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AN ALTERNATIVE CONSTRUCTION OF CONWAY'S SURREAL NUMBERS 

Norman L. Ailing 

Philip Ehrlloh 

Presented by P. Ribenboim, F.R.S.C. 

Abstract; Another construction of the class No of all surreal numbers Is 

given. In Section 1 No Is built up, using more conventional mathematics than 

Conway used. Corollaries may be found In Section 2. 

0. Background. The beginning of this paper Is at most a slight rework-

ing of Ideas that can be found In Cuesta Dutarl's paper [3]. Further 

Important results are due to Harzhelm [4, p. 119]. These Ideas are then 

applied to some Ideas developed by Conway [2, pp. I-ZS]. On synthesizing all 

of this, we obtain our results. 

1. Let T be an ordered set and let L and R be subclasses of T. We will 

write L < R If for all acL and beR, a < b. Note that a < R, L < 0 and 0 < 0. 

By a Cuesta Dutarl cut In T will be meant a pair of subsets (L.R) of T, 

suoh that (1) L < R and (11) the union of L and R is T. Note that L or R may 

be empty; thus (a,T) and (T,fl) are Cuesta Dutarl outs In T. Let CD(T) -

(Cuesta Dutarl outs in T); then CD(T) Is non-empty. 
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Let M be an ordered class that contains T, suoh that the order on M 

induces the original order on T. We will call M an extension of T. Let 

(L,R)eCD(T). An element xcM will be said to fill (L,R) In H If L < (x) < F. 

Let xCD» the Cuesta Dutarl completion of T, be T union CD(T), ordered as 

follows. Let x,yEx(T). (1) If x and y are In T, let them be ordered as they 

were ordered as elements of T. (il) If xcT and y - (L,R)ECD(T), then x < y If 

xcL, and y < x If xcR. (Ill) If x - (L,R) and y - (L'.R1) are In CD(T), then 

we will write x < y If L Is a proper subset of L'. Then the following hold. 

(0) xCD is an ordered set. 

(1) (1) Given t» < t, In T, there exists ceCD(T) for which t0 < o < t,. (II) 

Given c, < c, In CDCT), there exists teT for which o,, < t < c,. (IU) 

(0,T) Is the least and (T,0) Is the greatest element of xlT). 

(2) c - (L,R)cCD(T) fills the Cuesta Dutarl out (L.R) in x(T). 

(3) Let V be an extension of T suoh that for each c - (L,R)eCD(T) there is 

a O(O)EV that fills (L,R) In V. Then there exists an order-preserving 

map f of x d ) onto a subset U of V that contains T, suoh that f(t) - t, 

for all teT; and for which f(o) - o(c), for all OECD(T). 

Let T, be the empty set. Cuesta Dutarl [3] then defined T, to be x(To). 

and noted that T, - ((0,0)). Assume for some T In On, the class of all or-

dinal numbers, that a family (T ) has been defined. If there Is a vcOn 

such that v • 1 - i, then define T to be x(T )î and If x Is a non-zero limit 
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ordinal , l e t T be the union of (T ) < [33. By Induction, ( T ^ ^ la 

defined. Let T(T) also be used to denote T . Note that Ku,,) i s a countable 

il0-aet. Assume that u Is regular. Harzhelm proved that 

(4) Tdu ) Is an n£-aet [4 , Satz 1 , p.119]. 

For a l l neOn, le t 0 (the aet of "old numbers") be defined to be T , l e t a a 

N (the se t of "new numbers") be defined to be T , - T , and let M (the set 

of "made numbers") be defined to be T i . [2 , p. 2 9 ] . Note that M Is the 
t x * I Q 

union of 0 and N . Finally, let No be defined to be the union of (0
a)ac0 n 

[2, p.4]. Note that No Is also the union of (Ho) a e 0 n' Further note that If a 

< B, then M Is a proper subset of Hg, Given XENO, there exists a unique 

least ieOn such that xeM.. Let b(x) be defined to be B- It will be called 
p 

the birthday of x. Note: b(x) is the unique element In On such that « N ^ j . 

The function b will be called the birth-order function on No. 

Conway's Simplicity Theorem. Let L and R be subsets of No for which 

L < R. Let I - (yENo: L < i^X < RK Then (1) I Is non-empty, and (11) there 

exists a unique xel such that b(x) S b(y), for all yd. 

Proof. Let U be the union of L and R. Since U Is a set, there exists a 

ZeOn such that u Is regular, and for which U Is a subset of 0^ . Since 0^ 

la an nE-set (4), I Intersect 0^ Is non-empty. 
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(5) Let J be a non-empty Interval In No. There exists a unique XEJ such that 

yeJ implies b(x) S b{y). 

Indeed, b(J) Is a non-empty subclass of On. Let 8 be i t s least element. 

Let x and x* be in J such that b(x) - B - b(x ' ) . Assume for a moment that 

x < x ' . Since b(x) - t - Mx') , x and x* are in N , which was defined to be 
p 

Tm.! " To- Since T0 , • x(T«). we may apply (1,11) and conclude that there Is 

an element teT auch that x < t < x'. Since teT., b(t) < 6. Since J Is an 
p p 

Interval that contains x and x', teJ; which is absurd, proving (5); and thus 

proving the Theorem. 

2. Since x above Is uniquely determined by L and R, we may denote x by 

the symbol (L|R). (Cf. [2, p. 4].) Note that x Is completely determined by 

I; thus 

(0) Given any subsets L1 and R' of No such that L* < R', for which 

(yeNo: L" < ly) < R'} - I, then {L'lR'l - x - {L|R}. 

We will say that L and L' (resp. R and R') are mutually cofinal (resp. 

mutually coinitial) If for all aeL there exists a'eL' such that a S a', and 

for all a'eL' there exists aeL such that a' £ a (resp. If for all ceR there 

exists c'eR' such that c' £ c and for all c'cR' there exists ceR such that 

c i c'). Clearly (0) Implies the following: 

(1) If L and L' are mutually cofinal and R and R' are mutually coinitial, 

then {L'lR'J - (L|R). 
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Given xcKo, It may be written in nany ways as IL|R). Eaoh auoh {L|R} 

L R 
will be called a representation of x. Conway also writes (L|R1 as (x |x ), 

where xl ia a typical element In L, and xR la a typical element In R [2, p.4]. 

A representation {L|R) of x will be called timely If L and R are subsets of 

0b(x)-

(2) Each xcNo has a timely representation. 

Indeed, H y c O b ( x ) : y < x)|(yeOb(x): y > xl), which we will call the 

Cueata Dutarl cut representation of x. Is a timely representation of x [2, 

p. 29]. Unless stated to the contrary we will assume, as Conway does (except 

In Theorem 13, (lli) and (lv) [2, p. 24]), that all representations that we 

consider are timely. Let x, yeNo, let x - (xL|xR) and let y - (y |y }. 

(3) Let {L|R) and (L'lR'J ba (timely) representations of xcHoi thon L and L' 

are mutually cofinal and R and R' are mutually coinitial. 

(4) x S y iff x < yR for all yR, and xL < y for all xL. (Cf.[2, p.4].) 

The oontraposltlve of (4) Is the following: 

(5) x < y iff x S y1", for some y , or x S y, for some x . 

