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A CHARACTERIZATION OF QR-DOMAINS

Davip E. Dosss!

Presented by P. Ribenboim, F.R.S.C.
Abstract. It is shown that an integral domsin R is 8 QR-domain if and only if U(T3) N R #
U(T3) N R for distinct overrings Ti C T of R; here, U(A) denotes the units of s ring A.

Let R be a (commutative integral) domain. Following [3], we say that R is a QR-domain

in case each overring of R is a ring of fractions of R. Each Bézout domain is a QR-domain;
and each QR-domain is a Priifer domain ([2, Proposition 1, Theorem 1], [3, Theorem
2.5(a)}]). Both converses are false. Pendleton [6, Theorem 5) showed that a Priifer domain
is a QR-domain if and only if each radical of a finitely generated ideal is the radical of a
principal ideal. Characterizations of QR-domains are known in other classes of domains.
For instance, a Noetherian domain is a QR-domain if and only if it is a Dedekind domain
with torsion class group ([2, Theorem 2}, [3, Corollary 2.6}, [4, Corollary (1), page 114]).
Recently, Daniel and David Anderson [1, page 9] have asked whether a QR-domain R is
characterized by the property that U(R) # U(T) N R for each proper overring T of R.
(As usual, U(A) denotes the group of units of a ring A.) In [5, Examples 3.1 and 3.2},
Heinzer-Lantz have recently shown that the answer to this question is “no” (and the
authors of [5) attribute the question to Gilmer). The purpose of this note is to prove that
QR-domains are characterized by properties similar to the one proposed by the Andersons.
More precisely, we have the following result.

THEOREM.For a domain R, the following conditions are equivalent:
(1) U(T)NR# U(T:)NRif T C T; are distinct overrings of R;
@Uunm)nkr #U(T2) N Rif T and T; are distinct overrings of R;
(3)Risa QR--domain.

1Supported in part by a University of Tennessce Faculty Research Grant.
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PROOF. (3) = (2): Let Ti(i = 1,2) be distinct overrings of a QR-domain R. Then T; =
S; ' R for multiplicatively closed S; C R. Without loss of generality, S; is saturated. Hence,
U(T:)N R = S; (cf. [3, Proposition 1.1]), yielding (2).

(2) = (1): Trivial.

(1) = (3): Assume (1). We shall show that each overring T of R is a ring of fractions
of R. Put § = {r ¢ R\{0} : r~'¢ T}. Evidently, S is a saturated multiplicatively closed
subset of R. Put A = S™'R. Hence, U(A)N R = S (cf. [3, Proposition 1.1}). Observe,
by the definition of S, that A C T and U(T)N R = S. Thus, by (1), A = T; that is,
T=S"'R. 1
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al tic Fields of Class Numbe e

tinued i i 8 Six

R. A. Mollin! and H.C. Williams?
Presented by P. Ribenboim, F.R.S.C.

The purpose herein is to provide criteria for the class number h(d), of
the real quadratic field Q(,/a), to be one when the period k, of the continued
fraction expansion of w is less than 6, where w = (1 + ydy/2 if d = Hmod 1)
and w = (yd) if d = 2,3(mod 4). This includes all Richaud-Degert (R-Di-types.
Moreover we pose conjectures as to exactly those d with h(d) = 1 and k ¢ 5
when d = 5(mod 8). We actually determine all such d when d= limod 8), and

all such d (with possibly only one more value remaining) when d = 2,3(mod 4).

Int ion.

Throughout d will denote a positive square-free integer. Several results
in the literature give general criteria for the class number hid) of Qivd) to
be one, leg. see (2], [4] and [5]). However, none of these results gives a
general class number one criterion in terms of a specific prescribed
factorization of a certain quadratic polynomial (over the integers), as does
the well-known Rabinowitsch result for complex quadratic fields which says:
If d = 3(mod 4) then; x* - x + (1 + d)/4 is prime for all integers x with
1<x ¢ (d - 3)/%4 if and only if h(-d) = 1. This result embodies, for
example, the celebrated Euler polynomial x? - x + 41 being prime for all
integers x with 1 ¢ x £ 40. We found a similar result (as did Louboutin {3}
and Yokoi [12] independently) for d of narrow R-D type (see Mollin (6] - [7]

