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ABSTRACT. 

Let / " + fc1/ - ç ( i ) / = 0, x > 0, / — exp(ifci) as i -» +00 . Given the /-function 
/(fe) := f'(0,k)f~l{0,k) for all fc > 0 we recover ?(i) analytically, / ' := dj/dx. A similar 
problem is treated for the equation u" - a 'u - q{x)u = 0 , s > 0 , u ~ exp(-Qi) as i -• +00 , 
/(a) := u'CO.aju-'CO.o), a > 0 . 

In applications (seismic exploration, acoustic and electromagnetic prospecting) the problem 
of finding q[x) from the knowledge of /(fc) := / ' (O,*) / - ' ^ ,*) for all fc>0,where 

/ " + fc,/-î(a:)/ = 0,x>0)/~exp(ifci) as x —+00 (1) 

qeQ — {q:f |7(i)l(l+ x)di< oo,? = ?} (2) 
Jo 

ia of interest. The bar denotes complex conjugate here and below. We refer to this problem 
as problem 1. A similar problem (problem 2) is to find q[x) from the knowledge of j(a) := 
tt'(0,a)u-,(0,a),0 < o < 00 , where 

u " - a ' u - ? ( x ) u = 0 ,x>0 , (3) 

u ~ exp( -o i ) , i -»+oo,a > 0. (4) 

The value of /(fc) is the ratio of acoustic velocity to pressure in acoustic prospecting, or com-
ponents of tho magnetic and electric fields in electromagnetic prospecting. Thus /(fc) can be 
directly measured experimentally. We prove that /(fc) (or j(or) ) determine q(x) uniquely and 
give an algorithm to recover q{x) . 

The key observation is that 

/m/w = (2i)-iink) - /wi = imfcr'fc (») 

where the formulas W[f,7] = -2ifc and /(0,fc) = /(0,-fc), fe > 0, were used. It follows 
from (5) that /m/(fc), fc > 0, determines uniquely the spectral function />(A) of the operator 
ly = -dPy/dx* + q{x)y, x > 0, j^O, VX) = 0, where A is the spectral parameter, A = fc' , 

^n f-nrnvxrwdx, x>o 
' ,P(A)=lEf=I^(A + ^ > A < 0 ( 6 ) 
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c) -II *J II ' " e the normalizing constants, lj,- = -lefa , ^y(0) = 0 , ^.(0) = 1 , «(A + K») 
is the delta-function, and ff is the number of bound states. 

In order to determine p{X) for A < 0 and therefore to reduce the problem of finding q{x) 
from the knowledge of /(fe) to the familiar inverse spectral problem, the one of finding q(x) 
from the knowledge of p(A), one needs to know «J , 1 < j < AT and c3 . Since /(fc) := /(0,fc) 
is analytic in the region /mfc > 0 and has simple zeros at tho points t« , , Ky > 0 , which ate 
not zeros of /'(O.fc) (since otherwise /(x.fe) should vanish by the uniqueness of the solution 
to the Cauchy problem), one can extend /(fe) analytically on the half-piano / m * > 0 and 
find the poles IK, of /(fc) and the corresponding residues /'(O.tie,) [/(0, • « , ) ] - • where prime 
and dot denote differentiation in x and fc respectively. Then one can use formulas (7) and 
(8) below and find the spectral function. Let us prove that the normalizing constante are 
determined uniquely by /(fc). If this is true then dp(X) is uniquely determined by /(fe) and 
therefore , ( i ) is uniquely determined by /(fc). The normalizing constants are known to be 
Cj := -2 i«y / ' (0 , iK i ) | / ( tK J ) | - 1 . Here and below /(fc) := /(Q.fc). One has 

- 2 , s R e s t = . „ . / { f c ) = -2 iK, / ' (0 , tK, ) [ / (« ) ) ] -> = ey. (7) 

F>om (5) and (6) it follows that 

dP(x) = nimI^dx ^>° ,81 
lEy=,-2«'cRe8t=i.J,/(A:)«{A + KJ)dA A < 0. W 

Let us summarize the results. 

THEOREM 1. The knowledge of / ( t l for a« fe > 0 determines î(x) € Q uniquely. The spec-
tral function corresponding to this q{x) ia given by formula (8). The algorithm for computing 
l(x) il tl,e Gel'fand-Levit&n algorithm for computing q{x) from the knowledge of dof A). 

U t us recall for convenience of the reader the GelTand-Levitan algorithm (see e.g. 111). 
Given dp{X) one defines the kernel 

i C » . » ) : » ^ ^o(x>A)^0(s/,A)(to(A) (9) 

where (for the problem on the semiaxis x > 0 and the boundary condition y (O.A) = 0 ) : 

M x . A ) := (\/Â)-'sin(xv^),d<r(A) = dp{X) - dp,{X) (io) 

and dpc(X) is given by the formula 

dp»(A) = 0 for A<0>dp<,(A) = )r- lA1/ ,dA for A > 0. (11) 

Then one solves the (Gel'fand-Levitan) integral equation 

X(*,y) + L{x,v) + J L(t,y)K{x,t)dt = 0,0<y<x (12) 
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for K{x,y). Equation (12) is uniquely solvable, for example, if the set of growth points of 
da has at least one finite limit point [1|. Therefore, if /m/(fc) ^ 0 is a continuous function, 
|/m/(fc)| < i:(l + fc')-" , <J > 1 , then (12) is uniquely solvable. If K{x,y) is found then 

. , „diif(x,x) , . 

The function (13) produces the function /(fc) := /'(0,fc)[/(fc))"1 which is tho same as the 
function /(fc) which was the data. Necessary and sufficient conditions for dp{X) to be the 
spectral function corresponding to a potential q{x) with m locally integrable derivatives are 
known [1]. Therefore one can give necessary and sufficient conditions for the given function /(fc) 
to bo tho /-function corresponding to q{x) with these properties. 

