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ON THE SOLVABILITY OF THE OPERATOR EQUATION 

ft XA., - B IfR + XDX = 0 WHEN 0 HAS ONE DIMENSIONAL RANGE 
—1 2 1—2 

Tapas Mazundar 

Presented by M. D. Choi, F.R.S.C. 

ABSTRACT. We indicate here an analytic treatment of 

existence and uniqueness of solution X of the equation 

A XA - B XB = Q, when k^ Aj, B-p Bj, Q are appropriate 

linear operators, bounded or unbounded, in a suitable Hilbert 

space, Q having one dimensional range. This result can then 

be utilized to obtain existence of solution of the Riccati-type 

operator equation A1XA2 - BjXBj + XDX = Q. 

1. We will report here certain sufficient conditions under which 

solutions X of the equations 

A1XA2 - B^XBj = 2, 

A1XA2 - B-jXE^t XDX = Q 

(1) 

(2) 

exist, in which k,, k r i y B2, D, Q are given linear operators satisfying 

certain hypotheses. We need to begin by establishing notations and spaces we 

will work with. Accordingly, let c denote the set of complex numbers; let M 

denote the set of natural numbers. Let » denote a commplex Hilbert space with 

norm |-| . Let r 1 be a complex Hilbert space with norm II-l̂  such that t is a 

* 1 

dense subspace of « with continuous inclusion injection from r into K. 

Consequently, 3 a constant -i > 0 such that 

|v| < -yiivî  v v t r . ( 3 ) 

We refer the reader to the reference [1] if rank Q > 
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Let 1/ be a complex separable pre-Hilbert space with norm II-lU. 

2 2 1 2 
Let X = ic(r , it) , » = ^(r ,r ) where, for example, a(r , «) denotes 

2 
the Banach space of bounded linear operators from 1/ into », with the usual 

sup norm topology. Considered given in the problem of our concern are 

1 1 2 
A , B e ï U , x) , De. £(t , V ), Q e a, and linear operators A,, B,: 
2 2 r -tf . Because of (3), possibility is kept open that A,, B, may be unbounded 

2 
operators in x. If y is a subspace of K, then the rest of the operators 

above may also happen to be unbounded in w. 

With domains and ranges laid out as above, equations (1) and (2) are now 

well-defined. We now start listing the hypotheses we will work under. 

2 
(HI) Q has a one dimensional range; say, Q[r ] = 

lah:atCl, denoted by [h], for some htlt with |h | = 1. 

(H2) ; (hKc1, A^lh]] = [h] = B^fh]]. 

We will use the notations A. ., B. h respectively for the restrictions of k^, 

B. to [hi. 
2 

(H3) 3 an orthonormal basis Ib.ritlNl of v such that each bi is an 

eigenvector of both A, and B2. 

2 2 
We will denote by t the subspace of 1/ generated by Ib^, •••, b I. A2 , 

2 2 B„ are restrictions of A., B. to c . »(n) is the set of restrictions to r 2 ,n 2 2 n n 
of all those X t »• for which Xb. = 0 v i > n, and Xb. t [h] v i < n. »(n) 

2 
turns out to be isomorphic to fAf , [h] ). Also, let W, denote the space 

n h 
7 ? 

/(» ,;th]l. The natural topologies on x[v~, [h] ) and w, are equivalent to 

their: subspace topology of h'. 
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2 (H4) 3 a constant /ï>0 such that v nonzero Yew, , 3 a $ et satisfying the 

dominance relation: 

l(Al,hYA2 " B l ,h Y B 2 ) M » > ^llYll«ll*yll2-
(For examples with this condition satisfied, see [2,3]). This condition is an 

extension of the well known concept of ellipticity or coercivity, and may be 

called a one-sided coercivity condition. A direct consequence of (H4) is: 

(H4) • a a constant p>0 such that v n e IN and V nonzero Y € »-(n) , 
2 

3 a *YfT satisfying the dominance relation, 

l(Al,hYA2,n-Bl,hYB2,n,M«> ^Yll„ " V V 
2 

We will use the notation a = (-»/j8 ) IIQI1 llDl!, the norms of Q and D being in ] 

1 2 and mit , ii ) respectively. 
2 

(H5) 3 a A > 0 such that 1 + ct < a and 1 + «A < a. 

Obviously, this condition is satisfied if a > 1 and a is sufficiently small, 

i.e. the product IIQII 1IDII is sufficiently small. Hypothesis 1H5) points out 

that, in a sense, the part XDX in equation (2) is a perturbation of equation 

(1). 

(H6) a a fixed number k > 1 such that -d) k0a ( 1, (ill 

(2a)/[l-k0a] + k0a < k0o;, and (iii) if a > 2, then 
_T -1 -1 

a[l-k a] < 1. (E.g., we may have o.<. (18) and k = {2a) ). 
0 " u 

We are now ready to state our main results. 

Theorem 1. Under the hypotheses (HI) ̂ HU^above^ J a unique solution 

X = X £» of the equation 

(AjXAj - 6 ^ 2 ) * = Q* V * t f . <*' 

Moreove r, x
<C) has the same range as Q has, and NX ";,, S «• !!<3"- B 
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This theorem can be proved by first establishing a version of it in a 

suitable finite dimensional form, and then adopting a Galerkin method of 

approach. If X is the solution when r is replaced by v^, then the 

seguence IX I is bounded in a suitable Hilbert space (this is where "rank 
neIN 

Q = 1" plays a crucial role), and so has a weak limit. This weak limit turns 

out to be the solution X 9 of (4). Details of the proof are given in [2]. 

Theorem 2. Under the hypotheses (HI) - (H6) above, equation (2) has a 

solution X = X ev. g 

This theorem is proved by an iterative approach in which, at the nth 

stage, 

A1XA2 - B1XB2 = Q - Xn_1DXn_1 

becomes a meaningful equation, and has the solution X = X by virtue of 

Theorem 1. Hypotheses (H5) and (H6) ensure that the sequence lxnlne|N 

converges weakly to a solution X of (2). Details of the proof are found in 

[3]. 

It is shown in [2, 3] that our theorems show the existence of solution, 

in an appropriate space, of 

2 2 2 
(-a l ^ t ^ 1 ) X i^+t^-^I) 

ox dx ay 
2 4 ,4 

+ (b l-j) X (i-j- + ̂ —f + k2I) + XDX = Q, 
- oy ..ix oy 

where a, k,, b, k are positive constants, I is the identity operator, and D, 

Q are to satisfy all the hypotheses made on them above. 
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The Amalgam Structure of the Blanchi Rroups 

Charles Frohman and Benjamin Fine , 

Presented by K. Murasugi, F.R.S.C. 

1. Introduction. If d is a positive sauare-free integer, the 

Bianchi group \ . is PSLpI <-1 ) where 0, is the rina of integers 

in the quadratic imaginary number field Ot.^cf ) . As a class the 

Bianchi grouos have been extensively studied. A general method to 

qenerate presentations for the C . was develooed by Swanr 7 ], while Fine'l '.' 

showed that in the cases where (•',. is Euclidean {d = 1,2,3,7,111 r, 
d d 

is either a non-trivial free product with amalgamation or an HNN grouo. 

Similar results in some additional cases were handled by Floger 4', The 

purpose of this note is to announce that all the Bianchi orouns with the 

sole exception of f, are amalgams. Specifically we Drove that each 

F , , d / 3, is decomposable as a non-trivial free product with amalgamation, 

Further in each of the non-Euclidean cases one of the factors in this 

decomposition can be taken as PEJ 0 ) - the projective elementarv nroun 

over '̂  . It is known that for d t 1,2,3,7,11 the PE2( 0^ are all 

isomorphic [ ll. The proofs we employ are tooological and denend unon 

the results of Swan. The same techniques yield a proof that each [ , 

with d f 1,3 is also an HNN grouo. It was communicated to us by 

A.Hatcher that a version of this last result was known but not published. 

2. Main results. We first fix some notation. ^ j!j ^ "i1 1 denote the 

free product with amalgamation of G, and G. amalgamated along the subgroup 

H. If G is a group with H.H. isomorphic subgrouns of G then HNN(t,R,H .Hj) 

will denote the HNN extension of R with free part t and associated suborouns 

H and Hj. 

Our main result is the following. 



35 4 C. Frohman and B. Fine 

Theorem 1. (1) For each d ^ 3 the Bianchi group r, is a 

non-trivial free product with amalgamation. 

(2) If 0 is non-Euclidean d ̂  1,2,3,7,11 the 

above decomposition takes the form 

rd = P E 2 ( C l d ' F Gd 

where F is a subgroup of P E J 0 ) generated by two conjugates of the 

classical modular group PSL2(Z) and Gd is a group depending on d. 

The proof of theorem 1 in the non-Euclidean cases is essentially 

topological. For each d we construct a complex which has rd as its 

fundamental group. The construction of this complex is based on the 

work of Swan. We then apply the Seifert-Van Kamoen theorem. In order 

to show that this leads to a non-trivial amalgam we rely on the following 

lemma. 

Lemma. Let d f 1,2,3,7,11 and suppose l,w constitute an 

integral basis for ? .. _Let X, ,X2 ,X3,X. be the projective matrices 

h-+- \'l V i î ' J X3 = ±ux1u-1 x ^ + ux^-1 

where U is the projective matrix M . , 1 w 
.u - 0 1 . 

Then the subgroup of PE2( 0^) generated by XJ.X^X-J.X^, has the presentation 

<X1,X2>X3,X4 ; Xj = X2 = X3 = X4 = X1X2X3X4 = 1 > 

The proof of the lemma is done algebraically and is based on 

work in [ 11. 

The Euclidean cases are handled individually using presentations 

developed in r Dor [7 ] . In particular we obtain. 

Theorem 2. (1) I". = G, * G2 ( This appeared in [2 ] ) 

withjj = S 3 f A 
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G2 = S3 Z2
 D2 

H = PSL2(Z) 

(2) [p = G, J G„ where in thi^_çase_ 

G, = HNN(t,D2,Z2,Z2) - that is Gj is an HNN group whose 

base is the Klein 4-group D2 with two 2-cycles as the associated subgroups. 

G? = HNN(t,A4,Z3,Z3) - G2 is an HNN group whose base 

is the alternating group A4 with two 3-cycles associated. 

H = Z * Z2 

(3) f, = G, * G, with Jl H 2 

Gj = Z * Z2 

HNN(t,K,L],L) with K = S3 * S3 and L = Lj = Z3 

Z2 
G„ is an HNN group with base J< _and Jwo 3-c.^les ̂ associated. 

H = Z * Z2 * Z2 

(4) l n - G 1 * G2 with 

G ^ Z * Z3 

G2 = HNN(t,K,L,L1) with K = A4 * A4 with L = Lj = Z3 

"3 

H = Z * Z3 * Z3 

It is known that the grouo r3 does not decompose as either a 

free product with amalgamation or an HNN group r21 . 

Finally using the same topological constructs as in the proof of 

theorem 1 we are able to prove. 

Theorem 3. For d ^ 1,3 rd is an HNN group. For each d. the 

associated, subgroups are conjugates of the modular group PSL2(Z) while 

the base K, depends on d. 
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Theorem 3 has an interesting consequence in terms of the normal 

subgroup lattice of [,, d? 1,3, which is in contrast to the situation 

in both the modular group PSL^Z) and the Picard group f . In [3] 

it was shown that there are large gaps in the possible indices of normal 

subgroups in [,. However if d^l or 3 we have. 

