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ON THE SOLVABILITY OF THE OPERATOR EQUATION

glgbz_z_glggz + XDX = Q WHEN Q HAS ONE DIMENSIONAL RANGE
Tapas Mazumdar
Presented by M.D. Choi, F.R.S.C.

ABSTRACT. We indicate here an analytic treatment of
existence and uniqueness of solution X of the equation
AIXAZ = !51)(}32 = Q, When Al' Az, Bl' Bz‘, Q are appropriate
linear operators, bounded or unbounded, in a suitable Hilbert
space, Q having one dimensional range. This result can then

be utilized to obtain existence of solution of the Riccati-type

operator equation AIXAZ - lesz + XDX = Q.

1. We will report here certain sufficient conditions under which

solutions X of the equations

Q. (1)

[0

AXA, - B;XB,

AIXAZ - BlXB2'+ XDX = Q

(2)

exist, in which Al' AZ’ Bl' BZ’ D, Q are given linear operators satisfying

certain hypotheses. We need to begin by establishing notations and spaces we
will work with. Accordingly, let € denote the set of complex numbers; let N
denote the set of natural numbers. Let ¥ denote a commplex Hilbert space with
norm |-|*. Let 11 be a complex Hilbert space with norm I-ily such that 71 is a
dense subspace of % with continuous inclusion injection from ¥~ into ¥.
Consequently, 3 a constant v > 0 such that

lvln < TIvIy Y Ve . (3)

We refer the reader to the reference [1] if rank Q > 1.
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‘

Let 72 be a complex separable pre-Hilbert space with norm u-Hz.

Let x = x(vz, w, w= z(vz,vl) where, for example, 1(72, #) denotes
the Banach space of bounded linear operators from 12 into #, with the usual

sup norm topology. Considered given in the problem of our concern are

R B e x(vl, #), De z(vl. 72

1 ), Q e %, and linear operators Az, B

2°
qurz. Because of (3), possibility is kept open that Al, Bl may be unbounded
operators in w». If 12 is a subspace of #, then the rest of the operators
above may also happen to be unbounded in w%.

With domains and ranges laid out as above, equations (1) and (2) are now

well-defined. We now start listing the hypotheses we will work under.

(H1) - Q has a one dimensional range; say, Q[VZ] =

foh:aeC), denoted by [h], for some he# with |h,w =1.

(B2) . [hler’, A L[0]] = [n] = B ((h]].
We will use the notations Al b B1 h respectively for the restrictions of Al,

B, to [h].

1
(H3) 3 an orthonormal basis tbi:ieml of 72 such that each bi is an

eigenvector of both AZ and B2.

We will denote by wi the subspace of VZ generated by Ibl’ caey, bn[. Az 0’

B are restrictions of AZ’ B, to Vi. w(n) is the set of restrictions to Vi

2,n
of all those X e « for which Xhi =0v1i)n, and Xbie [(h] v i < n. w(n)

2

turns out to be isomorphic to f(Vi, {h]). Also, let wh denote the space
; 2 .

J(&Z,{hj). The natural topologies on I(Vn, [h]) and w, -are equivalent to

their subspace topology of .
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(H4) 3 a constant 0 such that v nonzero Yewh, 3a ¢Ye72 satisfying the

dominance relation:

'(Al,hYAz = Bl,hYBZ) Sy ly > BIYI Hiey iy
(For examples with this condition satisfied, see [2,3]). This condition is an
extension of the well known concept of ellipticity or coeréivity, and may be
called a one-sidéd coercivity condition. A direct conseauenée of (H4) is:
(H4) * 3 a constant g0 such that v n e N and Vv nonzero Y ¢ w(n),

3a @Yewi satisfying the dominance relation,

l(Al,hYAZ,n - Bl,hYBZ.n)¢Y1# > puan oy iy

{ We will use the notation a = (v/pz) #on ubi, the norms of Q and D being in
and x(vl, vz) respectively.
(B5) 3 a a > 0 such that 1 + « ¢ a and 1 + dAZ < oa.
Obviously, this condition is satisfied if a > 1 and a is sufficiently small,
i.e. the product Qi uDi is sufficiently small. Hypothesis (HS) woints out
that, in a sense, the part XDX in equation (2) is a perturbation of egquation
(1).
(H6) 3 a fixed number ko > 1 such that (i) koa <1, (ii)

(200 / [1-kgal + koo ¢ Koo and (ii1) if 4 2, then

q[l—k0a1_2 ¢ 1. (E.g., we may have a<(18)-l and kO = {2a) 1).

We are now ready to state our main results.

Theorem 1. Under the hypotheses (H1) - H(4) above, d a unique solution

X = X(Q)ew of the equation

_ 2
(AlXA2 - BlXBZ)e =Q¢ Ve V. (4)

Moreover, X(Q) has the same range as Q has, and HX(Q)HW <

nQi. g

-
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This theorem can be proved by first establishing a version of it in a

suitable finite dimensional form, and then adopting a Galerkin method of

approach. If X(n)

(n)

is the solution when VZ is replaced by Vﬁ, then the

} is bounded in a suitable Hilbert space (this is where "rank

s X
equence | Heili

0 = 1" plays a crucial role), and so has a weak limit. This weak limit turns

out to be the solution X(Q) of (4). Details of the proof are given in [2].

Theorem 2. Under the hypotheses (H1) - (H6) above, equation (2) has a

solution X = XQew. B

This theorem is proved by an iterative approach in which, at the nth
stage,

A1XA2 & leﬂz =Q - Xn—lDXn~1

becomes a meaningful equation, and has the solution X = Xn by virtue of

Theorem 1. Hypotheses (H5) and (H6) ensure that the sequence Ixnlnem

converges weakly to a solution X_ of (2). Details of the proof are found in

Q
[3].

It is shown in {2, 3] that our theorems show the existence of solution,

in an appropriate space, of

2 2
d d S] 3
(a‘Z+kII)X(—2—+—T 2—1)
ox X ay
,2 J4 04
8 B -
+ (b __jﬁ X (7_1.+ __Z’+ kzl) + XDX = Q,
-0y IX Ay
vhere a, kl’ b, k2 are positive constants, I is the identity operator, and D,

Q are to satisfy all the hypotheses made on them above.
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The Amalgam Structure of the Bianchi Groups

Charles Frohman and Benjamin Fine .
Presented by K. Murasugi, F.R.S.C.

1. Introduction. If d is a positive sauare-free integer, the
Bianchi group T4 is PSLZ( Od) where Od is the rina of inteaers
in the quadfatic imaginary number field 0(,=d ) . As a class the
Bianchi grouns have been extensively studied. A general method to
generate presentations fbr the rd was developoed by Swan’ 7 1, while Fine 1 '."
showed that in the cases where Od is Euclidean {d = 1,2,3,7,11) rd
is either a non-trivial free product with amalgamation or an HNN aroup.
Similar results in some additional cases were handled by Flogel 4'. The
purpose of this note is to announce that all the Bianchi arouns with the
sole exception of r3 are amalgams. Specifically we prove that each
rd ,d# 3, is decomposable as a non-trivial free product with amalaamation.
Further in each of the non-Euclidean cases one of the factors in this
decomposition can be taken as PEZ( Od) - the proiective elementarv aroun
over Od . It is known that for d # 1,2,3,7,11 the PEZ( Ud) are all
isomorphic [ 11. The proofs we employ are tooological and depend unon
the results of Swan. The same techniques yield a proof that each (d

with d # 1,3 s also an HNN group. It was communicated to us by

A.Hatcher that a version of this last result was known but not published.

2. Main results. We first fix some notation. G] ﬁ G2 will denote the
free product with amalgamation of G] and G2 amalaamated along the subgroup
H. If 6 is a group with H,H, isomorphic subarouns of G then HNN(t,G,H,Hl)
will denote the HNN extension of G with free part t and associated suborouns
H and H,.

1
Our main result is the following.
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Theorem 1. (1) For each d # 3 the Bianchi group T4 is a

qu—trivia1-free product with amalgamation.

(2) 1f Od is non-Euclidean d # 1,2,3,7,11 the

gpgv?wdgcomposition takes the form

[, = PE

;
d 20 %) F G

where F is a_subgroup of PEZ( Od) generated by two conjugates of the

Fj§s§1ga1 modular group PSLZ(Z) qgg Gd is a group depending on d.

The proof of theorem 1 in the non-Euclidean cases is essentially
topological. For each d we construct a comnlex which has Mg as its
fundamental group. The construction of this complex is based on the
work of Swan. We then apply the Seifert-Van Kampen theorem. In order
to show that this leads to a non-trivial amalgam we rely on the followina

Temma .

Lemma. Let d # 1,2,3,7,11 and suppose 1,w constitute an

integral basis for ¢ 4 Let Xl’XZ’X3’X4 be the projective matrices

_ 1 -1 _,0-1 y _ -1 _ -1
X1 =*r 1 X2 =t 9 X3 =4 UX1U X4 = j‘UXZU
where U is the projective matrix U=+ 1w
YT =01

Then the subgroup of PE2( (%) generated by Xl,XZ,X3,X4 has the presentation

3 _ g2 _ywB8_y2._ -
X1 = X2 = X3 = Xy X1X2X3)(4 =1

<X1,X2,X3,X4 : >

The proof of the lemma is done algebraically and is based on
work in [ 17,
The Euclidean cases are handled individually using presentations

developed in [ llor [7 1 . In particular we obtain.

Theorem 2. (1) [, = G ( This appeared in [2 ] )
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62 = S, * D

3 ZZ 2
H = PSLZ(Z)
(2) 1, = G § G, where in this case
Gl = HNN(t’DZ’ZZ’ZZ) - that is Gl is an HNN group whose

G, = HNN(t,A4 3 3) - GZ is an HNN qroup whose base

is the alternating group A4 with two 3-cycles associated.

sla v

Ho= 7 *1,
(3) 1, = G f 6  Mith
By= I * I

G, = HNN(t,K,L,,L) with K=5,*sS, andl =1L, =1

_ 2 1’ 3 Z, 3 1
G2 is an HNN group with base K and two 3-cyc}e§_§§§9c1a§§q.
Ho= I*1, % Z2
(4) fyp= G 6 o vith
Gy = 7z * 23

6y = HIN(E.KLLILy) with K= Ay > Ay with L= Ly = Iy
3

= * *
H z 23 Z3

It is known that the aroup T3 does not decompose as either a
free product with amalgamation or an HNN aroup 21 .

