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On the Periods of Modular Elliptic Curves

Glenn Stevens
Presented by G. de B. Robinson, F.R.S.C.
Abstract: This is a survey of the results of [5]. Let A be a Q-isogeny class of elliptic curves. In §1 we define
a partial ordering on 4 and prove that 4 has the greatest lower bound property. The minimal curve Amin is
determined (uniquely) by the condition that its Neron Iattice £(Amin) is contained in the Neron lattice of
every other curve in A. In §2 we that 4 is modular with associated weight two newform f and define
another lattice £(f) in the complex plane. We conjecture that the lattices L(Ap,n) and L(/) are identical.
The known evidence for this conjecture is summarised in Theorem 3.1.

§1 The Minimal Lattice of an Isogeny Class.

Let A;q be an elliptic curve defined over Q and let +w4 be the Neron differentials on
A. The complex points Ac of A define a compact Riemann surface of genus 1 on which
w4 defines a holomorphic 1-form. The periods obtained by integrating w4 over 1-cycles on
Ac form a lattice £(A) in the complex plane which we call the Neron lattice.

(L.1) £(4)* 1mage(Hi(Aci2) =39

Two elliptic curves A, B are Q-isomorphic if and only if £(A) = L(B). They are Q-
isogenous if and only if their lattices are commensurable: £(A) ® Q = £L(B)® Q.

Let A be a Q-isogeny class of elliptic curves. Then the Neron lattices of the curves in
A form a finite collection of pairwise commensurable lattices in the complex plane. These

lattices are partially ordered by inclusion. We can therefore define a partial ordering on A
by A< B ¢ L(A) C L(B) for A,B € A.

(1.2) Theorem. Let A be a Q-isogeny class of elliptic curves. Then the set of Neron
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lattices for A is closed under ntersections: for each pair of curves A, B € A there ts a

curve C € A such that L(A) N L(B) = L(C). Thus every non-empty subset of A has a

greatest lower bound.

In particular, there is a unique curve Ap;, € A for which
L(Amin) = [ L(A).
A€d

We refer to A, s the minimal curve and to £(Amin) as the minimal lattice of the isogeny
class 4.

The ordering < can also be defined in terms of arithmetic properties of the isogenics
in A.

(1.3) Proposition. Let wy,wp be Neron differentials on A, B € A. The follvwing arc
equivalent:

(a) A < B;

(b) There is a Q-isogeny ¢ : A — B such that ¢'wp = twa;

(c) There is a Q-isogeny ¢ : A — B whose eztension to Neron models over Z is an

étale morphism. [ ]
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A Q-isogeny ¢ : A — B will be called an étale isogeny if either of the equivalent conditions
(b) or (c) is satisfied. Etale isogenies are necessarily cyclic. Conversely, if A < B and
¢ : A — B is a cyclic isogeny then ¢ is étale.

(1.4) Remark. The Parshin-Faltings height of an elliptic curve Ao with Neron differential
/e
w, is defined to be

H(A) = - —(l/ /\w)q/2
(4) = ;;covolume(C(A)) T \2miJa AT . -t

For two curves A, B € A we clearly have the implication A < B = H(A) < H(B). Thus
Amin is also characterized as the unique curve of minimal height in A. Since the Parshin-
Falting’s height roughly approximates the naive height of an elliptic curve, we expect the
ordering of A to roughly reflect the size of the coefficients in the minimal Weierstrass
equations of the curves in A. This heuristic is easy to check against the Antwerp tables
(8]. These tables present the coefficients of minimal Weierstrass equations for 749 elliptic
curves over Q which are partitioned into 281 Q-isogeny classes. Our heuristic suggests
that for each isogeny class A, Ap;, should be the first curve found by the search methods
employed in constructing the Antwerp tables, and should therefore be the first curve listed.
I have used Gauss’s AGM algorithm 2] to compute the Neron lattice of each curve in the
Antwerp tables and have found that this expectation is correct for all but 7 isogeny classes.
The complete list of minimal curves which appear in the Antwerp tables but are not listed
first in their respective isogeny classes is:

89B, 98B, 128H, 130J, 141G, 150G, 168B.

