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ISOMETRIES ON W-ALGEBRAS 
by 

J.Grané&F.Tiftena 
Dep. de Matemàtica Aplicada II 

Universitât Politëcnica de Catalunya 
Barcelona (SPAIN) 

PAoaented by P. lUbznboxm, F.R.S.C. 

ABSTRACT: In this paper we introduce the concept of metric space over a 
W-algebra. We prove that each W-algebra is a metric space over itself. Then we 
study the isometries of W-algebras as metric spaces. 

INTRODUCTION: The W-algebras are the most natural algebraic models of 
Ko-valued propositional Lukasiewicz's calculus. Formally, a W-algebra is an algebra 
(A,->,*M) of type (1,2,0) satisfying the following equations: 

(W.I) u * x = x 

(W.2) (x * y) - ((y - z) * (x * z)) = u 

(W.3) ( x * y ) * y = ( y * x ) - x 

(W.4) ( - • x * - " y ) * ( y * x ) = u 

For further information on this subject, see (11. 

De fini tion-1 : Let E be a non-empty set and A a W-algebra. d; E x E > A 
is an A-metric on E if and only if the following conditions hold : 

( i) d(x,y) = 0 iff x = y 

( ii) d(x,y) = d(y,x) 

(iii) d(x,y)^ ->d(x,z)-d(y,z) 

Definition-2: Let A be a W-algebra and E a non-empty set. An A-metric space is a 
couple (E,d) where d is an A-metric on E. 

An exemple of A-metric space is the own W-algebra A, endowed this one with the 
metric: d{x,y) = ( x * y ) * ->(y-x). We are going to show that effectively d is an 
A-metric on A. 
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Proposition-1 : d(x,y) = 0 tff_ x = y 

Proof: d(x,y) = 0 iff (x*y) * -> (y -x ) = 0 i f f { x * y = u and - > ( y * x ) = 0 } 
iff x * y = y * x = u iff x = y. 

Proposition-?: d(x,y) = d(y,x) 

(Trivial) 

To prove that the condition (iii) of Def-1 holds, we need the following 

Lemma: For all x.y.z € A -"[(x-^z) -• -«(z ••y)] S x * y 

Proof: By (W.2) we have (x -• z) •• ((z -• y) * (x -• y» = u. This implies 
x * z S ( z * y ) * ( x » y ) = "'(x-•y) ••->(z ••y). Therefore. 
- ' (x*y) è ( x * z ) * -"(z-y) and -•[(x * z) -• ->(z - y)] ë x - y as we wanted to 
prove. 

Proposition-3: d(x.y) S -'d(x,z)*d(y,z) 

Indeed, by the previous lemma, we have -<[(x * z) * -•(z * y)] è x » y and 
->((y*z)- ->(z-x)] S y -x . Thus, d(x.y) = (x •• y) »-^ (y * x) ë 
( x * y ) * ( ( y - z ) * - ' ( z - x ) l ^ - . ( (x-z) . . ->(z . y ) ] - [ ( y - z ) - - . ( z - x ) ] 

(y » z) » {-<[(x * z) * -•(z * y)] • -•{z * x)} = 

(y * z) * {(z - x) - [(x •* z) - -.(z - y))} = 

( y z ) - { ( x - z ) - ( ( z - x ) * - . { z * y ) ] } = 

( y - z ) * { ( x * z ) - [ ( z - y ) * - ' ( 2 * x ) l } = 

( y - z ) * { ( 2 * y ) * [ ( x - z ) - - ' ( z * x ) I ) = 

( y * z ) - { - . ( ( x - z ) - - . ( z - x ) ] * - . ( z - y ) } = 

- • [ ( x - z ) * - ' ( z * x ) J - [ ( y * z ) - - . ( z - . y ) ] = -id(x,z)*d(y,z) 

Definition-3: o: A > A is an isometry on A (of Isom(A)) if and only if 
for all f.g ( A d(f,g) = d(of,og) 
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We study now the isometries on A. Begin with the simplest case: when A is a 
chain. 

Theorem-1: If A is a chain then the single isometries on A are the identity and the 
negation. 

Proof: Let o € Isom(A). We have that for all f€A, f = d(f10) = d(of,oO) = 
(of*o0)-»-"(o0»of). Since A is a chain, then f Ç {-"(of-o0),-"(o0-»of)}. Ifwe 
take f = u then we have ou •» oO = 0 or oO -» ou = 0. In the first case, we have 
au = u and oO = 0 and, in the second, oO = u and ou = 0. 

(i) lf oO = 0 then for all f € A, f = d(f,0) = d(of, 0) = of and therefore 
o = WA. 

(ii)lf oO = u then for all f€A\{0.u} we have f € {-"(of *u),->(u-of)} = 
{0,-taf} and therefore of = -"f. For f = u, we have also ou = 0 = -"u. 

If A is not a chain, then we can consider a concordant subdirect representation 
of A by chains: A Ç sp®(A> : x € X). Let o € Isom(A); we have u = d(u.O) = 
d(ou,oO) = (ou-oO) *-"(oO-ou) and therefore, for all x€X. 
u, = ((ou), • (oO),) •• -'((oO), * (ou),). Then, for each linear fiber A,, we have (see 
the proof of the previous theorem) (oO), € {0,,u,}. 

Prooosition-4: Jf (oO), = 0, then for all f € A (of). = f,. 

Indeed: f, = ((ofl.-.O.) - - " ^ - ( o f ) , ) = (of), 

Pmposition-S: Jf (oO), = u, then for all f € A (of), = (->f). 

Proof: f, = ((of), * u,) • -"(u, •• (of),) = "'(of). 

Thus the only isometries on A are the ÇT: A > A for TCX, where 
(Wfl). = "-f. if x € T and (WO), = f. If xCT. 

The nest step is to eliminate any reference to the representation in the study of 
isometries on A. 
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Observe that if b € A si a boolean element of A (b € Bool(A)) then 

ot: A > A where 

ob{f) = { [ ( - • f * b ) * b l * [ ( - ' b * f ) * f j } * - 1 [ ( - 1 f * b ) * b l 

(shortly, ob(f) = b A f) 

is an isometry on A; the proof of this fact is trivial by taking coordinates and using 

that for all x€X, b,€{0,.u,} 

Let's show that the only isometries on A are the mentioned £r f Ç X) 

Prooosition-6: The application <(>: l$om(A) > Bool(A) where, $(a) = o(0) 
isa bijection. 

Proof: (i) <t> is one to one because if <t(o) = i|){x) then o(0) = x(0) and 
thus o = t. 

(ii) (£ is exhaustive because if b € Bool(A) then 

4){ob) = ob(0) = bAO = b 

We finish the present paper with some corollaries 

Theorem-2: The isometries on A are bijective functions. 
Indeed, it is sufficient to prove that the ob (b € Bool(A)) are exhaustive, which is 
obvious because for all g € A, ob(b ag) = b A b A g = g . 

Theorem-3: (Isom(A).») is a group such that for all o € Isom(A), o2 = Id. 
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The Top Root of a Staple Lie Algebra 

A. J. Coleman 

PtieAented by P. JUbenbo-im, F.R.S.C. 

It Is well-known that the Integers n1 , (lalan) , In the top 

root T = E n1a1 of a simple complex Lie algebra (SLA). X n 
occur In many Intriguing formulas. Here, X e <A,B,...,G>. For 

example. If f-1 Is the number of I for which n = 1 . the order 

of the Weyl Group [1] Is f.nirn1 , and the order of the Coxeter 

transformation Is h - 1 + Z nl [2.Ch. VI. 1.11. Prop. 31 1. 

In the present paper I shall exhibit a new property of 

the integers n1 and at the same time add a foot-note to an 

Important result of Borel and Slebenthal [31. 

Ke adopt the usual notation ,so our Lie algebra ,2 , Is gen-

erated by 0l. fj, hj.d a 1 a n), and has a set a^of simple 

roots. The Cartan subalgebra. H, has a dual basis h whose 

elements satisfy Ojth1) = «j.In the adjoint representation for 

which £ Is regarded as an 2 module . exp(shJ) Is an autoiaorphlsm 
of 2 for any complex s. In particular If s la such that 2irl = 

snJ , the resulting automorphism . whlch.for fixed J, we denote by 

u , satisfies u Oj = el If 1 * J and a e ^ COj where Ç = 

exp(s) is a primitive nJ-th root of unity. If a = I k1^ Is any 

root then o e a = < ; \ where k = kJ and hence " eT = eT where x Is 

the top root. Thus If the J-th node Is removed from the gxtendeci 

CDD, the result Is the diagram of a semisimple subalgebra of 2 

whose elements are fixed by u . The extended Coxeter-Dynkln 

diagram of Fa.for example. Is 

0 o o-> 

O 1 2 

where the nodes correspond respectively to ao = -T. and to the 

simple roots «,,«,.«1,, and ^ . Recall that x = 2al+3a2*4a3+2a4 

in this case. The analogous diagrams for the other SLA are well-

known, see for example [4,pp.47-48). Other roots can be Inferred 

from the Appendices of 12,VII but are In more convenient form In 

(S) which on p.S31 has the roots of F4 which we shall need. 
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Thus for F. .removing nodes 0 to 4 In succession gives F. , 

A » C3 . A^ 8 A, , A. o A. , B. . For fixed J,we denote this 

subalgebra by 2° . By looking at a table of extended CDD we see that 

2 can have at most 4 factors and this occurs only for the algebra 

•v 
According to an Idea which seems to have originated with 

Cantmacher [B], we may use the automorphism a which has period n 

to define a gradation on 2 such that 

2 = 8 2 " (1) 

where x" = < X E 2 : U X = <;kx KHere k is to be understood 

modulo n . 