Finally using the same topological constructs as in the proof of
theorem 1 we are able to prove. .

Theorem 3. For d # 1,3 T4 s an HNN group. For each d, the

associated. subgroups are conjugates of the modular aroup PSL,(Z) while

the base Kd depends on d.

3




356 C. Frohman and B. Fine

Theorem 3 has an interesting consequence in terms of the normal
subgroup lattice of (d’ d# 1,3, which is in contrast to the situation
in both the modular group PSLZ(Z) and the Picard group Fl. In 31
it was shown that there are large gaps in the possible indices of normal

subgroups in (1‘ However if d#1 or 3 we have.

Corollary. Eg:_d # 1,3, Fd contains at least one normal subgroup

of index n for each positive integer n.

The work on this paper grew out of a seminar on the Bianchi groups
held at the University of California Santa Barbara. In addition to
the authors, Seymour Bachmuth and Morris Newman were active participants.

Without their knowledge and enthusiasm this paper would not exist.
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UNITES RELATIVES A CERTAINS ORDRES

M. LOZAC'H, R. PAYSANT LE ROUX

Presented by P. Ribenboim, F.R.S.C.

I. Abstract i
Given a unique factorization domain A, an element A integral over A and
f € A irreducible, we consider the group of units Alal* (resp. A[£A]*) of |
the ring A[A] (resp. A[fA] and we want to study the quotient group
A[AT*/ALEAT*.
In order to give information on the torsiom of this group we introduce a |
further ring : A +fA[A] and we find that the torsion of ALAT*/ (a+£A[AD* and

(A+£A[A])*/AL£A]*  are of different nature.

II. Etude algébrique

1. Anneaux des séries formelles 3 coefficients dans un anneau factoriel

Soient : [ A un anneau factoriel

A* le groupe des &léments inversibles de A
f un élément premier de A

X une indéterminée

A[[X]] 1'anneau des séries entires formelles a coefficients

dans A.
On pose : G = A[[X]]*
of = areAllxID*
6, = ALl

Théoréme .- Le groupe G/Gf est sans torsion.

*
Preuve : On montre que G/Gf ~ FLIx]] /F* oi F = A/fA, et ce dernier groupe

est sans torsion, d'aprés le lemme :
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h *
Lemme l.- Soit I un anneau intégre, le groupe lix]] /I* est sans torsiom.

Théoréme 2.- Si l'anneau A est de caractéristique nulle (resp. non nulle) et

si 1'on pose Z N fA = f..Z ol f

1 ol } est 0 ou un nombre premier de W alors

£
G /G est la somme directe d'un groupe sans torsion et d'un groupe de fl-torsion.

(resp. sans torsionm),

2. Extension des anneaux de valuation discréte

Soient :

¢E  un anneau de valuation discrite d'idéal maximal f.f.

A N 4 le groupe des unités de c'é-‘, K o1e corps de fractions de & ¥
A un &lément d'une cléture algébrique de X qui vérifie 1'@quation

=1

G(a) = Ap‘bp_lAp =+..= b, =0, od G est un polyndme irréductible & coeffi-

cients dans L’t/, de degré p non nécessairement premier.

E = Xaw .

& 1'anneau L"é'[A], ‘g (resp. W) les unités (resp. les unités de norme 1)
de 1'anneau (<,
£ f { f T t o p -
C 1'anneau T+ f.T[A], “(J (resp. U") les unités (resp. les unités
de norme 1) de 1'anneau C"f.

C/*f 1'anneau c"i [£A], Cﬁf (resp. /Mf) les unités (resp. les unités
{
(£

de norme 1) de 1'anneau

f
ot
Fo= /fl’t
s 1'homomorphisme d'anneaux, s : ¢ — (/f"‘"
(2
Théoréme 3.-
b S(:“‘jf) = F* et s(UF) est contenu dans e groupe des racines p'o° de

l'unité de F".
=

L *
2) 7/ g slinjecte dans ({’/fc/> / ¥
Ly

*

Preuve : 1) s({i f) =F résulte de 1'8galité ':é/f = b't'* +fL‘t [a]l. si

e &', ona s®Mp) = (s()P = 1, d'oli la deuxi&me assertion de 1.
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2) L'homomorphisme s induit un homomorphisme 5 de groupes : :
¢ & Y |
i —_— /
K ts
-1, %

et on montre que 5@ = ((%f.

@

Théor&me 4.- Si 1'anneau c’&' est de caractéristique nulle (resp. non nulle &)

et si 1'on pose Z ntct = fl.Z oii f1 = 0 ou un nombre premier de 1IN alors

£
(? /(? est un groupe de fl—torsion (resp. f-torsion). De plus, la torsion
. e SrzER B8
{Logl(p—l)}

££7

1 , oi {o} désigne le plus petit entier

est bornée par 2 (resp. %

supérieur ou égal a o).

Preuve : On la dé&compose en trois :

1) Caractéristique de t nulle et f1 =0
-l ¢ C'{Jf . On suppose ol € C{}f pour un cer-

i =u4u A+t u_ AP
Soit @ u0 1 et
tain entier q = 1. On montre alors par récurrence sur i la propriété

((fJ/uj, Vi, 1 <j<1i) et (fl/uj, Vj > i)) ce qui entraine que ¢ € ij.

2) Caractéristique de A nulle et f1 40

e alors ‘L} (o) est un groupe

Lemme 2.- Si on pose € (o) = ct* +£%k[A], a € W

multiplicatif et Qj(0()/ ; est un TF_ -espace vectoriel.
kb 4 (a+1) £

1
o

Soit @ € (f?f = %(]), il résulte du lemme 2 que @ ! € ‘7’,"‘ (p-1) < '/l‘f'

3) Caractéristique de ok non nulle

La démonstration est similaire @ la précédente.

III. Applications

Hypoth&ses et motationms

Soient : k un corps de caractéristique £.
A=2Z ou k[X].
K 1le corps des fractions de A.

E une extension algébrique séparable de K de degré p, engendrée

par un &lément A entier sur A vérifiant 1'équation :

P _ p-1 :
= bp—IA T bo’ bi €A, 0<1ic< p—l\.
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B la cldture intégrale de A dams E.
f un él&ment irréductible de A

G (resp.U) le groupe des unités (resp. unités de norme 1) de

1'ordre 0 = A[A].

Gf (resp.Uf) le groupe des unités (resp. unités de norme 1) de

1'ordre Of = A+fO.

Gf (resp.Uf) le groupe des unités (resp. unités de norme 1) de

1'ordre Of = A[£A].

fB = Hl o p, la décomposition de 1'idéal fB en id&aux pre-

miers distincts de B si f } DisE/K(B),
B A
By ® [ A /fA]’
v . : ' B B B
s 1'homomorphisme canonique d'anneaux 0 — /fB I~ /ﬂ Xogs® /F s
. ) B/ - B/ 1 r
s, = Pr; 0s, pr; @ B B
i

1. Corps Globaux Généraux

Théoréme 5.-

1. Pour tout f ne divisant pas Disc (A)

E/K
(1) /g s'injecte dans P/ ¥/ A/ 0%

(ii) G/Gf est un groupe de torsion dont la torsion est premidre & |[f]| et
bornée par IfIle, oli Yy = ppcm(Bi) et |f] est la valeur absolue usuelle si
A=2Z et qdeg & A= ]Fq[X]

2. Pour tout élément irré&ductible f de A de caractéristique nulle (resp.
Gf )
2 non nulle), i

g. est un groupe de |f| (resp. ¢) torsion dont la torsion

£
2 {Logﬁ(p—l)}
est bornde par lf|p (resp. ¢ ).
Preuve :
1. On consid@re 1'anneau £ A(f) qui est le localisé de A par rapport

a 1'idéal premier fA. D'autre part pour tout f } DiscE/K(A) /DiscE/K(B) on a
B(f) = A(f)[A] (voir [2]), alors grdce au théoréme 3.2) et & 1'égalité

Gf =GN Lg f, on obtient les monomorphismes multiplicatifs :
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B *
(£) )
/ B *
( B /o)
¢ G s e A |
¢ e ( (f)/fA ) C/ep) |
(£) ’

2. On montre que Gf = Gf n ng et on utilise le théoréme 4.

2. Corps de fonctions d'une variable

Théoréme 6.- |

(1)

1. Pour tout f ne divisant pas DlSCE/K

. £ P . .. . sz .
i) v est non trivial si et seulement si il existe une unité non tri-

viale ¢ _de U telle que pour tout i(1<i<r), si(m) est une racine de

1'unité du corps B/fﬁ .
i

(ii) Si le rang de U est égal 3 up, si Uf est non trivial et si on
pose
m_ = Inf{m € IN* s(qp) € A/ }
o ? o fA
£
alors m = [U: U]

2. Si la caractéristique du corps k est nulle (resp. & non nulle) alors le
£
groupe ¢ / est sans torsion (resp. est un groupe de f&-torsion dont la tor-
{Logg(p—l)}
sion est bornée par & ).

G

La preuve de ce théoréme est similaire 3 celle du théor&me 5.
Dans le cas particulier oi A vérifie une équation bindme AP = D(X), nous

pouvons compléter le théor&me 6 par le suivant :

Théoréme 7.- On suppose que A vérifie AP =D, D € k[X]. Si f£ID et si la ca-

ractéristique du corps k est nulle (resp. £ non nulle) alors le groupe G/Gf

est sans torsion (resp. de f-torsion dont la torsion est bornée par

{Log, (P}
0 L2
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L'idée de la démonstration, dans le cas de la caractéristique nulle, est la

méme que celle du théoréme 4,

Corollaire.-

Soit D un polyndme de la forme X3+aX+b avec a et b rationnels.

Soit A un &lément de Q((%)) vérifiant A3 = D.

Si on pose A = k[X] et 0 = A[A] alors le groupe des unités de 1'ordre

OX~Q est trivial quel que soit le ratiommnel «.

Preuve : Elle résulte des th&ordmes 6 et 7 et du fait que l'on connait les
couples (a,b) de rationmnels [ 1] pour lesquels le groupe U des unités de

norme 1 de O est non trivial.

Les théorémes 6 et 7 sont une généralisation du théor8me 4. II de [3].
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SUR LE GROUPE DES CLASSES DES ANNEAUX "D + M"

Alain RYCKAERT

Presented by G. deB. Robinson, F.R.S.C.

Cette note résume les résultats sans démonstration d'un article & paraitre,

extrait de la thése de 1'auteur.
Tous les anneaux sont intégres, commutatifs et unitaires.

