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C RSE OF KY FAN'’S UALITY
HORST ALZER

Presented by P. Ribenboim, F.R.S.C.

Abstract. In this note we prove the inequality

3 e/ 3300 - ) < [T (as/ (1 - a) ™/ S,

i=1 =1 i=1

where a; € (0,1),5 = 1,...,n, which is a converse of the celebrated Ky Fan inequality

T/ - ) < 3 i/ 301 - ),

=1 =1 =1

where a; € (0,1/2],i =1,...,n. -

In 1961 E.F. Beckenbach and R. Bellman (2, p.5] published in their well-known book
“Inequalities” the following remarkable counterpart of the famous arithmetic-geometric in-
equality:

If a; € (0,1/2], £ = 1,...,n, are real numbers, then

n n n
[/ -a)" <Y e/ (1-a), (1)
=1 i=1 =1
with equality holding if and only if a; = ... = a,.
This inequality has been discovered by Ky Fan who used Cauchy’s method of forward and
backward induction for a proof. During the last years Fan’s inequality has been studied
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intensively by different authors such that a variety of new proofs, extensions and sharpenings
of inequality (1) can be found in literature; see (1], [3] and the references therein.
In 1979 E. El-Neweihi and F. Proschan [4] established inequality (1) by applying the “powerful
tools of majorization and Schur-functions” [4, p.207]. We will use the same technique jn order
to prove a new converse inequality to (1).

A full discussion of the Theory of Majorization was given by A.W. Marshall and L. Olkin [s).

Theorem. If a; € (0,1),f = 1,...,n, are real numbers, then

Yoail 3 (1-a) < [[(ae/(1 - ai))*/ Kieros, @)
=1

=1 i=1

where equality holds if and only if a; = ... = ap.

Proof. We denote by f the function
f:(0,1) - R,
f(a) = (a/(1 - a))°.
Simple calculations yield

@
gL P

a(l—a)  (1-a)? 2D,

Hence ¢n f is strictly convex on the interval (0,1). From [5, Chapter 3, E.1.Proposition, P.73
we conclude that the function

g:(0,1)" - R,

9(a1,...,8,) = ﬁ f(as)
i=1
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is strictly Schur-convex. Next we set A, = 1 "%, a;, then

(ah'")“n) > (An'-"'An)

and we obtain an inequality which is equivalent to (2) :

n n »
9(a1,.++,n) 2> g(Anso.rAn) = (D aif/ 3 (1 - a)) i %,
=1 =1
where the sign of equality holds if and only if (ay,...,a,) is a permutation of (Angesavdn);

iie,ifand only ifa; =... = a,.
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Fermat’s Last Theorem: A Note about Abel’s Conjecture
by
Zhong Chuixiang

Presented by P. Ribenboim, F.R.S.C.

Abstract. In this paper we improve on a bound of Inkeri (5] for Abel’s Conjecture,

Introduction. In 1823 Abel (1) made a conjecture in a particular case of Fermat's Last
Theorem: if n>2 and x,y and z are nonzero integers such that

xX*+y = 2° (Hn
then none of X,y or z can be a prime powers.

Many authors have contributed ideas to this question (see, for example, [4), (6], (7)) cul-
minating in two important papers by Inkeri [5] and Moller [8]). It is clear that we may assume,
without loss of generality, that x,y and z are pairwise coprime and 0<x<y<z.

In 1955 Mbller [8) showed that if (1)n has solutions then neither y nor z are prime
powers and if x is a prime power then z=y+1 and n is an odd prime.
In 1946, however, Inkeri [S) had shown that if (1)n has solutions where n is an odd
prime, and z=y+1 then n divides x,y or z. Furthermore it is easy to show that, in this
case, if @x is a prime power then it can’t be a power of n.
So we may restate Abel’s conjecture to read: For all odd primes p and q there does

not exist positive integers r and y for which
p divides y(y+1) and (y+1P-y° = qP @pq

Inkeri [S] used Baker’s method [2] to show that if (2)p,q does have a solution then

q° <y < expexp((2R(p-1)\°C-)e-1Y)
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In this paper we will considerably improve Inkeri’s bound by applying Baker's method to
a superelliptic equation of half the degree of that considered by Inkeri. We prove
Theorem. If nx.yz arc integers for which O<x<y<z, n>2, x"+y"=2" and ope of

X,z is a prime power then x is the prime power n=p is an odd prime, z=y+1, p
divides y(y+1) and

&ty
y<exp{ 3 exp(B(Z1)0) %))

In order o prove the theorem we make use of two key ingredients: Firstly the famous applica-
tion of Baker's method to supen::iipﬁc equations given by Schinzel and Tijdeman [10):

Lemma 1. Suppose that f(x)e Z{x] has degree n23, at least two distinct roots and let A
be_the maximum of the absolute values of the coefficients of f(x). If x,y and m are

integers with m23 and f(x) =y™ then
Ixt, 1yl <expexp((5m)'°n'°”A"’)
b2l o nej
Now define f(x)= Y :j( i ) for each positive integer n. We note the follow-
=0

Lemma 2. For each positive integer n, fy(x)e Z[x) has l% distinct_roots, namely

~(1+cos(jnn))'2 for_each odd integer j, 1SjSn-1. Furthermore if a+P=1 then
f(—af) = a®+p".

s 717 ) :
Proof: — | . |=|.:"|+] . so that f.(x)e Z[x). Now it is easy to prove that
n-j {J J -1
fo(—0f) = a”+p° by induction on n, using the fact that
@ +8% = (@ +p™") + x(a@™2+p™?) where x =—0f.

Futhenmore if w=¢*® for j is odd then Ww'=-1 and

= (1+cos(¥/m) 112 = ~wi(1+w)% So taking o = w/(l+w) and P = 1/(1+w) gives
i) = a®+p° = (W+IY(w+1)* = 0.

Proof of the theorem: By Mbller's theorem we know that if (1)n has solutions then z=y+1
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and n is an odd prime. Let a=y+1 and B=-y so thatif r=y(y+l), then by Lemma
2, ="~y =x"

Now by lemma 2, for n26, f(x) has at least three distinct roots and it is easy to show
that A<2%2 Applying Lemma 1 gives, for n=p,

L 0y @axZty

y<r? <ep Lexpim A B2 27 7))
&Ly
<exp{ S expl@ LYY 2 7))

for each p27.

Acknowledgements. 1'd like to thank Dr. Andrew Granville, for his help in rewriting my
paper, and for his ingenious proof of lemma 2.
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A remark on the locus of abelian surfaces of p-rank s 1
Toshiyuki KATSURA
Presented by P. Ribenboim, F.R.S.C.

§1. Introduction

Let k be an algebraically closed fleld of characteristic p > 0,
and let "2.1 (resp. 42.1'2) be the coarse moduli variety of
principally polarized abelian surfaces (resp. principally polarized
abelian surfaces with level 2-structure). In the previous paper (6], we
investigated the locus V (resp. Vz) of supersingular abelian surfaces in
‘2,1 (resp. 42'1'2). and showed that the irreducible components of the
locus consist of rational curves (see also Oort [8)). Moreover, we
showed that the number of irreducible components of V 1is equal to a
class number of the non-principal genus of a quaternion hermitian form,
vhich was concretely calculated in Hashimoto and Ibukiyama [2). In this

note, we give a remark on the locus V (resp. \I1 2) of abelian

1,1
surfaces of p-rank s 1 in “2 1 (resp. 42 1 2) in the case of p= 3.

