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WHAT DO SEISMOLOGY AND 
NEUROPHYSIOLOGY HAVE IN COMMON? -

STATISTICS! 
David R. Brillinger 

F.R.S.C. 
Dedicated to my teachers at the University of Toronto and 

the University of Toronto Schools 

1. Introduction 
Seismology is the branch of science concerned with the investigation of 

earthquakes and related phenomena. Its goals include: learning about the 
Earth's and planets' intenor composition and predicting the time, size and 
location of future earthquakes. In contrast, neurophysiology is the branch of 
science concerned with how the elements of the nervous system develop, func-
tion and work together. Its goals include: explaining notions like memory, 
emotion, learning, sleep, expectation and, less heroically, how individual neu-
rons respond to stimuli, transmit information and change with environment. 
The definitions may make these two fields seem remote from each other. In 
point of fact, however, they are intimately tied together through use of a com-
mon methodology - statistics. 

Statistics is the science concerned with the collection and analysis of 
numerical information (data) in order to answer questions wisely. It is charac-
terised by an interplay between axioms and data and, in particular, is con-
cerned: with making statements that go beyond the data collected (inferences), 
with explanation and understanding, with prediction and control, with 
discovery and application, with justification and classification. These concerns 
are patently common to seismology and neurophysiology - hence a connec-
tion. 

Throughout much of my career I have collaborated with seismologists 
and neurophysiologists. In this article I would like to present some examples 
of statistical concepts and techniques that I have found myself making use of 
in problems arising from both seismology and neurophysiology. 

2. Some Statistical Background 
' IVhal's the use of their having names," the Gnat said, 'if they won't answer 

to ihem? 'No use to them.' said Alice, 'but its useful to the people that 
name them, I suppose. If not. why do they have names at allr 

Alice's Adventures in Wonderland 

The statistician approaches a substantive problem with knowledge and 
experience concerning a particular collection of concepts and techniques. 
These tools often incorporate a notion of randomness and have proven 
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pertinent to problems arising in a broad range of scientific, technological and 
social fields. Brief descriptions of some of those pertinent to our examples fol-
low. In these examples, dynamics and time will be central. This has affected 
the choice of the statistical apparatus highlighted. 

It will be taken that the notion of a random element, u , is given. A time 
series is a random real-valued function, Y{.,a), of a real or integer-valued ran-
dom variable r, usually referred to as time. A point process is a random, non-
negative, integer-valued measure, NM . The values of these quantities, for a 
particular realisation of « , are typically denoted by Y(i), Yixjrj), NU) respec-
tively with / referring to a measureable set in the last case and with depen- ; 
dence on u suppressed. 

If Xiu) denotes a particular random variable and if />(.) denotes the (pro-
bability) measure of u , then in what follows E(X) will denote \x(a)P(du). 
Moment functions and product densities are of substantial use in discussing 
time series and random processes. When they exist, these take the forms * 

£(l'«i)...l'tot)) - «r-yC IK) 
and 

ElN(dt,)...N(diK)) - pajvd, /,)<//,...</fx (1) 
= Pn>b{N(fUi)-lr..Jf{dtK)-l) 

respectively with the dit distinct. Given data, typically assumed to be part of 
a realisation of a random process, useful estimates may be constructed for 
these quantities in a broad class of instances , particularly when the process 
involved is stationary, that is when its probabilistic properties are invariant 
under simple translations of time. In the stationary case, the process has a 
spectral representation, eg. 

r(«)- /exp(iX/)Z(</X) 
or 

W(/)-/[//exp(fW)<ft]ZWX) 
Z(.) being a random function with orthogonal increments. A further useful 
parameter, the power spectrum, is now given by 

£{Z(</X)Z(3rt) - H\-rif(X)dXdt 
xtO, when it exists. (Here «(.) denotes the Dirac delta 'function'.) 

In their work statisticians make continual use of stochastic models. 
These are analytic idealizations of real-world circumstances containing some 
random element. They tie the observables to the phenomenon of concern and 
are designed to lead to a broad variety of inferences concerning the 
phenomenon. Stochastic models often take the form of systems, that is map-
pings carrying functions, measures and the like over into other functions or 
measures. Stochastic models and systems usually involve unknown parame-
ters (these may be finite or infinite dimensional) and the estimation (or 
identification) problem is to attach reasonable empirical values to these unk-
nowns given observational or experimental data. A central role in this 
endeavour is played by the likelihood function. In simple terms, if » denotes 
the unknown parameter the likelihood is the Radon-Nikodyn derivative of the 
probability measure of the data relative to some known measure, viewed as a 
function of e. In many circumstances one has to work with an approximation 
to the likelihood, perhaps derived via an asymptotic method. One seeks a 9 
that is physically interprétable whenever possible. 
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3. Example I - the Autointensity Function 
A central entity in the method by which nerve cells communicate is the 

spike train. If a microelectrode is inserted into the axon (that is the output 
component) of a neuron, a changing voltage is recorded. This time series is 
made up of essentially identical spikes, or pulses, repeating at generally irregu-
larly spaced times. Supposing these spikes to occur at times Tk ,fc=0,±l,±2,... 
one may define a counting measure via N{I) = the number of Tt in the interval 
/ (of the real line). In various circumstances it seems reasonable to talk of 
probabilities of events such as: there is a spike (or point) in the small interval 
«,/+<*) or there is a spike in the interal (tj+di) and in the interval 
(/+«,«+«+rfu). If one is willing to view a given spike train as part of a realisa-
tion of a stochastic point process, then these probabilities correspond to pro-
duct densities as denned by (I) above. In the stationary case it is convenient 
to define the rate 

HN - Prob[poim in(l,t+di))/di 
and the autointensity Junction 

**«(«) - Prob{poim in(l+u,t+u+du)\point at l)/du 
Given a stretch of data, these two parameters may be estimated by n/T and 

#{\Tk-Tj-u\ <b/2)/nb 
respectively where 6 is a small bin width and where n is the number of points 
n observed in the time period, r, of observation. The autointensity function 
is an important descriptor of the behaviour of a firing neuron. For example 
in the case of a pacemaker cell, the autointensity is essentially 0 except when 
u is near some multiple of the (constant) interval between spikes. If the neu-
ron is firing completely at random, the autointensity will be essentially con-
stant. If bursting of firing is occurring, then hNNiu) will be high for small to 
moderate | « I and drop down to A« as | u | increases. If bursting is taking 
place at regular intervals with, for example, an accelerando pattern within 
bursts, then W « ) will show mass broadly near 0 and also for u near multiples 
of the interval between bursts. From an estimate of the autointensity of a 
spike train, the behaviour of a nerve cell may be described and classified. A 
broad variety of experimental examples may be found in Bryant et al. (1973) 
and Brillinger et al. (1976). 

Earth scientists, engineers, government officials and the like are interested 
in the seismicity of the habitat, that is the timing, location and strength of 
earthquakes occuring in their region of interest. They are further interested in 
earthquake prediction and corresponding risk assessment. The sequence of 
times of earthquake occurrence in a given region may be viewed as 
corresponding to part of a realisation of a stochastic point process. The rate 
of the process tells how many earthquakes may be expected in a unit time 
interval. The autointensity provides a means of describing future probabili-
ties of earthquakes given the past record. For example, if earthquakes tend to 
recur periodically, then the autointensity will have the pacemaker shape 
described above. If earthquakes tend to occur in clusters, the shape will be as 
for a nerve cell firing in bursts. If the times of earthquakes are totally ran-
dom, the W ) will!» essentially constant. Various empirical examples are 
given in Vere-Jones (1970). Data of China for the penod 1000 A.D. to the 
present, is studied in Lee and Brillinger (1979) by means of a technique 
developed to handle the incompleteness of the early records. 

In order that hypotheses and models may be checked, some indication of 
the sampling uncertainty of the estimates is needed. Also, a parameter that 
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proves to be even more useful than the autointensity defined above is the 
crossintensity. It gives the probability of a point of one type occurring given 
that a point of another type has occurred, say u time units, earlier. Various 
results related to these last ideas may be found in Brillinger (1975). 

4. Example II - Probit Analysis 
A conceptual model for the firing of a neuron is the following: input to 

the nerve cell leads to (postsynaptic) electric current genesis. This current 
flows to a trigger zone, being filtered in the course of its passage. When the 
voltage level at the trigger zone exceeds a threshold value, the nerve cell fires. 
This process may be specified analytically as follows. Let t/(() denote the vol-
tage (membrane potential) at the trigger zone at time i. Let B{i) denote the 
time elapsed since the last firing. Let xu) denote the (measured) input to the 
cell. Then, assuming linearity and time invariance 

UU)- lBma(u)XU-u)du 
for some response function ai). Suppose the threshold level at time ( has the 
form a+<(0> with <(() a normal variate of mean 0 and variance I. Then, given 
UU), the probability the neuron fires at time i is «((/(()-<>), with $(.) denoting 
the standard normal cumulative function. Supposing the data to be recorded 
at times f-0.1.2 r-1 and YU) to be observed and defined to be I if a spike 
occurred in the immediately preceding interval and to be 0 otherwise, the 
likelihood of the data may be written 

T-t 

H *(^ - a)ri"l\ - «C, - a)\'-rm 

( -0 

with 
floi-i 

K, = S aiu)X(t-u) 
u-o 

The unknowns, a{.). a, may be estimated by maximising the likelihood. Once 
the estimates have been obtained, the model may be checked to an extent by 
comparing the empirical firing probability with the fitted. This is done for a 
variety ofinputs and neurons in Brillinger and Segundo (1979). 

The generally agreed description of earthquake genesis is the following: 
earthquakes are due to faulting. Specifically a crack initiates at a point and 
spreads out to form a fault plane. As the crack passes a given point, slip takes 
place on the fault plane resulting in a stress drop and the radiation of seismic 
waves. The ground is initially compressed and dilated around the focus of the 
earthquake. The pattern of compressions and dilations is preserved in the 
seismic waves radiated out and may be observed in the seismograms of sta-
tions detecting the event. Further, given the orientation of the fault plane 
(usually expressed by three angles) there is a formula for the theoretical rela-
tive amplitude of the signal arriving at a given station. Data then consists of 
the following: the estimated focus of an earthquake, the locations of the sta-
tions recording it, and whether each station recorded compression or dilation 
(corresponding to whether the first motion noted was positive or negative). 
The problem is to estimate the orientation of the fault plane. This informa-
tion is useful for understanding the physical nature of the Earth in general 
and for seismic risk assessment in particular. 

Let A, denote the theoretical amplitude for station;. Let (; denote the 
arrival time of the seismic signal, .^(.). Then Sjltft-aAj for some a. Further the 
seismogram may be written V^KM'l+MO with tj{t) a noise series. Now the 
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probability that the first motion is positive, assuming <;(/,) normal mean 0 
variance y, is 

Prob{Yj{lj) > 0) = Prûb{tj(lj) > - S/dj)) - MfiAj) 
with p-a/a. Assuming the noises independent at different stations the likeli-
hood function is given by 

n<npAj)z'i\-*(i>Ajiï'z' 

with ZI = I if the first motion is positive and = o if it is negative. The parame-
ters may be estimated by maximising this likelihood. Once again the model 
may be checked by comparing an empirical with a fitted probability. The 
details of all this are given in Brillinger et al. (1980) and illustrated by com-
putations with the great 1964 Alaskan earthquake and for some California 
events. 

In fact the same computer program was employed to fit the nerve firing 
model and the first motion model, even though these two models had such 
totally different origins. 
S. Example III - Average Evoked Response 

Consider the linear time invariant system with input X{i) and output Y(i) 
Y(t)- ja(t-u)X(u)du 

Here a(.) is referred to as the impulse response, because if the input XU) is 
taken as the Dirac delta function , then the output is a(i). A broad variety of 
naturally occurring systems seem to be linear and time invariant in the above 
manner, to a good approximation. Prominent among these is the Earth's 
transmission of seismic (acoustic) waves, be they generated by earthquakes, 
explosions or other vibratory sources. This effect is highly useful in seismic 
exploration. Suppose an impulse of energy is input to the Earth in a region of 
interest. Part of this enercy will be reflected back to the surface by subsurface 
geologic structures after time delays 'proportionate' to the depth of the struc-
ture (wherever there is a difference in acoustic impedance). If Y(i) denotes 
the signal recorded by a sensor on the surface, then its peaks (really peaks of 
the impulse response a(.)) may be interpreted in terms of subsurface layenng. 
From estimates of such 'reflectivity functions' along lines of shots, geologically 
interesting structures at depth may be inferred. In practice a single pulse at a 
location rarely proves incisive. Hence prospectors are led to replicate the 
pulses at times am, m = \,...M. One can then form the average evoked response 
or stacked estimate 

i " 
Mm-l 

as an improved estimate of û(«), provided the »„ are sufficientlv far apart that 
the corresponding individual responses do not overlap. Neitzel (1958) 
presents the results for some early experiments of this type. 

It has long been traditional to average numbers. The novelty in the 
present circumstance is that it is curves that are being averaged. Such averag-
ing has proved to be crucial in studies of brain waves because of the fact that 
signals evoked by various sensory stimuli are much smaller than the ongoing 
noise. The stimulus may be auditory, visual, olfactory, somatosensory or gus-
tatory in character. The data available for analysis consists of the ongoing 
electrencephalogram (EEG) observed at an array of locations on the skull and 
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the times of application of the stimuli. Quite a variety of questions arise con-
cerning the evoked response phenomena. These include: Does a given 
stimulus in fact evoke a response? Do different stimuli elicit the same 
response? Does the same response occur at different sensors? Are the 
responses repeatable? If stimuli are reordered, is the response the same? Are 
the effects of different stimuli additive? How does the response depend on 
the stimulus intensity? Answers to these questions are complicated by the 
phenomena of: weak response, variability of response, occurrence of artifacts, 
among other things. The papers Brillinger (1981a,b) review the history of 
evoked response experiments and their analysis, describe a number of success f 
stories concerning the technique and provide some formal answers to the 
preceding questions. In particular, the following class of procedures is pro-
posed for dealing with the complications caused by the presence of artifacts. 

Nowadays considerable statistical research effort is directed towards the 
construction of robust/resistant techniques, that is procedures that remain 
effective in the presence of bad data values or of long-tailed error distribu-
tions. The traditional average value (or sample mean) is a prime example of a 
nonresistant sample quantity. Its value may be shifted an arbitrarily large 
amount by merely shifting a single sample value. By contrast, the interquar-
tile or mid- mean, that is the mean of the central 50% of the sample values, 
does not even involve the 50% most extreme sample values in explicit fashion 
and hence is highly unshiftable. In Brillinger (1981a) the following class of 
estimates was proposed for the evoked response case, with a discussion of 
computational procedures for both the live and dead time cases. These esti-
mates may be computed automatically. Set Y^iO-Yiu+a^ and 

l»'-»ll-/0V(B)-«(«)|,«*« 
where, in this last, it is assumed that the evoked response dies off after y time 
units and that ffm.i-<rra>i'. As a resistant estimate consider k) satisfying 

Hu) • ZW^iU) / 2lVm 
m m 

with w„~w(\ Y„-6\ii,), WL) being a weight function having most of its mass 
near D and p an estimate of scale. As a generalization of the mid-mean above, 
one can consider 

with r denoting the summation over the pu smallest \Y„-i\. The statistical 
properties of this last estimate are studied in the Berkeley Ph.D. thesis of Fol-
ledo(l983). 

