obtain the congruence p’ ! =1 ( mod r2 ).
Simiraly case (c) and case (d) will also yield the congruences
2"l 21 (mod r2) and p" ! =21 ( mod r?)

respectively. Hence this completes the proof of Theorem 2.

Finally we prove Theorem 3. The equation (3) clearly has a

solution p = 3, so we consider (3) with p > 3. By (3), we have

2T1/2 Ly am/2 Ly L
Therefore we get ¢ 2P712/2 o o=1)/2 _ s o pul 5l or
( yl. pzl ), where y and 2z are positive integers with x = vyz.
Thus it suffices to show that the eqation
L(-1/2 by
, where p 1is a prime > 3 and t 1is odd 2 1, has no solutions
Cpy L, t). Wehave 2P"1)/2 o (a1 )¢ —:L—:%—) and we
tls 1

easily see that t = 1 and T =1 are relatively prime. Hence
we obtain

Ctxa, ——:Li Ly a 1, 212, op (2712

, which are obviously impossible since p >3 and t is odd.

Therefore this completes the proof of Theorem 3.
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ON P-INTEGRALITY OF A FORMAL GROUP OBTAINED FROM A
HYPERGEOMETRIC FUNCTION
Kaori Ol‘.a1
Presented by P. Ribenboim, F.R.S.C.
§1. Introduction .

In this paper, we consider P-integrality of a formal group Fe(x.y)
obtained from a hypergeometric function. The definition of Fe(x,y) is
as follows (cf. [1]):

Let N be an integer greater than 1, 1 an integer between 1
and N-1 and P a prime greater than N . Set o = % . For each

positive integer n , set

o(e+1)...(6+k-1)

_n-1
Kt if n 3 1(mod N) and k——“—zl,

ifn=1 ,
o otherwise .

ae(n) =1,

Define

2 agn)
fetx) = Z B x €0 ([x]],
n=1

and

-1

Fe(x.y) = fe

[fe(x) +fe(y)] e [Ix.yl] .

Honda [1) gave a condition on P-integrality of Fe(x.y) in terms of the

p~-adic order °"dp(ae) of a_ , which can be computed easily. (The

e
valuation is normalized so that ordP(P) = 1.) We say that Fe(x.y) is

P-integral if Fe(x.y) € ZP[[x.yl] . If d 1is the order of P modulo

N, i.e., d 1is the least power of P such that Pcl 8 1 (mod N) , for

1 *) This work was partially supported by the Natural Sciences and

Engineering Research Council of Canada (NSERC) through N. Yui's grants
No. A8566 and No. A9451.
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each ¢ in {1,2,...,d-1} let m, 'JL be the integers between 1 and
N-1 satisfyling
(1) sz‘ 2 1 (mod N)
(2) Pe_jl 5 1 (mod N) , respectively .
Then l-'9 is P-integral if and only if
(3) my - J, > 0 for each te{1,2,...d-1} , and Fg s of
Lubin-Tate type if and only if F8 1s P-integral and
ordp[ae(Pd)] =d-1 . Let ¢ denote the Euler phi function. We can

prove:

Proposition 1. f ¢(N) =23, for each 1 € {1,2,...,N-1} there

always exist infinitely many primes P such that Fe is _not P-integral

for @=3

For a prime P > N, let B(N,P) be the cardinality of a set

{ 151sN-1| Fe is not P-integral for 0 = -:i} . Then:

Proposition 2. B(N,P) = 0 if and only if P = 1 (mod N) .
B(N,P) = 1 if and only if P = -1 (mod N) . I_! d = ¢(N) aﬁ (N27 or

N=5) , then B(N,P) = N-1 .

Proposition 3. Let N, i, P, d be as before. If Fg Is

P-integral, then it is of Lubin-Tate type.

Because of the condition (3), the larger d is, the more rarely

Fe becomes P-integral. However, we do have the following result:
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Proposition 4. For a given d > 1, let N be d2 and P a

prime greater than N such that P 2 1 (mod d) and that the order of

P modulo N 1is d . Then l-'e is P-integral for 8=F"'- if and only

if 1=d or d®-da+1

§2. Sketch of Proof

Proposition 1. Take a prime P such that P = %1 (mod N) . If

Fe is P-integral, F‘e is not Q-integral for a prime Q congruent to

- P modulo N .

Proposition 2. It is easy to check that

B(N,P) = 0 if and only if P =1 (mod N)
and that

P = -1 (mod N) implies B(N,P) =1.