It Is easily seen that z Is spanned by e where a = Zk a 

and k Is congruent to k modulo n , except that 2°  also Includes 

X . In particular for F. with J = 3 and n3 = 4 ,If we denote the 

top root x by 2342 and similarly for the other positive roots , we 

are led to define 

R0 = {1000,0100,0001,1100,1242,1342,2342 ) 

Rl = (0010,0110,0011,1110,0111,1111 ) 

R2 - {0120,1120,0121,1220,0122,1121,1122,1221,1222 ) 

R3 = {1231,1232 ) 

and let -R denote the negative of the roots In Rk . 

Then Ur Is spanned by H and the root vectors corresponding to 
R and -R ; whereas 2 corresponds to R and -R j JE2 to R2 and -R2; 

and 23 to R3 and -R1 . 

Since 2uo2V £ 2U*V, It follows that for k > 0 , 2" is an 2°  

module and that 2 Is a subalgebra generated by e and f together 

with the e, and f, for which 1 » J. Ue can now formulate our main 

result: 

Theorem. With the notation established above, the simple LA,2,Is 

a direct sum of the subalgebra 2 and n-1 Irreducible 

2 -modules. 

We still merely need to show that X Is Irreducible If k > 0. 

The proper approach can be seen by looking at the example and 

using the known property of simple LA's that each root Is connect-

ed (4,§1.8, 5.3) and any two are the ends of a sequence obtained 

by successively adjolng simple roots. For F., It Is easy to check 

that between any two roots of IT one may Insert a sequence of 
roots of z by adjoining successively roots of x. We can formalize 
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this argument for arbitrary J and Xn as follows. 

First, If J corresponds to a node for which n Is 1, there Is 

only one component which necessarily Is the original LA, 2 . This 

is certainly the case when J = 0. Otherwise, there are two or more 

components in the direct sum (l).The algebra 2°  contains the root 

vectors for the simple roots of 2 other than a as well as a , 
1 J together with those corresponding to a for which k-" = 0 or n . 

That 2 Is simple then implies , as for F4 , that all root vectors 

In 2* , for k > 0, can be obtained from one of them by the action 

of 2° . Hence 2'' Is an Irreducible i0- module. « 

A result of Borel and Slebenthal 13) Implies that 2°  Is a maximal 

subalgebra of 2 If and only If nJ Is a prime. Our theorem leads to 

the following minor gloss on their paper. The only non-primes are 

4 and 6. For rJ = 4, which occurs for f^.E^ and Ea , Jr e ^ Is a 

proper subalgebra of 2 , and for nJ = 6 , which occurs for EB, 

2°  e 22 o 2* Is also a proper subalgebra. This proves and makes 

more explicit the theorem of Borel and Slebenthal when n Is not a 

prime. 
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Problèmes de Paul l év y sur l e s polygones a r t i c u l é s 

Raouf Choulkha 

PAtiented by H.S.M. Coxvtvi, F.R.S.C. 

Résumé : 
le but de ce travail est de donner quelques réponses à des 

questions soulevées par Paul lévy relatives à dea polygones articulés . 
Nous montrons en particulier, que la fonction H'W) étudiée par Paul 
Lévy est strictement décroissante sur l'intervalle [o.Tf] , elle ne peut 
donc admettre d'extrémums . Nous déduisons alors des résultats pour 
des n-polygones inscriptibles . 

Abstract : 
The objective of this paper is to solve some of Paul Levy's 

questions about articuled polygons . We show in particular that the 
function f V ) calculated by Paul Levy does not have extremas since 
it decreases strictly . As a corollary we deduce some results about 
inscrlptible n-gons . 

Si-Introduction : 
Nous savons qu'un quadrilatère articulé plan entoure l'aire maximale 

lorsqu'il est convexe et inscriptible . Cette propriété s'étend aux^ 
polygones quelconques; l'aire entourée par un n-polygone dont les côtés 
sont de longueur ay,a2,...,aQ admet un maximum f^a,,a,,...,an) 
atteint quand il est convexe et inscriptible . Paul Lévy [L] a étudié 
certaines propriétés algébriques de la fonction fn , mais la valeur 
exacte n'est toujours pas connue, sauf pour les polygones réguliers . 
La question intéressante est de savoir ai fn n'a pas toujours la 
valeur ; o r— : -, TT . 1 \=-n 

Pn = p2\/( 1 -a, /p) ( 1 -a2/p).... U -an/p) ou P = f £ ^ 1 
comme dans le cas n=2,3 ou 4 • 
Paul Lévy a conjecturé que la quantité tfn = fn/Pn est comprise 

entre les valeurs e/ri et 1 . 
Pour un polygone régulier, nous avons l'égalité a^/p = 2/n , d'où 
l'expression du rapport f * 

u, = (1-2/n)-n/2 
n n tgTf/n 

qui est effectivement comprise entre efa et 1 pour n - 3 • 
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52- Considérons un cercle de rayon 1 , p désignant le demi-périmètre 
d'un polygone inscrit dans ce cercle, et 3 la surface qu'il entoure . 
Soit AB un arc de cercle de longueur 2c< , on considère son contour 
comme limite d'un polygone de (n+1) côtés dont l'un d'eux est la corde 
AB de longueur a = 2sini>( et les autres sous-tendant des arcs de 
même longueur 2«(/n . On a d'après [i] , l'expression des limites de 
Pn , 3n et P respectivement , à savoir : 

lim pn = («• sine( ) = p(o<) ; lim 3n = («< - ̂ sin2o< ) = 3(e() 

et lim Pn = (« + sinoc )3/2(« - sin<X ) 1 / 2 exp(-«</p(0<)) = P(«() 

d'où l'expression du rapport £/). . = (•< - ŝlngjf )(«< - sinX ) ~ 1 / 2 

(»< «• sin«<)3/2 exp(-W/p(e<)) 

Proposition (2-1 ) : La fonction ¥ est strictement décroissante lorsque 
e< varie sur l'intervalle [O.TTJ , avec 

^(0) = Vê73 et fm = e/jf . 
Sn effet, le calcul de la dérivée de p(o<) donne : 

?'{*) = P ^ H x + sin<< )"2(o( - aino( )-1 [2o<2-2̂ ainfco8«(-2cos(<8in2 +̂2o(?!os« 
et celui de S(<K) : S'fc) = 1 - cos2« . La dérivée de la 
fonction T(o<) sera de même signe que l'expression suivante : 

[o<2(cos«f+ 1) -eCain<< - sin^f] (sinot - elcoa*) 

Lemme (2-2) : L'expression -<^(co30< + 1) + sin%(+ofai»if=p e s t 
strictement pos i t ive pour o( €] 0.Tf] 

Cn a - ^ ( c o s K + 1) + sin^+ofsin«t = 2cos2^rp<tg f + 2sin2Sf - «X2] 
Cr ^V-ï+i + Ù - s i n 2 * - * * 2 - ^ ^ 
d,où *>¥%£-
Remarque (2-3) : 1) Ce résultat contredit évidemment celui annoncé par 
[L] page 111, où il y a dû avoir confusion entre les valeurs de f (T'A) 

et W / Z ) . 
2) Il n'y a pas lieu de distinguer deux cas, selon 

que le centre 0 du cercle est intérieur au "polygone"ou ne l'est pas; 
le premier correspond à C i * û V/2 et le second à Tf/2 S o( û 11 . 
Zn effet, cela correspond au changement de «̂  par TT - o< et, l'expressio 
de T est identique dans les deux cas . 
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§3- On considère sur l'arc AB opposé à celui qui entoure l'aire 3(«), 
un point C variable . 3120 désigne l'angle AOC, S(<x,9) la somme de 3 
et de l'aire du triangle ABC , ^(«r,») est la valeur du rapport ^ qui 
correspond à ce nouveau "polygone" . Nous trouvons : 

3(^,9) = << - sin«< cos(«<+2 &) ; p(.<,0) = * + sinÔ + 8in(<< + » ) 

et P(^,») = p C x , » ) ^ - 4sin25co82(^+e)J1/'2exp(-«/p) . 

Notons que la variable ©est telle que : 0 ̂  ô ^Tf-oC et, pour 8= O 

on retrouve l'expression du $2 *?(«<,O) = ̂ («0 . 

Proposition (3-1) : Pour «< fixé entre 0 etTT, la fonction f (<<,©) admet 
un maximum en la valeur S^C^-II< )/2 et deux 
minimums symétriques par rapport à 9̂  . 

Démonstration : Dn calcul explicite des dérivées donne 

S'W,») = 2sin« sin(2© + »0 ; p'«,8) = 2co8| co8(| + » ) 

et P'(^,Ô) =[(1 • |)P'A(*,8) • 48in2gco8(|+6)sin(^+0)ITi7¥7]exp(-«(/p) 

où AU,e) = [ ^ - 4 8 i n 2 f c o s 2 ( | + & ) ] 1 / 2 . Ainsi S ' W . ^ ) = P ' ( « , ^ ) = 0 . 

D'une manière plus précise , pour ôvo i s in de la valeur ^ , on trouve : 

?'(<<,©) - | ( & - ^ X ^ c o s g + o<ooa^ + s in 2 ^ + siiKsln|)exp(-<<l('p) . 