6. Example IV - Decaying Cosines 
After a great earthquake the whole earth rings like a bell, with the vibra-

tions lasting for days sometimes. Because the Earth is a finite body, it can 
only resonate as a whole at certain discrete frequencies. Because the medium 
is dissipative, the vibrations eventually damp away. These phenomena are in J 
accord with the equations of motion being linear with constant coefficients 
and in consequence having solutions 

*(')= S «*exp(-fc') cos(.ykt+h) 
k 

i>0, assuming initial condition of a Dirac delta function at 0. An observed 
seismogram will have the form Y(t) = *(/)+«(/) with f(.) denoting a noise series. 
The problem arising is how to estimate the unknown parameters, particularly 



D.R. Brillinger 

the Bt,yk. In Bolt and BriUinger (1979) the foUowing solution is developed. 
Suppose the noise series «(.) is stationary and mixing, mat is well-separated in 
time values are at most weakly dependent), then the Founer transform values 
of lengthy time segments satisfy a central limit theorem, that is are asymptot-
ically normal. In particular if 

r-i 
. S*)exp{-/2ir///r) 

1-0 

the values.. for 2ir;7r near x will be approximately independent complex nor-
mal variât» with mean 0 and variance 2*TfJ.x),fM being the power spec-
trum of the series «(.) . Now one has Yj-sj+t,, with ^ depending on the unk-
nown parameters of interest. If one sets down the approximate likelihood 
function for the date here and works in a neighborhood of x containing only 
one of the yk, then obtaining (approximate) maximum likelihood estimates 
comes down to minimizing 

J 

as a function of the unknown parameters. The details of this, as well as a 
procedure for checking the validity of the assumed form for *(/), may be 
found in Bolt and Brillinger (1979). For example, it is found there that if a 
limiting process with Bk = <t>k/T as T-*œ is employed then 

varPk,varyk = 7-J4»/,(•>*)<»* */«(** y(*»)'' 
where 

IM ~ j*u'np{-2tl>u)du 
and m - WVM) - im1 . The r ' decrease of variance is initially surpris-
ing. . . . , 

The decaying cosine model has also proven useful in neurophysiology. In 
the work of Freeman (1972, 75, 7?) the olfactory system of rabbits has been 
studied via evoked response experiments. Freeman found that the averaged 
response could be well-fitted by the sum of a few decaying cosine terms. He 
developed a model involving spike to wave conversion, involving collertions 
of constant coefficient second-order differential equations, involving feed for-
ward and feedback and involving wave to pulse conversion. Vanous types ot 
neurons and connections were postulated. He employed nonlinear regression, 
in the time domain, to estimate the unknowns. In one case involving two 
cosines he was led to view the larger wave as representing intracortiçal nega-
tive feedback and the smaller as representing another feedback loop, pt some 
interest in this type of work is what happens to the frequencies and the decay 
rates when the experimental conditions are altered. 

7. Example V - System Identification / Deconvolntion 
Regression analysis is one of the more long standing and potent tools in 

the stafistician's kit. There are variants, for time series and point process 
data, that have proved useful in studying both ncurophysiological and seismo-
loRical data. Let M{) and NO be two stochastic point processes whose realisa-
tions are imagined to correspond to the spike trains of two given neurons 
Consider modelling the rate of firing of one neuron as it is affected by the 
other, as follows 

Prob[N(di) - 11 A/(.)} = |o + ja(t-u)M(du)]di 
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for some constant a and function a(.). Supposing {M(.), N{.)) to be a station-
ary point process, the above relationship leads to 

/™(X)=^(X)/.W,,(X) 
where A(.) denotes the Fourier transform of a(.) and /w,(.) denotes the cross-
spectrum of Nl.) with Ml). (In terms of the spectral representations of the two 
processes it is defined via E(dzN(X)dZuM-U.x-it)fNM(x\dxdt , x/O.) Once esti-
mates of the spectra /KW(.) and /w.w(.) are at hand, the function Ai) may be 
estimated and after it a(.) . There are various ways that such spectral esti-
mates may be formed, see Brillinger (1975). A variety of examples for ncuro-
physiological data are presented in Brillinger et al. (1976). The strength of 
the postulated 'linear' relationship may be measured by the coherence func-
tion, |/?/V.«WI2=I/M/(A)I2//AA(X)/M«(X) . It lies between 0 and I. In this last 
reference a variant of the coherence is employed to untangle the issue of how 
some given triples of nerve cells are causally connected. 

Calculations similar to the above are also extremely useful in the seismic 
exploration case. We indicate how they may be employed to design an 
effective probing signal there. Consider again the system 

r(0-/a((-«)*(«)(/« (2) 
for the time series ro.A'C). Let myA) denote the convolution of Y with X, in 
some sense, and let m,iv( ) denote the convolution of X with X. Then from (2) 
one has 

'"itdO " fo(B-v)m^(v)rfv 
Suppose one wishes an X{.) such that mt-^u) is approximately a(«) . ljtxfxx{.) 
denote the Fourier transform of »»,,•,,•(.), then the nght-hand side above is 

/cxp(lXHM(X)/,.v(X)rfX 
and one sees that for this to be «(H) what is needed is that fxx{\) be approxi-
mately I on the support of/!(.) . Supposing /1(X) to be approximately 1 on 
Xo<x<X| and 0 elsewhere, one is seeking XI) with fxxW of the same character. 
An example of such an X{.) is the chirp function 

X(i) - cosdXo+CX.-XolilO 

for 0<f<r. (This signal was first introduced formally by researchers in radar 
and is employed by bats in natural flight as well). In the seismic case it is 
input to the ground (for which Xg and x, are known) repeatedly and the 
responses averaged. It should be remarked that in actual applications, sub-
stantial further processing is carried out to handle further physical effects 
present, such as wavefront spreading. 

The tools of system identification are extremely powerful and may often 
be used to obtain indications of the mechanisms and states underlying some 
structure of interest. The above examples provide but a glimpse of the 
strength of the systems approach. 

8. Example VI - the Analysis of Array Data 
Array data is collected in both the earth and neuro- sciences. By array 

data is meant a collection of measurements of the form Ylxjjjj), J-K..J and 
/=0 r - i with the (.Y/,.I,,1 . 7 = 1...-/ the coordinates of 7 sensors, and given j 
the measurements KCv,.!,,/), (=0 T-\ a segment of a time series. In the 
seismological case, the (.v,.i;) refer to the locations of seismometers. In the 
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ncurophysiological case, they refer to the grid locations of electrodes on the 
skull. Such data may often be reasonably viewed as part of a realisation of a 
planar-temporal (or spatial-temporal) random process Y(xj>,t). 

An important use of array data is the detection of propagating waves and 
the consequent estimation of their number, directions and velocities. For 
example in the seismic case one might have an array of (strong-motion) 
instruments located close to an earthquake fault. These instruments would be 
triggered by a sufficiently large event. In this case the source of the energy 
would be moving as the fault ripped. The seismologist would like to estimate 
the orientation of the fault and the rupture velocity. Bolt et al. (1982) discuss 
this problem and provide some elementary estimates based on data collected 
during an earthquake in Taiwan. They proceed by estimating the frequency-
wavenumber spectrum of separate time segments of the data. The frequency-
wavenumber spectrum has also been employed in the analysis of visual 
evoked response data, see Childers (1977). This last researcher first notes an 
apparent high velocity wave. After this wave has been 'removed', in a 
number of experiments he notes the occurrence of a pair of waves moving in 
opposite directions. His research is directed at developing a diagnostic pro-
cedure for various visual disorders and at obtaining insight concerning how 
the visual system functions. 

Consider a planar-temporal wave of the form 
Y(x,y,l) = p cos(ax+Py+yi+i) + dx,y,l) 

with i>,a£,i unknown constants and •(JCJ'.') a stationary noise process. The sig-
nal here is a plane wave propagating in direction » given by tan fl = fi/a with 
speed y/<&+!?. In Brillinger (1985) the following maximum likelihood pro-
cedure is developed for detecting the presence of such a wave and for estimat-
ing its parameters. 

Collect the J time series into a vector Y(() - lYixj.yj,i)]. Let 
i r - 1 

' ,.o 
and 

M=SY4Yt' 

with the sum over 2irfc/r near y = 2*k'/T say. Further set 
s = Snrî - vkvi. 

k 
and let B - texp{/(<w,+flv,))J . The value |BYt|J is referred to as the conven-
tional statistic. It may be expected to be large when p ^ 0 and it is evaluated 
at the 'correct' (o,«. The matrix S provides an estimate of the spectral density 
matrix of the series «(.) . Invoking a central limit theorem for the «t , an 
approximation may be set down for the likelihood function based on the Y* 
(with 2*k/T near y). It is found that the maximum likelihood detection statis-
tic, given (a^), is 

B'S-'B/BTVI-'B - 1 (3) 
with null distribution (K-J)-' times an F distribution with degrees of freedom 
2 and 2{K-J). It is further found that the maximum likelihood estimates of a 
and p are the coordinates of the maximum of the detection statistic. It is 
often convenient to prepare contour plots of the statistic (3) as a function of 
(a,/}). An example of this is given in Brillinger (1975). 
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9. Discussion 
In this article we have presented a number of examples, drawn mostly 

from our own experience, showing the use of the same statistical technique in 
the rather separate sciences of seismology and neurophysiology. It now seems 
appropriate to ask what, if anything, have the three sciences - statistics, 
seismology, neurophysiology - gained from each other as a result of connec-
tions albethey indirect? Having in mind a broader class of examples then 
those discussed in this paper, one can say that: i) statistics is richer for having 
been led to develop and study various novel methods to handle specific prob-
lems arising in seismology or neurophysiology, ii) both seismology and neuro-
physiology are the richer for the other's field having generated a problem for 
the statistician to abstract sufficiently that the result's applicability to their 
field became apparent, iii) either seismology or neurophysiology benefit from a 
statistical formulation because various of their problems seem necessarily to 
need to be stated in terms of probabilities (eg. neither neuron firings nor 
earthquakes seem predictable) and because these fields need procedures to 
validate results and to fit conceptual models. The methods of statistics often 
lead to important insight and understanding in substantive problems. 

It may be remarked that the applicability of statistical procedures to these 
two substantive fields has further grown in direct consequence of their move 
to greater quantification and digital data collection. 
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STABILITY AND COHOMOLOGICAL DIMENSION 

Jân Minâc 

Presented by P. Ribenboim, F.R.S.C. 

Abstract: Let F be a Pythagorean field with finite number of 

orderings. Let F(2) be a maximal 2-extension of F . Denote 

by cd,(F(/::T)) the cohomological dimension of the Galois group 

of automorphisms of the field extension F(2)|F(/:T) , by st(F) 

the stability index of F . We prove that 

st(F) = cd2(F(/n:)) 

Si. Introduction. In this paper we keep to the notation in [S], 

[6], [7]. We define F (or K,L,...) to be a formally real 

Pythagorean field, f is the multiplicative group of F , T - a 

preordering of F , i.e. any intersection of orderings of the 

field F . Tp - the intersection of all orderings of the field 

F . [f:Tp] is the group-index. V - a valuation on F . Av -

the valuation ring corresponding to V . Uy - the group of units 

of Ay . My - the maximal ideal of Ay . Fy - the residue field 

of V . V is fully compatible with T iff l+My<CT . (X,f|T) 

is a space of orderings. X here means the set of all orderings 

P of the field F such that T C P . Sometimes, instead of 

(X,f|T) , we shall write only X or Xp . A field F is of 

type (k,2n) if [f:TpJ = 2n and the number of orderings is k. 

cl(F) means the chain length of a preordering Tp (see 

definition 8.2 in [6]) . 

A preordering Td F is called a fan if for any set S 3 T 

such that -1 ^ S , if S - {0} is a subgroup of index 2 in f , 

then S is an ordering (Definition 5.1. [6]). 
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We define stability index st(F) of the field F 

st(F) - sup{log2|X|, X = (X,#/t)) 

where T ranges over the fans in F containing Tp . 

(Theorem 13.7. [6]. Moreover Chapter 13 contains further 

information about stability index). 
r 

Gp(GK,GL,...) means Gal(F{2)|F) . G = ^ means that G 

is a free product of groups Ĝ^ in the category of pro-2-groups. 

For other definitions and theorems used here, the reader 

is referred to [5], [6], [7], [8]. 

If F has type (n,2n), n t I , then according to 

Theorem 3.1 [151 the Galois group H - G(F(2) |F(/n:)) is a free 

pro-2-group. Therefore cd2(F(/T)) = 1 . On the other hand, by 

Corollary 13.3 in [6] , st(F) »1 , too. (From this result, we 

can derive that the Galois group Gal(F(2)|F) is a free product 

of n two-elements groups [12]). 

If F has type (m2n-'j(m) , 2n) , where m = U2kl+,. ..J"1 , 
kl * ••• < ̂  . uOn) •= k^+ï+1 , n > u(m) , then from results in 

[11], (III) one can deduce that both st(F) , cd (FC/T)) have 

value n-U+l) . 

The theorem below gives an important relationship connecting 

two invariants, one of the order space and the other of the 

Galois group. Even though it may be deduced from results in 

[lli [2] and [5] it does not occur explicitly in the literature. 

We give a proof which exploits ideas related to fans 

in the theory of real fields. 

Theorem. Let F be a Pythagorean field such that |f/Ê2| < <» . 

Then 

st(F) = cd2(F(/rr)) 
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Proof. We prove this by induction on cl(F) . If cl(F) » 1 , 

then F is an Euclidean field [4], and 

st(F) = 0 = cd2(F(/T)) 

Now, suppose that our assertion is true for any field F , 

with cl(F) < a E W , 2 < a . Take F with cl(F) = a . 

1) First suppose that the space of orderings (X,f|Tp) 

has the form 

X = X j ^ ... W Xs , s > 2 

where X, ,...,X are connected components of X . 

Then by §2 in [8], we get 

stF » maxd, stCXj), i-1,2,...,s) , 

s 
According the results in [5] , F - A F. , where P.^ is either 

i=l 

the euclidean closure of F with respect to the ordering 

P.^Pj) " X. or F. is a 2-Henselisation of F with respect to 

some valuation V. on F compatible with all orderings in X^ . 

Since, according to Theorem in [10], H2(Gp ,E/2 E) is generated 

by quaternion algebras , we get by Lemma 9' in [5] 

GF - * GF Y i-l ^i 

Now let H be G Then by Theorem in [3], 
F(/T:) . 

If F is any Pythagorean field of finite chain length then 
from Theorem 6 in [5] (or Lemma 9 and page 267) we see that 
HZ(Gt, , Z2/2ZZ) is generated by quaternion algebras. Thus in 

this special case one does not need to rely on Merkurjev*s 
theorem. 
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H ̂  * (HrOG- )*L, L f {1} 
i-l hi 

where L is a free pro-2-group. From (4.2) Satz in [13], we 

get 

cd2H = max{l, cd2(HO Gp ) , 1 1 i 1 s) 
i 

Since [Cp rHO Gp ] = 2 and for every h E H H Gp , 
i i i 

h d T ) » /T , we get 

H O G p - G 
Fi FjC/m 

Since by (1.7) Theorem in [8], cl̂ F̂  < a, i-l,...,3 by 

induction hypothesis, we get 

cd2(Hn GF ) - st(Fi) 
i 

Hence 

cd2H = max(l, cd2{H /^Gp ) , 1 i i 1 s} 

= maxd, st(Fi), 1 f i 1 s) 

- St(F) 

2) Suppose that X is indecomposable space with |X| ̂ 1 . 

Then, according to Theorem 2.8 in [8], there exists a valuation 

V on F compatible with all orderings in X , such that 

Uy f ? P . By taking composed valuations if necessary, we can 

assume that the space Xy of orderings of the field Fy is 

decomposable or consists just of one element. (See proof of the 

Theorem in [11], I). Put b = dim^/2 ̂  f/f ZUV . Then by 

Theorem C and its proof in [16] we have 

" ^ ( A T ) - 2 2 * x J 
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where J " GK|./^j^ , and K is a Pythagorean field such that 

X K = Xp . Since cl (F) = cl(Fy) = cl{K) and the space XK 

is decomposable or |XK| - 1 , from 1) we get st{K) - cd2(K(/^T)) 

From Proposition 4.4 in [14] we get 

cd2H = b+cd2J 

b+st(K) 

b+st(l 

st(F) 

- b+st(Fv) 

completing our proof. 

COROLLARY. Let F be a Pythagorean field with cl(F) < «> . If 

st(F) < " , then | f/f21 < » and stjp)- cd2(F(/^T)) . 