Suppose that B(N,P) =1 and d >2 . Then ll_l is the only 6 for

which Fe is not P-integral. Find m satisfying (1) . Let

1re oo Bgq
be an integer in {1,...,N-1} congruent to P modulo N and find
i

1
N

4

(1) (1) -
_]1 ""'Jd-l satisfying (2) for 1 = 1l . Since l"91 for 81 =

is P-integral, we see that -m, >0 . By taking 1 in

1 2

modulo N and finding J{2),...,3¢%)

Pa-1

{1,...,N-1} congruent to P2

satisfying (2) for 1 =1 we see that my - J:Z) =my - mg <0.

s
i

This implies that F for @8, = —— 1s not P-integral. A
92 2 N

contradiction. Hence d = 2 .
Now take 1 to be 2 . Then Jl satisfying (2) for 1 =2 |1is

either 2m, or 2|nl -N, and m, - J1 > 0 1implies that _l1 = Zml -N

1

and that LY > N2 .
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Suppose that
m > Eil N for some ¢e {2,...,N-2)} . By taking i1 to be
¢+ 1 and considering m - Jl for _|1 satisfying (2) for § = ¢ + 1
we can conclude that
m, > 2 N

17 &Y
Hence N g;% < my < N and we get m = N - 1, which is congruent to P
modulo N .

Suppose that d = ¢(N) . Then (ml,.. } satisfylng (1)

Mgy
L

together with 1 form a complete set of representatives for (zZ/Nz) .

If (§,N) =1, Jl""'Jd—1 satisfying (2) are all relatively prime to

N and mutually distinct. If 1 ¢ (Jl""'jd-l) » then

(J1.....Jd_1) = (ml""’md-l) and (3) can not be satisfied for some ¢ .

If J,=1 for some le {1,...,d-1} , then | = Mmy.p and My-g =

max(mt| 1st=d-1} . Hence myp = N-1 and P2 o 1 (mod N) , so that
L= g . If d=z=3, there exists an integer k in {1,...,d-1} such

that 1 < m < m, . Take the minimum, mk° » of all such m 's . Then

k

- Jk S 0 and (3) is not satisfied for ko . If d=1or 2, then
(3 (-]

N =2, 3, 4 0or 6; these values of N are excluded by the hypothesls.
If (4,N) =t >1, set i =1¢ti’ and N = tN° . Then (i1’,N’) =1 and

We can prove the assertion in a similar way by considering 11‘, N’

instead of 1 , N .

Proposition 3. We only need to compute ordp[aB(Pd)] . Set

d
r=E ;l and @ = % - For each ¢ in {1,...,d-1} , choose t, such
that

1

1st,spPl -1 and t & -iN"! (mod PY) .
e = ]
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Note that tl =< tz & S td-l . Then the number of integers 1 ,

1 +N,...,1 + (f-1)N which are divisible by Pl is equal to

f-1-t
[—t_t] + 1, where [x) denotes the largest integer not exceeding x
P

for any real x . Hence
d-1 f-l-tt
ordP{1(1+N) cas (1+(f-l)N)} =¥ — | (a-1) .
=1

On the other hand, for each ¢ in {1,...,d-1} we can show by using the

P-integrality of Fe that, if ¢t < tt , no integer among f—l-tl_l "

-1
f—l-tt 1- 5 8 f—l-(tt-l) is divisible by Pc .  Here we set to =0 .

-1- t
Hence [_l] [ ] So we have

&, £-1-t,
ordP(f!) = Z [—Pl] = [ ]
=1
Therefore

ordP[ao(Pd)] = ordP{1(1+N) ... (l+(f—1)N)} - ordp[r|nf]

=d-1.

Proposition 4. Let Xd(P) be a set
i
{ 1sisN-1 | Fo 1s P-integral for @ = ﬁ} .
For each ¢ in {1,...,d-1} , let m, be the integer satisfying (1).
Since P 21 (mod d) , mcal (mod d) for each ¢ . So m¢=l¢dnl

for some n, € {1,...,d-1} . Here n are mutually distinct, so

PERRRRL
that {n,,....n _;} = {1,...,d-1} . We see that an integer Je
satisfying (2) for 1 =d is d for each ¢ . Hence m, - Jz >0 for
each ¢ . For i=d2-d+l , we can show that mt-‘jl=d for each
¢ , where Jt are integers satisfying (2) for this 1 . To prove the

converse, let 1 be an element of xd(P) , find Jl"""]d-l satisfying
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(2) and set min(mt-_jel 1<¢sd-1} =t . When t =1, there exists co

in {1,...,N-1} such that my _‘jl =1. So J, 80 (mod d) and
° (] ()

we get 1 20 (mod d) . This implies that Jt 20 (mod d) and
Jt =1 for each ¢ . Hence by considering me "k for k with

m = 14d , we get 1 =d . When t > 1, there exists to such that

J, <d. If t=3,3,...,J, , are mutually distinct, each J, has
to 0"~1 d-1 (4

a form Jzo + dr, , vhere (ro.....rd_l) = {0,...,d-1) . From the
P-integrality of F9 , we see that rp=ny - 1t for ¢=1 and that

r, =d-1 . Also Jt = im, = 1(1+d) (mod dz) implies that
° o

1 81 (mod d) . Therefore 1 = d2 -d+ 1. For the case when

i= JO'JI""'Jd-l are not mutually distinct, we get a contradictlon.
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A REMARK ON DOUBLY. STOCHASTIC MEASURES AND FUNCTIONAL EQUATIONS
Bogdan. Choczewaki and Marek Kuczma

Presented by J. Aczef, F.R.S.C.