Corol lary. For d i' 1,3 , i , contains at least one norma! subgroup 

of index n for each positive integer n. 

The work on this paper grew out of a seminar on the Bianchi groups 

held at the University of California Santa Barbara. In addition to 

the authors, Seymour Bachmuth and Morris Newman were active participants. 

Without their knowledge and enthusiasm this paper would not exist. 
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UNITES RELATIVES A CERTAINS ORDRES 

M. LOZAC'H, R. PAYSANT LE ROUX 

Presented by P. Ribenboim, F.R.S.C. 

I. Abstract 

Given a unique factorization domain A, an element A integral over A and 

f £ A irreducible, we consider the group of units A[A] (resp. A[fA] ) of 

the ring A[A] (resp. A[fA] and we want to study the quotient group 

A[A]*/A[fA]*. 

In order to give information on the torsion of this group we introduce a 

further ring : A+fA[A] and we find that the torsion of A[A] /(A+fA[A]) and 

(A+fA[A])*/A[fA]* are of different nature. 

II. Etude algébrique 

1. Anneaux des séries formelles à coefficients dans un anneau factoriel 

Soient : A un anneau factoriel 

A* le groupe des éléments inversibles de A 

f un élément premier de A 

X une indéterminée 

A[[X]] l'anneau des séries entières formelles à coefficients 

dans A. 

On pose G = A[[X]r 

Gf = (A+fAEtX]])' 
* 

A[[fX]] 

Théorème 1.- Le groupe G/ f est sans torsion. G 

Preuve : On montre que U/Gf 

st sans torsion, d'après le lemme : 

G/^ ~ F[[X]j /. où F = /f A ' et ce dernier groupe 
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T[[X]1** 
Lemme 1 .- Soit I un anneau intègre, le groupe /..* est sans torsion. 

Théorème 2.- Si l'anneau A est de caractéristique nulle (resp. non nulle) et 

si l'on pose Z fl fA = f, .Z où f, est 0 ou un nombre premier de IN alors 

" / est la somme directe d'un groupe sans torsion et d'un groupe de f.-torsion 

(resp. sans torsion)j 

2. Extension des anneaux de valuation discrète 

Soient : 

tft un anneau de valuation discrète d'idéal maximal f^T. 

ft = cT-f tT le groupe des unités de et, X- le corps de fractions de ĉt? . 

A un élément d'une clôture algébrique de 3u qui vérifie l'équation 

G(A) = A -b ..A -,.,- b = 0, ou G est un polynôme irréductible à coeffi- -p—1 o 

cients dans cf", de degré p non nécessairement premier. 

~é = 3 C ( A ) . 

C l ' anneau £fc[A], ^ ( r e s p . I l ) l e s u n i t é s ( r e s p . l e s u n i t é s de norme 1) 

de 1'anneau C^. 

û l ' anneau (.t/+ f t T [ A ] , STi ( r e s p . /U ) l e s u n i t é s ( r e s p . l e s u n i t é s 

de norme 1) de l ' anneau L 

tJ l ' anneau c't [fA], ^ f ( r e s p , (/f) l e s u n i t é s ( r e s p . l e s u n i t e s 

de norme 1) de l ' anneau L -, 

F - ^1 • 
F " 'ta: 
s l'horaomorphisme d 'anneaux, s : t • /_r< . 

Théorème 3 . -

1) s('^( ) = F et s(IX ) e s t contenu dans l e groupe des r a c i n e s p de 

l ' u n i t é de F*. 

2 ^ ^? ^ f s ' i n j e c t e dans i { - i J \ / F * 
n 

9 Preuve ': 1) sCtf f ) = F* r é s u l t e de l ' é g a l i t é %; f = (4* + f t t [A] . Si 

€ l-t , on a s (Ntp) = (s(cp))^ = 1, d 'où la deuxième a s s e r t i o n de 1. 
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2) L'homomorphisme s induit un homomorphisme s de groupes : 

1 /„*s « f 
et on montre que s (F ) = H . 

Théorème 4.- Si l'anneau iX est de caractéristique nulle (resp. non nulle l) 

et si l'on pose Z flfci = f, .Z où f. = 0 ou un nombre premier de IN alors 

^ If. est un groupe de f -torsion (resp. £-torsion). De plus, la torsion 

^ f ' D-2 {Log (p-1)} 
est bornée par f̂  (resp. I , où {a} désigne le plus petit entier 

supérieur ou égal à a). 

Preuve : On la décompose en trois : 

1) Caractéristique de vt nulle et f j = 0 

Soit (fl = u +u,A +...+ u ,AP-1 e * ( £ . On suppose ipq £ "̂l f pour un cer-
o 1 p-1 J •' 1 

tain entier q > 1. On montre alors par récurrence sur i la propriété 

((fj/u., Vj, 1 < j < i) et (fVu., Vj > i)) ce qui entraîne que tp £ ^j f. 

2) Caractéristique de i-V nulle et fj ï* 0 

Lemme 2.- Si on pose ^ (a) = d* +îaÂ[à], a £ TO* alors ^ (a) est un groupe 

multiplicatif et "(a)/ai („+n e ? t U 1 1 IF -espace vectoriel. 'C|(a+1) 

^r2 
Soit ip £ ^ = ^ C ) , il résulte du lemme 2 que (p £ f<((p-l) >= .'j f • 

3) Caractéristique de cfc non nulle 

La démonstration est similaire à la précédente. 

III. Applications 

Hypothèses et notations 

Soient : k un corps de caractéristique l. 

A = Z ou k[X] . 

K le corps des fractions de A. 

E une extension algébrique separable de K de degré p, engendrée 

par un élément A entier sur A vérifiant l'équation : 

p P~l 
A = b ,A +.. .+ b , b. £ A, 0 < i < p-1 . 

p-1 o i , 
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B la clôture intégrale de A dans E. 

f un élément irréductible de A . 

G (resp.U) le groupe des unités (resp, unités de norme 1) de 

l'ordre O = A[A], 

G (resp.U ) le groupe des unités (resp. unités de norme 1) de 

Gf (resp.U,.) le groupe des unités (resp. unités de norme 1) de 

l'ordre Of = A[fA]. 

fB = ĵ  ... fi la décomposition de l'idéal fB en idéaux pre-

miers distincts de B si f "f Dis , (B) . 

^[VA /J-
s l'homomorphisme canonique d'anneaux O —> /.CT, — A-j x • • • x /M 

1 r 
s, • pr.os, pr. : B/fB — "Vp,-

1. Corps Globaux Généraux 

Théorème 5,-

1. Pour tout f ne divisant pas Disc , (A) 

(i) /Gf s'injecte dans ( /fB) /( /fA) 

Q 
(ii) / - est un groupe de torsion dont la torsion est première à |f| et 

Gt _ 

bornée par |f| -1, ou Y = ppcm(3.) et |fl est la valeur absolue usuelle si 

A = Z et qdeg f si A = IF [X] 

q 

2, Pour tout élément irréductible f de A de caractéristique nulle (resp. 

l non nulle), / est un groupe de |f| (resp. i) torsion dont la torsion 
f {Log^(p-l)} 

est bornée par jf| (resp. £ ), 

1. On considère l'anneau •'£= ̂ /cx qu^ e s t ^-e localisé de A par rapport 

à l'idéal premier fA. D'autre part pour tout f 4- Disc_ ...(A) /Disc_/_(B) on a 
ti/K. E./K 

B,.. = A,,,[A] (voir [2]), alors grâce au théorème 3.2) et à l'égalité 

G = G fl -̂J , on obtient les monomorphismes multiplicatifs : 
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Ci r 
K 'il,' y 

( f ) y 

(A / f j * 

2. On montre que Gf = G fl Q-V,. et on utilise le théorème 4. 

2. Corps de fonctions d'une variable 

Théorème 6.-

1. Pour tout f ne divisant pas Disc , (A) 

(i) U est non trivial si et seulement si il existe une unité non tri-

viale tp de U telle que pour tout i (ï ̂  i ̂  r), s-(q)) est une racine de 

l'unité du corps /, 
Vi 

pose 

(ii) Si le rang de U est égal a UD, si U est non trivial et si on 

m = Inf{m G IN , s (tp1") £ Â/£A} o o fA 

= [U : Uf] 

2. Si la caractéristique du corps k est nulle (resp. i non nulle) alors le 
G f 

groupe / est sans torsion (resp. est un groupe de Jl-torsion dont la tor-
f {Log£(p-l)} 

sion est bornée par £ ). 

La preuve de ce théorème'est similaire à celle du théorème 5. 

Dans le cas particulier où A vérifie une équation binSme Ap = D(X), nous 

pouvons compléter le théorème 5 par le suivant : 

Théorème 7.- On suppose que A vérifie Ap = D, D £ k[X]. Si f|D et si la ca-

ractéristlque du corps k est nulle (resp. £ jion_nul_le)_alors le groupe / £ 

est sans torsion (resp. de ^-torsion dont la torsion est bornée par 

{Log (p)} 
l ). 
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L'idée de la démonstration, dans le cas de la caractéristique nulle, est la 

même que celle du théorème 4, 

Corollaire.-

3 
Soit D un polynôme de la forme X +aX+b avec a et b rationnels. 

1 3 

Soit A un élément de Ç((=•)) vérifiant A = D. 

Si on pose A = k[X] et 0 = A[A] alors le groupe des unités de l'ordre 

0 est trivial quel que soit le rationnel a. 
X-a ^ -1 

Preuve : Elle résulte des théorèmes 6 et 7 et du fait que l'on connaît les 

couples (a,b) de rationnels [ 1 ] pour lesquels le groupe U des unités de 

norme l de 0 est non trivial. 

Les théorèmes 6 et 7 sont une généralisation du théorème 4. II de [3], 
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SUR LE GROUPE DES CLASSES DES ANNEAUX "D+M" 

Alain RYCKAERT 

Presented by G. deB. Robinson, F.R.S.C 

Cette note résume les résultats sans démonstration d'un article à paraître, 

extrait de la thèse de l'auteur. 

Tous les anneaux sont intègres, commutatifs et unitaires. 

Soient A = K + M où K est un corps, M un idéal maximal de A et R = D +M où D 

est un sous-anneau propre de K. On démontre que, si K = Frac(D), on a le diagram-

me commutatif suivant avec lignes et colonnes exactes : 

Pic(D) 

Cl CD) 

G(D) 

0 

0 

Pic(R) 

Cl(R) 

- G(R) 

Pic(A) 

C£(A) 

G (A) 

0 

où la suite 0 > Pic(D) > Pic(R) > Pic(A) > 0 est scindée. On donne 
ensuite une condition nécessaire et suffisante pour que R soit pseudo-pruférien 
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et on montre que les homomorphismes 6 et 6" sont alors surjectifs. Ces théorèmes 

permettent la généralisation de certains résultats classiques,la construction de 

nombreux exemples et contre-exemples et le calcul explicite du groupe des classes 

et du groupe local des classes d'anneaux tout à fait généraux. 

§ 1. LE GROUPE DES CLASSES DES "D+M". 