If st(F) = " . then also cd2(F(,/^T)) = <= . 
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SOME COMMENTS ON SUBCLASSES OF SEMIMONOTONE MATRICES 

Melvyn W. Jeter and Wallace C. Pye 

Presented by G.de B. Robinson, F.R.S.C. 

In this note we shall summarize the results which we have obtained con-

cerning the linear completaentarity problem and some subclasses of ssmimono-

tone natrlces. For a review of the concepts and notation used, the reader 

should consult Cottle and Stone [2], Pang (6], Hurty (5], Barman and Plesmons 

(1], or Jeter and Pye [31. For a given matrix M e R""" and a column vector 

q e Knx , the linear complementarity problem, denoted by LCP(q,H), is to find 

T z > 0 and v >0 BO that Iw - Mz - q and w z - 0. It is well known that LCP{q,M) 

has a unique solution for every q e R " if and only if M e P, where P denotes 

the class of p-matrlces. The class Q consists of those matrices M for which 

LCPCq.M) has a solution for every q. Unfortunately Q defies a constructive 

characterization. Let a Q n = (l,.. .,n) and define C(a) e I c 1 columnwise as 

follows! Cta)., - -M., whenever i c a and Cta)^ - 1.^ otherwise. Then 

pos C(a) is called a conpleroentary cone of M. It is known that N C C if and 

only if the union K{M) of all the cones pos C(0) is R'U, . The class E. of 

semimonotone matrices M has the property that LCP(q,M) has a unique solution 

whenever q > 0. Tho class E. of fully semimonotone matrices is the collection 

of those matrices H such that LCP(q,M) has a unique solution whenever q belongs 

in the interior of a full complementary cone. The class U is a subclass of 

Ef and is made up of those matrices H for which LCP(q,H) has a unique solution 

whenever q c int K(M). Finally, R, is a subclass of ff3"1 where M c R, if 

I£P(0,H) has a unique solution. 

Pang (61 has established that L D o - L f l R . fora class L of matrices 

contained in E,. He posed the question of whether the result holds fok the 

larger class E,. In particular, is E.n Q G «,7 ** have established tho 
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following results in an attempt to answer this question. 

Theoran 1. I<et H e E, O fi. Then either (i) M c B,, or (ii) there exists 

t Ç B Ç fi such that for every J c p , I... belongs to a cocglementary cone 

having at least one generator from the columns In {HI., i k e £} lot 

{-M.k t k C P. k fl j} whenever M c c, Cl 0. where C, denotes the class of 

copositive natrlces). 

Theorem 2. Est M t c. n p. Then at least one of the following condi-

tions hold» 

(i) each nonzero solution z of LCP(o,M) has at least two zero compon-

ents, 

(ii) for some k, l>k c pos {-H^ -«.K-!» -".k+i» •••• -*.„>• 

Thacrem 3. C. O fi Cl R3x3 C ».. 

Necessary and sufficient condition» for tha ezlstence of a nonsingular 

principal aubnatrix of a given matrix can be found in the papers [4] by 

Mangasarlan and [7] by Parsons. He have established the following sufficient 

condition for the existence of auch a subnatrlx. 

Theorem 4. l£t M c 1?*" and q e R"*1 such that q £ 0. If LCP(q,M) has 

a unique nondegenerate solution, then M possesses a nonsingular principal sub-

matrix. 

Mt can preclude the possibility of N possessing a negative principal minor 

by restricting H to belong to the class tf whieh we define as follows: 

tf - (M C fifulni for any a C n, pos C(a) D pes C(û) - (0) ), where 6 = n \a. 

Ihe class tf contains ?. 
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Theorem 5. If M E tf and there is at most one coaplementary cone of W 

which is not pointed, then M e P,, where P. denotes the class of matrices pos-

sesslng only nonnegative principal rainors. 

In particular, whenever H C tf and H has exactly one singular principal 

subnatrlx, then H e p , . If all principal submatrices of M are nonsingular and 

if H e tf, then H c P. It is also true that whenever M e tf and each principal 

submatrix of M contains at least one row of nonzero entries of constant sign, 

then M E P0. In particular, whenever M E tf and H > 0, then H e P.. 

Membership in the class tf by H has some inçortant consequences concern-

ing the uniqueness of solutions of LCP(q,H). These consequences are developed 

in the final sequence of results listed below. 

Theorem 6. Let A be any principal pivot transform [1] of M. Then M C W 

tf and only if A C M. 

Theorem 7. If M e ID, then each principal submatrix of M is a Ill-matrix. 

Theorem 8. If W e tf, then M e tj. In fact, ll) CO. 
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REPLACEABILITY IH MATRIX METHODS 

Shao-Chien Chang 
Presented by H.S.M. Coxeter, F.R.S.C. 

A matrix is replaceable. If it Is equipotent to a matrix the 

columns of which are null sequences. In this note, we give a brief 

account of partial solutions to the replaceability characterization 

problem, and recall some known results on replaceability. 

We consider an Infinite complex matrix A = (a^) n, k = 1, 2, .. 

with suranability field cA defined to be lx = (x,, x2, ...) : Ax c cl, 

where c is the space of convergent sequences and Ax = { ï a^x^. i a ^ 

The symbol ek will denote the sequence (0 0. 1, 0, ...) with 1 in 

the k-th entry and 0 elsewhere, andtç will denote the linear span of 

{e1, e2. . . . ) . We assume thatf ec A, hence A has convergent columns. A 

matrix A is said to be replaceable, if there exists a matrix D with 

x.. 

cfl = cD and 11mDx = lira Ox = 0 for each x c f , i.e. if all colwins of D 

are null sequences. 

In the earlier investigations, most of the discussions on matrix 

methods of sunmabllity were confined to conservative matrices. For 

further information on conullity and the Invariances for the distinguished 

subsets 8, W, F and P see [6], also [2]. 

This paper was prepared while the author was partially supported by NSERC 
grant #A9209. Most of the material was presented at SLU-GTE Conference on 
sequence spaces,sunmer 1985. 
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Theorem 1. Let A be a co-regular matrix. Then A is replaceable if and 

only if ̂y f P. 

The above closure is taken within the space cA endowed with FK-topology. 

It was first asked in [11] two decades ago whether a conull matrix must 

be replaceable. A broad answer to this question was given by a counter-

example in [8] a few years later. As a result of intensive study of an 

article of E. Jurimae (Tartu J. Mat. 1965), new classes have been added 

within conull matrices together with further information on these classes. 

It was indeed the distinction between these classes which enabled us to ' 

give the broad answer to the question XII in [11] as mentioned above. 

Carrying on the study of [8] we obtain the following 

Theorem 2. Let A be a conull matrix with M ^ m O c ^ c . Then A is replace-

able if and only if if ̂  P. 

Proof. ^ / P is sufficient for replaceability, c f [12] 15.2.7. As for 

the necessity, we first assume without loss of generality (replaceability 

is invariant) that 11m, vanishes o n » . By our hypothesis, there exists 

an x in mAc. with x ̂  W, therefore we can conclude that lim^x i \ a^x^ = 0. 

But x c P, hence O/' P. -. 

For a conull matrix A with w.^ mnc. but T » m fl c., A is known to be 

non-replaceable. From an observation of [9], we see that 7 ^ m n c. 

implies the replaceability of A. A natural refinement of the above | 

theorems and their consequences was given in [7] by simply replacing m fl cA 

with F. Clearly matrices with W ^ F are M-unique, and the same holds for 

non-replaceable matrices. (See, for instance, [2]). Thus the result 
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above is uninforroative as far as replaceability is concerned, but 1t seems 

to provide a model for a general characterization of replaceability. In 

[5] the following result can be regarded as a best possible improvement of 

the theorem above; and an example was also given in [5] to demonstrate 

that no further generalization of the result below exists. 

Theorem 3. Let A be a M-unique matrix with dim (cA/iç) finite. Then A Is 

replaceable If and only if î  i* P. 

From the example in [5] (not mentioning its structural complexity), 

we finally are able to see that the statement^ / P does not characterize 

replaceability after all. 

It was noted in [6] that each replaceable matrix has the property 

B = F. At one time we were hoping this property might be the one for 

replaceability characterization. Soon, however, an example of a non-
replaceable co-regular conservative matrix with B = F was given in [10]. 

The following example, introduced in [11], is a non-replaceable 

conull conservative matrix with B = F. After recent communication with 

Professors Wilansky and Beekmann,we became aware of the fact that , 

contrary to the claim, the matrix below does not provide an answer to the 

problem stated in the example 13.3.3,[12]. Thus the question whether a 

matrix A roust have AB under the condition cA » S © u with u c Inset remains 

open. 

Example Let 

b1 
b, - b 

b1 b2 -b3 
b1 b2 b3 -b4 

t 

with b °  (b., b-, ...) c t.. Ne conclude that A is non-replaceable with H = F 
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Proof. It is known that a given functional on cA can be written as 

f(x) » MlimAx + t(Ax) + sx, x e cA (*) 
Q 

where w c B, t e «• and s e cA. 
i 

Let K be a matrix with the property that for every f E c^ and 

f(e^) » 0, k efi, we have M = 0. Clearly the matrix K Is a y-unique 

matrix. Suppose that there is a matrix D with c0 • cK and limp = 0 ontÇ. 

Since Hm D e c^, we have u(11m D) - 0, which contradicts the fact that 

0 is a M-unique matrix. Thus no such D exists, therefore each matrix 

K with the above property is non-replaceable, (cf [6], [4]). 

We now show that A has the property stated above. First we note that, 

(cf [12]) 

cA • ̂ © M , with u - (2bi1. 2Zb21, 23b31 , . . . ) . 

Take f E cA such that f(ek) » 0. for all k cM. From (*), 

0 = Mbk + ( tA) k + sk or sk = -Mbk - ( t A ) k , 

or 
sk • -bk - (Jk+/v - v v 

Since u e cA and s e cA, it follows that skuk = o(1). But uk = 2 bk 

for k clN, so we have 
œ 

o(Z"k) = - M - I t + t., or M = 0. 
v=k+1 K 

This says that A is non-replaceable. 

By [11] it is easy to see that 1 = bs » A1, so that we have 

A1 = I = W = F. 

But, for f e c... with x £ B we have 
f(x) « MlimAx + \x, 
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for some sequence X. it follows immediately, by virtue of the 

Hahn-Banach theorem, that ̂ 3 B. Sincef c F c . B and F is closed, we 

finally conclude that 

H = F = B. • 

Every non-y-unique matrix is known to be replaceable, and the 

following stands as the only replaceability characterization of 

M-unique matrices. We are naturally looking for more constructive and 

practical one(s) with obvious reasons. Also we note that, in view of 

our example, the answer to question 7, p. 300 in [12] is negative. 

THEOREM 4. Let A be a M-unique matrix. Then A is non-replaceable if 

and only If for each matrix D with c0 » cA, we have 0 ( Ç ) ^ CQ. 

The author is very grateful for the many critical comnents from the 

referee which have improved this article iroiensely. 
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CHARACTERIZING s" BY THE SPECTRUM OF THE LAPLACIAN 

S. I. Goldberg and H. Gauchman 

Presented by G.de B. Robinson, F.R.S.C. 

ABSTRACT. The Euclidean sphere S2n+1 is characterized by the spectrum of 

the Laplacian on 2-forms in all dimensions. 

1. Introduction. It was recently shown (3), (4) that within the class 

of Kaehler mainfolds, complex projective n-space CPn with the Fublnl metric 

g is characterized by the spectrum of the Laplacian on 2-forms in all dimensions. 
" 2 

More precisely, let (M,g) be a compact Kaehler manifold with Spec (M,g) -

Spec2(CP ,g0), where Specp(M,g) denotes the spectrum of the Laplacian with 

respect to the Kaehler metric g on p-forms of M. Then. (M,g) Is holomorphically 
Isometric to (CP ,g.) for all n. In this paper, we consider the problem of 

n u 

characterizing the constant curvature sphere Sm by the spectrum of Its Laplacian 

on p-forma: If Specp(M,g) - Spec*(Sm,s0) for some fixed p, is (M,g) isometric 

with (Sm,g0), where g- la the constant curvature metric? The answer to thla 

question Is yes In the following cases: 

(a) p " 0 and m < 6 [11, (71; 

(b) p - 1 and m = 2,3,16 93 [8]; 

(c) p - 2 and m = 2,3,6,7,14,17 178 [6]. 

REMARK. Patodi (51 proved that if SpecP(M,8) - SpecP{Sn,g0) for p = 0 

and 1, then (M,g) is isometric with (S^g,,) in all dimensions. In order 

to obtain uniqueness for a fixed p In all (odd) dimensions we confine our-

selves to the class of normal contact Riemannian manifolds and obtain the following 

Supported by Natural Sciences and Engineering Research Council 
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statement. 

THEOREM 1. Let (M,g) be a compact normal contact Riemannian manifold. If 

Spec (M,g) • Spec(S >80), where g0 is the metric of constant curvature k • 1, 

then g is a metric of the same constant curvature k • 1. 

2. Thg mgetrun. Let (M.g) be a compact, connected Riemannian 0 

manifold without, boundary, and wich Laplacian d • -(ddtt + dMd), where d is 

the operacor of exterior differentiation and d is its adjoint, with 

respect, to the Riemannian metric g. Then, for each p = 0.1.2 the 

spectrum of à is given by 

Specp(H.g) = (0 > Xj > Xg fc ... ̂ Xjj * ... i - »). 

each eigenvalue Xj repeated as often as Its multiplicity. By Hodge theory, 

0 6 Spccp(H,g) If and only If the pth bettl number b (H) is not zero, and 

Its multiplicity Is then b{M). For p = 2. the Minalcshlsundaram-Pleljel-

Gaffney formula is 

r exp CX. ,t) = — 1 — T a, -tl + 0(t'H,H"1). t 1 0. 

the coefficients aj 2, 1 = 0.1,2 being given by 

(2.1) ao 2 = EiEzliy. y = volOO. 

(2.2) a1.2 " '°  "12° *24 V d V -

(2.3) aj 2 = ̂  /MC2(m2 - 31m + 240)|R|2 - 2(m2 - ISln + 1080) |S| 

+ 5(m2 - 2Sm + 120)p23dV. 

2 
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where R.S and p denote the curvature tensor, tho Ricci tensor and the 

scalar curvature of g, respectively, and |R|2 = t ^«..R^1*1. 

|S | = T Rj.R 1, Rjjjjj and R,. denoting tha components of R and S, 

respectively [5} . 
If Spec (M.g) = Spec2(H' .g' ) . then dim M = dim H , V = V . 

b2(H) s b2(X ) and 

(2.4) J^dV = ;„'p'dV and a2,2 = a , 2 . 2 -

The following expression for Bg 2 will be useful: 

2 
(2.5) 720 a2 2 = J^Qj |C| 2 • Q2( |S | 2 - | ) + Qyi^dV. 

where |C|2 = EC. . . . C 1 ^ 1 Is the square of the norm of the Seyl conformai 

curvatuse tensor and 

Qj = 2(m-lSKm-16), Qg = 8(m-lSHm-16) _ 2( ln2 . 1 8 1 m + 1 0 8 0 ) 

„ _ 4(m-15)(m-16) _ 2(m2-181lwl080) + 5 ( B 2 _ 25m + 120). 
T m(m-l) m 

If (H .g' ) is a manifold of constant curvature k , then |C | = 0 and 
| s ' | 2 = p ' 2 / m , so by (2.5) 

o 
(2.6) /^Qj |C|2 + Q2( | S | 2 - | - ) + Q^WV = /„' Q3P' V . 