1. Let I={0,1) be the clomed unit interval A measure u defined on
the Borel subsets of the unit square IxI is called doubly stochastic
if for every Borel subset Acl we have

HCAXIdmuCIxA)= |A |,
where |A| denotes the one-dimenszional Lebesgue measure of the set A.

Let fiI—I be a function fuifilling the conditions:

) fl-+1 iz an incressing homeomorphism of .1 into itself and
£Cx)<x for xe€0,1).

Several authors d(cf.,0.¢.1[5)I6D have. studied doubly stochastic
measures with support contained in the set C(a hairpind

H = {Cx,ydelxl: ymf(x) or x=fCyd).

In particular, H. Sherwood and M. D. Taylor (6). have shown t.hat’u‘ 7
is such a measure, then the function

<« PCx) =, uCC (e LCtd)delxl: tel0,51 », xel,

is a non-negative, monotonic and continuwous solution of the functional
equation

(¢>] Pl O = ()

in I; and, conversely, overy non-negative, monotonic and continuous
solution g:d—R of equation (2) generates a doubly stochastic measure
u on Ixl supported on the set H and fulfilling condition <1).

2. In the present paper we are going to investigate the mutual
relation between the relevant properties of p. Instead of (20 we shall
consider a slightly more goneral equation
(€5 ] PIECOMP(x) = h(x),

We assume that:

) hil—sR i8 continuous in I and such that the expression

@ R(x) = hCx)-hif(x)]), xel,
is non-negative in 1. Moreover,
[->) h<0O=0, h(1)=1,

<ttty There exists a Ze(0,1) such that the function 4 is
non—decreasing in (0,J) and non-increaszing in <{,1).

Romark 1. The choice of the values of h(0) and h(1D is not
essential. Note that a function g:d—R satisfies oquation (3 in I if
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and only if the function yplaxcdmaplxd)+d, xel, satisfies in 1 the
equation yifOOMHypy(x) = ghlx)+2b. Conmequently if hC0d»h<1)
conditions (3 may be realized by a suitable choice of a and b.

The iterates f of f are defined for all integers n by the
recurrence
200mx, ™Moo=t o0), ne2, xel.
It iz easwily seon that for every ne2 the function f® is an increasing
homeomorphism of 1 onto itself. Moreover, for eovery xe€(0,1) the
sequence o (x))‘:ﬂ_m iz strictly decreasing and

6> Hm GO = 0, 1im G0 = 1
Ho 5 -0
C(cf [3,Theorem 0.8D.

Wo start off with some l.emmas
On sotting x=0 and x=1 in (3) we get from (3) the following

Lomma 1. Let «(«» and <« be  fulfilled. lt a_ function e:I—R
satisfies equation (3> in 1, then p(0)=0 and p(i)-;- .

Next. we have

Lemma 2. Let ¢« and «tt) be fulfilled.

a) Theroe oxists a unique function pizl—dk which satisfies
equation (3) in I and is continuous at x=0. This function is given by
the formula

w0
e) P, 0> = £ D60l , xeloa; p 1> =

nz=0
and 1is, in fact, continuous in the interval ([0,1). If, moreover,
function <4 is nondecreasing in the interval <€0,l> (for a Ze0,1,
then so is also LA
b> There exists a unique function pz:l—oR which satisfies
equation <3) in 1 and is continuous at x=i, This function iz given by
the formula

]
@ P,0=0 ; p x> = % + T DI Pkor1) , xe0.4]

n=1

and is, in fact, continuous in the interval <0,11. If, moreover,
function <4) is nonlncreasinc in the interval <Z,1> (for a feC0,1)),
then e, is nondecreasing in <Z,1).

Proof.

a) Suppose that a function pl:l-olk satisfies equation (3> in 1.
We have from (3> by induction
128 $,00 = (-1>kp’t *x) +k2’(-1)nh[tn(x>l » ke, xel.

nz=0
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By Lemma 1
o p,C0Xm0, p CDmg
Since ®, iz continuous at x=0 we must have
11 lim p‘(x> =0 .
x»0
Letting in (9 k tend to infinity we obtain (7) for xe(0,1) in virtue
of (11> and <6). Relation (7> for all xel Cand hence also the
uniqueness of p‘) results now from <10).

The existence of (A and its continuity in [0,1) are a consequence
of tho fact that the series in (7) converges almost uniformly in [0,1>
<3, Theorem 2.14); cf. also [2)). It is a matter of straightforward
verification to check that e, ¢iven by (7) actually satisfies equation
<3 in I

Formula (7> imples that

w
2> px> = ERUEx)  for xa€0,1,

n=0
where the function R is defined by (4). If R is nondecreasing in
€0,2), then the monotonicity of LA in <(0,I) results from that of R and
of l‘n n =0,2,4,.., and from the fact that for n20 the functions
map the interval €0,f) into itself,

Assertion b) follows by the same argument when applied to the
oquivalent. form of (3

[ptf.‘(x)l-é-l + [p(x)-%-] = hif dexd3-1 .
As for the monotonicity statement, observe that formula ¢8> yields
-0
TS p,0x> = % = L RIUEZ"x0) for xeC0,1.

ne-1

Finally, we have

a) The function e, Ccf(7)> is_the only nonnegative solution of

equation <3 ip I
b) The function e, Ccf.(8)) is the only solution of equation <3>

in I which is bounded from above by 1/2.