3. It Is not difficult to see that the following holds: 
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Theorem. There e x i s t s a unique order-preaervlna mapping of Ho onto 

Conway's olaas of a l l surreal numbers, that preserves birth-order. 

This result wil l be expanded on and proved In a subsequent publication. 
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THE EQUATION F(x) + M(x) F(x~1) = 0 

FOR ADDITIVE F AND MULTIPLICATIVE H 

ON THE POSITIVE CONE OF R^ 

Bruce R. Ebanks 

Presented by J. Aazêl, F.R.S.C. 

Abstract. We present the general solution of the problem in the 

title and the related problem with F affine. 

Our purpose is to find all solutions of the system 

(1 ) F(x) + M(x) F(x"1) = 0 

(2_) F (x+y) » F(x) + F(y), n 
(3n) M(xy) = M(x) M(y), 

(all operations componentwise) for functions F,M:P * R (reals) 

where Pn = (x = (Cj,...,?,,)! ^ > 0, i " 1 n) is the positive 

cone of Rn. Motivation for studying the system (ln) - (3n) comes 

from two sources. On one hand, this system arises in the process 

of solving the n-dimensional fundamental equation of information of 

multiplicative type. (This connection will be explained elsewhere.) 

On the other hand, for n - l the system (11) - Oj) is connected 

with (functionally) homogeneous biadditive forms and has been solved 

by C T . Ng [2]. We extend his result to higher dimensions. 

Theorem. The general solution of (!„) - (3n) for n > 1 ia given 

by one of 
(In) F(e1 Çn) - M Ç k ) , M U j Çn) - Çfc for fixed k; or 

(II ) F(Ç1,...,Çn) = a lm iKÇk), M(Ç1,...,Çn) = |«(Çk)| 

for fixed k; or 

X 

x , y 

x ,y 

E 

e 

E 

Pn 

Pn 

Pn 
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(HInJ F(C1 çn) = aC^-Cj), M(Ç1 çn) - ^ çk 

for fixed ktj (k t j); or 

(lVn) F •= 0, M an arbitrary solution of (3 ); 

where a(+0) is a constant, fisR + R is a nontrivial real deriva-

tion (i.e. S is additive, and «(r-1) = -r~26(r)), and «iR + C 

is a nontrivial (field) embedding of the reals into the complex 

field C. obviously, (IIIn) occurs only if n ^ 2. 

The proof of this Theorem will be given after the estab-

lishment of a preliminary result. A map F:Pn * R is called 

affine if 

(2^) F(x+y) = F(x) + F(y) + b, x,y c Pn, 

for some constant b. 

Lemma. The general solution of (1.), (2J), (3.) with F 4 0 is 

given by 

(Ij) F(8) = Sis), M(s) o s 2 (s > 0); or 

(lij) F(s) = a lm •(s), M(s) = |iMs)|2 (s > 0) ; or 

(Vj) F(s) = b(s - 1), M(s) = s (s > 0)j 

with constants a f 0, b ={= 0, and maps 6 and j as in the Theorem. 

Proof of Lemma; First, observe that (2') implies F(u-v) 

= F(u) - F(v) - b for u > v > 0 . Also, F 4" 0 implies M ^ 0 by (1,1, 

and so (3^ and {1^ give M(l) = 1, F(l) = 0. 

As in (2], we consider the identity (1-p)"1(l-q)"1 - (1-p)"1 

= pq(l-p)" (l-q)" + q(l-q) and apply F to it, keeping p 

and q in ]0,1 (. Multiplying both sides of the resulting equation 

by M( (1-p)(l-q)) and expanding by (2j), (Sj) and (lj), we find 

after some computation that 
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(4) F(p)[l + M(q) - M(l-q)l + F(q)(l - M(p) - M(l-p)l - 2F(pq) 

+ b(l - 2M((l-p) (l-q)) - M(pq)] 

= b[M(l-q) + M(q(l-p))), p.q E 10,1(. 

Since the left side of (4) is symmetric in p and q, the right 

side roust be also. Thus (4) yields (again using (3.^) 

(5) bM(l-q) [l-M(p)) = bM(l-p) [l-M(q)], p , q e ] 0 , l ( . 

If b = 0, then (2i) becomes (2^ and the solution is 

obtained from Corollary 2.3 in [2] by standard extension techni-

ques. In this case, F and M are given by (Ij) or (lij) . 

Now suppose b ^ 0' It is well-known that M + 0 for M 

satisfying (3,) (or (3 ) for any n) implies that M is never zero 

and is, in fact, a positive function. Thus from (5) we get 

[l-M(p)lM(l-p)"1 = [l-M(q)]M(l-q)"1 = k, p,q E 10,11, 

for some constant k. Now the positivity of M gives 

(6) kM(l-q) = l-M(q) < 1, <3 e 10,1[. 

If k = 0, then (6) shows that M = 1. Next (4) and (2^) give 

F(p+q-2pq) = 3bj i.e. F = 3b on 10,1( in contradiction to (2^). 

Thus k 4 0, M 4 1, and (6) shows that M is either bounded from 

above (by k - 1, if k >0) or bounded away from zero from below (by 1, if 

k < 0 ) on ]0,1I. Now O j ) yields M(q) = q0 for some c, and (5) requires 

c = 1. This form of M extends to all q > 0 via O j ) . Substituting 

(7) M(s) = s, s > 0, 

into (4), we find that the map G-.P1 + R defined by 

(8) G(s): = F(a) + b(l-s), s > 0, 
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satisfies (lj) . Moreover (8) and (2M show that G is (2.,) 

additive. Therefore, by our argument in the case b = 0, we have 

G,M given by (Ij) or (lij) if G 4 0- But (7) excludes both 

(lj) and (lij) . Thus G = 0, whereupon (8) and (7) give (V.). 

Proof of Theorem. 

Solution (IV ) is obvious. Also, for n = 1 the result 

((I.), III.) or (iVj)) follows from the Lemma. Henceforth, we 

require F 4 0 and n ^ 2. 

It is well-known [1] that F and M satisfying (2 ) and 

(3 ) , respectively, have (unique) representations of the form 

(9) F(Ç1,...,Çn) = ï f i ^ i ) , M(Ç1,...,Çn) = n m i ( Ç i ) 

for all (Çj,...,^) E Pn, where each f ^ P 1 •* R is {2^ additive 

and each m.:P + R is (3. ) multiplicative (1 £ i £ n ) . Note 

that F 4 0 induces M 4 " via (ln>. so (3n) and (ln) yield 

M(l,...,l) = 1 and F(l,...,l) = 0, whence by (9) we get 

m. (1) = 1 d 1 i 1 n ) • Now, choosing k ê {l,...,n} arbitrarily, 

substituting (9) into (ln) with Ç^ = s e P and all other Çj = * 

(j 4 k ) , we obtain 

(10) [fk(s) - fk(l)] + 11^(8) [^(s- 1) - fk(l)] = 0 , s > 0. 

Fixing k temporarily, defining f:P + R by 

(11) f (s): = fk(s) - fk(l)r s > 0 , 
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and writing m for we see by (10) that f and m satisfy 
(1 )̂ and (3 )̂ . M oreover, by (11) and the additivity of 
find that f is (2J) affine, with b = fk(l).