Par conséquent, la fonction tf'((if,8) est de même signe que la fonction 
4 ( 6 - ftjfCO PO^r 6 vois in de el , où : 

^(ef) = «'cosf - «^sine< • «^coaf - 4o^8iirtcosf • o<sin2^ - 4«8in«<C082Sf + 
sln«(sin^ 

Par ailleurs, sachant que pour 0 2 x = T/2 on a : 
-, o 

x - | = sinx ^ x et 1 " | " c o s x ~ 1 

on en déduit l ' i n é g a l i t é suivante : 

T W ) i * - J(* - f ) ** - 4 « ( V - f ' ) (1 - ^ 2 ) • f - 2«<W- g 3 ) ( l - f ) 

- 2*1* - f') + f 
o 

d'où fW = - ^ ( 30 • 33<< - So^ - 14«<3 + <<5) ^ 0 . 

D'autre part, pour W/2 ixilT posons '(='(-11/2 d'où : 

T(e() ^«(5-^(1 - | ) +<<2- 40( 2 (1 - | ) ( 1 - g ) + f + 2 « t - 2 ^ ( 1 - | ) + | 

et fW ± TiUlt*- 16ir - 24 + (aff2- 16 -ISIDX + (4ir2- 32Tr+ 20)oC2 + 

(40 - 40ïï-7r2)0(5 • (4Tr+ 8)«4] = ^g gW . 
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Or la dérivée g' (o() admet un minimum négatif pour une valeur de 
voisine de 2,4579 , et du fait que g'(1^/2) et g'(TT) sont négatifs, 
par conséquent la fonction g est décroissante sur l'intervalle [f^,Ttj. 
Ainsi, g(«0 = g(Tr/2)<0 et, la fonction T(i<) est négative pour 
0 3o<iTT , Q est donc un maximum pour tf(«<,8) , 
Four la deuxième partie de la proposition, lorsque 9 est voisin de O, 
ce qui revient en fait à donner un accroissement do & à l'angle « , 
l'accroissement de l'aire et du périmètre correspondant serait le même, 
autrement dit : 

ll^'O) -ÎI^'O) •' ?§<•<.o) =^«.0) 
de même ^|(«<,0) =!||(»<,0) et par conséquent ^(««.O) ^("«.O) . 

Du fait que ?-(•<,0) est négative, 'f admet donc un minimum inférieur 
à f («(,0) . Compte tenu de l'égalité ^(o(,6) = «e(o<,Tr.o(_6) , la fonctioi 
f(c(,e) admet donc deux minimums symétriques par rapport à (̂  

Remarque (3-2) : 1) Notons que ce résultat est plus général que celui 
pressenti par Paul Lévy, où il supposait o( voisin d'une valeur /l 
solution de l'équation ^(^,(^-«0/2) = '?(•<,0) . 

2) Four un polygone de n côtés, si l'on suppose que 
toul^iommets sont fixes sauf un, qui lui se déplace sur l'arc formé par 
deux sommets consécutifs A.A, , la fonction V réalise un maximum 
lorsque a.= a, • Contrairement à ce qu'on attendait, V n'a pas 
d'extrémums lorsque a. = 0 ou a.„= 0 . Pourtant, lorsque tous les 
sommets se rapprochent indéfiniment da l'un d'eux ou de son diamétra-
-lement opposé, la fonction f correspondante tend vers la valeur 1 . 

§4- Soit un n-polygone de côtés a.,a,,....a et de demi-périmètre p , 
considérons la condition suivante : 

(4-1 ) aj/p i 2k/n pour 1 ̂  i ^ n 
où k est une valeur (nécessairement supérieure ou égale à 1) ne 
dépendant que de n , k = 1 correspondant au n-polygone régulier . 

Proposition (4-2) : Le rapport Y_ correspondant à ce polygone est 

«-V B " n tg* 

De plus, une condition suffisante pour avoir T n = 1 

ZÏLS2L--^ ^ n logCntg-g ) 
n+21og(ntgï ) 

inégalité qui n'est possible que pour n = 15 • 



R. Choulkha 179 

Lemme (4-4) : Etant donné l 'hypothèse (4-1) , alors on a l ' i néga l i t é : 

(1 - a1/p)(1 - a 2 / p ) . . . . ( 1 - ajv) * e - 2 k n / a - 2 k 

De ce lemme, on en déduit que : ^ 2 -tn/n-gfc 
Pn - p e 

et, la proposition (4-2) résulte du fait que l'aire du polygone est 

< n2 

telle que : 3 = -2-=-
ntgî 

Démonstration du lemme (4-4) 2 n 

• 1 1 —1 A / 2k cn'trs.inG 
Il suffit de remarquer que l'inégalité -pjj- - n_g^ 

a1 an 
le résultat car log(1-a1/p)(1-a2/p)... .(1-an/p) i -(^5"+'• • + ^ i r ) 

Le résultat suivant précise une minoration du rapport ^ . 

Proposition (4-5) : Pour tout n-polygone inscriptible, la valeur 
de f est telle que : 

U> >\/l-k2sin2Tl'/n 
n " nsin^ (l4) n^ 

avec égalité si et seulement si le polygone est 
régulier . 

Lemme (4-6) : Pour tout n-polygone de côté a,,a2,....a^ , on a 
l'inégalité suivante (qui généralise celle des triangles); 

(1 - a1/p)(1 - a2/p)....(1 - aj/p) ̂  (1 - 2/n)n 

avec égalité ai et seulement ei le polygone est régulier . 

En effet, solt l'expression suivante A = (1-a^p).... (1-an/p)(-jĵ -) 

du fait que (l-aj/pHl+^^r) = 1 + (2p-nai)/(n-2)p 
^ 2p-na1 2p-na 

alors l o g A * - , ^ ^ *---'*JÏZriï = 0 

Par conséquent, A - 1 et, A = 1 correspond au polygone régulier . 

Pour démontrer la proposition (4-5), remarquons que le demi-périmètre 
vérifie l'inégalité p ^ n sinf/n et, l'aire 3n est telle que 

| ^ ~ h ^ où h2 = 1 - a2/4 ^ 1 - (kp/n)J 
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Ainsi g l p A/j.^gm2!! cHoù le résultat . 
n nsinf n 

Remarque (4-7) : 1) Notons que cette borne inférieure du rapport ¥ 
est nécessairement supérieure à e>^ , car on sait que pour un 
polygone régulier f ^ e/^ . 

2) Il semble qu'on puisse améliorer l'inégalité (4-3) 
car pour le cas du polygone régulier ( k = 1 ) on a : 

en/n-2 

n n";8r 

Référence : 

[l] Paul Lévy : "Le problème des isopérimètres et des polygones 
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Modular ElUptic Curves and Values of L-Functions 
Glenn Stevens 

Piuentect by G. de. S. Robituon, F.R.S.C. 
Abstract: Let /I be a Q-isogeny class of modular elliptic carves and let / be the associated weight two 
newform. In |9) a conjecture was formulated which would identify two lattices, £(/!„,>,)-£(/), where 
C(Amin) is the minimal Neron lattice of A (see |8|) and £(/) is defined purely in terms of tbe modular 
data. In Jl of the present note, thb conjecture b reformulated (see (1.3)) in terms of the arithmetic of 
modular parametrbations. In 12, we describe two consequences of the conjecture for the arithmetic of values 
of L-series. 

§1 Modu la r Paramet r iza t ions . 

For a poaitive integer N we let Xi(N)/Q (resp. .XO(A0/Q) denote Shimura'a canonical 
model over Q of X | (JV) (reap. Xo(N)) in which the 0-cusp ia a rational point ((8], Chapter 
6). In thia model, a rational function on Xi(N) (reap. Xo(N]) is defined over Q if and 
only if its ^-expansion at the 0-cusp haa coefficients in Q. The following theorem follows 
from the work of Shimura. 

(1.1) Theorem. An elliptic curve A/Q of conductor N is modular if and only if there ii a 
morphism Xi{N) -^-* A of algebraic ttirtiea oper Q such that 

(i) K sends the 0-cusp to the origin, and 
( i i ) i r ' u A = C [ K ) • W f 

where w* ia a Aferon differential on A, uj = / ( ? ) ^ i» the differential 1-form on Xi(N) 
associated to a normalized newform f of level N, and cM € Q*. | 

The map JT ia called a modular parametrization of A and the constant c(ir) is called the 
Manin constant of the parametrization n. The following ia a consequence of the theory of 
the f-expansion [1,4] 

(1.2) Theorem, for anv modular parametrization ir: Xt (N) -» A we have c M 6 Z. | 

In fact, we suspect that more is true. 

(1.3) Conjecture. Let_A/Q be a modular elliptic curve of level N. Then there is a modular 
parametrization it : Xi[N)—» A for which cM = ±1. | 

This conjecture is related to a conjecture of Manin (aee [6,6]), but is stronger than 
that conjecture. Manin's conjecture asserts that some curve in the isogeny class of A 
(namely the strong one) admits a parametrization n by Xo(N) with c(ir) = ±1. The 
above conjecture asserts that if we replace Xo(N] by Xi{N) then every curve isogenous 
to A admits such a parametrization. The analogous statement for Xo(N) is false. 

(1.4) Theorem. Conjecture l.S is equivalent to Conjecture S.S of [9) 

The proof is based on the following fact about modular parametrizations. 
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(1.5) Proposition, (compare [6]) Let A be an isogeny class (over Q) of modular elliptic 
curves of conductor N. Then there is a curve Ai & A and a modular parametrization nt 
of Ai whieh satisfies the follotaing equivalent conditions. 

(1) ITI i> optimal in the following sense. If ir : Xi(N) -» A is a parametrization of 
a curve A & A, then there is an isogeny 0 : Ai -* A whieh makes the following 
diagram commutaltve: 

Xi(N) -^ Ai 

\ 10 
A. 