For each isogeny class in the Antwerp tables a graph is provided which indicates all cyclic
isogenies within that class. Once the minimal curve is known it is a simple matter using
(1.6)(a) to replace this graph by the directed graph of étale isogenies.

(1.5) Example. There is one isogeny class ;5 of conductor 15 which consists of 8 elliptic
curves labeled A through H in the Antwerp tables. We record the partial ordering on A;s
by replacing the graph of cyclic isogenies by the directed graph of étale isogenies:

A G
l 1
B E
/ N 7 N
D (o} H
! '
F

Note that while A is the only minimal element of A5, there are 4 maximal elements. In
particular, Ajs does not have the least upper bound property.

The proof of Theorem 1.2 is based on the following lemma which is proved in [5].
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(1.6) Lemma.
(a) If$:A— Bandy: B — C are Q-isogenies then Yo ¢ is étale if and only if both
¢ and ¢ are étale.

(b) Every cyclic isogeny ¢ : A — B has a unigue (up to signs) factorization ¢ = ¢y odo

A 2, B
o\ /" bue
C

where both ¢y and the dual isogeny ¢ of ¢o are étale. [}

Proof of Theorem 1.2. Let A,B € A. Let ¢ : A — B be a cyclic isogeny, and
let ¢ = ¢z o do be the factorization whose existence is guaranteed by (1.6)(b). Since
0 : C — A and ¢y : C — B are étale we see that L(C) C L(A) n L(B). Equality is an
easy consequence of the cyclicity of ¢. [}

§2 The Optimal Lattice

In this section we assume that A is an isogeny class of modular elliptic curves. This
means that there is a weight two newform f whose L-series L(f, s) is equal to the L-series of
A. The level N of f is equal to the conductor of 4 [1]. The differential form w; = 2nif(z)dz
on the upper half plane is invariant under I'o(/N) and descends to a holomorphic 1-form
on the complete modular curve Xo(NN). Similarly, if I' C I'o(V) is an arbitrary congruence
subgroup then w; defines a regular 1-form on the complete modular curve Xr associated
to I'. By integrating wy over l-cycles on Xr we obtain a group of periods Lr(f) € C.
Since f is an eigenform for the Hecke operators with rational eigenvalues, we know that
Lr(f) is a lattice. Define

(N ¥ Neen)

where the intersection is over all congruence subgroups I' C To(N).

(2-1) Theorem. Let f be the weight two newform associated to an isogeny class of modular
elliptic curves of conductor N. Then L(f) = Lryn)(f)- In particular, L(f) is a lattice.

Proof. Define the homomorphism @ : To(N) — C by ®(v) = [ w, where z is an
arbitrary point in the upper half plane. Then for each congruence subgroup I' of I'n(N)
we have ®(T) = Lr(f). Since f is a cusp form, $(7) = 0 for every parabolic element
4 € I'g(N). A theorem of Fricke and Wohlfahrt [7] shows that I';(N) is generated by its
parabolic elements together with any congruence subgroup. Thus Lp(f) = Lp,w)(f) for
any congruence subgroup I' C T'y(N). The theorem follows at once. 1

(2.2) Definition. The lattice £(f) is called the optimal lattice of A.

The basic conjecture which we propose to study is as follows.

213



214 G. Stevens

(2.3) Conjecture. Let A be an isogeny class of modular elliptic curves. Then the minimal
and optimal lattices of A are identical: L(Amin) = L(f)- [

§3 Evidence for the Conjecture.
We summarize the evidence for Conjecture 2.3 in the following theorem.

(3.1) Theorem. Let 4 be a Q-is0geny class of modular elliptic curves.

(a) Let ¢ be a quadratic Galois character which ss unramified at the primes where A
has additive reduction. 1] Congecture 2.5 1s true Jor A then it 15 also truc Jor the
twisted 1sogeny class Av.

(b) If A has complez multiplication by an imaginary quadratic field with only two roots
of unity, then up to a factor of 2 Conjecture 2.3 is true for A. More precisely,
either L(Amin) = L(f) or L(Amin) = 2- L(/).

