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POLYNOMIALS WITH FBOBENIUS GBOUPS OF 
PRIMS DBGBEB AS GALOIS GBOUPS 

Alden A. Bruen*. Christian V. Jensen and Norlko Yid» 

Presented by P. Ribenboim, F.R.S.C. 

1. Sbafarevicb [8] has thowo that any finite solvable group a Is realizable M a 
Galois group over the field Q of rational numbers. Thompson [7] bas recently proved 
that any finite solvable group C whose every Sylow subgroup Is «belian, or «ny finite 
group C which is nilpotent of class 2, can occur as a Galois group for • regular exteo» 
sion L over the function field Q(z) (i.e. Q is algebraically closed in L). Their existence 
theorems, however, do not yield any explicit examples. Apparently, there seems to be 
a big difference between general existence theorems and actud eonstrnetions. 

Recall that a Frobenius group C of degree » c N is a transitive subgroup of the 
symmetric group 5, such that any element of C, different from the identity, his at 
most one fixed point, and that there exists a permutation in a apart from the identity 
which bas a fixed point. 

In this paper, we consider the case C - a Frobenius group of prime degree p. 
We give a constructive and effective characterization of polynomials over Q having C 
as a Galois group over Q. In addition, actual constructions of parametric families witb 
certain Frobenius groups as Galois groups are carried out. The details can be found in 
Bruen, Jensen and Yui [1]. 

2. Let p(a5) be a rational prime. A Frobenius group of degree p is « solvable 
group, and its structure is completely described by a theorem of Galois (see, e.g. Hup-
pert [3, p.163]). Let f, denote the finite field with p elements and let F," be its multi-
plicative group. Denote by Affip,) ={i - cr +tf le sF,*, <f t r , ) ° P , MP,' (the 
semi-direct product of F, by F/) . If C is a Frobenius group of degree p then C is a 
subgroup of Aff (F,). Therefore C is identified with a semi-direct product V, •KK 
where JT is the unique subgroup of F,* of order ; with f lp-1. We denote by F^ "Ft, 
the Frobenius group of degree p and of order pl with i Ip - 1 . (If / = 2, Ft, = D, (the 
dihedral group of order 2p).) 

3. A characterization of F^ as a permutation group of degree p is essential for 
our discussion. Regarded as a permutation group acting on F,, a Frobenius group FM 
of degree p and of order pl with I < p-1 is transitive but not doubly transitive; the 
Frobenius group F,(,-i) of degree p and of the maximal possible order p(p -1) is shar-
ply doubly transitive. Conversely, these properties characterize completely Frobenius 
groups of degree p as permutation groups: 

LEMMA A. Let G bea transitive permutation group cf degree p. 
(a) (Burnside, witb proof by Wielandt (see, e.g. Passman [6, p54D Astumt that O 

ii transitive, but not doubly transitive. Then G is a subgroup of Aff (P,). Thertfere, G 
is a Frobenius group F^ with I < p-l. 

(b) (Zassenhaus [10]) Assume that G Is sharply doubly transitive. Then G " F^-iy 

•nefintudlUrd «uthon were putitlly «ppof ted by the Ntloril Sdcncc. tad Easteeering 
Rcieasch Council of Canada. 



172 
A.A. Bruen, C.U. Jensen , N. Yui 

4. Let / (z) be a monic polynomial of degree p (prime » J) over Q. Denote by 
Df the discriminant of / (z), by W the splitting field of / (z) over Q and by Caf(/ ) the 
Galois group Od (WAD-

LEMMA B. Let / (s) « Q[z] a meide irreducible polynomial of degree p and let 
(a , 1/ <• 1 p) belts roots In N. Then we have the following astertlons. 

(a) (Jensen and Yui [4], Kurvatov [5D The roots {a, II = 1 p) admit oidy a 
trivial Q-Hnear relation, that is, 0,01 + ejai + • • • + e,a, c Q . c, tQ for all I, If and 
o«ly(fei = ea= ••• =e , . 

Consequeialy. all sums cf s (1 s j < p) distinct algebraic numbers a,, + 
a, +-•-+*,, with 1 « I, < l j < • • • < I, « p are distinct. 

(b) (Cf. Erbacb, et al. [2].) For eocA 1 (1 * * x (p-l)/2). P«» 

*>.(') =- n t» - K + « . , + •••+ "<.))• 

r/ien p,#(z) ir a polynomial defined over Q «̂  rfejree p, := (J) = t | / _ i ) 1 fcwfng <flj/fncl 
rooM. Furthermore, the splitting field af p,#(z) mer Q is N for every ». (// p/#(z) is 
reducible aver Q. l*en the splitting field of each irreducible factor of p,,(f) mer QisN.) 