(2) JVie induced map on singular homology, *i, : Hi{Xi(N);Z) —» HilAiiZ), is 
surjeelii/e. 

The_curve Ai € A is uniquely determined by these conditions and ni is determined up to 
sign. | 

We refer to Ai as the optimal curve in A and to xi : Xi(N) —> ,41 as an optimal 
parametrization. From (1.5)(2) it follows 

(1.6) cim) • C(f) = £(Ai). 

Proof of Theorem 1.4. Suppose first of all that Conjecture 2.3 of (9) is true: £ ( / ) = 
£Mmin). Then from (1.6) we conclude c{iti) = ±1 and Ami„ = Ai. Now \el A € A be 
arbitrary and let uiA be a Neron differential on A. Since Ai = / l m m there ia an étale 
isogeny $ : A\ -* A. Then the modular parametrization x = ift o iti : Xi{N) —» A has 
e(n) = ±1. So Conjecture 1.3 is true. 

Now suppose Conjecture 1.3 is true. Let n : Xi{N) -* Amin be a parametrization of 
the minimal curve Am,n € A for which e{ir) = 1. By the definition of optimality, w = ^oni 
for some isogeny tj) : Ai -* y4m)n. If wmin, uii are Neron differentials on Amin,Ai then 
^'u)m^ = n • wi for some integer n € Z. Since 1 = e{it) = n • c{iri) it follows that 
n = c{iri) = ±1. From the equality n = ±1 we conclude that <j> is an étale isogeny. Thus 
''i < Amtn and consequently Ai = Amin. Now we use (1.6) and the equality c(ni) = ±1 
to conclude £(f) = C{Am,n). | 

§2 Values of L-functions. 

Let /I be a modular elliptic curve and let / be the associated weight 2 newform. If the 
^-expansion of / is given by / = En>oan9n then the L-series of A ia represented by the 
Dirichlet series L{A,s) = En>oann~'. For i € Q we define the partial L-series 

L(/l,x,s) = ^ e " ' " » . - . 
n>0 

These Dirichlet series define entire functions on the complex plane. 
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(2.1) Definition. The modular symbol associated to / ia the function |x|/ : P'tQ) —' c 

defined by 

where the integral is over the geodesic in the upper half plane joining 0 to x. | 

A simple calculation shows that the modular symbol and the partial L-series are related 
by the following formulas: (oo)/ = L(A, I), \x]f = L(i4,1) - L(i4, i , 1), x € Q. 

It follows from the Manin-Drinfeld theoiem [3] that the values of the modular symbol 
lie in the Q-apan of the lattice of Neron perioda of A: |r|/ € C(A) 0 Q, r e P'fQ). 
Thus the lattice £.{A) provides a natural integral structure within which we can atudy 
the eirithmetic properties of the modular symbol. Since Conjecture 2.3 of [9] asserts a 
connection between C{A) and the periods of w/, we expect Conjecture (1.3) to be closely 
tied to integrality properties of the modular aymbol (2.1). 

For example, we might inquire about the denominators in Stickelberger elements like 
those defined by Mazur and Tate [7]. For each positive integer M, let FM = Q(e2"'M), let 
G M = Ga,l{FM/Q) S (Z/MZ)* and let G^ = G a l ^ / Q ) S (Z/MZ)7(±1) be the Galois 
group of the totally real subfield F^ of Fu. The standard isomorphism (Z/MZ)' —> GM 
is given by o « (*„ : «»"/« ,_, e2»ùi/Mj 

(2.3) Definition. To each integer M > 0 we define the Stickelberger element of layer M 
to be 

e M = E \47\®''a€£(A)(SQ\GM\. 
o€(z/Mz)' lYM J 

The relation between these Stickelberger elements and those defined by Mazur and Tate 
is given in [10]. By analogy with what ia known about Stickelberger elements attached to 
totally real number fields [2] we might hope that the following conjecture is true. 

(2.4) Conjecture. Let^M Ç Z | G M | te the annihilator of A(FM]tcT. Then 

JM-BMC £{A) ® Z|GM1. 

(2.5) Theorem. // Conjecture l.S is true then so is Conjecture 8.4. | 

As another example, we let p be a prime of good ordinary reduction for the modular 
elliptic curve A and consider the p-adic L-functions defined by Mazur and Swinnerton-

» Dyer [6]. Let Cp be a fixed p-adic completion of an algebraic closure of Q,,, let Q be the 
algebraic closure of Q in C, and fix an imbedding of Q into C,,. When we speak about p-
adic properties of algebraic numbers, wc are referring to the p-adic properties with respect 
to this fixed imbedding. 

(2.6) Theorem. Let a be the unit root of Frobenius at p and let A te a positine integer 
whieh is not divisible by p. Then there is a p-adic measure fAA ""tA ualues in £(A) ® Qr 
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such ttat for every primitive Dirichlet character x of conductor pnA, n > 0, the p-adic 
Mellin-Mazur transform, Lp(A,x, s), of the measure VA.rt satisfies 

(a) Lp(A,x , l )€£(A)®Q( X , a | ; 
(b) Under the natural map, £(A) ® Qlx,a| -» C, (\%0<^> XQ) we have 

MA.x.l) -» °•', • (1 - X(P)0"-1) • (1 - yb)*»-') • r(x)L(A,5c>l) 

mhere T(X) is the Gauss sum associated to x. | 

The Main Conjecture of Iwasawa Theory predicts the following (and much more). 

(2.7) Conjecture, for each Ac. A the measures i/A.& take values in C.(A) ® Zr. 

(2.8) Theorem. // p / 2, then Conjecture 1.3 => Conjecture S.T. 

In [10] it is also shown how Conjecture 1.3 leads to lower bounds for the ^-invariants 
of these p-adic L-functions. These lower bounds are consistent with bounds proved by 
Greenberg for the ^-invariants of the characteristic power seriea on the other aide of the 
Main Conjecture. 



6. Stevens 185 

REFERENCES 

[1] Deligne, P., Rapoport, M.: Les schémas de modules de courbes elliptiques. Modular 
Forms in One Variable II, Lect. Notes in Math. 349 (1973). 

[2] Deligne, P., Ribet, K.: Values of Abelian L-functions at negative integers over totally 
real fields. Invent. Math. 59 (1080), 227-286. 

[3] Drinfeld, V.G.: Two theorems on modular curves. Functional Anal. App. 7 (1973), 
155-156. 

[4] Katz, N.: P-adic L-functions via moduli of elliptic curves. Algebraic Geometry Areata 
1974, Proc. of Symp. in Pure Math. 29 (1975), 479-506. 

[6] Manin, J.: Parabolic points and zeta functions of modular curves (Russian). Izv. Akad. 
Nauk SSSR Ser. Mat. 36, No.l, 19-65 (1972). Engl, transi, in Wath. USSR-Izv. 6, 
No.l, 19-64 (1972). 

[6] Mazur, B., Swinnerton-Dyer, P.: Arithmetic of Weil curves. Muent. Math. 26, 1-16 
(1974). 

[T] Mazur, B., Tate, J.: Refined conjectures of the "Birch and Swinnerton-Dyer type". 
£>u*e Math. J. 54, No. 2, 711-750 (1987). 

[8] Shimura, G.: Introduction to the arithmetic theory of automorphic forms. Publications 
of the Mathematical Society of Japan 11. Princeton: Princeton University Press 1971. 

[9] Stevens, G.: On the periods of modular elliptic curves. Comptes Rendus of the Royal 
Society of Canada. 

[10] Stevens, G.: Stickelberger elements and modular parametrizations of elliptic curves. 
To appear. 

* Research supported by the National Science Foundation. 

Received April 29, 1988 Department of Hathematics 
Boston University 
Boston, HA 02215 U.S.A. 





C.R. Hath. Rep. Acad. Sci. Canada - Vol. X, No. 4, August 1988 août 187 

ENERGY DENSITY IN CLASSICAL ELECTRODYNAMICS 
CLARK JEFFRIES 

PieAznted by K.B. Range*, F.R.S.C. 

Once the Maxwell equations bave been couched In terms of a system of first order 
partial time derivatives, a new type of energy density function presents itself. 
Analysis of some classical radiation and charge configurations suggests the new 
measures are Interesting alternatives to the conventional Poynting measures. 

We write the Maxwell equations in the form: 
3A/3t = F W 

3F/3t = c V A + - j (2) 
k 

30/31 = -c2V.A (3) 
3p/3t = -V-j W 
together with the initial condition 
V20 + V-F+-!-p=O (5) 

«o 
Here A, c, Eo, j , 0, and p are the standard magnetic potential vector field, speed of radiation in a 
vacuum, constant of proportionality, current density, electric potential scalar field, and charge 
density, ail as in Feynman1. Equation (1) defines the vector field F. Equations (1) through (4) 
imply that if (5) holds initially, then (5) holds for all time. 

The standaid version of the Maxwell equations uses the vector fields E = -V0 - F (in 
force/charge) and B = V x A (in force/(chargexspeed)). Our purposes are served better, however, 
by using 0 fin energy/charge) and A (in energy/(chargexspeed)). 

We intend to describe new measures of electrodynamic energy density and electrodynamic 
power flux, alternatives to the conventional Poynting measures. In many instances the new 
measures and the Poynting measures have identical values, but generally they differ. We shall 
propose an experiment which might validate one system or the other. 