Therefore, by our Lem m a and (11), each pair f̂ n^
(1 £ k <_ n) m ust be of one of the form s

fk' we

W8’ = i+k(s)|2
(IVj) fk = 0, arbitrary ;

(I1) fk = 6k,mk(s) = s2 ? (II1) fk 

(IIÎ) fk(s) = bks'I\(s) = s'

= ak im ;

with akbk 4= 0, 6k (derivation) and 4>k (em bedding) as before. 
By detailed but straightforward calculations (using (ln), (9), 
(10)), we discover the following facts.

(i) Two distinct com ponent functions 
both be nonzero if and only if fk(s) = as = -f̂(s) 
and nu (s) = rt̂  (s) =

(ii) fi= 0 for som e i entails

fk and f . D can

s.

= 1.m .
l

The result follows im m ediately, by (9).

By sim ilar m ethods, we can extend the Lem m a also to Pn for n > 2.

(2A>' <VThe general solution of (ln), 
is given by one of (In) - (IVn) or

Corollary.

n > 1

for fixed k,(Vn) F(?1,...»5n) = b(̂ k-l), M (51/---/5n) - £k

with a,b,g,» as before.



252
B.R. Ebanks

REFERENCES

[1] M . Kuczm a, Note on additive functions of several
variables, Prace Nauk. Uniw. Slask. w. Katowicach
12, Prace M at. II (1972), 49-51.

[2] C.T. Ng, The equation F(x) + M (x) G(l/x) = 0 and

hom ogeneous biadditive form s , (subm itted).

Received 25 M arch, 1986 Departm ent of M athem atics 
University of Louisville 
Louisville, Kentucky 40292

 



253 

C.R. Math. Rep. Acad. Sci. Canada - Vol. VIII, No, 4, August 1986 août 

ON INTEGRABLE SOLUTIONS TO THE BARON-BOYARSKY FUNCTIONAL 

EQUATION II. 

Preben Alsholm 

Presented by J. Aczel, F.R.S.C. 

In tl] the present author showed that the functional equation 

(1) f(x) +f(l-x) = 2r |--x f(gr(x)) for all xe(0,l], where 

(2) gr(x) = rx(l-x) (r€(0,4]) 

has no non-negative Riememn Integrable solutions other than f=0 

(a.e.) when res, a set of positive Lebesgue measure contained 

in (3.57,4]. 

It Is essential for this result that the equation (1) be satis-

fied for all x€[0,l]. Indeed, although r = 4es, it is iramediate-

ly verified that f(x) = (x(l-x))~1/2, 0<x<l, satisfies (1) for 

0<x<j and for ̂ <x<l. 

In (1] the author did not notice that the equation (1) is in 
fact the equation satisfied for almost every xe(0,l] by the 
density function for a measure v which is absolutely continuous 
w.r.t. Lebesgue measure and invariant under the mapping gr 

[i.e. v(g"1(E)) =v(E) for all Lebesgue measurable sets E) . 

In this context the more natural problem is to solve (1) for a.e. 

xe[0,l] (problem (la.e.)) Instead of the problem treated in [1], 

i.e. solving (1) for all xe(0,l] (problem (la)). Problem (la.e.) 

is precisely the problem solved by M.V. Jakobson (see the referen-

ces in [1]). He has shown that if S is defined as the set of pa-

rameter values rC[0,4] for which gr has a non-trivial, absolutely 

continuous (w.r.t. Lebesgue measure) invariant measure then S has 

positive Lebesgue measure. We state the consequences of this for 

the problems (la) and (la.e.). By positive we shall mean non-ne-

gative and different from zero on a set of positive Lebesgue 

measure, 
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Proposition 1. The problem (la.e.) has positive Lebesgue inte-
grable solutions iff res. 

Proposition 2. The problem (la) has no positive Riemann inte-
grable solutions for res and no positive Lebesgue Integrable so 
lutions for rjs. 

Thus the result in [1] can be strengthened considerably: 

Corollary. The problem (la) has no positive Riemann Integrable 
solutions for any r6[0,4]. 

Reference, 
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POINCARÉ GROUPS AND ORDERED FIELDS 
v 

Jân Minâc 

Presented by P. Ribenboim, F.R.S.C. 

Abstract: Let F be a formally real pythagorean field with a 

finite number of orderings. Let Gpt/^T) l,e t'ie ('al0''s 8rouP 

of the extension F(2)|F(/:T) , where F(2) is the maximal 

2-extension of the field F . Then the group Gfi/rf) i s a 

Poincaré pro-2-group (or 2-adic analytic group) if and only if 

F is a superpythagorean field. 

51. Introduction. It is well known that Gp(/rr) is a n 

abelian pro-2-group if and only if F is a superpythagorean 

field. ([1]). In this paper, we shall show that in the above 

characterisation we can replace abelian by Poincaré pro-2-group, 

or 2-adic analytic group. This result also extends Theorem 2 in 

[8], which claims that a Poincaré pro-2-group of cohomological 

dimension 2 is of the form Gpf/^r) if a n d o"1/ i f F is a 

superpythagorean field with four orderings. 

In fact, we shall not prove this result in our paper, 

instead we shall use this result to prove a more general result. 

The field F is understood to be a formally real pythagorean 

field with finite number of orderinfis. Since this paper is a 

natural continuation of the paper [8], we shall adhere to the same 

notation as in (81 which also follow (21. (31. (41. (51. [71. [9]. 

For every unexplained notion or Theorem the reader is referred 

to the above literature. 
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52. Theorem 1. The group Gpf/rp °  H is t h e PoincarS 

pro-2-group of dimension n , 1 < n , (or analytic pro-2-group 

of dimension n ) if and only if F is asuperpythagorean field 

with JF/F | » 2n*1 . If F is super-pythagorean field then H'Z^ 

Theorem 1 is an immediate consequence of the following Theorem. 

Theorem 2. Let i °  cd(H) • cd(GF(.(/:rr)) be the cohomological 

dimension of the group H . Suppose that 

8^^,22/222) °  H^(H.2) °  ZZ/22Z . Then the cup man 

»: H ^ H ^ ) x Ha-1(H,2) 1 H^CH^) 

is anondegenerate bilinear form if and only if F is a 

superpythagorean field. 

First we shall prove some lemmas. We shall use the 

following notation: hi(S) = dim2/22H1(S,2) . 

Lemma 1. Let N be a pro-2-group with cd(N) °  k . Put 

H °  Z^^N.. Then hktl(H) °  hk(N) . 

Proof. From the Lyndon-Hochschild-Serre spectral sequence (further 

called L-H-S spectral sequence) 

EP'I = HP(222)H<'(N,2)) = ^ HP+cl(H,2) and from the fact that 

Eij q = (0) if p > 1 , wc get the short exact sequence 

0 >n 1 ' k - ^H k + 1 ( H,2)-^>E 2
0 ' k + 1 >0 

Since cd(N) = k , we find E"*11*1 = (0) . Hence 

Hk+1(H,2) Sf E1'15 ^Hk(N,2) . 

which completes our proof. 
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Lemma 2 . Let H = S 2 x ^ > where N i s a p r o - 2 - g r o u p w i t h 

1) cd(N) • k 

2) H^ÇN^) ° H k " f l (H,2) ° ZZ/22Z 

Then h k (H) = hk-iC1 1) + 1 • 

• Proof. Consider the L-H-S spectral sequence 

EP'I - HP(22,HC'(N,2)) = 4 HP+C1(I1,2) 

» We have 

0 — > E 2 ' k " 1 — > n k (n,2)—>n 2 ' k >o 

Hence hk(H) = hk.1(N) + hk(N) 

= h^jCN) * 1 , 

This completes our proof. 