Lomma 3. Let «) and <o) bo fulfilled.

Proof.

a) Let piI—R be a nonnegative solution of equation (3 in 1. The
oquality P, Cand heonce the uniqueness of ) results from (1) and
from Lemma 1 <cf.also [6]). On the other hand, it follows from <12)
and 10> that (A actually is nonnegative in I.

Assertion b) results in a similar way.
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8. The following theorem is the main result of the present paper.

Thoorem 1. Lot hypotheses «(ur~«ttw) be fulfilled, and let gd—R
be a solution of oquation ¢3> in_ 1. The following conditions are
equivalent:

Cc® p iz monotonic in 1.

<pd> ¢ iz continuous in I.

(r)DSp(x)Sz for xel.

A solution fulfilling <c)-(y> exists if and only if
1

-]
a4 ERZ%00) = & for xa€0,1,
ns -

and if such a solution exists, it is unique and is given by formula
<7), or, equivalently, formula (8).

Proof.

Assume <o), Since ¢ i3 monotonic (by Lemma 1 necessarily non-
decreasing), there oxist limits of p(x) for x—0 and x—1, and by (3>
asd 1im pCx> = O, 1im pCx) = 1/2 |

x—»0 x—p1

Relations (18) together with Lemma 1 show that ¢ is continuous at x=0
and at. x=i. By Lemma.2
16> LAl A

Hence, again by Lomma 2, ¢ is continuous in 1.

Assume (3). Then we have (160 in virtue of Lemma 2, whence ()
results by Lemma 3.

Assume (). Lemma 3 imples <(16). According to Lommas 1 and 2, ¢
is nondecreasing in 1.

The above argument shows that, if equation (3> has a solution
eI—R fulfilling <(cd-C(y), then we must have (16>, whence by <12 and
(13> we obtain (14). In the other direction,if (14) holds, then PP,

By Lommas 2 and 3 the function g given by (16> fulfils conditions
Cod=Cpd,

The uniqueness of ¢ as well as formulas (7> and (8) are a
consequence of (16).

Remark 2. If pI—R iz a solution of (3), then the inequality

plx) 2 0 for xel
is a consequence of (0 and (p), but alone it doos not imply either;
cf. Lomma 3Cad and also (63,

Remark 8. The series appearing in (14) converges almost uniformly
ip <0,1> and thus it represents a continuous function in ¢0,1), but,
in general, this function noed not be constant. (cf. also Remark 7
below). However, if it iz, the constant must be ;- . Thus condition
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(14> may also be replaced by

(-]
147 L RI"Cx3) = const. for xa€0,1>.
n=-® '
4. Now lot us assume
tv» There exists a fe(0,1> such that the function x 1 x-f(x) is
nondecreasing in €0,f> and nonincreasing in < ,1.

Romark 4. Wo_havo x~f<id=RIf '(x3), whoro R iz defined by 4>
with h=sf, But =mince f is an increasing homeomorphism, the existence of
a corresponding {-(1 for R is equivalent to the existence of a
corresponding I=f, for Ref , the two points boing related by tho
formula f =fc)>.

Taking h=f in Theorem 1 we obtain

Theorem 2. Let hypotheses «» and..wtvs be fulfilled, and let
fI—R be a solution of oquation ¢2> in_ 1. _Then conditions €a,(32,(>

gﬂvalont to each othor. A solution pd—R of .the equation

PLEGOI+pCad = £

o:ds-!.sifam!onlzlf

arn T cfz"cx:-fz""(x» -3 for. xaC0,1>.
n= -0
When it exists such a solution is unique and iz given by the formula
(] for x=0,
s i 1 2 n+l__-n
18> pCxd = D" 00 = g+ DT -1 for xec0,1),
nal nz=0
172 for x=1,
Corollary. Let f be a function fulfilling conditions ¢ and <,
There exists a doubly. stochastic moasure u supported on the hairpin H

if _and only if f fulfils (17). When it oxists, such a measure is unique

and is generated by relation €1), whore ¢ is given by (18).

Remark 3. If the function f is convex, condition «w iz
cortainly fulfilled <cf. [4,Theorem 735); note that then also the
function x - fCx)=x i3 convex), but cw can also be fulfilled in
other situations. Thus 3 _our Theorem 2 improves on Theorem 3.4 in (6],
Moreover, our proof of the equivalence of (170 to the existence of a
monotonic solution pI—R of (2 is simpler than that in [6).