5. Now we can formulate our constructive characterizations of polynomials with 
Frobenius groups of degree p ts Galois groups over Q. We note that Fy^-ij/i is a sub-
group of the alternating group A, ; however F,^.|) is not a subgroup of A,. 

THEOREM C. Let / (z) (Q(x] be a monic polynomial of degree p and let 
(a, 1 I » I p) be tis roots in H. 

{*) Ut Fj - Ff *K be a Frobenius group of degree p where X It (Ae unique sub-
group of t} of order I, I < p-l such that K$-I modp (resp. K 3-1 modp). Thenthe 
necessary conditions for Gat(f ) " Ffi are 

(i) / (z) Is irreducible mer Q, and 
(ii) p, .(z)- II (* "("' +0>M /''«"»" too the product of (p-l)/2l (rerp. 

l*i<l*, 
(p -1)11 ) distinct monic irreducible polynomials ef degree pl (resp. plfï) met Q. 

(b) Conversely we have the following assertions. 
(bl) Suppose that 
( i ) / (z) it irreducible mer Q, 
(ii) Df is a square, and that 
(Ui) />,,(') *<" a factor cf degree l,l< t <p<p -l)/2, over Q. 

Then 1 -pl with I < (p-l)/2, and alt the factors of p,a(z) Aove the same degree pl, so 
that I l(p-l)/2. Furthermore, Gal(f ) = F^ or F w . ( 7 / 1 = 1 , F, is interpreted as the 
cyclic group Z,.) (For I -lor 2, see [¥]J 

(b2)Suppose thatp > Sand that 
(i) / (z) If Irreducible mer Q, 
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(11)0/ is a square, 
(iU)p,,(x) remoliu irreducible over Q, and that 
(iv) p, (z) = H {* - (a( + »/ + «»)) factors Into a product of r(*S) dis-

rlner jRonle irreducible polynomials of degree > I ever Q. 
TAen Ca/V ) n F,(r-t)0-

THEOREM D. 1er / (z)cQ[z] »e a moule polynomial ef degree p > 5 end let 
{a,I I « 1 p) be Us roots in S. TktnCalif) ' F^.^if and only if 

(i) fix) is irreducible mer Q, 
(ii) Df is not a square, 
(Ui) P,.(*) = H <*-("« + «/» *» frredueiUe ever Q, 

i*i<i*, 
(iv) P„(*) = I I (x - (»< + <»7 + «•» /««or* too a profiter o< r (s 2) dùrfuct 

i«i</<t«f 
monic Irreducible polynomials ef itgre*>l mer Q. 

For p ° S (i.e. Fa), we reformulate a result of Weber [9]. 

THEOREM E ([9]; cf .[ID- Laf (z) c Q(x] fre a monic quintic polynomial. Then 
CaUJ) = Fvif and only If 

(i) / (z) if irreducible mer Q, 
(ii) Df Is not a square, 
(iii) The Weber sextic resolvent of / Ct) has a rational root. 

(For the definition of the Weber sextic resolvent, see Weber [9, p.670].) 

6. We now discuss actual constroctiotts of parametric families with certain Fro-
benius groups as Galois groups. 

THEOREM F ([9]; cf.[lD. Let / (z) = z» + a» + ft t QIz). ThenOal(f) -Faff 
and only If 

(i) / (z) It Irreducible mer Q, 
(ii) Df " 4 V + fib* U not a square, 
(iii) the coefficients a and b are of the form 

" (X-l)4(Xa - 6X + 25) " (X-1)V - «X + 25) 
wilh X41 c Q, X# 1 and v* 0. 

We now consider the case G - f,(, -lyj with p - 3 (mod 4). 
THEOREM G. Letp be a rational prime such that p m z (mod 4). Let T,(x) denote 

the p-th Chebyshev polynomial tf the first kind, and let 

/ , ( , ) : - ^ + l r , ( ^ ) - l . 
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Then 
(a) / r ( z ) Aot rational coefficients, end it Irreducible over Q. 
(b)CBltf,)-f;„-iia. 
In particular, tfter a sidtable transformation, Fn (resp. Fa) It replied as the 

Galois group of the polynomial 
T-ff) =z ' + Ms* - S6»4 + S6z3 - 16« Qtz) 

fretp. 
/ u ( * ) - ' u - » » , + » 6 * , - 2 0 7 ' x 5 + 4 • S S x , - 2 6 r a , -a43€<HzD. 