and Mollin - Williams [8]). Narrow R-D-types are of the form d=1* +r

IThis author’s research is supported by NSERC Canada grant 3A8484.
2This author's research is supported by NSFRC Canada grant sAi649.
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52 R.A. Mollin and H.C. Williams

where |r| € {1,%). General R-D types are of the form {? + r where

40 = O(mod r) and - { < r ¢ {. If we remove the condition - { < r £ { we call

such d of extended R-D type. This term was used in the Master’s thesis (1988)

of the first author’s student P.G. Walsh (as well as in the authors’ (11]).
In (9], the authors found all extended R-D types of class number one under the
generalized Riemann hypothesis (GRH). Later we were able to remove the GRH
assumption and found in [11], all extended R-D types with class number one,
(with the possibility of only one more value remaining.) This proves that 5
of the 6 outstanding conjectures, in the literature, concerning extended R-D
types, are true with the sixth failing for at most one value. Three of the 6
conjectures were posed by: S. Chowla (1], R. Mollin (7), and H. Yokoi [12] for
narrow R-D types. The remaining 3 conjectures for extended R-D types were
posed by the authors ‘in [9).

Extended R-D types d have period k, of w, less than 5. It is the purpose
of the next section to provide a class number one ( "Rabinowitsch-1like")
coriterion in terms of a specific factorization of a certain quadratic

polynomial (over the integers) for all d with k € 5.

2.  Results.

In what follows |w] = a where |x| is the greatest integer less than or

equal to x. Also:

- x? - x + (d-1)/4 if d = 1(mod 4)
f,(x) =

d d-x? if d = 2,3(mod 4)
and;
Theorem.
If k ¢ 5 for Q(yd) then:
() 1f d = 1(mod 8) then h(d) = 1 if and only if (d,k) € ((17,3),

(33,4), (41,5)).
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(I1) lidsz.a(mod't)thenh(d)=lifandonlxifd=2r£d=lzt 2

vhere { = aora+ 1 and f,(x) is prime or twice a prime for all

integers x with 0 ¢ x £ a.

(III) If d £ 5(mod 8) then h(d) = 1 if and only if all of the following

conditions hold; (where d = (2a - 1)? + dr and 2a - 1 = br + s with

0<s<r):
(a) r is prime or r = (bs + 1)?

(b) bs + 1 is prime or 1

() Ifr=(bs+ 1)?#1 then
-1

fd(x)/(bs + 1) is prime whenever

0¢x<a=-1;x=52 (#s - 1)(mod bs + 1), and

x #2 (28 - 1) (mod(bs + 1)2). Also f(x)/(bs + 1)? is 1_or prime
whenever 0 { x { a - 1 and x E 2-1(*9-1) tmod(bs + 1))

() If r# (bs + 1)? then f (x)/(bs + 1) is prime or r? or (bs + 1)?
whenever 0 { x { a - 1 and x = 271 (2(br - s)-1)(mod bs + 1)

(e} Ifr# (bs+ 1?2 t&fd(x)/ri_slor prime or r"'g_r.r(bs* 1
whenever 0 { x ¢ a - 1 and x = 27 M2s - 1) (mod ).

(f) fd(x) is prime whenever 0 ¢ x ¢ a - 1 and x does not satisfy

any of the congruences in (c) - (e).

The proof for k = 3 appears in §4 of [10]. The proof for k = 4 will
appear in Proceedings of the Japan academy, and the proof for k = 5 will
appear elsewhere, since it is too long and intricate to reproduce here. The
k = 1,2 cases do not appear as such in the literature. However, they are
special cases of the results in [6] - [(8]. Theorem (I) tells us exactly when

h(d) = 1 for d = 1(mod 8) and k £ 5. Also we have:

Corollary. If é = 2,3(mod 4), k € 5 and h(d) = 1 then k € {2,4) and
d € (2,3,6,7,11,14,23,38,47,62,83,167,227,398) with possibly only one more

yalue remaining.
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Proof. we first note that it is a basic fact in the theory of continued
fractions that if k is odd then d is a sum of two squares. Thus if h(d) = 1
either d = 2 or k € (2,4}, because if d # l(mod 4) only 2 is a sum of two
squares. Since d = 2?2 20rdz=2for {=aora+]1 then by Theorem (II);
either d € (2,31 or d is of non-narrow R-D type. In [11] the authors
determined that, with one possible exception, the following set contains all
non-narrox R-D types of class number one with k € (2,4): {(6,7,11,14,23,33,38,
47.62,69.83,93.141,167,213,227,237,398.413,453,573.717,1077,1133.1253,1293).