In the following Lemma 3 wo use tho same notation as in Theorem 1. 

Lemma 3. Let st(F) = Jl > 2 , h4(H) - 1 . Then 

V^H) 1 hjOD 

Furthermore if there exists no valuation V fully compatible 

with TF such that st(Pv) = 2 or Fv has one cr two 

orderings, then 

hj.jOl) < hjdl) . 

The following Lemma 3' is used in the proof of Lemma 3. Bc-

' cause of lack of space we shall not prove the Lemma 3, but only 

Lemma 3' which has a proof similar to that of Lemma 3. 

Lemma 3'. Let st(F) °  m ^ 1 . 

Then 

h fH) < h^H) 
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Proof. Suppose that there exists a valuation V on F such that 

V is compatible with Tp , |F/F2UV| = 2* and Xp is decomposable 

space or |X_ | =1 . From Theorem B in (111 we get 

H a Z 2
t x N , 

where N = Gp fyrT). From Lemma 1 we get 

1) hra(H) = hm_t(N) . Note that m-t = st(Fv) 

From 1) and from relation luCZ.*) = 1 we sec that we may assume that 

Xp is decomposable space. 

We shall prove our claim by induction on cl(F) . If cl(F) =2 , 

then F is a superpythagorean field, II a E 2
m . Hence h (H) = l£h1(H). 

Suppose that Lemma 3' is true for any field K with 
clCK) < cl(F) . Let 

XF = XjU . .. U Xa U YjU . .. U yb , 2 < a+b , 

where X. ,...,X ,Yi>"->Yb a r e connected components of Xp with 

IXjl = ...= [Xj -1 , 4 < lYjl 4 < |Yb| . 

Then • , 
H B SAw *L • 

where L i s a free pro-2-group of rank a+b-1 and X- s Y, , 
'J J 

J=l b , clCFj) < cl(F) (see [7] page 4 ) . 

If 2 < m , we have 

b 
hm(H) = E hmCHT) m ,_ . m J 

b 
< ï hjCHj) , since st (F J ) < m and c l ( F J ) < c l ( F ) 

= Z (n—l) , where [Fj /F^l = 2 
J=l J •J J 

b 
= E n . 

J = l J 
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From relations h.(H) = a-l+ S n. , 2 < a+b , we find 
1 J-1 J ~ 

hra(H) < h^H) . 

Lemma 3' is proved. 

Lemma 4. Let N be a pro-2-Rroup with cd(N) °  m < ̂  , 

Hn'(N,2) °  22/222 . Suppose that the cup map » 

^ H 1 " ' 1 ^ ^ ) x H1(N.2)—»Hn'(N.2) 

is a degenerate bilinear form. Then also the cup map I(I 

t:Hn,(ZZ2 x N,2) x Hl(u2 * N , 2 ) > Hm+1(222 x N,2) 

is a degenerate bilinear form. 

Proof. It is an immediate consequence of the compatibility of 

spectral sequences with the cup map ([4]). 

Proof of the Theorem 1. Let F be a superpythagorean field 

with |f/f2| = 2 n + 1 , 1 < n . Then Cju/zj) a z" " Honcc 

H • GpryzT) ^s ^ot'1 Poincaré and an analytic pro-2-group of 

dimension n . ([1], [10]).. 

Since any analytic pro-2-group of finite cohomological 

dimension is a Poincare group, it is enough to prove that if 
GF(/T) is a Poincaré group, then F is a superpythagorean 

field. Hence it is enough to prove Theorem 2 . Suppose that 

the cup map 1(.:H1(H,2) x H1"1(H,2) * H^(H,2) = 2Z/2ZZ is a 

non degenerate bilinear form. Then by Lemma 3, and part c) of 

the proof of the Theorem in [7] F is a superpythagorean field or 

H "S" 2 k x Gp f/rn • w h e r e Fv is the residue field of valuation 

V on F fully compatible with Tp and |f/F Uv| = 2 , 

st(Fv) = cd(Gp ( / Z T ) ) - cd(N) = 2 , H 2(N,2)~ ZZ/22Z . But from 
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Theorem 2 in [S] wc find that the pairing 

H ^ N ^ ) x ll1^^) ) Il (N,2) is non degenerate if and bnly if 

l:v is a superpythagorean Field, llcncc from Lemma 4 and 

Proposition 5,11 in [3) wo find that F is a superpythagorean 

field. This proves our assertion. 
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CORRIGENDUM FOR GALOIS 

GROUPS OF SOME 2-EXTENSIONS 

OF ORDERED FIELDS 

Jân Minâc 

Presented by P. Ribenboim, F.R.S.C. 

On page 106, l i n e 6 of the above a r t i c l e , 

(C.R. Math. Rep. S c i . Canada - Vol . V I I I , No 

Apr. 1 9 8 6 ) , the t e x t should read 

I = d im 2 Z / 2 ^ f / f 2 U V ra ther than 21 = | f / f 2 
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A NEW PROOF OF A THEOREM BY REES 

Leif Melkersson 

Presented by P. Ribenboim, F.R.S.C. 

In this note we give a short proof of the following theorem by 
Rees ([2], p. 27). 

Theorem; Let Q be an analytically unramified local ring with full 
ring of fractions R and let X..,...,Xr be elements of R. Then the 
Integral closure of A = QU.>...>Xr] in R Is a finite A-module. 

Recall that a noetherian ring A is called a Nagata ring if for any 
prime ideal P In A' the domain A/, has finite Integral closure 
in any finite extension field of its field of fractions. In the proof 
the following results about Nagata rings are used (cf. Matsumura (11) 
1) A complete local ring is a Nagata ring 
2) A finitely generated algebra over a Nagata ring is again a Nagata 

ring 
3) If A is a reduced Nagata ring then the integral closure of A 

in its full ring of fractions is a finite A-module. 

The last result is shown by considering the commutative diagram 

where P., ,t are the distinct minimal primes of A, ^ the 
field of fractions of A 
ring of fractions of A. 
field of fractions of A/j for 1 = 1,...,n and B is the full 

Proof of the theorem; 

If Q is complete the result follows from 1)-3) above, since A has 
full ring of fractions equal to R. If Q is not complete let Q be 
its completion with full ring of fractions R and B the integral 
closure of A in R. Then we have injective homomorphisms 
Q O A • Q O B —» Q o R —• R. Now Â = Q o A is a finitely 
Q Q Q Q 
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generated Q-subalgebra of 5 and B = Q o B is contained in its 
Q 

integral closure in R, which as noted above is a finitely generated 
Â-module. Since Â is a noetherian ring, it follows that B is a 
finitely generated Â-module. As Q is faithfully flat over Q, 
it follows from this that B must be a finitely generated A-module. 