Romark 6. It _may well happen that condition (14> Crosp.(17)) iz
not fulfilled, i.e. equation ¢3) resp.C2)) has no monotonic solution
pI—R. Such is the case, o.£., for tho oequatidn p(x Xplxd) @ x Cef,
(7], and also (31> as well as for the oquation  pCx®hp(x> = x2
Ccf.[8)),
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UN CRITERE DE NUCLEARITE

POUR_CERTAINS ESPACES DE TYPE(M).

A.0,BAHYA

Presented by P. Ribenboim, F.R.S.C.

Abstract: Tn this note , we give a positive answer, in *he sepanakle case,
2o a question naised by G.1sac in[ 7]. 1t concerns the nuclearity cf Locally
convex M-spaces .

1,Introduction. Dans cette note , nous donnons une neponse positive, dans
Le cas sépanable , 2 un probfdme post par G.1sac dans [2]). Nous montrons
qu'un espace fLocalement convexe separl E, de type (M} ,s€parable et topolo-
giquement complet est nuclaire 84, et seulement 84, fe cone de ses 8L%-
ments positifs cst nuclBaine.Nous utilisons , pourn cefa,une nouvefle cara-
cténisation des espaces Localement convexes de typell) qui esf une exten-
sdon d'un nésultat dans (1] .

11. Prgliminaines .Nous dirons qu'un Lattice fLocalement convexe (F,z) est
de type (L) (nesp . de type (M) &4 sa topofogie T peut &tre definie par une
base® de semi-nonmes telleque-, pour tout pe@®on a :

(M Vx,yekE Ix|gly|=pplx] g plyl et (2).¥x, y20,plx+yl=plx]+ply)
(nesp. (1) et (2') :¥x,y30 , plxVy) = plx) V ply)).

Une semi-nonme qui venifie (1) (resp.(2), nesp.(2')) sera dite
solide (nesp.additive , nesp. une M-semi-noame },
Si K est un cone convexe [ie K+k <K et Ak <K , quelque soit

X 3 0], alors on note par K' £'ensemble K'={§eE' ; §lx) 20 ,¥x e K }.

Definition [2). Un cone convexe K dans un espace Localement convexe separd
{E, ) est dit nuckéaine , 8'4iL existe une base B de semi-nonmes definis-

sant T et telle que :

Vpe® , Iy K :¥xe K ,plx)lz fplx) .
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111, Critere de nuclBanité . Nous donnons tout d'abond La caracterisation

suivante des espaces Localement convexes de type (L).

Proposition 111.1. Soit (E,t) un Lattice Localement convexe sepand dont Le

cone des ELments positifs est nots par K. Alons(E,t) est de type (L) &4,

et seulement &4 :
{a) La fonction x+—pix | est continue en z8no .

{b) Le cone K est nucliaire .

Preuve . On suppose que (E, ©) est un espace de type (L) . Alons — peut
etre definie pan une base @ de semi-nonmes verifiant Les proprietss (1)
et (2). L'aggirmation (a) nesulte de (1) car, pour tout pe@et tou x ¢ E
ona : plIx|)=plx) . En outre , d'aprds fa proposition 6 de[3], K est
nuclBaine . Reciproquement 8i K est muclBaine , i existe une base Bde

semi-nonmes definissant « telle que :

Vpe ® , 36pe K' :¥x ek, plx) & ﬂp(x) 3

Done, pour tout x € K , 6p(x) > 0. On pose alons p'(x]c&pllxll , quelque
s0it x e E . Puisque , Ix+y|&|x| + lyl et foex| = lx|. | x|, pour tous
x,y € E et ate R, p' est une semi-nonme qui virifie Les propriétis (1) et
(7} can { 5 est monotone crodissante sun K, 1£ neste 2 prouver que £a topo-
Logie dEfinie par Les semi-nonmes lp'lpe&“’t Squivalente aT. Soit U
un voisinage de z&ro pourt; il existe un voisinage V de zero pour T,
qui est Bquilibnd et tel que : V- Ve U .

On i existe pe@®et & D0 tels que zBp c V[ od Bp"‘." €E; p(x]sl}
can () est une base de semi-nonmes definissant T .

Soit Ezp =&xeK; ‘p x) < 1} . Alons B’6c Bp(can , plx) sspm.
quelque s0it x € K), D'odl & 8'5 < G.ch V . Fontrons que
{er;p’(x)si}cv. "

Soit x eE tefque p'lx) &g . Afons ona : 5p(x'l + Ap(x'l < €.
Puisque §, est positive sur K on a : 6p(x') =g oz Aef0,1] .
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-4 +

S& A e0 atows f( €% )« f‘gp(x*).os;, d'oa €'x" e B, B

p< %p
etdome x' e V.SiAF 0atons X¢'%'e ng done x*e Avel [ car v
est Bquilitnd). Donc dans tous Les cas x' € V. On a deméme x eV .

dome : x = x'-x" € V-V =l .