The main theorem is as follows.

Theorem. Assume p =3 . Then, both V and V are

1,1 — "1,2 —
irreducible. V1 1 is birationally equivalent to a rational surface,
*

and \Il 2 is birationally equivalent to a unirational K3 surface.

Moreover, V1 2 1s a Zariski surface.

Here, we call an algebraic surface X a 2ariskl surface if there
exists a purely inseparable rational mapping of degree p from the
projective space Ii’2 of dimension two to X . We can find other

examples of unirational K3 surfaces in Artin [1], Rudakov-Shafarevich

This work was partially supported by the Natural Sclences and
Engineering Research Council of Canada (NSERC) through N. Yui's grants
No. A8566 and No. A9451.
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[10], Shioda (11}, [12], Katsura [4] and [S].
I would like to thank the Department of Mathematics, Queen’s
University for warm hospitality during my stay in August, 1988. In
particular, I would like to thank Professor N. Yul for her hospitality

and for having given me an opportunity to visit Kingston.

§2. Proof of Theorem.

Let k be an algebraically closed field of characteristic p = 3,
and let "2.1,2 be the coarse modull variety of non-singular curves of
genus two with level 2-structure. We have an immersion at almost all

points (cf. Oort and Steenbrink [9]):

'«2.1.2 ‘2.1,2
v v

(c,e) +—— (J(C),C,0) ,
where J(C) 1is the Jacobian variety of a non-singular complete
algebralc curve C of genus two, and where o 1s a level 2-structure of
J(C). We denote by HVI'Z the locus of non-singular curves C of genus

two in "Z 1.2 such that J(C) has p-rank s 1 . It is well-known that

the closure of le'z in 42‘1.2 coincides with Vl'2 . As for “2, 1
there exists a Galois covering

(1) m: 12'1.2 _ ‘2.1

with Galois group S3 (the symmetric group of degree 3), and we have

VlBH(V ) .

1, 1,2

Now, we examine MV1 2 For this purpose, we consider the
non-singular complete model C of the curve defined by the equation
2 = - - - -
Y™ = x(x-1)(x=2,) (x-2,) (x A5)

A, 20,1; A =2

23 T I

with Xl,lz.h:‘ €k ; Ai,h
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We note that (11.7«2.7\3) gives a parameter of 12'1'2 . We set
o= Al + 7«2 + 33 . 0,8 “17‘2 + A1A3 + azas » Oy @ Alazhs .
We denote by HO(C.nIC) the vector space over k of regular 1-forms

on C. Then, with respect to the basis {dx/y , xdx/y} of HO(C.a') ,

the Cartier operator of C 1is given by the matrix A(V:”:
( 1/3 1/3
A(1/3) -(czwa) (0'3)
= 1/3
1 -(Mrl)
\
We set
{
=(o,+0.,) o
(2) A=| 23 2
{ 1 -(1+0y)
then, HV1 2 is given by the locally closed set in
3
A = ((hl.az.ha)l Al € k (1=1,2,3)}
defined by

(3) det A = oy + 0,0, + 00,

- (XIAZ+AZA3+A A,) 4+ (Aiﬁhzima) (A A 42 A +A Q) +

173 1727273 "1"3
(7\1+A2+13)A1A2A3 =0
with 7&1,&2.7«3 +0,1; Ai * ;\J if {1 =3,

Now, we consider the hypersurface S in P3 defined by the equation

(4) I M"ﬂz =0,
(1,3.0

where (i,J,¢) runs through elements of the following set:

{(1,3,0)] 1,5, : integers ; 1 5 1,4,8 5 4 ; 1<) ; 1=), I, f=1)} .

Since char.k = p = 3, the affine algebralc set defined by det A =0 1in

Aa is given by the equation (4) with A, = 0 . Using the symmetry of

4
the equation (4), we can easily check that S 1s irreducible.

Therefore, MV is irreducible, hence, V is irreducible. Since

1,2 1,2

11
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1,1° "‘Vx.z’ , we conclude that Vl.‘ is also irreducible.

We return to the equation in (3) . Set

v

M= Al +1, uy = Az +1, By = A3 +1
Since p = 3, we have
2
Gy *mpting)™ = (uymptiopatin pa) = (g $pytugdu oty = O
We set u = “'“1“2"“1’“2’"3’ . Then, we have
2 2 2
u® - (l-uluz)(ni*uz)u + (1'“1“2)(“1 AL ) =0
Set
2
v={u+ (l-uluz)(u1+u2))/ul TR 1/nl and t = 12 i
Then, we have
v = t(1-t2 4 th2 - v+ 2
Setting Y = t(1-t%)v and X = t(1-t?)u , we have
(s) v = X2+ 82 4 2e201-thx + t2a-e3)2 .
Therefore, considering t as a global coordinate of the affine line

al in p!

, we have an elliptic surface over A1 .  The discriminant
A(t) of the Welerstrass normal form (S) in the sense of Ogg [7] is
given by A(t) = t8(t-1)%(t+1)® . set

s=1/t, y=vt% and x = xt?.
Then, we have
(6) y2 = (x-sz+1)(x-sa-sz)(xosa-sz).
This gives the structure of an elliptic surface around the point at
infinity of Pl .  The discriminant A(s) of the Welerstrass normal form
(6) is given by A(s) = ss(s-l)6(s¢1)6 . We denote by f:X — Pl the
relatively minimal non-singular complete model of the elliptic surface
defined by (5) and (6). We denote by A the discriminant of this
elliptic surface. Since the equations (5) and (6) are minimal

Welerstrass forms in the sense of Ogg [(7), the degree of the second Chern
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class cz(x) is equal to XpelordPA =24 . Hence, X is a K3

1

surface. Incldentally, f:X — P~ has four singular fibres. One of

them is of type c, and other singular fibres are of type (for

Py
notation, see Ogg (7)) .

We conslder the extension k(x,y,s,z)/k(x,y,s) defined by

X - sz +1= 23 . This is a purely inseparable extension of degree 3 .

Since x-sz+1=z3. x—sa-szntz-l-sla and

X + s3 - 82 = (z-H-s)3 , we have
y2 = (z(z—l-s)(z—1+s)}3 q

Setting y/z(z-1-8)(z-1+s) = w , we have

"2 = z(z-1-s)(z-1+s) .

1 1

Considering s as a global coordinate of A" in P  , we have an

1 | We denote by #:%8 — P! the relatively

elliptic surface over P
minimal non-singular complete model of this elliptic surface. By the same
method as above, we have deg cz(ﬁ) = 12. Therefore, X 1is a rational

surface. Therefore, X 1s a Zariski surface. Since X is birationally

equivalent to V1 2 Ve conclude that V 1s a Zariskl K3 surface.

1,2

Finally, by (1) and (3) the function field of V. is isomorphic

1,1
to k(c-l.crz.c'a) with relation (3) . Since k(crl.o'z,ca) = k(cz.trs) .
Vl'1 is birationally equivalent to a ratlonal surface.

Remark 1. Assume char. k = p =2 . In this case, by the result of
Igusa [3], we see that the locus of abelian surfaces of p-rank s 1 is an
irreducible rational surface.