An examination of this set shows that the ones of the form (2 £ 2 are

precisely those listed in the Corollary. o

Remark 1. It follows from the results in [11] that, with one possible
exception, the following are all the hid) = 1 for k = 1,2,
k= 1: {2,5,13,29,53,173,293}
k = 2: (3,6,11,21,38,77,83,93,227,237,437,453,1133,1253}.
we have done a computer check up to d < 50,000 and based on previously

developed techniques we feel confident to pose the following:

Conjecture 1. If k = 3 and h(d) = 1 then d € (17,37,61,101,197,317,461,
557,677,773,1877}.
Conjecture 2. 1f k = 4 and hid) = 1 then d € {7,14,23,33,47,62,69,133,141,

167,213,398,413,573,717,1077,1293,1397,1757, 3053} .

Conjecture 3. If k = 5 and hid) = 1 then d € {41,149,157,181,269,397,941,

1013,2477,2693,3533,4253) .
Conjecture 4. If k=6 and h(d) =1 then d € (19,22,57,59,107,131,253,

278,309,341,381,749,813,893,1893,2453,2757,3317} .

Conjecture 5. If k = 7 and h(d) = 1 then d € {89,109,113,137,373,389,509,

653,797,853,997,1493,1997, 2309,2621,3797, 4973}.
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Conjecture 6. If k = 8 and h(d) = 1 then d € (31,71,158,206,383,501,503,
581,743, 789,869,917,983,989,1333, 1349, 1437,2573,3093,6677, 14691} .

we have several conjectures for higher periods, too numerous to mention
here. We expect to be able to prove the above (and other) conjectures in the
near future with the techniques which we are now developing, using results of
Tatuzawa in connection with classical class number formulae.

We conjecture that for a given period k there are at most finitely many d
with h{d) = 1. This conjecture follows from the generalized Reimann
hypothesis using the techniques of (11]. Although the number of d with
h(d) = 1 seems to increase (in some general way but not monotonically however)
as k increases, we have not been able to prove that this is so. If we could
then of course we would have proved Gauss’ conjecture as to the infinitude of
real quadratic fields with h(d) = 1. We do feel that we are making progress,
however tentative, in that direction, if for no other reason than providing
more affirmative computational and theoretical data in favour of the Gauss

conjecture. There is much more work left to be done.
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THE CLASSIFICATION OF CERTAIN LOW-ORDER 2-EXTENSIONS OF A FIELD

OF CHARACTERISTIC DIFFERENT FROM 2 .

IAN KIMING

Presented by G.A. ELL{ott, F.R.S.C.

A reductive method for the resolution of central, simple field-
imbedding problems is obtained and this is used to classify
certain 2-extensions of a field of characteristic different
from 2 .

1. Let p be a prime number. Let k be a field not of characteristic
p and containing the p'th roots of unity. Let % be a finite
group. A normal extension of k with Galois group ? will be
called a -extension of k .

Suppose that L/k is a -extension and that a simple, cen-
tral imbedding problem with kernel Z/Z p for this extension
is given; thus a 2-cocycle, ¢ , on ? with coefficients in

Z/Z p is given and a normal extension of k containing L/k and
with Galois group the extension of Z/Z p by 9« given by c is
sought. With c perceived as belonging to Z2( 9 , 1*), the imbecd-
ding problem is solvable if and only if c € B2( 9«, LX).

Hence we are confronted with the problem of expressing ex-
plicitly in terms of the structure of L/k the condition for c to
split. This problem has been solved in [2] in the case where
‘9& is an elementary abelian p-group.

Assumlng that a normal subgroup, 1 , of 9« is given, that
res(c) € B2 (41 , LX) where res denotes restriction to M , and
letting K denote the subfield of L fixed by #l , we reduce the
problem of the splitting of c to the problem of the Spl1tt1ng of
an explicitly constructed 2-cocycle s € 2 (’?/’K , KX) . Here,
nexplicitly” is to be understood as "explicitly 'modulo' possible
non-constructivity of the proof of the Hilbert theorem 90".

In this way a 'reductive' method for the construction of
p-extensions of a field not of characteristic p and containing
the p'th roots of unity is obtained.