P R O P O S I T I O N 1. The function /m/(fc) corresponds to an /-function associated with a 
q[x) which has m locally integrable derivatives iff the function p{X) deBned by (8) haa the 
properties 

(ii) if h[x) e La(0,oo) «nd haa compact support, E{X) := fn°°fc(x)sin(xv/Â)di and 
/ ! t o I£(A)|1<'P(A) = 0 then h[x) = 0 , and 

(it) the limit * (x ) = limjv—oo/_0<>cos(v'Ax)d(7(A) exists and is bounded on any finite 
interval of the x -axis and $ (x) has m + l locaUy integrable derivatives. 

This proposition follows from Theorem 1.5.1 in |l] and formula (8). 

Problem 2 reduces to problem 1 by setting a = —ik. Tho half-plane Rea > 0 corresponds 
to the half-plane /mfc > 0 . The set a > 0 corresponds to tho set {/mfc > 0,Rek = 0} . Since 
u(x, a) is analytic in tho region Rea > 0 , the function j{a) is meromorphic in this region and 
can bo continued analytically on the half-plane Rea > 0 , so that the values i ( ia ) are uniquely 
determined. Therefore, by Theorem 1, q{x) is uniquely determined. 

LEMMA 1. The Jcnowdedge of j{a) for all a > 0 (in fact, even for a countable set {afm}, 
a m > 0 , which bas a Boite limit point «<„ ) determines q(x) uniquely. 

Note that Reea-Kj{a) = -iReBk=iKl{k), where a = - t fc . 

Let us briefly discuss the practical question of finding the poles and residues of /(fc) on the 
imaginary axis from tho knowledge of /(fc) on tho real axis. This is an unstable problem in the 
sense that one can add a term a(fc - t ic) - 1 with large K > 0 and small a without changing 
much /(fc) on tho real axis. Tho poles of /(fc) are simple and /(fc) is meromorphic in the 
half-plane /mfc > 0 . At infinity /(fc) behaves as follows 

/(fc) = [ t f c -A(0 ,C)+ / A.(0,t)exp(ifct)itt]|l+ / A^.OexpO'fc/)*)- 1 

Jo Ja 
= ik + o( l ) as fc -* ±oo (14) 

where we used the well-known formula 



180 A.G. Ransn 

/(x, k) = exp(tJfc:c) + f A(x, t) exp{ikt)dt (15) 

and the fact that S~{\At(0tt] + \Ax(0}t)\}dt < oo if qeQ |3]. Thua 

/(fc) = i-fc + Voy(fc - i ' i cy) - 1 + / a(t)exp(ifc()<« (16) 
y=i Jo 

where o(<) € L1 . Define 

h{x) := (2*)-1 f°° (/(fe) - ife] exp(-»fex)dfe. (17) 
J — oo 

Then 
jv 

M*) = «IZ "j exp(Kyx)«(-i) + a(x)«(x), 

«(«):= I 1 ' I > 0 (18) 
w la, KO. l ' 

Therefore the constants ay and Ky are uniquely determined by /(fe). Note that (16) and (17) 
imply that 

Rc3t=«y/(fc) = Oy = C y ^ l K y ) - 1 . (19) 

Let «« summarize the method for recovery of q{x) from /(fe) ; 
1. Given /(fe) find Im /(fe), 2) compute ft(x) by formula (17), (18) and find constants 

ay and Ky from the asymptotic behavior of h(x) as x —• —oo . 
2. Construct dp(X) by formulas (8), (19), and L(i,y) by formulas (9), (10). Solve 

equation (12) for fe(i, y). (This equation is uniquely solvable if L is given by formulas 
(9). (10)). 

3. Construct q{x) by formula (13). 

REMARK 1. The constructed q generates by the formula /(fc) =/'(0,fc)//(0,fc) the same 
function /(fe) with which we started. Here /(x.fc) is the solution to (I) with q{x) given by 
(13). 

We can reformulate Proposition 1 so that all the assumptions will be given in terms of 
/(fc). 

PROPOSITION T. A function /(fc) is the /-function corresponding to a q € L^loc such 
one that zero ia not a resonance iff the folfowing conditions hold: (I) /(-fc) = /(fc) for fc real, 
(̂fc) ia the vaiue on the real axis of a meromorphic in C + := {fc : /mfc > 0} function with 

only a Snite number of simple polea IK< , Ky > 0, and the quantities -iRes»=j,y/(fe) > 0 for 
Ky > 0 ; 

(2) The following limit exists and ia a L",tJ function: 

*,(x) := lim / [fe-'/m /(fc) - 1] cos(fex)fe,dfc 6 i?* 
"—"•Jo 
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R E M A R K 2. The point fc = 0 is called a resonance if / (0 ,0) = 0 and / (x ,0 ) ^ l? . It is well 
known that if /(O.O) = 0 and /(x.O) € £ ' then S(xfi) = 0 provided that /0

o°(l+i)l«(x)|dx < 
oo (see e.g. /4/ where a/so the three dimensional case is discussed). If zero is a resonance, that 
is a zero of /(fc) := / ( 0 , fc) , then it is a simple sero of /(fc), it is not a sero of / ' (0 , fc) , and it 
is a simple pole of Im /(fc) in the sense that l i m t - o * Im /(fc) = ( / (O)! - ' # 0 . If one drops 
the assumption that sero is not the resonance in Proposition I ', then the conciusion stili holds 
if one adds in condition (l) that KQ = 0 may be a simple pole of /(fc) , and the residue nt this 
pole is i r , r > 0 . 

