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ABSTRACT.

Let f"+ k¥f —q(z)f =0, z >0, f ~ exp(ikz) as = — +oo. Given the Ifunction
I(k) := f'(0,k)f~(0,k) for all k >0 we recover ¢(z) analytically, f' := 3f/dz. A similar
problem is treated for the equation u” —a’u—g(z)Ju=0, >0, u~ exp(—az) as z — +oo,
I{a) := v'(0,a)u"?(0,a), > 0.

In applications (seismic exploration, acoustic and electromagnetic prospecting) the problem
of finding g(z) from the knowledge of I(k) := f'(0,k)f~*(0,k) for all k >0, where

"+ k*f - q(z)f =0,z >0, f ~exp(ikz) as z— +oo (1)

1€Qi=1{: [ la(a)l(1+ )z < 0,0 =) @

is of interest. The bar denotes complex conjugate here and below. We refer to this problem
as problem 1. A similar problem (problem 2) is to find g(z) from the knowledge of i(a) :=
v'(0,)u~?(0,a),0 < a < 00, where

u" - a®u - g(z)u =0,z >0, (3)

u ~ exp(—az),z — +00,a > 0. (4)

The value of I(k) is the ratio of acoustic velocity to pressure in acoustic prospecting, or com-
ponents of the magnetic and electric fields in electromagnetic prospecting. Thus I(k) can be
directly measured experimentally. We prove that I(k) (or j(a)) determine q(z) uniquely and
give an algorithm to recover ¢(z).

The key observation is that

ImI(k) = (20) 7 [1(k) - T(R)] = |/(0, k)| ~*k (5)

where the formulas W(f,7] = —2ik and f(0,k) = (0, —k), k > 0, were used. It follows
from (5) that ImI(k), k > O, determines uniquely the spectral function p(}) of the operator
ty = —d%y/dz? + q(z)y, = > 0, y(0,vX) =0, where A is the spectral parameter, A = k?,

o = { IO/, 3>
PSS 60+ a0dr,  A<0

=1

(6)
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c; =|| ¢; [|=? are the normalizing constants, &= -xi¢;, $;(0)=0, $5(0)=1, §(r+ x3)
is the delta-function, and N is the number of bound states.

In order to determine p()) for A < 0 and therefore to reduce the problem of finding ¢(z)
from the knowledge of I(k) to the familiar inverse spectral problem, the one of finding q(z)
from the knowledge of p()), one needs to know n; » 1S5 < N and ¢;. Since f(k) := f(0,k)
is analytic in the region Imk > 0 and has simple zeros at the points ix;, x5 > 0, which are
not zeres of f’(0,k) (since otherwise f(z,k) should vanish by the uniqueness of the solution
to the Cauchy problem), one can extend I(k) analytically on the half-plane Imk > 0 and
find the poles ix; of I(k) and the corresponding residues 7'(0,ix;) [f(O,:':c,-)]" where prime
and dot denote differentiation in z and k respectively. Then one can use formulas (7) and
(8) below and find the spectral function. Let us prove that the normalizing constants are
determined uniquely by I(k). If this is true then dp(2) is uniquely determined by I(k) and
therefore g(z) is uniquely determined by I (k). The normalizing constants are known to be
¢5 = —2iK;'(0,ir;)[f(ix;)]~" . Here and below J(k) := f(0,k). One has

—2i;Respie, I(k) = ~2ix; £'(0,ix;)[f(ix;)] " = ;. (7
From (5) and (6) it follows that

7= mI(vA)dA A>0

dp(}) = { jo1 ~2ixResy, I(k)5(A + x2)dA X < 0. I

Let us summarize the results.
THEOREM 1. The knowledge of I(k) for all k > O determines 9(z) € Q uniquely. The spec-

tral function corresponding to this ¢(z) is given by formula (8). The algorithm for computing
q9(z) is the Gel'fand-Levitan algorithm for computing 9(z) from the knowledge of dp()).

Let us recall for convenience of the reader the Gel'fand-Levitan algorithm (see e.g. [1)).
Given dp()) one defines the kernel

Ue) = [~ dole \boly, Ndo() )
where (for the problem on the semiaxis z > 0 and the boundary condition y(0,2) =0):
$o(z,3) = (V3) " sin(zV/3), do(A) = dp(A)  dpo(A) (10)
and dp,(}) is given by the formula
dpo(A) =0 for A< 0,dp,(A) =#"AY2dA for A> 0. (11)

Then one solves the (Gel'fand-Levitan) integral equation

}'t’(::,y)+L(:|:,y)+/0z L(t,y)K(z,t)dt =0,0< y < z (12)
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for K(z,y). Equation (12) is uniquely solvable, for example, if the set of growth points of
do has at least one finite limit point [1]. Therefore, if ImI(k) # O is a continuous function,
[ ImI(k)| < e(1+k?)~°, a > 1, then (12) is uniquely solvable. If K(z,y) is found then

o(s) = 22K2), (13)

The function (13) produces the function I(k) := f'(0,k){f(k)]~® which is the same as the
function I(k) which was the data. Necessary and sufficient conditions for dp()\) to be the
spectral function corresponding to a potential g(z) with m locally integrable derivatives are
known [1]. Therefore one can give necessary and sufficient conditions for the given function I(k)
to be the Ifunction corresponding to g(z) with these properties.