The construction of Theorem G will work equally well if Q is replaced by a 
function field over Q. Consequently, we can obtain a generic family of polynomials 
for F,(,-ivi-

THEOREM B. Ut p be a rational prima such that p m 3 (mad 4). Ut Q{a,b) be a 
function field mer Q with indeterminates aendb. With T, as tn Theorem G, let 

/,(z: o*) :- («'+péVr, {^Urf] - 8(fll + pb'lf''W-
Then 

(a) f,(?-, a j) is an irreducible polynomial ef degree p overQfaj). 
(b) The Galets group Gai{f,/<Ha Jb))- F,^.,^. 
Furthermore, /or any pair (a » s Z1 with p/06 and a m b (mod 2), / , ( z ; a » If 

irreducible In Q[x], end consequently has Ff^.w et Galois groip over Q. 
In particular, a parametric family with Galets group Fn (resp. FJJ) If give» by 

f&.aj)) - 64»' - IWfl* + 7ftV + S6(a, +7ftJ)«»J 

- 7(oJ + n*f* - ala1 + 7tV e Q(a^){z] 

fretp. 
/ „(»; a^)= « t M - 2nll(a, + Uft»)»* + 2,JU(a, + ÏU)^fx, 

- "Pi • ll(aJ + llb^x1 + 2» 5 • IWa» + 1I*,)V 
- 2 • 11(0» + lift*)5* - 0(0' + lift1)» t Q(a .frHz]). 

Remarks, (a) That the polynomial fi (reqt. fiù obtained in Theorem G h u 
indeed F u (resp. Fu) «s its Galois groap over Q can be proved by Theorem C (b2). 
In fact, we have 

(0 f-i") i* irreducible over Q, 
(il) B / - - ^ ' » Is «square, 
(iii) fvi.") i* irreducible over Q, «ad 
(iv) Fxrfz) fsctors as follows: 

'ut») " (iT+42»,+a8zJ+2e0O«4+392z,-S«»«,-392Ox-496) 
X (z,+42x*+S88»J+28I)0x4+392x'-481«z,+1568z+288) 
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x (an irredodbîe potysomial of degree 21 over Q). 
(Reqwctively, the similar proof can be «pplied for fu «od Fa.) 

(b) For Ft(,-iyi with p - 1 (mod 4), • simUar construction is possible, but 
becomes much more complicated. 
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i-ANNEAUX ET VECTEURS DE WITT 

ANDRE JOYAL 

Presented by P. Ribenboim, F.R.S.C, 

R6suni6 

Nous donnons a la théorie des vecteurs de Mitt une formulation nouvelle 

en utilisant lès méthodes de TalgBbre universelle et de la théorie des caté-

gories. On Introduit une structure algébrique, celle de 6-anneau. Un 6-an-

neau est un anneau conmutatlf muni d'une opération unalre supplémentaire sa-

tisfaisant 3 des Identités algébriques simples. Le résultat principal consis-

te a montrer que le foncteur oubliant de la catégorie des 6-anneaux vers cel-

le des anneaux commutatlfs possède un adjoint a droite H. Un calcul explici-

te permet l'Identification de W(A) avec l'anneau des vecteurs de Witt sur A. 

On donne des démontratlons plus conceptuelles de plusieurs résultats de la 

théorie des vecteurs de Witt [7,21 

1- 6-anneaux 

Fixons «ne fols pour toute un nombre premier p et une puissance q = p 

(raO). 

DEFINITION 1 Un i-anneau A est un anneau commutatif muni d'une operation 

unalre 6: A •» A satisfaisant aux Identités suivantes: 

1) 6(x+y) = «(x) + «(y) - Z l ^ x V " 1 

H) «(xy) = x<'6(y) + «(x)yq + pfi(x)6(y) , «(1) = 0 
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Nous dirons aussi que A est un 6-anneau relativement au couple (p,q). 

Ces conditions entraînent que l'opération unalre f(x) = x*1 + p6(x) est un 

endomorphisme de 1'anneau A: 

f(x+y) = f(x) + f(y) 

f(xy) = f(x)f(y) 

f ( l ) =1 

Nous dirons que f est 1 'endomorphisme de Frobenius. Inversement, soit f un en-

domorphisme d'un anneau commutatif A sans p-torslon. Supposons que pour tout 

xeA 

f(x) = yfl mod pA 

On obtient une structure de 5-anneau sur A en définissant S comme suit: 

SM = l<f{x) - xq) 

Exemple 1 L'anneau Zadnet une seule structure de «-anneau puisque le seul 

endomorphisme de Zest l'Identité. 

Exemple 2 Soit L une extension galolslenne d'un corps K. Soit BcL un anneau 

de valuation discrete et soit A = BrK. On suppose que p = p-1 est une unifor-

misante pour B et que A/pA = F . On sait montrer [1] l'existence d'une substi-

tution de Frobenius oeGalols (L/K) caractérisée par 

1) o{B) = B 

11) a(x) H xq mod pB 

Un morphisme de «-anneau est un homomorphisme d'anneaux qui préserve «. 