Pe La contimuitt de fa fonction x—six| et de fa fonction 5p,
L nesulte que , La baule{x ¢E; p' (x)sg}ut un voisinage de z&ro pour
< ,quefque so0it p' et & >0.

Canotlaine 111.2. [1). Soit (E, N+ 1| ) un fLattice de Banach. Alors E est

de type (L) 84 et seulement 84 :

(a) £a_fonction x—sfx| est continue en 280 .
(b) Le cone des 8Ldments positifs de E est bien bast .

Preuve: D'apr2s | [2], corollaire , p 1621, un cdne convexe , dans un

espace de Banach est nucllaine 84, et seufement 44 , il est bien bast .

Pans [2], 6. lsac pose Le probl¥me suivant :
Probfime :Si (E, ©) est un espace Locafement convexe et de type(M) dont

Lo cone des ELBments positifs est nuclaine , est-ce que {'espace E est

nucldaine ?

En nelation avec ce probfme , nous obtenons fe :

Theonr2me 111.3. Soit [E,¢) un espace focafement convexe sepané, de type

(M), topofogiquement complet et s8panable. Alons Pes assentions suivanies

sont Zquivalentes :
{a) E est nucléaine.

(b) K ={x et ;xzo}ut un cone nucléairne .

Preuve . a}entraine (B) : Lonsque E esf nucléaine alons , d'apnds ([4]
theondme 3 ) , © peut &tre defdinie pan une base de sem{-nonmes sofides
ot additive sun £e cone K. Ainsi [E,¢) est de type [L) . Done K est
nuclaire, d'apnds La proposition 6 de [3].(b) entraine @) : On a
tout d'abord que £'application x—ix| est continue en zéro puisque
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{E, ) est de type M) et done € peut Etre definie par une famille de
semi-nonmes solides . En outre , puisque £'on suppose que K est nucléaine,
{E, €] est de type (L) d'apr2s La proposition 111.1. Ainsi T peut Etre
dsfinie par une base de semi-noames qui sont solides et additives (ecan
{E, €) est de type (L)) et pan une base de M-semi-nonmes solides (carl(E, €)
est de type (M)). Donc d'aprds fe thEondme 3 de [4], (E, ©) est un espace

nucliaine .

Remenciements.L'auteur nemencie M. Le PG, Tsac, du colfge militaire
noyal st Jean (Qusbec , Canada) ,pour £'avoir initi€ a fa théonie des
cdnes et M. Le Pr. M, Oudddess , de 2'E.N.S (RABAT), pour de nombrewses
et stimilantes discussions .
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CONGRUENCE LATTICES, AUTOMORPHISM GROUPS
OF FINITE LATTICES AND PLANARITY

G. GRATZER FRSC AND H. LAKSER

University of Manitoba

Abstract. It was proved by R. P. Dilworth (unpublished) that every finite distributive

lattice D can be represented as the lattice of congruence relations of a finite lattice L. We
strengthen Dilworth’s Theorem by making L very small and planar. R. Frucht proved that
every finite group G can be represented as the automorphism group of a finite lattice L. We
combine the results of Dilworth and Frucht, proving the independence of the congruence
lattice and the automorphism group of a finite lattice. The present authors proved in 1986
that every { 0,1 }-homomorphism of finite distributive lattices can be represented as the
restriction-homomorphism of the congruence lattice of a finite lattice L to the congruence
lattice of an ideal L' of L. We strengthen this result by constructing L and L' planar and
rigid.
1. Background. Let L be a lattice. It was proved in N. Funayama and T. Nakayama (2]
that the congruence lattice of L is distributive. For a finite lattice L, the converse of this
result was proved by R. P. Dilworth: Every finite distributive lattice D can be represented
as the lattice of congruence relations of a suitable finite lattice L. The first published proof
of this result is in G. Gratzer and E. T. Schmidt [7]. For another proof of this result by
the present authors, see [3, pp. 81-84].

Now consider the automorphism group of L. The characterization theorem of the au-
tomorphism group of a finite lattice is due to R. Frucht [1]: Every finite group G can
be represented as the automorphism group of a suitable finite lattice L. In fact. Frucht's
construction yields a simple lattice of length three.

Given a lattice L and a convex sublattice L', it is well known that the map

ConL — Con L'

determined by restriction is a lattice homomorphism preserving 0 and 1. Based on the proof
of Dilworth’s representation theorem given in [3]. it was shown by the present authors in
(4] that, conversely, any { 0,1 }-preserving homomorphism of finite distributive lattices can
be realized by restricting ‘the congruence lattice of a finite lattice L to the congruence
lattice of an ideal L' of L; for an alternate proof, see E. T. Schmidt [10].

2. Results. In this section, we summarize the related new results of the authors; see (5]
and [6] for the proofs.
Firstly, the “improved” form of Dilworth’s Theorem:

This research was supported by the NSERC of Canada.
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THEOREM 1. Let D be a finite distributive lattice with more than one element. Then there
exists a finite planar lattice L with no proper automorphism such that the congruence
Tattice of L is isomorphic to D. The Tattice f zan be chosen to have O(JJ( D)I’) elements,
where J(D) i8 the set of nonzero join-xrreaucibk elements in D.