PROPOSITION 1. The function ImI(k) corresponds to an I-function associated with a
¢(z) which has m locally integrable derivatives iff the function p()) defined by (8) has the
properties
(i1) if h(z) € L*(0,00) and has compact support, E()) := [;° h(z)sin(zv/A)dz _and
S IE()[*dp(x) = O then A(z) =0, and
(i3 ) the limit ®(z) = limy_oo ff’“ cos(VAz)do()) exists and is bounded on any finite
interval of the z -axis and ®(z) has m +1 locally integrable derivatives.

This proposition follows from Theorem 1.5.1 in [1] and formula (8).

Problem 2 reduces to problem 1 by setting a = —ik. The half-plane Rea > 0 corresponds
to the half-plane Imk > 0. The set a > 0 corresponds to the set {Imk > 0, Rek = 0} . Since
u(z, @) is analytic in the region Rea > 0, the function j(a) is meromorphic in this region and
can be continued analytically on the half-plane Rea > 0, so that the values j(ia) are uniquely
determined. Therefore, by Theorem 1, g(z) is uniquely determined.

LEMMA 1. The knowledge of j(a) for all a > O (in_fact, even for a countable set {am},
am > 0, which has a finite limit point a., ) determines g(z) uniquely.

Note that Resq=xj(a) = —tResr=iI(k), where a = —ik.

Let us briefly discuss the practical question of finding the poles and residues of I(k) on the
imaginary axis from the knowledge of I(k) on the real axis. This is an unstable problem in the
sense that one can add a term a(k — ix)~! with large £ > 0 and small a without changing
much I(k) on the real axis. The poles of I(k) are simple and I(k) is meromorphic in the
half-plane Imk > 0. At infinity I(k) behaves as follows

I(k) = [ik — A(0,0) + /o % 4.(0,¢) exp(ikt)dt]l1 + /o = A(0,£) exp(ikt)de]?
=ik+0(l) as k— *oo (14)

where we used the well-known formula
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J(z,k) = exp(ikz) + [:ﬂ Az, t) exp(ikt)dt (15)

and the fact that [;°{|4¢(0,¢) +|A=z(0,t)|}dt < o0 if g€ Q [3]. Thus

N oo
I(6) = ik + 3 (k- ing) ™ + /o a(t) exp(ike)dt (16)

j=1

where a(t) € L' . Define

h(z) := (2x)"! / ® [1(k) = ik] exp(—skz)dk. (17)
Then "
h(z) = "Z a; exp(x;z)0(~z) + a(z)d(z),
i=1
i) = {; = g. (18)

Therefore the constants a, and «; are uniquely determined by I (k) . Note that (16) and (17)
imply that
Resp=ix, I(k) = a; = ¢;(—2ix;)~". (19)
Let us summarize the method for recovery of ¢(z) from I(k):
1. Given I(k) find Im I(k), 2) compute h(z) by formula (17), (18) and find constants
a; and x; from the asymptotic behavior of h(z) as z — —oo.
2. Construct dp(A) by formulas (8), (19), and L(z,y) by formulas (9), (10). Solve
equation (12) for k(z,y). (This equation is uniquely solvable if L is given by formulas
(9), (10)).
3. Construct g(x) by formula (13).

REMARK 1. The constructed g generates by the formula I(k) = f'(0,k)/f(0,k) the same
function I(k) with which we started. Here f(z,k) is the solution to (1) with q(z) given by
(13).

We can reformulate Proposition 1 so that all the assumptions will be given in terms of
I(k) .

PROPOSITION 1. A function I(k) is the I-function corresponding to a q € LJ,,, such
one that zero is not a resonance iff the following conditions hold: (1) I(—k) = I(k) for k real,
I(k) is the value on the real axis of a meromorphic in C4 := {k : Imk > 0} function with
only a finite number of simple poles ix;, x; > 0, and the quantities —iResx=ix;I(k) > O for
x;>0;

(2) The following limit exists and is a LT'}} function:

N
21(2) = Jim /o (k=" Im I(K) - 1) cos(kz)k?dk € L™

1 loc*
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REMARK 2. The point k =0 is called a resonance if f(0,0) =0 and f(z,0) ¢ L*. Itis well
known that if f(0,0)=0 and J(z,0) € L* then f(z,0) =0 provided that [5~ (1+z)lg(z)ldz <
oo (see e.g. [4] where also the three dimensional case is di: d). If zero is a resonance, that
is a zero of f(k):= f(0,k), then it is a simple sero of f(k), it is not a sero of f'(0,k), and it
is a simple pole of Im I(k) in the sense that lims..ok Im I(k) = |£(0)|~% # 0. If one drops
the assumption that sero is not the resonance in Proposition 1’, then the conclusion still holds
if one adds in condition (1) that xo =0 may be a simple pole of I(k), and the residue at this

pole is ir, r>0.