Nous dirons aussi que c'est un «-morphisme. On vérifie que l'endomorphisme 

de Frobenius est un «-morphisme. 
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THEOREME 1 Soit ZCxp.x-p...] l'anneau des polynBmes sur une suite infinie 

d'Indéterminés. I l y a une seule structure de «-anneau sur Z C X Q . X ^ . . . ] pour 

laquelle «(x ) = x , pour tout n. Muni de cette structure, ZtXjj.x^..] est 

un S-anneau libre sur x0. 

Désignons par A la catégorie des anneaux et par «A celle des «-anneaux. 

THEOREME 2 Le foncteur oubliant U: «A -• A possède un adjoint a droite 

W: A * «A. 

La théorie des catégorie [6] met en évidence l'équivalence entre le théo-

rBme précédent et le suivant: 

THEOREME 3 Soient A -> B et A * C des morphismes de «-anneaux. Considérons 

le carré 

A -»• C 
• i '2 
B * BM 

i , A 

I l y a sur B8C une seule structure de S-anneaux pour laquelle ^ et 12 sont 
A " 

des «-morphismes. 

On peut donner une démonstration directe de ces théorèmes ou encore utili-

ser [8,9]. Comme conséquence, on a: 

COROLLAIRE Le foncteur W: A •* «A ejt representable par l'anneau ZÇx^x,,...]. 

Il y a une bijection naturelle; 

YA: M(A) 5 AN 
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La bijection y. s'explicite comme suit: 

W{A) » HomjCZCx,,^....], W(A)) 

« Hom ( Z [ X Q , X . | , . . . ] , A) 

= AN 

2- Vecteurs de Witt 

Pour voir que W(A) est Isomorphe 3 l'anneau des vecteurs de Witt sur A, 

11 suffira d'utiliser une description différente du «-anneau libre sur un gé-

nérateur. Cette description est basée sur le résultat suivant. 

PROPOSITION 1 On peut définir dans la théorie des «-anneaux une suite unique 

d'opérations unalres S0,6^,&2,... vérifiant les Identités 

f^x) = «0(x)<'n + p«1(x)<'n' + . . . + pn8n(x) (n^O) 

Les deux premiers termes delà suite sont «0(x) = x et &|(x) = «(x). 

PROPOSITION 2 I I y a sur Z C Y Q . Y ^ Y ; . . . . . ] une seule structure de «-anneau 

pour laquelle «„(*()' = Yn pour_tout_n20. Muni de cette structure, Z C Y Q . Y ^ Y J . . . ] 

est un «-anneau libre sur YQ. 

THEOREME 4 Si q=p l'anneau W(A) s'Identifie 8 l'anneau des vecteurs de Witt 

sur A. 

u 

A chaque élément xeW{A) correspondant un vecteur de Witt TrA{x)eA . La 

description de TT. est semblable a celle de Y^ma^s elle utilise plutôt le «-an-

neau libre 2CY0,Y.,...]. 
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W U 
L'endofoncteur composé A + «A •>• A est une co-ntonade [6,3,23 sur A. Pour 

simplifier, nous noterons encore ce foncteur par W. On a des transformations 

naturelles 

W(A) e * A W(A) 4 W(W(A)) 

satisfaisant a des conditions d'assoclatlvlté et d'unité. L'homomorphisme EA 

est étroitement relié 3 l'exponentielle de Artln-Hasse [3]. Une structure de 

«-anneau sur A équivaut 3 une structure de co-alg6bre [6] fi : A -» W(A). Celle-ci 

se décrit comme suit: pour tout xeA on a ir^Cx) = («Q(X) , & | ( X ) , . . . ) . 

Remarques 

1) Soit A un anneau sans p-torslon muni d'un endomorphisme f tel que pour tout 

xeA, f(x) s xq mod pA. Le lemme de Dleudonné-Cartler [4, page 508] affir-

me l'existence d'un homomorphisme s f : A -» W(A). Ce résultat s'Interprète 

. comme suit dans le contexte présent: les hypotheses entraînent l'existence 

d'une structure de «-anneau sur A et on vérifie que sf = «.. 

2) Sous les hypotheses de la remarque précédente, on donne une description 

particulièrement simple de W(A) [5] . Posons 

B = {(an)eAN|an+1 H f{an) mod pn+1 Vn) 

N 

On vérifie que B est un sous-anneau de l'anneau produit A . L'opérateur 

de translation t((an)) = {an+1) est un endomorphisme de B et pour tout 

xeB, 
t(x) = xq mod pB 

Comme B est sans p-torsion, on a une structure de 6-anneau sur B pour la-

quelle t est 1'endomorphisme de Frobenius. On vérifie ensuite directement 
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qu'avec la projection B -» A, B devient le 6-anneau co-llbre sur l'anneau 

A, donc que B=W(A). 