Soient A = K + M ob K est un corps, M un idéal maximal de A et R = D+M ot D
est un sous—anneau propre de K. On démontre que, si K = Frac(D), on a le diagram-

me commutatif suivant avec lignes et colonnes exactes

0 0 0
| | |
0 — Pic(D) —2— Pic(®) —B Pic(A) 0
0 £ (D) & CL(R) £ cL(a)
0 G(D) o G(R) B Lcm
0 0 0

ol la suite 0 —— Pic(D) — Pic(R) —— Pic(4) —— 0 est scindée. On domne

ensuite une condition nécessaire et suffisante pour que R soit pseudo-priférien
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et on montre que les homomorphismes B et B" sont alors surjectifs. Ces théorémes
permettent la généralisation de certains résultats classiques,la construction de
nombreux exemples et contre-exemples et le calcul explicite du groupe des classes

et du groupe local des classes d'anneaux tout a fait généraux.

§ 1. LE GROUPE DES CLASSES DES "D+ M".

Soit A un anneau intégre. Comme dans [3] et [5], on note T(A) le groupe des

t-idéaux t-inversibles de A et on appelle groupe des classes (resp. groupe lLocal

des classes) de A, le groupe CL(A) = T(A)/P(A) (resp. G(A) = T(A)/P(A))’ de
sorte que, si Pic(A) = Cart(A)/P(A) désigne lLe groupe de Picard de A, il existe

une suite exacte de groupes :

0 Pic(A) cl(a) G(a) 0.

Un anneau A est pseudo-priférien ou (PVMD) si 1l'ensemble Df(A) des idéaux
divisoriels de type fini est un groupe pour la v-loi : (I,J) b— (IJ)V. On
dit qu'un anneau A est de Gauss généralisé (ou G - GCD domaine) [1], si tout

idéal divisoriel de type fini est inversible.

Soit A un anneau pseudo-priférien. Alors A est un anneau de Gauss (resp. de

Gauss généralisé) si et seulement si CL(A) = 0 (resp. G(A) = 0) ([3], prop. 2)

LEMME (1.1). — Soient A un anneau et B une extension plate de A. Alors, il existe

un homomorphisme canonique de groupes : CL(A) ——— CL(B) défini par

[1] —— [1B].

THEOREMME (1.2). — Soient A = K+M o0 K est un corps, M un idéal maximal de A

et R=D+M ou D est un sous-anneau propre de K. Alors,
1) Pour tout idéal fractionnaire I deD, ona (IR) =TIR.

2) Si K = Frac(D), on a le diagramme commutatif suivant avec lignes et colonnes

exactes : 0 0 0

} } )

o B pic) 0

0 ——— Pic(D) ——— Pic(R)

! l

0 clm) - CL(R) 8 L (A)
0 Gi(D) at Gl(R) NN
0 0 0

ou la suite 0 — Pic(D) —— Pic(R) — Pic(A) —— 0 est scindée.
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3) L'anneau R est pseudo-priiférien si et seulement si A est pseudo-priiférien,

K = Frac(D), ngft pseudo-priiférien et AM est de valuation.

4) Si R gst pseudo—prﬁférieq, les homomorphismes B et B" sont surjectifs.

§ 2. APPLICATIONS ET EXEMPLES.

Les hypothéses sont celles du théoréme (1.2).

PROPOSITION (2.1). — R est de Priifer si et seulement si A est de Prifer,

K = Frac(D),. D est de Priifer et on a la suite exacte scindée :

0 L) CL®) L) © . 7 ?

PROPOSITION (2.2). — R est de Bezout si et seulement si A est de Bezout,

K = Frac(D), et D est de Bezout.

PROPOSITION (2.3). — R est de Gauss (resp. de Gauss généralisé) si et seulement
si A et D sont de Gauss (resp. de Gauss généralisé), K = Frac(D) et AM est_de

valuation.

On retrouve, en particulier [6], Proposition 6, Théorémes 5, 7 et 11, [1],

Théoreéme 4.

PROPOSITION (2.4). — Si K = Frac(D) et si CL(A) = 0, alors on a la diagramme

commutatif
0 ——— Pic(D) cL(p) G (D) 0
a'l al a”l
0 ——— Pic(R) CL(R) G(R) 0

oua', aeta sont4§8§wifgm9£phismes.

EXEMPLES. — Ce résultat s'applique, en particulier, au cas ou A est un anneau de
Gauss (par exemple A est de valuation ou A = K[X] ) avec K = Frac(D). Ainsi, le
groupe des classes (resp. local des classes) de 1'anneau

Z[iV5] + (X1,...,Xn) Q(ivs) [X1""’Xn] est Z/,n (resp. 0).

PROPOSITION (2.5). — Tout groupe abélien G est le groupe des classes d'un anneau

pseudo-priiférien de dimension 2 qui est ni de Krull ni noethérien.
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On voit que, de méme qu'il existe des anneaux de Dedekind aussi peu facto-

riels que possible, il existe des anneaux pseudo-prufériens, non de Krull et non

noethériens, aussi éloignés que L'on veut d'un anneau de Gauss.

D'une maniére analogue on a,

PROPOSITION (2.6). — Tout groupe abélieg‘g est le groupe local des classes d'un

anneau pseudo-priiférien de dimension 2, ni de Krull, ni noethérien.

PROPOSITION (2.7). — Soit D un anneau de Krull tel que 0 # Pic(D) ? cL(D).

Alors, R =D + (X,Y)(Frac D)[X,Y] est un anneau vérifiant

P(R) §Carc(R) g T(R) gnf(R) s

EXEMPLE (2.8). — Considérons 1'anneau de Krull gradué
D = z [iV51[U,V,W,T] / (UV - WT)

On a,
Pic(D) = Z /,, et CLD) =Z }y, x Z.

2

Soient K = Frac(D), A = K[X,Y]/ (X2 +Y°-1) = K[x,y] et R =D+ (x,y-1K[x,y].

Alors, 2
CLR) = (Z [y, )" *xZ et GR) = Z.

R est un exemple d'anneau pseudo-priférien que l'on peut qualifier de non
"presque de Gauss" (resp. non '"presque localement de Gauss"), puisque son groupe

des classes (resp. local des classes) n'est pas de torsion.

EXEMPLE (2-9). — Soient D = Z [i\/g][U,V,W,T]/(UV - WI) , K =Frac(D) ,

3

A = K[X,Y]/(Yz - X7) =Klx,y]l et R =D + (x,y)K[x,y].

Alors,
CL(R) = Z xZx K et G(R)=Z.
2Z

R est un exemple d'anneau non semi-normal, vérifiant les inclusions strictes
P(R) g Cart(R) ¢ T(R) g D, (R)

R est aussi un exemple d'anneau non pseudo-priiférien pour lequel 1'homomorphisme

Cl(R) — cL(s"'R) est surjectif.
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DEFAUT DE COMPLETUDE ET MULTISECANTE
J.D*ALMEIDA

Presented by H.S.M. Coxeter, F.R.S.C.

Résumé

Soit X une courbe lisse de degré 4 de Pj(espace pro jec—
tif de dimension 3 sur €).la série lindaire découpée sur
X par les surfaces de degré d-5(resp d-6) est incompléte

si et seulement X a une (d-3)-sécante(resp (d—4)—sécantd

§0. Soit X une courbe lisse irréductible de degré d et
de genre g de P3.0n note JX 1'idéal définissant X dans
CbPZ .51 F est un faisceau cohérent ,on note Hi(F) le
idme C-espace vectoriel de cohomologie et hi(F) =
dimCHi(F) .La série linéaire découpée sur X par les
surfaces de degré n est compléte si h1(JX(n)) = Qs
Dans[}] on montre que hi(JX(n))=O pour n »d-2.Dans L6]
on montre que h1(JX(d—3)))O si et seulement si X admet
une (d-1)-sécante.Dans [1]on montre que h1(JX(d—4))7 0
si et seulement si X admet une (d-2)-sécante sauf pour
trois valeurs du couple‘(d,g) .On s'interesse ici a la
conjecture "h1(JX(n))>O si et seulement si X a une (n+2)-
sécante" pour n=d-5 et n=d-6.
§1.
Proposition 1 : Soit Xc B2 une courbe lisse irréductible
de degré d.On pose M=—QTP3(1)® C”X.Si h1(Jx(n))7 0 pour
ny24/3 - 1 alors X a une (n+2)-secante ou M admet un

sous-fibré de rang deux noté N ayant les propriétés:
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a) Le degré de N est strictement sl}p'érieur a 2(‘n+1-d).

b) Tout quotient inversible de N a un degré strictement

superieur a (n*1-d).
Démonstration: Voir [1} Proposition 1.1 C.Q.F.D

Si X vérifie les hypothéses de la proposition ,X a une

(n+2)-sécante ou bien il existe N avec les propriétés

indiquées.On pose V:HO(GPB(H).On a la suite exacte
0=H->T8053 —> 04 (1) —>0

On pose E=V®6X/N ,S = P(E) , TW: §-5X la projection et

(7§(1) le quotient tautologique de T% .1a fliche composée
T804 —>T*s —> O4(1) =0

définit un morphisme q: 5 —> P’ de degré (deg E)=—-deg N

La fldche naturelle Eo)(?XH) définit une section non

nulle de Tf*( /\BEV(H)@ 65(1) dont la courbe des zeéros

est isomorphe par W a 1l'inclusion de X dans P3.X est donc

tracée sur la surface réglée S de Pj,image de § par q.

On associe & g un morphisme @ de X dans la grassmannienne

G des droites de PB:é./ x e X correspond le point de G associé

a la droite 1\”_1(:() plongée par q dans P2,

Le morphisme composé de @ et de l'inclusion de G dans P5

est defini par la fléche AV @0y —> N°E;il est de degre
deg(%) .

§ 2.

Proposition 2:Soient S une surface de p’ de degré s dont
la normalisée S est lisse,J‘_, le conducteur de Gg dans

6..,F la courbe (non necéssairement réduite) de P2 d'idéa_;l
3 &

dJ ¥ une courbe tracée sur g,section d'un 6§-Ir£dule L.

F ’
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Soit X 1'image de X dans P’.Notons Jy 1'idéal de X dans

7 ot Jy g 1'idéal de X dans 5.5i h'(Jy(n)) >0 alors

' (L(s-n-4)) >0 ou n'(Jz/s® Op(n)) >0 .