Let us prove that r > 0. One has Resi-ol(k) = 1(0,0)/£(0). The Wronskian
£(0,k)f'(0,—k) — f'(0,k)f(0,—k) = —2ik. Divide this formula by k and pass to the limit
k— 0 to get 2(0)f(0,0) = —2i. Therefore £'(0,0)/§(0) = —i[f(0)]~? := ir. From the well
known formula f(k) =1+ [5° exp(iky)A(0,y)dy, where A(0,y) is a real-valued function, one
derives f(0) =i [ yA(0,y)dy . Thus [f(0)}* <0 and r>0.

Let us summarize the method for solving the problem of finding q¢(z) given j(a). Note
that

J@)=-a+o(l) as a— +oo, (20)

J(a) is meromorphic in the region Rea > 0 with a finite number of simple poles at the points
an = Kn > 0, and Resa=, j(a) = (2kn)"1cn , where cn > O are the same as in (7). Define

Jo) = (o) + a3 Callma) ! (21)
n=1 fig
and o0
b(t) := Lap~'J(a), J(a) := /o exp(—at)b(t)dt = Lapb(t). (22)
Let .
I(k) == J(~ik) + ik + Y cn(26n) "} (—ik — xn) 2. (23)
n=1

The inversion procedure is as follows:
1. Given j(a) find kn and c,, then b(t) by formula (22);
2. find I(k) by formulas (22) and (23), compute Im I(k) and find dp by formula (6);
8. given dp find g(z) as above.

REMARK 3. The constructed g generates j(a) by the formula j(a) = u'(0,a)u~!(0,q),
where u is the solution to (3), (4), the same function which was used as the data. We do not
give details here.

REMARK 4. In [5] some analytical formulas are given for the potential under the assump-
tion that the Weyl function is a rational function of k which is given for all k. The connection
between Weyl’s function and the spectral function one can find e.g. in 6] p. 25-34.
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REMARK 5. If one considers the scattering problem on the whole line by a g(z) which is
equal to ¢(z) in (1) for z > 0 and vanishes for z < 0, then the reflection coefficient r(k) defined
by the formula f(z, k) = exp(ikz) + r(k) exp(—1kz) for z < 0, can be related to I(k) by the
formula I(k) = sk(1-r(k))(1+r(k))~2, r = (ik—I(K))(ik+I(k))~!. If g(z) = O for z < O then
the solution f ~ exp(ikz) as z — +oco can be written as T~!(k)[exp(ikz) + r(k) exp(—ikz))
for z < 0. Here T(k) and r(k) are the transmission and reflection coefficients respectively.

The bound states ix;, x; > 0, are the poles of T'(k). Therefore, given I(k) for all k > 0, one
can uniquely determine r(k), bound states and normalizing constants (provided that g(z) =0

for z < 0) and then use the Marchenko equation to recover g(z). This gives an alternative
approach to the problem.

The author thanks ONR for support and O.L. Weaver for discussions.

REFERENCES

(1] Levitan, B., Gasymov, M., Determination of a differential equation by two of its spec-
tra, Russ. Math. Surveys, 19, (1984), 1-63.

[2] Ramm, A. G., (a) Scattering by obstacles, D. Reidel, Dordrecth, 1986. (b) An inverse
problem for the Helmholtz equation in a semi-infinite medium, Inverse problems, 3,
(1987). (c) Inversion of the Laplace transform from the real axis, Inverse problems, 2,
(1986), L55-59.

[3] Agranovich, Z., Marchenko, V., The inverse problem of acattering theory, New York,
Gordon and Breach, 1963.

[4) Ramm, A. G., Sufficient conditions for zero not to be an eigenvalue of the Schrdinger
operator, J. Math. Phys. 28, (1987) (to appear).

[5] Markushevich, V. M., Novikova, N., Resnikov, E., Explicit representation of the poten-
tial via the rational Weyl’s function for the Sturm-Liouville problem on the semi-axis,
Doklady Acad. of Sci. USSR, 278, (1984), 1095-1097.

[6] Eastman, M., Kalf, H., Schrodinger-type operators with continuous spectra, Boston,
Pitman, 1982.

Mathematics Department
Kansas State University

Manhattan, KS 66506
U.S.A.

Received May 13, 1987



C.R. Math. Rep. Acad. Sci. Canada - Vol. IX, No. 4, August 1987 aoiit 183

v

AN EXPLICIT FORMULA COUNTING NONCOMMUTATIVE
CLASSICAL INVARIANTS
Torbjérn Tambour

Presented by G. de B. Robinson, F.R.S.C.

1. Introduction

Let k be an algebraically closed field of characteristic 0.
Then the group G=SL(2,k) is reductive, hence every finite-
dimensional G-module is completely reducible. For every integer
d>0 there is exactly one irreducible G-module of dimension d+1.
We denote this module by Ry- The module Ry can be described as
follows: define an action of G on the polynomial algebra
R=k[X,¥Y] by the formulas g~ 'x=ax+by, g_!Y=cx+dY, where g=(: g)
is an element of G. Then Rd is the submodule of R consisting of
homogeneous polynomials of degree d, i.e., Rd={§°xd+...+advd;ai€k).
For the details and the proofs, we refer to [4], Ch. 3. Let
Tm(Rd) be the mth tensor power and Sm(Rd) the mth symmetric

power of R.. We also put Ig=sm(Rd)G, I5=9° T, T2=Tm(Rd)G, and

9 m>0

¥.= © T%. Then I, (T,) is the classical ring of invariants in
d m>0-d d d

commuting (noncommuting) variables of a binary form of degree d.