Remark 2. Assume char. k = p > 0. Let ‘2.1,1\ be the moduli
variety of brinclpally polarized abellan surfaces with level n-structure,
(n,p) =1 . It seems that T. Ekedahl and F. Oort proved the

irreducibility of the locus V of abelian surfaces of p-rank s 1 in

i,n
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Considering this fact, we propose the following problen.

Problem. Is V‘l n unirational?
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ROOT MULTIPLICITIES FOR GENERAL KAC-MOODY ALGEERAS
A.John Coleman and Mary Howard

Presented by G. de B. Robinson, F.R.S.C.

In this note we announce a new algorithm for obtaining the
multiplicity of the roots of any Kac-Moody algebra. This problem
has galned heightened interest since Kumar [1987) extended the
scope of the Weyl-Kac denominator identity and Mathieu [1988]
proved that the radical of a Kac-Moody algebra is zero.

To our knowledge, there are currently two avallable proced-
ures for finding the root multiplicities due to Peterson [1982)
and to Berman and Moody [1979] . The former is limited in
application to symmetrisable algebras while the latter requires
the solution of the multi-partite partition problem for vectors of
length equal to the rank of the algebra . It is well-known that
this demands large memory storage and is time-consuming.

Our method which is based on the paper of Berman and Moody
reduces the problem of finding partitions to that for a single
number, namely the height of the root. It proceeds by recursion
on the height and in one step for each value obtains the
multiplicities of all roots of given height.

For a Kac-Moody algebra, L , of rank n let @y be n simple
roots. We assume that the Cartan matrix A = (au) corresponds
to a connected Coxeter-Dynkin diagram, and denote the fundamental
are, as usual, gen-

weights by al so al(h) = 61 where h

J J J
erators of the Cartan subalgebra H. Then p :=§ ol ,1s1sn.
For any w € W where W 1is the Weyl group we define p(w) :=
p - wip) . It is trivial to show that p(w1 "'2) = p(wl)mlp(wz).
Since w(p) is a weight of a representation of L with top weight p,
it 1s clear that p(w) is a positive sum of the simple roots, that
p(wi) a p(wz) is equivalent to Wy =W, , and that for S,w in re-

duced form htp(Slw) > ht(p(w)) . Here,of com‘se.S1 denotes the



16

A.J. Coleman and M. Howard

reflection in the simple root o Denote the neutral element of W
by Yy and order W in a sequence Wor Wye Wy oo .such that the
lengths &(w) are monotonely non-decreasing. We calculate p(wJ)
recursively and use the simple check that p(w’) = p(w’'’) is
equivalent to w' = w" to eliminate redundant group elements.

The list of p(w) is crucial for finding both root and weight
multiplicities. We were surprised that our programme, implemented

in Pascal, showed that for the matrix

2 -2
& & (1)

there are only 26 p(w) with height less than 10, 000.
Our starting point is the Weyl denominator identity:

T (1 - expl-a)) © = T c(w) exp(-p(w)) 2
where the product is over all positive grades « ; the sum is over
all weW; L is the multiplicity of the grade a which is 0 if «
is not a root; and e(w) = (-1)“") .

We define X, = exp(-ai) for 1 51 sn and set xk := exp(-2a),
so if ,for example A = Zal + 3a2 b xA = x? xg . Further for J € z*
c(sJ) 1= -c(uJ) and 4 := | e(sJ) st with 8y := -p(wJ) ,for J > 0.
Taking the logarithm of (2) we obtain
Lo, in(1-x%) = In(1-8). (3)
Define B(A) such that
ht(A) BA) =Y m ht(x) (4)
where the sum is on those a for which there is a k € 7 such that
A = ka . Then using the argument of Berman and Moody it is easy
to show that
TBA)X* = In(1-4). (s)

We use (S) to obtain B(A) for all A of a given height which
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enables us by (4) to obtain the B, .We shall indicate the

procedure for L with Cartan matrix (1). The p(w,) for this

J
algebra are such that setting X = x and X =Y., glves
A=x+y-x3y-xy4+x8y4+x3y9-... (6)

The right hand side of (S) is

M1 o+ 822 + 833 4+ ... )
Suppose that the height of s, is dJ and that ht(a) =¥ deJ
summed on k3 € Z* , and that Tk = k . Then there will be
a term of degree equal to ht(a) 1in Ak of the form
1 3 4 S
(m-y)k (:(3)')k (xy‘l“)k (xsy4 + x:’y9)k (8)

with an appropriate sign and a coefficient obtained from the
multinomial theorem involving only the k and k y The sum of all
such terms for the various partitions of ht(A) in terms of the
parts dJ = ht(p(wJ)) glves the B(A) for all A of a given height.

The reader will quickly verify that this algorithm gives 1
for the multiplicity of a simple root, and O for any multiple of a
simple root. Verifyling that m(4¢1 + Saz) = 6, will demonstrate
the reader’'s mastery of the algorithm!

As a check on our procedure we obtained the tables H2 and 33
on pages 164/5 of Kac[1985] and some roots and multiplicities for
the Kac-Moody algebra with matrix (1) which were kindly supplied
to us by Prof.J.Patera. These algebras are symmetrisable,as
follows from the known symmetrisability conditions which were
first exhlbited by Killing in 1889 (cf. Coleman, 1989].0f course
we have calculated the multiplicities for several non-symmetris-
able algebras. Our procedure can be easily adapted to finding the
multiplicitles of welights of highest weight representations for
general Kac-Moody algebras. This together with numerical results
and some anticipated modification of our algorithm will be
reported elsewhere in due course.As a foretaste of these results
we note that for the Kac-Moody algebra of rank five with the
following Cartan matrix

17
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2 =73 -4 -1 i i
-8 2 -9 -1 -1
-17 -5 2 -9 -4
-7 -3 -2 2 =17
-43 -8 =57 =34 2

the multiplicity of the root (0,1,1,1,1) is 6. Compiling and runn-
ing our programmeme on the Queen's IBM 3081G in VM/CMS mode

required 16 seconds to obtain the multiplicities of 98 roots of
lowest height in this case. We are confident that our algorithm
can be significantly improved.

We are grateful to the Natural Sciences and Engineering
Research Council of Canada for support for this research in the
form of the Undergraduate Summer Support programme and NSERC
Operating Grant 2770, and to Prof. Patera for communicating to us
the unpublished results referred to above.

REFERENCES.

1. Berman,S. and Moody,R.V.:Proc. Am. Math.Soc.76,223-228(1979).

2. Coleman, A.J.: Killing and the Coxeter Transformation, Invent.
Math., to appear, early 1989.

3. Kac, V. : Infinite dimenslional Lie algebras, Cambridge
University Press, 2nd ed., 198S.

4. Kumar,S.: Invent. Math. 89.395-423(1987).

S. Mathleu, O.: Simplicity of General Kac-Moody algebras.
Preprint, MSRI 03922-88, June, 1988.

6. Peterson,D. : Lect. Notes Math. 933,168-175(1982), Springer

Verlag.

Received September 12, 1988 Department of Mathematics and Statistics,
Queen's University,
Kingston, Ontario, Canada
K7L 3N6.



C.R. Math. Rep. Acad. Sci. Canada - Vol. XI, No. 1, February 1989 février 19

ON FUNCTIONS WITH GRAPHS INVARIANT UNDER SOME ROTATIONS
Jiirg Ritz

Presented by J. Aczéf, F.R.S.C.