Thus, since Q,. Qg an(1 ^ are positive for m = 3.6,7.14.17,18 178, 

and /iJl2dV > /p'2dv' . the latter being a consequence of Schwarz's inequality 
and (2.4). g i s a conf ornai ly f la t Einstein metric. Kence. (M.g) I s a 
manifold of constant curvature k = k in these dimensions (6) . For m = 8, 
Q, vanishes and Q, and Qg are both positive, so again g is a constant 
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curvature metric. For m = 15 and 16. (J, vanishes and Q. and Q, are 

both positive, so g is an Einstein metric with scalar curvature p-. If 

M = o with the metric of constant curvature k , then, since V = V it 

follows from (2 ; p. 257] that (M.g) Is isometric with (S^.g' ) for m = 15 

and 16. This extends Theorem 3.1 in 161. 

The case p = constant Is Interesting. For, since Q, and Qg are 

positive for m = 9 13, «e may again conclude that g is a metric of 

constant curvature. 

2 
THEOREM 2. Let (M.g) be a compact Riemannian manifold. If Spec (M,g) -

Spec (S ,gn), where g. ia a metric of constant curvature, k', then g la 

a metric of che same constant curvature k • k for m = 2,3,6,7,8,14,... ,178. 

If. tn addition, g Is a metric of constant scalar curvature, then g is a 

metric of constant curvature k •• k for m • 2 ,3,6,... ,178. 

2 2 2 
The case m - 2 is a consequence of the fart that Spec (H,g> - Spec (S ,g ) 

Implies Spec (M,g) = Spec (S ,g0). 

2 
THEOREM 3. Let (H,g) be a compact Riemannian manifold with Spec (M,g) -

Spec (S ,gn)» where g- la a metric of conatant curvature k1. If for aome 

X 6 » 

| ( | S | 2 - Xo2)dV - [ ( Is -1 2 - Ap'^dv', 

where the prime ind ica tes corresponding q u a n t i t i e s in (S ,g ) , then for 

(1) \ < —, g i s a metric of constant curvature k = k , 
m _^_^^^^_^^___^^—_^^^^^__^^— 

(11) X > — , o is a metric of constant curvature k = k for each m 
— m 0 _ — — — ^ ^ ^ _ ^ _ ^ — ^^-__— 

satisfying (X - i)Q2 + Q3 > 0. 

3. Contact Manifolds. An almost contact structure (•.x ,n) on a 

(2 n+l)-dlmenslonal C manifold M Is given by a linear transfromatlon fleld 
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((i, a vector field x0, a 1-form n satisfying n(x0) - 1, •x0 " 0 and 

^2 . _ 1 + pggc . in this case, a Riemannian metric g can be found such that 

h - g<x0, •) and g («x.y) - - 8(x.*y) for any vector fields x and y. 

A contact manifold with contact form n has an underlying almost contact 

Riemannian structure («.Xg.n.g) »uch ehat B(«.#y) " 4n(x,y). If the almost 

complex structure J on M X R defined by J(x,fd/dt) - dtw - fx0,n(x)d/dt) is 

Integrable, the almost contact structure is said to be normal, and M is said 

to be a normal contact manifold. In this case, the vector field x0 is a 

Killing vector field. Moreover, 

g(R(x,x0)y,x0) - g(x,y) - n{x) n(y) - 8(*x,*y) and S(x,x0) - 2nn(x). 

The standard contact Riemannian structure on an odd-dimensional sphere Is 

normal. 

The form SCx.y) - S(x,$y) Is a skew-symmetric bilinear form on M. The 

following lemma is essential for the proof of Theorem 1. 

LEMMA 1. Let M be a compact normal compact manifold with b2(M) - 0. 

Then there exists a 1-form a on M such that S - do and a(x0) = const. 

PROOF OF THEOREM 1. Using Lemma 1, an argument similar to that of §2 

in (41 gives rise to the relation f ( | s | 2 - V ) d V = [(Is'|2 - ip'2)dv'. 

L S 4 n + 1 

Therefore, using Theorem 3 with X - j and noting that (̂  - m)Q2 + Q3 > 0 

for all odd m > 3, we conclude that g la a metric of constant curvature k - 1 

for all n > 1. 
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A NOTE ON BURGESS' CHARACTER SUM ESTIMATE 

Adolf Hildebrand* 

Presented by J.B.R. Chalk, F.R.S.C. 

Abstract; We improve the range of validity for a special case of 

Burgess' character sum estimate. 

Let x b e a non-principal character modulo a prime p . Estimates 

of the type 

(I) | I x^) l i e " (Na.No(e.p)) 
n <N 

are of great importance in many places in number theory. By the Polya-

Vinogradov inequality, (I) holds with No(£,p) - (log pVp/e , and B u r ^ " ' 

deep character sum estimate H I [2] yields (1) with No(e.p) - P 

for any fixed e, « >0 and p>. P0(e,6) • Ve improve this as follows: 

THEOREM: Given e >0 there exist 5-5(e) >0 and P0(e) ̂ 2 such 

that for any non-principal character x m0'lul0 S. ££££. p S P Q ^ ' 

(1) holds with No(e,p) - p1/*"5 . A possible choice for 6(e) is 

(2) S(e) - exp( - c(e~2+l)) 

with a sufficientlv large absolute constant c . 

*) Supported by an NSF grant 
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Proof! The improvement over Burgess' estimate is made possible by the 
following 

LEMMA: Let f be â  multiplicative function of modulus < I , and let 

H(x) » M(f,x) " ^ I f(n) (xil) 
nsx 

Then we have 

(3) IMU')! - |M(x)| • OWx.x')) (3sx<x'ix5/4) , 

* ^ -1/2 , -1/2 
R(X,X') - (lOglOg X) + ( l o s j ^ l ^ y j y ) 

and the O-constant is absolute. 

For real-valued functions f , this was proved in [3,Lemma 4l . There, 
after establishing (3), the stronger relation 

(4) MCx') - M(x) + 0(R(x,x')) {3sx<x'ix5/4) 

was deduced. While for the deduction of (4) from (3) the hypothesis that 
f is real-valued is essential, this hypothesis was not used in [3] for the 
proof of (3). Hence the above lemma holds as stated. 

Applying the lemma with f •• X ( X being a non-principal character 
modulo a prime p ), x>N£p and x'-Np ( >p ) , we obtain 

i I -V2 

(5) ;j| I x(n)l " - T T I 2 X<n)| + 0((loglog(N+2)) ) 
•*S NP n<Np2« 

-1/2 
+ 0((log(I/6)) ) 
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provided 0<5<l/40 . If now e>0 is given, then defining {-5(E) by (1) 

with a suitable constant c , the last error term in (5) becomes £c/3 . 

The first error term is <e/3 , if p (and hence N) is sufficiently large, 

and by Burgess' estimate the main term on the right-hand side of (5) is 

also bounded by e/3 for p>p (e/3,5(e)) . The asserted estimate now follows. 
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ON INTEGRABLE SOLUTIONS TO THE BARON-BOYARSKY FUNCTIONAL EQUATION 

Preben Alsholm 

Presented by J. Aoaél, F.R.S.C. 

We consider the problem of the existence of Integrable solutions 

f :I0,1)-» [0,+<») to the equation 

(1) f ( | + x) + f ( ^ - x ) = 2rxf(r(|-x2)) for all xe[o,|] , 

where r la a constant in [3,4]. 

We ask if there are any solutions which are different from zero 

on a set of positive Lebesgue measure ("non-trivial solutions"). 

With the additional requirement 

(2) suppf = [r.[i-|],|] 

Karol Baron [1] has proven that (1) has no non-trivial Lebesgue 

integrable solution provided r£[3,4] satlsfiea 

^ f i - l j » ! , i.e. r < l + / F = 3.236. 

In this note we shall show that there is a set Sc(3.57,4] of 

positive Lebesgue measure such that when r€S the equation (1) has 

no non-trivial Riemann integrable solution. The set S contains 4 

emd has 4 as a point of density, i.e. 

|sn Ir,4]| / (4-r)-1 as r-.4. 

We do not use the assumption (2). 

Our method of proof, which is totally different from Baron's, re-

lies on results about the iterates of the one-parameter family 

{ g r K re [3,4], where 

(3) gr(x) = rx(l-x), xe[o,l]. 

For the proof, suppose f: [0,1] - [0,+«) solves (1). We rewrite 
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the equation in the form 

(4) f(x) +f(l-x) o 2r|i-xj f(gr(x)) , 

and (4) is now satisfied for all xC[0,l]. 

We shall use only that f hy = 0 and that 

(5) Vxe[0,l): f(gr(x)) = 0 * f ( x ) = 0 . 

The implication (5) follows from (4) since by assumption f > 0 . 

By g" we denote the n'th i terate of g r , thus g°(x) ° x and g"+1(x) = 

gr(g"(x)) for a l l x. We shall say that g r has a periodic orbit of 

period p ^ l i f gp(x0) = x0 for some x 0 . The orbit i s said to be 

stable i f | ^ g r ( x 0 ) | < 1 . 

From (5) i t follows that If g"(x) = i for some n > 0 then f(x) = 0 . 
Thus f(x) " 0 for a l l x in the set 

G r " i o g r n ( l l = { x€[ 0 , l ] | 3 r . > 0 : g ^ ( x ) = | } . 

We shall now combine the following two theorems about the iterates 
of the family {g,.}, r€[3,4]! 

I. If g has no stable periodic orbit then G is dense in [0,1]. 
(For this result see [2], Corollary II.5.5, p. 117). 

II. There is a set S c [3.57,4] of positive Lebesgue measure, con-
taining the point 4, and having 4 as a point of density, such 
that for r£S g has no stable periodic orbit. (See [3] or 
[4]). 

We conclude that if res then G is dense in [0,1]. Therefore f is 
zero on a dense set. Thus if f is Riemann integrable it must be 
zero almost everywhere. This completes the proof. 

For information about the structure of the set S consult [2] or [5l. 
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Remark. In order to obtain Baron's result one need not assume (2), 
since it can be shown that if f is Lebesgue Integrable and satisfies 

(1) then f(x) =0 for a.e. x outside I x l 1 - ? ) ' ! ] " 
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ON THE ZETA FUNCTION ATTACHED TO THE DUAL REDUCTIVE PAIR 
(110(p,q,g)tMp(1,B)) TW THE METAPLECTIC GROUP Hp(p*q.R) 

Walter Schempp 

Presented by P.C. Greiner, F.R.S.C. 

1. Introductory Remarks on the Restricted Metaplectic Representation 

Let p^O and q*0 denote integers having the sum n=p+q=2. Fix the 

standard non-degenerate g-bilinear form M - ^ q of signature (p,q) 

on the n-dimensional real vector space |n=gp®|q. Then we have the 

decomposition (• I .)p,q-<-' •>p,o"U '-'o.q into a P0 8 i t i v e and a ne" 
gative definite g-bilinear form on gp and gq, respectively, by 

putting ^-^ ^-^ 

(xly)„ „= 2^ x.y.- Z J x^y^. 
P»q -isjip 3 J p+1Sjin 3 3 

We shall adapt the complex Hilbert space L2(gn) to this decompo-
sition of (.|.) by setting L2(gn)=L2(gp)aL2(Bq) . Let^g") de-
note the complex'Schwartz-Bruhat space on Rn. For any function 
f6^(gn) we will adapt its Fourier transform to M-Jp.q according 
to the rule 

f -2Ti(xly) n 

& f(y) = 1 «f(x)e p'^dx ( y e g ) . 
Bp e iq ./gn 

Let Q(p,q,g) denote the isometry group of the quadratic form 
g n 9 x — ( x l x ) associated with (.l.)p,q- Itl ^ c a s e 0 < p < n t h e 

group 9(p,q,g)>'has four connected components each component con-
taining one component of the maximal compact subgroup 
g(p,0,R) xQ(0,q,g) and Klein's Vierergruppe transforms the con-
nected_component |Q(p,q,B) of the identity in Q(p.q,g) onto the 
whole group 0(p,q.g) . In the case n-4, p-1, q-=3 the proper Lorentz 
group SO(1,3,g) in 4 variables arises. 

Form the real metaplectic group Mg(n,^Sg(n,B) x |/2Z which is the 



a a 
' 

3 rt-Bi ft
 

H
-

O
 

3 4 

H
 

9 
"0

 

J
3 

m
 

l)
C

 -̂. 
lr

" 

0 H
i 5 re

 
•0

 
H

 
O

 
M

L
J

. 

^̂
 

•OB
O

 
» A » tr1 

^J
i 

^̂
 

(O
ft

 

IW
 3 *̂
 

tti
 

3 ^ o ft
 

3 0 rt- H
- rt- K
-

œ
 

H
. 

m
 

0 o n •o
 

3
-

H
-

O
 rt-0 D>
 

3 O
 h a H
-

3 B>
 n < 

a m
 

0 o H
- m
 rt- 2 a fi H. S rt 3 ©

 •1
 re
 

a rt- n H
-

O
 rt 2 a 3 (0
 rt B •0
 

I-
" re

 
0 rt

 
H

-
O

 

H
 (B
 •0
 

M
 a i 

re
 

o rt
 

H
- < re

 
H

 
H

-
3 a a n M

 n>
 

-0
 

ti
 n a o 3 rt
 

B
 

rt
 ^ O 3 no
 

•0
 * Jï ir

ô x n»
 

ir
a * 'S
 

UJ
 « 1 i 1 

rt- K m
 

M
 

H
-

N
 re

 
M

 

0 th
 

rt
 

3 re
 

0 rt
 

3 n>
 

i S 3 re
 

3 O
 ro

 
rt

 
3

- re
 

3 eu
 

3 . > o to
 

H
 o c t-
* m
 rt h»- O

 3 0 th
 ? ro
 

0 0 o •<
 

o 

"S
 

U
O

 ra
 

h \m
 

m
 

3 o.
 

0
3 no
 

-X
 "S
 

f.
 

3 rf
 

3 » C
 

3 P
-

rt
 a tl
 ><
 

m
 

M
 

0 c ra
 

ne
 

IT
" 

rt- 3 re
 

3 IS
 

rt
 

a ra
 

H
 re

 
o rt H- o <o

 
M

 
0 C

 ra
 

us
 

ir
a 5"

 
"S

 
-.. n th

 . C
t re

 
}->

 cr
 

a i rf
 

i—
i 

to
 

rt B rt
 

H
-

O
 

3 m
 

rt
 rt B) O
 

3 re
 

0
. rt 0 rt 3 ro

 
a B

 
O

 
M

 

t(
 re

 
a c o rt H- < re

 
ra

 
0 p

. 
ti

 ^̂
 

C
S 

i—
i 

n
o 

ro
 

• 

*-*
 

1
1

» 3 ^̂
 

th
 

O
 

tl
 

3 rt 3 re
 

n re
 

3 1 

•5 • 3
" ro
 

H
-

3 B
 <a
 re
 

01
 

0 th
 

ra
 

^ J3 ||
W

 

II
S no
 ^ « c»
 

^̂
 

H
-

3 

„ H
 ra

 
J3

 

t-

rt 3 (î
 

g ro
 

rt
 

ro
B

i 
^

N 

IW
 3 *̂
 

H
-

to
 

0 W
 »-*
 

t- re
 

a rt
 

O
 cr
 ro
 

rt
 

3
- re

 
ti

 ro
 

a rt
 

tl
 

p
. 

0 rt re
 

a ^ rt B ra
 

(-<
 

re
 ra

 
>- ro

 
o rt

 
p

. 
O

 

tl
 ro

 
ra

 
n ro

 
01

 ro
 

3 S rt p- o 3 —.
 

•3 * t1 

fi 
ra

 
re

 
n o 

3 
a 

i»
 

e 
•<:

 
o rt 

ns
 

no
 

«»
 3 

03
 

II
S no
 

n»
 3 * a 

o 
ra

 
ra

 
o 

ns
- 

-
3 

II
O

IO
 

S
) 

a 
~ 

p
- 

ra
 

0
. 

-
re

 
A 

n 
- u»

 
rt

 
—

 
f 

X 

ro
 ns 

n 
it

o 

re
 —

 
n 

-»
 

rt 
-

ti
 

n
» 

p
. 