[1] H, Matsumura; Commutative algebra. Benjamin/Curamings 2nd ed 1980. 
[2] D. Rees; A note on analytically unramified local rings. J. London 

Math Soc 36(1961) , 24-28. 
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A PRESENTATION FOR THE REPRESENTATION RING AND 

THE SOLUTION OF A PROBLEM OF E. ARTIN 

victor snaith1, F.R.S.C. 

U : According to [Car, 11.2] In 1923 Ball Artin [A] 
introduced L-functlona into the theory of Galois representations 
in order to determine the multiplicative relations between 
Dedekind zeta functions of nunber fields (see [A, pp. 96/97]). 

Below I will describe the solution to Artin's problem together 
with the following related results:-

(a) A presentation for R(G), the complex representation ring 
ot a finite group. This solves the problem posed in [Ser., p. 71 
(footnote)]. 

(b) A formula In terms of Gauss sums and the topology of a 
Galois representation, vs Gal(L/X) » U(n), for the 
Dellgne-Langlando local root numbers (or local constants), 
wK(f), when K is a local field. 

The proofs are based on a very concise topological proof of 
Brauer's Induction theorem which Is explicit. Details appear In 
[Sn], which also proves the orthogonal and symplectic analogues 
(sea [Mar pp. 63,73]). 

12: explicit Brauer Induction 

Let G be a finite group and let R (0,n) denote the 
Grothendieck group of isomorphism classes of subhomomorphisras 
(G s H — » n), up to conjugation In G and n. Denote by 
M p ) : 0 > Zn/n (n » (G:H]) the monomial homomorphism obtained 
by imitating the Induction construction. That is, if 
(x.,...^ > is a set of coset representatives in G/H and If 

3X1 = xo(g)(l)h<1'a) f o r 1 S i î n< 

o(g) a Zn, h(i,g) t H 

then 

(2.2) A{g) - o<g)(p(h(l,g)),p(h(2,ff)) ,P(h(n,g)) t z j n 

Research partially supported by NSERC grant #A4633. 
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This allows R+(G,ir) to be described alternatively as a 
Grothendieck group of monomial homomorphisms, G » Zp/"' Here 
z (it is the wreath product or semidirect product of z with n' " 
nn. Define 

(2.3) 
f bn: R^Q.zJS 1) — . R(G) by 

1 bn(G a H -2- ZjS 1) » Ind° (p) . 

Hero we view Z (S1 as tha normaliser of the diagonal torus In n' 
tha unitary group, O(n). 

Now let vi G — * U(n) be a representation through which G 
acts on 0(n)/(Z /S1) with orbit space, M, say. Por each 
conjugacy class of subgroup, V, In G lot M.v. bo tho sot of 
orbits of type (V). Lot (Ma) denote tho sot of path 
components of those orblt-typo manifolds, M.v., as V varies. 
Choose one g « U(n) whoso orbit lies in Ma for each a. 

Set H(ga,w) = i'"1(ga(znS1)g^1) and define. In 

R
+ < Q ' V s l ) ' 

(2.4) rG(P) = 2 K { M a ) ( a ^ H < 9 r a• , ' , ' ZJ3)' 
a 

Here «#(M ) Is the Euler characteristic of M with repect to 
a a 

compactly supported cohomology. In terms of usual Euler 
characteristics 

(2.5) K#(Ma) -K(Ma) - '*(Ma-Ma) • 

Using Lefscbetz' fixed point theorem one proves 

( 2 . 6 ) E x n U c l t Brauwr Induct ion Theorem 

(I) '"«("J » R+(Q<zt./S1) depends only on u-, Q — . 0(n) as a 
representation. 

(II) W " ' = v *. R{G) 

(III) In R(G) 

1 -^#(Ma)lnd° ( g a # l / )(l) -^H»(M(v)>Ind5(l) . 
a (V) 
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(2.7) Notice that any 41: 0 • ZB/S , as a representation, 
is (almost canonically) tho sum of representations Induced from 
ono-dlmenslonal roprosontatlons. Also analogous orthogonal and 
symplectic formulae hold for v-. 0 — » SO(n) and 
v -. G — « Sp(n). 

13; A nreaentation for—BXHl 

Lot G be a finite group. Set 

( 3 . 1 ) R,(G) - • R+(G,Z / S 1 ) . 
n i l 

( 3 . 2 ) Def ine t h r e e types of r e l a t i o n s R , ( G ) : -

(a) For H c J c G and d » [J:H] 

0 = (G » H -fi-. Z j S 1 ) - (0 a J iifii-» Z ^ / S 1 ) . 
(b) Por v-.Q • ZjJS 1 and (i-.d —— ZB/S , 

0 = r0(wop) - rQ{iO - r a ( p ) . 

( c ) Por u-. G • r i J ' 
g Mg 

0 o rQ{v)-u - ^ K#(Ma)(G z, H(g a , i ' ) — 2 - Z j S ) 

Ba"1 

which Is (2.4) with tho term corresponding to aa " i deleted. 

\i,9i Thogrem 
Let G be a finite group then (bn;n l 1) induces an 

isomorphism 

B: R,(G)/- -Ï-. R(G) . 

Proof Split B by writing x « R(G) as x - f - p with v, p 
monomial (as in 13.2 (a)) and sending x to 
rQ{v) - ra(p> » R.{G)/->i . 

(3.4) Rmnark 

Relation 13.2 (a) Immediately makes R,{G)ls a quotient of 

R+(8,S1) so that one may, from 13.3, describe 

ker(b1r R+(0,s1) — . R(a)) . 
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14; Relationa between Artin L-functlons 

Lot L/K bo a finite extension of number fields with Galois 
group, G(L/K). To a representation v-. a(L/K) — » U(n) Artin 
associated a non-trivial meromorphic L-function 

(4.1) LK(s,v) 

such that (see [A;Mar]) 

f ( i ) Ljjls.vep) •» LK(s,v) .LK(s,p) 
l (ii) LK(s,Ind°|^,

)(p)) - Lp(s,p) . 

When v " 1, tho trivial ono-dlmenslonal representation, then 

LK(s,l) •> «K(s) , 

the Dedekind zeta function of K. 
Artin also showed that LK(s,_) anhada R(Q(L/K)) into the 

group of non-zero meromorphic functions. 

By 14.2 (1)/(11) wo see that all L-functlons are generated by 
applying LI,(s,_) to monomial representations 

vx G(L/K) . r /s1. Therefore all relations between L-functlons 

are generated by those obtained by applying LK(s,_) to tho 
relations of 13.2 (a)/(c). However 13.2 (a) gives only (4.2) 
(11) while, by 14.2 (1), 13.2 (b) gives relations dependent on 
those from 13.3 (c). 

Hence we have: 

(4.3) Theorem 

The relations between Artin L-functlons are generated by 14.2 
(l)/{ii) âng 

i - ff L , 0,g;1.'ga)K#(Ma) 

9a-1 a 

where H(g .v) - G(L/P<il) and tho notation is as in 13,2 (c). 