Abstract, If ® 1is an appropriate set of rotations of R2 around

the origin (0,0), then there exists an additive function f£:R—>R
such that the graph /':'f of £ is mapped onto itself by every rotation
T belonging to &,

1. In [1], p.114, Problem 4, C, Alsina and J,L, Garcfa-Roig posed
a problem the open part of which may be stated as follows: Given a ro-

tation TsRe—>R°

around the origin (0,0), does there exist a func-
tion fiR~——>R with the property T(f"f) = I} ? A, Jérai gave an af-
firmative answer in [1], p.120, Remark 11, In an informal discussion
on the same meeting, B, Schweizer raised the question whether there are
also additive functions f£iR—>R such that T(,) =/} . It is the
purpose of this note to establish also an affirmative answer to the
second question, even in a generalized version (Theorem 3 below), the
direction of generalization being stimulated by A, Jdrai [2].

As usual, Q ard R denote the fields of rational and real num-
bers, respectively, and for a subset S of R, Q(S) stands for the
extension field of Q generated by S , We find it convenient to iden-

a, b
tify the rotation T:R°——>R° with the real matrix ( T T),

=-b, a,
T 1
ag + bg =1, representing T with respect to the standard basis
f(1,0),(0,1)} of R, Therefore
1) T(x,2(x)) = (agx + byf(x), =byx + a f(x)) for all xeR.
Por the inverse rotation T"1 of T, we have aT—l = anp bi"'1 = -'bT ’
(2) g1 (x,£(x)) = (aTx - be(x), byx + an(x)) for all x€&R .,

Finally, if f:R——>R 18 an additive function, then

AMS Subject Classification: Primary 39B20, secondary 26A30.
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H, 1= { A€Rj £(Ax) = Af(x) (Vx€R)} 1s a subfield of R, the so-

b4
called homogeneity field of f ,

2. Lemma 1, For an additive function f:R——>R and a rotation
11R%—>R® around (0,0), the following statements are equivalent:
W WP = ,
(11) ap6H, and f[be(x)] = =bpx  (V'x€R).

Proof., Let be x&R arbitrary. Then (x,f(x))é /"f, so T(x,f(x))
ér'f, - 1(x,2(x))e f‘f, i.e., by (1), (2), and additivity of £ ,
(3) f(agx) + £(bpf(x)) = £(agxtbaf(x)) = ~byx + anf(x) ,

bTx + an(x) "

(a) f(agx) - £(bpf(x)) = f(agx-byf(x))
Adding and subtracting (3) and (4) and division by 2 lead to

(5) f(agx) = apf(x) , 2(bpf(x)) = ~bex .

Since xE&R was arbitrary, the implication (i) ==> (ii) holds,
For the converse, we remark that for an arbitrary xeR, (ii) implies
(5). By (5) and additivity of f we obtain (3) and (4), and then (1),
(2) imply T(x,f(x))efé and -1 (x,f(x))e [, . Since xeR was ar-
bitrary, we have T(f'f)C f'f and T-1(/"f)C f'f, thus (i) holds,

Lemma 2, et F be a subfield of R such that the degree of R
over F is infinite, and let be d€R~{0} such that deF. Then:
a) There exists an additive function f:R—>R such that PF CHf and
(6) flaf(x)] = -dx (V' xeR) .

b) If d€F, the function f of part a) moreover satisfies
(7) £lf(x)] = -x (VxeRr) ([3), p.117/118, Example 9).

¢) If d€R\F, then there exists an additive function f:R—>R

satisfying FCH, and (6), but violating d€H, and (7).

Proof., a) et B be a Hamel base of the P-vector space R, Since

B is infinite, there exist subsets B1, 32 of B such that B =
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B,uB,, ByNB, = @, card By = card B,. Let ‘f"Bf'—>Bz be bijective.

We now define the function f£:R——>R by the requirements
£(c) = d"«f(c) (ceB,); f(c) = -dlf"(c) (ceB,); £ P-linear.
Clearly PCH,. Por ceB, we have flat(c)] = 2laa~Yp(c)] = £lp(e))

26 PCHf, we get

= —dqf"[l((c)] = =dc , vhile for cé€B,, by using d
#laz(e)] = 2l-a%p7 ()] = %2l (c)] = <aPa”Vlp™ ()] = e, t.eus
£[df(c)] = -dec (¥ c€B), hence (6).

b) immediately follows from a) and f[df(x)] = df[f(x)] (¥xe&R).

c) As d&R~F, the elements 1 and d are P-linearly indepen-
dent. Now we proceed as in the proof of a) with the following specific-
ations: 1,46B, 1€B,, d€B,, (1) = a . The properties FPCH,
and (6) are ensured by a), and £(1) =a (1) =a~la =1, £(a) =
-ap'(a) = -4 4 da=ae(1), #[2(a)] = £(-a) = ~£(a) = d 4 4, i.e.,
d¢Hf, and (7) does not hold,

Remark, Lemma 2c) is to show that for d&R~F, the set of additive
functions satisfying (6) is distinct from the set of those satisfying
(7). Accordingly, we shall treat in the proof of Theorem 3 the case of
a single rotation separately.

Theorem 3, If ® is a given set of rotations of R° around the
origin (0,0) , and if card ® < card R , then there exists an additi-

ve function f:R——>R such that T(I"f) = I"f for all Te®.

Proof. We put 8 := {aT, by 3 TE %} (S may be empty) and F :=
Q(S). Card ® < card R implies card S < card R, so card F =
max fcard Q, card S} < card R , therefore R has infinite degree over
F . Iet be Te? arbitrary, Putting 4 = 1, we obtain from Lemma 2b)
an additive function f:R~——>R such that FCH, and (7) nold.
Hence anE€H,, bp&Hy, f[be(x)] = =bpx (¥ x€R), and by Lemma 1
() = I3 . Since Te® was arbitrary, the assertion is proved,
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Lemma { suggests a more adequate argument for the case card® =1 :

For bT =0 we have T = # 1dR2 , and then every additive function
f1R—>R satisfies T([) =/} . let in the following be by 4 0
and P 3= Q(aT). Then again R has infinite degree over F, and

bg =1 - ag €F . Putting d = by , Lemma 2a) ensures the existence of
an additive function f:R~—>R such that a,6FCH, and f[be(x)]

= =b,x (¥ x€R). The assertion now follows from Lemma 1.

T
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ON THE LAGUERRE EXPANSIONS OF
GENERALIZED FUNCTIONS
S.Pilipovié
Presented by P.G. Rooney, F.R.S.C.

Abstract. We give the intrinsic description of the basic
spaces LGu, a >-1, which duals are generalized function
spaces with elements having unique orthonormal expansions
into Laguerre series.