—
' 

n rt
 

p
. 

p
. 

a 
0 3 

3 p 

•3 
rt 

?f
i 

M
 

A
 

fi)
 

~̂. 
Il

» J
l ^ 0 th
 

ns
 

no
 

n»
 

P
* 

n 
M

 
><

 
n 

re
 

ns
 i

-
no

 
o 

~ 
a 

ra
 

a 
- 

re
 

•O
 

Q
> 

3
1

1
» 

P
-

B
> 

or
a rt .
 

P
-.

Q
 

0 t(
 ro

 
ra

 
n re

 
a a 3 1 

.-.
 . 

—
 

3 

i °
 

II
S ito
 n

s 
~ 

nd
 

_i
 

.-
. 

- 
n»

 
•5

 .
0 

w
 

n
, 

ra
 

0
-

th
>

Q
 * 

P
-

3 ï ro
 

o o B
 ra
 

H
 ffi
 

X Œ
 

P
-

M
 

tr
 re
 

ti
 

rf
 

tû
 ra
 

B
 

0 ro
 

tr
1 

w
 

«
J 1 t ? H •̂ m ne
 ? 

s ro
 

p
-

t- 3 a rt
 

B
 ra
 

t- a o rt
 

P
-

O
 ^.
 

O
 

tl
 )-p. 3 re

 
to

 
B

 

II
» JJ

 

•w
 

0 M
l 

r
t 

3
- re

 
ti

 ro
 

B
 

ro
 

H
 

.-.
 

11
» J3

 
. If

l 
h*

-
g O

 

ft
 

3 re
 

a p
- n re

 
o rt 

3 re
 

rt o ra
 

M
 ro

 
o rt

 
P

- n IO
 ti
 o c ra
 n 0 ta

 o p
-

t- H B
 rt o H
 

tl
 ro

 
ra

 
ti

 ro
 

M
 ro

 
3 rt B rt p- O

 
3 

D
. 

p
-

3 iQ
 re

 
ti

 

t!
 re

 
ra

 
t!

 ro
 

n ro
 

3 rt
 

B
 

rt
 

p
-

0 3 0 th
 

>
l 

II
» 3 rt 3 re

 
re

 
x p

. 
0)

 
rt

 a 3 O
 ro

 
0 th

 

rt
 

3 ro
 

tn
 ro
 

10
 

B
 

H
< 1 to
 

3 B
 P
- re

 
i 

? re
 

0 ti
 ro

 
3 P

-
3 ra

 
M

 
P

- re
 

u < p- B
 

rt
 

3 a o 0 < B t|
 

P
-

B
 

3 O
 ro

 
p

-
0

. re
 

3 rt
 

P
- rt »<
 

th
 

0 tl
 rt 3 re

 
t^

 
p

-
3 re

 
B

 
ti

 w
 

o 3 tl
 

O
: 1 

^̂
 

O
 

th
 

l—
l •J
 

i—
i .̂ . > 3 B

 ra
 

ra
 

t-
1 

p
- o B
 rt p. 0 9 0 th
 rt ^ re
 

m
 

rt
 

0 3 ro
 

< 0 3 Z re
 

B
 

3 3 1 S B
 

0 X
" ro

 
><

 
B

 
3 P

-
0 P

- rt •< 

g Q
 

tt
 ra
 

3 p
- S 0 th
 

>
i 

II
» 3 

t- ro
 

B
 < p- 3 kQ
 

rt
 

3 ro
 

0 3 re
 •̂ 3 ro

 
3 rt 3- ro

 
n ro

 
B

 
P

» 

tn
 1 ra
 

M
 ro

 
n rt

 
p

. 
n •a

 n 0 B
 ra
 

nm
 

no
 

a 
n»

 
p

. 
3 ro

 3 « ts 
3 

ra
 

m
 

">
 

P
->

Q
 

0 3 B
 

p
" 

O
 ro

 
s rt re

 
M

 

0 th
 >î
 

II
» J tt
! 

P
-

X s. 

B
 

0 rt 10 B
 

10
 

B
 <a
 

ti
 

0 c ra
 

0 th
 

B
 B
 

rt
 

0 

„ X •<
 

N
 . _.
 

X « •<
 « N .—.
 

II X + X « ><
 

+ •<
 « N + N

 li- ai
 

ra
 

i , .
 

x s X « ^. •<
 

"<
 *-'
 

—
' 

»̂
 

II
» 3 e n»
 3 e nw
 

B
 

3 a 3 C
 

M
 

It
 

P
- ra
 

t-
* 

p
- o B
 

rt
 

p
- < a ia
 

ti
 

0 B
 ra
 

p
- e « 

M
 ro

 
B

 
H

* x ro
 

p
. 

u ro
 

3 tr
 ro
 

i .o
 

3 P
-

P
» ra
 

0 rt
 ro

 
3 rt

 r p
- ro

 
« M 0 B

 ra
 

fi p. rt
 

3 B
 

3 a 0 i M
 •<
 

P
-

3 'Û
 3 B
 

3 P
-

th
 

0 M
 

D
. 

tn
 ^ 3 ra
 

p
» ro

 
n rt

 
p

-
0 < ro

 
o rt 0 tl

 m
 ra
 

B
 n ro

 
. f ro

 
rt

 

th
 

03
 

o 
ra

 
ti 

• 
3

f
l 

0 O
 

II
» to

 

II • . 
3

0 

U
 

£ 

U
» to

 ra
 

a n»
 

B
 

' a
 

M
 ro

 
ra

 
to

 
K

 
A

 

B
 

3 0
. 

>i
tm

 
.-*

 
n»

 
j 

to
 

^
3 

W
 

ra
 

a
-

ro
 

>û
 

3 0 rt re
 

rt 3 ro
 

M
 

3 + -A
 •̂
 

1 a g" ro
 

3 tn
 

p
-

0 3 B
 

p
' 

—̂
 

th
 

0 g 3 a B
 

IO
 

3 1 a s- ro
 

3 B
 P
-

0 3 B
 !-•

 
tl

 re
 

B
 M
 

ro
 

w
 ro

 
3 rt a Si

 

3 0 3 1 a ro
 

•a ro
 

3 re
 

n B
 

rt
 œ
 

B
 M
 rt ro

 
t!

 
3 P rt

 
P

-
3 ua

 
n»

 
i tr p
-

p
» 

p
. 

3 ro
 

B
 

tl
 

t3
 

3 ro
 

3 i;
tn

 ro
 

D
» •; n 

IW
) 

no
 ^~

. 
_

i * n»
 T lltn Vf

 ro
 * n»
 

o tr < p- 0 B
 

to
 

M
 •<
 

rt
 

3 ro
 

rt ro
 

3 tn
 

0 tl
 ra
 

n 0 a c o rt
 

O
" 

n»
 to

 
x D
» ro

 

U
J 

A C
 "c
 ""-'
 

^̂
 < "* < *̂
 

1 i f T 0
. ro

 
tt

 

^'
 '—

*. 
< 

c 

< 
c 

>^ 
^^

 
m

 
n»

 

to
 1 ra
 

p
- re

 
n rt p- O

 < re
 

0 rt
 

0 t(
 

to
 ra
 

B
 n re

 
fi p- rt

 
3

-

a n r
t B
 

p
-

H
 

to
 o th
 rt 3 P
-

10
 

3 0 ft
 

P
-

0 3 ^ M
 ffl
 

rt
 

rt
- 

H»
 

3 ffi
 

01
 rt-B 3 a B

 
H

 a tn
 

3 ra
 

M
 » o rt P- 0 th
 

0 tl
 

3 iO
 

p
- <: ro

 
3 tr »<

 

ra
 

B
 

p
. 

ti
 

p
-

3 ? re
 

ti
 re

 
B

 
p

-

3 ffi
 

rt B ra
 

t- ro
 

o rt
 

p
-

o 03
 

to
 

H
 

-• v 
0 B

 ra
 

a.
 n

s 
ro

 
3 0 rt

 a rt
 

3 ro
 

rt
 « 0 • a p
-

3 re
 

3 to
 

p
. 

0 3 B
 H
 

M
 

.œ
 

B
 

H
 

m
 5"
 

^ n»
 . H

 
3 O

 » a ro
 

ti
 

rt
 

0 ro
 

x ra
 

M
 a p
-

3 to
 i ao

 râ
" 

i ̂  u» p
. 

3 O
S no
 

3 '2
 . H

 
3

-
a 3 II
S 

D
O

 ra
" 

^ Xl IW
 ^ ns
 

no
 

_
i ^ IW -̂. 

th
 

0 3 to
 

B
 a c B
 

H
 

tl
 ro

 
0

. 
E O

 
rt

 
p

. < ffi
 O

 
th

 rt fi 0 a p
. 

th
 

th
 ro
 

ti
 ro

 
3 rt

 ra
 

0 p
. 

3 ? f n rt
 

as
 

no
 ra
" 

ià ii»
 

D
" ro

 
rt 3 ro

 
p

-
3 < re

 
tt

 a o p
. 

3 B
 

U
5 ffi

 
0 th

 

th
 

p
. tr re

 
n o th

 S ffi
 

O
 

0 < n ti
 

p
. 

3 <a
 

3 g Q
 

11
 ra
 

3 P
-

to
 

3 ns
 

no
 

s"
 

n»
 

U
) <«

 
\ q tn

 
n

to
 

no
 5"
 

IW
 o 0 3 to
 

p
. 

tn
 rt tn 

a o & P
1 re

 
n 0 < ro

 
ti

 
p

-
3 ta

 

0 th
 rt 3 0 tl
 ro

 
B

 
M

 

m
 1 ra
 

H
 n n rt p- 0 H
3 h o E ra

 
ll

tn
 

ir
a 3 * n»

 * n 3 ro
 

3 re
 

B
 

0 3 

ta
 o 3- ro
 

•i ra
 



45 

W, Schempp 

unitary linear representation of 0(p,q,g) x §g(1,g) in a complex 
Hilbert space if and only if n-2 is an even integer. 

For each pair {k,l)e H xN of integers S o let Hk(|p) and H1(Bq) 
denote the complex vector spaces of solid spherical harmonic 
functions of degree k on gp and degree 1 on gq, respectively. It is 
the purpose of this note to attach to every function fe-eftg") and 
every pair (P^.Q^ e H k <g P) >< H^B**' a bivariate zeta function 
(s,t) '-~'t{ts9y,Q1}B,t) . We will establish a functional equation 
and the holomorphic continuation of the zeta function f (f ̂ ^.Q-^ ., •) 
by means of the restricted metaplectic representation (T ' ,L (| )) 
attached to the dual reductive pair (yg(p,q,g) .ggd/g) ) in the me-
taplectic group gg(n,g). Finally we compare our results with the 
investigations recently done in this field by Neil Ormerod. 

2. The Decomposition of L2(gn) According to the Action of 1^'q 

Let A denote the Laplacian operator corresponding to the stan-
dard quadratic form x—«-(xlx) of signature (p,q) on gn. Recall 
that the elements of the complex vector space Hk(gp),keg, and 
H (Rq), 16 N, respectively, are the homogeneous polynomials P 
(resp, Q) with complex coefficients of degree k (resp. 1) in p 
(resp. q) real variables such that A p ( 0 P = 0(resp. A 0 / q Q = 0) . It 
is well known (cf.[l,8]) that the natural action of the orthogonal 
group 0(p,0,g) on Hk(gp) defines a finite dimensional irreducible 
linear~representation (Dk/p. Hk(Rp) ) of Q(p,0,g) . Similarly H1(gq) 
may be considered as 0(0,q,g)-module under the action of the irre-
ducible linear representation (D1(q. H1(gq)) of the orthogonal group 
Q(0,q,g). If P e H k ( g p ) then 

- « c m ) - 0 
R P

3 { — PU)e p ' 0 e œ 

forms a lowest weight vector for the representation (Tp' ,L (g )) 
of weight k+^p. Let C+ = |z=x+iy|x6g, y€ g. y > 0 | denote the open 
upper half-plane and for any positive integer or half integer m 
let H (Œ ) denote the complex vector space of all holomorphic 

m + f 2 m 
functions v> on C. such that lim \l>lz)\=0 and ll«>'l y dxdy«>o, + zeo;., izi-»oo Jf. + + 
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If (D ,H (ŒJ) denotes the holomorphic discrete series of unitary m m + 
linear representations of gg(1,B) with lowest weight m and simi-
larly {D_,H (ff )) denotes the antiholomorphic discrete series of 

* in in + 
unitary linear representations of Mg(1,g) with lowest weight m 
(cf. Lang [3]) we have 

Theorem 1. The restriction T^,q° Tp'q I (O(p.a.R)x M B ( 1 , B ) ) of the 
restricted metaplectic representation (Tp'q,L (gn)) attached to the 
dual reductive pair (MO(p.q.pf) .^p(1,R) ) in the metaplectic group 
^g(n,g) admits the decomposition 

(T^'^L^g")) = 9 («Dk n ' 1 1 ^ 1 » * ^la'Hl^q)) a 

0 (k,l) 6 N x N K'P K " j. i-q J- & œ 

(D . ,H . ((C.)) » (D . ,H . («.))). 
k-t-ip k + ^ * (t 1+^q 1+^q 

3. The Zeta Function f (f;Pk,Q.î., .) 

The compact unit spheres in gp and gq are given by § 1 = 
g(p,0,g)/0(p-1,0,g) and § 1 = g(0,q,g)/0(0,q-1,g), respectively. 
If d v resp. dv denote the normalized Haar measures of the compact 

P q 
orthogonal groups Q(p,0,g) and g(0,q,g), respectively, then the 

surface measures du ,. = ^p/^'n-'i a n d dwq-1 = ^'q/^'q-l of ip-1 
and S ,̂ respectively, give rise to the following decomposition of 

"q"1 n 
the Lebesque measure of g : 

dx = vol(S 1)rp~1dr a du 1 8 vol(S 1)r'q"'ldr' fi duq_1 

Let (Pv,Qn) e H (Rp) x H. (Bq) be an arbitrary pair of solid sphe-
> > p q rical harmonic functions of degree k^O resp. ISO on gr resp. g^. For 

any function f G,ef(gn) there is a decomposition f = Pĵ flgaQjah where 
ge-cf(BP) is invariant under the action of the compact orthogonal 
group 0(p,0,g) on gp and similarly he^/(gq) is an Q(0,q,g) invariant 
function on Bq. In particular, g and h are determined as radial 
functions by their values on the positive half-line B+. Define the 
bivariate zeta function r(f .-PJ-QJ,-., .) attached to f 6^/(8 ) and the 
pair (Pk.Q1) 6 H (gp) x H1(gq) according to the prescription 



W. Schempp 

47 

f(f;Pk,Q1;s,t) = /lPkl2 dup_1 /iQi l2d«q.1* 

ip-1 iq-1 

fg{r)rs+k+P/2-1ar JhCrMr'* 1 * 1 * ^ 2 - ^'. 

Now we are in a position to establish a functional equation for the 
zeta function f(f;P. ,0,;.,.) and, at the same time, we may study 
the holomorphic continuation of this bivariate function. 