Démonstration:Soit p:§ —> S la normalisation.On a JP =
ﬁ_o_ﬂ (p*O 3 68).La dualité pour les morphismes finis donne
Ip= D Wg@®Wyv . Ia suite exacte 0->0p3(-8) >335 /50
donne H1(JX(n)) = H1(JX/S(n)).La suite exacte

0—>Jr‘® JX/S(n)_aJX/S(n)_;JX/s®Gr‘(n)——)O
et la suite spectrale de p (dégénérée car p est fini)

permettent de conclure.

§ 3. n'(3ga-5))> 0

Soit X une courbe lisse irréductible de degré d > 12 telle
que h1(JX(d-5))>0.X a une (d-3)-sécante ou il existe un
morphisme § de degré inférieur ou égal a sept.Si q n'est
pas birationnel le degré de la surface réglée S est
inférieur ou égal a trois.Dans ce cas on sait que pour
n»d/2 - 1 h'(Jp(n)) >0 si et seulement si il existe une
(n+2)-sécante [2] .81 @ est birationnel ,on distingue les
cas suivants:

a) q(X) est plane: B8 est alors un cbéne de degrée inférieur
ou égal a sept ou une quadrique Ilisse selon que le plan
de G(X) est ou n'est pas contenu dans G.Dans le premier
cas X a un degré inférieur ou égal & huit.Dans le second
cas une famille de génératrices de la guadrique est formée

d'unisécantes;l'autre est donc formée de (d-1)-sécantes.
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b) G(X) est non plane: Le degré de G(X%) étant inférieur

ou égal a sept on a g <6 ( [3])

§4. n'(ag(a-6)) >0

Soit X une courbe lisse irréductible de degré d >15 telle
que h1(JX(d—6)) >0 .X a une (d-4)-secante ou il existe
un morphisme q de degré 49 .Si q est birationnel on a

2 cas

a) §(X) est plane:X a un degré inférieur ou égal & dix

ou bien X a une famille de (d-1)-sécantes.

b) g(X) n'est pas plane: On a alors g £12 .

On suppose maintenant que d n'est pas birationnel.S est
alors une surface de degré inférieur ou égal a quatre.

11 reste donc 4 considérer le cas ol § est un revétement

double d'une courbe de degré quatre.Une section plane

de S est alors rationnelle ou elliptique .Dans le premier
cas le lieu singulier de S est une cubique gauche
(eventuellement dégénérée ).Dans le second cas le lieu
singulier est la réunion de deux droites disjointes
(pouvant se spécialiser en une droite double).On utilise

la proposition 2 dans le contexte suivant:Soit C une courbe
lisse de genre p( p=0 ou p=1);E un é5c—module localement
libre de rang 2 et de degré s (s=4) .0On pose § = P(E) ,
TT;§ —>C la projection et 65§(1) le quotient tautologique
ae TY*E .0n identifie Pic(X)@ Z et Pic(g) par la fléche
(a,k) —> ™5 @673'(1«:) .la matrice de la forme d'intersection

est alors:

@ b
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Le ég-module canonique est CU"S‘=1T*(CUC® /\ZE)@6'S'(-2)
On note X la transformée stricte de X dans S et k le
nombre de points d'intersection de X et d'une
génératrice de S.

L =A%) @ O501)) @05(k)
Dans notre cas k = 2.0n vérifie que h1IXL(6—d)) =0
(on utilise la suite spectrale de Leray associc¢e a W qui
dégéneére car C et les fibres de T sont de dimension un)
Ia transformeée de [ dans § est une section de wgv
Si S est une surface réglée elliptique |chacune des
droites du lieu singulier est une (d-4)-sécante car

2,0 G D (%P = a4

Si 5 est réglée rationnelle le lieu singulier est une
cubique gauche.Si celle ci se décompose ,elle contient
une droite section de 6"8'(—2,1) ( [1] ) . Si elle ne
se décompose pas JX/S@ Gr,(d-6) est un Gr‘—module
inversible de degré 3(d-6)-(2d-4) = d-14.0n a donc
h1(JX(d-—6)) = 0 pour d 313 dans le cas non dégeénéré et
une (d-4)-sécante dans le cas dégénéré.
§5.
On supprose maintenant que X a une (n+2)-sécante .D'apres
[6] Jy est alors (n+1)-irrégulier .I1 en résulte ([7])
que h'(35(n))>0 ou h'(Gy(n-1)) >0 .iais n'(Gy(n-1))
est nul pour n>d/2 - 1 ( [4] ).0n a donc démontre le



J. D'Almeida

Théoréme:Soit X une courbe lisse irréductible de degré
d et de genre g de Pj.sri a>13 et g>,7,h1(JX(d—5))>O si

et seulement si X a2 une (d-3)-sécante.Si d 16 et g %13

h1(JX(d—6) >0 sil et seulement si X a une (d-4)-sécante.
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AN INTERVAL OF FINITE CLONES

ISOMORPHIC TO (P(N), )
Lucien HADDAD and Ivo. G. ROSENBERG

Presented by G. Gratszer, F.R.S.C.

Abstract

We exhibit an interval of the lattice of clones on a finite universe of
cardinality k> 2 which is lattice isomorphic to the lattice P of subsets of IN.
Introduction

Let k be a positive integerand k = {0, ... , k -1}. Let Qy denote the set of

all finitary operations on k (i.e. maps k" -k, n=0,1,..). Acloneon k isa

composition closed set of finitary operations on k containing all projections. It
is known that the clones on k, ordered by inclusion, form an algebraic lattice Ly

in which an arbitrary meet is just the (set-theoretical) intersection. For k=2 the
lattice is countable and completely known (Post 1941 [6] ), while for k> 2 itis
largely unknown. Aninterval | of Ly is large if there is an order embedding of
the lattice P of subsets of P ={1, 2, ...} (ordered by conclusion) into I. If Ly has
alarge interval, then |Ly| = 2% (as a collection of subsets of the countable set
O clearly Lyl < 2%,), in fact Ly contains even chains and antichains of
cardinality 2%o.

In 1959 Janov and Mucnik [4] showed that for k > 2 the lattice Ly hasa
large interval. !

In the sequel k>2 and h is a positive integer. Let p be an h-ary
relation on k (i.e. a subset of Lgh). We say that an n-ary operation fonk (i.e.a

map k" — k) preserves p if (faqq, ..., @1p), -, f(@p1s -, @hp)) € p Whenever

(844, -1 @p1) € Py - , (@11 - » @np) € p (other names: f is compatible with p,



376 L. Haddad and I.G. Rosenberg

f homomorphism p" — p, f invariant of p or p subuniverse of <k, t>M). The
setof all fe Qi preserving p is denoted Pol p (which is always a clone). For
n=1,2,..., put

pn = E"{0, 1M U {(xq, ..., Xp) € {0, N ixg+ .+ Xy =1},
E= i Polp . F=V Polp, C={gPolp : XSP). Itisknownthat [C|
=28 hence the interval [E, F] is large ([4], cf{2]). The question arises

whether C is a sublattice of Ly. To show that the answer is negative, we
determine the structure of the interval [E, F] of Ly. Another question arises
whether there is an order isomorphism of P onto an interval of Ly, i.e. whether

Ly has an interval which is a copy of P. We prove that this is the case, in fact,

we find aclone T so that the interval [TNE, TnF] is acopy of P.

An h-ary relation T on K is irredundantif forall 1<i<j<h thereis
(ay, .. @p) e T with aj=a;. Let ¢ bean h-ary irredundant relation on k and
| o #| c P such that LQI Polp;cPolt. Put H={1, .., h}. From the general
theory (cf [5] p. 45-55) and the fact that (ayq, ... , a,) € p, Whenever at least
one a;>1 it may be deduced that there exists a finite set @ of maps
Qa1 5 ,aq)} — H such that

T={(xq, -, xp) € K : (Xo(1): = » Xp(ag) € Pap forall ¢e @} .

For the ease of expression, we say that t belongs to ®. Due to the fact that all

p; are totally symetric (i.e. invariant under all permutations of coordinates or

places), we may assume that all ¢ e @ are non-decreasing

(le.o()s...<9 (a(p))‘ We say that ¢ € @ is minimal (for @) if ‘
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Imyclime=vy=9¢
holds forall e ®. An injective and minimal (for @) map is said to be intrinsic
(for ®). We say that ¢ e @ is almost injective if I(p'1(i)[ > 1 for at most one
i e H. We need a few technical lemmas.

Lemmal. Lett belong to @. Let A denote the set of intrinsic maps of @

andlet m=max {|imo|,ee ®\A}. Thenforeach b>m the relation <
belongs to a set ¥ of non-decreasing maps such that:
i) A is the set of intrinsic maps of ¥,
ii)  Allmaps from ¥\ A are almost injective maps from {1, ..., b} into H

such that

{imo|:pe ®\A}={|lmy| :ye ¥\A} .
For h>1, put
op ={(xq, . VXR) (X9 X9y e Xp) € PRy 1} -
Foraset P of positive integers let max P denote the greatest integer of

Pif 0<|P|<K,, maxP=0 if P=g and maxP =X, it P isinfinite.

Lemma 2. Let @ be a finite family of maps ¢: {1, ... ,a(P}—>H, (where all ay

are positive integers) and let

I = {]im r| : r intrinsic for @}

M = {/Imu| : u non-injective and minimal for @}

T={(Xq, -, Xp) € KN 2 (Xg(1): =+ Xo(ag)) € Pap forall 9 @}

Then
PoltC ir;‘ Pol Pi - *

Moreover. if M=#g and m=Max M, then
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PoltcPol o, .
(For 1=g, the right side of (*) equals Q).
Corollary 3. Let @,1,M, m and < beasin Lemma 2. Put

i=|l], n=max{|lmg|:¢e @, ¢non-injective} .
Then
1) i>n=Poltc n Polp
iel

2) m=n>i= Polt =Pol6y, N (_r;l Polp;) .
)

Lemma 4. Let Y be an index set, let Ung forall ye Y, andlet

U= n Uy. If max U2max U, forsome ze Y, then

3eY Y ( n Polpy)= n Polp
yey uer u uely i

Consider the map x from P into [E, F] defined by setting
X)= n _Polp; forall X& P .
K0O= Pk POl
% is an order embedding of P into the interval [E, F]. However yx is not

surjective because of the three strict inclusions:

Polpg N Polp, cPoloy, n Polp, < Polp, ,
therefore x(P) is not a sublattice of Ly and [E, F] is not a copy of P. We shall
remedy to this by modifying x:

Foraclone T, put x{X)=Tnx(X) foreach XcP. We have

Theorem 5. Let E= & Polp;, T = A Poloy, andput
[EA} ms=

\

x7X)=Tn( n Polp,) forall XcP. Then xy isa lattice isomorphism from
xe P\ X

the lattice (P, <) (of the subsets of P) onto the interval [E, T] of the lattices of

clones (i.e. [E, T] is a copy of P).
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In other words, each clone C between E and T is of the form

Tn (n Polpy), forsome X cP.

xe X
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ERDGS—MORDELL’S AND RELATED INEQUALITIES
D.S.Mitrinovié and J.E.Pelarid

In memory of Professor Paul R. Beesack

Presented by H.S.M. Coxeter, F.R.5.C.