Definition: The Hilbert series of Id and Td are the formal

m ~ : . ~m, . m
power series H(I,,t)= I {(dim I™¢™ and H(T,,t)= £ (dim I )t .
a’ m>0 k~d d m>0 k~d

It is well-known that H(Id,t) represents a rational function
([4] p. 25 and 28), and it is at least known that H(Td,t) is
algebraic ([2) p. 207). In [6], p. 15, Teranishi considers the

series I (dimkfg)tmd, and shows that it is rational.
da>o :
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Here we will consider the series F_(t)= L (dikadm)td, and show
n dz0

that Fm(t) is much simpler than H(Td,t), by writing down a fairly

explicit expression for it, which in particular will show that

it is rational.

Before we formulate our theorem, we need the following

Definition: Consider the field extension G(tn)~¢(t), which is

2ni/n

Galois with Galois group generated by th-e t. Define the

Reynolds operator ¢ :@(t)-C(t) by
_1n—1

L fle
k=0

(6,£) (") =n Sk

Theorem: Let m>3 and define h_(t)=(t/(1-t%))™ 2, Then F,(t)=(1-t)7"

1

1 my .y J*1
3% pX (j)( 1) (¢

and F_(t)=
- m 0:5<im

m-ZJh ) (t) for m>3.

It is interesting to note that this formula bears a striking

resemblance to the formula for H(Id,t) obtained by Springer

(see [1] p. 340, [3] and (5]).

2. The proof

Let d;m be the representation of G on Tm(R ). Then
Xq,m (61 =Tx (T™ (R ).od (g eI =(Tr(Rgi0g 4 (5 ¢
d,.4-2,

= (£ +¢ o +E" )m(we need only consider pd,m(g E-1),see [4]p.50).

By complete reducibility we can write x4 ()= L a(d,m,i)xi(ﬁ).
’ i >

where Xi=xi 1 and the coefficients a(d,m,i) are non-negative
’

-on™

integers (and only finitely many are non-zero). Then

L X (Elt = (z a(d'mll)t )X ()= L F (t)x; (§), where
azo 4rm 120 dz0 ' Ra ki

Fm,olt)=Fm(t)' since a(d,m,0)=dimk1d .
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We also have I xg (€)t%= 1 ((681-¢74 )/ (g-g7 Ml
azo -’ dza0
-1 - m 5 o 1 - |
= (E-E 1) m T I (l;‘) (_1)Jg(d+1)(m 2j)td=(€_€ 1) m z(m) (_1)j (-;) .
d203=0 j=Oj £ j
(to get the last equality we sum over m-j instead). If E=e1x, then

="
Z (i
(24)™sin™ 'x j=0

) (- 1) WIS EE—y Y (t)sin(i+1)x.

j e M=2303x_, 450 M/

If we multiply by sin x and integrate from 0 to 27 we get

(_1)m 2%

Fo(€)sFp o (t) dx,

1
— ol ] .
(24)™r 0 sin®™ %x j=0 9 S m-23)ix_,

2w
since [sin xsin nx dx=0 if n22.
0

Here the integrand looks dangerous with sinm-zx in the denomi-

nator, which has zeros of order m-2 at x=0,7, and 2m. But the
sum in the integrand has zeros of order m-1 there by the

following

m
temma: 1 (J) (-1)7(m-25)"=0 for vsm-1.

j=0
proof: I (M (-n7m-25)" A T E L L T
3=0 at¥ j=o0 J
ma¥
=2" == (sinh t)lt 0=0 if vsm-1. Q.E.D.

at¥
(See also [4]), p. 63.)
The integral above can be evaluated by putting z=eix and using

residue theory. We get
-n" (2iz_ m-2 (N NS B S

()- —_—T 3
21)" ¢ 2%-1  3=0 3 P2l 12
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m+1 m-3

(-1) A j
E (. )( 1) =
4ni c (22_1)m- j=0 3j m-ZJ

dz,

where C is the unit circle |z|=1. For the same reason as above,

the integrand is a meromorphic function in the unit disc with

2nik/(m—2j)t1/(m-zj)

simple poles at e . k=1,2,...,m=2j, 05j<im,

and at 0 if m=2, if we consider t as a real variable with 0<t<1.

By the residue theorem we have

( ,m+1 1)m41

Fm(t)=-:%FI——°2ni(sum of residues)=1:—§———(sum of residues).

The case m=2 has to be handled separately:

1,1 1, 1 1 1

1 1 ] . =1
ani é 5(22_1 -t z'z—t) dz==} (~g~T¢*veeave Ve 2ve) STe

F,(t)

If m23 we obtain

—qy+1 2nik/ (m-23) 1/ (m-23),m=-3
Fp(e)=d=1) | (ﬁn'k/( S S METACYE] ) =3 (3 - RS
Jak (@ TRAINTE) ) SAAREEI)_y,
1 =
(m23) o2V IR =23 =11/ (7-23) ¢ (m=23-11 7 (=237
(_1)m+1 i e2Mik/ (m=23) 1/ (m=-23) .