(4.4) Remark 

Notice that ker(b1: R+(G,S1) • R(G)) dotermlnoa the 

relations between L-functlons and that the subgroup 

1, ker(R+(Q,(l)) >—> R+(G,S ) R(G)) 

determines tho relationa between zeta functions. Hence Theorem 
4.3 determines generates for all the relations botweon zeta 
functions of number fields. 
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The Artin root number of a Galois representation of number 
fields, v as in 14, Is W ^ f ) in the functional equation 

(9.1) LK(s.w) = W|c(w)LK(l-a,i7) . 

W|.(t') is a complex number of unit norm and Is a very 

fundamental invariant of v and K. For each prime, w, of K 
we may restrict v to a decomposition group for w and obtain a 
local Galois representation 

(5.2) Pw: G ^ V K J — "CO ' 

Local Galois representations have Deligne-Langlands root 
numbers [De 2], satisfying 

(5.3) W (K) = ff W (v ) . 
K w KM w 

The Deligne-Langlands root numbers satisfy (K a local field) 

15.4: 

(I) W j ^ p ) - WK(<t))WK(p) 

(II) W K(Ind° |^(p)) =W p ( p ) ( A p / K ) d i ^ 

where A F / K - WK(Ind«{^j (1) ) . 

(lli) When dira p » 1, W (p) is given in terms of Gauss suras 

[Mar]. 

(lv) Since Indgj^pld) = Z ,say, is an orthogonal 

representation X„.„ is given In terms of Gauss sums and the 

second Stiefel-Whitney class of Z by [De]. 

By properties 15.4 (1) - (11) the following formula 
determines the local and global root numbers in terras of Gauss 
sums and topological Invariants of v. It is deduced from 
12.6 (11) and 15.4 (11). 

(S.S) Theorem 

Let L/K be a finite Galois extension of local fields and let 
u-, G(L/K) > U(nj be a representation. Then, with the notation 
of (2.4) 

# 
W K (M) =- ff WF (g^1uga)K '"o1 
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"here G(L/Fa) - H(g<l,w). since each Ma contributes tho same 

Mp (g^ vaa) " W
F (w|G(L/Fa)) we nay re-write this formula as a 

ci a 
sum of orbit types, (V): 

«'(M-V,) 
Vt {v) °  ff W (w G(L/P. )) ,v' 
K (V) P(V) {V , 
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A GENERALIZED INVERSION FORMULA FOR THE CONTINUOUS JACOBI TRANSFORM 

Ahmed I . Zayed 

Presented by J. G. Arthur, F, R. S. C. 

Abstract 

In this paper we extend the definition of the continuous Jacobi transform 

to a larger class of functions and obtain a generalized inversion fomula for 

the continuous Jacobi transform. As a by-product of our technique we obtain 

a necessary and sufficient condition for an analytic function FU) in 

Re X > 0, to be the continuous Jacobi transform of a generalized function. 

1, Introduction, In [1 ] , Butzer, Stens and Uehrens derived an inversioo 

formula for the continuous Legendre transform f(x) of a function f(x)EL (-1,1) 

given by 

HX) = J j f(x)Px(x)dx; X > -è 

where P,(x) is the Legendre function. 

This result was extended by Deeba and Koh [ 2J to the continuous Jacobi 

transform f ' a ' S ' ( x ) (-J < a. S < è and a+B = 0 ) of a function 

f(x) c L2{ ( - l , l ) ,w(x)) given by 

f ( a , B > (X ) = - ^ ^ 1 f(x)pj;a'B)(x)w(x)dx; X > - i 

where P^a,B^{x) is the Oacobi function and w{x) = ( l -x)a ( l+x)6 . The 

results of [2 ] imply those in [ 1 ] when a = 0 = B. 

The main purpose of this paper is to derive a more general inversion 

formula for the continuous Jacobi transform which will include the results 

of [1 ] and [2 ] as a special case. Hot only do we extend the results of 

[2 ] to the case where -1 < a, B < l ; a+B = 0 but also to the case where 

f(x) is a generalized function. As a by-product of our approach we obtain 
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a more general definition of the continuous Jacobi transform which enables 

us to give a necessary and sufficient condition for an analytic function 

F(X) in Re X > 0, to be the continuous Jacobi transform of a generalized 

function f ( t ) . 
2. Preliminaries: 

For any real numbers a, b and c with c j * 0,-1,-2 the hypergeometric 

function F(a.b;c;z) = ^ ( a . b - . c u ) is given by 

F(a.b;c;z) = I ,.] k l
k z", |z| < 1 (2.1) 

k=0 l c ' k K • 

The Jacobi function P^a,B'(x) of the f i rs t kind is defined by 

px0 , f J ) ( x ) = r(lil)r(xll) F(-^A+a+6+l;a+l;^). x E (-1,1] {2.2) 

where a.B > - 1 . X e R and X+a+1 / 0,-1,-2 

Let P^a'B)(x) = (l-x)0(l+x)BP^a'B )(x) (2.3) 

and L = O - x 2 ) ^ - + [(a-6) + (a+6-2)x]^r + (a+S). (2.4) 

With some easy computations,one can show that the conjugate of 1 is 

t* = ( i -x 2 )^- - [("-e) 4 (a+B+ZW^T- (2-5) 

and that 

L pja ' 6 ) (x) = -X(X+a+B+l)p[a,B)(x). 12.6) 

We define the constant H0(X) by 
o 

HoM = r(x+a+»5)r(x+BW5) • l*-71 
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3. Jacobi transform of a class of generalized functions: 

Throughout the rest of this paper I will denote the open interval (-1,1). 

Fix o and 0 such that a,B > -1. We define the space H as the space 

of all Infinitely differentiable functions 4M defined on I such that 

Y. M) ' S UP IO-x)'a(i+'0c^WI < - t3-1) 
K,c xel 

for any nonnegative integer k and any c such that niax{-B,0)< c < 1 . 

I t can be shown that H » is a Frechet space which contains the space P(I) a,ti 

as a subspace. Since P } 0 (x) is a member of H fl,we can define the continuous 

Jacobi transform F*a'e '(X) of any member f(x) of the space H* B by 

F(a'B)(X) = -^+ r <f{x) .Pi a * B ) (x)> . (3.2) 

Some properties of the continuous Jacobi transform will be given in the following 

proposition whose proof will be published somewhere else.The following lenma is needed. 

Lemma 3.1 ^ • ( P x a , 6 ) ( x ) ) E Ho,B : Re ^ > 0 • 
Sketch of the proof: The bulk of the proof is to show that 

^(ét-'H*- (3-3) 
For i f we assume that (3.3) holds, then i t will follow from (2.6) that 

Lkp(a.B)(x ) = [ l , ( x ) ] k pJa.B)(x) w h e r e n ( x ) = -A(X+o+B+]). 

Thus. Lk ± P;a 'B ) (x) = P[*'*h*) [é [n(X)]k ) + h(X)] k ^ PiQ'B )(x) 

^.d^r '•iQ,B)(x)) = & ^ ^ o . c K Q , 6 > H + ™™\Aà ^'B)(X)1 < •• 

The proof of (3.3) will be shown somewhere else. 