We use this method to solve constructively the problems of
imbedding a quadratic extension of k into a ( Z/Z 8)-extension
and of imbedding a biquadratic extension of k into a dihedral-,

quasidihedral- or quaternion-extension of degree 16. In [lJ the
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problem of the existence of certain imbeddings of quadratic exten-
sions into dihedral- or quaternion-extensions is solved in the
case where k is an algebraic number field (not necessarily con-
taining any other roots of unity than 1 and -1). However, the me-
thods used in [1] do not work in the general case. Let us
furthermore remark that the general central imbedding problem has
been solved in [4] in the case where ﬁ} is a p=-group and k has
characteristic p.

For elements G and H in a group we use the notation
GH = H-IGH . In Theorem 1, 8 denotes the relevant coboundary

operator.

THEOREM 1 : In the situation above we assume res(c) = 5f . Let

9 = U c(x)MN be a coset decomposition and let N( , ) de-
X € ?/’Y[
note the corresponding factor system, i.e. G(X)G(Y) = G(XY)N(X,Y)
for X,Y € 4 /M . Then for X € @M the function
.ﬂx : N = 1L* given by
e X))

£(N)

_ c(N,6(X))
2y - LA
C(G(x)’N )
is a l-cocycle on Ml . We choose ay € 1* such that
Nay = a, S (N) for all NeM . Then for X,Y & ?/'n ,

s(x,y) = LOOLEMN) (g ixy)e(n(x,¥)) )—E—
e (G(xY),N(X,Y)) ay (G(X)ay)

is a 2-cocycle in 22( 9/n K*), and defining h : 9 1X by
n(G(XIN) = ay G(X)f(N)

"e(G(X),N)

for x € M Neé M , we have for 61,6267 with
classes X resp. Y in 9/4“{ that

¢(61,6,) = s(X,¥)( J h)(6,,6,) .

2. From now on k will denote a field of characteristic different
from 2. As is well known or easily seen, the ( Z/Z 4)-extensions
of k are k((q @ )é)/k where @=a + uya with a = u? + v2 where
u,v € k are such that a is not a square in k , and q € kK* .
Also, the D4—extensions of k , D4 being the dihedral group of
order 8, are k( Va, fi.ﬁq @ ))/kx where a,b € k* are such that
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none of a,b,ab is a square in k , b=a-l or b=-=1, and
@ =a+vVa if b=a-1, @ =+a if b=-1.
Let us recall that the dihedral group of order 16, DB » the
quasi-dihedral group of order 16, QD8 » and the quaternion group
of order 16, Q16 , are presented as follows:

Dg= <N,s [ M =5 s?=5 s¥=n1) |,
g = (N5 M=k 2= =1 |,

o= {ms | =k 2=n WS anld> |

Let us also recall that (a,b) for a,b € k* denotes the usual
symbol in the part of the Brauer group of k annihilated by 2.

THEOREM 2 : Let ae k¥ \ (kx)2 and assume that a is a sum of
two_squares in k , say a = u° + v° . Put & =a +uva.

Then k(va)/k can be imbedded in a (Z/Z8)-extension
of k if and only if the equation

2 2 2

v 2
X~ - aY —-ﬁ-z

v,
- aEV =0
has a non-trivial solution over k .

For q € kX the (Z/Z 4)-extension k((q& )é)/k can
be imbedded in a (Z/Z 6)-extension of k if and only if

(a,3)(q,-1) =1 .

THEOREM 3 : Let a,b € k* be such that none of a,b,ab 1is a
square in k . Then k( vVa, ﬁ)/k can be imbedded in a Qs-exten-
sion of k if and only if (a,b)(ab,-1) =1 and this is the case
if and only if there exist « ,/9 ,” ,1 ,/4,\’ € k such that

o
]

d2+,‘2+x2 ,
b=2%+ u?+9?  ama

<A + pp +yv .

o
n

REMARK: In [4] Witt obtained a parametrisation of the Qa-exten—
sions of k but the parametrisation given in Theorem 3 is some-
what different.
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THEOREM 4 : Let a,b € k* be such that none of a,b,ab 1is a
square in k , and either b=a-l1 or b=-1 ., Put & =a + vVa
if b=a-1 and @ = vf; if b=-1] . For q € k* we consider the
D,-extension Kq/k = k( va, Vo, (20 & )J‘t)/k .