Bibliographie 

[1] Bourbaki. Algèbre, Chap. V. 11. 

[2] Bourbaki. Algèbre. Chap. 8 et 9. 

[3] M. Hazewlnkel. Formal Groups and Applications. Academic Press Monographs 

78, 1978. 

[4] L. Illusie. Complexe de De Rharo-WItt et cohomologie cristalline. Annales 

Scientifiques de l'Ecole Normale Supérieure. 4° série, t l2 , 1979, p. 501 3 

661. 

[5] M. Lazard. Conroutatlve Formal Groups. Lect. Notes 1n Math. 443, Springer-

Verlag. 

[6] S. MacLane. Category theory for the working Mathematician. Graduate text 

In Math. 5, Springer Verlag. 

[7] P. Ribenboim. L'Arithmétique des corps. Hermann, Paris 1972. 

[8] D.O. Tall, G.C. Wraith. Representable Functors and Operations on Rings. 

Proceedings of the London Mathenatlcal Society (3) 20 (1970) p. 619-643, 

[9] G.C. Wraith. Algebras over theories. Colloqulun Mathematlcun. vol. XXIII 

(1971) fasc 2. 

Département de Mathématiques 
et d'Informatique 
Université du Québec 3 Montréal 

Received March 28, 1985 



183 

C.R- Math. Rep. Acad. Sci. Canada - vol. VII, No. 3, June 1985 juin 

ON FIELDS FOR WHICH THE NUMBER OF ORDERINGS IS DIVISIBLE BY A 

HIGH POWER OF 2 

Jan Minac 

Presented by P. Ribenboim, F.R.S.C. 

Abstract: We generalize the well known Brocker-Brown's theorem 

about existence of a certain valuation on a superordered field 

with finitely many orderings to the fields which have the number 

of orderings divisible by a high power of 2. 

1. Introduction; In this paper we keep to the notation used in 

[1], [2], [6]. Henceforth it is understood that we are treating 

only fields with finitely many orderings; and we adapt the standard 

theorems to our special case. 

We define F to be a formally real field, T to be the set of 

elements in F that are the sum of non-zero squares of elements of 

F , F is the multiplicative group of the field F , [F : T] is 

the group index, v- a valuation on F , Fv - the residue field of v , 

U - the group of units of Av , Mv - the maximal ideal of Av . 

v is strongly compatible with T iff 1 + MV^.T 

The field F is of type (k,2n) if [F : T] = 2n and the num-

ber of orderings of the field F is k . 

For each integer n > 1 , we define the set 0(n) of natural 

numbers by the following recursive formula: 

0(1) = (l) , 0(2) = {2} , 0(3) = (3,4) .... 

0(n) = 2 0(n-l) L/ (1 + 0(n-l)) 

We note that if F is of the type (h,2n) then h £0(n) (see[i]) 
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An element i of 0 (n) is called decomposable if i, can 

be written as a + b = î , aGO(s) , b G 0(t) ,s + t ° n . (we 

use the same abuse of notation as in [6] . (see p. 188)). Other-

wise aGO(n) is called indecomposable. If JlGO(n) is decom-

posable then 4-lG0(n-l) ([6], Proposition 2.6). If kGO(n) , 

k > n+1 then kG0(n+l) ([6], Proposition 2.8). If 2kG 0(n) , 

k > n-1 then kGO(n-l) [6] , Proposition 2,11). 

Aset of different orderings ^ ,P2,Pj,P4) of the field F is 

called a 4-elemert fan if P^ P^P^CV^ . Two orderings P,q,P î« Q 

of the field F are called equivalent if there exist orderings 

R,S of the field F such that the set {P,Q,R,S} forms a 4-ele-

nent fan of the field F 

2. A superordered field with finitely many orderings is of 

type (2n'1,2n) , with n > 1 . It is known that such a field F 

has a valuation v , strongly compatible with T , such that 

[F :T ] < 4 ([2]). The following theorem generalizes this: 

Theorem 1: Let F be a field of a type (2n"J a , 2n) , where 

n>2j ,n^l . Then there exists a non-trivial valuation v on F , 
strongly compatible with T , such that 

[Fv : Tv] •> 2s < 22 J 

Proof: Firstly we shall show that there exists a valuation 

u on F , strongly compatible with T , such that F j1 UUF 

We know that if F is of the type (k,2n) where kGO(n) ,k>4 

with kGO(n) is indecomposable, then any two orderings of F are 

equivalent ([4], Theorem 3.3). But if F has only a finite number 
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of orderings, (at least four) of which any two are equivalent, then 

there exists a real valuation u on F such that UuF s* F ([5] , 

Theorem (2.8)). Thus it is enough to jrove that if k= 23,'J. m G 0(n) , 

and n > 2j then k is an indecomposable element of 0(n) 

We shall prove this by induction on j 

1) Suppose j =1 . We observe that m = 1 as 2n" is the 

largest element of 0(n) . If 2n' G0(n) is decomposable, then 

2n'1 - 1 G O(n-l) . But then 2n':l-l<2n'2 which gives n<2 . 