Q.E.D. 

and 
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Proposition 3.1: Let ^U) t H ' g . F ( o ' B ) (X ) be its continuous Jacobi transfom 

and 6(x) c P(I) - Then 

^ F^a,Bhx) ° 0(Xq) for some q > 0 as X + •=. 

i i ) F ( a 'B ) (x) is analytic in Re X > 0 and Ë L ^ - M B _ ^ T < f ( x ) > ^ p(0 'B) (x)> 

i i i ) the continuous Jacobi transform » ( a ' B ) ( X ) of »{x) gWen by 

*(a.B)u) a 1 ^ ^ ( x X l - x m + x ) 8 P}0'B)(X) dx 

is rapidly decreasing as X ^ ». i . e . . « ^ ' ^ ( x ) = 0(x-p) for any p > 0 as 

Lenma 3.2; Let f(x) c H*^. F(a ,B)(x) be its continuous Jacobi transform 

and ^(x) eP( l ) . Let 
$ (e .a) u ) = j 1 ^ ( X ) p(B.o)(-x)dx. 

Then 

i ) c(B,°^(X) is rapidly decreasing as X - °'. 

. ^ fo r any fixed real number r with 0 < r < » 

[ r 5 ( B - a ) ( x - i s ) < f ( y ) . P S * ; B ) W > H0(x)xsin„xdx 

= < f ( y ) . T p h B ) ( y ) 4 ' ( B , a ) (X- i f ) H0(x)xsin,iXdX> 
Jo A » 
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4. Characterization of the continuous Jacobi transform: 

The main result of this section is theorem 4.1 which gives a characterization 

of the continuous Jacobi transforms of members of the space H* . ; o+B c 0 
-1 < a 0 < 1 . 
Theorem 4 .1 . A necessary and sufficient condition for a function F{X) to be 

the continuous Jacobi transform of some generalized function in the space H* 
— 1 a,B 

according to definition (3.6) is that F(X) is analytic in the half-plane 

Re X > 0 and bounded according to 

|F(X)| < Q ( | X | ) . Re X > 0 

where Q(|X|) is a polynomial in |X|. 

Sketch of the proof: Necessity: was proved in proposition 3.1. Sufficiency: 

The main part of the proof.which will be shown elsewhere, is dedicated to 

showing that for some positive integer m 

g(x) = 4 r[n(x-%)+l]-mF(x-%) r[%ah-*) H0(x)Xsin,Xdx . 
Jo 

is in H » . Now we set a,B 

f(x) = ( I +1)ra g(x) 

which is also in H* „ since L* is a continuous linear operator on Kaj£-

Therefore, %<f (x) ,P<° 'B ) (x)> =%<(!*+! )mg(x) , P ^ B ) ( x ) > 

= %<g(x) , (L + l ) m pS^ B ) (x )> = %[n(X-%)+1]m<g(x).PJ^B)(x)> 

= [n(X-%)+l]m[n(X-%)+l]'mF(X-^) = F(X-%). 
Q.E.D. 
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5. Inversion of the Jacobi transform: 

Lemma S.l . Let »(y) e P(I) and ^ B ' a ^ (x ) be given as in (3.21). Then 

2 lo ' x - i 6 ^ •(B,a)U-%)H0(x)xsin7,xdx *My) (5.1) 

in H as r •• ». 
-^' o,B 

Now we are able to state our main theorem. 

Theorem 5.1. Let f(x) E H . and F ' 0 , B ' ( X ) be i ts continuous Jacobi transform. 

Then in the sense of convergence in P*(I) 

f(x) = lim 4 [nF( o 'B) (X-%)P^'B ) ( -x)Hn(x) XsimrXdX. 

Sketch of the proof: Combine lemmas 3.2 and 5.1 . 

Corollary 5.1 . Let f(x) be a regular member of H . such that . ^ - ^ ^ ^ — ^ — a.p 

f(x) e H*>en L|o c(-1.1). Then 

f(x) = 4 rF(o'6)(X-%)P^a)(-x)H0(X)XsinnXdX 

for almost all x e (-1.1). 
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A simple inflectional space curve r in Euclidean three-space E3 lies

on the boundary of its convex hull H(D and possesses vertices

as its only exceptional points. The Four-vertex theorem states that the

number n(r) of vertices of /* is at least four.

In [1], we proved that if n(r) = 4 then each point b e int Hfr) lies

Presently, we show that if each b e int H(Don at least two chords of r.

lies on exactly two chords of r then n(r) - 4.

1. Preliminaries

Let p,q,...L,M,... and a,/3,... denote respectively the points, lines

and planes of E,, and let <p,L,...> denote the flat of E, spanned by
p,L,... .

r is a continuous m ap from  an oriented circle C*

E, such that |a n r(C*)|
sim ple, and oriented by C*. For u * w in r, let 

[u,w] denote the closed arc of r (oriented) from u to w and set

into

We identify r with r(C*) and

A space curve

< » for any a.
assume that r is

(u,w) = (u,w]\(u,w). If v e (u,w) we also write u < v < w in r.

Let u e a n r. Then a cuts 1 supports1 r at u if near u, r lies
on both sides (one side] of a. We say that r is convex if r c <3H(T) and

|L n r| < 2 for any L, and r is of order m if any a cuts r at

m points.most

In [1], we presented a history of inflectional space curves with four
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vertices and noted that they were convex in each of the quoted studies.
Let r be a sim ple convex space curve. Then a chord of r is a closed

segm ent uv = <u,v> n H(r), u * v in r. Next, let a m eet r at n > 4
points u, < u2 < ... < ur < u2 (in r). Then a n r is norm al if there is 
an orientation on the convex curve a n aH(r) such that u, < u2 < ...
< u  ̂< Uj in a n dH(r). Finally, we cite som e results that we require for 
our argum ents.

1. (Sperner, [4]) Let A be a closed 2-sim plex with vertices p^

and let D. be closed sets such that 
l

Then D, n D, n D, fH < 8.

(i = 1,2,3), Pi * Si'

S. n D. = a and A = D, U D2 U D,.

edges

pi€ V

(Scherk, [3]) Let r: C*2. Ej be an inflectional space curve of

order four. Then n(r) =4 if and only if r is convex.

In 2, we prove theorem  A. Then theorem  B follows by 2, A and [1], 8.

A. THEOREM . Let r: C* E3 be a sim ple convex space curve with each
b e int H(r) on exactly two chords of r. Then r is of order four.

Let r:c* E3 be a simple, inflectional convex space curve.B. THEOREM.

B.l If n(D = 4 then each b e int H(r) lies on at least two chords

of r.
B.2 If each b e int H(r) is on exactly two chords of r then

n(D = 4.
We note that r need not be inflectional, and hence differentiable, in A

and so we refer to [1] for these definitions.

2. The m ain theorem

W e assum e the hypotheses of A with B = H(r) and S = <5B.
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3. La*lA. Let b e UjU, n v.v, e int B. Then (u, ,ua) n (v, , v , ] ^ e. 

HMOF. If Cu,,uJ n [v^v,] = » then u, < u, < v, < v, < u, in F 

say, and b t ûM for u € (u^u,) and M e r. Then 

S(u1,Uj) = (p e S|b e ûp for sœne u e (u^Uj)) 

is a simple open arc, disjoint from r and b e ^ u , implies that 

T = [u(,u2] U S(ul,u,) is a simple closed curve, disjoint fron (Uj.u,). 