Soit A un anneau intègre. Comme dans [3] et [5], on note T(A) le groupe des 

t-idéaux t-inversibles de A et on appelle groupe des classes (resp. groupe local 

des classes) de A, le groupe CZ(A) = TOO/p/.-, (resp. G(A) = T(A)/ , . , ) , de 

sorte que, si Pic(A) = Cart (A)/_,. ., désigne le groupe de Picard de A, il existe 

une suite exacte de groupes : 

Pic (A) > C£(A) > G (A) 

Un anneau A est pseudo-pruférien ou (PVMD) si l'ensemble Df(A) des idéaux 

divisoriels de type fini est un groupe pour la v-loi : (I ,J) I • (IJ) . On 

dit qu'un anneau A est de Gauss généralisé (ou G - GCD domaine) [i], si tout 

idéal divisoriel de type fini est inversible. 

Soit A un anneau pseudo-priiférien. Alors A est un anneau de Gauss (resp. de 

Gauss généralisé) si et seulement si C£(A) = 0 (resp. G(A) = 0) ([3], prop. 2). 

LEMME (1.1). — Soient A un anneau et B une extension plate de A. Alors, il existe 

un homomorphisme canonique de groupes : C-£(A) > C£(B) défini par 

[I] i > [IB]. 

THEOREMME (1.2). — Soient A = K + M où K est un corps, M un idéal maximal de A 

et R = D + M où D est un sous-anneau propre de K. Alors, 

1) Pour tout idéal fractionnaire I de D. on a (IR) = I R . 

-- - • v v 

2) Si K = Frac(D), on_ a le diagramme commutatif suivant avec lignes et colonnes 

exactes : 
O O Q 

i , i , I 
0 > Plc(D) 2 , p i c ( R ) B > p i c ( A ) 

C.C(D) 2 . Cl(R) 2 . ce (A) 

G 

0 « G(D) 'i . G(R) S > G ( A ) 

i i i 
0 0 0 

où la suite 0 > Pic(D) > Pic(R) > Pic(A) > 0 est scindée. 
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3) L'anneau R e s t pseudo-pruf é r i e n s i e t seulement s i A es t pseudo-priif é r i e n , 

K = F r a c ( D ) , D e s t pseudo-priif é r i e n e t A^ es t de v a l u a t i o n . 

4) S i R e s t p seudo-p ru fé r i en , l e s homomorphismes S e t S" sont s u r j e c t i f s . 

S 2 . APPLICATIONS ET EXEMPLES. 

Les hypothèses sont c e l l e s du théorème ( 1 . 2 ) . 

PROPOSITION C2.1) . — R es t de Prufer s i e t seulement s i A e s t de P rù fe r , 
K = F rac (D) , . D e s t de Prùfe r e t on a l a s u i t e exacte sc indée : 

0 > Cl(D) > C£(R) > Cl(k) > (0) . 

PROPOSITION (2.2). — R est de Bezout si et seulement si A est de Bezout, 

K = Frac(D), et D est de Bezout. 

PROPOSITION (2.3). — R est de Gauss (resp. de Gauss généralisé) si et seulement 

si A et D sont de Gauss (resp. de Gauss généralisé), K = Frac(D) et Â ^ est de 

valuation. 

On retrouve, en particulier [6], Proposition 6, Théorèmes 5, 7 et 11, [1], 

Théorème 4. 

PROPOSITION (2.4). — Si K = Frac(D) et si C£(A) = 0 , alors on a la diagramme 

commutatif 

0 . Pic(D) — > CUV) > G(D) > 0 

a' a a" 

Q . Pic(R) > CliS.) » G(R) > 0 

où a', a et a" sont des_ isomorphismes. 

EXEMPLES. — Ce résultat s'applique, en particulier, au cas où A est un anneau de 

Gauss (par exemple A est de valuation ou A = K[X] ) avec K = Frac(D). Ainsi, le 

groupe des classes (resp. local des classes) de l'anneau 

ZiUVF] + (X,,...,Xn) (lKiV5) [X,,...^] est Z./-2Z (resp. 0). 

PROPOSITION (2.5). — Tout groupe abélien G est le groupe des classes d'un anneau 

pseudo-prùférien de dimension 2 qui est ni de Krull ni noethérien. 
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On voit que, de même qu'il existe des anneaux de Dedekind aussi peu facto-

rlels que possible, il existe des anneaux pseudo-prufériens, non de Krull et non 
noethériens, aussi éloignés que l'on veut d'un anneau de Gauss. 

D'une manière analogue on a, 

PROPOSITION (2.6). — Tout groupe abélien G est le groupe local des classes d'un 

anneau pseudo-pruférien de dimension 2, ni de Krull, ni noethérien. 

PROPOSITION (2.7). - Soit D un anneau de Krull tel que 0 4 Pic(D) ç C£(D). 

Alors, R = D + (X,Y)(Frac D)[X,Y] est un anneau vérifiant : 

P(R) ç Cart(R) ̂  T(R) ç Df (R) . 

EXEMPLE ( 2 . 8 ) . —Considérons l ' anneau de Kru l l gradué 

D = Z [iVf] [U,V,W,T] / (UV - WT) . 

On a , 
Pic(D) = TL l17L e t C£(D) - K j ^ x ZZ . 

Soient K = F r a c ( D ) , A = K[X,Y] / (X2 +Y2 - 1) = K[x,y] e t R = D + (x ,y-1)K[x ,y] . 

A lo r s , 
C£(R) = (Z5 / ) x 2Z e t G(R) = TL . 

R est un exemple d'anneau pseudo-priif érien que l'on peut qualifier de non 

"presque de Gauss" (resp. non "presque localement de Gauss"), puisque son groupe 

des classes (resp. local des classes) n'est pas de torsion. 

EXEMPLE C2-9). - Soient 0 = 2 [iV5][U,V,W,T]/(UV - WT) , K = Frac(D) , 

A = K[X,Y]/(Y - X3) = K[x,y] et R = D + (x,y)K[x,y] . 

Alors, 
C£(R) = Z / x Z x K et G(R) = ZZ . 

R est un exemple d'anneau non semi-normal, vérifiant les inclusions strictes : 

P(R) ç Cart(R) 5 T(R) 5 D£(R) . 

R est aussi un exemple d'anneau non pseudo-prùférien pour lequel 1'homomorphisme 

C£(R) > CI!(S^,R) est surjectif. 
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DEFAUT DE C0MPLETUD3 ET MU1TI3ECAMTB 

J.D'ALMEIDA 

Presented by H.S.M. Coxeter, F.R.S.C. 

Résumé 

•z 
Soi t X une courbe l i s s e de degré d de P (espace p ro jec -

t i f de dimension 3 sur t J . L a s é r i e l i n é a i r e découpée sur 

X par l e s sur faces de degré d -5 ( resp d-6) es t Incomplète 

s i e t seulement X a une ( d - 3 ) - s é c a n t e ( r e s p (d -4) - sécan te) 

§0. Soi t X une courbe l i s s e i r r é d u c t i b l e de degré d et 

de genre g de P .On note Jy l ' i d é a l d é f i n i s s a n t X dans 

(Sp3 .S i F es t un f a i sceau cohérent ,on note H (F) l e 

ième C-espace v e c t o r i e l de cohomologie et h (F) = 

dimf,H1(F) .La s é r i e l i n é a i r e découpée sur X par l e s 

su r faces de degré n es t complète s i h ( J x ( n ) ) = 0 . 

Bans j^ l on montre que h ( J x (n ) )=0 pour n /•/d-2.Dans [ 6 ] 

on montre que b ( J y ( d - 3 ) ) > 0 s i et seulement s i X admet 

une (d -1 ) - secan te .Dans f^lon montre que h ( J x { d - 4 ) ) > 0 

s i et seulement s i X admet une (d -2 ) - s êcan te sauf pour 

t r o i s v a l e u r s du couple (d ,g) .On s ' i n t é r e s s e i c i â la 

con jec tu re " t i 1 ( J x ( n ) > 0 s i et seulement s i X a une (n+2)-

sécan te" pour n=d-5 et n=d-6. 

§1 . 

P ropos i t i on 1 : Soi t Xd P-̂  une courbe l i s s e i r r é d u c t i b l e 

de degré d.On pose M=Jl1
p3(1)® 6 x . S i h 1 ( J x ( n ) ) > 0 pour 

n>2 ,d /3 - 1 a l o r s X a une (n+2 ) - sécan te ou M admet un 

s o u s - f i b r é de rang deux noté N ayant l e s p r o p r i é t é s : 
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a ) Le degré de N es t s t r i c t e m e n t supé r i eu r à 2(n+1-d) . 

b) Tout quo t i en t i n v e r s i b l e de W a un degré s t r i c t e m e n t 

supé r i eu r à (n+1-d) . 

Démonstration: Vo i r [i ] P ropos i t i o n 1.1 C.Q.F.D 

Si X v é r i f i e l e s hypothèses de l a p r o p o s i t i o n ,X a une 

(n+2) -sécan te ou bien i l e x i s t e N avec l e s p r o p r i é t é s 

indiquées.On pose V=H ( 6 p 3 ( 1 ) ) . 0 n a l a s u i t e exacte 

0-»M->-V®6z—>6X(1 )-^0 

On pose E=V®6X/B ,3 = P(B} , TT: S-^X l a p r o j e c t i o n et 

( ? ô ( l ) l e quo t i en t t a u t o l o g i q ue de WE .La f lèche composée 

V i»6-g —>1T^E — » 6 . g ( 1 ) - > 0 

d é f i n i t un morphisme q:S—> P de degré (deg E)=-deg II 

La f l èche n a t u r e l l e B—*6,.(1) d é f i n i t une s e c t i on non 

n u l l e de TT ( A Ev( 1 ) ) ® 6 5'( 1 ) dont l a courbe des zé ros 

e s t isomorphe par TT à l ' i n c l u s i o n de X dans P .X es t donc 
3 ^ 

t r a c é e sur la sur face r ég l ée S de P , i m a g e de S par q. 

On a s s o c i e à q un morphisme q de X dans la grassmannienne 

G des d r o i t e s de P :à x e X correspond l e po in t de G a s soc i é 

à la d r o i t e TT"_ (x) plongée par q dans P . 

Le morphisme composé de q et de l ' i n c l u s i o n de G dans P 

es t d é f i n i par la f lèche f\ V" ® U Y —> /\ E ; i l es t de degré 

deg(3) . 
i 2. 
P ropos i t i on 2:Soient 3 une sur face de P de degré s dont 

l a normalisée S es t l i s s e , J-, l e conducteur de Us dans 
3 1 1 

(5-,,r la courbe (non nécessairement réduite) d_e P d ideal 
J ,X une courbe tracée sur ÏÏ,section d'un 6 g-module L . 
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So i t X l ' image de X dans P3.Ko tons J x l ' i d é a l de X dans 

P 3 et J x / 3 l ' i d é a l de X dans S.Si h 1 ( J x ( n ) ) >0 a l o r s 

h 1 ( L ( s - n - 4 ) ) > 0 ou h 1 ( J x / s ® 6 p ( n ) ) > 0 . 

Démonst ra t ion :Soi t p : 3 — > S l a normal isa t ion .On a J p = 

Horn (p^.5 o, 6 0 ) .La d u a l i t é pour l e s morphismes f i n i s donne 

J p = P,ùJg®tjLlsv . La s u i t e exacte 0 —>-(3p3(-s ) - ? J x -? J x /g -^O 
1 1 

donne H ( J „ ( n ) ) = H ( J x / s ( n ) ) . L a s u i t e exacte 
0 -^-Jp® J X / / s ( n ) _ ^ J X / S ( n ) _ > J x < / s ( S 6 p ( n ) — ? 0 

et la suite spectrale de p (dégénérée car p est fini) 

permettent de conclure. 