Compare this with earlier proofs yielding lattices with O(2!7(P)l) elements (or more)
and order dimension |J(D)| (or higher). We believe that the new construction provides
the simplest known proof of Dilworth's result.

Secondly, we show that the congruence lattice and the automorphism group of a finite
lattice are independent:

THEOREM 2. Let D be a finite distributive lattice with more than one element, and let G
be a finite group. Then there exists a finite Tattice L such that the congruence lattice of L,
is :'somorpﬁic to D. and the automorphism group of L is isomorphic to G.

The proof utilizes Frucht's result but does not use Dilworth’s Theorem.

Combining Frucht's result with the result of G. Sabidussi [8], the automorphism group
of a lattice is characterized as an arbitrary group. We obtain:

THEOREM 3. Let D be a finite distributive lattice with more than one element, and let G
be an arbitrary group. Then there exists a lattice T such that the congruence Tattice of L

is isomorphic to D, and the automorphism group of L is isomorphic to G.

Thirdly, we apply the new lattice construction to prove the following theorem, which
improves the result of (4] by showing that we can enforce planarity:

THEOREM 4. Let D, D' be finite distributive lattices, and let : D — D' be a {0,1}-
preserving lattice homomorphism. Then there exist a finite planar lattice L, an ideal L'
of L. and lattice 1somorphisms

o0:D —Conl, g:D' —»ConL

such that vg' ig the composition of ¢ with the restriction of Con L to Con L'. Moreover,
the lattices L and L' have no nontrivial automorphisms.

By a nontrivial automorphism we mean one that is distinct from the identity mapping.

Finally, we combine Theorem 4 with automorphism groups. In general, automorphisms
of a lattice do not restrict to automorphisms of its ideals. However, we can construct
lattices where this does happen:

THEOREM 5. Let D. D' be finite distributive lattices with more than one element, and
let v : D — D'_be a {0.1}-preserving lattice homomorphism. Let G, G' be groups. and
let n: G — G' be a group homomorphism. Then there are a lattice L, an ideal L' in L,

lattice isomorphisms

o0:D — Conl, ¢ :D' = Conl,

and group isomorphisms

r:G— AutL, r:G — AutL'
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such that, for each z € D, the congruence relation zg' on L' is the restriction to L' of
the congruence relation zp on L, and, for each g € G, the automorphism gnt' of L' is the

restriction of the automorphism g7 of L.

If G and G' are finite, then the lattice L can be chosen to be finite.

Note that we do not claim that the lattice L in Theorem 4 can be chosen to be planar.

3. Method. To illustrate the constructions, we shall use the lattice A of Figure 1. Note
that the diagram also shows J(A) whose elements are labeled.

We shall describe the lattices L and L' of Theorem 4 in two special cases. Let us consider
the distributive lattices D = €, (the two-element chain {0,e} with 0 < ¢) and D' = 4.
Let ¢ : D — D' satisfy  : e = 1, 0 — 0. The resulting lattice L is depicted in Figure 2.
The generator of the ideal L' is drawn as e, It is easy to see that in L' every prime interval
is projective to one with a label; that prime intervals with the same label are projective:
that the congruences generated by labeled prime intervals form a poset as illustrated in
Figure 1. Hence, the congruence lattice of L' is isomorphic to D' = A. The lattice Lis
obviously simple.

This method can be generalized to all cases in Theorem 4 except if |D'| = 2. Toillustrate
this case, we consider the lattices D = A and D' = €;. Let ¢ be determined by setting
¥ : b e, d— 0. The lattice L we construct is depicted in Figure 3. where the generator
of the ideal L' is drawn as . Again, it is easy to see that the congruence lattice of L is
isomorphic to D = A, the lattice L' is simple, and the restriction-homomorphism is the
same as .
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A general result on local spannedness
by
Harry D'Souza
Presented by G. de B. Robinson, F.R.S.C.

In this article we give a simple proof to show that if X is a
complex projective manifold with dimX23, and L an ample and spanned
line bundle on X, and if (X,L) is a reduction of (X,L), then L' is locally
spanned. L is such that the intersection of (n-2) generic members of ILI

is a smooth elliptic surface of Kodaira dimension «(S)=l, and moreover

x(A)20, where Ae IKX + (n-2)LI.
Introduction

In a crucial result in [D], it is shown that for a pair (X,L),
where X is a smooth threefold, if L is very ample then for the reduction
(X'L"), L'is locally very ample. The aim of this article is to generalize
this result to smooth varieties of similar kind of arbitrary dimension, by
weakening the very ample hypothesis on L, to ample and globally
spanned, and prove that L' the associated line bundle of the reduction
(X'L) is locally ample and spanned. This technical result allows for
considerable simplification of the proofs of theorems involving biregular
classification of these types of varieties. The counterexample in (1.5)

shows that the hypothesis on A cannot be relaxed to simply x(S)20.
Notation and background material

(0.1) Throughout this paper X is a complex projective manifold of dim-
ension n 2 3. L is an ample line bundle on X, such that the intersection
of (n-2) generic members of ILI is a smooth elliptic surface of Kodaira

dimension x(S)=1. We also assume that x(A)=20, where A e IKX+(n-2)Ll,
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the linear system associated with Ky®LP2,
(02) Let (X, L) be a reduction of (X,L), (see [D; (0.6)]).