(c) Conjecture 2.3 is true for all 281 isogeny classes listed in the Antwerp tables [6).

The proof of (c) is accomplished by direct calculation, on a Macintosh Plus personal
computer, of the minimal and optimal lattices of each isogeny class in the Antwerp tables.
Complete proofs of (a) and (b) can be found in [5]. It is interesting to note that the proof
of (b) is based on a theorem of Rubin [3] concerning the integrality of certain special values
of L-functions. Thus the proof of (b) provides another example of the interplay between
Conjecture 2.3 and the arithmetic of values of L-functions.

Department of Mathematics
Boston University

Boston, MA 02215

U.S.A.

Research supported by the National Science Foundation.
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An involutive automorphism of the Bunce-Deddens algebra

A. Kumjian
Presented by G.A. ELR{ott, F.R.S.C.

Very recently Blackadar has shown the existence of a period two automorphism of the
CAR algebra for which the fixed point algebra is not AF [B2]. Motivated by his example we
show that the crossed-product of the Bunce-Deddens algebra of type 2° by the involutive
automorphism which acts on the unit circle by complex conjugation is AF (the K-theory
of this crossed-product may be found in [B1, 10.11.5c]). That this was likely to be true
was suggested in personal correspondence from Blackadar. The methods used in the proof
can be modified to verify the analogous result for any Bunce-Deddens algebra, but in the
interests of brevity and ease of exposition we restrict ourselves to the case mentioned.

Let T = R/Z and D denote the dyadic rationals mod 1; we view D as a subgroup of T
in the obvious way. Thus, D acts on C(T) by translation and the resulting crossed-product
C(T) %X, D, where r4f(z) = f(z —d), is the well-known Bunce-Deddens algebra of type 2*°
(see [BD],[G]). For f € C(T) set of(z) = f(—=z) ; clearly,0? = 1 and o140 = r_4. We show
below that the resultant crossed-product, C(T)X, DX, Z3, is AF by showing that elements
of this algebra may be approximated by elements of certain finite-dimensional subalgebras
in a controlled way (see [Br, 2.2]). The heart of the proof lies in the construction of these
subalgebras.

We construct a finite-dimensional subalgebra, A,, of the algebra, C(T)X, Z3. X,Z3;,
generated by C(T) and unitaries, u,v, where u is the unitary implementing translation
by 2-" and v is the unitary implementing o. Fix 6§ with 0 < § < 1/2"*! and set 4, =
(2k + 1)/2"+1. Note that 9, is a fixed point of the homeomorphism of T associated to the
automorphism Adu?*+!y.

For z € [6; — 6,0, + 8] set py(z) = (0x + 6 — z)/26 and define f; € C(T) by

l—paoi(z) ko) =625y +6

!(z)_ 1 0o +6<z< 0, -6
x - (p.(:) ifo, —6<z<0.+56
0 elsewhere;

and define g € C(T) by

sle] { (pa ()1 = pa(2))V? 10, —6 <2 <0 +6
0 clsewhere.

Finally, set
pr = fi + (=1 (0™ vge + v Tugey).

One verifies that p, is a projection for k¥ = 0,...,2" — 1 (see [R, 1.1]) and that
-1

e =1
k=0
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(B1]

{B2]
[Br]

[BD]

G

Morcover,
VprV = Py

wpu= = py_yy.

The subalgebra generated by the projections, pi, and the unitaries, u? and v, is easily
seen to be finite dimensional (in fact, it is isomorphic to the direct sum of four copies of
M3.-1(C)); denote this subalgebra by A,.

To show that C(T)x,DX,Z, is AF, it suffices to show that any diagonal element,
f € C(T), may be approximated by an element in A, (for n sufficiently large). This
is because arbitrary elements may be approximated by elements of the subalgebras,
C(T)X,Z3= X, %3, which in turn may be written as finite sums of terms of the form,
wh, where w is a unitary (in A, for n > m) and h € C(T). Suppose that n has been
chosen so that |f(z) — f(y)] < ¢ when |z —y| < 2°". Set Ay = f(x) ; the reader may

wish to check that
2° -1

f7-2 amdl <2

k=0
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MEASURE-VALUED LIMITS
FOR SOME EXCHANGEABLE SYSTEMS OF PARTICLES

J. Vaillancourt*

Presented by D.A. Dawson, F.R.S.C.