Let us prove that r > 0 . One has R e s j ^ o W = f'(0,0)/f{Q). The Wronskian 
/ (0,fc)/ '(0,-fc) - / ' ( 0 , f c ) / ( 0 , - f e ) = -2ffc. Divide this formula by fc and pass to the limit 
fc - . 0 to get 2/(0)/'(0>0) = - 2 . - . Therefore / ' (0 ,0) / / (0 ) = - • ( / ( 0 ) ] - 1 := ir. Ftom the weH 
fcnown formula /(fc) = 1 + /J" oxp(ifey)A(0, y)dy, where .4(0, y) ia a real-valued function, one 
derives / (0) = . / " y A ( 0 , y ) d y . Thus [/(O)]1 < 0 and r > 0 . 

Let us summarise tha method for solving the problem of finding q{x) given j '(a), Nota 
that 

j{a) = - a + o(l) as a - • +oo, (20) 

j ( o ) is meromorphic in the region Rea > 0 with a finite number of simple poles at the pointa 
or.» = Kn > 0 , and Reaa=Knj(a) = (2K n ) - 1 c n , where c„ > 0 are the same as in (7). Define 

JM~j(a) + a-ite*W'\ (21) 
»=i a - " " 

b(t):=Lap-lJ{a),J{a)-.= I exp(-at)b{t)dt = Lapbty). (22) 
Jo 

Let 
N 

/(fe) := J(- .fe) + ik+Yi c„(2Kn)- , (- . fc - K»)"'. (23) 
nsl 

The inversion procedure is as follows: 
1. Given tfa) find Kn and en, then h(t) iy formula (BS); 
S. find /(fc) ty formulas (BS) and (BS), compute Im /(fe) and find dp by formula (6); 
S. given dp find q(x) as above. 

REMARK 3. The constructed q generates j (a) by tho formula j ( o ) = u'(0,or)u_,(0,Qr), 
where u is the solution to (3), (4), the same function which was used as tho data. We do not 
give details here. 

REMARK 4. In [5] some analytical formulas are given for the potential under the assump-
tion that the Weyl function is a rational function of fc which is given for all fc. The connection 
between Weyl's function and tho spectral function one can find e.g. in [6] p. 25-34. 
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REMARK 5. If one considers the scattering problem on the whole line by a q{x) which is 
equal to q{x) in (1) for x > 0 and vanishes for x < 0 , then the refiection coefficient r(fc) defined 
by the formula /(x,fc) = exp(ifcx) + r(fc)exp(-«fci) for x < 0 , can be related to /(fc) by the 
formula /(fc) = l A ^ l - r ^ H l + ^ f c ) ) - 1 , r = (ife-^ÂOK.-fc+^fc))-1. If q{x) = 0 for i < 0 then 
the solution / ~ exp(tfcx) as x - • + o o can be written as T-,(fc)[exp(ifcx) + r(fc)exp(—ifcx)) 
for x < 0 . Here T{k) and r(fc) are the transmission and refiection coefficients respectively. 
The bound states iKy , Ky > 0 , are the poles of T(fc). Therefore, given /(fc) for all fe > 0 , one 
can uniquely determine r(fc), bound states and normalizing constants (provided that ^(x) = 0 
for x < 0 ) and then use the Marchenko equation to recover q{x). This gives an alternative 
approach to the problem. 

The author thanks ONR for support and O.L. Weaver for discussions. 
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AN EXPLICIT FORMULA COUNTING NONCOMMUTATIVE 

CLASSICAL INVARIANTS 

TorbjBrn Tambour 

P̂ ieiented by G. de B. Rob-tivion, F.R.S.C. 

1. introduction 

Let k be an algebraically closed field of characteristic 0. 

Then the group G=SL(2,k) is reductive, hence every finite-

dimensional G-module is completely reducible. For every integer 

d>0 there is exactly one irreducible G-module of dimension d+1. 

We denote this module by R-. The module Rd can be described as 

follows: define an action of G on the polynomial algebra 

R=k[X,y] by the formulas g"]x=aX+bY, g"ly=cX+dY, where g=(^ d) 

is an element of G. Then Rd is the submodule of R consisting of 

homogeneous polynomials of degree d, i.e., Rd={a0X +...+adY .-a^k). 

For the details and the proofs, we refer to [4], Ch. 3. Let 

Tm(Rd) be the mth tensor power and Sm(Rd) the rath symmetric 

power of R.. We also put l"=Sm(R,)G, 1.= » Id, 'l^=Tm(Rd»G, and a a a a m^0 

Ï = o I?. Then I, (Ï.) is the classical ring of invariants in 
d m>0 d d d 

commuting (nonconunuting) variables of a binary form of degree d. 

Definition; The Hilbert series of Id and ïj are the formal 

power series H(Id,t)= Z (dimkId) tm and H(îd,t)= ï (dimwit1". 

It is well-known that H(Id,t) represents a rational function 

([4] p. 25 and 28), and it is at least known that H(Id,t) is 

algebraic ([2] p. 207). In [6], p. 15, Teranishi considers the 

series Z (dim. ??) tmd, and shows that it is rational. 
d>0 K a 



184 T. Tambour 

Here we will consider the series F (t)= Z (dim/l, )t , and show 
m dîO k d 

that F_(t) is much simpler than H(Td,t), by writing down a fairly 

explicit expression for it, which in particular will show that 

it is rational. 

Before we formulate our theorem, we need the following 

Definition: Consider the field extension Œ (tn)-»Œ (t) , which is 

Galois with Galois group generated by tl-»e t. Define the 

Reynolds operator 4 :! (t)-»(i:(t) by 

(4 fMtn)=n_inË1f(e2l, i l c / nt). 
n k=0 

Theorem: Let m>3 and define h (t)=(t/(1-t2))m"2. Then F,(t)=(1-t)~1 

and Fm(t)= -̂ r Z ('?) (-1 ) j + 1 (* , .hj (t) form>3. 
" 0ij<Jm :, m ^] m m 

It is interesting to note that this formula bears a striking 

resemblance to the formula for H(I.,t) obtained by Springer 

(see 11] p. 340, [3] and [5]). 