§ 3. h1(Jx(d-5))> 0 

Soi t X une courbe l i s s e i r r é d u c t i b l e de degré d > 12 t e l l e 

que h 1 ( J x ( d - 5 ) ) > 0 . X a une (d-3 ) - sécan te ou i l e x i s t e un 

morphisme q de degré i n f é r i e u r ou égal à s e p t . S i q n ' e s t 

pas b i r a t i o n n e l l e degré de l a surface r ég l ée S est 

i n f é r i e u r ou égal à t r o i s . D a n s ce cas on s a i t que pour 

n > d / 2 - 1 h ( J „ ( n ) ) > 0 s i et seulement s i i l e x i s t e une 

(n+2)-sécan te [ 2 ] .Si q es t b i r a t i o n n e l ,on d i s t i ngue l e s 

cas s u i v a n t s : 

a) q(X) es t p lane : 3 es t a l o r s un cône de degré i n f é r i e u r 

ou égal à sept ou une quadrique l i s s e selon que l e plan 

de 'q(X) e s t ou n ' e s t pas contenu dans G.Dans l e premier 

cas X a un degré i n f é r i e u r ou égal à hui t .Dans l e second 

cas une fami l le de g é n é r a t r i c e s de l a quadrique es t formée 

d ' u n i s é c a n t e s ; l ' a u t r e es t donc formée de ( d - 1 ) - s é c a n t e s . 
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b) q(X} est non plane: le degré de q(X) étant inférieur 

ou égal à sept on a g £5 ( ["3 j ) 

§4. h1(Jx(d-6)) > 0 

Soi t X une courbe l i s s e i r r é d u c t i b l e de degré d >15 t e l l e 
-i 

que h ( J x ( d - 6 ) ) > 0 .X a une ( d - 4 ) - s é c a n t e ou i l e x i s t e 

un morphisme q de degré ^ 9 .S i q es t b i r a t i o n n e l on a 

2 cas : 

a) q(X) es t plane:X a un degré i n f é r i e u r ou égal à dix 

ou bien X a une fami l le de ( d - 1 ) - s é c a n t e s . 

b) q(X) n ' e s t pas p lane : On a a l o r s g £12 . 

On suppose maintenant que q n ' e s t pas b i r a t i o n n e l . S es t 

a l o r s une surface de degré i n f é r i e u r ou égal à q u a t r e . 

I l r e s t e donc à cons idé re r l e cas où q es t un revêtement 

double d 'une courbe de degré quatre .Une s e c t i on plane 

de S e s t a l o r s r a t i o n n e l l e ou e l l i p t i q u e .Dans l e premier 

cas l e l i e u s i n g u l i e r de S es t une cubique gauche 

(éventuel lement dégénérée ).Dans l e second cas l e l i e u 

s i n g u l i e r est la réunion de deux d r o i t e s d i s j o i n t e s 

(pouvant se s p é c i a l i s e r en une d r o i t e double)-On u t i l i s e 

la p ropos i t i on 2 dans l e con tex te s u i v a n t : S o i t C une courbe 

l i s s e de genre p( p=0 ou p=1);E un C^Q-module localement 

l i b r e de rang 2 et de degré s (s=4) -On pose S = P(E) , 

TTrS —>C la p r o j e c t i o n et C?g( 1 ) l e q u o t i e n t t au to log ique 

ae TT^B .On i d e n t i f i e P i c ( X ) ® S et P ic(S) par l a f lèche 

( A . J C ) — ^ TT A®0-ç (k ) .La mat r ice de l a forme d ' i n t e r s e c t i o n S 

est a l o r s : - , 
,U 1 , 
M s ; 
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Le 6g -modu l e canonique est CU g=TT^( a J c ® A2E)® 6^( -2) 

On note X l a t ransformée s t r i c t e de X dans S et R: l e 

nombre de p o i n t s d ' i n t e r s e c t i o n de X et d 'une 

g é n é r a t r i c e de S. 

L = T T * ( ( A 2 B V ) ® k ® 6 x ( 1 ) ) ® 6 p U ) 

Dans n o t r e cas k = 2.On v é r i f i e que h (L(5-à ) ) = 0 . 

(on u t i l i s e l a s u i t e s p e c t r a l e de Leray a s s o c i é e â TT qui 

dégénère car C et l e s f i b r e s de TTsont de dimension un^ 

La transformée de P dans 3 es t une sec t ion de ^ à v . 

Si S e s t une sur face r ég l ée e l l i p t i q u e (chacune des 

d r o i t e s du l i e u s i n g u l i e r es t une (d -4 j - séoan te car 

( -2 ,1 ) (° l) ( d - 8 ) = d-4 

31 S es t r ég l ée r a t i o n n e l l e l e l i e u s i n g u l i e r es t une 

cubique gauche.Si c e l l e c i se décompose , e l l e con t i en t 

une d r o i t e s e c t i on de 0 J x ( -2 , 1) ( [ i l ) . S i e l l e ne 

se décompose pas "^x/S® U,-, ( d-5 ) es t un U—-module 

i n v e r s i b l e de degré 3(d-6 )-(2d-4 ) = d - l4 .0n a donc 

h ( J „ ( d - 6 ) ) = 0 pour d ^ 1 3 dans l e cas non dégénéré et 

une (d-4 ) - sécan te dans l e cas dégénéré. 

§5. 

On suppose maintenant que X a une (n+2)-sécante .D 'après 

[^6] J x es t a l o r s (n + 1 ) - i r r é g u l i e r .11 en r é s u l t e ( C ^ 3 J 

que h 1 ( J x ( n ) j > 0 ou h1 ( £? x(.n-1 ) ) >0 .Hais h1 ( (jj. (n-1 ) ) 

e s t nul pour n > d / 2 - 1 ( [ 4 ] ).0n a donc démontré l e 
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Théorème:Soit X une courbe l i s s e i r r é d u c t i b l e de degré 

d et de genre g de P 3 . S i d ^ 1 3 et g ^ 7, h1 ( J x ( d - 5 ) )>0 s i 

et seulement s i X a une ( d - 3 ) - s é c a n t e . Si d )$. 16 et g)}.13 
h (Jx^-^) y 0 s i e t s e u l e m e n t s i X a une ( d - 4 ) - s é c a n t e . 
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AN INTERVAL OF FINITE CLONES 

ISOMORPHICTO(P(N). e ) 
Lucien HADDAD and Ivo. G. ROSENBERG 

Presented by G. Grdtzer, F.R.S.C. 

Abstract 
We exhibit an interval of the lattice of clones on a finite universe of 

cardinality k > 2 which is lattice isomorphic to the lattice P of subsets of IN. 
Introduction 

Let k be a positive integer and k = {0,... ,k-1}. Let O^ denote the set of 

all finitary operations on k (I.e. maps kn -> k, n = 0,1, ...). A clone on k. is a 

compositionclosedset of finitary operations on k containing all projections. It 

is known that the clones on k, ordered by inclusion, form an algebraic lattice L^ 

in which an arbitrary meet is just the (set-theoretical) intersection. For k = 2 the 

lattice is countable and completely known (Post 1941 [6] ), while for k > 2 it is 

largely unknown. An interval I of L^ is large if there is an order embedding of 

the lattice P of subsets of P = {1, 2,...} (ordered by conclusion) into I. If Lk has 

a large interval, then [L^l = 2^o (as a collection of subsets of the countable set 

O^ clearly jL^I < 2xo), in fact L^ contains even chains and antlchains of 

cardinality 2xe. 

In 1959 Janov and Mucnik [4] showed that for k > 2 the lattice Lk has a 

large interval. 

In the sequel k > 2 and h is a positive integer. Let p be an h-ary 
relation on k (i.e. a subset of kh). We say that an n-ary operation f on k (i.e. a 

map kn -> k) preserves p if (f(a11 a1 n) f (ah 1, . . . , ahn)) s p whenever 

(a, ak-i ) e p,.... (a-| n , . . . , a^f,) e p (other names: f is compatible with p. 
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f homomorphism pn -> p, f invariant of p or p subuniverse of < k, f >"). The 

set of all f e p k preserving p is denoted Pol p (which is always a clone). For 

n = 1,2 put 

pn = (kn \ {0,1}n) u {(X!,... , xn) e {0,1}n : xi + ... + xn = 1} , 

E = n Pol p, , F = ,V Pol p. , C = { n Pol pi ; X c P}. It is known that |C| 

= 2No, hence the interval [E, F] is large ( [4], cf [2] ). The question arises 

whether G Is a sublattice of Lk. To show that the answer is negative, we 

determine the structure of the interval [E, F] of Lk. Another question arises 

whether there is an order isomorphism of P onto an interval of L^ i.e. whether 

Lk has an interval which Is a copy of P. We prove that this is the case, in fact, 

we find a clone T so that the interval [ ToE , T n F ] is a copy of P. 

An h-ary relation -c on Is is irredundant if for all 1 < i < j < h there is 

(a-i ^h) e T w i t h ai * a j - L e t x b e a n h ' a r y i r r e d u n c l a n t relation on k and 

0 ^ l c P such that n Polp icPol i : . Put H = {1 , . . . ,h}. From the general 

theory (cf [5] p. 45-55) and the fact that (a-i an) s pn whenever at least 

one a; > 1 it may be deduced that there exists a finite set O of maps 

tp ; { 1 , . . . , aq,} -> H such that 

x = {(x1,... , x h ) e k h : ( x 9 ( 1 ) x ^ a ^ e p ^ forali cpeO} . 

For the ease of expression, we say that T belongs to <I>. Due to the fact that all 

Pl are totally symétrie (i.e. invariant under all permutations of coordinates or 

places), we may assume that all (pe <D are non-decreasing 

(i.e. (p(1 )< . . .< 9 (a j ) . We say that 9 e <l> is minimal (for <D) if 
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lm\|rçlm(p=>Y=<P 

holds for ail \|/ E O. An injective and minimal (for O) map is said to be intrinsic 

(forO). We say that (peO Is almost iniective if l(p"1 (DI > 1 for at most one 

1 e H. We need a few technical lemmas. 

Lemma 1. Lett belong to O. Lei A denote the set of Intrinsic maos of ® 

and let m = max{|lm(p| ,(pe <D\A}. Then for each b>m the relation x 

belongs to a set ^ of non-decreasino maps such that: 

i) A is the set of intrinsic maps of ¥ , 

ii) All maps from VW are almost iniective maps from (1 b} into H 

such that 

{jlmçl :(pe<&\A} = { | lmY|:ve>P\A} . 

For h > 1, put 

CTh = U x i . - . x h ) : ( x 1 ' x 1 xh) e Ph + l l • 
For a set P of positive integers let max P denote the greatest integer of 

P if 0 < |P| < K0 , max P = 0 if P = 0 and max P = No if P is infinite. 

Lemma 2. Let O he a finite family of maps (p : { 1 , . . . , a^} -> H, (where all a^ 

are positive integers) and let 

l = {|lm r| : r intrinsic fori)) 

M = {|lm u| : u nnn-lniectlve and minimal for 0] 

x = { (x1 , . . . ,xh ) ekh; (x ( p ( 1 ) x ^ E p ^ f o r a l l cpeO}. 

Then 
PO1: T Ç H Pol Pi (*) 

I el ' 
Moreover, if M ̂  0 and m = Max M, îhen 
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Pol-cçPolam 

(For 1 = 0, the right side of (*) equals Ok). 