But hy assumption n > 2 and so we established a contradiction. 

2) We assume that our assertion holds for j - 1 , but not for j . 

We assume j > 2 . Thus there exists n > 2 j , m G IN such that 

k=2n'^mG0(n) is decomposable and so k-lGO(n-l) . Since k-1 
n-j-1 n-j-1 

is odd we see that k - 2 = 2(2 a - 1) G 0(n-2) . But 2 m-l - (n-3) 
. , n-j-1 (n-2)-(j-l) 

> 2 J -2j + 2 > 0 . Thus 2 m-lG0(n-3) . Hence 2 m 

G0(n-21 is decomposable. But as n-2 > 2(j-l) this contradicts our 

assumption that the assertion is true for j - 1 . 

Hence kGO(n) is indecomposable so that there exists a non-

trivial valuation u on a field F , strongly compatible with T , 
such that F ̂  U F2 . 

u 

We shall now conclude the proof using induction on n . Sup-

pose that n=2j +1 . We know that there exists a non-trivial valu-

ation v on the field F , strongly compatible with T , such 

that Fj'U F2 . Hence [F : T ] ̂  2 ̂  . Thus the theorem is true 

for n = 2j + 1 . 

Now suppose that our assertion is true for n1 , where 

2 j < n' < n . Let 2 j < n , m > 1 and let F be a field of type 
n-j v - u 

(2 . m , 2 ) and u a valuation on F , strongly compatible with 
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T 

if a 

such that U UF 2^F . We shall show that UUF 2=U UT Indeed 
. ,anGF , le t a •= â  where u(a i ) < u(ak) for 

1 , 2 , . . . , n Then 

2 .IrrH2 
.* al = a Z ( ( -^- )" + . . . + ( ^ ) ) 

2*. 
a b 

where b G Uu . 

field). Hence 

(Here we use the fact that 

[F:UUT]- [#:uuf2]-2t , t > 1 

is a formally real 

Suppose now that F is of type (g,2 ) 

,n-t-j ,h , 

Then we have 

,n-t 2«i 

If h ̂  2j we can take v = u . 

If h > 2 j , then since h < n we can use our induction hy-

pothesis on the field F , so that there exists a valuation w on 

Fu strongly compatible with Tu such that (fw : T w] - 2s ^ 2 ̂  

We take v = u^w the standard composition of the valuations u , w 

Then F is isomorphic to F so that [F, : T 1 = 2s^i 2 ̂  
V r W k V V 

To show that v is strongly compatible with T let c G M 

Since the valuation w is strongly compatible with T , there 

must exist elements a.,...,a G F such that 

.* a_ (l+c)(l*d) , 

where d is some element from M.. 

Since u is strongly compatible with T , there exist elements 

2 . . v2 
1 b. b£ G F such that 1+d • b' + + b Hence 1+c is a sura 

of squares of the elements of F , which concludes the proof. 

Remarks. As elements 2JeO(2j) , j ^ 1 are decomposable from 

theorem 4.1 [6] we get that theorem 1 does not hold if n = 2 j 
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Hence assumption n > 2j is necessary. However, if we fix odd num-

ber m > 3 and investigate fields of a type (2n*Jm,2n) we can get 

better results. To formulate it let us define (see [.(,], Def. 2.A.1, 

Proposition 2.A.4) 
t 

u(m) = t + £ G. , where 
i=0 1 

* i m = î G.21 , G.G (0,1) , G,. = 1 . 
1=0 1 1 t 

Theorem 2: Let F be a field of a type (2n"3 . m , 2n) where 

m is an odd number Z 3 and n > 2i-p(m) . Then there exists a 
non-trivial valuation v on F . strongly compatible v/xth T , such 
that 

[F :T ] = 2s < ?.2J-yte> 
v v — 

Furthermore, one can observe that numbsrs 2I:m G 0(p(m) + 2k} , 

k > 0 are decomposable and hence condition n > 2j-p(m) is necessary. 

Moreover the following is true: Proposition: Suppose 

j,m are natural numbers, m is odd z 3 . Then there exists nat-

ural number n such that 2n"J . m G 0(n) iff j aij(m) . 