2. The proof 

Let p. • be the representation of G on Tm(R,). Then d,m r a 

Xafm(a=Tr(Tm(Rd),Pd/m{* °-1)) = (Tr(Rd,Pd/1(« ° -1)))m= 

= (Çd+Çd-2 + ...+Ç"d)ln(we need only consider pd ^(^ ° -1),see [4]?.50). 

By complete reducibility we can write x-, „(Ç)= Z a (d,m, i) x̂  (Ç) , 
d,m i 2 0 i 

where X=Xs i/ and the coefficients a(d,m,i) are non-negative i i,i 

integers (and only finitely many are non-zero). Then 

i Xfl m(5)td= Z ( Z a(d,m,i)td)Xi ̂ ' = t F
m t (t'Xi (f.) - where 

diO a'm i>0 dïO 1 iiO m' 1 1 

Fm/0lt)=Fm(t), since a(d,m,0)=dimkïdm. 
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We also have Z *. m(Ç)td= Z ( ( e d + 1 - r d _ 1 ) / U - r 1 1 )ratd= 

m 

diO d ' r a ' diO 

= (e-r 1 ) - m 5: ? (^)(- i ) je ( d + 1 , , , n - 2 j ) t d=(ç-r1)- i n M 1 ? ) ! - ! ) 3 - ^ - . 
d20j=0 •' j=0j Ç J - t 

i x 
( to g e t the l a s t e q u a l i t y we sura over m-j i n s t e a d ) . I f Ç=e , then 

t - 1 ' î i 1 " ) ! - ! ) ] — — - i _ - I F 4 ( t ) s i n ( i + 1 ) x . 

( 2 i ) l n s i n m - 1 x j ' o * ! " e ( ™ - 2 3 ) ^ - t U O 1 " ' 1 

If we multiply by sin x and integrate from 0 to 2Tr we get 

, -.in 2n - m m A i 
(t)«F n(t)=-i-LLr- J ^ - i: ('"X-D3 (m-2i)ix dx' 

m,0l
 (2i)mlI '0 S i n m -2 X j = 0 j e(m 2D)ix_t 

2TI 
since Jsin xsin nx dx=0 if nS2. 

0 

Here the integrand looks dangerous with sin1" x in the denomi-

nator, which has zeros of order m-2 at x=0,Tr, and 2TI. But the 

sum in the integrand has zeros of order m-1 there by the 

following 

Lemma; Z ("?) (-1 ) j (ra-2j) u=0 for v<m-1. 
j=0 3 

Proof; " (I")(-1)j(m-2j)v=^( Z (*) (-1) je , m - 2 3 ) ̂  11=0= 
j=0 ^ dtv j=0 ̂  

»2ln ̂ j.(8inhmt)ltBO=0 if vSm-1. Q.E.D. 
d't 

(See also [4], p. 63.) 
ix 

The integral above can be evaluated by putting z=e and using 

residue theory. We get 

F (t)=izli!! ; i 2 ! ^ ) * - 2 mz i»)(-i)3 i _ f | = 
m (21)% C z2-1 j=0 3 zra 2:>-t " 
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where C is the unit circle |z|=1. For the same reason as above, 

the integrand is a meromorphic function in the unit disc with 

simple poles at ^ik/(ra-2j) t1/(m-2j) ( ^ ^ ^ ^ 0 i j < è m ( 

and at 0 if m=2, if we consider t as a real variable with 0<t<1. 

By the residue theorem we have 

(-1)ra+1 (-1lm+1 
F m ( t ) = — 5 7 1 — • 2 ' , i ( s u m of residues) =-5—^ (sum of residues). 

The case ra=2 has to be handled separately: 

p n., 1 r 1,1 1 1 j i, 1 1 1 1 . 1 
F2lt)- 4iî J z^'^t'Tr^1 dz = -J1"t-T^tt7tr27t+7t^27t)=T^t-
If mi3 we obtain 

,m+1 
F „ ( t l . i ^ 
m 2 

rr) = 

. 27iik/(m-2j)(.1/(m-2j),m-3 „ . 

j ^ ,e4i'ik/(m-2j)t2/(m-2j)_1)m-2.lj' l ^ 

1 , 
(m_2 j, e2iiik (m-2 j-1 ) / (m-2 j) t (m-2 j-1 ) / (m-2 j) 

l-1) m + 1 1 m i l -2nik/(m-2j) 1/(m-2j) m , 

2 ^ m - 2 j l j M " t ^l
e4Tiik/(m-2j)t2/(m-2j)_1

) 

where the suras are over 0ûk£m-2j-1, Oîj<Jm. Using the definition 

of à the theorem is proved. Q.E.D. 

Corollary 1 : Fm(1/t) = (-1 )lnt2F (t) if ra23. — m m —— 

Proof: If f(t)e(lKt), let ï(t)=f (1/t) . Then 

(* f)(tn)=n-i nË 1f(1/e2 n i k / nt)=n-i nï 1f(e2' , i k / n/t) = (4 f)~(tn) . 
k=0 k=0 n 

Hence F (1/t)=-lt Z ("?) (-1 ) j (*„ ,.hJ (1/t) = 
m 0<j<Jm ^ m - 2 3 m 

=-it Z ("") (-1)j(-1)m(4 ,,hm) (t) = (-1)rot2Fm(t), since 
0<j<Jm ^ m" 23 m m 

hm(1/t) = (-1)mhni(t). Q.E.D. 



T. Tambour 187 

Corollary 2; If m23, then Fm(t) =gn)(t) / (1-t 2 ) m " 2 , where gm(t) 

is a symmetric polynomial of degree 2(m-3). 

Proof: Write h j t ) = (t (1+t2
 + .. . + t 2 ( m- 2 j"1 > ) / (1-t2 ( m - 2 3 ) ) ) r a - 2 . 