ABSTRACT

Necessary and sufficient conditions are given for the solution of a large class of mar-

tingale problems on C([0,00) : (R%)™) to be m-exchangeable, in terms of the drift and

diffusion coefficients. Under some mild growth conditions, the sequence of empirical mea-

sures associated with a triangular array of exchangeable diffusions is tight, thereby proving

the existence of “random McKean-Vlasov limits”.

1. EXCHANGEABLE SYSTEMS OF PARTICLES

With S = R? and m the number of particles in some finite system, let L, : CZ°(S™) —
C(S™) be defined by
L= 5(@V)TV + 479

where b: S™ — S™ is continuous, g is continuous from S™ to the space of real md x md

symmetric positive definite matrices and, for some K >0,

la(e)] + (=) < K(1 + |z]?)

holds for all z € S™.

Under these conditions, the martingale problem for L,, is well-posed on C([0,00) : $™)

(see [6] p.255) and the unique solution set {P," : y € S™} is called the diffusion (measure)

generated by operator Ly,.

* Research supported by NSERC.
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The family {P}" : y € S™} will be called (m-)exchangeable if it satisfies
PR =Profi!
for every y € S™ and every 7 € perm(m), the set of all permutations of {1,2,...,m}, with
My = M(y1,¥2,- - yYm) := (Ym1:Yn2s.- - ¥nm) foreach yeS™
and the corresponding

f(w)(t) := M(w(t)) for each w € C([0,00):S™).

1.1 THEOREM. Under the conditions stated above on L, the family {P;" :y € S™} is

exchangeable if and only if

bi(Tly) = bxi(y)
12 {a-‘j(ny) = arinj(y)

hold for all i,j = 1,2,...,m, y € S™, ™ € perm(m) and corresponding IT: §™ — ™.

Sufficiency is a consequence of the uniqueness of solution to the martingale problem;
necessity follows from an application of the bounded convergence theorem in the martingale

formulation.

REMARK: If we put pm = L 370, 8, € P(S), the space of probability measures on
S (endowed with the weak topology), then any pair (a,b) satisfying (1.2) corresponds

uniquely to some triple (b, a, p) such that the following holds everywhere:

aii(y) = o(Yi, m) foralli,j =1,2,...,m,i #j.

{ bl(y) = b(Ui!l‘m)
1.3
a;j(y) = p(¥irYjs #m)
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2. THE EXISTENCE OF “RANDOM McKEAN-VLASOV LIMITS” FOR
EXCHANGEABLE DIFFUSIONS

Let X™(t) = (X/(t)), denote the S™-valued canonical process associated with
the martingale problem for L,, and denote the corresponding empirical measure by
Bm(X™)(t) := LT, 6xm(n- There exists weak limits to the sequence ®r, for a very
large class of exchangeable diffusions, encompassing several of those in [1], [4] and [5],
where the limits are deterministic evolutions in P(S). In many cases here, the evolutions
are random.

Following [2], we denote Fy(p) := [ fdu** where f € C(S*) for some k > 1 and

p*¥ is the k-fold product of measure p € P(S) by itself. A computation yields that
Plo &1 € P(C([0,00) : P(5)))
is a solution to the martingale problem for £, started at '; 2:’;, 6y:, where

1
LmFy(p) = Favs(#) + 5=Fouuns(r)
with

k k
AWIE) = 35 (Gor ) Vaf(0) + 3 3 (0(0as 1) V) Vo f(0)

a=1 a=1
1 k
T
+3 ;‘;l (P(Ya ys, 1)V ) Vaf(¥),
ane
k T
Be(mf(w):= Y ((0(var#) = pYa Y3, 1))V5) " Vaf(Was):
oy
Yas = (¥1,U2,- . Ys=11Yar UB+1s--- 1 Um)s

for all k > 1 and all f € C2(S%).