Gorollarv 3. Let O, I, M, m and t be as in Lemma 2. Put 

i = |l | , n = max {|lm(p| : (p E O. cp non-injectlve} . 

Then 
1) i>n=>Po lT£ n Pol p; 

i e| ! 
2) m= n> i => Pol T = Pol<ym n ( n PolPj) 

Lemma 4. Let Y be an index set, let Uy c P for all y e Y, and let 

U = n Uy. Jf max U > max Uz for some z G Y, then 
S ê Y V ( n Polpu) = n Polpu 

Gonsiderthe map % from P into [E, F] defined by setting 
X(X)= r\ Pol Pi forall XS P . 

X is an order embedding of P into the interval [E, Fj. However % is not 
surjective because of the three strict Inclusions: 

Pol P3 n Pol p2 cz Pol 02 n P0' P2 ^ ^ 0 ' P2 ' 

therefore x(P) is not a sublattice of Lk and [E, F] is not a copy of P. We shall 

remedy to this by modifying x: 

For a clone T, put X j M = T n x(X) for each X ç P . We have 

Theorem 5. Lei E = n Pol p; , T = n Pol o», and put 

Xj(X) = T n ( n Pol px) forall X c p. Then x j is a lattice isomorphism from 

the lattice (P, Q) (of the subsets of P) onto the interval [E, T] of the lattices of 
clones (i.e. [E,T| is a copy of P). 
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In other words, each clone C between E and T is of the form 

T o (n PolpY), for some X c P . 
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ERDOS-MORDELL'S AND RELATED INEQUALITIES 

D.S.Mxtrinovic and J.E.PeSaric 

In memory of Professor Paul R. Beesack 

Presented by U.S.M. Coxeter, F.R.S.C. 

Abstract. In this paper we give some generalizations of the im-

portant Erdô's-Mordell inequality. 

Ii In a triangle ABC, let R1,R2,R,,r1,r2,r5 denote the distances 

of a point P from the vertices and sides, as in [l] . We shall prove 

the following generalization of the inequalities 12.16 of [l> P- 1 0 7 ] ; 

THEOREM 1. If t is a real number, we have 

(1) SR^ ^ 2t-1i:((b/c)t+(c/b)t)r]Lt ̂  2*2^* (0<t^l), 

(2) SEj* > 2(0/0)*+ (c/b)*)^* £ 2i:r1t (t>l). 

PROOF. It is known that 

(5) R1 = (c/a)r2+ (b/a)r5, etc. 

with equality in all inequalities only if P is the circumcentre. 

To prove the first inequality in (1) we shall apply to (3) the 

elementary inequality: (ii^)* S ii-+2_ (u,v> 0, 0 < t = 1) ; equality 

occurring only if u= v (for t^1 of course). 

Thus, for 0<t=l, (5) yields 

R^ ï 2t-1((c/a)'fcr2t+(b/a)tr3t), etc. 

By adding these inequalities we obtain the first inequality in (1). 

Since (u/v) + (v/u) = 2 (u,v>0), with equality for u= v, we get 

the second inequality in (1). 

Similarly, using the elementary inequality: (u+v) > u + v 

(t> 1), we obtain (2). 
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Remark: 1 Theorem 1 is a refinement of the inequalities 12.24 of 

[1, p. 110] in the case t>0. Note that the case t < 0 of 12.24 follows 

from the case t > 0 by reciprocation (see [3.]). 

There is an analogous generalization of 12.31 of [1, p. 112]: 

THEOREM 2. 

(4) 2 ( 1 ^ ) * ï 2t-12((b/c)t
+(o/b)t)(r2r5)t i 2*2 ( r ^ ) * (0<til), 

(5) 2(r1R1)t > 2((b/c)t
+ ( c / b ^ K r ^ ) * i 22 ( r ^ ) * (t>l). 

VXOOF. Prom (3) we get: E ^ i (o/a)^^ + ( b / a ) ^ , etc., so, 

similarly to the proof of Theorem 1 we obtain Theorem 2. 

THEOREM 3. 

(6) 2(r1R1)t ^ 2 * 2 ( ^ 3 ) * (0<t$l), 

(7) 2(r1R1)t ^ 2 * 2 ( ^ 3 )* (-l^t<0), 

(8) 2(r1R1)t > 22(r2r3)t (t>l) 

and the reverse inequality for t<-l. 

PH0C?- (S) and (8) are given in Theorem 2. The reverse results 

follow from these inequalities by isogonal conjugate transformations 

( [3] ). 

Remarkj 2°  The case 0<t = l, i.e. the inequality (6) is given in [1, 

12.33]. J?or t = -1 we have the inequality 12.32 of p.]. 

THEOREM 4. 

(9) 2(R2H3) t > 2 t 2 ( r 1 R 1 ) t ( 0 < t ^ l ) , 

(10) 2(R2R3)t < 2* 2 ( r ^ ) * (-1 ^ t < 0) , 

(11) 2(R2H3)t > 2 2 ( r l a i ) t ( t > l ) 

and the reverse inequa l i t y for t < - l < , 

? a c c ? - T h i s follows from the i n e q u a l i t i e s 12.24 of [ 1 , p . 110] 
by invers ion ( [3] ) . 
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Remark: 3°  For t= 1 we get the inequality 12.30 of [l] and for t= -1 

the inequality 12.34. 

A simple consequence of Theorems 3 and 4 is the following ge-

neralization of the inequalities 12.21 and 12.35 of DJ : 

THEOREM 5. 

(12) S(E2R3)t ^ 4* 2 ( r ^ ) * (0<t=l), 

(13) £(R2R3)t = 4* 2 ( r ^ ) * (-l=t<0)) 

(14) E(R2R3)t > 42 (r^j)* (t > 1) 
and the reverse inequality for t<-l. 

2. Recently, as answer to the problem of G.Tsintsifas, M.S.Klam-

kin [5] proved the following generalization of the Erdbs-Mordell ine-

quality : 

THEOREM 6. Let P . (j = 1,...,n) denote any set of n points lying in the 

interior or on the boundary of a given triangle ABC, and let R-^ and 

r, . denote the distance from P. to the vertioe A and to the side a 13 — — J 
(similarly we define R2j'r2j'R3D,I'3o-)" — XÙ Cd = l.'--in) are positive 

n n A.. n X. 
numbers with 2 À. = 1, and R. = n R..^ and r- = II r±y (1=1,2,3), 

— — o=l 3 l
 d = l ^ 1 ^ 1 10 

then 

(15) £ % = 2 2 ^ 
with equality only if -the triangle is equilateral and all the points 
P. coincide with its center. 
J 

Now, we shall prove the following extension of this result: 

THEOREM 7. With the same notations as in Theorem 6, Theorems 1 and 2 

are also valid. 

PROOF. In his proof of Theorem 6, M.B.Klamkin proved that (3) is 

also valid (but now E ^ r ^ etc., are defined as in Theorem 6). So, the 

proofs of Theorems 1 and 2 are valid in our case, too. 
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Remark: 4°  M.S.Klamkin 1$] also noted that the following generaliza-

tion of Theorem 6 is also valid: 

Consider n triangles AxiA2-"A3i of s^3-63 aii»a2i,a31' an^ n Poi11*3 

P-,,...,? where P. is an interior or boundary point of triangle 

A, .A-.A,, for each j. Then if R^ and r^ denote the distances from P 

to the vertex A•. and the side a.- ., respectively, and if XH,H.,r. 
1 J J. J d ^ J-

are defined as in Theorem 6, inequality (15) is still valid. 

Of course, we can show that Theorem 7 is also valid, but in this 
n \ 

case we should put a = n a-,., , etc. 
0=1 L3 

5. Let w, be angle-bisector of the angle BPC (=25,), etc., where 

P is an internal point of the triangle ABC. Of course, w-, = r-,, etc., 

so the following inequality of D.F.Barrow (El, 12.48]) 

2R1 i 2 2w1 

is better than the Erdos-Mordell inequality. 

A.Oppenheim [4] gave a generalization of this inequality. Here, 

we shall give an extension of his result: 

TH5CR5H 8. let x,y,z be real numbers. Then 

(16) 2w:L(E2"1 + H3"1)yz = 2x2 

with equality only if 

(17) x/sinô, = y/sin &2 = z/sinô,. 

PROOF. As in [4], we have 

w1(H2 + H ) = 2R2R3C0s61 

i.e. 

(18) w1(R2"1 +Rj-1) = 2cos6;L. 

Hence, 

2w1(H2"1 + H 1)yz = 2 2yzcos61 = 2x£ 

where we used the asymmetric trigonometric inequality of J.Wolstenhol-

me [7] (see also [2]), because 6]_+&p + 62 = it. 
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Remark : 5°  Oppenheim proved (16) only for positive numbers x,y,z. He 

didn't give necessary and sufficient condition for equality, i.e. (17). 

He only notedthat equality in (16) is valid if x= y= z and 61= 62=63, 

which is a trivial case. 

THEOREM 9. Let ?-, = yïïIïïZ cos 6,, etc. Then 

(18) S x ^ â2 2yz91 

with equality only if 

(19) Xv/Ê /sinô-!̂  = yv^/sin62 = 2^5^/sin 63. 

PROOF. Using the substitutions x -> xVT^, etc. and identity (18) 

we get Theorem 9 from Theorem 8. 

THEOREM 10. If x,y,z= 0, then 

(20) S x ^ = 2 2yzw1 

with equality only if P is the circumcentre and (1?) is valid. 

PROOF. Since ?•• = w-, with equality only if R2=R3, we get (20) 

from (18). 

THEOREM 11. If x,y,z= 0, then 

(21) 2x2R1 i 2 2yzr1 

with equality only if the triangle is equilateral, P is its center 

and x= y = z. 

The following two theorems are equivalent to Theorem 8: 

THEOREM 12. Let x,y,z be real numbers. Then 

(22) E x ^ 2 = (nw1)2yz(H2"1+R3"1) 

with equality only if 

(25) xw1/sin61 = yw2/sin 62 = zw3/sin63. 

THEOREM 13. Let x,y,z be real numbers. Then 

(24) S^W^-j 2 = (nw1)2yz(R2+R3) 
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with equality only if 

(25) x w ^ / s i n ô ^ yw2R2/sin62 = zw3R3/sin 63. 

Remark: 6°  Theorems 12 and 15 are generalizations of some results from 

[4]. The case x = y = z = l of Theorem 9 is generalized for polygons in 

[6]. 

x 
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LARGE DEVIATIONS AND TUNMELLING FOR PARTICLE SYSTEMS WITH 

MEAN FIELD INTERACTION 

D.A. Dawson and J. Gartner 

Presenzt&d by Ijee' Lov.éh, F. R. S. C. 

ABSTRACT 

A system of N diffusions with mean field interaction is studied 
in the limit as N-»• 0°  . In particular, results are obtained on equili-
brium large deviations, an analogue of the results of Freldlin and 
Wentzell on large deviations from the limiting dynamics and a result 
on tunnelling from the domain of attraction of one stable equilibrium 
to another. 

1. INTRODUCTION 

N 
k=l,...,N, 

The objective of this research is to study the long time behavior 

of a system of N interacting particles on R when N is large. 

The system is given by the solution to the martingale problem associated 

to the Itô equations: 

(1.1) dx,̂  - -[VU(xk) + § I ( x ^ J d t + adwk, 

where w ,...,w are Independent d-dimensional Wiener processes and 

9 and a denote positive constants. The potential (J : R •* R is 

assumed to satisfy: 

(Ul) U is twice continuously differentiable, (J ̂  0, and 

lim U(x)/|x|2 = <». 