Then, if g,,, , (t) =t2 ( 3 - 1 ' (Ut 2*... +t 2 (ln-23-1) ) r a - 2 . we get 

Fm(t)=-è(1-t2)- ( , n- 2>Z(»)(-1)3(V 2 jg r o > j)(t). N O W ( V 2 j V j , ( t ) 

2 
is a polynomial if j>0, and since ($ f)(t)=0, where f(t)=1/t , 

if m£3, (i!>„g „) (t) is also a polynomial. Hence F (t) has the ra ra,0 m 

form g (t)/(1-t ) m . The assertions about gm(t) follow imme-

diately from Corollary 1 if one notes that dim.ï- =1. Q.E.D. 

Let us finish with some examples: we have already proved that 

F2(t)=1/(1-t), and Corollary 2 gives F3(t)=1/(1-t2). By Coroll-

2 2 2 ary 2 again, F.(t)=(1+at+t )/(1-t ) for some a, and since 

dinikï14=-5(2) , by [2], we must have a=2 and F4 (t) =1/(1-t) 2. 

For m=5 we get F5(t)=(1+at+bt2+at3+t4)/(1-t2)3, and since 

a=dim.î1 =0 and b+3=dim.î2 =6, by [2] again, we get 

F5(t) = (1 + 3t 2+t 4 )/(1-t 2) 3 (cf. (6], p. 17-18). 

Remark:One can of course study the analogue of F
m(t) in the 

commutative case, but this gives the ordinary Hilbert series 

H(I ,t), since dim. I d
m =dim kI B

d , by Hermite's reciprocity law. 

References; 

(1) Almkvist, G., Some formulas in invariant theory, J. Algebra 

77 (1982), 338-359. 

12] Almkvist, G.,Dicks, W.,Formanek, E., Hilbert series of fixed 

free algebras and noncommutative classical invariant theory, 

J. Algebra 93 (1985), 189-214. 



188 T. Tambour 

[3] Brouwer, A.E.,Cohen, A.M., The poincaré series of the poly-

nomials invariant under SU2, in its irreducible representa-

tion of degree dS17, Matheraatisch Centrum, Amsterdam, 19. 

[4] Springer, T.A., Invariant Theory, Lect. Notes in Math, 

no. 585, Springer-Verlag 1977. 

[5] Springer, T.A., On the invariant theory of SU2, University 

of Utrecht, preprint nr. 138. 

[6] Teranishi, Y., Noncommutative Classical Invariant Theory, 

Nagoya University Preprint. 

Department of Mathematics 
Received Hay 13, 1987 

University of Lund 

Box 118 

S-221 00 LUND 

Sweden 



C.R. Math. Rep. Acad. S c i . Canada - Vol. IX, No. 4 , August 1987 août 189 

REGULAR SIMPLEXES WITH INTEGRAL VERTICES 

I . 0 . Macdonald 
Pietented by H.S.M. Coxetci , F.R.S.C. 

1. For which values of n does there ex i s t a regular n-ainplex S 

( i . e . , with a l l i t s edges of equal length) in R with a l l i t s ver t i ce s 

in t egra l ( i . e . , i n an)7 

This question was answered f i f t y years ago by I . J . Schoenberg £4J 

who showed that the necessary and suf f ic ient conditions on n arethe 

fol lowing : - e i ther ( i ) n i s even and n • 1 i s a perfect square; or 

( i i ) n = 3 (mod. 4 ) ; or ( i i i ) n = 1 (mod. I») and n • 1 i s not d i v i s i b l e 

to an odd exponent by any prime number of the form kk * 3 . 

The in tegers n i a case ( i i i ) are , as Schoenberg remarks, prec ise ly 

those for which n + 1 i s the sum of two odd squares. As to case ( l i ) , 

s ince every pos i t i ve Integer N i s the sum of three triangular numbers, say 
3 

3 
8N + /( = 1 + 2 . (2m1 + I ) 2 

t=l 
3 

8H + 8 = 1 + 1 + 1 + 1 + 1 + ^ E 1 (2m. • I ) 2 , 
t̂ l * 

so that every multiple of l» is the sum of either 1» or S odd squares. 

Thus we may restate Schoenberg1 s result as follows :-

THEOREM. There exists a regular n-simplex in "B/1 with vertices in Z 

If and only if n + 1 le the sum of 1, 2, 4 or 8 odd squares. 

In this note we shall first give a variant of Schoenberg's proof, 

and then for each allowable value of n we shall explicitly construct a 

regular n-simplex S with vertices in Za. 

2. We may assume that the origin 0 is one vertex of S. If the other 

we have 

and 

vertices are x ç 2°  ( l s i < n ) , we must have 

K I M ' i - ' j l 2 * 2 ' 
for some c and all i 4 J> where | xl is the Euclidean norm of the vector x. 

and therefore 
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X..X. = 2c, ^«x» = c if i + Jj 

where x.y is the standard scalar product on Vr. Hence if X is the matrix 

with rows x,, ..., x , we have 

(2.1) XX* = c(l + E) 
n 

where E is the n x n matrix in which every entry is 1. 
Since E has rank 1 we have det(l_ + E) = 1 + trace E = n + 1, and 

a 

therefore by taking determinants in ( 2 . 1 ) we obtain 

cn(n + 1) = (d«t X)2 

so that c (n + 1) i s a square. 

The e a s i e s t case i s that i n which n i s even. Then n + 1 must be a 
2 2 

square, say n + 1 = r . Conversely, i f n + 1 = r i t i s easy to ver i fy 
tfcat the simplex with vert ices (r - l ) e 1 ( l s i $ n ) and e, + . . . + e 

(where e , , . . . , e i s the standard bas i s of H11) i s regular. 