221
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2.1 THEOREM. Let b: SxP(S) — S,0:SxP(S) - S@Sand p: SxSxP(S) + S®S
be continuous functions such that the following hold:

(i) There exists a K > 0 such that, for every z,y € S and y € P(S),

l6(z, 1)I? + lo(z, m)I? < K(1+|z*)

lo(z,y, )l € K1 + J2f* + |yf?).

(ii) For each m > 1 and each y™ € S$™, the matrix a™(y™) € S™ ® S™ defined by

(1.3) is positive definite and symmetric.

(iii) For each m > 1, v™ € P(S™) is_such that the coordinates are exchangeable

random variables and sup,, [ |zi|*vm(dz) < oo.

then {P% 0 @71 :m 2 1} € P(C([0,00) : P(3))) is tight.

The proof is an application of the results of Joffe and Métivier[3] on the weak con-
vergence of D-semimartingales. That condition (ii) of Theorem (2.1) is not really too

restrictive may be readily observed from the following result:

2.2 COROLLARY. Let b: P(S) = Sand 7, p: P(S) = S® S be bounded continuous

functions such that ¢ and p satisfy the following conditions:

(i) o(n), p(u) are symmetric for every u € P(S);

(ii) p(p) and o(u) — p(p) are positive definite for every u € P(S);
(iii) Condition (iii) of Theorem (2.1) holds;

then the conclusion of Theorem (2.1) holds.

We finally obtain the existence result sought via the martingale formulation (and the

fact that the conditions ensure non-explosion).
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2.3 THEOREM. Let b, o, p satisfy the conditions (i) and (ii) of Theorem (2.1); then,

for any 4 € P(S) with [ |z|*du(z) < oo, there is a solution to the martingale problem for
Lo in P(C([0,00) : P(S))), started at pu, with Lo Fy(p) := Fa,(u)s(#) for all £ > 1 and
f € C(S%).

REMARK: The method of duality has been successfully used in [2] to prove the uniqueness
of solution when b, o and p are independent of u and satisfy the conditions of Theorem
(2.3). In [1), (4) and [5], where the unique limit is deterministic, the characterization is
obtained by proving the uniquemess of solution to the associated nonlinear McKean-Vlasov

equations.
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M.D.S. codes and arcs in projective space I

by

A.A. Bruen, J.A. Thas and A. Blokhuls
Presented by H.S.M. Coxeter, F.R.S.C.

Foreward. For reasons of space we have had to split this paper into
two parts, I and II. All of the references for Parts I, II are at
the end of Part I .

Section 1. Introduction. background.

Let V = V(k,q) be a vector space of dimension k over the
finite field F = GF(q), g = ph. Let S be a set of n vectors in V
such that each of the :] k-subsets of S is a basis for V. A

fundamental and much studied question can now be posed.

. How large can n be, and what is the structure of S in the
largest case?

In this form the guestion dates back about thirty-five years
to the work of B. Segre [14], who was able to utilize projective and
algebraic geometry to obtain solutions in various special cases. The
question also has its roots in a statistical problem discussed by
K.A. Bush in [1] and in a part of combinatorics connected with the
orthogonal arrays of R.C. Bose and others [1]. Our question is also
closely related to the topic of Maximum Distance Separable codes
(M.D.S. codes) which were discussed in [18] by R.C. Singleton.

F.J. MacWilliams and N.J.A. Sloane [12] introduce their chapter on
M.D.S. codes as “"one of the most fascinating in all of coding
theory”. There is a voluminous literature on the subject. We refer
to [12) for references as well as to the work of C. Maneri and R.
Silverman [{13] and to the recent book of R. Hill ([9].

The main results on the question have been obtained, using
geometrical methods, by B. Segre and subsequently by J.A. Thas, and
by L.R.A. Casse and D.G. Glynn [see 4,5,6,8,10,11,14,15,16,19,20,
21,22)]. Before describing their work we first put the problem in a
wider combinatorial context.

Let C be a code of length n over an alphabet F of size q, so
|p| = q with q some positive integer and q¢ 2 2. In other words C is
a collection of (code) words where each word is an n-tuple over F.
Having chosen k with 2 ¢ k ¢ n we impose the following condition on
c.