(0.3) Let L be a line bundle over X. Let ApL..., A, be the general

members of the linear system IL! and let X;=n, i sn.iAj' then dim(X;) =i.
We will often denote X, by S, and we have the following descending

chain Xo5X ,>...0X;5X, =8.

(04) Remark: (i) Since S is smooth, by Bertini's theorem, X; is smooth

for all i.

(ii) As in (0.3), we have a similar descending chain
X'oX,,>...0X,yoX, = §.

(iii) Since S' is a minimal model of S, x(S')=1.
Main results

(1.1) Theorem: Let (X,L) and (X',L’) be as in (0.1) and (0.2), then
L' is ample on X'
Proof : Follows immediately from [Fu; 5.7)

0

(1.2) Lemma: Ler (X,L) be as in (0.1) and X be as in (0.2), then

there exists @ morphism p_:X — C, such that p*(M)=Ky@L®?,
where dimC = 1, and M s a line bundle on C.
Proof : By [D;(0.11)] we know that there is a line bundle M over
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a curve C, such that K_, ®L' = p;(M). So, in [S], on going over

s

the structure theorem following (2.1) in [S], for o(X,L) <3, and noting that
o(X,L)=3 if x(A)20; we see that Ky ®L'®? is semi-ample and numerically
effective. Hence by using adjunction repeatedly, and using (S; (2.1)], we

see by Lefschetz theorem that Ky-®L®-D=p *(M).

(13) Theorem: Let (X,L) beas in (1.0). Assume moreover that L is

spanned by global sections, then L' is locally spanned with respect to p,

Proof : We first show that l(x-®L'2 is spanned by global sections,
and then we show that Ky ® L@ D is spanned by global sections by
using induction on i = dim(X) 2 3.

Let §'= X', (see 04). We first prove the following:
Claim: L'gL'g 2 5.
Proof (of claim): Suppose L'g.L's. < 4, then by Catelnuovo's inequality [Hal,

and on noting that §' is an elliptic surface we see that g(L'g) < 1, but

by [A-S;(0.2)and see also (1.1) end of proof there], these are Gorenstein

del Pezzo surfaces. Since x(S) =1, this is impossible. This proves the claim.
Now sinc‘q on X'S’ L'LL = L's..L'S. 2 5, and since (X‘B,L')

is not in the list of [A-S;0.2], it follows by [A-S; Thrm. A] that Ky ®L?

is spanned by global sections.

Consider the following short exact sequence:
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0 -K_ eL%?
i

" - K e 5 k., e 5 o

X i x'i-l

Using the sequence for i=4, and the Kodaira vanishing theorem on the

associated long exact sequence, it follows that KX' ®L'3 is spanned
4

by global sections. So, using the same exact sequence for for i=n, and
by the induction assumption for i=n-1, it follows that Ky ® L™V is
spanned by global sections. By lemma (1.2), therefore pn‘(M)GL' is
spanned. Since p ‘(M) is locally trivial, L' must be locally spanned.

0

(1.4) Theorem: Let (X,L) be as in (1.0). Assume moreover that L

is very ample, then L' is locally very ample.

Proof : By the main theorem in [S-VdV] we know that Ky ® L™V

is very ample, By Lemma (1.2) Kx-®L'(“'2)spn'(M). Hence p,"(M)®L' is

very ample or L' is locally very ample.

The following example shows that on weakening the condition x(A)20,

in (0.1), to the condition x(S)20, lemma (1.2) is false.

(1.5) Example: Let S be a smooth elliptic surface of non-negative
Kodaira dimension such that any morphism of S onto a curve factors

through the projection p:S — C, defining the elliptic surface (this is the
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case for minimal models of all but very special class of elliptic surfaces).
Let H be a very ample line bundle on S, and let V=H®H®H. Let L
denote the tautological bundle of the fourfold X =P(V). Then L is very

ample, and if A;elLl, then AN A, is a smooth elliptic surface of non-
negative Kodaira dimension. In fact S is birational to ANnA,, and so x(S)
=x(A;nA,). Now we can easily see that the only reduction of (X,L) is
(X,L). Furthermore, any morphism from X to a curve must factor through

the composition of X to S and S to C, since the fibres of X — S are P2,

that must go to points under a map to a curve. Now let us consider

Ky®L“? restricted the fibre P? of X — S. By adjunction, and on noting

that Lp2 = 9p2(1), we see that (Kx®L4'2)p2=ﬁP2(-l). Hence it cannot be

a pullback from the base curve C.
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