Suppose now that n i s odd. From (2 .1 ) i t follows that the quadratic 

forms 

(2.2) 21 X; 
t=1 * 

(2.3) QcZ,*t^ 
are rationally equivalent. By the usual process of completing the square 

we find that ^ ,U 4 / 1 ^- "\4 0Tx->- - 51 — (^ + - L Z-*J ^Uj. l > - U i ^ l M jH " 
and hence that (2.'3) i a rat ional ly equivalent to 

•n % 
(2.4) C ^Z i{i+i)X:. 

1=1 
Thus we seek the values of n such thatnthe forms (2.2) and (2.1») are 

rationally equivalent, for some value of c. 

3. The necessary and sufficient conditions for the rational equivalence 

of two diagonal quadratic forms are most conveniently expressed in terms 

of the Hilbert symbols (a,b) . The facts we require may all be found in 

Serre's book f^l. 



I.G. Macdonald 191 

The Hilbert symbol ( a , b ) i s defined for p-adic numbers a, b ^ 0 
2 2 2 

as follows : - (a ,b ) = 1 or - 1 according aa the equation ax + by at z 
does or does not have a so lu t ion ( x , y , z ) 4 (O'.O.O) in Q \ I t has the 

fol lowing propert ies [ 2 , p. 38J : 

(3 .1 ) (a .b) = 1 I f e i t h e r a oh b or a + b i s a square in Q . 

(For example, i f a = u we can take ( x , y , z ) = ( l , 0 , u ) . ) 

(3_2) (a ,b) i s a symmetric b i l inear function of a and b, so that 

( a l a 2 ' b ) p = ( a l ' b )
p ^ 2 ' b ) p * 

( 3 . 3 ) ( a , a ) p = ( - l . * ) p = (a - l , a ) p -

(For (a,a) (-l.a) = (-a,a)p = 1, by (3.2) and (3-1), and likewise 

(-l,a)p(a-l,a)p = (l-a,a)p = 1.) 

Now lot Q=a , x , 2 + . . . + a x 2 baa diagonal quadratic form with ^ 1 1 n—n 

positive rational coefficients a^ Then f2, p. 703 Q is rationally 

equivalent to X-2 + ... + x 2 if and only if (a) a ^ . ^ is a square and 

(b) for each prime p, 

V = ?J <ai'Vp = ^ 
In our case we have a. = ci(i + 1), and n is odd. Hence a1...an 

= cnn!(n + 1)1 = c(n + 1) x square, and therefore c(n + 1) must be a 

square, so that for any a we have 

(3.0 (c»a)p = (n + 1, a) p. 

We have to compute C . Lot us temporarily drop the suffix p from the 

Hilbert symbol, and let b. = i(i+l). Then by (3.2) wo have 

(a1,aj) = (cb^cbj) = (c,c)(c.b1)(c,b;J)(b1,bJ) 

and therefore I / «1 TV 

since n is odd and (c,c) = (n+1,n+1) = (-1,0+1) by (3.1,) and (3.3). 

Next, we have 
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i-1 fr' j l (Vbj) = <bi---bj_i. b j ' 
^ = ( ( j - l ) !J ! , j(j+l)) 

= (j , j (J+l)) 
= ( - l , j (J+l ) ) since ( - j , j ( j+ l ) ) = 1 by (3.1) 
= ( - l , J ) ( - l , j + l ) 

and therefore n 

( b . b ) =TT { - l , j ) ( - l , j+ l ) 
= (-l,2)(-l.n+l) = (-l.n+1) 

since (-1,2) = 1 by (3.1). Hence finally wo obtain 

ej, = ( - l . n + l ) ^ - 1 ^ 1 . 

Suppose first that n = 3 (mod t,). Then in(n-l) is odd, so that 61 = 1 

for all p, and therefore the forms (2.2) and (2.1,) are equivalent (provided 

that (n+l)c is a square). 

Suppose next that n s l (mod t,). Then ^(n-l) is even and therefore 

we must have (-l,n+l)p = 1 for all primes p, that is to say tho equation 

2 2 2 
-x + (n+l)y = z must have a nontrivial aolution in O for all primes p. 

Since this equation also has solutions in B, it follows Tz, p. 73'] that it 

has solutions in g, i.e., n+1 = (x/y)2 + (z/y)2 is the sum of two 

rational squares and therefore is also the sum of two integral qquaros 

(necessarily odd, since n s l (mod I,)). This completes the proof of the 

theorem. 

I,. We shall now exhibit a regular n-simplex S with vertices in Q,n for 

each allowable value of n. (A suitable integer multiple kS of S will 
then have integral vertices.) Lot 

n + 1 = ^ r i 
2 

•te^o the r^ are positive odd integers and d s 1, 2, 4 or8. Lot V. = 
r. d 
Q with standard basis eij ( O ^ J ^ 2 - i), and let V = 0 V , so that 

C-t 
dim V = n+1. Define 
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0 
e i J = a i / + t'i - " " ^ « i O " "iO5 C ^ J S r ^ - 1 ) . 

Then the o ' . for fixed i form an orthonormal basis of V^, and hence the 
./ 

e* . for a l l 1 and a l l J are the ver t i ce s of a regular n-simplex A In V. 

Lot K be the subspace of V spanned by e . . , . . . , e . - . Since d = 1 , 2 , 

1* or 8 we can oake K in t o a ft-algobra with ident i t y element e 1 n 

and a b i l inear mul t ip l i ca t ion such that e . - = - e . - for 2 S i ^ d , 

and 8 i 0 e 1 0 = ± e ^ for 2 $ i t J £ d , i ^ i j and k ^ l , and such that 

Ixyl = | xj(y| for x, y i n K, «here as before | z | I s the Euclidean norm. 