(1) X /k can be imbedded in a DB-extension of k cyclic over

x(¥D) if and only if (a,2)(q,-b) =1 .
There exists q € k* such that (a2,2)(q,-b) =1 if and

only if the eguation

x2 - ay? - 22° - 2awv? = 0
has a non-trivial solution over k .
(2) Kq/k can be imbedded in a QDB-extension of k cyclic over
x( o) if and only if (a,-2)(g,~b) =1 .

There exists q € k* such that (a,-2)(q,-b) = 1 if and
only if the equation

X2 _ aY2 2

2

+ 22° + 2abV” =0

has a non-trivial solution over k .
(3) K. /k can be imbedded in a Q1 -extension of k cyclic over

x( ¥b) if and only if (a,2)(b,-1)(g,=b) =1 .

furthermore, we have obtained a classification of (Z/ZS8)-,
Dg- and QDe-extensions of k by the non-trivial solutions over k
o0 the equations mentioned (considered for such values of
u,v,a,b respectively for which solutions exist). If a and b
are as in Theorem 3 and (a,b)(ab,-1) = 1 then all Q8—extensions
0 k containing k(va, yb) are constructed from given
field elements & ,’5 ,y A WA ,Y with the properties given in
the theorem. If the extension K /k can be imbedded in a Q6~
extension of k cyclic over k( /3) then it is shown how to
construct all such imbeddings from a fixed Qg-extension of k( ya)
containing Kq . In particular, with k = @® , one obtains that
the extension

R(VE, V7, (an)t)y/ @

where
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VEVT(41 + 38YT) ,
-1+ VB + (-4 +V6 - YT+ yTI?

is a 016-extension of ® “

a

b

Also, the existence of 'regular' ~extensions of the
rational function field a(t) when is one of the 2-groups
considered is verified in a direct way from the theorems above, a
'regular' extension of @& (t) being an extension K/ @& (t)
with the property that any element of K which is algebraic over
e belongs to ® . The existence of a regular —-extension of

@ (t) is, by use of the Hilbert irreducibility theorem and
elementary Galois theory, seen to imply the existence of infinite-
ly many ‘9* ~extensions of & . Using different methods,

Lamprecht has given some constructions of cyclic, regular exten-

sions of @ (t) in [3] .
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A SUFFICIENT CONDITION FOR A POLYNOMIAL TO BE SUM OF 2M-TH

POWERS OF RATIONAL FUNCTIONS

Margarita Bradley
Presented by P. Ribenboim, F.R.S.C.

Abstract.— Using some modef theoretic arguments applied to
the theory of real valuaticons, we obtain a sufficient condition
based on elementary properties of fi(x), f(x)e Ktx‘,...,an, K any
real closed field, for f to be sum of Em“‘ powers of rational

functions in K(x).

Introduction.- The property of being sum of 2m~th powers of
rational functions is not an elementary property as was proved by
A. Prestel (LP], Thm. 2). Hence, it seems a reasocnable question
to ask, whether once we have fixed a number n of indeterminates,
we are able to decompose the space of ccefficients of polynomials
in n indeterminates (belonging to an arbitrary real closed
field)s, into semialgebraic sets, described by elementary
properties, such that any peolynomial with coefficients in one of
those sets is a sum of Emu‘powers of rational anctions, and

there is a bound of the degree and the number of rational
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functions which appear in the actual decomposition as sum of Em‘h
powers. Te establish such a decomposition in ‘“stable sets" we
give a sufficient criterium to be sum of 2m-th powers, based on
elementary geometric properties of the polynomials. Note that
the criterium due to Becker ([B]) is not adequate for such

purposes.

#1. We introduce the following definitions:

Definition.- Given fe K[x‘,...,xnl, K any real closed field and
v v
f=2avx“...xn" we define the convex hull of f as the convex hull

v
in R" determined by the exponents of the terms of f, i.e. by the

points (v,...,» e N". We denote it by CH(f),

CH(f) = {(zeR": zSEA V. L=(V ,...50 ) TA=1, A.20 Vi)
L 9 8 L an n * L

Example.- Given f as above and a supporting hyperplane N of

CH(f), we say g is a supperting polynomial of f, if g is formed

by the terms of f corresponding to the points of CH(f)NI.

Example.- Let f( =x°+y’+3x‘y‘+l

CH(TF)

/& 18.0)

Convex Hull of f.
The supporting polynomials are: xa, Yy s 1, x°+1, y°+1s

a, 8 . &
kY +3%XY .