Abstract. In this paper we give some generalizations of the im-

portant Erdos-Mordell inequality.

1l. In a triangle ABC, let R]_,R2,R5,r1,r2,r3 denote the distances

of a point P from the vertices and sides, as in [1]. We shall prove

the following generalization of the inequalities 12.16 of [1, p. 107]):

THEOREM 1, If t is a real number, we have

(1) R, % 2 22 ((0/0) 4 (e/)®)ry® 2 2820 " (0<tE D),

t

v

(2 2R, > B((0/e)b + (e/0)®)ry® 2220 (£>1).

PROOF, It is known that
(%) Ry z (c/a)r2+ (b/a)rB, etce

with equality in all inequalities only if P is the circumcentre.

To prove the first inequality in (1) we shall apply to (3) the
elementary inequality: (Eil)t 2 B—# (uy,v>0, O< £S1); equality
occurring only if u=v (for t#1 of course).

Thus, for O<t§l, (3) yields

th 2 2t_l((c/a)tr2t+ (b/a)trat). etc.

By adding these inequalities we obtain the first inequality in (1).
Since (u/v) + (v/u) g3 (u,v>0), with equality for us= Q, we get
the second inequality in (1).
Similarly, using the elementary inequality: (u+v)t > ufs vt

(t>1), we obtain (2).
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Remark: 1° Theorem 1 is a refinement of the inequalities 12.24 of
[l, p. 110] in the case t> 0. Note that the case t< O of 12,24 follows
from the case t>0 by reciprocation (see 31).

There is an analogous generalization of 12.31 of 1, pe 112]:
THEOREM 2.

() E(I‘lRl)t

[AV4

2" ((0/e)% + (/D)) (mpr,)® 2 28 (2ymg)t (0< 51,
(5) E(ryR)® > B((0/6)+ (0/0)*) (2,m5)" 2 2 (2r)® (63 1).

PROOF. From (3) we get: Riry 2 (c/a)r2r1+ (b/a)rarl, etc., s0,

similarly to the proof of Theorem 1 we obtain Theorem 2.

THEOREM 3.

(6) 2(ryR))Y 2 2= (rzrz)t (0<t51),
7 (r;R)¥ S 2%z (r21‘5)t (-15t<0),
(8) 5(r k)T > 252 (r2r3)t (t>1)

and the reverse inequality for t< -1.

PROCF. (6) and (8) are given in Theorem 2. The reverse results
follow from these inequalities by isogonal conjugate transformations
(315
Remark: 2° The case 0<t S 1, i.e. the inequality (6) is given in 1,

12.32]. For t=-1 we have the inequality 12.32 of f11.

THIOREM 4.
(9) E(RgRB)t 2 2t2(r131)t (0<tS1),
(10) E(RyR5)Y £ 2%5 (rR)Y (1%t <0),
(11) E(Rgﬂa)t >28 (rr)Y ($>1)

and the reverse inequalii;_y_i:g‘r t< =1,

PRCCFs This follows from the inequalities 12.24 of [1, p. 110]

by inversion ([3])).




D.S. Mitrinovié and J.E. Pe¥arié 383

Remark: 3° For t=1 we get the inequality 12.3%0 of [1] and for t=-1
the inequality 12.34.
A simple consequence of Theorems 3 and 4 is the following ge-

neralization of the inequalities 12.21 and 12.35 of [l:
THEOREM 5.

(12) )3(R2R3)t g 4ty (172:3)’C (0<t51),
(13) 2(3233)’0 Sty (rara)t (-15%<0),
(14) 2(32123)" > 4% (1-2::3)t (t>1)

and the reverse inequality for t< -1.

2. Recently, as answer to the problem of G.Tsintsifas, M.S.Klam-
kin [5] proved the following generalization of the Erddés-Mordell .ine-
quality:

THECREM 6. Let Pj (§=1,...,n) denote any set of n points lying in the

interior or on the boundary of a given triangle ABC, and let le and

rlj denote the distance from Pj to the vertice A and to the side a

(similarly we define R2j’r23’R3j’r33)° if hj (j=1,...,n) are positive

n n s n Al
numbers with £ A. = 1, and R; = I R..Y and o, = r. .9 (i=1,2,3),
S ¥ | 3 == i 5=1 ij =— "1 §=1 1.5
then
>
(15) %R, £ 2%ry

with equality only if .the triangle is equilateral and all the points

Pj coincide with its center.
Now, we shall prove the following extension of this result:

THEOREM 7. With the same notations as in Theorem 6, Theorems 1 and 2

are also valid.
PROOF. In his proof of Theorem 6, M.S.Klemkin proved that (3) is
also valid (but now RysTqs etc., are defined as in Theorem 6). So, the

proofs of Theorems 1 and 2 are valid in our case, to00.
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Remark: 4° M.S.Klamkin [5] also noted that the following generaliza-
tion of Theorem 6 is also valid:

Consider n triangles Ale2jA33 of sides alj’a2j’a5j’ and n points
. is an interior or boundary point of triangle

dJ
Ale23A5j for each Jj. Then if Rij and rij denote the distances from P

Plyess B, where P

to the vertex Aij and the side a.

i3 respectively, and if Xj,Ri,r-

i
are defined as in Theorem 6, inequality (15) is still valid.

Of course, we can show that Theorem 7 is also valid, but in this
A

n
case we should put a = II a .J, etc.
g=1 19
3. Let w, be angle-bisector of the angle BPC ( = 261), etc., where
P is an internal point of the triangle ABC. Of course, Lo 2 T etc.,
so the following inequality of D.F.Barrow ([1, 12.48]})
>
ERl z 22w1
is better than the Erdds-Mordell inequality.
A.Oppenheim [4] gave a generalization of this inequality. Here,
we shall give an extension of his result:

THECREM 8. Let x,y,2 be real numbers. Then

(16) Ewl(R2—l+ Rs_l)yz g Exz
with equality only if
eV)) x/sinby = y/sind, = z/sinbs.

PROCF. As in [4], we have
wl(R24-R3) = 2R2R50056l
i.€0
(18) w1(32_l4~R3—1) = 2cos by

Hence,

2

Ew1(32-1+-R5_1)yz = 2T yzcos by < mx ,

where we used the asymmetric trigonometric inequality of J.Wolstenhol-

me [7] (see also [2]), because 61+524-53 — T
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Remark: 5° Oppenheim proved (16) only for positive numbers x,y,z. He
didn’t give necessary and sufficient condition for equality, i.e. (17).
He only notedthat equality &i (16) is valid if x=y=12 and 6;="55= PY
which is a trivial case.

THEOREM 9. Let ¢, = Jﬁzﬁgcos 8y, etc. Then
2 >
(18) Ix°Ry =2 Iyz§;

with equality only if

(19) x\/RI /sind, = y\/ﬁg/sin 6y = ZJR—Z: /sinéB.

PROOF. Using the substitutions x -> x\/Pq, etc., and identity (18)
we get Theorem 9 from Theorem 8.
THEOREM 10. If X,¥,22 O, then

2

(20) Ix“Ry z 2 Zyzwy

with equality only if P is the circumcentre and (17) is valid.

PROOF, Since §y Z w) with equality only if R, =R, we get (2C)
from (18).
THEOREM 11. If xX,7,z2 0, then

(21) Eszl 2 2Zyzry

with equality only if the triangle is equilsteral, P is its center

and X=Yy = Ze
The following two theorems are equivalent to Theorem 8:

THEOREM 12. Let x,y,z be real numbers. Then

(22) £x2w, 2 2 (Ty) Tya(R, ™t +R§"1)

with equality only if

(23) xw;/sind, = yw,y/sin b, = zwz/sinéy

THEOREM 13. Let x,y,z be real numbers, Then

>
(24) Ex2w12Rl2 z (le) Zyz(R2 % R5)
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with equality only if

(25) xwlRl/sin61=yw2R2/sln62 = szRa/slnﬁa.
Remark: 6° Theorems 12 and 13 are generalizations of some results from

[4]. The case x=y=2z=1 of Theorem 9 is generalized for polygons in

lel.

x *®
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LARGE DEVIATIONS AND TUNNELLING FOR PARTICLE SYSTEMS WITH

MEAN FIELD INTERACTION

(€D} (2)

D.A. Dawson and J. Gartumer

Presentsd by bee Lorch, F.R.S.C.

ABSTRACT

A system of N diffusions with mean field interaction is studied
in the limit as N~ . 1In particular, results are obtained on equili-
brium large deviations, an analogue of the results of Freidlin and
Wentzell on large deviations from the limiting dynamics and a result
on tunnelling from the domain of attraction of one stable equilibrium
to another.

1. INTRODUCTION

The objective of this research is to study the long time behavior
of a system of N interacting particles on Rd when N is large.
The system is given by the solution to the martingale problem associated

to the Itd equations:

N
(1.1) dxk = —[VU(xk) +<% gzl(xk-xz)]dt + wak, k=1,...,N,

where Wsee Wy are independent d-dimensional Wiener processes and
A » d .
9 and O denote positive constants. The potential U:R +~R is

assumed to satisfy:

(U1) U is twice continuously differentiable, U > 0, and

lim U(x)/‘xl2 =,

x|
(U2) There exist constants K € (0;1), ¢ > 0 and a non-decreasing convex

; o
function ¥ : [0,®) + (0,®) with f dx/y(x) < © such that

i Supported by NSERC. {2) Partially written during visits to Carleton
University and York University.
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o2l = (=) [TU[% < ¢ - p) on RY

(U3) There exists a constant C such that —(VU(x)-VU(y) ,x-y)

j_C|x—y|2 for all X,y € Rd.