(When d = 14 (resp. 8 ) , K i s the rat ional quaternion (resp . octonion) 

a lgebra . ) 

The orthogonal complement V' of e.» in V. has dimension r. - 1, which 

i s d i v i s i b l e by 8 and i s therefore a multiple of d. We may therefore 

regard V' ( r e l a t i v e to the bas i s ( e . . . ) ) as a free l e f t K-module : 

V̂  = K ^where ŝ ^ = ( r ^ - l ) / d . Thus V = Ks where s = 1 * ZLB^. 

Now l e t , 

, u = rieio-£rieio e K-
Then i i = uù i s a regular n-slmplex in V, with vert ices 

ueij = u(eîj " rIleio) + rilueio-
The vector eJ^ - r7 e . 0 i s orthogonal to «jn» and hence u(e! . - r. e . . ) C V'. 

I t fo l lows that the e - . - coord inat e of ue' i s equal to the e . - -coordinate 

of r~ ue.Q, hence i s equal to 1 . Hence f ina l ly S = A - o^0 i s a regular 

n-simplex with v e r t i c e s in Q . 
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CODAZZI TENSORS AND INTEGRAL FORMULAE 

A. Leung J.R. Vanstone 

Pne^anted by G. de 8. Robtiwo», F.R.S.C. 

51. INTRODUCTION. The concept of a Codazzi tensor originated in the Weingarten 

map of a codimension-one isometric immersion of a manifold in an euclidean space. 

The concept has been generalized from tensors of type (1,1) such as the Weingarten 

map to tensors of type (p,p) (cf. [I)). Furthermore il has been shown that such ten-

sors form an algebra under the "dot" product of Mixed Exterior Algebra (cf. [5]). 

The purpose of this paper is to announce a very general formula for the exterior 

derivative of an (n-Inform, involving Codazzi tensors, on an orientable n-manifold. 

If the manifold is compact, Stokes' theorem then yields an integral formula. Proof* 

will appear elsewhere. 

§2. CODAZZI TENSORS. We suppose that M is a smooth n-manifold with a 

connection V . If U is a tensor field on M of type (p,p) , skew-symmetric in both 

its co and contravariant parts, then VU is of type (p+1, p) and. skew-symmetriziiiii 

its covariant pan, we obtain a lensor field TI(VU) . 

DEFINITION. U is called V-Codazzi of type (p,p) if Jt(VU) = 0 . 

§3. THE MAIN THEOREM. We now assume the M is oriented by an n-lonn 

A , that Z is a vector field on M and that U is a tensor field of type (n-1. n- l ) 

on M , skew in both parts. Define a field e* on M by 

< e*, X, A... A Xn > = A(X, Xn) ; 
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and define an (n-l)-form ^ on M by 

^(X, X».,, = <e,,Z^(X1A.../VXn.1)> 

(here, X! Xn are vector fields on M ). Finally, let Z denote the (1,1) tensor 

field on M given by X .-> VyZ . Then we have 

THEOREM. / / (i) the torsion of V is 0 , (ii) U is V-Codazzi of type 

(n-1, n-1) and (iii) V is V-parallel, then 

fid) = lr(ZU)A. 

COROLLARY: //. in addition, M is compact, then 

J O = J tr(Z • U) . 
dm M 

§4. REMARKS. Many examples of Codazzi tensors of type (1,1) are given in [3]. 

An example of type (2,2) is the curvature lensor of a Riemannian manifold. Any 

V-parallel U is, of course, V-Codazzi. If we combine these facts wilh the result that 

the (mixed exterior) product of V-Codazzi tensors is V-Codazzi we obtain a large 

family of integral formulae. This latter fact was shown in [1], where it is also shown 

how to specialize a particular case of the above (Z comes from an isometric immer-

sion of M in an euclidean space) to obtain the integral formulae of [2], [4], [6] and 

[7]. 
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SOME EXAMPLES IN PROJECTIVE CONVEXITY 

Tiber Bisztriczky 

PieieiUed by H.S.H. Coxeter, F.R.S.C. 

A subset B of a real projective three-space P3 is convex in P3 if there is a plane 
a c P3 disjoint from B and B = conva (B), Ihe convex hull of B in Ihe affine restriction 
P 3 \ a ; cf. [2]. A family F - ( B | BJ of n 2 2 convex sets in P3 is affinelv embedd-
able if each B; e F is convex in the same affine restriction of P3 . 

THEOREM ([11). If F is a family of n a 5 mutually disjoint closed convex sets in P3 

such that (i) any line meets at most two sets of F and (ii) no set of F is comiincd in a con-
vex hull of any other three sets of F , then F is affinely cmbcddable. 

In Ihis note, wc present examples which show that neither (i) (Figure I) nor (ii) (Figure 
2) may be dropped from the THEOREM, 

0 . Let A and B be closed convex sets in P3 . Wc recall thai A n B is convex if and 
only if A n B is connected. If A n B is not convex, then any plane in P3 meets A u B 
and (A.B) is not affinely cmbcddable. Let A and B be disjoint. Then (cf. |3|) the set ol 
planes in P3 , which do not meet A u B , is not connected and has Iwo components. Thus 
A u B has two convex hulls. 

Let P3 be coordinatized by R , |X.n) c R and denote the points and planes of P' 
by p, q, r and a, p, y , respectively. For a subset X c P3, <X> denotes the flat spanned 
by the points of X . 

We remark that as our examples arc algebraic, we only list observations and indicate 
arguments. 

1. Let p, = (I. 0, 0, 0), q, = (0, I, 0. 2), Pî = (0. I. 0. 0), qj = (I, 0. 2. 0). pj = (0, 0. I. 0). 
ib = (2, 0, 0, I), p4 = (0. 0. 0. 1). q4 = (0. 2, 1, 0) pj = (I, I, 2, 2). qj = (-2, -2. - I . -1) and 
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Bi = (Xpi + Wi I X, |i i 0, X + H > O); i = 1, 2, 3 ,4 , 5 . 