Theorem 2. For «very function fe^/(gn) and all pairs (Pk»Q1) 6 
Hk(Rp) x H,(gq) of solid spherical harmonic functions of degree 
k=0 resp. 1=0 .on Rp resp. gq the bivariate zeta function 
f(fîPk,Q,;.,.) admits a holomorphic continuation for all pairs 
(srt) e (t auch that s+k+^p $ -2N and t+l+4q i -2g and satisfies 
the functional equation 

k+1 -(s+t)r(-l(s+k+~p))r(4(t+l-t4q)) 
f(f;Pk,Q1;s,t)=i r — i £^ ^ ^ . 

r(-l(-s+k-i-lp) ) r (^(-t+l+^q) ) 

gP 8 gq K 1 

Proof (Sketch). Look at the decomposition f = P.SQ.Sgah as before. 
Consider the Weyl element 

-C 3 
of SL(2,R) and evaluate Tp'q(u)f at the element u = id _ xw 

sa» »a o pPfflR̂  
of g(P/q,g)x yg(1,g). Then we obtain the identity ^ = 

i < P " q ) ^ ^ „ f = P 8Q SD . (w)gfiD . (w) h, 
gpegq k 1 k+^p 1+Jq 

-- 1 
Since D . {w)g is a Hankel tremsform of g of order k+^p-1 and 

k+ip 2 

— •%. 1 
D A M h is a Hankel transform of h of order l+^q-l, the result 
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follows by taking the Mellin transforms (cf.[6]) of both sides.— 

4. Concluding Remarks 

Theorem 2 generalizes a result of Ormerod [5] (also see [4]) who 

considered the case q=0. This author, however, applies harmonic 

analysis only of the compact orthogonal group Q(p,0,g) by appea-

ling to the Funk-Heoke theorem (of.Coifman-Weiss [1]) and does not 

refer explicitly to the "dual part" in the dual reductive pair 

(MQ(p,0,g),gg(1,g)) in the metaplectic group gg(p,B)• 
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ON THE CRITERIA OF WIEFERICH AND MIRIMANOFF 

T. AGOH 

Presented by P. Ribenboim, F.R.S.C, 

1. Let p be an odd prime and B be the nth Bernoulli number 

defined by v/(ev-l) = l^a0 (.Bk/ki'ivk• If C(w) is a differentiable 

function of o, let [c(t>)]^ be the value of dnG(.v)/dvn at u = 0. 

It is well known that if the equation 

(1) xp * yp * s? = 0 

is satisfied in integers », y and z prime to each other in the first 

case (i.e., p f xyz), then ([l], see also [4]) 

[ff(tO]oP"2) - 0 (mod P)' 
(2) 

S2k[y(»)]^p'1'2k) = 0 (mod p), k = l, 2, ... , (p -3)/2, 

where J/(i>) = 1/(1 - te") and t e B = { - y/x, - x/y, - s/y, - y/s, -x/z, 

-z/x). 

Let q (m) be the Fermât quotient of p with base m, i.e., <? (m) 

» (mp" - l)/p. Wieferich [5] and Mirimanoff [2, 3] have proved the 

following criteria for the equation (1) in the first case: 

(I) (Wieferich). <7p(2) = 0 (mod p) . 

(H) (Mirimanoff) . <? (3) 5 0 (modp). 

The purpose of this paper is to give an easier and shorter 

proof for (I) and (II) using the congruences (2). 

2. Clearly, we have t ^ 0, 1 (mod p) for the first case. If 

t " - y/x, then the elements of S are congruent modulo p to those 
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of the set iï' = it, ^/t, 1 - *, 1/C1 - t), (* - 1)/*, */Ct - 1) mod p ). 

If t s 2, 1/2, - 1 (mod p), then #«' = 3 and H' = ( 2, 1/2, - 1 

mod p }, On the one hand, if t2 - t • 1 s 0 (mod p), then #»' = 2, 

In all other cases we have »»' = 6. Note that if t H - 1 (mod p) , 

then we can take t = 2 (mod p) instead of t = - 1 (mod p) , since 

x * y * z s 0 (mod p). 

The following lemma will be needed for the proofs of (I) and 

(II): 

LEMMA. Let m i 2 and k i 1. If 

e(m-2)t. + 2e(m-3)u + ...*(„_!) 
A(v) » ' • 

e(m-1)u + e(m-2)« + - + 1 

then 

C^^^o*"" = Cl-mfc)sfcA. 

Proof, Set BCw) = v/Ce" - 1 ) . Then we have S(i;) -B(mv) =vAm(.o). 

Since [BM -flCmu}]^5 = (1 - mk)Sk and ivAmW\™ - HA^)]^'^ , 
so the lemma holds. II 

We now give the proofs of (I) and (II): 
Proof of ( I ) . From the ident i ty A2(.v)U(.o) =a(t) i l 2 {«) + B(t)(/(w) 

with o( t ) = l / ( t + l ) and e ( t ) = t / ( t + 1) , we have 

pi cp-k
znA2M]ikHuM-\ip-2-k) 

k=o K t o 

* o ( t ) [ 4 2 ( U ) ] ( p - 2 ) + 6 ( t ) [ £ / ( u ) ] ^ - 2 D . 

If fc ï 3 i s odd, then B. = 0. Therefore, by making use of the Lemma 

and the congruences (2 ) , 

iA2M]l
0
k:> [VM]1/-2'^ - in - 2k*'i)BM/ik * i)}iuM]^-2-k) 

= 0 (mod p) 
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for ail fc = 0, 1,2, . . . , p - 3 , which deduce that 

( I X v ) ] ^ - a(t)}[iJ,(t;)I^p-2) 

2t <? (2) 
-2 Pflp-l = 0 (moà P) • 

t2-! p - 1 

By von Staudt and Clausen's theorem, ps , H - 1 (mod p). So the 

result follows. || 

Proof of (E). Let WM - ev/(e2v * ev * 1). Since A^MUiv) 

• Y(t)43(u) + SMl/M * e{t)£/(u), where yit) - (t + 2)/2(t2 + t + 1), 

S(t) = 3t/2(t2 + t + 1) and e(t) = (2t2 + t)/{t2 + t + 1), we obtain 

'îV;2)^,,)] (*>[</(*)] (p-2-*> 

= Y(t)[/l3Co)]^p"2) • 5(t) [!/(»)]^P"2) • e(t)[w(«)]^p"2). 

Here, [WCtO]^ = 0, since wC-u) = (/(u). By the same reason as 

mentioned in the proof of ( I ) , i t follows tha t 

HUM]™ - Yunc^co]^-25 

* pB . = 0 (mod p ) . 
. _ i P - ! 

3 ( t 2 + t ) 0 , ( 3 ) 

2 ( t 3 - l ) p " 1 

The equation (1) is impossible for p = 3. Also, we may assume 
2 

t 2 - 1 (mod p) as stated above, hence 3(t * t) f 0 (mod p). 
3 

Incidentally, it is easy to show that 2(.t - 1) f 0 (mod p) for 

each case of SB' = 2, 3, 6. Since pB , = - 1 (mod p), so (U) can 

be given immediately. || 

We note that the criteria (I) and (U) can be also deduced 

from Furtwangler's theorem (see e.g. [4j). 
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REPRÉSENTATIONS COMME LA DIFFÉRENCE 

DES NOMBRES PUISSANTS NON CARRÉS 

Wayne L. McDaniel 

Pièiinti pal Pauto Ribenboim, F.R.S.C. 

RÉSUMÉ. — Nous montrons qu'il existe une infinité de 

représentations de tout entier comme la différence de deux 

nombres puissants ni l'un ni l'autre carré. 

INTRODUCTION. — Un nombre puissant est un entier positif r 
2 

ayant la propriété que si le premier p divise r, alors p 

divise r. Un nombre puissant est donc un carré ou le produit 

d'un carré et d'un cube. Il est bien connu que si n est un 

entier positif, le nombre de représentations Q(n) de n comme 

la différence de deux nombres puissants, tous deux carres, est 

fini (Q(n) = ? si n s 2 (mod 4), Q(n) = T(n)/2 si n 3 i ou 3 

(mod 4), et Q(n) » T(n/4)/2 si n s 0 (mod 4), où n > 0 et T(n) 

est le nombre des diviseurs positifs de n). On a montre 

récemment que le nombre de representations de n comme la 

différence des nombres puissants, l'un carré et l'autre non 

carré, est infini [ 2], [ 4], pour chaque n. Cependant, les 

entiers qui sont representables comme la difference de deux 

nombres puissants non carres ni l'un nl l'autre n'ont pas été 

caractérisés, et on a montre que les entiers seuls + 1 ( 5 ] et 

+ 4 ( 1 ] ont une infinité de représentations comme la difference 

de deux nombres puissants non carrés. Notre résultat, obtenu 

par des moyens élémentaires, est qu'une infinite de telles 
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représentations existe pour chaque n. Spécifiquement, nous 

obtenons, pour chaque entier n, une paire de fonctions 

polynômes f et g telle que l'équation f (n)X - g(n)Y = n 

a une infinité de solutions X, Y pour lesquelles f(n)X et 

g(n)Y sont des nombres puissants qui.ne sont pas carrés. 

THÉORÈME 1, — Soient A, B et n des entiers, AB n'étant pas 

v 2 . 2 
carre. On suppose que p, q est une solution de AX - BY = n, 

et que x,, y, est une solution de x - ABy = + 1, ou 

2 2 
(Bqy,, A) |p et (Apy., B) |q. Alors, AX - BY = + n a une 

Infinité de solutions X ., Y . pour lesquelles A |X. .et B |Y .. 

La preuve utilise le fait bien connu que si p, q est une 

2 2 solution de AX - BY « n et x., y. est une solution de 

2 2 ^ 

x - ABy = + 1, et x., y. est défini par 

Xj + yj^B = (Xĵ  + Yj^M) 3 , 

alors la paire X. = px. + Bqy. et Y. = Apy, + qx. satisfait 

l'équation AX2 - BY2 = + n. Un examen de X. (mod A) et de 

Y. (mod B] produit le résultat. 

Le problème de trouver des fonctions polynômes f et g telles 

que f(n)X2 - g(n)Y2 = n et x2 - f(n)'g(n)y2 = + 1 est 

résolu par le moyen suivant: Certains polynômes h(n) ont un 

développement en fractions continues ayant une période 

relativement courte, et cela nous permet de trouver, assez 
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facilement, des fonctions x = x(n) et y •= y(n) qui satisfont 

-• 2 2 
l'équation x - h(n)y = + 1. On peut souvent faire d'une 

fonction quadratique h(n) => a n + bn + c le produit de deux 

fonctions en l'écrivant d'abord sous la forme 

(an + r ) 2 - [ (2ar - b)n + (r2 - c)l , 

ou r est un entier ou 1/2, et ensuite en rendant la somme 

(2ar - b)n + (r2 - c) égale à (dt + e) 2 pour des valeurs 

appropriées de d et e, et ou n a été remplacé par une fonction 

quadratique de t. h(n) est donc la différence de deux carrés 

et est decomposable en un produit de deux fonctions f et g de t. 

THÉORÈME 2. — Soit n un nombre premier. Il existe des 

fonctions f et g telles que f(n)X2 - g(n)Y2 = n a une 

infinité de solutions X., Y. ayant la propriété que f(n)X. 

et g(n)Y. sont des nombres puissants qui ne sont pas carres. 

Le théorème est vrai évidemment pour 0 et pour -n quand il 

est vrai pour n, et est valable pour n = 0 (mod 4) quand il 

est valable pour n ^ 0 (mod 4) puisque si m = n^ - m2, où 

k k k m. et m, sont des nombres puissants, alors n = 4 m = 4 m 1 - 4 m2. 

Un ensemble de cinq paires de fonctions f(n) et g(n) suffit a 

prouver le théorème pour tout n ? 0 (mod 4) (excepté pour 

n = + 1 et + 2 qui sont facilement traités séparément). Les 

détails de la preuve du Théorème 2 comprennent les démarches 

suivantes: (1) montrer pour chaque n que (f(n), g(n)) = 1, 
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(2) démontrer que ni f(n) ni g(n) ne sont carré dans au moins 

une des équations f(n)X2 - g(n)Y2 = n, et (3) identifier pour 

chaque paire f(n), g(n) une solution p = p(n) , q °  q(n) de 

f(n)X2 - g(n)Y2 = n et une solution x^ = x(n), y^ = y(n) de 

x2 - f(n)•g(n)y = + 1 telle que l'hypothèse du Théorème 1 est 

satisfaite. 

La table suivante présente les fonctions pertinentes. 

n* f(n) g(n) p(n) q(n) x(n) y(n) 

2 

2t+l 

2 t* l 

4t+2 

4t+2 

4t+2 

S 

t 2 +2t*2 

2 t 2 +4t+ l 

2 t 2 *4t+ l 

2t2+4t+3 

5t2+8t+3 

3 1 

t 2 * l 1 

2 t 2 - l 1 

2 t 2 - l 

2 t 2
+ l 

6 t 2 + 4 t * l 

I 

l 1 

t+1 

l 1 

1 1 

t 1 

2 

t 2 + t * l 

4 t 4 + 8 t 3 - 4 t 

( 2 t 2 + 2 t - l ) 2 - 1 

( 2 t 2 * 2 t + l ) 2 + 1 

(18t2+18t*S)2+ 1 

1 

1 

2 t 2 + 2 t - l 

2 t 2 + 2 t - l 

2 t 2 +2t+ l 

3(18t2+18t+S) 

*A la ligne 3 de la table, tf 2 (mod S); 
à la ligne 6, t ̂  1 (mod 3), et à la ligne 7, t s 1 (mod 3). 
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On the Energy Decay of a Navier-Stokes flow In R3. 
G.F.D.Dulî, F.R.S.C. 

Abstract. The energy of a solution of the iNavier-Slokes equations in R3, 
defined as the square integral of the solution flow vector, is shown to have zero 
limit as time becomes large. 

1. Introduction. 

In his paper " Sur le mouvement d'un liquide visqueux emplissant 
l'espace", Leray (7] concludes with the remark "J'ignore si W(t) tend néces-
sairement vers 0 quand t augmente indéfiniment." Here a proof will be given 
that the kinetic energy W(t) = ||u||; of a Navier-Stokes flow In R3, finite at an 
initial time, tends to zero as time tends to infinity. 

Many results of this kind have been established for particular types of 
region, such as bounded regions, or if further hypotheses are made, [3, 4, 5, 6, 
10, 11, 12 |. 

If for example the region Cl in which the flow is confined satisfies a Poin-
care' inequality, then the energy tends to zero exponentially. For R3 however, 
as will appear, the approach to zero may be arbitrarily slow, depending on the 
initial values which themselves are assumed of finite energy, that is, square 
integrable. Recently, Schonbek has shown | l l ) that if the initial values are also 
in L'fR3), the energy in R3 tends to zero at an algebraic rate. A similar result 
under toe assumption of initial values in LP(R3) and L2(R3), where 
1 < p < 2, was given in [3] in the course of a proof on path lengths. Here we 
assume only that initial values are In L2(R3). 

2. The Navier-Stokes Equations. In R3 adopt Cartesian coordinates 
x, (i = 1,2,3) and denote the velocity components of the flow by u, = u^x.t), 
the pressure by p = p(x,t). Then the Navier-Stokes equations for a viscous 
incompressible flow are 

ui.t+uk"i,k = - P t .+^Uj 

ui.i - 0 

Here commas denote derivatives with respect to the coordinate having the next 
following index, and a summation convention for repeated indices is under-
stood. The Laplacian is denoted by A while the constant u represents viscosity. 

Many studies have been made [1, 4, 5, 6, 7, 8, 10, 12, 13] of existence, 
regularity and uniqueness for the initial value problem wherein 

u(x,0) = u0(x) 6 L'CR3). 

Here we assume u(x,t) is a smooth solution defined for large t [0| . From the 
standard energy integral and its Integrated form 
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l|u||2a + 2^/ ||vu|||dt < ||U0|||, 
0 

where 
I N I P ^ / H " ^ , P>I. 

R* 
it is known that ||u||2 is a bounded decreasing function of time t. 
3. The main result 

Theorem. As time t tends to infinity, the energy tends lo zero: 
lim ||u||2 - 0 
t-.oo 

Proof. With Uj j - fAu, = - p,j- û Uj ̂  we regard u; as a solution of a non-
homogeneous heat flow equation and write, in vector notation with components 
suppressed, 

u = UI+U2+U3 

where 
uii*,t) = K(x,t)*3Uo(x) 

with 

I^x.t) = (2v^rt)' «expC-x'^t). 