(U2) There exist constants K e (0,1), c > 0 and a non-decreasing convex 

function il : [0,") •* (0,"°) with / dx/ijKx) < 0o such that 

(1) Supported by NSERC. ^ Partially written during visits to Carleton 
University and York University. 
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02AU - (1-K) |VU|Z < c - ijj(U) on Rd. 

(U3) There exists a constant C such that -(?U(x)-?U(y),x-y) 

< C|x-y| for all x,y e R . 

In particular, the conditions (U1)-(U3) are satisfied in the one dimen-

sional case for U(x) = x4/4 - x 2/2, which arises in statistical physics 

as a continuous model of ferromagnetlsm. For R < "> let M R = {v:<V, (J> < R} 

where <V,U> = /Udv and equip frL with the weak topology. Let 

M = {v:<V,U> < œ } and equip it with the strongest topology that induces 

the weak topology on M for all R. M denotes the subspace of M^ 

consisting of empirical measures associated with N-particle systems. 

Let C = C([s,tJ;M ) furnished with the strongest topology which 
s, t ^ 

induces on C([s,t];*0 the topology of uniform convergence. Let 

C = C([0,oo);M ) furnished with the weakest topology for which the 

projections onto all C 0 T , 0 < T < <*>, are continuous. 

Denote by (P ( N ) : (v,t) e M ( N ) * R+} the family of probability 

laws on C induced by the empirical measure process 

X N ( t ) = ̂  X \Ct) ' t ̂  0> 
associated to (1.1). Let V N ^ V in M^. The law of large numbers 

(cf. Gartner 15]) states that the sequence P^ 0 converges to 5
U(^. v) 

N' 
in the sense of weak convergence of probabilities on C^ , where 

U(.;v) e C is the unique weak solution of the McKean-Vlasov equation 

( i 2 ) 4 - ^ ( t ) . ^ = < i j < : t ) . L ( i J ( t ) ) f > ' ' - 0 ' 
v ' at 

u(0) = v , 
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for all î e D , where 

2 
(.(u)f =^-Af - (vu,Vf) - e(x-m(u),vf). 

m(vi) = / x p(dx), 
_d 

and D denotes the space of infinitely differentiable functions with 

d 
compact support on R . 

2. LARGE DEVIATIONS AND QUASIPOTENTIAL 

For each N the empirical measure process ^vX-) ^las a unique 

equilibrium law IT., on M which is induced by the equilibrium distri-
^ N OT 

bution for the system (1.1). The latter is given by 

N 

P N ( d x l d V = " N 1 ^ { " ^ 2 N ' 1
1 I , K ^ J 1 V ^ • • • > J a ( d x N ) ' 

20 k,1=1 

where 

y (dx) = Z'1 expl- - \ U(x)}dx , 
a g/ 

and Z and Z are normalizing constants. The sequence of measures 

TT is relatively compact and any limit point is a measure on M^ 

concentrated on the minima of the equilibrium action functional (cf. 

Ellis and Newman [3], and Léonard [6]). The equilibrium action functional 

is defined by 

I(v) = <V,log ^ - > + „ <V 8V, |x-yj > - p, V e M^, 
dUa 2o 

where p is a constant called the Gibbs free energy defined by 

p = inf(<\), log -—-> + — j <v 8v' lx"y| > : v 6 HJ-
^O 2a 
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In addition the equilibrium large deviation behavior can be determined as 

follows. 

THEOREM 1. Let 1T„ be defined as above. 
N — • 

( i ) I f G i s a n o p e n s u b s e t of Mœ , then 

l im i n f N ^ l o g TT (G) > - i n f I(U) • 
N + <» ueG 

( i i ) I f F I s a c lo sed s u b s e t of M̂  , then 

lim sup log M"1!! (F) <. - inf I(v) . 

N -̂  oo N y6F 

In order to Investigate the corresponding large deviation questions for 

the dynamical behavior it is necessary to develop an infinite dimensional 

version of the large deviation theory of Freidlin and Wentzell [4]. The 

following result of this type is proved in Dawson and Gartner [1]. 

THEOREM 2. Given V e M suppose that V^ ->- V in M^. Let A be a 

Borel subset of C . Then 

inf S (y) < lim inf N"1log P ^ U ) 
MeA°,u(s)=v s ' N ^ " N' 

< lim sup N"1log P^N)„(A) < -_inf Ss t(.u) . 
N ^ » N' vieA,y(s)=v ' 

where A0 and A denote the interior and closure of A respectively. 

The action functional S is defined by 
s , t 

Sg t(U(.)) = / llù(u) - t ( u ( u ) ) V u ) | | 2
( u ) du 

' s 

if p(.) e C is absolutely continuous in the distribution sense. 

Otherwise S (w(.)) = -. In the above 

' Ml^ sup ^f^, f ' -
V 20 feD <V,\^t\> 
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Let p be an a r b i t r a r y e q u i l i b r i u m for the McKean-Vlasov dynamics. 

Then the q u a s i p o t e n t i a l Q i s def ined by: 

Q (V) = in f { s s t ( y ( . ) ) : -«> < s < t < « , y ( s ) = p , u ( t ) = v } . 

The main result of this section is to show that the quasipotential Q and 
P 

the equilibrium action functional agree up to an additive constant in the 

domain of attraction of p . 

THEOREM 3. Suppose that v e M belongs to the domain of attraction of 

p (with respect to the McKean-Vlasov dynamics). Then 

Q (v) = l(v) - l(p) . 

Furthermore if I(v) < ̂  , then the infimum in the definition of Q is 

attained at li(u) - y(-u;v) , u G (.-00,0], that is, the time reverse of the 

McKean-Vlasov trajectory-. Up to a time shift, this is the only path at 

which this infimum is attained. 

The proofs of Theorems 1 and 3 are given in Dawson and Gartner [2]. 

3. TUNNELLING 

In this section we assume that the McKean-Vlasov dynamics has exactly 

three equilibria V , V-, V., that v_ and V are stable and that vn is 

unstable in the topology of M . We assume that there exists a path of 

the McKean-Vlasov dynamics connecting vn with v and a path connecting 

vn with v (on (-0O,+o:>)). • Let D , D , D denote the domains of attraction 

of v , V-, v , respectively. According to the law of large numbers the 

N particle system, for large N, follows the McKean-Vlasov trajectory on 

time intervals of fixed length. However in a long time scale the N-particle 

system can exhibit tunnelling, that is, it can escape from the domain of 

attraction of the stable equilibrium v_ and end up near the stable 

equilibrium V . This idea is made precise in the next theorem. 
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Let V be an open neighbourhood of V contained in D , and 

T+(y(.)) = inf {t > 0: y(t) e V+}, 

a_(y(.)) = inf {t > 0: y(t) i D_}. 

Let AI = I(V0) - I(V_). 

(N) THEOREM 4. Given V e M , V e D_, suppose thaj: V ->• V in Mœ. Then 

lim pW(e^I-«) , a ± eN(AW)) = , ^ 

N-K» VN 

for each 6 > 0 . Moreover 

l im N - 1 log E ^ o = l im N - 1 log E ( N ) T • AI , 

where E denotes expectation with respect to P . 
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ANNEAUX DE POLYNOMES SUR UN ANNEAU DE MORI 

B. BALLET et N. DE5SAGNES . 

Presented by P. Ribenboim, F.R.S.C. 

Rappelons qu'un anneau de Mori est un anneau intègre dans lequel les 

idéaux divisoriels entiers satisfont à la condition de chaîne ascendante . 

Tous les anneaux de Mori actuellement connus se construisent à partir des 

anneaux de Krull et des anneaux noethériens ( qui sont évidemment des 

anneaux de Mori particuliers ) en utilisant essentiellement les résultats 

suivants : 

! ) Toute intersection à caractère fini d'anneaux de Mori est un anneau de 

Mori.( 2 ). 

2) Tout "pullback" d'un anneau de Mori local est un anneau de Mori ( 1 ) 

3) Tout anneau généralisé de fractions d'un anneau de Mori est un anneau de 

Mori ( 5 ). 

Maintenant la question ; " est-ce qu'un anneau de polynômes sur un anneau 

de Mori est un anneau de Mori ? " est une conjecture qui a été résolue par 

l'affirmative dans le cas où l'anneau de base est supposé être , de plus , 

intégralement clos ( 5 ). 

Un anneau de Mori A sera dit transcendant si AfxJ est un anneau de Mori. 

Nous montrerons que tous les anneaux construits à partir d'anneaux de 

Mori transcendants par l'un des trois procédés ci-dessus ,1e sont aussi, 
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I) ETUDE DE CERTAINES CLASSES D'IDEAUX DIVISORIELS DE A fX ] 

Proposition 1-1 

Soient A un anneau de Mori et <X un idéal divisoriel entier de AUX] de 

trace non nulle \X,0 sur_A . Alors C t ACXl Ç <X Ç- \<Xi ALX] 

Corollaire 1-2 

Dans un anneau de Mori, tout idéal divisoriel CL de A CXI dont la trace 

CL0 est un idéal radical non nul^vèrifie (X = CL^ M t l . 

Proposition 1-3 

Soient A un anneau de Mori et Q un idéal premier divisoriel de A t X ] 

ayant une trace non nulle Q,,. Alors , 

1) Q = 0 , A T X ) . 

2) 0 est maximal ( dans l'ensemble des idéaux divisoriels de 

A EX J ) si et seulement s'il en est de même de sa trace 

Remarque ! -4 

Si 0 a une trace nulle, alors il existe un polynôme f de Q irréductible 

dans K [X ] ,( K corps des fractions de A ) ,tel que Q ••= f K m ^1 A L'X] 

ceci étant vrai même si Q est seulement supposé idéal premier de A [X] • 

Mais inversement, il n'est pas certain que l'intersection avec A CXJ d'un 

idéai fKCX] où f est un polynôme irréductible de K [X I , soit un idéal 

divisoriel de A [X] . C'est cependant vrai si A est intégralement clos (5) 

Soit A un anneau de Mori , Alors A [X j satisfait à la condition de chaîne 
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ascendante sur les idéaux premiers divisoriels . 

Remarque 1-6 

Dans un anneau de Mori A , les idéaux divisoriels entiers principaux de 

A L X ] satisfont à la condition de chaîne ascendante , 

2 ) INTERSECTIONS A CARACTERE FINI D'ANNEAUX DE MORI TRANSCENDANTS 

Dénntion2-l 

On appellera anneau de Mori transcendant, un anneau de Mori A tel que 

A f X ] soit un anneau de Mori. 

Proposition 2-2 

Soit IT un système multiplicatif d'idéaux entiers de A . Si A est un anneau 

de Mori transcendant, alors rafp^u_généralJsé_deJ;ractlons A l'est aussi. 