In a vacuum equations (1) and Q) constitute an independent subsystem equivalent, of 
course, to the wave equations 3îA/3ti = c2V2A. Likewise equations (3) and (5) can be rewritten 
as320/3t2 = c2V20. . , . , . u, J 

In one-dimensional space the following abstract equations imply dependent variables u and v 
satisfy a wave equation: 
3u/3t = 3v/3x w 
3v/3t = 3u/3x . , . . j 
Suppose we regard a single closed segment R in one-dimensional space as parnnoned into n 
adjacent small cells (segments) of lenth /. Using standaid techniques2, the following is a 
conversion of (6) to a 2n-dimensional dynamical system (of first order ordinary differential 
equations): _ , 
dui/dtHv^-vUMZO ( 7 ) 

dvVdt = ( u w - u M y ( 2 0 , . J . u w- J 
where u0, u1"-', v0. vn+' are all functions oft. u1 un, v1 v» determined by boundary 
conditions. 

Let us write (7) as , . . 
du/dt = Mv + Bu

 w 

dv/dt = Mu + Bv , . . . . 
where M is an nxn matrix and Ba and B, are vector-valued funcnons of t. u, and v which amoun 
to boundary conditions. Then M is a skew symmetric matrix with nonzero off-diagonal enmes all 
equal in magnitude to (20"'. . . . .» ^ ^^ a J 

There are other spatial differences which approximate the denvanves daldx and dv/dx and 
some might be computationally more efficient in some circumsiances. However, any M denved as 
a consistent difference of spatial values centered about its cells is skew symmetne. 
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Let us consider the abstract quadratic fonn 

Q(u,v) = i [(Mu)*Mu + (Mv)*Mv]/ 

derived from any such M (* denotes transpose). Clearly Q(u,v) is positive unless Mu s Mv = 0. 
Furthermore the rate of change of Q along any trajectory of (7) is 
dQ/dt = 0 + (boundaiy terms) 
As cell size becomes smaller and n becomes larger, Q becomes closer to 

J 1 [ (3u/3x)2 + {3V/3X)2] dx o f i [(3u/3x)2 + (du/dtf] dx 
R R 
These observations suggest a sort of partial measure of an energy density associated with any 
wave equation, namely, .S[(du/3x)2+(du/3t)2]. So let us consider the following generalizations 
of such an energy density for the wave equations satisfied by A and 0. We define m a, = i d P W 2 ^ ) | (9) 

and 

uj = i J A^\ + V0.V0 UjEo l̂ C -̂A)2 + V0-V0] (10) 
Using equations (1) through (S) we see that 
du^dt = -V-E-EflC^A)*?] + JF (11) 

/SAA ^ 3A. 
where D(A) is the matrix < -g^) , so [D(A)*F]i = ^ -g-1 Fj- Also 

3u2/3t = -V[-eoO0/3t)V0] + (cp)(c->30/3t) (12) 
We refer to 
S ^ - E o ^ D W F (13) 
and 
S2 = -£(,(30/30 V0 = ^ ( V A ^ ( 14) 
as power fiux (power per area o momentum density) vector fields. 

Forming the four-vectors (u,, Sj) and (U2. S^ and their sum and difference and considering 
(10) and (11) lead to 

V (Uj+Uj, S^Sj) = (cp)(c%iai) + yp 
and 
V (u,-^, 8,-85) = -(cp)(cl30/3t) + j-F = -(cpj)* (c'130/3t, F) 

where V^ denotes Lorentz covariant differentiation and • denotes Lorentz product Of course, 
(cp, j) and (c-,30/3t, F) are Lorentz four-vectors. Thus V^u,-^, 8,-82) is independent of inertial 
coordinate frame. 

In view of (8), (9), (12), and (13), the sums u1+U2 and S,+S2 are types of measures of 
energy density and power flux density which arise nom certain mathematically pleasing 
considerations. We note immediately that if A and 0 are constant with respect to time, then 8 = 0. 
By constrast the Poynting power flux measure Sp = EQC2 ExB is, for example, generally nonzero 
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throughout space around a fixed charge and a fixed bar magnet, a puzzling situation indeed1. It 
remains to establish the physical significance of u and S. 

First let us consider the general forms for A and 0 in one-dimensional waves traveling in a 
vacuum in the x^direction.: A = (0,f(x,-ct), g(xi-ct)) and 0 = 0. Thus F = (0,-cf ,-cg') where ' 
denotes differentiation with respect to the waveform parameter XJ-CL Also, 

[0 0 0\ 
D ( A ) = k 0 0 

It foUows that u, = ^e0c2(f2+s'\ Uj = 0, S, = Z0c2([f2+e'\ 0,0), and S2 = (0,0,0). Thus 

u = .5e0c2(f2+ g*2) and S = .SE^OITU g l̂.O.O), 

The Poynting energy density and power flux are u = le0(B-B-K2B-B) and S = £,,0^x8. 

It can be shown lhat u,, = u and Sp = S, that is, the two measures of energy and power flux agree 
for one-dimensional waves. 

Second let us consider a capacitor consisting of two parallel conducting plates separated by a 
vacuum and located at X3 = ±h/2. We use 

0,0, -
2c2hT 

2 2 ' 

v(x>x;) 
4cVr and 

0 
x-t 

= V — 
hT 

where V is a constant voltage (energy per charge) and T is a time constant. It follows that 

-2 » so 8u/dt = e j . ™ L Also 

x 11. Note that the direction of S is perpendicular to the plates and toward 

the mid-plane, in contrast to the radial Poynting power flux S ^ ^ l ^ ^ ) ^ 0 } 
Also, up = i€ J(if9,2+<VhT; 4 + 4 tl 

^u. However, 3u/9t = âup/Bi '=<4iH '• 
Third let us consider a wire with resistance and steady current. We assume the wire is 

cylindrical with radius a and has as its axis the xi-axis. Inside the wire charges and currents are 
assumed to be continua; we take j = (c[p(p+Po)P, 0,0) 
where p is free charge density and pn is bound charge density, both constants. (Note that p and 
po must be of the same sign and satisfy p(p+Po) < 1.) We also take 
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A = 

and 

(4+7h>h 
«V 

0.0 

.2 

4e0c p P 

where r is a constant resistance coefficient (in voltagextime per area). It foUows that u = Up = 

• i e ^ / p 2 + (p+p0)(2p+p0)(3^+x^/(8e0). However, S o (0,0,0) whUe 

S P = 4c0c p 2p 2p j 

Note that the Lorentz force equation inside the wire reduces to 
0 = pE+jxB-ii 
so free charges do not accelerate (and so do not radiate energy at the present level of approximation 
of currents in the wire). 

Outside the same wire we take 

A = 

and 

2. 
a J i (P+PQ) 

4e0cz ^ c 
In 

' 2 . 21 
x2+x3 . 0 . 0 

.2 2 I 

4€0cp \ 

4"l] 
p 

Thus at the surface of the wire E = 
Jl (P+PQ^ 2 ^ (P+Po)2x3l 

^ K 
, the conventional E 

vector directed almost parallel to the surface of the wire for large r and j]. As inside the wire, u 
. r ¥ a^p+p.)2 

and u are equal; we find u = ^ e. -— + . Also S = (0,0,0) while 
p p2 4£0(^+x2) 

S P = 
cWp+pJ f a^P-i-Pp) r j , ^ q ^ j 

(x^+x )̂ \ ce,, * 4pc ' 4pc J' 

From the above examples a picture emerges of nonzero S associated with A or 0 waves and 
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vanishing S associated with constant (over time) A and linearly changing or constant 0. In 
paiticular the "obviously nuts"1 radial power flux in the capacitor and the flow of power near the 
wire do not cany over nom the Poynting measures. 

We next consider waveguides of rectangular cross section and right rectangular resonant 
cavities. 

Suppose the interior of a waveguide extends over 0 £ X| â a and 0 ^ xj £ b for positive 
numbers a and b. If m and n are positive integers and Xg is a positive number, let Xg satisfy 

(mitx^ fmtx^ ( x3 ct 
Let £££ denote the product cosl —-—I cosl ~û~\ cosl 2ii T" ' T" 

product sin! —-—I cosl u I 

. let sec denote the 

cos 2n , and so on through sss. We take 0 = 0 and 

A = Mnacsc. -Anbscc. 0) 

where/I is a constant in energy/(chargexspccdxdistance). Thus 

1 2 . 2 2 u =—e-c A n 2 0 
nal 

2 2 2 
£ 5 S + 

mb2 
2 2 2 

<["**] 22 2 f»» ! 222 f ^ l 222 
V[-S-J isc +[—j£££ ' ' " T O 2 " + 

f mbm^ 2 2 2 \mhn\ 2 2 2 . 
S 4 Ê + 

and 

S = -fyc^W)*? = -e0c3^22n2 

n a m 
S£5 SE + 

m b n 
C S£S£ 

i. & i 

5££ 5£ . 

S S£S£ . 

^ _ L | 2 2 2 \ 
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Here se s2 sc denotes 
/ [ l 2 ' «3 

s a 
\ 

\ t 

\ f H2-
X j 

> . 

< ct • 

n 
and so on. The Poynting approach yields Up = u + en&AhPnfltfll s? s? -a2 fi2] £2; hence while u 
has, averaged over time, a maximal value on the midline of the waveguide, Up is constantly zero on 
the midline. However, the integrals of u and up over a plane in the waveguiae perpendicular to the 
midline are equal. 

An analogous configuration in a right rectangular prismadc cavity yields up = u + 
E Q C M 2 ! ! 2 / » 2 / ! 2 ! ^ 2 - ^ 2 ] ^ ; hence u and up generally differ throughout the cavity. While u 
has, averaged over time, a positive value at the midpoint of the cavity. Up is constantly zero at the 
midpoint. However, the integrals of u and Up over any plane in the cavity perpendicular to the X3 
axis are equal. 