Let *(t)eClx' be anon-negative non-increasing function with *(t) s 1 for 
t < 1 and *(t) = 0 for t > 2. Then we set 

"sU.t) = - (*( t ) K(x,t))*4(u-vu+vp) 
"3( .̂1) - - ( ( l - * ( t ) ) K(x,t))*,(u-vu+Vp) 

Here «3 denotes convolution in the x variables, and •., convolution in x and t, 
with 0 < r < t. The gradient symbol v has components d/âx,. 
4. Estimate of Hu,!];,. We have 

. I K I I I = / u ? d V = / K | 2 d V 

where û1 is the three-dimensional Fourier transform. But «! = K*uo implies 
û, = e"'ni0 so that by Parseval's theorem, 

IKIll"/e-2 s H|ûo|2dV 
R' 

= /e-1!tHU0(s)s2dS 
0 
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where U0(s) = / |u0(s) |5dn is the integral over all directions in R3, and 

U0(s)s5 Is integrable over 0 < s < oo. 

Given £ > 0 choose s, > 0 so that J"U0(s)s5ds < —«, which is possible by 

the above integrability property. Then 
Si 00 

IKHI < /U0(s)s::ds+/e-»'lU0(s)sîds 
3 l 

S : r e + e ' s f t / U o ( * ) s 2 d s 

Since s, > 0 we can choose t large enough to make the second term less than 
—i, as t - • oo. Hence IKHo tends to zero as t —• oo . It is also evident that 
Ifu ! ||; is monotonie decreasing in t , slowly if u0 is concentrated near the ori-
gin. 

5. Estimate of the right-hand side. The term ukU| k+p,, can be estimated by 
means of the mixed Lp'Ps norms 

NU,- / NIP> 

By the standard energy integral we have IHI joo^ lluollî- a n d 

llvulls's < — | | u 0 | | | . By Sobolev's inequality, 

INI6.2 < C| |vu| |2 ,2 < C.lluoll; 

Hence u^Ui k€Lq , q 5 for — + - : : - = 4 , -r- S Qf1 < !• To estimate the pressure q, q2 3 
gradient, we note that Ap = - Uk.jUj.it so that 

p = • ï 7 i . 7 U k ^ k d V 

where r is the Euclidean distance. Thus 
1 r x r y 1 — I r Al Jt . . . 

P " = ^ i ( . ~ U k ' i U i ' , t 

Since Uj^ui;, = (u^u^) , ! we find 

1 f " i / x - y ) . . . 

where 

" l / x - y ) _ _r__ ^L_ ^Xi-yQtXj-y,) 
r3 ôx^yj " r3 r5 



62 
G . F . D . D u f f 

is a Calderon-Zygmund principal value kernel. Bv the Calderon-Zygmund 
theorem [2| it follows that p., belongs to the same L, ^ spaces as the integrand 
UfcU,!, , for p, > 1. 

6. Estimate of HuJU. We note that 

TO-PO /K(x,t)p'dV < C-t 
R» 

so that the kernel IC;(x,t) = *(l)K(x,t) belongs to LP,P3 if the p;"1 power 
HKjIlp̂  is integrable near t = 0. This holds if 

— + — > 3. 
Pi P2 

By the convolution inequality 

l|f*g|lr.r, < H f l U l l s l U 

we find that |0| Uj = K5»(u•vu+VP)eLr'^, with — = —+—-1 , 1 < qi < rj. 
n p* ii 

We have 
-i-+-2-= i - + i - + - L + i _ _ 5 > 3 + 4 - 5 = 2 
r l r2 Pl P2 11 Q2 

In particular, we may choose e , 0 < « < — , and 

Pi = T- Ps = 7^7 ' i i " J- q2= 7 s° that r> = 2' r2 = IZâT' Thus r2 "̂  4 

and is close to ~ 4; the inequality holds and Uo lies in the mixed space 
L2.*{UU)-' 

7. Estimate of i|u3||2. Similarly, the kernel K3(x,t) = (1- • ( t ) )K(x , t ) lies in 
Lp , p , if the p5h power ||I<3||BPj is integrable for t large. This will hold if 
3 ^ ' 

—.".— < 3. Again by the convolution inequality we find that 
Pi P2 

«3 = K3»(uvu-'-VP) € L'1'2 w h e n 

3 2 — + — < 2 
r l r2 

In particular, we may choose £ , 0 < € < — and 

Pl = T- P2 = -p^-. t,l = I"' q= = 3" so tha1' ri = 2' r5 = JTTÏ- ThuS r2 > 4 

and is close to "4; the inequalitv is valid and U3 lies in the mixed space 
La..i(i-•!!)"'. 
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8. Completion of the proof. Wc now have u = u1+u2+u3 where 
1 ) Iluill2 —• 0 as t -» oo, monotonically, 
2) l I u j I l j e L ^ ' ^ ) - (o,oo), 
3) HualUeL4!'-4')"' (0,oo), with 0 < £ < i . 

4 

Given f/ > 0 we can choose T so large that 

llu.ll, < f , / I k l l ^ 1 - • • ' d t < f , / I J u ^ C - O - d i < f . 

These integrands cannot be assumed monotonie, but on a set of at least two-
thirds of the measure of T < t < 2T we must have HUJHJ4'1 **r' < -jp- and 

similarly H U S H J ' 1 " 4 ' ' " ' < - ^ on a set of measure at least —-, in the same inter-
1 3 rp 

val. Hence there is a subset of T < I < 2T having measure at least —, for any 
T! of which we have 

and 

Thus, at time T,, 

IklljCr,) <(.J/T)< 

HualWT,) < iv/T)T' 

ll«llS < ll"lll2+IIU2ll2+ll''3ll2 

which can be made arbitrarily small by choice of i) small then T and T, large. 
Since 

^- | |u | | 2
2= - 2 ^ v u l | | < 0 

it follows that ||u||2 decreases monotonically in t and so must have limit zero as 
lime lends to infinity. This completes the proof. 

Acknowledgement. Support of this work through NSERC Grant A-3004 is 
acknowledged with thanks. 

Note added in proof: As this paper was going to the press, I found thai a 
proof of this result in very general conditions was published by K. Masuda, 
"Weak Solutions of Navier Stokes Equations", Tohoku Math. J., 3G (1084), 
623-646, using fractional powers of the Stokes operator. 
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THE ASCENDING CHAIN CONDITION FOR REAL IDEALS 

Paulo Ribenboim, F.R.S.C. 

Résumé: On démontre les résultats suivants: si tout ideal reel 
premier d'un anneau A est engendré, en tant qu'idéal réel, par un 
nombre fini d'éléments, alors A satisfait la condition de chaînes 
ascendantes (CCA) pour les idéaux réels. Si A satisfait la CCA alors 
A[X] satisfait aussi la CCA, tandis qu'un exemple est Indiqué où 
A[[X]] ne satisfait pas la CCA. 

1. Let A be a commutative ring with unit. We recall the following 

definitions. 

An ideal I of A is à real ideal if the following condition 

is satisfied: if a, a 6 A and a? + . . . + « « I then 
i n 1 n 

al a n e i • 

The ring A is a real ring when 0 is a real ideal of A , 

Note that a domain A is a real ring if and only if the field 

of quotients is an orderable field (by Artin's theorem). 

The following properties are easy to show and well-known: 

The union of a totally ordered increasing family of real ideals of A 

is a real ideal. The intersection of any non-empty family of real 

ideals of A is a real ideal. Thus, there exists Che smallest real 

ideal containing any subset S of A ; it is denoted by R(S) , and it 

is said to be R-generated by S . 

He require the following properties: 

GO 

Lenma 1, If I is any ideal of A then R(I) = LJ R^d) . "here 
k=0 

R0(I) = I , R ^ ^ C D • R1(Rk(I)) , and for every ideal J of A , we 
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define R.U) = (b fl A| there exists a, a 6 A such that 

b + a? + . . . + a S J} } we note that R. (J) i s also an ideal of A . 
1 n • i — — — 

Lemma 2. If I , J are ideal s of A then: 

R(I + R(J)) » R(I + J) , 

I.R(J) ÇR(IJ) . 

Lemma 3. If ^;A -• B is a ring-homomorphism, then; 

1) If J is any real ideal of B then£" (I) is a real 

ideal of A . 

2) If <t>(A) = B and I is a real ideal of B _such that 

<1>"1(I) = R(S) , then I = RW(S)) . 

If che real ideal I is of the form I = R(S) where S is 

a finite set, then I is said to be of finite R-type. 

Lemma 4. If the real ideal I is R-generated by S J (x) and if I 

is of finite R-type, there exists a finite subset T of S such that 

I = R(T OM) . 

Lemma 5. 1) If I isa real ideal of A and a e A then I;Aa 

is a real ideal. 

2) If I , L are real ideals of A , if J i s any ideal 

such that l O J C L then i P l R C D C L . 
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2. We say that A satisfies the ascending chain condition (ACC) for 

real ideals whenever every strictly ascending chain of real ideals 

of A is finite. 

It is easy to see: 

Lenma 6. A satisfies the ACC for real ideals if and only if every 

real ideal is of finite R-type. 

Lemma 7. If ^:A **- B is a ring homomorphism, such Chat (KA) " B 

and if A satisfies the ACC for real ideals, then ao does B . 

The analogue of Cohen's theorem for noetherian rings holds: 

Proposition 1. If every real prime ideal of A is of finite R-type 

then A satisfies the ACC for real ideals. 

The analogue of Hilbert's basis theorem for noetherian rings 

also holds: 

Proposition 2. The ring A satisfies the ACC for real ideals^ if and 

only if the ring A[X1 satiafies the ACC for real ideals. 

Concerning che ring of formal power aeries, it is clear from 

lemma 7 that if A[(X]} satisfies the ACC for real ideals, then so 

does che ring A . 
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However, we give the following example to show that the converse 

does not hold. 

Example. Let A be a valuation domain with value group and residue 

field boch equal Co K . The only real ideals of A are 0 , A and 

che maximal ideal H , so A sacisfies che ACC for real ideals, 

so , 

Lec I be che sec of all power series S = Z s.X wich each 

i-0 

s. 6 A , s- - 0 , v(s.) > 0 (for every 1 ^ 1 ) . Then I is an 

ideal of A[[X]] , such that R(I) ia not of finite R-type (aa it 

may be shown). Thus A[(X]] does not satisfy the ACC for real ideals. 

The proofs of the resulcs communicated here will appear 

elsewhere. 

DeparCment of Mathematics and Statistics 
Queen's University 
Kingston, Ontario, Canada 
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On the non-existence of positive solutions for a Schrôdinger 
equation with an indefinite weight-function 

Walter Allegretto and Angelo B. Mingarelli 
Presented by G.F.D. Duff, F.R.S.C. 

1. Let q, g: 0 + * . q, g«L°(o), OF^n, n>l. Is a (smooth) bounded 

domain. Consider the Dirichlet probleo associated with the 

SchrSdlnger equation 

Lus-Au-q(x) = Xg(x)u, (1.1) 

where. In addition, g "changes sign" In c but Is not zero on a set of 

positive Lebesgue measure and q 1s sufficiently positive In parts of 0 

so that L=-4-q Is not positive definite. Eigenfunctions (e.f . ) of 

(1.1) are assumed to l ie In H*,2 (Q) and (1.1) Is understood In the 

usual generalized sense. 

A ghosi itati u Is an e.f. (real or not) for which 

(gu,u)=/^g|o)|2 = 0, where (,) Is the usual LMnner product (see [8] 

for the terminology). I t Is easy to see that any e.f. corresponding 

to a non-real eigenvalue (e.v.) Is a ghost state. We shall call (1.1) 

(or L) dtiiniUzabtt If there exists a«F such that L+ag>0 on C°(Q). 

I f (1.1) Is not deflnltlzable but there exists pcRsuch that L+pgjO on 

C°(D) then we s v that (1.1) Is imi-dtihiitLzabU. When ever (1.1) 
o 

Is not seral-deflnltlzable we tern (1.1) iVUntly non-dej-inite. 

In [3] , [5] I t Is shown, among other results, that I f q(x) < 0 

In o, then (1.1) has a positive e.f. We will show that (1.1) does not 

have a positive e.f. I f I t has a non-real e.v. or, more generally. I f 

I t admits a ghost state. I t 1s known from a series of examples 

m o HaihemtLa Subjeat cmUiizaUon, primary 35J25, 35P05. 
Kiu uxidi and phnxutt,: SchrBdlnger equation. Indefinite weight-function, 
ghost state, non-definite problems. 
This research Is partially supported by grants from N.S.E.R.C. Canada. 
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(e.g. [8]) that, when n»l, ( l . l ) may have a non-real e.v; and by 

suitably choosing q,g In a radial case of (1.1), one nay resort to the 

one-dimensional results In order to find an explicit example of a 

non-real e.v. for (1.1) even If h>l. The non-existence of such a 

positive solution. In the presence of a ghost state, is In sharp 

contrast with the results In [3]. Indeed theorems 1.1-2 show that for 

a strictly non-definite problem there Is no positive e.f. whatsoever! 

Theorem (.1 Let Xcg be an e.v. and » a corresponding positive e.f. 

Then (a) There are no ghost states except, possibly, » Itself; (b) x 

is semi-simple ( I .e . , the associated eigenspace Is one-dimensional); 

(c) x orders the other (real) e.v. as follows; If p>x (resp. IHMJ has 

e.f. * then (g4>,4>)>0 (resp. (g».»)tO). 

CoiiollaA.y l.l Equation (1.1) admits at most two (distinct) e.v. with 
corresponding positive e.f. 

Theoiem 1.2 (a) Equation (1.1) has two (Independent) positive e.f. If 

and only If (1.1) is deflnltlzable; (b) Equation (1.1) has precisely 

one (Independent) positive e.f. If and only If (1.1) Is semi-

deflnltlzable. In this case the positive e.f. Is a ghost state. 

2. PAooi oi theoiem 1.1, (a) Let u = Uj+lUj be a (complex) ghost state 

corresponding to p = aMp, p*0. Observe that u,4.tC *aliï) (see [2], 

[6]). We apply Picone's identity to (1.1) twice and add the result 

to find, for «j.^eCgdl), 

/0*2«| U V F , ] 2 t [ D l ( F , 1 2 , ) = /QXl(0i*i)2*(Dl»2)2l 

- /n(*2*# )(q»»9). (2.1) 
0 1 2 
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Select K, a compact subset of o, and note that we may oinorize the 

lef t - side of (2.1) by replacing o by K. Let «^Uf , 1=1,2 in 

Ho* (0) . (see e.g. [ l ] for similar arguments). Then 

A J ^ P , Ç » 1M01 «̂ ) ]*]) < - / ^ - / 0 |u | 2(q*xg) 
<(^x)/^|u|2. (2.2) 

But u is a ghost state (as p is non-real). Thus (2.2) implies that 

u > ( C j + i c ^ which, in turn, implies that X")! which is impossible. A 

similar argument applies in the event that peR and u is a (real) 

ghost state. In this case |>°X and so 41 Itself must be a ghost state. 

Note that i f X " p, the right side of (2.2) vanishes and we conclude 

u ° C4>. ce C. Thus u,4> are dependent and so (b) follows. Moreover 

i f p> X is an eigenvalue and u is a corresponding e.f. then (2.2) 

shows that (x - p)(gu,u) » 0 and, in actuality, (gu.u) > 0 fron 

arguments similar to the above. I f x < p then (gu.u) < 0 and so 

(c) is verified. 

KemaAb. The initial requirement that g not vanish on a set of positive 

Lebesgue measure is not used here and so theorem 1.1 is valid without 

this assunptlon. Also note that corollary 1.1 follows at once from 

theorem 1.1(a) and (c). 

P*oô  ô  theoiem 1.2, (a) I f (1.1) is deflnltlzable then I t has two 

positive e.f. by classical results and these are the extremals of a 

Courant nln-raax principle, (see [7]) 

XÎ- inf | j | £ | { : •EHj,2(o).(g»,*) ? 0 ) . 

Conversely i f u. v>o are two e.f. of (1.1) associated with x, \i resp. 

then, by theorem 1.1, we may assume that (gv,v)<o<(gulu). For •eC (̂o) 

we note, by arguments similar to those in theorem 1.1, 
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( • . ( L - ( ^ ) g ) * ) - /0u2J [D^i) ]Z + JaWÏ*)g. 