Nous allons étudier dans ce paragraphe la transcendance des intersections 

à caractère fini d'anneaux de Mori transcendants. Remarquons tout de suite 

que , si A est une intersection à caractère fini d'anneaux A ,xeA.;alors 

bien sur A t X ] = M Ax L'XJ , mais cette intersection n'est jamais à 

caractère f i n i . Nous allons mettre en oeuvre un procédé qui va nous 

permettre de considérer A [X ] comme une intersection à caractère fini 

Proposition 2-3 

Soit P un idéal premier d'un anneau intègre A . Alors , si K est le corps 

des fractions de A , ( A EX] ) f] K fX ] = A ^ fX] . 
F Pft fe*l ^ 

Proposition 2-4 

Soit A un anneau de Mori .Alors A f X l = 0 A CXl =/'") (A CX j)/1K L X l 
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Deplus, lafamiUeJ[(Al 'X, l ) \ _, , / K [X l l fes t â caractère fini 

Proposition 2-5 

Soit ( A i uns famille à caractère fini d'anneaux de Mori transcendants 
1 *Jjv ' 

tous inclus dans un anneau intèqre B . Alors A = D A^ estun anneau 

de Mori transcendant. 

5 ) PUU BACKS D'ANNEAUX DE MORI TRANSCENDANTS 

Soit S un anneau local , d'idéal maximal M H O ) . Solent k ( S ) = S ^ et 

(fl: s > k ( S ) la surjection canonique . Si D est un sous-anneau 

de k ( S ) , posons R - tp ( D ). Alors on sait que R est un anneau de Mori 

si et seulement si S est un anneau de Mori et D un corps , ( 1 ). R est 

appelé pullback de l'anneau local de Mori S . 

Proposition 3-1 

Soient un anneau intègre S , P un idéal_premier de S .Considérons 

le diagramme S j . ^ S / P 

I D sous-anneau de S/P 

R=(|)(D) > D 

Alors, si S est un anneau de Mori et si D est de la forme S^/PO k où k 

est un sous-corps du corps S p / p S p , R est un anneau de Mori , 

Proposition 3-2 

Soit 5 un anneau local de Mori transcendant et soit R unpullbackde 

5 . Alors R est un anneau de Mori transcendant, 

Ces deux dernières propositions ont été trouvées avec V.Baruçci en nov. 85 
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Les résultats du paragraphe 2 permettent de "'globaliser" la construction 

précédente : partant d'un anneau de Mori A admettant donc la 

décomposition à caractèrefini A= Q A,, oour chaque Pé*W , posons 
/ (Ma) ? 

k ( P ) = Ap/PAp et soit A ( P ) un pullback de l'anneau A . 

Proposition 3-3 

Soit A un anneau de Mori , Avec les notations précédentes , si on_pose 

A = n A( P ), alors la famille | A ( P ) I J est à caractère fini et 

l'anneau A est de Mori . Si, de plus , A est un anneau de Mori 

transcendant, il en est de même de l'anneau A . 

Exemple 3-4: 

I ) Si A est un anneau de Mori transcendant de caractéristique p / 0, alors 

A contient le corps z/pZ , Prenons , pour tout Peffc ( A ) ,1e pullback de 

Ap correspondant au sous-corps premier MP) = Z/pZ du corps résiduel 

k(P). Alors l'anneau de Mori transcendant de la construction précédente est 

A' = H (z/pZ + PA, ). Plus généralement si A contient un corps k , 
fdr«) f 

A = f l , ( k * PAp ) est un anneau de Mori transcendant. 
'Jt> / f l 

2) Si A est un anneau de Mori transcendant de caractéristique 0 , alors 

ZC A. Posons ^ 1 ( A ) = [lPéci^ ( A ) , PADn Z = pZHO] j- ,pe Z et 

di ( A ) - Pedi ( A ), PA H Z = W . Prenons , pour tout ?e(M^ A ), 

le pullback de l'anneau A correspondant au sous-corps premier 

k ( P ) = Z / PZ' st, pour tout redù ( A ), 1s pullbsck uG I annsau A p 
Q / -2 r 

correspondant au sous-corps premier k ( P ) - Q . Alors l'anneau de Mori 

397 
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I 

transcendant A de la construction précédente est : 

^ ' C\ (Zn
 +PAD) Q j , (Q-PAp ) 

Remiaroue 5-5 La construction précédente , effectuée à partir d'un anneau 

de Krull ou d'un anneau noethérien , donne un anneau de Mori transcendant 

qui n'a apparemment aucune raison d'être un anneau de Krull ou noethérien. 
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POINT SPECTRUM FOR THE ALMOST MATHIEU EQUATION 

N o r b e r t R t e d e l 

• Presented by G.A. Elliott, F.R.S.C. 

ABSTRACT 

We show that the operator C:lÇ)n = Çn+i + Çn-i + 

2 
2cos(2nnct + 9)ç has no eigenvectors in i (z) for 

n 
all constants a, 9 e IR. 

1. We consider the almost Mathieu operator (̂ 5),, = Sn+l + 

2 
Ç _, + 2e cos(2irna + 9)çn , Ç e £ (z) , and show that for 6 = 1 

point spectrum does not occur, thus answering in part problem 4 

in [2]. Our approach heavily relies on the methods developed in 

[1]. We briefly review the material from [1] which we shall need 

in the sequel. 

Since it follows from Floquet theory that the operator h 

does not have eigenvectors for rational a we may assume 

henceforth that a is irrational. We consider the unitary 

operators u and v which are defined as follows 

( u ^ n = Çn+1 ! 2 

, v -2irXa (VE) = e ç v " n 5r 

n e Z , ç e J, (Z) 

and the C*-algebra A generated by u and v. The assignment 
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V * 

2 
d e t e r m i n e s an automorophism of A . We s e t • a = p . The 

o p e r a t o r h i s a f i x e d p o i n t of a i f and on ly i f 9 = 0 , and 

h i s a f i xed p o i n t of p i f and only i f 9 = 0 and g = 1 . A 

s t a t e (f on A i s c a l l e d an e i g e n s t a t e of h fo r x e Sp (h) 

i f 

1)1 (ha) = x 'K 3 ) for e v e r y a e A . 

We s e t X = e ™ 1 and for p , q e Z 

S = x" P q (uPv c l + u-Pv"0!) 
pq 

T = x 'Pl iCuPv"! - u - P v - 1 ) ; 

W = S + S 
pq pq - q . p z = s - s 
pq pq - q . p 

For some eigenstate $ we set 
s = i(S ) , t = *(T ) , w = *(W ) , z = ,|)(Z ). pq VK pq"1 ' pq ^ pq' ' pq ^ pq' pq Tv pq 

We have shown in [1] that the s and t are real numbers 

solving the following system of linear equations in the variables 

x 

pq 

(i .D f c o s U a q ) < x p - i . q + V i . q ) + p c o s U o p ) ( xp)q-i+ xP,q+i) = x xpq 
Henceforth we assume that ,6 = 1- Then the w and z are 

real and solve the system (1.1) also. We have shown in [1], 

section 2 that the linear space of solutions of (1,1) has 
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dimension five and ail solutions are determined by the values of 

^ O ' x10' x01 ^ l * X-l 0' M o r e o v er, we have the following (see 

[1] Lemma 2.5) 

(1.2) (i) If {x > solves (1.1) and x00 = x01 = XJJ = 0 , 

xlr, * 0 , then x = 0 and x .-, = xlr.(-l)P for 
10 ' pp P+1)P 10 

all p ^ 0. 

(ii) If {xpq} solves (1.1) and x00 = x10 = x11 = 0 , 

x01 # 0 , then xpp = 0 and x p ) p + 1 = x01(-l)P for 

all p > 0. 

2. We shall prove the following 

2.1. Theorem. For any constant 9 the operator h does not 

have eigenvectors. 

The following lemma lists elementary properties of vector states. 
2 

2.2. Lemma. Let ç e £ (z) and let iji be the vector state on 

A associated with E. Then 
a 

(i) lim * (u?) = 0 , 
I P I - ç 

(ii) lim •r(uPvP+k) = 0 for all k £ z , 
|p|*- S 

(iii) {(f (v")} does not converge to zero as q + => or q * -». 

The next lemma is an immediate consequence of 2.2 (i), (iii). 

2.3. Lemma. There is no p-invariant vector state è on A . 
- Ç — a 

Proof of Theorem 2.1: Suppose that 4. is a vector state on 
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2 
* (a) = <aç,ç> for ail a e Aa ; ç e i (z) 

which is also an eigenstate of h for some x e Sp(h). We 

distinguish two different cases: 

Case 1: e f 2-naZ. 

It follows from [1], 3.2 that (j. is not a fixed point under a 

Thus $ = $ - Ç o a is non-zero. Since the t = i|)(T ) 

solve the system (1.1) it follows that x,n # 0 and (1.2)(i) 

applies or x0, * 0 and (1.2)(ii) applies. In both cases the 

conclusions in (1.2) contradict 2.2 (ii). 

Case 2: e e 2itaZ. 
-k k Replacing h by u hu for some suitably chosen integer k 

and transforming the automorphisms p and a accordingly, 

if necessary, we may assume that 9 = 0. If ij>, is not a fixed 

point under a then the same reasoning as in case 1 can be 

applied. Therefore we assume that $ is a fixed point under 

a. By 2.3 the vector state $ can not be a fixed point under 

p. Thus i|) = è - 4 o p is non-zero. The z = i()(Z ) T TÇ YÇ' K pq Y pq 

solve the system (1.1) and we have z«„ = z-. = z-,, = 0 , 

z. _ = z * 0. Hence (1.2) once again shows we have reached a 

contradiction with 2.2 (ii). 
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A FOUR DIMENSIONAL PROJECTION OF THE POLYTOPE 2 

A s i a I v l c W e i s s 

Presented by H.S.M. Coxeter, F.R.S.C. 

21 

Abstract 

New coordinates are found for the 27 vertices of the 

6-dlinensional polytope 2,^ and it is shown that this polytope can 

be projected to the 4-diiiiensional 24-cell {3,4,3} . 

A 6-dimensional semi-regular polytope 2„] , first discovered 

by Gosset [2,p. 164], can easily be. described by the Coxeter graph 

® . 

Each vertex of the graph, including the "distinguished" one, 

represents a reflection. The product of two reflections is of 

order 3 whenever the two vertices are connected otherwise j I, is 

of order 2 . The six reflections generate the symmetry group of 

2 2 1 . The vertices of the polytope coincide with Lhe orbit, of the 

point belonging to all planes of the generating reflections except 

the "distinguished" plane. For a more detailed account of Coxeter 

graphs and 2 2 1 the reader could consult 12, pp. 187-203: 3]. 
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F igure 1 

F igu re 2 

|L 
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The polytope 2„, has 27 vertices and S-dimensional cell 

of two kinds: 72 simplexes 2 9 and 27 cross-polytopes 2 . 

Figure 2 shows 2 in Coxeter's dodecagonal plane projection 

il, pp. 461,463). Figure 1 is the dodecagonal plane projection o 

the regular 4-dimensiona1 polytope (3,4,3) or 24-cell. We note 

that the vertices and edges of the projection of a 24-cell are 

subsets of the vertices and edges of the projection of 2, , 

suggesting that the 24-cell is a 4-dimens i onal projection of 2,,,, 

{3,4,3} is a self-dual polytope with 24 cells (hence the 

name) and same number of vertices. The 24 vertices of (3,4,3) 

can be given the following coordinates: 

A' = (a cos ke, a sin ke, b cos 5ke, b sin 5ke), k •• (1,2, ...,22 , 

B^ - (b cos ke, b sin ke, a cos 5ke, a sin 5ke,), k = 1,3,...,23 , 

where e = w/12 , a and b are positive roots of the equation 

Bx4 - Kx" !• I D : 

[2, p. 245 J. 