=1 ja
= 3 m—ZJ(j)( L 2( 4nik/(m-2)) 2/*m—23)

where the sums are over 0ikim-2j-1, 0sj<im. Using the definition

of ¢n the theorem is proved. Q.E.D.

Corollary 1: F (1/t)=(-1) i F (t) if m23.

Proof: If f£(t)€@(t), let F(t)=£(1/t). Then

n~1 . n-1
1 z f(1/e2"1k/nt)=n 1 L fle
k=0 k=0

2nik/n

~ N _ ~ .n
(¢nf)(t )=n /t)-(0nf) (t).

i m) (-1)3 =
Hence F_(1/t) itos§<sm(j)( 1) (¢m_2jhm)(1/t)

h ) (t)=(-1) t F (t), since

- mo_ydenm
=it I EDTENTe oy

0sj<im
— {1y
h (1/8)=(-1) h(£). Q.E.D.
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Corollary 2: If m23, then Fm(t)=gm(t)/(1-t2)m-2, where gm(t)
is a symmetric polynomial of degree 2(m-3).

Proof: Write h_(t)= (t(1+e2e.. . +£2 (0725710, /(42 (m=23) ) m=2

Then, if g () =t2 0371 (424 L a2 230y me2 g, get
m,3J 3

) (). Now (¢

m-23%n, 3 ) (t)

el (1-4$2y~(M=2) . m, .3
Fo(t) 1 (1-t%) §(j)( 1)°(¢ m-23%m, j

J
is a polynomial if j>0, and since (¢m£)(t)=0, where f(t)=1/t2,
if m23, (¢.9 )(t) is also a polynomial. Hence F_{(t) has the

m,0 m
Z)m-z

form gm(t)/(1—t . The assertions about gm(t) follow imme-

m

diately from Corollary 1 if one notes that dikao =1. Q.E.D.

Let us finish with some examples: we have already proved that
Fz(t)=1/(1-t), and Corollary 2 gives Fa(t)=1/(1-t2). By Coroll-
ary 2 again, F4(t)=(1*at+t2)/(1—t2)2 for some a, and since
dika14=%(g), by [2], we must have a=2 and P4(t)=1/(1—t)2.

For m=5 we get Fs(t)=(1+at+bt2+at3

+t4)/(1—t2)3, and since
a=dika15=0 and b+3=dika25=6, by [2] again, we get

Fg(t)=(1+3e2+e 7 (1623 (c£. (6], p. 17-18).

Remark:0ne can of course study the analogue of Fm(t) in the
commutative case, but this gives the ordinary Hilbert series

i m_ .. 4a i
H(Im,t), since d:.mkId =d1mkIm , by Hermite's reciprocity law.
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REGULAR SIMPLEXES WITH INTEGRAL VERTICES

I. G. Macdonald
Presented by H.S.M. Coxeter, F.R.S.C.

1. For which values of n does there exist a regular n-simplex S
(i.e., with all its edges of equal length) in Rﬂ with all its vertices
integral (i.e., in %2

This question was answered fifty years ago by I. J. Schoenberg [4]
who showed that the necessary and sufficient conditions on n arethe
following :- either (1) n is even and n + 1 is a perfect square; or
(1i) n= 3 (mod. 4); or (iii) n =1 (mod. 4) and n + 1 is not divisible
to an odd expoment by any prime number of the form 4k + 3.

The integers n in case (iii) are, as Schoenberg remarks, precisely
those for which n + 1 is the sum of two odd squares. As to case (ii),

since every positive integer N is the sum of three triangular numbers, say

3
N=_2 im(m +1)
=

3
1+ Z (Zmi + 1)2
(=]

we have

8N + 4

"

and 3
8N+8=1+1*1#1+1+§(2m101)2,

so that every multiple of 4 is the sum of eit;Jr 4 or 8 odd squares.
Thus we may restate Schoenberg's result as follows :-

THEOREM. There exists a regular n-simplex in R® with vertices in 2"

if and only if n + 1 is the sum of 1, 2, 4 or 8 odd squares.

In this note we shall first give a variant of Schoenberg's proof,

and then for each allowable value of n we shall explicitly comstruct a

regular n-simplex S with vertices in 20,

2. We may assume that the origin O is one vertex of S. If the other
vertices are x;, € 2% (1si<n), we must have
2 2
‘xil = lxi - le = 2¢
for some ¢ and all 1 * J, where ,xl is the Euclidean norm of the vector x,

and therefore
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X ox, = 2¢, Xgexy = € if i 43,
where x.y is the standard scalar product on Rr". Hence if X is the matrix
s We have

n
(2.1) xx® =1 + B

with rows Xy seey X

where E is the n x n matrix in which every entry is 1.
Since E has rank 1 we have det(ln +E)=1+ trace E=n + 1, and
therefore by taking determinants in (2.1) we obtain
¢®n + 1) = (det X)2
80 that ¢™(n + 1) 15 a square.
The easiest case is that in which n is even. Then n + 1 must be a
2

square, say n + 1 = rz. Conversely, if n + 1 = r~ it is easy to verify

that the simplex with vertices (r - l)e:l (1gign) and ) + ... + o

(vhere e;, ..., e is the standard basis of R") is regular.