Introduction. The spaces of generalized functions which ele-
ments have expansions with respect to Laguerre orthonormal
bases depending on a> -1, LG;, were introduced by Zemanian
{#], (A" - type spaces). He gave structural properties of
such spaces and Zayed [3] investigated them in connection
with the boundary value problems. Zayed proved that

W) LG =S ={¢ €C7(0,=); sup | x5 PV x) | <o,

x€ (0, )
k,r<p

oI /% R

We shall prove that the dual of LGO is in fact S: 5
the space of tempered distributions on (-=,=) supported by
[0,=). As well we shall prove that for a> -1

L6 =x*/2 16 = {y €C™(0,=); v=x*’% for some ¢ €LG,},

and quote some consequences of that.
Notation and notions. We shall alwaus denote by & a number gre-

ater than -1, The Laguerre polynomials L:, n=0,1,..., are
defined by

n m
Lo = m{ (o %,’53 , X €10,2),
s0 *

and the Laguerre orthonormal base !'n o of the space L2(D,=)
9,
is defined by
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2, (x) sx/27X/2

izt Ln(x),xE(O,cn),mU,l,... .

The Zemanian space L8, is the space of all ¢ €C°(0,w)
for which we have,

«©
2 el =irEgn =([[Rk¢(t)|2dt)1/2<w, k=0,1,... ,
k a2 a

(3) (R{:w. RERCS Raln ), k,n=0,1,...,

a

where

Ry =x-u/Zex/2Dxa+1e-xDx-a/2ex/2 ,

k k-1 o . . . -

RacRa Ra’ Ru is the identity operator, k=0,1,... ’

]

(4,9 = <4, 8> = [ a0, 0, v €L%(0,®).

It is well-known that Raln & 'nln’a, n20,156 56
For a =0 we shall use the notation zn,o z ln, LG° =

ses o

From the general theory of Zemanian we have:

(a) With seminorms (2) L€y is a Fréchet space.
Let ¢ ELGn, £ ELG& . Then

(b) ¢= 7§ (4, Lo n,o »where the series converges in LG, .
n=o
° . . 2k, . 2
n
(c) n2=o at, ,converges in LG iff n);l i3 <w,
k=0,1,... .
@
@ f :n)_;o (f, %o’ %n,q Where the series converges in LGy -
(e) y b e, , converges in LG:1l if for some non-negative
n=o
-2:\ 2 s .
integer r, )' nl <=, Moreover, if f is the

limit of this series in LGa, then b =(f,g,n’a) ,

n=0,1,... .

As we mentioned, with the corresponding sequence
of seminorms in SI:

(f) SI = LG.
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Results

Proposition 1. S, is the space of all ¢ €C™[0, =)
for which the norms

x
e x|, p=0,1,...,

sup I
x€[0, =)
k,r<p

are all finite.

Proof. For the properties of Leguerre polynamials
o
we refer to [1]. Let ¢ =%, 34, €Sp- It is enough to prove

(r)

that for any non-negative integer r, ¢ has a continuous

extension from (0,») on [0,«). Since zn(O) =1, n=0,1,..., we
«©
have ¢, ’-'nzoan <®. Since

(%) |2,(x)| &1, x €[0,®), n=0,1,...,

we have
L]

lim a g (x) = = ¢(0).
x++0 ngo nn ¢° '

Fram [1, p.189 (15) and p.192 (38)] follows
n-1 1 -1

(s) L= -x 2 n=0,1,... (Y =0,
n mgo lm 7 n’ e oz

We need the following assertion as well:

o«
X ]an[nzk <= for every non-negative integer k
=1

n
(&) { . 22k
) €. ) l2pi?"n™ <= for every non-negative inte-
nsl izn
ger k.\
On [0,») we have )
© © n-1 1
a g’ = a ( - 2 ) =
nzo o nZO n mgo 9’“ 7 L
-] 1 o
= J (-3 a_ + a, e,
nfo Z°nm j=,§+1 i m

wgere the second equality follows from (4) and the fact that
I a 2° uniformly converges on [0,»). So we get
-a DN
n=o . -
$°(x) =C §J a g (x)) = a 27(x), x €[0,»)
n¥o 1M nzo n'n ’ ’

25
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and that ¢° is continuous in 0 from the right.
)

Now, by induction, we prove the same for ¢(r ,
rz2,3,... «

Corollary 2. LG” 18 the space S consisted of tempe-
red distriburions on (-, ) supported by [0,=).

Proof. This follows from [2, p.24] where it is
proved (in H8rmander”s notation) that

o
LG=S(0,») and LG =S87([0,x)) = ST .

ol 2

Proposition 3. LG, = {p €CT(0,m); plx)=x% “4(x),

x € (0,) for same oeSI).
@
[ . = LG .
roof Let y ngo an"n,ae y © From

n
a " r(m+a)
g = ] e L), x€[0,0),([1,p.192(39)])

(4) and (6) and the fact that (I‘(;+:) , n=0,1,...} is boun-
ded, we have
_.al2 ¢ -x/2 T 1 T(gtm) _
P(x) =x ngo ae mzo S Ln_m(x) =
a/2 ¢ % 1 rla+n)
=x ( - - a )R (x) =
mgo nzo R r(py nmm
a/2

x $(x), x €(0,o), where ¢ €Sy .
Conversely, if ¢ € S; and x € (0,=) we have
P(x® 2400 = 2 %0/ 250x) - x20xg000) + Cart1x® g () +
+x“/2(x¢“(x)) = x°/2¢1(x),
where ¢, ESI . The proof is complete.

Corollary 4. A sequence ¥ from LG, converges to 0

in LGy Iff ¥, (x) =xa/2¢n(x), x € (0,®) wherg ¢ s a sequence
from SI which converges to 0 in SI.

Note that the derivation in LGa , a#0, is not
an inner operation.
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Corollary 5. SI ig an ideal in LC-a.
Let A°€C°(D,w), Xo'-'l on (0,¢), A°=0 on (2¢,=).
This function is fram S;. By a partition of unity ¥., n=
= 0,1,... such that w°=ko and wiev(n,o), i=1,2,... , one

can localize the properties of elements in LG .

Corollary 6.  An f s from LG; iff it is of the form

—

£ix) = x"% 2™y xeco,=

where F 18 a continuous function on (-=,«) supported by
[0,»), and the dual pairing between f and ¥ =x%* ¢e LG, zs

<f,¢>=<r(m),¢>,
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On entire functions additive on graphs

Costanza Borelli Forti and Gian Luigi Forti

Presented by J. Aczél, F.R.S.C.

1. Studying Cauchy functional equations on restricted domains interesting situations appear
when the set where the equation holds is extremally thin, for instance when it is the graph of a
given or of the unknown function. This leads to the following two functional equations

f(z+ f(2)) = f(=) + £(f(2)) (1)
f(z + h(z)) = f(z) + /(r(2)) @
(h given function).

About equations (1) and (2) many results have been obtained when f:R-R,h:R—-R
and A(0) = 0 (see (1]-[6]); since all proofs use essentially the ordering of the real line they cannot
be generalized to higher dimensions.

In this paper we study equations (1) and (2) when f :C —=C,h:C —C, f(0) = h(0) =0and
both functions are entire.

2. From now on the functions f and A will be expresgsed as power series
00 00
f(z) = z: cnz”, h(2) = Zd,.z" 3
n=1 n=1
thus equations (1) and (2) become

LB

k=1

(3)

k
~—
Py
i~

P
N
i
~——
...
]
o

and
00 n-1 n oo k

3 caz” 3 ( E ) ( d,,.z"‘") =0, (4)
n=2 k=1 m=1

respectively. The following sequence of polynomials

P.(2) :=(1+z)"+‘-(1+z"+‘)=zn:(":'1)z‘,n21

=1
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is of interest. We denote by R, the set of the roots of P, and we define R := U2 Rn.
The first result is given by the following .