Using these calculations, assuming one of tbe measures is correct, and assuming that tbe 
heating effect of radiation on matter is proportional to local energy density, we can envisage an 
experiment to decide which approach is comet as foUows. Let us assume that m = n = / = l s o 
at the middle of the cavity (-ifl, -̂ b, ^X ) the Poynting approach gives u = 0 for all time. 

By contrast u at the midpoint is eocM^^in^ntcAo) with an average value over time of 
.5s1ic2A2n2. Thus it seems that acceptance of the Poynting energy density measure implies a 
droplet of water at the middle of a microwave oven operated with pure half-waves would not be 
heated. Acceptance of alternative energy density measure evidendy impUes the water would be 
heated. A similar discrepancy between the two densities is prominent at the comers of the plane 
X3 = .SX.. However, for any fixed time t and fixed plane xy = constant, the integrals of u and 
Up over uie plane are equal. 

We now assume the position of an isolated charge is (f(t), 0,0) with f(0) = 0 and 
0 < df/dt « c. We also assume d2f/dt2 is suitably small. Thus the Liénard-Wiechart potentials at 
a point (x,, X2, X3) not in the particle are approximately A = ( q/(4nEgc2[ •I-5) df/dt, 0,0) and 0 = 
q/(4neo[ P ) where q is the charge of the particle and [ •] = [(xI-f(t))2+X22+X32]. It foUows that 

S s e0c2q2(4jce0cV if {c2f(t)(x1-f(t)) + [.]f(t) «0 + fl(t)3()t,-f(t))) (x ,-^) . Xj, X3) 

The outward pointing normal vector n at a point (xj, Xj, X3) on a sphere of radius a centered at 
(f(t),0,0) is [ •]--5( X|-f(t), xj- X3). Thus integrating Sn over the sphere of radius a centered 
(f(t), 0,0) yields a power emission rate of qi/(4it£0c2a)- df/dt •d2f/dt2. 

When an external force such as that due to a gravitational field acts along the x,-axis on a 
Newtonian particle of mass m at position (f(t), 0,0), the increase in kinetic energy of the panicle is 
mdf/dt d2/dt2. The theory of scattering of one-dimensional waves (for which u = up and 
S = Sp) predicts a radius value a and mass value for the electron. It is interesting that the classical 
mass value is the same as the above value, q2(47teoC2a)-1. By comparison the integral of Sp-n over 
the sphere of radius a yields 2/3 of the classical mass value1. 

Some of the research reflected herein was supported by Office of Naval Research Contract N 
00014-86-K-0693. The main results were announced in Jeffries3. 
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SIMPLIFICATION PES MODULES QUADRATIQUES SUR LANNEAU DES 
ENTIERS RELATIFS 

Mustaoha BOUKHOBZA 

PieAemted by P. HCbenbolm, F.R.S.C. 

RESUME: Dim es trsvall on prouve quo sur les onenn do fractions de rerateau des entiers relalifs Z 
on peut simplifier llsomt Irio des modules quadretiques : < a , a > X (M,q) s <b | , bj > i (M.q) . 

Ceci est une générallsaUon du théorème de slmplIRcatlon de AJtoy 121 dans le cas où A=S"'Z el le 
module quadratique est de la forma < a . a > .On donna un contre-exemple (1.4) montrant que la 
simplincation n'est pas possible si le module quadratique diagonal de rang 2 est de la forme : < a, , a2> 
où a, ^ « j mod U(A)2 ; ainsi notre résultat ast,dans un certain sens. le meilleur possible . 

O-INTRODUCTION: 
Nous désignerons par Z V anneau des entiers relatifs. Soit A un anneau commutatif unitaire et 
dans lequel 2 est inversible .On note le groupe des éléments inversibles de A par U( A). 

'Un A-module quadratique est un couple ( h ,q) où h est A module projectif de type fini et q est 
une forme quadratique non-dégénérée sur M .Si M admet une base orthogonale {ej}jB g n ,on note 
alors (M,q)par <a), . . . ^ oùq(ej)"aj pour i - l ,n. 

'Une isometrie entre deux A-modules quadratiques (M,q) eKM'.q') est un isomorphisme f des 
A-modules n et M'préservent les formes (i.e pour tous x appartenant à M on a q(x)=q'(f(x))) 

on ttoteelors (t1,q) = ( M ' A " ) . 

'On note par l * ^ A) l'anneau des matrices 2x2 de A et GLjC A) le groupe des matrices 

inversibles da M Ĉ A). 

'Pour les termes inexpliqués on pourrait voir [ I ] et (21 . 

I . SIMPLIFICATION SUR L'ANNEAU DES ENTIERS RELATIFS 

PROPOSITION 1.1: Solt un entier n .l'équation X2 * Y2° n admet une solution dans Z x Z si .et 
seulement si .dans la décomposition de n en facteurs premiers.les entiers premiers de la forme 
( 4k*3) ont des puissances paires. 

PREUVE.-Voir((3 ) théorème.366). 
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LEMME 1.2. Soit un entier n .les Drcoositions suivantes sont éoulvalentas : 
1) récuatlon X2 • Y2 = n.T2 admet unesolutlnn (X-.YM'Idans Zs . 
2) rénuatton x2 • v2 ° n admet une solution (x'.v1) dans Z2. 

PREUVE. -
2) ^ I ). Le triplet ( x' y , I )e Z3 est une solution de l'équation X2 + V2 - n.T2. 

1 ) =» 2 ). Supposons qu'il n'existe pes de couple (x'y).dans Z2 .solution de l'équation 
x2+y2=n en vertu de ( 1.1) il existe un facteur premier de n, de la forme ( 4k+3), ayant une 
puissance Impaire. 
Pour tout entier relatif T, le terme n.T2 possède alors un fecteur premier ( 1lc+ 3 ) de puissance 

impaire, donc l'équation X2 • Y2 = n.T2 n'admet pas de solution (cf 8près( l . l ) ) (fou te 
résultat 

PROPOSITION l.3.-SoltSuneiiertlemultln1hat1vedeZ A^S-'Z : <a.a>.<b, ^ e K M . o ) 
des A-modules ouadratioues tels-oue : 

<a ,a> J.(M,q)= <b| ,b2>l(M,q) . Alors < 8 , a > = <b,,b2> . 

PREUVE.-On a par hypothèse < a , a > ± ( t l f l ) = <bl ,b2>i (M,q) , en'tensor isant" par te 
corps des rationnels O , on obtient aussi une isometrie : 

« a , a > l ( M 1 q ) ) ® Q = ^ b , . ! ^ J. (M,q))®Q , 
en vertu de ([11.4.3 p82),tes modules quadratiques <a,a> et <bl ,b2> sont Isométriques 

surQ 11 existe alors une metrice U appartenant à Gl^CQ) , 

/ x /x , , y /yA 
U= esttelle-que 

On obtient entre autres : ( x / x , ) ^ * (y/y l ) 2a=b| .posons 

X= x.yt ^ • y . x , etT-x^y, ; on a donc X2 + Y2 =(b,/a).T2 ; 

envertude(l.2),ilexi3tBuncouple(2,t)eZ2 lelque z^+1^= b)/a d'où A * t 2 « » b | . 
Soit (61,62) te base orthogonale du A-module quadratique <a,a> ,1e vecteur e'sz.e, + 1.62 
a une norme égale èb) qui est inversible dans A ,doù le A-module libre (A.e') est un facteur 
direct du A-module quadratique <a , s> . 

Soit A.f = (AB' ) J- , la norme du vecteur f est égale CêU(A) , on a alors <a, a> = <b, , O , 

<8,a>«Q ^ b , ,c>® Q .sachantque<a,a>SQ = <b1,b2>SQ , 

( : • . • > ( : : > 
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onadonc l'isométrie * , , c>8Q S <b| lb2>®Q el en eppliquant une nouvelle fois 

((1].4.3p82) on obtient donc < c > 8 0 S < b2>®Q , ceci veut dire qu'il existe un 

élément u non-nul appartenant eu tel que u 2 ^ ^ , l'enneeuAétent intégrelemenlclos .il 
existe alors un élément Inversible v eppartensnt à A tel que v2.c»b2 

Donc<c> S < b2> et <a,a>S<b| . (^ = <b1.b2> . ce qui ecftève la démonstration D 

'on montre dans te prochain exempte qu'on ne peut pas simplifier si le module quadratique de 
rang2 est de te forme <a, ,e2> où a ^ a j modU(A)2.Pour toutA-moduleprojectifdetype 
fini M. soit|H(M) leA-modula quadratique (MaM'.q") où qM(x+f)»f(x) pour tout (x.f) 
appartenant à MaM» , leA-modulequadretique IH(M)estdif hyperboliqueai] p. 15). 

EXEMPLE 1.4 Soit S= {8?" / n c 71 A S S - ' 7 <i , 4I> et <2 ,2/4l3> desA-modules 
quadratiques 

One <1 ,4 l> l lH(A n )S<2.2 /41 3 > l lH(A n ) ,ma1s<l ,41> ^ < 2 . 2 / 4 1 3 > . 

PREUVE. - Soit : 
/ 3/5 . 1/S \ 

U» ê GL2(Q) . 
V1/(S«41), 3 / (Sx4l 2 ) / 

0 , 2/4I3/ lO . 41 

donc les matrices / "M ) sont équivalentes dans M 2 (Q) . 
\o , 2/415' V0 • 4V 

Les modules quadratiques < l . 41 >el<2,2 /4 l 3 > sont alors Isométriques sur Q . 
L'enneeuAétent principal, l'homomorphisme des anneaux de WIU W(AX_»W(0) est injectif 
(faprès ((I].4.10 ,p20), ceci veut dire que I<1 ,41>] = [<2 ,2/413>] d8nsW(A),les 
crochets indiquent la classe d'équivalence du module quadratique considéré (voir [ I ] p 17-20); 

llex1st6,alorslunenl1erntelque<l ,4l>j. lH(An) = <2 ,2 /4 l 3 > i lH (A n ) . 