Suppose now that n is odd. From (2.1) it follows that the quadratic

forms
3 2
(2.2) > 1"
(=1
(2.3) 2c X 211‘}
are rationally equivalent. By the usual process of completing the square

we find that noo. 2
44 ( 1 J)
z: s § —_—xt — 2 .:t‘
Qés.‘zcg‘; = Lt oot izt 4

=1t
and hence that (2.3) is rationally equivalent to
n
a7 @ 2
(2.4) c 2 A(di+)x.
L=l

Thus we seek the values of n such thatnthe forms (2.2) and (2.4) are

rationally equivalent, for some value of c.

3. The necessary and sufficient conditions for the rational equivalence
of two diagonal quadratic forms are most conveniently expressed in terms
of the Hilbert symbols (a,b)p. The facts we require may all be found in

Serre's book [2].
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The Hilbert symbol (a,b)p is defined for p-adic numbers a, b # 0
as follows -~ (a,b)p = 1 or -1 according as the equation axz + hy2 = za
does or does not have a solution (x,y,z) § (040,0) in st. It has the

following properties [2, P. SQJ H

(3.1) (a.b)p =1 if either a of bor a + b is a square in Qp’

(For example, if a = u? we can take (x,¥,2) = (1,0,u). )

(3.2) (a,b)p i8 a symmetric bilinear function of a and b, so that
(alaz.b)P = (ql,b)p(qa,b)p.

(3.3) (a.a)p = (-l.a)p = (a -l,a)p.

(For (a,a)p(-l,a)p = (-a,a)p =1, by (3.2) and (3.1), and likewise

(-l,a)p(a-l,a)p = (l—q,a)p = 1.)

Now let Q = alxlz + oee * an§n2 ba a diagonal quadratic form with

positive rational coefficients ai. Then [2, Pe 70] Q is rationally
equivalent to xlz + eee + xna if and only if (a) ayeced) is a square and
(b) for each prime p,

4
In our case we have a; = ci(i + 1), and n is odd. Hence a,...a,

EP s = & (ai,aj) = 1.
= c¢®al(n + 1)! = c(n + 1) x square, and therefore c(n + 1) must be a
square, so that for any a we have
(3.4) (c,a)p =(n+1, a)p.
We have to compute Gif Let us temporarily drop the suffix p from the
Hilbert symbol, and let b, = i(i+1). Then by (3.2) we have

(ai,aj) = (cbi,cbj) = (c,c)(c,bi)(c,hj)(bi.bj)
in(n~1) B n-1
(cse)” Tr() k) W(b“ ‘;«)

in(n~ D
= (-1, TH‘I) Tr bu I’a)

since n is odd and (c,c¢) = (n+l,n+l) = (-1,o0+l) by (3 4) and (3.3).

and therefore

P = CILQ J/)

Next, we have
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-1
T (eysp) = (byeen, ), by)
V=t = ((4-1)131, 3(3+1))
= (3,3(3+1))
= (-1,3(3+1))  since (-3J,3J(J+1)) = 1 by (3.1) - ﬁ
= (=1,1)(-1,3+1) ‘
and therefore n

OENIEY NS ISEES
= (=1,2)(-1,n+1) = (=1,n+l)
since (-1,2) = 1 by (3.1). Hence finally we obtain
EP = (-1,n+1)pi°(“'1J'1.

Suppose first that n = 3 (mod 4). Then 3n(n-1) is odd, so that E} =1
for all p, and therefore the forms (2.2) and (2.4) are equivalent (provided
that (n+l)c is a square).

Suppose next that n =1 (mod 4). Then ¥n(n-1) is even and therefore
we must have (-1,n+1)p = 1 for all primes p, that is to say the equation
-x2 + (n+1)y2 = 22 must have a nontrivial solution in qp for all primes p.
Since this equation also has solutions in R, it follows [2, P. ?}] that it

has solutions in Q i.e., 0¥l = (x/y)2 + (z/y)2 is the sum of two

rational squares and therefore is also the sum of two integral gquares

(necessarily odd, since n= 1 (mod 4)). This completes the proof of the
theorem.

4. We shall now exhibit a regular n-simplex S with vertices in Q? for
each allowable value of n. (A suitable integer multiple kS of S will

then have integral vertices.) L?f

2 ‘«
n+1l-= ;E: ry ‘
=]
‘95{9 the r, are positive odd integers and d = 1, 2, 4 Oﬂg. Let Vi = ﬂ

T
- §
Q * with standard basis €55 (OSJsriz- 1), and let V = @Vi, so that
={

dim V = n+l. Define
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-1
ejo =Ty %"11'
] - - =1 - 2_
elj = °13 + (ry - )7 (eyq - efy) (1s3s r,%- 1.
Then the °1'.J for fixed i form an orthonormal basis of V,, and hence the
/
eiJ for all i and all j are the vertices of a regular n-simplex A in V.

Let K be the subspace of V spanned by €10% ***» ©q0° Since d = 1, 2,
4 or 8 we can make K into a Q-algebra with identity element 30
and a bilinear multiplication such that °102 = =89 for 2Sixd,

and e =:tek° for 254,j<d, 1i$J and kf1, and such that

10%30
lxyl = Ix"y‘ for x, y in K, where as before |xf is the Euclidean norm.
(When d = 4 (resp. 8), K is the rational quaternion (resp. octonion)
algebra.)