U t T = ((x,, X2. x3, X4) I x, e R, x, 2 0) and y B x ) + xj = 0 . Then y m = Ç and 

T = convT ((p,, P2, P3.P4)) is a 3-simplex containing B, w B2 u Bj u B4 ; cf. Figure 1. 

We note the foUowing properties of Fs = (B| , . . . Bj). 

1.1 T = conv, (B| u B2 u 63 u B4) and p, it convT (B) u Bj u B^ for 

( i , j . k , / ) = ( l , 2 . 3 , 4 ) . 

1.2 U t (i .j) = {1.2) and {k, 1 ) = (3 ,4) . Then conv T (B i uB k ) meets Bj, B, and 

B5, and B5 n convT (Bj u Bk) is connected. 

1.3 U t (i, j) = (I, 3) . Then (B; u Bi+,) n convT (Bj u Bjt,) = ()> and 

B5 n convY (Bj u Bj.,,) is not connected. 

1.4 The plane xi - 2x2 - xj + 2 ^ = 0 is disjoint from B| u B2 u B; and separates B] 
and B2 in T , and the plane X| - 2x2 + 2x3 - X4 = 0 is disjoint from 
Bj u B4 u B5 and separates B3 and B4 in T . 

1.5 By 1.1 to 1.4. any three element subset of Fj is affinely embeddable. 

1.6 U t (i.J) = { l . 3] and p strictly separate B, and B M in T . Then 
Bj n convp (Bi u Bi+I) and B^i n convp (Bj u B^n) are not connected. 

1.7 By the preceding, T is the unique convex hull of B] u B2 u B3 u B4 and T n Bs 

is not connected. Thus Fs is not affinely embeddable. 

We claim that no set of Fs is contained in a convex hull of anv nlher three sets of Fs . 

U t Bj, Bj and Bk be three sets of Fs . By 1.5. there is an a disjoint from 

Bj u Bj u B k . U t H = conv0 (Bj u Bj u Bk). By 1.1 and 1.7, wc may assume that H * T 

and that Bs c H . Thus if a fourth set is in H . then B! u B2 c H or B3 u B4 c H . 

If B, u B2 c H , then B5 u conva (B, u B2) is connected. Thus a separates B] 

and B2 in H by 1.3, and neither B3 nor B4 is in H by 1.6. A similar argument yields 

that there is no fourth set in H when Bj u B4 c H . 
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Figure 1 
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2. U t pi = (0, 0, I, 0), qi = (0, 0 ,0 , I), pj = (0. 1, 1, 0), qj = (0 ,1 , 0. 1), P3 = (1. 0, 1, 0), 
q, o (1, 0, 0, 1), 

Bi = (Xpi + pqi I X. |l a 0, X + Ji > 0). i = 1.2, 3 . 

B4 = ((1,2,0,0)) and B, = { £ ^ ^ I Xj â 0, £ ^ > o) 
i-i i-l 

where n =(1.-1.1 . -2) , rj»(1,-4, 2,-4), ^ = (-1,-1.1,-2), r4 = (-4, 1 2,-4), 
rj = (-1,1,1. -2). r6 o (i. 1.2. -4). r, = (-1, - I , 0, -3) and r, = (1, I, 3, 0). 

We list some properties of this Fs , and remark that we exclude B4 from Figure 2 for 
simplicity. 

2.1 B, u B2 > n x, = 0, < B, vj B3 > a X2 = 0 and 
< B] vj B3 > s Xi + X2 - X3 - X4 = 0 . Thus any line meets a most two sets of 
(B,, Bj, B3. B4). 

2.2 a = < qi. qj. 03 > a K3 = 0, a' = < p,, P2, P3 > a x., = 0, 

B4 c o n a", a n Bs = fo} and a n Bs = {r»). 

2.3 Ut P and Q be ihe closed half-spaces of P3 determined by a and ct'. Then, 
say, Bi u B2 vj B} c P, Bs c Q and the intersection of Bs and the convex hull of 
Bt vj B2 vj Bj , which is in P , is not connected. 

2.4 L = < B4 VJ to) > a X3 = 6X| - 3X2 - X4 = 0. 
M = < B4 vj (r,) > a X4 = 6X! - 3xi - X3 = 0 and (L vj M) n (B, vj B2 vj B3) = $ . 
Thus no line meets B4, Bs and B, u B2 u Bj, and Bs is disjoint from ihe convex 
hull Bj u B t , which is in P ; l 2 j ^ k £ 3 . 

2.5 Yi = < PJ. qi, qz > a x, - X3 = 0, Ti = < q2. Pi- P3 > H ^ - X4 = 0, 
•ft = < Pi, q* 03 > a x, + X2 - X4 = 0, 74 = < <b. Pi. P2 > = "i - 't* = 0, 
Yj = < P2. fli. «b > H t2 - x, = 0, Y6 = < Ot. P2. Pj > a «i + ^ - xj = 0 and 
y, n Bj = (n); i = 1 6 . 
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Figure 2 
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2.6 U t Pi and Qi be the closed half-spaces of P3 determined by Yi and y ^ , 
i s 1,2, 3. Then, say, B, vj B2 u Bj c P,, B5 c Qi and the intersection of Bs and 
Ihe convex hull of B, u B2 w B j , which is in Pi , is not connected. Thus with 2.3, 
(B|, B2, B3, Bs) is not affinely embeddable. 

2.7 U t { i , j , k} = {1 ,2 , 3). Then Pi contains the convex hull of Bj i jB k , which is not 
in P , and {n, r M ) n < Bj vj Bk > = $ . Thus Bs is also disjoint from this convex 
hull of Bj VJ Bk . 

2.8 By 2.4 and 2.7, any line meets at most two sets of (B,, Bj. B3, Bs) . 

2.9 By 2.1, 2.4 and 2.8, any line meets at most two sets of Fs . 
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