Using our Theorems and results established in various papers (see o 

[2] [3] [41 [S], [i], [7] ) we are able to deduce the following-

Let V be a field of type (,2n'Km,2n) . From Theorems 1,2 we 
know that there is a valuation v en F , stronply comjiatible v i t h T 

such that [Fv : Tv] = :s < 22J if m = 1 and [Fv : Tvl =•• 2s < 22^vM 

if m is an odd > 3 . Moreover: 

Corollary 1. Let W ed(F) denote the reduced Witt ring of the 

field F . Then Wred(F) » Wred^v^"1 ' w h e r e Mred(Fv)[H1 is 

a group ring and H is a 2-elenientary abelian group of rank n-s = 4 . 

Furthermore we assume that F is a Pythagorean field retaining 
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the above properties. Then 

Corollary 2. F is quadratically equivalent to the field Fv((t1))... 

((t»)) , where J. = n-s , with t,,...^, indeterminates. 

Corollary 3. The square class invariant (introduced by A. Solow (see 

[3]) classifies quadratic forms over F if and only if there exists a 

2-henselian valuation u on F such that F is a SAP field and 

[Fu : T ] = 2r< 2 ^ . Hence if j °  1 or 2 then the square class 

invariant classifies quadratic forms over F . 

Corollary 4. There exists an exact split sequence of pro-2 groups 

1 * ^2 * G 2 ( F ^ * * * ! 

where i=n-s,G2(F)=Gal (F(2)/F) . Here F(2) denotes the maximal 

2-extension of F and 22, is the additive group of 2-adic integers 
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ON THE CLASSIFICATION OF NONCOMMUTATIVE TORIy 11 

Joachim Cuntz, George A. El l iott , F.R.S.C, Frederick H. Goodman, 

Palle E. T. Jorgensen 

Abstract. The classification of the canonical smooth subalgebras of the C-alge-
bras associated with pairs (G,p) , where G is a finitely generated free 
abelian group and p is a nondegenerate antisymmetric bicharacter on G with 
generic Diophantine properties, 1s shown to be the same as the classification of 
the pairs (G,p) . This is done by identifying the pair (G,p) with an invariant 
of the associated algebra. The invariant is expressed in terms of K-theory, with 
the help of Connes' cyclic cohomology. 

1. Let G be a torsion-free abelian group and denote by S(G) the space of 

complex-valued functions on G of rapid decay, i.e. the space of functions a 

on G such that the function bpa is sunraablefor each linear function b on G 

( i .e . each b e Hom(G,I) ) and each p = 0,1,2 
Let p: G«G -• T be a nondegenerate antisymmetric bicharacter on G , and 

denote by A,- \ the C*-algebra introduced by Slawny in [8], - the unique prime 
IvuPl 

C*-algebra generated by unitaries dOggg such t h a t f o r e a c h 9.h € G , 

uhug = P(gAh)uguh . 

A,^ , is simple and has a unique tracial state T . For brevity we will often 
IG.p) 

Mrite A(G,P) = Ap • 
Denote by A" the subspace of A consisting of all elements a such that 

p P 

the function ( T U u j 1 ) ) ^ belongs to S(G) . A" is a subalgebra of Ap . 

and is a complete locally convex topological algebra with respect to the seminorms 

"a»b,P= I g e G l " ^ 3 ^ 1 

where b e Hom(G,t) and p = 0,1,2 
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Consider the category of all such pairs (G,p) (i.e. with G a torsion-free 

abelian group and p: GAG-> T a nondegenerate antisymmetric bicharacter), with 

isomorphisms as maps. By an isomorphism of pairs (G,p) and (G',p') is meant a 

group isomorphism a: G-• G1 such that P'(CIAO) = p . The correspondence 

(G'p) ~ ATG.P) 
is clearly a functor to the category of algebras ATg > with algebra isomorphisms. 

We wish to construct an inverse to this functor, but we can do this only for the 

subcategory of pairs (G,p) such that G is finitely generated and p has 

generic Diophantine properties: for each g e G there exists b e Hom(G,(t) and 

p - 0,1,2,... such that 

iptgAh)-!!"1 < lb(h)|p whenever p(gAh) * 1 . 

Theorem. The functor (G,p) « A?G j restricted to pairs (G,p) such that G 

is finitely generated and p has generic Diophantine properties has an inverse 

(with respect to isomorphisms). 

2. It would be desirable to formulate the invariant in the category of the C-alge-

bras A/- s , rather than that of the algebras ATG > , as was done in [4] in 

the opposite extreme case in which p has only values of finite order (the case 

of maximal degeneracy). 

In fact, we do define the Invariant In terras of the K-group K*(Ap , which 

is the same as K*(A ) , but we need the Z+-filtered structure of this group 

described in [5], This filtered structure is not known to be invariant under 

C*-algebra isomorphisms. To prove that it is invariant under smooth isomorphisms, 

i.e. at the level of the subalgebra A" (at least for generic p ), we use the 

cyclic cohomology of this algebra, defined by Connes in [3]. 