We proceed to find roord i na t os for- ;',,, , The nrodur! of ih 
2 J 

six generating reflections for the symmetry group of 2.,. is an 

isometry of period 12 which permutes the 27 vortices in two 

cycles of 12 and one eyerie of 3 |j,pp. 4!il 41)3 j . More 
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precisely, it is a triple rotation through angles TC/6, 5IT/6 and 

2IT/3 in three completely orthogonal planes [2, pp. 218, 2H4J. One 

cycle of 12, say A n A ? . . . A „ „ , might be called a 'tetrahelix' 

[4, p. 3 85] because every 4 consecutive vertices belong to a 

regular tetrahedron. By analogy with ( 1 ) , we can take coordinates 

for these points to be 

(a cos k8» a sin kG, b cos 5ke, b sin 5k9, 

c cos 4k9, c sin 4k9)» k even, 
( 3) 

where a, b and c remain to be determined. 

If we take the edges of 2,-,-, to be of length J7! we obtain 

a + b - J and <; -• 1/3 

Since A. A, v A ,, is an equilateral triangle we get 

1.73 -*• .1 ) l/l , 

:ind tic-.'ii c e 

f- l/Til . 2b 2 - I - 1/73 

so thnt a and h satisfy equation iZ). We can assume that a, b 
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and are all positive. 

Let. B be the vertex which makes, with the tetrahedron 

A22 A0 A2 A4 ' a s:iinP-lex a 4 oi' t y P e 2 Q I that is, the interface 

between two facets 3e 2,, , not belongingto a facet a- ~ ~on 

Then we can find the coordinates for B. to be 

a, i(2~y3)a, ib, if2+y3)b, - |c, - ^c) 

(b cos 6, b sin 9, a cos 56, a sin 59, -c cos 49, -c sin 49) . 

And, in general, we can name the points of 2 ? 1 to obtain 

B, = (b cos k9, b sin k9, a cos 5ke, a sin 5kQ, k 
14 ) 

-c cos 4k9, -c sin 4k9) k odd . 

Hence the orthogonal projection of the B-dimensional polytope 

2 0 1 on the 4-dimensional subspace xc - x,. = 0 is the 21 ^ 5 b 

4--dimensional regular polytope {3,4,3} . The three vertices of 

2,., , corresponding to the central point of the dodecagonal 

projection of 2 9 1 , project to (0,0,0,0) and have the following 

coordinates 

C, = (0,0,0,0, -2c cos 8k9, -2c sin 8ke), k = 0,1,2 . (5l 
K 
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Poincaré polynomials and ordered fields 

by Jan Minac 

Presented by P.B.ibenboim, F.R.S.C 

Abstract: Let f be a formally real pythagorean field with | F/F2 |< oo. Let F{2) 

be the maximal 2-extension of F and H the Galois group of automorphisms of the field 

extension F{2)/F(y/^1). We shall determine Poincaré polynomial PH(t) of the group H 

and call attention to some interesting properties of Pg (t). This gives also a new insight 

into sets O(n) defined by Brôcker. 

§1. Introduction. The aim of this paper is to announce some results in the paper [12]. 

We define P to be a formally real Pythagorean field. F is the multiplicative group of F. 

We shall always assume that | F/F2 |< oo. 

Put hi = dimj?/22-iP(if,2),0 < i < oo, where iP(if ,2) is the i-th cohomological 

group of the group H with coefficients in the two element field. Then PH{t) = Y ^ M ' is 

the Poincaré series of the group H. Since the cohomological dimension d(H) = d = st(F) 

= stability index of F,PH{t) is a polynomial. (See [10]). We shall use freely notation, 

definitions and Theorems in [4], [5], [6], [7]. We shall recall here just the most essential 

notation and definitions. A^(P)-the number of orderings of the field F; F is of type (k, 2") 

if iV(P) = k and ] F/F2 |= 2n;V a valuation on P; Ay a valuation ring corresponding to 

V ; Uy the group of units of Ay ; My the maximal ideal oi Av;V is fully compatible with 

P 2 iff 1 + My C P 2 ; {X,J) the abstract Marshall's space of orderings ; (we shall identify 

isomorphic order spaces ) ; {XF,F/F2), (or {X,F/F2), or simply X) space of orderings 

of the field P ; 
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c«X> chain length or X ; |T| the number of elements of a 

finite set T ; ^CH) the Euler-Poincaré characteristic of the 

group H ; G = Gal<:FC2)/F3 .; S Q C O the Poincaré series of the 

group G , 

For extensions, sums of order spaces and their valuation 

theoretic interpretation we refer the reader to the papers 141, 

[61. cWe shall always assume that in the decomposition of order 

spaces Into sums all summands are indecomposable order spacesJ. 

Following 121, [31, we shall attach to any order space 

CXF,FVf" > the graph Gr<;XF> : 

D The set of vertices, VCXp.!) , of the graph GrCXpJ is defined 

inductively 

1A> XF e VtXpJ 

1B> If Y e VCXp) , Y = Z x H ,, where H is a 2-elementary 

group and Z is a decomposable space, then Z e VCXp.) . 

l O If W e VtXp) and W = W1 « . . . » Wd , then 
W. e VCXn.3 , i = 1,. . . ,<1 • 1 r 

2> Edges: Two vertices Y.Z are connected with oriented edge 

CY,Z:> if 

2A) Y = Z x H , for some 2-elementary group H, H ^ <1> , 

and Z is decomposabJe order space. 

2B) Y = Z ( » Z 2 © . . . » Z â , 2 < d . 

We shall define functions n,m,s; VCXpJ—» IN u 101 . 

Let ï = Y. œ ... » ^d ^ VCXp.) . Then we put nCY,) = d . 

If X = Z H e V(,Xf.,) , and Z Is not an extension of any proper 

quotient space of Z , or |Z| = 2 , we put mtYi = log2|H| . 

For every vertex Y e VCXf,J there exists a unique shortest 

path Y = ï0 . ïi .•••-- \. = XF > w h e r e CYi'ïi+i:> ' 
i = 0,1,...,k-1 , belong to the set of edges of GrCXp> . Then 

we put 
k 

s<;Y) = I. mCY.i . 
1=1 1 
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We s h a l l a l s o d e f i n e t h e f u n c t i o n 
E : 

RCY> = C i -b ) + t C d - l } 

1 < \zi\ ,..., izb\ , d ' 

§2. Some Results 

Theorem 1. If NCF3 ^ 1 

^ *, . ..*, cb , i^ i - . . • - |ïa| 
a + b and t is indeterminate. 

If NCF) 

nCCD > 2 

Theorem 2. 

PpC-U = i 
deg PF<t3 

Theorem 3. 

PpClD = NCF3 

XCH3 a - 2b dimZ/2^^ 
stCFJ . 

Denote Vcl + t > the valuation on the field «X.t> 

determined by the polynomial Cl+t) 

superpythagorean field, then 

I f F i s no t a 

max id inv j^g ^^ UV ' 
F f u l l y c o m p a t i b l e wi th F 

i s a v a l u a t i o n on 

,^2,, I f F i s a s u p e r p y t h a g o r e a n f i e l d , t hen inaxidira^^^gF/l Uy , V 

i s a v a l u a t i o n on F f u l l y c o m p a t i b l e w i t h F > s 

« V c i + t i V ^ 3 - 1 VCi+tJPFtt:,> 

Example. Let F be a field of the type (14,,2U> . Then Gr<.Xp3 

IK, Go -2 " -"2 

tSee [93J 

IH0 
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PFCt> = Cl+tJ RCC^ + Cl+t>2 R<C2> 

= Cl+Ot + tl+ti2 C2t+i3 

= 1 + St + 6t2 + 2t3 

Hence stCFJ = 3 , j;(H) = PpC-13 = 0 , V c l + t ) PpCtJ = 1 and 

there exists a valuation V on F fully compatible with F 

such that |FVF2UV| - 2 , PpCl> = 14 , P^CO) + 1 = 6 . Which 

polynomials are Poincaré polynomials of some field F ? To give 

the answer define for each n e IN the set BCn) : 

BCD = <1> 
BC2> = <Cl+t>> 

BC3> = iCl+2tJ,<l+2t+t2)> 

BC4> = <Cl+3t>,Cl+3t+t2),<l+3t+2t2>,Ci+3t+3t2+t3J> 

B<n3 = <:BCn-l>+t> U {B<n-l>Cl+t>>, 2 < n 

Note that by putting t = 1 we get sets OCn> . CCllJ . 

Theorem 4. Let F be a field with \PsfZ \ = 2n . Then 

PFCt> e Btn> . Each polynomial from the set BCnJ is a Poincaré 

polynomial of some field F . 

Theorem S. If 2 < n , then |BCn)| = 2n~ 2 . The polynomial 

gCtJ e BCn> iff 

gct:> = c i + t > s _ 1 + t c < : i + t j s ~ 1 a s _ 1 + . . . + at)} , 

i^ , • • • , as_1 s Z , 1 < s , as_1 and 
a0 + a1 + . . . + as_1 + s = n . 

From Theorem 3 we can get also a description of (KnJ which 

is essentially equivalent to the description in the Theorem in 

till. CSee also [81. Proposition 2.8 and Propositin 2.A.4>. 

Theorem 6. Let Y be a class of all order spaces with given 

Poincaré polynomial PCt) . Then there exists a unique order 

space X e Y such that 

c^CX) = max<c^<:Z5 , Z e ï> . 
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Gall such space Poincaré order space. Hence there is 1-1 

correspondence between the sets of Poincaré polynomials and 

Poincaré order spaces. 

EXERCISE CEAS¥> Characterise Poincaré order spaces. 

Theorem 7. 

T^tT Hence 

11m Cl-t3S„Ct> • NCF> 
U l Gv 

In the paper [121 a complete characterisation of the 

cohomology rings H*CG,23, H*CH,2> is given. Here we shall 

restrict ourselves to the following observation. 

Theorem 8. Both rings H*CG,2>, H*CH,23 are local 

Gohen-Macaulay rings. Each of them, considered as graded ring , 

determines the order space Xp . dim H*(G,2> = 1 , 

dim H CH,2> = 0 Cdim means Krull dimensionj. H*CH,2> is a 

Gorenstein ring iff the field F is a superpythagorean field. 

For other properties of Poincaré polynomials, cohomology 

rings, stability indices, etc. see the paper [121. That paper 

also gives references to all literature needed in our proofs. 
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PERIODICITE DES PUISSANCES D'UNE MATRICE DONT LES CCEFFICIENTS 

APPARTIENNENT A UN CORPS FINI. APPLICATION 

ERRATA 

Yves HELLEGOUARCH 

L'énoncé du théorème 3, p. 188 (CE. Math. Rep. Acad. Sci. Canada, vol. VIII 

n0 3, June 1986) est incorrect. 

Dans le 2), il faut remplacer "q > 2" par "a > 2". 

2 Si a = 1 et q > 2, il y a un nombre fini d'exceptions du type N = P avec 

degré P = 1. 

Si q = 2, il y a une infinité d'exceptions du type 

N = P ^ P 2 . . . P s 

avec degré P. = 1 , 0 < h *£ 3, et (d.,d.) = 1 pour tous les i et j distincts. 

La preuve du théorëme 4, p. 189 contient une faute : 

[dl'---'ds] 

Dans 2) et 3) l'expression q -1 doit être remplacé par 

[q -l,...,q S-l]. 

Finalement, page 188, il faut lire "endomorphisme" de Frobenius à la place 

de "automorphisme". 
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