Theorem 1. If c; & R then equation (1) has the only solution f(2) = c1z. If dy & R then
equation (2) has only affine (first degree polynomial) solutions.

Proof. The coefficient of z* on the left hand side of (3) is 2c1c2 = ca2Pi(c1). Since Py(cy) =,é 0 we

must have ¢; = 0. Assume now ¢ = ... = ¢, = 0: the coefficient of 2**! in (3) is ¢n41Pu(c1) then
¢ns1 = 0 and, by induction, we get the result. In the same way we prove the result for equation

(-

Q.ED.

It is easy to prove that in ® there are only two real numbers: 0 and —1. More exactly,
0 € N, Ry and —1 € N, Ran. We now examine equations (1) and (2) when ¢, € {0,-1} and
d, € {0,—1} respectively.

Theorem 2. If ¢; € {0, —1} then the only solution of equation (1) is f(2) = c12 (i.e. f(2) =0
or f(z) = -2).

Proof. The case ¢; = 0: on the left hand side of (3) the coefficient of z* is 2c}, hence ¢; = 0.
Assume ¢3 = ... = ¢, = 0; the coefficient of 22! is (n + 1)c3,,, 80 €n41 = 0.

The case ¢; = —1: from (3), we have ¢;Pi(—1) = 0, so ¢; = 0; from ¢3P;(—1) = 0 we have no

information, since P;(—1) = 0; ¢, Ps(—1) = 0 implies ¢, = 0; the coefficient of 2is
esPy(—1) + ¢3P3(—1) = 3 P3(-1)
and since P)(—1) # O for every n, we have ¢s = 0. Assume now ¢z = ¢s = ... = ¢p = 0: ifn
is 0dd, then P.(—1) # 0 and we get cp4; = 0. If n is even, we compute the coefficient of 2t
obtaining
a1 Pon(—1) + °:+1P:'.(-1) = ‘:+1Pv’.(_1) ’

thus en41 = 0. By induction we have f(2) = —=2.

Q.ED.

About equation (2) we notice that if h is identically zero (so dy = 0) then any function f is
a solution while if h(z) = —z (so d; = —1) then any odd function f is a solution. So we assume
d, € {0,—1} and d, # O for some n > 1.

Theorem 3. Ifdy = 0 (and d, # O for some n > 1) then equation (2) has only affine

solutions.

Proof. The coefficient of 2® in (4) must vanish so we obtain ¢3d; = 0. There are two cases.
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a) dy=0:
Assume the existence of a non-affine solution of (2) and let cx, k > 2, be the first coefficient
different from zero. If d; = dy = ... = d, = 0, then computing the coefficient of z"**, we
must have ¢xdnyy = 0, 80 dnyy = 0. This implies that A is identically zero contrary to our
hypothesis.

ﬁ) dy#0,¢c3=0:

Assumee; = ¢ = ... = ¢, = 0; setting the coefficient of z"*? equal to zero we get ¢,41d; =0,
thus a4y = 0. Hence there are only linear solutions.

Q.ED.

Theorem 4. Let dy = —1 ﬂdd,. #0 for some n > 1.

(1) If either dagyy = 0, k = 1,2,..., ordy =0, k = 1,2,..., then equation (2) has only linear
solutions.

(11) The only even solutions of (2) are the linear functions.

Proof. (i) In the first case assume d;, to be the first non-zero coefficient in h (after dy). We
immediately see that ¢3 = ¢4... = ¢;, = 0. Taking the coefficients of z"+? and z¢"+! in (4) we get

car42Par(—1) + cady P3(—1) =0
Car42P3p 41 (=1) + Jesda PY(-1) =0
so cs =0 and ¢;, = 0.

Assume now ¢3 = ¢4 =... = €3(r4,) = 0 and €3 = ¢5 =... = ¢3,41 = 0 and take the coefficients
of z3(r+2)+2 and z‘r+!n+l, we have

{ €3r+2043Par42041(—1) + €2043d2. P}, 5 (—1) = 0
c2r42043 Py 3041 (—1) + Fe2043d2 Pfl a(—1) =0

and again ¢3,4+3,+2 = 0 and ¢3,43 = 0.

In the second case, if da,41 is the first non-zero coefficient in h (after d;), we have ¢3 = ¢ =
. = car4a = 0. The coefficient of 223 is cyds,+1Pj(—1), 80 ¢s = 0. The result follows by
induction as before.
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(ii) Let d, be the first non-zero coefficient of h (after d;) and compute in (4) the coefficient of
2'*%; we have ¢,43P,41(—1) + csd, Pj(—1) = 0. If r is even ;43 =0, if r is 0dd P,4s(—1) =0, s0
we have ¢3 = 0. By induction we have the result.

QED.

About even or odd solutions of equation (2) we can prove a more general result. First we need
a lemma about polynomials P,, which we state without giving the simple proof.

Lemma 1. A polynomial P, has multiple roots if and only if n = 0 (mod 6) and the multiple
roots are e*ilr,

Theorem 5. Suppose that in h the first non-zero cocfficient (after dy) is da, (i.e. of even
indez). Then the only even solution of (2) is the zero funclion and, if dy # '8, the only odd
solutions of (2] are the affine ones.

Proof. Assume f even. If d; ¢ R we refer to Theorem 1. Assume d; € R but dy & U2 Ransa2

from (4) it is c3Py(d1) = 0, 80 2 = 0; if €3, = 0, r = 1,...,n, then we must have car42P2r41(d1) =0,
thus ¢z,42 = 0 and, by induction, f(z) =0.

Suppose now dy € Up=o R2n41 and let P;,.; be the polynomial with minimum odd degree
having d as a root. As before, we have c3n = 0 for m = 1,...,r — 1 (also if d, is a root of some
even polynomial). Equating to zero the coefficient of 2*"+3*~! we have ¢s,d3, P},_,(d1) = 0 and,
by Lemma 1, ¢3, = 0.

By induction we have again f(z) = 0.

In the same way, interchanging the role of even and odd polynomials, we prove the case where
f is odd.

Q.E.D.

From the proof of Theorem 5 we get immediately the following.

Corollary 1. If dy & UgZo Rans1 (for instance dy = —1) and h(z) # dyz, then _the only even
solution of (2) is f(2) = 0. If dy & Up2y Ran and h(2) # d1z, then the only odd solutions of (2)
are the linear polynomials. If ) & Upg R2n the only odd solution of (1 ) s f(2) = a12.

The last result we prove is about polynomial solutions of equation (2). It is only for this
theorem that we need f and h be entire functions, all other results hold in the ring of complex
formal power series.

Theorem 8. If h is not a polynomial, then the only polynomial solutions of equation (2) are

the linear ones.
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Proof. By the “Great Picard Theorem” if we fix an arbitrary (with at most one exception)
a € C\{0}, then there exist a sequence {2,}, 2, — 0o, such that h(zn) = a for each n. So we have

f(zn+a) = f(2) + f(@), neN
and, since f is polynomial,
f(z+a)=f(2) + f(a), z€C.
This means

zn:c.lf(f)z'a""=o, zecC,

k=2 =1
so all coefficients of the powers of z must be zero; the maximum power is z"~! and its coefficient

is ¢ @, 80 ¢, = 0. In the same way we get cp—y = ¢p3 = ... =¢3 = 0.

n
-1

Q.E.D.
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ON _THE LIFTING PROBLEM OVER AN ALGEBRAICALLY CLOSED FIELD

Lesllie G. Roberts1
Presented by G. de B. Robinson, F.R.S.C.