In particular, the conditions (U1)-(U3) are satisfied in the one dimen-
sional case for U(x) = x4/4 - x2/2, which arises in statistical physics

as a continuous model of ferromagnetism. For R < = let MR = {vi<v,U> < R}
where <v,U> = [Udv and equip MR with the weak topology. Let

M, = {vicv,U> < )} and equip it with the strongest topology that induces

the weak topology on MR for all R. denotes the subspace of M,
consisting of empirical measures associated with N-particle systems.

Let Cs,t = C([s,t];Mm) furnished with the strongest topology which
induces on C([s,t];MR) the topology of uniform convergence. Let

C, = C([0,=);M ) furnished with the weakest topology for which the

projections onto all C , 0 <T <o, are continuous.
- 0,T
5

Denote by {PéNi : (v,t) € M(N) X R+} the family of probability
>
laws on Qn induced by the empirical measure process

N

_ L
Xg(e) = N kzl (Sxk(_t) , t>0,

associated to (1.1). Let vy TV in Mw. The law of large numbers

(cf. Gdrtner [5]) states that the sequence P(N) converges to §
vy 0 u(.5v)
in the sense of weak convergence of probabilities on Cw , where

u(.;v) € C 1is the unique weak solution of the McKean-Vlasov equation

(1.2) g; <u(r),£> = <o), Luent> , t>0,

w) =v ,
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for all f € D , where

2
L £ 0—2 Af — (VU,VE) - 8(x-m(y),VE),

n(w) = [ x u(dx),
Rd
and D denotes the space of infinitely differentiable functions with

compact support on Rd.

2. LARGE DEVIATIONS AND QUASIPOTENTIAL

For each N the empirical measure process XN(.) has a unique
) equilibrium law Ty on Ma° which is induced by the equilibrium distri-

bution for the system (1.1). The latter is given by

N
-1 0 -1 2
p(dx ,...,dx ) = Z~ exp{-—> N Yoo lxex, [T} po(dx)...n (dx ),
N N N 2 k,SL=lxk % o1 o N

where

uc(dx) = Z—:L exp{— ;—25 U(x)}dx ;

I and ZN and Z are normalizing constants. The sequence of measures
TrN is relatively compact and any limit point is a measure on Mm

concentrated on the minima of the equilibrium action functional (cf.

Ellis and Newman [3], and Léonard [6]). The equilibrium action functional

§ is defined by

I(v) = <\),log%\)—> +_8_2_ <V @\),\x—y|2> -p, veM,
o 20

where p 1is a constant called the Gibbs free energy defined by

p = inf{<v, log SL> T - @v,]x—y|2> tve M},
Yo oo 2

2
g
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In addition the equilibrium large deviation behavior can be determined as

follows.

THEOREM 1. Let WN be defined as above.

(i) If G is an open subset of M, then

lim inf N log m (G) > - inf T(W.
N » = UeG

(ii) If F is a closed subset of M_ , then

1lim sup log N“‘n (F) < - inf I(w).
N+ uef

In order to investigate the corresponding large deviation questions for
the dynamical behavior it is necessary to develop an infinite dimensional
version of the large deviation theory of Freidlin and Wentzell [4]. The

following result of this type is proved in Dawson and Gartner [1].

THEOREM 2. Given Vg ¢ M(N) suppose that v+ Vv in M. Let A be a

Borel subset of C_ . Then

>

inf S t(u) < lim inf N l1og P( ) (A)
HeAP, u(s)=v B3 N > VyoS
()
< lim sup N log P s(A) < - inf Ss t(u).
N » Yy ek, u(s)=v ’

where 4° and A demote the igte:%g{migg<closure of A respectively.

The action functional SS c is defined by
s s

€
5 2
L(H()) = £ e = L) u] oy du

if u(.) € CS & is absolutely continuous in the distribution sense .
.

Otherwise S_ . (u(.)) = w. In the above
- 2
1 <¢,£>
||¢|1 == s €D,
feD <y, |VE|™>
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Let P be an arbitrary equilibrium for the McKean-Vlasov dynamics.

Then the quasipotential Qp is defined by:
Q,(V) = inf {sg (M()): == <s <t <=, us) =p, u(t) = v}. |
5 :
The main result of this section is to show that the quasipotential Q and
[

the equilibrium action functional agree up to an additive constant in the

domain of attraction of p

THEOREM 3. Suppose that v ¢ Mm belongs to Fhe domainrofiatgyaction of
fo) (with respect to the McKean-Vlasov dynamics). Then
Qp(v) =I(v) - I(p)

Furthermore if TI(V) <« , then the infimum in the definition of QD is

attained at H(w) = p(-u3v), u e (=,01, that is, the time reverse of the

McKean-Vlasov trajectory. Up to a time shift, this is the only path at

which this infimum is attained.

The proofs of Theorems 1 and 3 are given in Dawson and Gdrtner [2].

3. TUNNELLING
In this section we assume that the McKean-Vlasov dynamics has exactly

three equilibria V_, vo, v+, that v_ and v+ are stable and that VO is

unstable in the topology of Mm. We assume that there exists a path of

the McKean-Vlasov dynamics connecting Yo with vy and a path connecting

Vo with v_ (on (-»,4=)). . Let D, D D denote the domains of attraction

a 0* +

of v_, v respectively. According to the law of large numbers the

0 V42
N particle system, for large N, follows the McKean-Vlasov trajectory on
time intervals of fixed length. However in a long time scale the N-particle

system can exhibit tunnelling, that is, it can escape from the domain of

attraction of the stable equilibrium v_ and end up near the stable

equilibrium V- This idea is made precise in the next theorem.
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Let V+ be an open neighbourhood of v+ contained in D+, and
T+(]J(.)) = inf {t > 0: u(t) € V+},
o_(u(.)) = inf {t > 0: u(t) ¢ p_}.

Let AL = I(vy) - I(v)).

. ) ' ; ‘
THEOREM 4. Given Vy € M, v € D_, suppose that Vg TV in M- ‘Then

- +
lim P&N)(EN(AI %) < 0_ §’T+ < eN(AI 6)) =1
N0 N
for each &8 > 0. Moreover
lim NT log E\()N)c_ Y log E\()N)r+ = AT,
N-»eo N N-eo N
where E(N) denotes expectation with respect to P(N).
S tes e 2 Ty
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ANNEAUX DE POLYNOMES SUR UN ANNEAU DE MORI

B. BALLET et N. DESSAGNES .

Presented by P. Ribenboim, F.R.S.C.
Rappelons qu'un anneau de Mori est un anneau intégre dans lequel les
idéaux divisoriels entiers satisfont a la condition de chaine ascendante .
Tous les anneaux de Mori actuellement connus se construisent a partir des
anneaux de Krull et des anneaux noethériens ( qui sont évidemment des
anneaux de Mori particuliers ) en utilisant essentiellement les résultats
suivants :
1) Toute intersection & caractére fini d'anneaux de Mori est un anneau de
Mori (2).
2) Tout "puliback” d'un anneau de Mori local est un anneau de Mori (1)
3) Tout anneau généralisé de fractions d'un anneau de Mori est un anneau de
Mori (6).
Maintenant la question: " est-ce qu'un anneau de polyndmes sur un anneau
de Mori est un anneau de Mori ? * est une conjecture qui a été résolue par
'affirmative dans le cas oU I'anneau de base est supposé étre , de plus,
intégralement clos (5).
Un anneau de Mori A sera dit transcendant si A(X] est un anneau de Mori .

Nous montrerons gue tous les anneaux construits a partir d'anneaux de

Mori transcendants par.'un des trois procédés ci-dessus ,le sont aussi.




394 B. Ballet et N. Dessagnes

1) ETUDE DE CERTAINES CLASSES D'IDEAUX DIVISORIELS DE A {X]

Proposition !-1

Sofent A un anneau de Mori et C\, un idéal divisoriel entier de A X1 de

trace nonnulle &, sur A . Aiers  Qu ADXT € QU € VL ALX]
Corollaire -2
Daris st BANEAL 08 MAFT ; TLL kel gvisarial B do ALK dont: la trace
Q., est un idéal radical non nul, verifie  Ov = O, ALXI.
Proposition 1-3
B0t b o rvas Ut o R el premdesaliplevrled g 0 Gl
ayant une trace non nulle Q,. Alors,

Q=0 ATX].

2) Q sst maximal ( dans I'ensemble des idéaux divisoriels de

ALX]) siet seulement s'il en est de méme de sa trace

Remarque 1-4

Si Q aune trace nulle, alors il existe un bolynéme f de Q irréductiole
dans K [X],( K corps des fractions de A ) telque Q=fK X1/ AUX]
ceci etant vrai méme si Q est seulement supposé idéal premier de A [X] -
Mais inversement , il n'est pas certain que I'intersection avec A [X] dun
idéai fKIX] ol festunpolyndme irréductible de K [XJ, soit un idéal

divisoriel de A [X]. Cest cependant vrai si A est intdgralement clos (5)

S0it A unanneau de Mori. Alors A [X7 satisfait & 1a condition de chaine

————
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ascendante sur les idéaux pramiers divisoriels .

Remarque 1-8
Dans un anneau de Mori A , les idéaux divisoriels entiers principaux de
A [X] satisfent a la condition de chaine ascendants .

2 ) INTERSECTIONS A CARACTERE FINI D'ANNEAUX DE MORI TRANSCENDANTS

Défintion 2-1
On appeliera anneau de Mori transcendant , un anneau de Mori A tel que
A [X] soit un anneau de Mori .

Proposition 2-2

de Mori transcendant , alors I'anneau généralisé de fractions A}j'gst aussi .

Neus allons étudier dans ce paragraphe a transcendance des intersections
a caractére fini d'anneaux de Mori transcendants. Remarquons tout de suite
que , si A est une intersection a caractére fini d'anneaux A,\ ,xe L alors
bien sur A [X] =_Q A [X], mais cette intersection n'est jamais a
caractére fini . Nous allons mettre en oeuvre un procédé qui va nous
permettre de considérer A [X] comme une intersection a caractére fini .
Proposition 2-3

Soit P un idéal premier d'un anneau intégre A . Alors, si K est le corps
des fractionsde A , (A _[X1) ) KIX: =A_[X).

: e i PALA] P

Proposition 2-4

Soit A unanneau de Mori. Alors ATX] = Q A CX1=/V(ALXDOK (X1
U“) (t‘\\ P 0"21{ {»“ PAl<]
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De plus, la famille {( ALXD) 3 , {K [XJ} est a caractére fini
s PALY g5 4 ) —_—

Proposition 2-5

Soit {A"}J\ une famille a caractére fini d'anneaux de Mori transcendants

tous inclus dans un anneau intégre B . Alors A = (1 A_ estunanneau
RS

de Mori transcendant .