Work supported in part by the National Fund for Scientific Research
(Belgium), N.A.T.0. and N.S.E.R.C. (Canada).

1980 Mathematics Subject Classification: Primary 1C05, 2KS51, 2uUll.
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condition 1. No_two words in C agree in as many as k positions.

It follows that |C] ¢ qk. 1f |c] = qk then C is called a
Maximum Distance Separable code (= M.D.S. code). If C is M.D.S. we
have d(C) = n - k + 1 where d4(C) is the minimum (Hamming) distance of
C. One of the main problenms concerning such codes 1s to maximize
d(c), and so n, for given k and q.

Problem 1 For given k,q what is the maximum value of n for which
such M.D.S. codes exist? And what is the structure of C in the
optimal case?

Por example, let k = 2. Then C gives a set of q2 (code) words
of length n, no two of which agree in as many as 2 positions. This
is equivalent to the existence of a (Bruck) net of order q and degree
n [7]. It follows that n ¢ q + 1, the case of equality corresponding
to an affine plane of order gq. From this, by an inductive argument,
one can show the following result.

Theorem 1. We have n ¢ q + k-1,

The case k = 3 and n = ¢ + 2 i8 equivalent to the existence of
an affine plane m of order q containing an elaborate system of
hyperovals. The only known example is when n is classical so that

q = zh. For k = 4 and n = ¢ + 3 one can only show that q = 2 or that
36 divides q [2], ¢ being the order of some projective plane, even
though (presumably) no examples with q > 2 exist. At the moment an
exact answer to the question of the existence and structure of a
finite plane of order g seems well beyond present techniques.
Accordingly, it seems that one cannot do much with Problem 1 in its
present generality.

We therefore formulate the problem for thé case when C is
linear. It goes like this. Let C be a k-dimensional subspace of

V = V(n,q), a vector space of dimension n over F = GF(q) where g = ph
and GF(q) is the finite field of order q. Choose any basis for C and
represent it as a k by n matrix X over F of rank k. Since X has rank
k some set of k columns of X is linearly independent. Actually,
Condition 1 now has as its analogue the following condition.

condition 2. Every set of k columns of X is linearly independent.

Note. If we regard the columns as vectors in a k-dimensional vector
space we are back to the original question.

As pointed out in Theorem 1 we already have n ¢ q + k - 1.
However since we are now dealing with a more special class of codes
we expect stronger results.

As noted by B. Segre one can multiply the columns of X by
non-zero scalars and still preserve the independence property. He
therefore regarded the columns of X as points (or, by duality, as
hyperplanes) belonging to an arc in Z = PG(k - 1,q), the projective
space of dimension k - 1 over the field GF(q). Here an s-arc of
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points (or hyperplanes) in PG(r,q) is a set A of s points (or
hyperplanes) with lA] 2 r + 1 such that no r + 1 points (or
hyperplanes) of A lie in a hyperplane {(or pass through a point). An
arc A is complete if it i1s not properly contained in a larger arc.
Otherwise, if A U (P) is an arc for some point P we say that P
extends A. In PG(2,q) it 1s easy to show that |A| ¢ q + 2

moreover, (q + 2)-arcs exist for g even [10). 1In PG(2,q), g odd, we
have |A] ¢ q + 1: moreover, (q + l)-arcs exist for q odd (see [14]
and 2.3 below). In PG(q - 2,q), g even, there holds |A| ¢ q + 2 and
a (g + 2)-arc can be constructed by adjoining a certain point to the
point set of a normal rational curve (20,21]. 1In fact the known
results suggest the following tantalizing and simply stated
conjecture which has remained unsolved for over thirty years.

Conjecture 1. Assume (r,q) # (2,2M, (2" - 2,2%). Then JA] ¢ g + 1.
(Note that in PG(2,2h) and PG(2h - 2,2h) we_have |A| ¢ q + 2.)

In this work we describe fundamental progress on the original
question: the details are in [3]. In particular our results support
the conjecture.