The orthogonal complement Vi of €0 in Vi has dimension riz - 1, which
is divisible by 8 and is therefore a multiple of d. ¥We may therefore
regareﬂzi (relative to the basis (e, .)) as a free left K-module :

ij
O

Vi =K ' where s, = (rie- 1)/d.  Thus V = K° where 5 = 1 +Z.s,.

i
Now let d

U = ry6,5= ',Zg_rieio € K.
Then.A =ub is a regular n-simplex in V, with vertices
ue!, = u(e!, - r-le, ) 4 r lue
ij i} i 7i0 i i0°
-1 . |
The vector e!. - T,y ey0 is orthogonal to €500 and hence u(et‘1 Ty eio) € Vj'_.

13
It follows that the elo—coordinate of ueiJ 1s equal to the elo-coordinate
of "Il“"m’ hence is equal to 1. Hence finmally S = A - °0 is a regular

n-simplex with vertices in Qn.
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CODAZZI TENSORS AND INTEGRAL FORMULAE

A.Leung JR. Vanstone

Presented by G. de B. Robinson, F.R.S.C.

§1. INTRODUCTION. The concept of a Codazzi tensor originated in the Weingarten
map of a codimension-one isometric immersion of a manifold in an euclidean space.
The concept has been generalized from tensors of type (1,1) such as the Weingarten
map to tensors of type (p,p) (cf. [1]). Furthermore it has been shown that such ten-
sors form an algebra under the "dot” product of Mixed Exterior Algebra (cf. [5]).

The purpose of this paper is to announce a very gencral formula for the exterior
derivative of an (n-1)-form, involV./ing Codazzi tensors, on an orientable n-manifold.
If the manifold is compact, Stokes’ theorem then yields an integral formula. Proots

will appear elsewhere.

§2. CODAZZI TENSORS. We suppose that M is a smooth n-manifold with a
connection V. If U is a tensor field on M of type (p.p) ., skew-symmetric in both
its co and contravariant parts, then VU is of type (p+1, p) and, skew-symmetrizing

its covariant part, we obtain a tensor field n(VU) .
DEFINITION. U is called V-Codazzi of type (p,p) if n(VU)=0.
§3. THE MAIN THEOREM. We now assume the M is oriented by an n-fonn

A, that Z is a vector field on M and that U is a tensor ficld of type (n-1, n-1)

on M, skew in both parts. Define a field ¢” on M by

<€, X AL AX, > = AKXy oo Xo) 3
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and define an (n-1)-form ¢ on M by
°(X|, weey X,.,_l) =< e'.Z A U(X1 ALA X,,_l) >

(here, X, ..., X, are vector fields on M ). Finally, let Z denote the (1,1) tensor
field on M given by X ~—» VxZ . Then we have

THEOREM. If (i) the torsion of V is 0, (ii) U is V-Codazzi of type
(n-1, n-1) and (iii) V is V-parallel, then

3 = wZ-U)A.
COROLLARY: [f, in addition, M is compact, then

®=[mZ V.
4% |0

§4. REMARKS. Many examples of Codazzi tensors of type (1,1) are given in [3].
An example of type (2,2) is the curvature tensor of a Riemannian manifold. Any
V-parallel U is, of course, V-Codazzi. If we combine these facts with the result that
the (mixed exterior) product of V-Codazzi tensors is V-Codazzi we obtain a large
family of integral formulae. This latter fact was shown in [1], where it is also shown
how to specialize a particular case of the above (Z comes from an isometric immer-
sion of M in an euclidean space) to obtain the integral formulae of [2], (4], [6] and
7).
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SOME EXAMPLES IN PROJECTIVE CONVEXITY

Tibor Bisztriczky
Presented by H.S.M. Coxeter, F.R.S.C.

A subset B of a real projective three-space P® is convex in P® if there is a planc
a cP® disjoint from B and B = conv, (B), the convex hull of B in the affine restriction
PP\a; cf. [2]. A family F = (B,, ..., B,) of n 22 convex sets in P is affinely embedd-
able if each B; e F is convex in the same affine restriction of P* .

THEOREM ((1)). If F is a family of n2 5 mutually disjoint closed convex scts in p?
such that (i) any line meets at most two scis of F and (ii) no sct of F is contained in a con-
vex hull of any other three scts of F, then F is affincly embeddable.

In this note, we present examples which show that neither (i) (Figure 1) ror (ii) (Figure
2) may be dropped from the THEOREM.,

O.Let A and B be closed convex sets in P . We recall that A N B is convex if and
only if A N B is connected. If A N B is not convex, then any planc in P> mecets A UB
and {A, B) is not affinely cmbeddable. Let A and B be disjoint. Then (cf. [3]) the sct of
planes in P*, which do not meet A U B, is not connected and has two componcnts. Thus
A UB has two convex hulls.

Let P* be coordinatized by R, {Aj)cR and denote the points and plancs of P*
by p.q.r and a, B, vy, respectively. For a subsct X < P}, <X> denotes the flat spanncd
by the points of X .

We remark that as our cxamples arc algebraic, we only list obscrvations and indicate
arguments.