3 ) PULLBACKS D'ANNEAUX DE MOR!I TRANSCENDANTS

Soit S un anneau local , d'idéal maximal M#( Q). Soient K(S) = S/!{,‘ et
¢:5 , k(S) lasurjection canonique.Si D est un sous-anneau
de k(5),posons R = Lf(‘D ). Alors on sait que R est un anneau de Mori
si et seulement si S est un anneau de Mori et D uncorps.(1). R est
appelé pullback de I'anneau local de Mori S .

Procosition 3-1

Soient un anneau intégre S , P un idéal premier de S . Considérons

lediagramme 5 __ ¥, 5/°
[ [ D sous-anneau de 3,/P
R (PE D) , D
Alors, si S est un anneau de Mori et si D est de la forme S/ PN kou k
est un sous-corps du corps SP /PS[, , R est un anneau de Mori -
Proposition 3-2
Soit 5 unanneau local de Mori transcendant et soit R un pullback de

S. Alors R est un anneau de Mori transcendant .

Ces deux derniéres propositions ont été trouvees avec V.Barucci en nov. 35
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Les résultats du paragraphe 2 permetient de "giobaiiser” la construction
précédente : partant d'un anneau de Mori A-admettant donc la

décomposition a caractére fini A= Q A, pour chaque Pe:A/W , POSONS
, a5 *

k(P)= AP/PAP et soit A(P) unpuliback de I'anneau AP .

Proposition 3_3

Soit A un anneau de Mori . Avec les notations précédentes , si on pose

/ / .
A =@ A(P), alors la famille iA( P)4, 4 estacaractere fini et
A0 — s ()

I' anneau A est de Mom Si, de plus, A est un anneau de Mori

transcendant , il en est de méme de I'anneau A

Exemple 3-4:

1) Si A est un anneau de Mori transcendant de caractéristique p # 0, alors
sl

A contient le corps Z/pZ . Prenons ;, pour tout Pe[/b/ ( A) ,ie pullback de

A _ correspondant au sous-corps premier ko(,P) =7/pZ ducorps résiduel

P

K(P). Alors I'anneau de Mori transcendant de la construction précédente est

ﬂa Z/pZ + PAP ). Plus généralement si A contient uncorpsk,
Petls“(P)

A = ﬂo‘ (k+ PA, ) est un anneau de Mori transcendant .
(R
2)Si A estun anneau de Mori transcendant de caractéristique O, aiors
; d
Z C A . Posons d/é (A)-{ PecdS (A) PA Nz= pZHO;e' ,pe Z et
A

C(é (A)= Z Pec’[{( A) PA N -‘O}} . Prenons , pour tout Pch/

le pullback de I'anneau A correspondant au sous-corps prernier

I'anneau de Mori

correzpondant au sous-corps premier P (P)=0Q.Alcr

K‘J
U’l
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/
transcendant A de la construction précédente est :
/
W)z +pay () < )
%ﬁ(m Pz o) F

Remarque 3-5 La construction précédente , efféctuée a partir d'un anneau

Q+PA

de Krull ou d'un anneau noethérien , donne un anneau de Mori transcendant

qui n'a apparemment aucune raison d'tre un anneau de Krull ou noethérien.
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POINT SPECTRUM FOR THE ALMOST MATHIEU EQUATION

Norbert Riedel

Presented by G.A. Elliott, F.R.5.C.

ABSTRACT

We show that the operator (hg), = £,.9 +&,.7 +

2cos(2nma + e)gn has no eigenvectors in LZ(Z) for

all constants o, 6 € IR.

1. We consider the almost Mathieﬁ operator (hg)n =t +

£ 28 cos(2wna + e)sn , E € LZ(Z) , and show that for g =1
point spectrum does not occur, thus answering in part problem &
in [2]. Our approach heavily relies on the methods developed in
[1]. We briefly review the material from [1] which we shall need
in the sequel.

Since it follows from Floquet theory that the operator h
does not have eigenvectors for rational o we may assume
henceforth that o« 1is irrational. We consider the unitary

operators u and v vwhich are defined as follows

(UE)n Eat+l 2
neZ, %t el (z)
-2-rriaE

ve), -

and the C*-algebra Aa generated by u and v. The assignment
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u » v¥
p
v +u
determines an automorophism of Au. We set ¢ = p2. The

operator h 1is a fixed point of ¢ if and only if ¢ =0 , and

]
o
>

h is a fixed point of p if and only if 6 =0 and 8

state ¢ on Aa is called an eigenstate of h for x e Sp(h)

I
¢ (ha) = x¢(a) for every a e A .

We set x» = e”‘i and for p,q € Z

B ™ A PIWPve + uPyvTY)

qu = A"PYi(uPve - uPvTY

W =8 + S

Pq Pq -q,p

Z =85 -8

Pq Pq -q,P

For some eigenstate ¢ we set
= T W,
$(Tyg) »

- {5 t =4z ).
Spq = #(5pq) 5 pq P pa = ¢ Zpg

We have shown in [1] that the S5q and tpq are real numbers

solving the following system of linear equations in the variables

= ¢(W
q o ( pq) » 2

X
Pq
(1.1 { cos(raq) ey ) oy o) + Beos(rap) (xp oy bxy q4q) = x%pq

sin(raq) (1 g=xp41,q) = BsInlmap) Gy g1 =%p q41)

Henceforth we assume that g = 1. Then the wpq and zpq are

real and solve the system (1.1) also. We have shown in [1],

section 2 that the linear space of solutions of (1,1) has
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dimension five and all solutions are determined by the values of

x-l,O' Moreover, we have the following (see

*00° *10> ¥o1, *11°
[1] Lemma 2.5)

(1.2) (i) 1f {qu} solves (1.1) and Xgo = %91 = ¥17 = 0 »

= = ~-1)P
X190 * 0 , then pr 0 and x xlo( 1) for

ptl,p
| all p > 0.

(ii) 1If {qu} solves (1.1) and Xgg = ¥10 = ¥ = o,

Xg; * 0 , then X = 0 and x = x01(-1)p - for

p,ptl
all p > 0.

2. We shall prove the following

2.1. Theorem. For any constant 6 the operator h does not

have eigenvectors.

The following lemma lists elementary properties of vector states.

2.2. Lemma. Let ¢ « 22(2) and let by be the vector state on
Au associated with ¢. Then

1 lim ¢,P) =0,

) lplse e
‘ (ii) lim ¢E(quP ) =0 for all k ¢ z ,
|p|+e

(iii) {¢E(vq)} does not converge to zero as q + ® Or q » -w.

The next lemma is an immediate consequence of 2.2 (i), (iii).

2.3. Lemma. There is no p-invariant vector state ¢E on Au.

Proof of Theorem 2.1: Suppose that ¢E is a vector state on

A, i.e.
a
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¢E(a) = <ag,g> for all a e A ; £ € 12(2)

o

which is also an eigenstate of h for some x ¢ Sp(h). We
distinguish two different cases:

Case 1: 8 ¢ 2naZ.

It follows from [1], 3.2 that ¢E is not a fixed point under o.
Thus ¢ = ¢E - ¢€ o ¢ 1is non-zero. Since the t g = w(TPq)

P

solve the system (1.1) it follows that # 0 and (1.2)(1)

*10
applies or x5; # 0 and (1.2)(ii) applies. 1In both cases the

conclusions in (1.2) contradict 2.2 (ii).

Case 2: 6 ¢ 2naZ.

khuk for some suitably chosen integer k

Replacing h by u”
and transforming the automorphisms p and ¢ accordingly,

if necessary, we may assume that 8 = 0. If ¢, is not a fixed
point under ¢ then the same reasoning as in case 1 can be
applied. Therefore we assume that ¢€ is a fixed point under

o. By 2.3 the vector state ¢E can not be a fixed point under

p. Thus ¢ = b = b o0 is non-zero. The z q w(qu)

g P
solve the system (1.1) and we have Zgg = Zgy = %11 < 0.,
Z1o = %91 * 0. Hence (1.2) once again shows we have reached a

contradiction with 2.2 (ii).
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A FOUR DIMENSIONAL PROJECTION OF THE POLYTOPE 2

21

Asia Ivic Weiss |

Presented by H.S.M. Coxeter, F.R.S.C.

Abstract |

New coordinates are found for the 27 vertices of the
6-dimensional polytope 2Zl and it is shown that this polytope can

be projected to the 4-dimensional 24-cell {3,4,3}

A 6-dimensional semi-regular polytope 221 , first discovered’

by Gosset [2,p. 164), can easily be described by the Coxeter graph
’ 1

Each vertex of the graph, including the "distinguished" one,

represents a reflection. The product of two reflections is of
order 3 whenever the two verlices are connected otherwise 11 is
of order 2 . The six reflections generate the symmetry group of
221 . The vertices of the polytope coincide with Lhe orbit of the
point belonging to all ﬁlanes of the generating reflections except

the "distinguished” plane. For a more detailed account of Coxeler

graphs and 201 the reader could consult {2, pp. 187-203: 3].
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Figure 1

Figure 2
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The polytope 221 has 27 vertices and 5-dimensional cells

of two kinds: 72 simplexes 220 and 27 cross-polytopes 211

Figure 2 shows 221 in Coxeter’s dodecagonal plane projection

i1, pp. 461,463]. Figure 1 is the dodecagonal plane projection of
the regular 4-dimensional polytope {3,4,3} or 24-cell. We note
that the vertices and edges of the projection of a Z24-cell are
subsets of the vertices and edges of the projection of 221 3 ‘

suggesting that the 24-cell is a 4-dimensional projection of 221

{3,4,3} 1is a self-dual polytope with 24 cells (hence the
name) and same number of vertices. The 24 vertices of {3,4,3}

can be given the following coordinates:

Ai = (a cos kB, a sin kB, b cos 5k6, b sin 5k8), k = 0,2,...,22

[
Bk = (b cos kB, b sin k8, a cos 5k, a sin 5k8:, k = 1,3,...,23 ,
where © = w/12 , a and b are positive roots of the equatlion
6 L S B )
12, p. 245].
Wo proceed to find coordinates for ?”J . The productl of the
six generating reflections for the symmetry group of 2 is an

el

isometry of period 12 which permutes the 27 vertices 1n two

cycles of 12 and one cyctle of 3 Pl,pp. 461 4637, More
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precisely, it is a triple rotation through angles «/6, 5n/6 and
2n/3 in three completely orthogonal planes [2, pp. 218, 234]. One

cycle of‘ 12, say AOAZ...A22 , might be called a ‘tetrahelix’

[4, p. 385] because every 4 consecutive vertices belong to a

regular tetrahedron. By analogy with (1), we can take coordinates

for these points to be

A, = (a cos kB, a sin kB, b cos 5kB, b sin HkO,

¢ cos 4k8, ¢ sin 4k8), k even,

where a, b and ¢ remain to be determined.