Abstract. I show that in a polynomial ring over an
algebraically closed field there exist homogeneous 1deals that
cannot be lifted, in the sense of Geramita, Gregory, and Roberts,

Journal of Pure and Applied Algebra 40(1986), 33-62.

In [2, Definition 1.7) the following “1ifting" problem is

discussed:

Let J be a homogeneous ideal in S = k[Xl.....Xn] (k a field).
Does there exist a homogeneous radical ideal I in R = klxo....,Xn)
such that
(a) Xy is a non-zero divisor mod I

(b) (I.Xo)/(xo) e J (under an isomorphism that sends X1 to X, for

i
iz1)?

If such an I exists, we say that I 1ifts J, or that J can
be lifted (to I).

In [2] we forgot to state that I is homogeneous, and that
under the isomorphism in (b), X1 is mapped to X1 for 1z1, but we
certainly intended that these hypotheses hold. In [2, Theorem
2.2 ] we prove, following Hartshorne [3, section 4], that J can be
lifted if J is generated by monomials, and the cardinality |k| of

k is large enough (i.e. either infinite, or finite, but larger

This work was supported by an NSERC Grant.
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that a certain finite number that can be given explicitly 1if one
knows generators of J). When [2] was written we did not know any
homogeneous ideals J that could not be lifted. Later Moshe Roitman
in [6, Theorem 9] gave an example (with k finite) of a
homogeneous ideal J in S that cannot be 1lifted. In [7] it was
proved in a different way that such examples exist. Both metho;ls
depend on the finiteness of the field k. The purpose of this note
is to show that non-1iftable homogeneous ideals exist in abundance
when k 1s an algebraically closed field, as a consequence of well

known properties of the Hilbert scheme. First we prove:

Lemma Let k be an algebraically closed field. Let J < S =

k(X ..Xn] be a saturated homogeneous ideal such that S/J is of

1"
Krull dimension one (i.e. J is the homogeneous ideal of the

zero-dimensional closed subscheme Z = Proj (S/J) c P:_l = ProJ S).

Let d be the degree of 2. Suppose J can be 1ifted to

Ic Rnk[)(o,. - .Xn]‘ Then 2 can be deformed (over an open subscheme

of Alt ) into d distinct reduced closed polnts.

Proof The ring R/I 1is of Krull dimension 2. We have R/(I,Xo) s S/J,
the homogeneous co-ordinate ring of the zero dimensional scheme Z.
Thus R/(I.Xo) contains a non-zero-divisor, so R/I is of depth 2,
(hence Cohen-Macaulay). Since R/I is reduced, the scheme Proj(R/I)
is a reduced, but possibly reducible, curve C of degree d. Hence
for sufficiently general f of degree 1, the hyperplane Xo+f = 0
intersects C in d distinct points. Then there exists a finite set
T ¢ k such that for A ¢ T the hyperplane X + Af = 0 intersects C

0
in d distinct points. For A ¢ T, Xo + Af is a not a zero dlivisor
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in R/I. (The only way x°+Af could be a zero divisor in R/I is for
the hyperplane x0+xr = 0 to contain an entire Irreducible
component of C.) For A ¢ T we have that R/(I.xo + Af) is
Cohen-Macaulay (one dimensional), and hence contains a non-zero
divisor, which implies that (I.X°+Af) is saturated in R for A ¢ T.
Now let W be the closed subscheme of P* 1 x A! defined by the
ideal (I,X°+tf) < R(t]). Consider the projection m:W — A;. Let U
be the (non-empty) open subscheme of A; consisting of the prime
ideals (t-a), such that A ¢ T, together with (t).For each closed
point p = (t-A) € U, the fibre =  (p) < P;:-l has (reduced)
homogeneous co-ordinate ring R/(I.Xo+hf). Thus over U the flbres
of m have constant Hilbert function. Hence by (4, Theorem 9.9,
page 261) the morphism =u: n-i[U) — U 1is flat, thus giving a

deformation of n-l(t) = 2 into d reduced closed points. [ ]

Iarrobino has proved [S] that the Hilbert scheme Rd.n of
O-dimensional subschemes of degree d in [ (nz3, d sufficiently
large) is reducible. (see [1, page S] for another exposition of
this.) Let 2 correspond to a point z not in the closure of Ud =
the d-fold symmetric product of P: minus the “diagonals" (the open
subscheme of "d.n corresponding to d distinct points). Let J be
the saturated ideal of 2. If J could be lifted, then the fibres of
the deformation @ given by our lemma consist of d distinct points
over all but a finite number of peU. Thus the characteristic map

of the flat family m will have to map U into the closure of Ud’

thus missing z, contradiction. This proves:

Theorem Let k be an algebraically closed fleld and let nz4. Then
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for d sufficiently large (depending on n) there 1is a zero

dimensional subscheme 2 of degree d in Pﬁd such that the

saturated ideal J of S cannot be lifted.

Roitman [6] has shown that if k has characteristic O, then
every homogeneous ideal in klx.l,le can be 1lifted. Thus there
remains the case n=3 about which I have no information. Note
however that Rd.z
used to prove that non-liftable J exlst if n=3.

is irreducible, so the above argument cannot be

Furthermore, in (2] we were primarily interested in the case
vhere S/J was a zero-dimensional ring, whereas here I have been

able to handle only the case where S/J is one dimensional.
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ON IRREDUCIBLE COMPONENTS OF A RESTRICTION OF
AN IRREDUCIBLE INDUCED CHARACTER TO A NORMAL SUBGROUP

Ya. G. Berkovich
Communicated by J. Aczé], F.R.S.C.
ABSTRACT. A finite group is called an M-group if all of its irreducible
characters are monomial. L. Dornhoff proved that a normal Hall subgroup of

an M-group is an M-group also. We prove a one character version of this

result.

Theorem. Let H be a subgroup, and N a normal subgroup of a finite group.

Suppose that X €Irr(H), 8= x€lrr(G) and ¢ is an irreducible compo-

nent of Xy, a restriction of x to N. If g.c.d.([NH:N| , [NH: H|A(1)) = 1

then ¢ = ((J\NHH)N}t for certain te€G.
Remark. Observe that all irreducible components of xy are G-conjugate by
Clifford's theorem.

Proof. Let ¢ =AM Then o8 = (i

Xy = INHI’IZ (oy)*
tee

NH)G =28 xE€Irr(G) and ¢ €lrr(NH).

Next

by the formula for induced characters. Here ot : (NH)t + ¢ is defined by
ot(x) = a(txt™) for xe(n)t = Nt

Obviously, otelrr(NHt).

By assumption, <xy,¥> > 0. Thus <(ot)N,w> > 0 for certain t€G.
First we prove that ¢ = ¢:i = (on)t. For this it is sufficient to show that
¥(1) = ¢(1).