Definition.- We say a polynomial fe K(u‘,...,xhl, K any real

o R

—~&
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closed field, verifies (%) if f(a‘,...,a")=0 (a“...,a yek"
n

implies a =0 v...v a =0,
1 n

In what follows we shall be working with real valuations
viK(x)—> ' where T is an ordered abelian group,; with an
archimedean, formally real residue field,(K(&))v. Av denctes the

valuation ring and v/k the restriction of v to K.

Definiticn.- Given fe Av/k[x‘,...,nn] (AV/k=AVMK)

f=z avu:...xn"s with a, € Av, we define the residue polyncmial of
v

v v

. = w 2 w B 3
f with respect to V as fV/K(A‘,..-)un) = 2 B0 eeex where a,

is the image of a, in the residue field Kv/k'

The main result we prove is: (for an archimedean version of

the thecrem see [EBrl)

Thecorem.- Let K be a real clcosed field and let fix)e

KL% seeasx 3. IT we have
4 n B

a) f(x) is positive semidefinite (p.s.d.)

b) 28m divides the degree of f(x)

c) 2m divides the extreme points (everyone of the coordinates) of

CH(f)

and for every real valuation v of K(x)

d) v/k(ec)=0 for every coefficient c#0 of f.

e) every supporting poelynomial g of f(x) and f(x) itself verify

that their residue polyncmials gv/k(g), fvlv(i) satisfy (%),

then f(x)e EK(x)>".
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The first step of the proof is the follaﬁing lemma.

Definition.- We say a polynomial fa Ktx‘,...,xnl is homogenecus

with respect to y, real valuation of K(x), if every monomial of f

has the same value, which shall be called homogeneous value of f.

Lemma.- Let f(x)e Ktx‘,...,an. If v is a real valuation of

K(x) such that v(cv)=0 for every coefficient cv(cv#O) of fix),

then there exists a supporting polynomial g of f homogeneous with

respect tc v and of homogeneous value minimal in f, or f s

homogeneous with respect to v. X

Sketch of the precf.- We consider a universal formula of Tfirst
order language, which expresses the stating of the lemma and

which we know ([Brl) is true in (R,+,0,<). Hence it is true in

~

(@y+,0,<) and we may transfer it te (I+,0,<) where I is the

divisible hull of the ordered abelian group I'.

Sketch of the proof of the Theorem.- By a theorem of Becker C(B)

it suffices to show that every formally real valuation v of
K(x‘,...,xn‘, v(f) is divisible by 2m. Now consider a valuation
v. Let g be the supporting polyncmial or g=f which exists by the

previcus lemma. The essential peint is to prove
14 » :
vifravigravix foox ™ with (¥,5...20 ) extreme point of CH(g),

for every real valuation v of Ki(x) verifying condition d). Hence

2m divides v(f) and fe ZK(E)zm.

v v
To prove v(g)=v(x“,...,xn") we first show it is true for

1/

atx)e URCE ")) -where Urua((t”"n

denctes the field of Puiseux
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series and ] UJR((tI/r))— with the cancnical valuation defined
by the order, by considering the residue pclynomial gv/k and

using the fact that it verifies (%) (cf. [Brl). We now express

v v
v(g)=v(x‘f..xn") as a first order formula which is true in
1/v 1/v

(UJR((t 1)y UJR[[t 11,<). Hence, we transfer it to (K(x),8,<)

where K(x) is the real closure of K(x) with respect to an order

compatible with the considered valuaticn, and g is the unique
extension of 8, the convex valuation ring considered. Hence,

since K(x) — K(x) we ocbtain the result for (K(x),8,:<) itself..

Py

The importance of this sufficient criterium is that it

enables us to show that the following sets s are stable, by

(ND

praving s™A o™ = g for every Ks; real closed field

(CBrl)

s™ = {e/ 1/NS|c | if c %0 and P(g x) is such that

a) 2m/deq P(c »)
b) 2m/extreme points of CH(P)
c) P(g %) is p.s.d.
1/N .
d) for all de U (c) with P(d %) p.s.d.,p(d x)

verifies (#) and sco do its supporting pelynomials,
(i.e. de Lflu(g) if |di-ci|< 1/N for all i with CL’O’
otherwise ﬁfO and P(d x) is the polynomial cobtained

D)

by substituting the ceoefficients ¢ of F(x) by d) >

Condition (d) implies the fact that every residue polyncmial
9,/ of gy supporting polynemial of P(c x) and Ev/v itself verify
(#). Observe that the crucial pecint is that this condition is

(N)

first order, hence S is semialgebraic, and we may apply the

compactness theorem which gives us the required bound.
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NATURALLY REDUCTIVE QUASI-KAHLER MANIFOLDS

M.Djorié and L.Vanhecke

Presented by G. de B. Robinson, F.R.S.C.