Montrons nus les A-modules ouadratioues < 1.41 > et<2 . 2/413> ne sont cas isométrioues sur A 

Pourprouvercecl Jlsuffltdemonlrerquepourtoutcouple (n,m)e IN2 l'équation: 
X2+41.Y2=2n.4lm n'apasdesoluttondansZxZ 
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. Si m > 1 .X est .alors, un mulllpleda 4 1 , on peut écrire X=41. X^doù: 
Y 2 + 4 I . X 1

2 = 2 n . 4 I m - ' . En Itérant ce procédé; II «Iste ^onc^Xs.Yj) e ZxZ tel-que: 
Y 8

2 +4 I .X s
2 "2 n . 

, $1 l'entier Xg est pair ,YS est alors nécessairement pair, d'où en posant 
V Z - X ^ , . Y s = 2 . Y s t , .onobtient ( Y s + 1 ) 2 • 4 1 . ( X s t l ) 2 = 2 n - 2 . 

En Itérant ce procédé ; Il existe un coupla if entiers Impairs ( X k , Ŷ  ) e ZxZ tel que : 

Y k
2 * 4 I J ( | [

2 = 2 e . P 6 I N . 

En posant Xk = 2. X^* I et Yk=2. Y^* t , on obtient 

4 I .X | t
2 =4l (X ,

k
2 *4 .X , | C *1)= lmod[4] . 

V "< 4 rk2 +4 Y'k +1 )= 1 mod [4 ] d'où 

Y'|C2+41.X'|C2=2 mod [ 4 1 . 

on aura donc, rtécéssalremment, (M et sachant que l'équation vk
2 + 41 .xk

2°2 n'a pas de 
solution dans Z x Z on endédultqu'll n'existe pas decoupte(X,Y)E Z x Z tel que : 

X 2 +4 I .Y 2 =2 n .4 I m D 
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MODULI OF CONTINUITY FOR SOME HILBERT SPACE VALUED 

ORNSTEIN-UHLENBECK PROCESSES 

Byron Schmuland 

Prenùnteà by D.A. Daason, F.R.S.C. 

Abstract: He establish Holder continuity for some vector valued 

Ornstein-Uhlenbeck processes. 

Let |x. (Ot be a sequence of Independent Ornstein-Uhlenbeck processes with 

coefficients Yk and ». . i . e . X^O) Is a stationary, mean zero Gaussian 

process with E(xk(t)Xk(s)) - Yk/»k exp( -» k | t - s | ) . Suppose we want to 
2 

establish the continuity in 1 of the vector valued process 

(1) X<') - (X.CO, X , ( ' ) , . . . . X ( • ) , . . . ) . 

p 
To begin with, in order that X(t) e t at fixed times we must assume that 

9 2 
EjX(t)|| - ÏY /Ak< • . Thla does not guarantee that X(t) c I for all t 

2 
however ([13]) , to conclude that X(') Is an t valued process requires 

further growth conditions on Yk . A natural first step would be to try and 

bound the Increment moments EjX(t)-X{s)| and use Kolmogorov's criterion. 

Failing that, since we have a stationary, mean zero Gaussian process, we'd 

expeot to get more refined results by using Fernlque's condition. That is, 

if we can show 
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E|X(t) - X(s)[2 < ̂ (It-sP 

where •(u)/u(log<l/u)) Is Integrable at zero, then continuity follows. 

If the vector spaoe were finite dimensional this condition would be necessary 

as well ([9]) , but for an Infinite dimensional space this Is not true. A 

counterexample due to D.A. Dawson ([7]) Is found by letting Y = 1 and 

Xk - k(log k ) 2 . 

In recent years a number of approaches have evolved for studying infinite 

dimensional diffusions, both of Ornstein-Uhlenbeck type and also more 

generally. See, for example, [1-8, 10-11]. For the process (1) It Is known 

([7], [13]) that If XYJVV < » , then X{-) Is a continuous I -valued 

process. This condition is sufficient but "far" from necessary ([6]) , and 

in fact gives more than "Just" continuity, as we see In Proposition 1. 

To prove (1) in the following proposition we simply use Kolmogorov's 

criterion. In (li) we see that If thla (or even Fernlque's condition) fails 

one can still show continuity by considering the norm squared process 

lx(-)|I2 - Xx2(.) . 

Proposition 1 : 

(1) If XY1{/Ak1"E < • for aome 0<c<1 , then X(0 Is u-Hôlder 

2 
continuous in I for any M < E/2 . 

(ii) If XYk/Xk2"c < - for some 0<e<l , then ||X{«)|2 Is y-Holder 

continuous for any v < c/2 . 

(11 Mb) If ÎY2Ak < » and_ XY 2/)^ 1 " 6 < - for some 0<c<1 , then 
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1/2 ||X(>)|| has Levy's Holder modulus (h log(1/h)) 

Comment: ]X(t) - X(s)||2 - (||X(t)||2 - ||X(s)||2) - 2<X{t) - X(s), X(s)> . One 

can use standard Gaussian techniques ([9]) to give a Holder modulus for the 
2 

processes <X(*),x>; x c i . This and the equation above show that under 

(11) or ( l l ) (b) X(') Is Holder continuous in I 2 . 

2ni Proof ; (1) Under the given condition we show that E||X(t) - X(s)|| 

0 ( | t - s | m c ) for every m c N . It suffices to show lixAt) - X (s)) 2" i s 
k 

0 ( | t - s | ) for every m c N . 

But ZE(xk(t) - Xk(s)) 2o 

- Xo(m) 
k 

- o ( i t - s r ) , 
the term In braces being uniformly bounded in | t - s | . 

2, , „ 2, I i s stationary, eux. 
„2. . „2, 

(11) Since Xk(') i s stationary, E(xk ( t ) - X|< (s)) - 0 . Therefore 

Xk(t) - X^(8) - [Xk(t) - Xk(s))(xk(t) • Xk(s)) i s a decomposition 

Into the product of two independent mean zero Gaussian random 

variables. 

E[x2(t) - X 2 ( s ) ] 2 

- E[xk(t) - X)<(s))2 • E(Xk(t) • Xk(s))2 

/ - A k | t - s | \ / - » k | t - s | \ 
" «Wp j' 2 { Yk/ >k)( , + e ) 

( -21 | t -3 | \ 
- KY^^I-e j . 
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Using a similar argument for higher moments and taking the sum we get 

XE[x 2 ( t ) -X 2 ( s ) ] 2 , D 

k 

- c(m) I (Y k / i k ) d a ^1-e K ) 

• «"»> j * { i ' t ' f ( l - e ^ ' ^ ' / X ^ l t - s l f | | t - 3 | -

. o( | t -ar) . 
The remainder of the proof la aa in (1) . Part <b) of (11) oan be 

2 
established as in [11] by using Fukushlma's decomposition ||X(t)[| - |X(0)||' 

- M(t) • N(t) . Under the stated condition one can show M(') has the 

required modulus, while H(-) is Holder continuous with exponent strictly 

greater than 1/2 . 
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ON MODULI OF CONTINUITY FOR GAUSSIAN 
AND x* PROCESSES GENERATED BY 
ORNSTEIN-UHLENBECK PROCESSES 

UiUât CrôgiS Ud ZhtaQran lia 

Pruetaed by D.A. Damon, F.R.S.C. 

Abstract: Ws prov« luge deviuioa ineqaftUUet «nd moduli of eooUimity for lafialt* 
setkt of indepeadeat Onutctn-Uhlcnbetk proeecses «od br those of tin sqa«res of tin 
Utter proceues. 

1. Introduction. Let [Y(t),-oo < t < oo} = (Xk{t).-<x> < t < oo}^, be « seqaeoca of 
iadcpeadeot OmstciD-UIileabeck processes witb coefSdeots 7k «ad Xk* i*-. •Xk(-) I* * C«uui«n 
process with £JC«(t) « 0 «od EX,{*)Xk{t) = iiJX^exti-X^t - s|) . {tk,Xè > 0> « l.S..-.)-
The proceu >"{•) w«s (trst stadled by D«wson {1973) «s the itktiookry •oltttiao of the Infinité «rrsjr 
of itochutic ditfercatisl oqu«t[ons 

(1.1) d*»<0 =-*»**(*)*+(W , ' 'H'»(0 (fcal.î .--.) . 

where {lVk((), -oo < t < oo) «re independent Wiener processes (cf. «Iso D«wsoo (1975), Wil»h 
(1981), «ad Antonindi* «od C«nnon«(1987)). If weetsome 

(12) jtv/*i<<*. 

then Yit) is «Imost tardy («J.) «n/'-vnlned Onuteln-Uhlenbock process (£||K(1)||^ • £ £ , 7//̂ ^)-
D«w8on (19T3) showed thst noder the condition (1.3) Y{) It weakly continnoos. Auutaiog «bo 
that for l«r(e j we have «iso c;'*' < Xj < û1** fer Mme c > 0, d > 0 and <S > 0, then Dawson 
(19T2) showed y(-) in/'to be aj.cotttmaocs «swell. Iscoe and McDonald (1980,1987) ectabllihed 
the aj . contlnaity of Yi-) in 0 under the wealsr additional (to (1.3)) condition 