We may also replace u by v In the latter to obtain a similar 

expression. Consolidating the latter we have 

U,(L-(2ili)gU) >|.Ë2(g,^)| >o 

so that L-(iîli)g X). Since (x+p)/2 cannot be a third e.v. with a 
2 

positive e.f. (corollary 1.1) i t follows that L-(^ii)g>0. 
2 

(b) I f (1.1) is seal-deflnltlzable there Is a keF for which 

(*,(L+kg)4.) >0, «cCÔ(o). Moreover there must be a u such that 

(u,(L+lcg)u) = 0. By the Courant principle u>0 and u is an e.f. of 

L+kg. Since (1.1) Is not deflnltlzable u Is the only positive e.f. . 

Conversely I f v>0 Is the only e.f. of Lv - xgv then (*.L*) > X(g*,*) 

by Picone's Identity. Hence L-xg >0 and cannot be made positive 

definite as v Is the only positive e.f. of Lv = xgv. Finally, that v 

Is a ghost state follows by a continuity argument. To see this 

consider the family of "least eigenvalue" problems: 

Lx - tg-t » p(t)x, t • 0 on ba, 

for — < t < +». Set (x.x) = 1 for all t . Then p(t) <.0. pU) •« 0 

and xU) = v. Whence {Lx(x + t) - (x + t)g x(x + t ) ) , x(x+t)) < 0 

and (LxU+ t ) - xg x U + t ) , x(x+ t) ) > 0 by hypothesis i .e . , 

,t(gx(x + t ) , x(x + t ) ) > 0 for all t . But observe that, as t-»0, 

|n(t)} Is bounded. I t follows that JT(X+ t )} Is bounded in H1 , 2 (o) 

and hence, without loss of generality, weakly convergent in H1 , 2 and 

strongly convergent In L2 to a positive eigenfunction of L-xg (see [2] 

for the details).' By the uniqueness of the latter, we conclude 

•rfx* t ) * x{\) = v In L (o) and, further, using the above we-see that 

(gv.v) = lim (gx(x+ t ) , x(x+ t ) ) = 0 
t-K) 

so that v Is a ghost state. 
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FINITE ORBITS IN FINITE DIMENSIONAL ^ SPACES 

H.A. Akcoglu**, F.R.S.C. and U. Krengel 

Let L = IR be the {.-dimensional real vector space, considered 
I 

as a metric space with the I. distance p(x,y) •» ||x-y|. • I Ix.-y, I 
1 1 i=l 1 1 

x = (x.^.-fX,) « L , y = (7,....^) e L . A mapping T defined 

on a subset of L is called an isometry if p(TX,Ty) = o(x,y) 

and nonexpansive if p(TX,Ty) s p(x,y) for all x and y in 

the domain of t . It is essentially known and easy to see that 

if T : L -» L is an isometry defined on the whole space L and 

if TO = 0 then the orbit (Tnx) „ of any point x < L is a 
niu 

v 
finite set in the sense that T x = x for some integer k £ 1 . 

The following result, however, is also true. 

Theorem 1. Let X be a compact subset of L and let T = X •> X 

be an isometry. Then the orbit (Tnx) 0 of any point x t X 

is a finite set. 

The proof will be given in (1], together with further results 

and details. Theorem 1 can also be formulated in the following way. 

* Work done during a visit of the first named author at the 
University of Gôttingen 

*• Research of this author is supported in part by NSERC 
Grant A3974 



76 
M.A. Akcoglu, U. Krengel 

Theorem 2. Let (xn) - be a bounded sequence in L such that 

P(xn+k,xn) = p(xlt,x0) for all n a 0 and k a 0 . Then (x n ) n 2 0 

contains only finitely many different terms. 

It is clear that Theorem 2 implies Theorem 1. For the converse, 

let X be the closure of the sequence (x ) „ . The mapping T 

defined on the terms of this sequence by Txn = x , n ï 0 , can 

be extended to an isometry t $ X * X . An application of Theorem 

1 then proves Theorem 2. 

The following result follows from Theorem 1 and shows that 

the orbits under a nonexpansive map become periodic, asymptotically, 

if they stay bounded. 

Theorem 3. Let A be a closed subset of L and let T ; A •• A 

be nonexpansive. Let x e A be a point such that its orbit 

(Tnx) n is bounded. Then there is an integer k a 1 such that 
nk T x converges as n ->• g» . 

For a sketch of the proof, let Xn be the closure of (T x)i2n 

00 

and let X = r\ x • Then it can be shown that the restriction of 
n=0 n 

T to X is an isometry T : X -• X . Also, the orbit of any point 
of X is dense in X . Hence Theorem 1 shows that X is a finite 

set. Then the proof of Theorem 3 follows easily. 

Theorem 3 can be applied to obtain a limit theorem for a non 

linear model of diffusion on a finite set. This application was, 

in fact, our motivation for Theorem 1. 

The classical linear model for diffusion on a finite set is 

given by Markov Chains. For our purpose we can define a Markov 
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Chain (with a finite state space) as a linear operator T : L - L 

which is positive (i.e. TL c L , where L is the positive 

cone of L , consisting of vectors with non negative coordinates) 

and which is a contraction. Theorem 3 is applicable to any orbit 

(Tnx) 3 and gives a well known result for Markov Chains. A more 

general model of diffusion is given by a nonexpansive 

T : L+ -. L+ such that TO = 0 and such that i is order 

preserving (i.e. TX - ty e L whenever x-y « L , y « L ) . 

Theorem 3 is applicable to any orbit (T x)n2Q » even if T is 

not order preserving, and shows that the orbits become periodic, 

asymptotically, as in the linear case. 

There is an important special case, referred to as the 

aperiodic case, in which T x converges. We state this result 

as follows. 

Theorem 4. Assume that T ; L'1" •» L"1" is nonexpansive and order 

preserving and that tQ = 0 . Also assume the following condition. 

(AP) If x a y and xy = y then there is an n such that 

(Tn
x). > y. for all i = I,...,1 . Then T X converges as J} * ^ -

This theorem has a shorter proof that is independent of 

Theorem 3. 

Finally we note that in a continuous parameter diffusion 

process only the aperiodic case can occur. We state this result 

in the following more general case. 
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Theorem 5. Let (Tt'tiO be a family of nonexpansive mappings 

T s L » L such that (i) for which t,8 a 0 , TtTs •> Tt+S and 

T 0 =• 0 , (ii) for each x c L , the function [0.«°) - L that 

takes t e (0,=) to T.X « L is continuous. Then lim T x 
— — ^ ^ — — — — — — — t ^_^^^—^—^—^——^—^^~ t-*40 

exists in L for each x e L . 

As mentioned earlier, complete proofs, together with further 

results and details will appear in (1). For non-linear models 

of diffusion in more general spaces see (2]. 
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CONICAL DIFFSRB11TIATT0N IW A GKNHRAI. THEORY OF PIBECT DIFFBHENTIAt GEOMRTRY 

N.D. Lane, P. Scherk* and J.M. Turgeon 

Presented by H.S.M, Coxeter, F.R.S.C. 

A unified theory of direct differential geometry has been developed by 

the authors. This note describes how the general theory is applied to the 

special esse of conical differentiation. 

1. An arc or a curve in tha real projective plane is the hoaeomorphic image 

of a line segment or a projective line, respectively. The geometry of orders 

of arcs and curves is developed by 0. Haupt and H. Kwneth in (1). In a domain 

G (usually the real projective plane) a set X of arcs or curves K is 

given. Tho goteatry of orders studies the structure of a given arc B by 

means of the set X. In the local theory, a point p on B is given and tho 

behaviour of B near p is examined in relation to the curves of X. Various 

mathematicians have considered special cases, e.g., X is the set of all 

lines in tho projective plane (10)i X is the set of circles on a sphere 

(2), [3); X is the set of conic-sections in the real projective plane [7], 

(8), [9]. These ad hoc studies have nany aimllaritiea and suggest an attempt 

at a unified theory. Recently, the authors have formulated such a theory in 

which X is a topological space of finite graphs in the real projective 

plane. Tho set X generates an independence structure in the following way. 

let 2 be any subset of 0. Define Xj = (K a X | Z c K) and M_ = fl {K | K 

« Xj). Then M^ automatically has the properties: 

(Ml): ZcMz = tlH and (M2): Zj c I2 > Mj c M2 . A subset X c G is 

defined to be X-lndeoendent if either 2 = $ or Z # $ and P « M_ ,_. 

"Peter Scherk died June 6, 1985 
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for all P e Z. Let t denote the set of X-independent subsets of G. We 

impose on X, M and >, two additional conditions: 

(M3) : If 2 a > and. P « Mj, then 2 U P a / (the exchange condition) 

and 

(M4); There exists a finite maximal X-independent subset of G the 

finite base condition). 

With these assumptions, X generates a matroid in which every maximal 

X-independent subset of G has the same cardinality k + 1 [5]. Let z 

denote a subset of G of cardinality n. If 2^ e t, then there exists 

exactly one K of X through 2. [5]. 

2. Direct differentiation. Let B be an arc of G, p a B. We assume that 

the X-order of B (= sup |K fl BI) is finite. Let Z11 = Z11-1 U p o *. Then 

Z*-1 U q a i for every q « B\{p} sufficiently close to p, K(2k~1 U q) is 

uniquely determined, p « «(Z11-1 U q) and lim K(2lc~1 U q) = K(2,c) = 

»*P 

«(Z1*-1^). The subset X(p) = (K(Zlc"1,p)|2k"1 U p a >} c X generates a new 

matroid with M(p) s M and independence structure >(p) c > of dimension k 

in which the exchange condition is valid. If Z^ a *(p) and q « B\(p) Is 

sufficiently close to p, then Z1*"2 U q a >(p), Z11"2 U q U p e > and there 

is a unique graph X(Z^~ U q,p) of X(p) through T1 U q. The arc B is 

called once X-differentiable if lim K{Zk"2 U q,p) = K(Zk"2,p2) exists for 
q-»p 

each r1 a >(p). The limit graph is called the X(p)-tangent graph of B 

at p through Z1*-2. Let X(p2) = { K t Z 1 ' " 2 ^ ) ^ " 2 a >(p)}. Tho set X{p2) 

defines a new Independence structure in G with M(p ) and >(p ). It is 

not known that condition (M(p)3) in X(p) implies condition (M(p2)3) in 

X(p ), so we have to assume that (M(pZ)3) is valid X(p2). Then the 

dimension of the matroid induced by X(p ) is k - 1 . For each Z11-3 a 

>(P ). if q « B\{p} is sufficiently close to p, then Z1*-3 U q « >(p) and 

; 
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K(Z^~ U q,p ) exists. The arc B is called twice K-differentiable at p 

If lim K(Zk"3 U q,pZ) = K(Z,t"3,p3), (the X-osculating graph of B at p 

q-v 

through Z*" ), exists for each Z^~ a >(p2). The osculating graphs are 

also considered to be tangent graphs of B at p. Continuing in this way, 

one obtains, eventually, a unique graph X(p ), called the k-osculatlng graph 

of B at p. Even if one assumes that X s (K a XjZ^ c K for some r1* a 

f), there may appear some derived graphs which do not lie in the original set 

X. On the other hand, the set of derived graphs need not include all of the 

graphs in the compactification of X. 

3. An application to conical differentiation. In [7), the authors started 

with the set of non-degenerate conies in the real projective plane. However, 

in the general theory, the prematroid generated by this set does not satisfy 

the exchange condition (M3) and one must adjoin to this set the pairs of 

distinct lines of G in order to obtain a set X which satisfies (M3). Then 

X generates a matroid <M,» of dimension k + 1 = 6. One writes k = dim X 

= 5, since any 2 « * determines a unique K « X. Conversely, any K e X 

contains a i « >. 

Let B be an arc of finite conical order and let p be a point B. Let 
"5 4 4 

2" = 2 U p a *. Then K U q e > for every q o B\{p) sufficiently close to 

p, K(2 U q) is uniquely determined, p a K(2 U q), and lim K U 4 U q) = 

KCZ5) = K(2 ,p). The set X(p) = (K(Z4,p)|24 U p a >} c X determines an 

independence structure <M{p),>(p)> with M(p) :> M and >(p) 6 > which 

satisfies the exchange condition (M3) and defines a matroid of dimension 5. 

Let Z « *(p). Then Z 3 U q « * ( p ) , Z3 U q U p a > for all q « B\{p} 

sufficiently close to p and there exists a unique conic K(23 U q, p) in 

X(p) through JT U q. We assume Condition 1: lim K(23 U q, p) = ^Z3,?2) 

exists. The set X(p2) = (KCZ3,?2) | Z3 a >(p)) (tangent conies of B at 

81 
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2 2 2 
p) defines another independence structure <M(p ) . *(p )>, with H(P ) 9 M(p) 

. o 

and >(p) c i(p ), which again aatiafies the exchange condition and defines a 

matroid of dimension 4. The validity of the exchange condition may be 

verified from the table of independent sets given in 4̂ . If IT * >(p ) e 

>(p), then 2^ U q « >(p) for all q « B\{p} sufficiently close to p and 

K(Z^ U q, p ) is uniquely determined in X(p ). We assume Condition 2: lio 
q-»p 

«(Z2 U q, p2) = K(22,p3) exists. The set X(p3) = WZ 2 ,? 3 ) | Z2 « Xp2)} 
(osculating conies of B at p) again defines a matroid of dimension 3 

3 2 3 2 
with M(p ) 3 M(p ) and >(p ) c >(p ). The osculating conies are also 

- 1 3 2 
considered to be tangent conies of B at p. If 2 « >(p ) e >(p ) , then 

1 2 1 
Z U q « >(p ) for a l l q « B\(p} suff iciently close to p and hence 2 U 

1 3 3 
q determines a unique K(Z U q, p ) a X(p ) . We assume Condition 3: l i n 

K(Z1 U q, p3) = K(Z1, p4) ex is t s . The set X(p4) = {Ktf1, p4) IZ1 « *(p3)} 

(superosculating conies of B at p) defines a matroid of dimension 2 with 

M(p4) 3 M(p3) and *(p4) c >(p3). If q « B\{p} i s sufficiently close to p 
3 4 

then q a *(P ) and K(q,p ) is uniquely determined. Finally, we assume 
4 5 Condition 4: lim(q,p ) = K(p ) (the ultraosculatlng conic of B at p) 

<**P 
exists. The arc B is called conieallv differentiable at p if Conditions 

1-5 are satisfied. 

In the original paper [7] on conical differentiation, the conditions on 

the sets 2 required for the construction of the osculating conies seemed, at 

that time, to be strange, but they now are seen follow quite naturally fron 

2 
Independence structure of the matroid associated with X(p ), 

f 



4. Tlie independent sets of the matroids associated with X . 

<x> 

Characteris-
tic conies 

dim 

A o . U B o 

X(p) JC(P2) * ( p 3 ) 

h U B l A 2 U B 2 1 U B 2 2 A 3 U B 3 21 22 

X C P " ) 

A4 u 4 

III - 1 

UI 

Id . 3 

jl j - 4 

UI 

A l l Z 

No four 
points 
of r 
colllnear 

P «f I P f ï P* ï *ï = + ', 
tl ï n t. 

p * r 

£nt2| S 1 

P t z 
\zntz\ s 1 

p t ï 

S U p not 
colllnear 

tl 

P t ï 
Z U p not 
colllnear 
ïnc2| s 1 

No four 
points 
of E U p 
colllnear 

A = (all non-degenerate conlcsl 

B0 - (pairs (t,h) of distinct Unes) 

A = (all non-degenerate conies through p } 

B. - (pairs (l,h) , at lease one through p } 

C, •* a line through p 

21 

B, 

22 
(given K C A. 
{pairs 
given K £ A 

(all non-degenerate conies touching 
(pairs (l,h) with t n h = p ) 
(pairs ( t , , l ) with 

at p ) 

(t2,l) t • c2 ) 
2 , all non-degenerate conies with ac least 3-polnC contacc with K at p) 

with 1 (1 c. » p ) 

, all non-degenerate conies with at least 4-polnC contact with R at p) 
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