Let (¢t)N = ta(‘tu1 + 004 wk) be Clifford's decomposition with ; = y.
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Let INHW) be the inertia group of ¢ in NHE. Then k is equal to the
index of INHt(!b) in NH. By Clifford's theory the ramification e equals
the degree of irreducible projective representation of INH,‘(W)/N. S0 e
divides |INHt(¢')/NI by Schur's theorem. Hence

ek = %{%} divides

t t
I (w):Nl-INH®:T _(9)] = [NH®:N| = |NH:N|.
| NHt( ):N|-| NHt(

since o(1) = a™(1) = |NH:H[A(1), then %{%} divides |NH:H[A(1).
Finally, & U divides

g.c.d.(|NH:N|, |NH:H|A(1)) = 1.
Hence ¢t(1) = ¢(1) = g(1) => ¢ = (et)N = (¢N)t.
By the Mackey decomposition theorem
= (WNHy N
since ¢y€lrr(N), and ¥ = (3y)% = (A )")t o
N ? N NOH :
Dornhoff's theorem, mentioned earlier, is an immediate corollary to our

theorem.

It may be worthwhile to note the following:

Corollary. Suppose that H <6, 1<N<G, and g.c.d.(IN|,[n]) = 1. If
A is a linear character of H, then A6 is reducible.

Proof. Suppose that 28 - x€lIrr(G). Let ¥ be an irreducible component of
Xy- Then by Theorem ¥ = ((Am.m)ﬂlt for certain te€G. Since HNN =1,
(ANnH)N = oy 1s the regular character of N. But N> 1, and so N is

reducible. Then ¥ 1{s also reducible which is a contradiction. o

Pr. Englesa 111, kr. 18,
344006 Rostov-on-Don, USSR. Received November 10, 1988
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GEOMETRIC PROPERTIES OF UNITARY-SYMMETRIC

KAEHLER MANIFOLDS

Hiroshi Mori and Yoshiyuki Watanabe

Presented by J. Anthur, F.R.S.C.

1. Introduction.

The notion of unitary-symmetry on Kaehler manifolds is a
differential geometric version of Kaup's result on the isotropy
subgroups of connected, complex manifolds(see Folgerung 1.10 in
[2]). The second author [6] has characterized such a Kaehler
manifold in terms of pulled back metric through the exponential
mapping at a point where the manifold is unitary-symmetric. And
the present authors [3] then have, using the notion of unitary-
symmetry, constructed a one parameter family of complete Kaehler
metrics on CP" ,» the complex projective n-space, which are com-
patible with the usual complex structure on it, and any two of
which are not homothetic to each other.

In this paper, we shall continue the study of differential
geometric properties of unitary-symmetric Kaehler manifolds. The

first result is as follows.

Theorem 1. Let (M,g,J) be a connected, complete, unitary-

symmetric Kaehler manifold of complex dimension n. If the scalar

curvature of (M,g,J) 1is equal to a constant in(n+l)c, then it

1s biholomorphically isometric to a complex space form of constant

holomomorphic sectional curvature Uc .
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Warner [5] showed as a corollary that if the first tangential
conjugate locus of a point m in a connected, complete Riemannian
manifold of dimension n is a sphere of radius a, and consists
of points with constant order, then each geodesic starting from
m returns to m at length 2a. It seems to us without any fur-.
ther condition on the manifold that no one can show that such a

geodesic 1s closed. The second result of this paper is as follows.

Theorem 2. If a compact, connected Kaehler manifold M is

unitary-symmetric at a point m of M, then the first tangential
conjugate locus of m consists of points with constant order one

and each geodesic in M starting from m 1is a simple closed one

with common length.

2. Proof of Theorem 1.

A connected Kaehler manifold (M,g,J) of complex dimension
n isunitary-symmetric at apoint m of M if the linear isotropy
group at m of the automorphismgroup of (M,g,J) is U(n). Then
we have (see [6]) that

(2.1) exptg = dr? + f(rFde? + £(rP(M(ryP-1)ndn

where (r,0) is the usual polar coordinate system of C"= RZ" "

f(r) 1is a C®, odd function on [0,8)(resp. [0,»)) satisfying
ff(0)=1 and f(r)>0 for O0<r<é&(resp. for 0<r<o) when M
is compact(resp. noncompact). Here (d©2?,4,£,n) 1s the standard
Sasakian structure on the (2n-1)-sphere s2"-1 45 P (cf. [4]).
Now, from (2.1) and constancy of the scalar curvature, we

have the following differential equation
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(2.2) 2n(n=-1)(1 - (£'2)f' =(Un-1)FL' " = £2£™ = 2n(n+1)efl?f’,

Regarding p:=f' as a function of y:=f, dividing by p
on the both sides and changing variables u=1-p2? we find that
(2.2) 1s transformed into the following differential equation

(2.3) y2(d2u/dy?) + (4n-1)ydu/dy + 4n(n-1)u = 4n(n+l)cy?.

Note that the initial condition f(0)=0, f(0)=1 of (2.2)
implies the initial condition y=0, u=0 of (2.3). It is shown
that a solution u of (2.3) with u=0 at y=0 4is of the form

u=cy?, which implies that
(2.4) (f')2 = 1 = ef2?2 ,

We can easily shown that the solution f(t) of (2.4) satisfying
the initial condition f(0)=0, f(0)=1 is given by

sin(fTt) /4T, for ¢»>0,
(2.5) f(t) = t, for c¢=0,
sinh(J~¢ct)//=¢, for ¢<0.

Finally, note that if f(t) in the expression of (2.1) is
given by the function in (2.5), then (M,g,J) is of constant holo-
morphic sectional curvature Uc. This completes the proof, since

M 1is simply-connected by the Kaup's result in (2].

3. Proof of Theorem 2.

First, it follows from theorem B in [6] that the first tan-
gential conjugate locus Q(m) of the point m consists of points

with constant order one and is equal to the sphere of radius a
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on the tangent space TéM) to M to m, where a 1s a geodesic
distance in M from m to 3(m)=exme(m). Since M is simply-
connected, by using this fact and one of Warner's results (see

the proof of theorem 4.4 in [5]) we have that
(3.1) Q(m) 1is equal to the cut locus of m in Tn-{“)-

Next, for each unit vector X in Tm(M) we define the func-
tions X(6)=cos8X+sin8JX , u(r,e)wexpmrX(e) , 8, » in R.
Then we have the following facts (see [6]).

(1) Each maximal connected integral manifold of the distri-
bution, defined by the kernel of differential of exp, restricted

to the tangent bundle of Q(m), is a curve aX(e) .

(1) w(a,8) = one point, say q, for all 6, and the tangent
vectors 23w(a,0)/9r 1lie in the 2-dimensional plane nq of the
tangent space Tq(M) » where Ilq 1s the orthogonal complement of

the tangent space Tq(a(m)) at q.

() The veloclty vectors of the curve 3Jw(a,0)/3r in Ilq

(with respect to 6 ) are always of constant length |f(a)f“(a)] .

Combining (1) - (#1) and proposition 4.1 in [5], we find
that for each fixed unit vector X in Tm(M) , the mapping : X(96)
—> Jw(a,0)/3r 1is an isometry between the unit circles in span

{x,JX} and Ilq . From this observation we have that
(3.2) f(a)f"(a)=-1,

by virtue of f{r)>0, Osr<a and f(a)=0. Using (3.1) and
(3.2), we see that w(r,8)=w(r+2a,8), r, 6 in R, and that the
mapping r — w(r,8) , 0sr<2a, for fixed 6, 1is injective.

This completes the proof.
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