We derive a characterization of naturally reductive homogeneous Riemannian manifolds
with an invariant quasi-Kahler structure on it.

1. INTRODUCTION

Naturally reductive homogeneous Riemannian spaces provide a large class of Riemannian
manifolds which have a lot of remarkable properties. This class contains the symmetric spaces
but there are also a lot of non-symmetric examples. We refer to [6],(11},{14],(18],{19}],[20] for
the basic definitions and for examples. It is worthwile to derive results which make it possible
to conclude whether a naturally reductive structure is symmetric or not. This is the aim of
this note.

For example, let (M, g, J) be a Kahler manifold and let v be a unit speed geodesic. Then
the plane {#',Jv’} is parallel along v and the Kihler manifold is locally symmetric if and
only if the restriction of the sectional curvature function to these holomorphic planes is a

constant along 7, for all geodesics . In fact we have [10],(17]
Proposition 1. A Kahler manifold (M,g, J) is locally symmetric if and only if

(1) VxRxsxxix =0

for all tangent vector fields X.

Here V denotes the Levi Civita connection and R is the Riemannian curvature tensor.
This criterion has been proved to be very useful in complex and symplectic geometry (see
(8},{19]). In particular it led quickly to the following result [19] which was also proved, in 2
different way, by E.D.Deloff [7]:

Proposition 2. Let (M,g,J) be a naturally reductive homogeneous space with an invariant

Kahler structure J. Then (M,g,J) is locally Hermitian symmetric.

Moreover, Proposition 1 provided an elegant proof for the following extension :

Proposition 3[15]. Let (M,g,J) be a homogeneous Kahler manifold all of whose geodesics
are orbits of one-parameter subgroups of holomorphic isometries. Then (M, g, J) is locally

Hermitian symmetric.
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The main purpose of this note is to extend these results to a broader class of almost

Hermitian manifolds.

2. PRELIMINARIES

We start by giving some of the basic definitions and results which will be needed to prove
our results. In what follows we will always suppose that the manifold is connected and of
class C®,

Let (M,g,J) be an almost Hermitian manifold, i.e., J is a (1,1)-tensor field such that
Ji=-1, ¢(JX,JY)=g(X,Y)

for all tangent vector fields X,Y. (M,g,J) is said to be a Kahler manifold if J is parallel
and it is an almost Kahler manifold if the Kihler two-form 01 is closed. Moreover, (M, g,J)

is quasi-Kahlerian if

2 (VxJ)Y + (VixJ)JY =0

for all X,Y. Finally, an almost Hermitian manifold is called a nearly Kahler manifold if

(3) (VxJ)X =0

for all vector fields X. Note that a nearly Kihler manifold is automatically quasi-Kahlerian.
See [9] for examples.

The following proposition will be a key result. It is proved in [10].

Proposition 4. Let (M,g,J) be an analytic nearly Kahler manifold such that

) VxRxsxxsx =0.

Then (M, g,J) is a locally 3-symmetric space with canonical almost complex structure J.

(1') is again equivalent to the following condition: the sectional curvature of the parallel
plane {+',Jv'} is constant along any geodesic « on the nearly Kahler manifold.
We note that a locally 3-symmetric space is a C* Riemannian manifold (M, g) together

with a family of local cubic diffeomorphisms p — 8p, P € M, such that each s, is a holomorphic

isometry in a neighborhood of p with respect to the canonical almost complex structure J of

the family, determined by

v

1 3
Sp = 8p4(p) = —§Ip + ?JP‘
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By a family of local cubic diffeomorphisms we mean a differentiable function p ++ s, which
assigns to each p € M a diffeomorphism s, on a neighborhood U(p) of p such that s} =
identity and p is the unique fixed point of s,. See [10],[13] for more details.
Locally 3-symmetric spaces are locally homogeneous quasi-Kahler manifolds (see for

example [18]). Moreover we have

Proposition 5[18]. A connected, complete and simply connected locally 3-symmetric space

is nearly Kahlerian if and only if it is a naturally reductive space.