(IJ) T, = Ê&Xj < » . 

by itadying and solving the «q&inlcnt problem of «J. contlnaity of tbe process 

(1.4) fa*W. -oo < ( < oo) = j f ) ^ ( 0 . - o o < « < » | 

via penrerful large deviation theorems for the latter stochastic process. Iscoe, Uarcss, McDonald 
«nd Ztnn (1987) do«lt with the strong contiaoity of ï'(') *• ** by wing foniqoe-type techniques 
cescemiag «A contlnaity of stationary Gaouiaa processes. Schnmland (1988.1987) osed Dirichlet 
forms to study a class of Infinite dimesstonal processes, modelled oa the process Y{-]. His general 
resalts can be also used to recover state space and contlnaity resalts of the to tu mentioned 
papers. Schmuland (1987), as wdl as OSrgd and Un (1988b). also proved mioos laws of the 
iterated logarithm for V(•) ID terms of the two-time parameter stochastic process {X(t,n),-co < 
t < oot n a 1.2....), X(l.n) o H - i **(0. ^('.0) « 0 for aU * G R. CeSrgô and Lin (1988s} also 
established P. Uvy type modaU of contâaity and targe increment rates nsults for the latter two-
time parameter process Jf(»,*) «long the lines of Sections 1.12 • 1.15 and Supplementary remarks 
of Ch«pier 1 in CsSrgfi and EdvéBx(1981), where the «J. behaviour of some path incréments of 
the Wiener sheet and the Kiefer process is established. While tbe two- time parameter IocrcmeaU 
results of C«&rgS and Lin (1988a) for X(-,-) are of Interest oa their own, of coarse, they do oot 
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Impljr aajr Irninc»!!.!.. direct »... aiodall of antinll7 far the pracoa Jr(r,oo) la i. la thU aot. 
• . Mtam. (1 J), u d «tahUih P. I ^ j t j p . moduli of coatiailtjr roulu b i *>(•), ai weD ai br 
X(.,cio) o X(), namely abo Ibr th. proceu 

(W) {*(!).-oo <(<«>)= jJ^O.-oo < < < ooj, 

onto furlhcr jlobtl «oadltloai oa the coeffideaU it aad X, of th. Onutdn-Uhlrabeti procettet 
of Y{). Clearly, la addition lo (1.2), Aalleaeii of r, ol (1 J) will play a nie la deling with th. 
proeen j^O aad, u w. will te., a timll*, addltloail rolo will be played by the condition 

.(W) r . - f ; 7 i < o o , 
ft 

whea «indying the Jut latxodoced proceu *(•). 

la Section 2 w. ital. aad entament oa o u raralu which w. then p m . la Sillon 3. 

3. Larse dovlatlont aad moduli of continuity. Fini we Itate cor large deviation retulu. 

LEMMA 2.1. Àmat (l.i), aad fer « y «> 0 to J»(i) = a!la{Ar : EJÎirTjM/ i «•) u d 
J/(.) = mio{W : Ejij^Tj/Aj)1 S «•)• TtotacirtXcl > 0 u d C o C(e) > 0 laehltatfcfuy 
T 2 (i(0, h £ <,(.), u d o > 0, w.tai . 

i>{.^.SSaW' + '>"Jr (<) l i ' (24 r , )" ,}S<CT/M, : '(_ÎT7)' 
/fTi < oo aad 

(M) ( ^ ^ A , ) . - » ( . - 0 ) , 

and we haw 

jfTi < oo and 

(") (.JSH!.!*')'"0 <'~0)-

TBEOBEM. Snppow Hal coadllioo (1.2) le latiitej, ud «worn» ato that Tj t oe cocllaa-
oiiilra»>-.0. Ttea.lfr, < eo, ud coodltloa (2.1) Il ullittd. we t.w 

(M) lia. „p w + «)-y(')i o l „ 
1 ' "•3i."T.(2Ar1ios(r4/i.))t/> " -

'" ) BS - » « . p ' ^ ' ^ - ^ ' I L - 1 a.., 
»-« wsn os.S» (2hri logcn/A))'/» 

ud, if T, < eo, u d eoadflfoa (2J) U aatiified. iw h»»e 

« MST, (8hr,iog(ri//i))trt 

(2-5> p°v np np JÙ'ï'kiïSl -1 "-
Ca ^ os.J» (8Ar,ioj(r»/h))i7" 
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Tkking T» a 1/A then, «put from their respective coastsnts, the norming functions of (3 J ] 

- (2.6) took Uke those of the classical P. Ldvy moduli of coatlnuity for Brownian motion (cf., e.g.. 

Theorem 1.1.1 and Eemark 1.1.3 In CsfirgS and R<vési<1981)). 

In additloa to Lemma 3.1, the proof of Theorem will «Iso uliliie the next, well known result. 

LEMMA 3.2. (Slepian 1982). Let G(0 and C ( 0 be Gacssha processes on R*, posicssicy 

coatfououf sample path fanctloai, wflh EGjt) = EG*{t) a 0, ££»J(0 a EC'it) • 1, aad fel 

p ( j , t )aadp*( j ,0 be Ihefr respective coarJancefiiBCtioas. Suppose lhat weh«wp(s , l ) ï fi'{$,t), 

# , i e t t * . Then 

3 . P r o o ù . 

PROOF OF LEMMA 3.1. By deAaiUoa we b a n 

jr(i+ .)-Ar(i) S wfo.sèhyMiKi-.-»")), 

where N(-,-) atutd* for anormal random variable with ( m e u , variuca) at indicated Inxlde bracket,. 

Alio, 

Ex'M = ÊnHi. efx'W-Zl/Mi)' " îË-IJ/AJ. 
fal v I't ' ft 

ud 
Etf* + •) - x'C))' = •< Eh'/AîKi - «-""). 

i - l 

Uader condition (2.1), a, , — 0, we have 

(Ê(T/AjXi-'-1"))fl«r,)-.i, 

•imitarly, under condition (2.2), ai I - • 0, we have 

fîf;(T}/*jX»-«-""0/(«r>)->-
FVom here oa the proof of thi> lemma it tlmllar to that of (1.1) of Lemma 1.3 of CtJrgS u d 

Lia (IQSSa). Hence wo omit the detail.. 

PROOF OF THEOREM. For . given <> 0, k l h . be ,uch that 

(a.i) f;(*.-i/r^),<oo 
«•1 

U d , at n - . oo, 

(».-i/riu)/(*./r^„)-i. 
By Lemma 2.1 we have 

p | «p top |Ar(l+.)-x(l)|>(l + ̂ K2*..,r|loJ(^..//l.-,)),"] 
ll'KT,, tJ.sJ... J 

s (CT,.A..1)ap (-^l^wn./*. . , ) ) < c(h..i/n.)'. 
The latter combined with (3.1) yield, 

Mftt-f . )-Jlf(<)| , , ^ 
Ilmtnp tap tap , , . r I ~ / T /> nth S H - « a.t., • - « |,)ST,. 05 .S* . . , (2 / i ,_ ,r , l o ^ T . , / ^ . , ) ) » / 1 

which, by condition (3.2), now retcltt ia 

(3.3) Ilmtap t i p top . , . i . J / . T / l . m l r S ' + « " • 
» - . HIST, «s.s» (2*ri lojfr,/*))"1 

Next we prove 
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lb this aad, defiac h, each that Ta,.,/*, a (logn),/<. Fbr f < i wa hava 

£(*((* +1)^.) - Jf (tt.)X^(U +1)*.) - JTOA-)) 

tel 
That, by adag Lemma T2, w» obtaia 

p {Wflg^/W wt*+'>*•> - *<*»•>' s e - ««Wi Mn..,/A.)),/'} 
s (j»{pr(».)l s (i - .X2Wi log(n„•/*.))",))',n-/M*, 

Umlaf mu ffi!»+i&Ll^=|2 1 - . ~ 
•— HMmTT.M (2'uriio«(ra„l/»,))t/' " 

which io larn implie. 

,.., n • > |X((«th.)-X(l)| v , 

Obviously, for A, £ ft < A^.i» as o — oo, we have 

(M) fc.Mrw../M/(fcfct(nM))-1-

Ibrthcrmore, we have 

|Jf«i + * ) - j r ( . + M 
fesRî.., i.isn.., (2^.^,log(n..l/»,))", 

|jr((i+.)-jf(i)l (3'7) s . ^ K . - . . |llsn'!.p
l«. Kr ;WrL. /> . ) )W 

By dsAaltlon oî hH,u n-* oo, (h«.i - hw)/ftm •* 0 aad we bave also 

(3.8) (fc..i - MiogKn...+fc«)/(ft.-i - ^))/(A-ios(rs..1/A.)) - o. 

Moreover, by (3.3), 
lim mo SUD SUB i-M» ^ V ~ -M'JI 

«ï1 ' I,|SR.:,+». «.sS:.-». (J(»..t - it.)r, Mcn... + ».)/(*.., - ft,)))'/" 
Combining th. latter with (3.7) u d (34), wo gel 

m Ilmtap „p up ^ ± M i M . = o a.., 
•-" t.iKk.., MSI»,., (2»»riloj(T»..,/»,))•" 

ud now (34), (34) ud (3.t) yidd 

(3.10) lim laf tap W •*•*,) ~ ^ ' j l > 1 - « aj . 
1 ' "Ei? i,;^ (2»r1loI(ra/*))"'" 2 "• 
Coateqautly, hy (34) aad (3.10) we havo (14) u d (3.4). 

The proof of (24) ud (34) Il dmilar, u d heace th. détail, ar. omitted. 
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