Since S\l? haa two components, b e ÛTÛT n v,v, implies that one 

conponent contains v, and the other contains v,, Thus (vi,v,) c (u^u,) 

meets ï"; a contradiction. • 

4. U>MA. For any a c E,, o n r is normal. 

PROOF. If a n F is not normal then there exists u, < u2 < u, < u^ 

< u, in r such that under sœne orientation of a n S, either u, < u, < u, 

< u, < Ui or u, < u, < u, < u4 < u,. It is easy to check that both 

possibilities contradict 3. 0 

Next we observe that since F is simple, 4 readily yields 

5. LE«A, For u * v in F, there is a plane through <ulv> which 

separates (u,v) and (v.u), 

6. Let a cut F at n > 6 consecutive points u. such that 

u, < u. < ... < u < u . = u. in both F and C = o n S, and let 1 4 n n+1 

C[u.,u. .1 denote the closed arc of C (oriented) from Uj to ui+1. L«t 

ui " uj " "i+r •n,en Uj * c [ u i ' u i + i ] ^ C [ u i ' u i + i ) u VT 0 VlTT i s 

the boundary of a closed region D.(i,i+1] in D = o n B. 

Let i + j be odd and Uj < u1+1 < u. < u.+1 < Uj in C. Then a 

separates (u.,ui+1) and (Uj>uj+i)> and we set for v€[ui,ui + 1l: 
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[uj,uJ+1lV = (b « D n vw|K « tuj.u^jl) and Dti.jl = U [Uj,uj+1] . 

Since F is continuous, simple and convex, it follows that 

6.1 Cvtu.,uJ+1l = Clu^Uj^J U luj,uj+1lv is a simple closed curve which 

depends continuously on v a ("iiUi+il. 

U t int Cv[u.,u.+1] denote the open region in D bounded by Cv[Uj,Uj+1] 

and set ext C V [UJ,UJ + 1 ] = D\cl(int Cv(uj,Ujtl]). We claim 

6.2 D . ^ U . j + l l V ^ U . j + l ] c D [ i , j ] . 

Let b « (int D^jEj.j+llNDj^IJJ+l] and v a ( u i , u i + 1 ) . Since 
Uĵ  

dDi[j,j+lJ = C(uJ,uj+1] U u ^j u u.u^j = C [UjiUj+ili 6-1 o™1 

b « Dj^tjJ+l) imply that b c int CV[uJ,uJtl] for v close to u ^ 

Similarly, b e int Di+1[J,j+H yields that b « int Cv[uj,uj+1l for v 

close to u. , and thus b G CvIu.,u.+jl for some v. 

7. LOUA, r is of order m, m $ 6. 

PBOOF. Suppose that some o satisfies 6 with n > 7. Since no three 

chords of F are concurrent; uiui+3 , u ^ ^ and "1+1"i+4 deteimine an 

open non-empty 2-simplex Af <= int D; i = 1,2,3. Then i + (1 + 3) odd and 

6.2 imply that 

A* c Diti+3,i+4)\Di+1[i+3,i+41 c D[i,i+3] 

and each b e J.» lies on a chord of ( u ^ u ^ ) U (ui+3>"1+4>. I t i s n o w "" 

easy exercise in plane geometry to show that u, < u, < ... < u7 < u, in C 

implies .d,0 n A , " n J,' * e; a contradiction. D 

PBOOF OF THE0RB1 A. Since r c E, is a closed curve, F is of even 

order. Suppose that some a cuts F at exactly six points, assume the 

notation of 6 and let A be the closed 2-simplex in int D = D\C 

determined by ÛTÛT, ûjû^ and u.u,. Let p, = u.u, fl UjU,, 

p2 = ûZZ n û^J7, p. = ii^ir n û7û7, s. = ̂  n û?i7, s, = ̂ i n 3^7 and 
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8t = A n UjU,. Let int A be the relative interior of A. For i = 1,2,3, 

we set 

Of = D[i,i+3] n int A, D1 = ol Of 

and claim that J = D, u D, u D,, p, a D. and S. n D. = e. 

We observe that u, < u, < ... < u, < u, in C and 5 readily yield 

3 
(1) Ac U D[i,i+3], AH 

1=1 

r 6 
U D[i,i+1] 
1=1 

= e and either 

(2) A = D,[4,5] n 0,14,5} n D,[6,l] n D4[6,l] n D,[2,3] n D,[2,3] 

or (3) ^ = D4[l,2] D 0,(1,2] n D((3,4] n 0,(3,4] n 0,(5,6] n 0,(5,6]. 

Since eaoh b e int J is in scoe 0(1, J] where i + j is odd, (1) implies 

int 4 = 0,°  U 0t
s U O,0 'and thus 1̂ = 0, U 0, U 0,. As (2) and (3) are 

synmetrlc, we assume (2) without loss of generality. 

Let b a S.Nip,,p.) and let c a 0\4 be close to b. Thai c does not 

lie on a chord of a n r, and S, c ÛTÛT <= a0a(6,l] n aD4[2,3], (2) and 6.2 

imply that 

c a (D4(6,l]\0,(6,l]) n (0,[2,3]\0.[2,3]) c D[3,6] n 012,5] 

and c t 0(1,4]. Now if b a 0, c 0[1,4] then b a [u4,u,]v for some 

v a (u^u,) and L = <pt,pl> = <u,,ut> supports [u4,u,] at b by the 

preceding. Since L separates A frco both u4 and u,, L meets 

[u^.u,]v\(b) in at least two points. Thus -i = <v,L> meets (u4,u,) at 

least four times (counting a point of support twice) and (u^u, ) at I v. In 

addition, •> separates u, fron u,, and u, from u4, and hence meets 

both (u^u,) and (u,,u4). Thus |i n r| > 7 and as this contradicts 7, 

(SiXip,^,)) n o, = e. 

Let v a (u,,ut). For o a int A c (int 0,(2,3]) n (int D,[2,31), ue 

obtain frcm the proof of 6.2 that 

(4) o a int Cv[u,,u,] for v close to u,[ut]. 

On the other hand, p, = u,u, n uIu> Implies that p, < C [ut,u,] for any v 
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and by arguing as above we obtain that 

(B) p, « ext Cv[u1,u,] for all v. 

Fix v « (u,,u4) and let o « int A tend to p,. Sinoa ext Cv[u1,u,] 

is open in D, (5) Inplies that 

(6) o a ext Cv[u,,u1] for o suffioiently oloee to p.. 

Thus (4) and (6) yield that for each such o, o a Cv[u,tu,] for ses» v in 

each of (uf,v) and (v,u,), and henoe o a Dt
0\(D1' u D,0) and 

p, a D,\(D, U 0,). Similarly, p, a 0,\(D| U D,> and thus 8,0 0, = 0. 

The preceding is synnetrio in 8,, 8, and 8,, and therefore 

o,0 n o,s n o,* = o, n o, n o, n 4 * e 

by 1; a contradiotion. a 

Finally, vn mention the similarity of theorem B to the following theorem 

of R. Osserman [2]: 

Let r b e a C * Jordan curve with the oircmisorlbed oirole 5. Then 

|r n 5| i 2 and if F has eataotly four vertices (points of local extreme 

curvature) then r n 5 = (p,q) and p and q are antipodal on C. 
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