This result has been proved in {18] by using the following infinitesimal characterization:

Proposition 6[3],(18]. Let (M,g) be a connected, complete and simply connected Riemann-

ian manifold. Then (M, g) is a homogeneous Riemannian space if and only if there exists a
(1,2)-tensor field T on M such that with

we have

Vg=VR=VT=o0.

Moreover, (M, g) is naturally reductive if and only if in addition

(4) ITxX =0

for all tangent vector fields X.

We refer to [6],(11],[18] for more details about naturally reductive spaces.

3. THE MAIN RESULT

We are now ready to prove our

MAIN THEOREM. Let (M,g) be a homogeneous Riemannian manifold with an invariant

quasi-Kahler structure J. If (M, g, J) is naturally reductive, then it is a locally 3-symmetric

space with canonical nearly Kahler structure J.

Proof. Following Proposition 6 there exists a homogeneous structure T on the manifold
(M,g,J) and V = V — T is the associated canonical connection. Since J is invariant we have
VJ=0,ie.,

(5) (VxJ)Y =TxJY — JTxY.
Further, since J is quasi-Kahlerian, (2) may be written, by using (5), as

(s) IxJY = JTxY = TsxY —JT;xJY =0.
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Now, put Y = X in (6). Then, using (4), we obtain

(7) TxJX —TyxX =0.
But (4) implies TxY + Ty X =0, and so (7) becomes
®) TxJX =0.

Then, from (5) and (8) we get (3) which means that J is nearly Kahlerian.
Finally, VR = 0 yields

VxRxyxxsx = —2Rryxixxsx — 2RxT IX XI5
which, together with (4) and (8), implies
VxRxsxxsx =0.

Then the desired result follows from Proposition 4.
From this proof and Proposition 1 we obtain easily Proposition 2. Moreover, we have

Corollary 7|l|. Let (M, g) be a naturally reductive manifold with an invariant almost
Kahler structure J. Then (M,g,J) is locally Hermitian symmetric.

Proof.  An almost Kihler manifold is necessarily quasi-Kihlerian. Then the hypothesis
implies that (M, g,J) is a nearly Kahler manifold. Further, as is well-known, a nearly Kahler

almost Kahler manifold is Kihlerian. So, the required result follows from Proposition 2.

4. SOME EXTENSIONS

To finish this note we give two extensions of the results cited above. We start with our

Main Theorem and replace the invariance condition for J by the irreducibility of (M, g).

Theorem 8. Let (M,g) be an irreducible naturally reductive space and suppose there

exists a Kahler structure on it. Then (M, g) is locally symmetric.

Proof. Let (M,g) be a naturally reductive space. Then the local geodesic symmetries are
volume-preserving (see [4],[5],[14]). This implies that the Ricci tensor g is cyclic parallel, i.e.,

Vxexx =0
for any tangent vector field X [19]. Moreover, since (M, ) is a Kahler manifold, we have [17)

Ve=0
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and so, because (M, g) is also irreducible, it is an Einstein space.

Next, suppose (M,g) is Ricci flat. A well-known result (2] then implies that (M,g) is
flat.

Finally, when (M,g) has non-vanishing scalar curvature, then the Ricci tensor is non-
degenerate and hence, following [12],[16), the connected component of the identity of the
group of holomorphic isometries coincides with that of the full group of isometries. So, J is
an invariant Kahler structure. This, together with Proposition 2, implies the desired result.

From this we get easily

Corollary 9. Let (M,g) be a non-symmetric irreducible naturally reductive space. Then

there does not exist a Kahler structure on (M, g).

Finally, we prove an extension of Proposition 3.

Theorem 10. Let (M,g,J) be a simply connected homogeneous nearly Kahler manifold all

of whose geodesics are orbits of one-parameter subgroups of holomorphic isometries. Then

(M,g,J) is a naturally reductive 3-symmetric space with canonical almost complex struc-

ture J.

Proof. Let < be a unit speed geodesic on (M,g). Then the hypothesis implies that the

holomorphic sectional curvature Ry ypyyy is constant along «. This is equivalent to
VxRxsxxix =0

for all vector fields X and hence Proposition 4 and Proposition 5 imply the result.
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