1. Let p=(1,0,0,0), q=(0,1,0,2), p=(0,1,0,0). @=(1,0,2,0), p;=(0,0, 1, 0),
5 =(2,0,01),p=(0,001),q=(0.2 10 ps= (1 1, 2, 2), qs = (-2, -2, -1, -1) and
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Bi=(Api+nai | A, u20,A+p0>0); i=1,2234,5.

Let T={(x) X3 X3, % | X;€ R, x; 20} and y=xy+x,=0. Then YyNnT=¢ and
T = convy ({P1, P2+ P3,P4)) is 3 3-simplex containing B, U B, U B; U B,; cf. Figure 1.

1.2

1.3

1.5
1.6

1.7

We note the following properties of Fs= (B, ... Bs}.

T = convy (By U B, UB3 U By) and p; ¢ convy (B; U B; LU By for

{i,jo k. 1) = (1,2,3,4).

Let {i,j)={1,2} and (k,!}={(3,4). Then conv,(B; U B,) meets B, B, and
Bs, and Bs N conv, (B; U By) is connected.

Let (i, j) = (1,3) . Then (B; U B;yy) N convy (B; U By,y) = ¢ and

Bs N convy (B; L By, is not connected.

The plane x; — 2x; — X3 + 2x4 = 0 is disjoint from B, U B, UBs and separates B,
and B, in T, and the plane X;—2X;+2x3-%x4=0 is disjoint from
By U B4 U Bs and separates By and By in T.

By 1.1 to 1.4, any three element subset of Fs is affinely embeddable.

Let (i,j)={(1,3) and B strctly separate B; and By, in T. Then
B; N convg (B; U By,) and B,y N convg (B; U By,y) are not connected.

By the preceding, T is the unique convex hull of B, UB, UB3;UBgand T N Bs
is not connected. Thus Fs is not affinely embeddable.

We claim that po set of Fs is contained in a convex hull of any other three sets of Fs .

Let B, B and By be three sets of Fs. By L5, there is an o disjoint from

B, UBjUB. Let H=convg (B; UB;UB,y). By 1.1 and 1.7, we may assume that H# T
and that Bs < H . Thus if a fourth setisin H, then By UB;cHor ByUB;cH.

If BjuB;cH, then Bgu convg (B, U By) is connected. Thus a« separates B,

and Byin H by 1.3, and neither B; nor B, isin H by 1.6. A similar argument yields
that there is no fourth setin H whenB3; UBycH.
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2. Let p;=(0,0,1,0),9=(00,0,1), p,=00,1,1,0), =0, 1,0, 1), p3=(1,0, 1, 0),
g =(1,0,01),

B, = (Api+pg | A, p20,A4p1>0}, i=1,23,
8 8
By = {(1,2,0,0)}) and Bs = (X A51420,3%>0)
=] iml

where n=(L-1,1,-2), n=(1,-4,2,-4), n=(Cl-1,1,-2), re=(4,12,-9),
ts=(-1,1,1,-2), 1= (1, 1,2, 4), iy = (=1, -1, 0, -3) and rg=(1, 1, 3, 0).

We list some properties of this Fs, and remark that we exclude B4 from Figure 2 for
simplicity.

2.1 ByuUB;>ax,=0,<B,UB;>8x;,=0and
<B,UB3>ax;+Xx3-%x3-%x4=0. Thus any line meets at most two sets of
(B, By, By, By}.

22 a=<quqq@>ex=0,a=<p,prp3>ax=0,

Bsjcanda ,anBs= () and o Bs= {rg).

23  Let P and Q be the closed half-spaces of P* determined by o« and o . Then,
say, BjUB, UB;cP, Bs© Q and the intersection of Bs and the convex hull of
B; U B, U B;, whichisin P, is not connected.

24 L=<Bgu(n)>ax3=6x-3x;-x,=0,
M=<Bju (g} >ax4=6x~3x3=-%3=0 and CUM)NB; VB, UBy)=¢.
Thus no line meets By, Bs and B, U B, U B;, and Bs is disjoint from the convex
hull B; U By, whichisin P; 1Sj2ks<3.

25 N=<ppQ@>=x-x3=0, h=<@Pp.P>=Xx-X=0,
B=<PLBB>5X+X2-x=0, N%=<GpP2>=%-%=0,
Y5=<PrAQ G >2%-x3=0, Y¥%=<q,paP3>EFX+X-x3=0  and
YiNBg=(r}li=1,..6.
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Figurc 2
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Let P, and Q be the closed half-spaces of P° determined by ¥ and ¥y,
i=1,2,3. Then, say, By UB, UB; cP, Bs cQ and the intersection of Bs and
the convex hull of B; U B, UB;, whichisin P, is not connected. Thus with 2.3,
{By. By, By, Bg} is not affinely embeddable.

Let (i, j. k} ={1,2, 3}. Then P, contains the convex hull of B;j U By, which is not
in P, and {5, fy) N<BjUB, >=¢.Thus Bs is also disjoint from this convex
hull OfBjUBk.

By 2.4 and 2.7, any line meets at most two sets of (B,, B,, By, Bs} .
By 2.1, 2.4 and 2.8, any line meets at most two sets of Fs .
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