Section 2. A _sketch of known results.

Let k = 3 and B an arc (of points) in n = PG(2,q), with
|B| = p. Define a tangent to B to be a line of n meeting B in a
unique point. By elementary but ingenious arguments {15, and 10,
Chapter 10], the following results have been shown by B. Segre.

Iheorem. The tp tangents to B (where t = q + 2 - ) belong to

2.1
an_algebraic envelope I where I has class t (or 2t) if q is even (or
odd) respectively. e —

With suitable conditions on g Segre goes on to establish a one
to one correspondence between points of w extending B and linear
factors of I'. Using some fundamental results from algebraic geometry
{({e.g. Bezout's theorem, the Hasse-Weil estimates for curves) the
following key result transpires [10,16,22)]. (Part 2 is a slight
improvement by J.A. Thas [22] of the original theorem due to B. Segre
[16].)

2.2 Theorem. Assume that 8 > A(qg) where
q-J/9+1 (q even)
A(q) = ~l Ja 25 "

Q-3 +1= (g odd)
Then

(1) B is embedded in a (g + 2)-arc for g even, which is unique
éxcept when q = g = 2.
(2) B is embedded in a unique conic if q is odd.

A special case of Part (2) is usually referred to as Segre's
theorem.
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2.3 Iheorem. In PG(2,9), 4 odd, every (q + l)-arc 1s the point
set of a conic.

In particular, since, for q odd, a conic can not be extended,
2.3 implies that, for q odd, g ¢ q + 1.

We emphasize that 2.3 is pot valid for q even. To see this,

let C be any conic in PG(2,q), 9@ = 2h. Then the tangents to C are
all concurrent at a nucleus point N. Choose any point P of C and
form the (q + l)-arc D = (C - (P}) U (N}. Since any five points of
an arc determine a unique conic we have that D is not the point set
of a conic when q > 4.

Next let B be a (q + 1)-arc of points in £ = PG(3,q)., q odd.
Let PI,P2 be two points of B. Let f(Pl), f(Pz) be the projection of
B onto w from Pl' 92' where the plane n does not contain either of
Pl’ P,. Then each of f(Pl). f(Pz) is a g-arc which, for q > 37, by
2.2 Part (2) is embedded in a unique conic 01,02 respectively.

Therefore, for q > 37, B lies on the intersection of the quadratic
cone joining P1 to 01 with the gquadratic cone joining P2 to Cz. It

can then be shown that B is the point set of a twisted cubic curve C

given in coordinates by C = ((l,t,tz,ta) v (0,0,0,1) | t in GF(q)}.
In fact, this result holds for every odd q [14].

Pursuing this idea in the more complicated setting of higher
dimensions, again using 2.2, the following has been shown by J.A.
Thas [19,22].

. InZ = PG(r,q), with q odd and r 2 2, let B be an

2.4  Iheorem
arc with |B| = p. Then

(1) for q > (4r - 23)% we have p < q + 1,

(2) for q > (4r - 3%)2 every (q + l)-arc_is the point set of a
normal rational curve in Z,

{3) for g > q - ig +r- I% the arc B is contained in one and only

one normal rational curve of Z.

Recently, D.G. Glynn [8]), has constructed an example of a
10-arc in PG(4,9) which is not the point set of a normal rational
curve.

As noted earlier, Theorem 2.3 is not valid for g even, making
this case more difficult. By a clever use of coordinates, the
following is shown in [4,5].
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2.5 Theorem. Let B be an arc of points in PG(3,q), @ = 2“. Then,
for q # 2, |B| ¢ g+ I IT |Bl = q + 1 then B is projectively

equivalent to ¢ = ((1,t,t%,t%*!) | t in GP(q) U (*))} with e = 2™ and

(m,h) = 1.

surprisingly it seems that this example of a "twisted" normal
rational curve in 2.5 does not extend to higher dimensions. We have
(see [6]).

2.6 Theorem. Let B be an arc of points in PG(4,q), q = 2h. Then
|B| ¢ g + 1 for q > 4. Ef |B[ = q + 1 then B is the point set of a

normal rational curve.
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