If we take the edges of 2, to be of length J2 we obtain

21

Since A.A,“Aﬂ__l is an equilateral triangle we get
asb = (J3 4+ s JS2 .
and hence
T Ry T T S B 2 S

so that a and b satisty equation {2)., We can assume that a, b
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and c¢ are all positive.

Let Bl be the vertex which makes, with the tetrahedron

A22A0A2A4 , a simplex Ay of Lype 201 , that is, the interface

between two facets 85 = 211 , not belonging to a facet ag = 220
Then we can find the coordinates for Bl to be
(2a, 2(2-/3)a, b, 2(2+/D)b, - e, - ge)
= (b cos 6, b sin 6, a cos 58, a sin 58, -c cos 46, -c sin 48) .
And, in general, we can name the points of 221 to obtain
y
Bk = (b cos kB, b sin kB, a cos 5k6, a sin 5k8,
(4)
-c¢ cos 4k8, -c¢ sin 4k8) , k odd

Hence the orthogonal projection of the 6-dimensional polytope

221 on the 4-dimensional subspace Xg 2 Xg = 0 is the

4-dimensional regular polytope ({3,4,3} . The three vertices of

221 , corresponding to the central point of the dodecagonal
projeciion of 221 , project to (0,0,0,0) and have the following
coordinates

¢ = (0,0,0,0, ~2¢ cos 8k, -2c sin 8k®), k = 0,1,2 . (5)
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Poincaré polynomials and ordered fields

L /Y
by Jan Minac

Presented by P.Ribenboim, F.R.S.C

Abstract: Let F be a formally real pythagorean field with | F/F? |< co. Let F(2)
be the maximal 2-extension of F and H the Galois group of automorphisms of the field
extension F(2)/F(v/—1). We shall determine Poincaré polynomial Py (t) of the group H
and call attention to some interesting properties of Pg(t). This gives also a new insight

into sets O(n) defined by Brécker.

§1. Introduction. The aim of this paper is to announce some results in the paper [12]. g

We define F to be a formally real pythagorean field. F is the multiplicative group of F.
We shall always assume that | F/F? |< oco.

Put h; = di‘mZ/zg.Hi(H, 2),0 < i < co, where H(H,2) is the i-th cohomological
group of the group H with coefficients in the two element field. Then Pg(t) = i hit' is
the Poincaré series of the group H. Since the cohomological dimension d(H) = 21:?—— st(F)
= stability index of F, Py(t) is a polynomial. (See [10]). We shall use freely notation,
definitions and Theorems in [4], [5], [6], [7]. We shall recall here just the most essential
notation and definitions. N (F)-the number of orderings of the field F; F is of type (k,2")
if N(F) =k and | F/F? |= 2™,V a valuation on F; Ay a valuation ring corresponding to
V; Uy the group of units of Ay; My the maximal ideal of Ay ;V is fully compatible with
F2 iff 1+ My C F?;(X,J) the abstract Marshall’s space of orderings ; (we shall identify

isomorphic order spaces ) ; (XF,F‘/F.'"’), (or (X, F/Fz), or simply X) space of orderings
of the field F ;
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c€CX> chain length of X ; |IT| the number of elements of a
finite set T ; x(H> the Euler-Poincaré characteristic of the
group H ; G = Gal(F(2>/F> ; SG(L) the Poincaré series of the
group G

For extensions, sums of order spaces and their valuation
theoretic interpretation we refer the reader to the papers L41,

[6]1. (VWe shall always assume that in the decomposition of order

spaces_into sums all summands are indecomposable order spaces).

Following [2], [31, we shall attach to any order space
(XF,F/PZD the graph Gr{Xp> :
1> The set of vertices, V(Xp> , of the graph O6rdXp> is defined

inductively
14> Xp = V(Xp>
1B> If Y e V(XF) ,Y=2xH , where H is a 2~elementary
group and Z is a decomposable space, then 2 = V(XF)
1G> If W e VXp> and W= e ... o Wy , then
W, = ViXg> , 1= 1,...,4
2> Edges: Two vertices Y,Z are connected with oriented edge
Y,2> if
2A) Y = 2 x H , for some 2—elementary group H, H = {1} ,
and Z is decomposable order space.

2B) Y=ZeZ;,® ... 02 2% d

We shall define functions n,m,s: V(XF)‘—a N w £0r

Let. Y =Y & ... @& Yd IS V(XF) . Then we put. nCY> = d

1
It Yy =2 - He VQXF) , and Z is not an extension of’ any proper
quot.ient. space of Z , or |Z| =2 , we put. mC¥> = 1og2|H|

For every vertex Y e V(Xgo there exists a unique shortest

path Y = ¥, , Yy 5erevn Y = XF , where (Yi,Yi+1) #
i=0,1,...,k-t , belong to the set. of edges of Gr(XF) . Then
we put

k
sCY) = = m(Y,0
i=1
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We shall also define the function
R : VXp> » 20t]
RCY> = (1-b> + t(d-1> ,
where Y=Y o ...eY o2 o ...0 Zy s Yyl =0 = Y =1,
1< |21| it v i g |Zb| ,d=a+b and t is indeterminate.

§2. Some Results

Theorem 1. If NCF> =1 , then Pp(td = £c1+>5 PR

CeVCXpd
ncc > 2
If NCF> = 1, then Pp(td =1 .

Theorem 2. Pp(1> = NCF> ; PpC0> =1 ;

. ] . s 22
Pp(-1> = yC(H> = 2 - a = 2b ; PR + 1 = dim, o FF4
deg Pp(td = st(F> .

Theorem 3. Denote V(1+t) the valuation on the field QCt>

determined by the polynomial <i+t> . If F is not a
superpythagorean f'ield, then
Vgat, PpCtd = maxtdimy ,, P90y .V is a valuation on

F fully compatible with FZ3 .

. " : s .22
If F 1is a superpythagorean field, then max(dlmiyzzka Uv Y
"2
[,

is a valuation on F fully compatible with Y e
€ (V44 yPptr - L, V(1+t)PFCt)} 4
Example. Let F be a field of the type (14,26) . Then GrXp)
is | \
K )
G Xp = Gy x Hy IHy | = 2
D2=GZXH2;|H2|=2
Da
(See (91
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. . 2
PRCtd = (1+t) RCCyD + (1+t>% RCCyD

A+t + (1+td2 (2t+d

]

1+ 5t + 6t2 + 2t

Hence st(F> =3 , y(H> = PF(—l) =0 , V(1+t) PF(L) =1 an?
there exists a valuation V on F fully compatible with e
such that |F/F2Uy| = 2 , PpC1> = 14 , PACO> + 1 =6 . Which

polyvnomials are Poincarée polynomials of some tield F 7 To give
the answer define for each n € N the set B :

B(1> = (1>

BC2> = {C1+tLD>>

BC3)> = {C1+42t), (1+2t+t2d>

B> = ((143t), (1+3t+t2) | (1+3t+2t2>, (1431432415

B(n> = {B(n=1)>+t} U {B(n—12C1+t>}>, 2 < n

Note that by putting t =1 we get sets O0¢Cn> . (I[1DD
Theorem 4. Let F be a field with |E/F%] = 2® . Then
Peltd B(n> . Each polynomial from the set B(n> is a Poincare

polynomial of some field F .

Theorem 5. If 2 < n , then |[B(n>| = 22 | The polynomial
g(l) e BCn> iff

gty = a+t>51 4 rcarSta o+ +ay> .
where U < a, ., a4 ,..., a5 4 € Zz, 1 <8, agy and
ay +ag * ... tag, +s=n

From Theorem 5 we can get also a description of 0<Cn> which
is essentially equivalent to the description in the Theorem in

[111. <See also [81. Proposition 2.8 and Propositin 2.A.4)0.

Theorem 6. Let Y be a class of all order spaces with given

Poincaré polynomial P(t> . Then there exists a unique order

space X « Y such that

ct(X> = maxicL(Zd , 2 « Y1)
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Gall such space Poincaré order space. Hence there is 1-1

correspondence between the sets of Poincare polynomials.and

Poincare order spaces,

EXERCISE (EASY)> Characterise Poincaré order épaces.

Theorem 7.
Ppdt>
SG(L) = —q=¢— - Hence
lim C1-tO>S,(t> = NCFD
tal
In the paper [12]1 a complete characterisation of the
cohomology rings H*(G,Z), H*(H,Z) is given. Here we shall

restrict ourselves to the following observation.

Theorem 8. Both rings H*(G,z), H*(H,Z) are local

Cohen-Macaulay rings. Each of them, considered as graded ring

determines the order space XF 3 dim H*(G,Z) =1 ,

dim H¥(H,2> = 0 (dim means Krull dimension>. H*(H,2> is a

Gorenstein ring iff the field F is a superpythagorean field.

For other properties of Poincaré polynomials, cohomology
rings, stability indices, etc. see the paper [12]. That paper

also gives ref'erences to all literature needed in our proof's.
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PERIODICITE DES PUISSANCES D'UNE MATRICE DONT LES CCEFFICIENTS

APPARTIENNENT A UN CORPS FINI. APPLICATION

ERRATA

Yves HELLEGOUARCH

L'énoncé du théoréme 3, p. 188 (C.R. Math. Rep. Acad. Sci. Canada, vol. VIII

n°® 3, June 1986) est incorrect.

Dans le 2), il faut remplacer "q > 2" par "a = 2".

Si a=1 et q>2, il y a un nombre fini d'exceptions du type N = P2 avec
degré P = 1.
Si q =2, il y a une infinité& d'exceptions du type
h \
N = PIPZ cos PS
avec degré Pl =1, 0<h<3, et (di,dj) =1 pour tous les i et j distincts.

La preuve du th8oréme 4, p. 189 contient une faute

[dy,e.e,d]
Dans 2) et 3) 1l'expression g ! $ -1 doit 8tre remplacé par

dl ds
[q -1,...,q °=1].

Finalement, page 188, il faut lire "endomorphisme" de Frobenius a la place

de "automorphisme'.
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