3. In the case G = Z , our result goes beyond the classification result of 

Rieffel. [7], and Pimsner and Voiculescu, [61. It implies that the determinant of 
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the automorphism of the K.-group 2 induced by an automorphism of the algebra 
Att2 1 <s GClual t0 +1 • Here p 1S nondegenerate, i.e., of infinite order. 

In the case G = Z we do not need to assume that p has generic Diophantine 

properties. However, we cannot yet deal with arbitrary automorphisms of the 

C*-algebra A/,,2 \ • The assertion to the contrary made in [5] (page 178, lines 

17 to 20) must be withdrawn. 

4. Lemma. Any isomorphism A?,, p) - A"g, >pl j where G and G' are countable 

is continuous and preserves the trace T . 

Proof. The proof of Theorem 3.1 of [1] shows that every derivation of A" is 

continuous. A similar argument shows that every isomorphism from A" to Ap, 

is continuous. 

Let us show that t is the unique continuous linear functional on Ap such 

that T ( 1 ) = 1 and T(ab) = T(ba) . It is enough to show that if ui(ab) = u(ba) 

then «(u ) = 0 for all g * 0 . If g * 0 , then p(gAh) * 1 for some h e G 

and * 
u{u ) = ̂ ( " h V h ' = latp{gAh)ug) = p(gAh)u(ug) 

5. Lemma. Let 6 be an approximately inner derivation of A"Gipj . with 

respect to the C*-algebra norm. If G is finitely generated and p has generic 

Diophantine properties then 6 is inner. 

Proof. The case G = Z Is dealt with in Remark 4.3 of [1]. The case G = Z 

is similar: 6 is determined by d e A"G>p) where 

d(g) = (pCgAh)-!)"' ch(g) , for any h with p(gAh) * 1 . 

Here, as in Theorem 2.1 of II], 6(ug) = ̂  c9(h)uguh . 

6. Note that if 6.,...,6n are mutually commuting derivations of an algebra 

annihilating the trace T , then 
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Wa1 an ) = ro€Sn
 e(o^(a06o(1)(al)---6o(n)(an)) 

Is a cyclic cocycle in the sense of [3]. 

Recall that In A7G , (with p nondegenerate) every derivation annihilates 

the unique tracial state T (see Corollary 2.2 of [1]). 

Corollary. Let 6. 6 be mutually commuting derivations of A " G J P J , and, 

let 6|,...,6^ be mutually conrouting derivations of A"GtPj such that 

6'. = 6, + 6i where 61 Is approximately inner In the C*-algebra norm. If 6 is 

finitely generated and p has generic Diophantine properties then the cyclic 

cocycles T, and x,, define the same cyclic cohomology class-

Proof. By Lemma 5 there exist b , , . . . ^ e A"G > p) such that 61 = ad bi . 

Using only the derivation law for 6,,...,6^, one sees that the Hochschild 

n-cochain , , ,, 
^0 6 1 ( a 1 ) - " 6 n -l ( a n -1 ) I b n ' a n n 

is the coboundary of the (n-l)-cochain 

T(a061(a1).. .6n.1(an.1)bn) . 

Repeating this with obvious substitutions and summing yields a Hochschild (n-1)-

cochain ip with coboundary equal to r^.-Tg . 

Integrating by parts and using the commutation relations 

[ 6 ^ 1 = 0 = (6^6j ] 

one verifies that the cochain ip constructed in this way Is cyclic. The only step 

which need be noted is that, as the centre of A?,, « is the scalars and all 

derivations annihilate T (see above), the relation [ 6 ^ 1 = [^.«jl "«y be 

expressed as 
6i(bJ.)-6j(bi) + [b1,bJ.] = 0 . 

7. For each X € Hom(G,C) there is a derivation 6X of A"G>pj specified by 

6y(u ) = X(g)u , g e G . Since these derivations form a coimiutative Lie algebra. 
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one may identify the exterior algebra A Hom(G,t) with the space of cycl<c 

cocycles t- as above with 6 = {6^ ,...,6y, ) . 

Theorem. For pairs (G.p) such that G is finitely generated and p has 

generic Diophantine properties, the map from A Hom(G,I) into the cyclic cohomo-

logy of ATg » is natural (with respect to isomorphisms). 

Proof. He must show that for each algebra isomorphism a: A " G pj -» A"Glfpi) the 

induced isomorphism of cyclic cohomology determines an isomorphism of exterior 

algebras A Hom(G',I} -* A Hom(G,C) . 

First we define a map 8: Hom(G',I) -» Hora(G,lI) as follows. If X e HomCG',!) , 

by Theorem 2.1 of [1] there exists a unique B(X) e Hom(G,t) such that the 

derivation a ' ^ a - ô . ^ ) of A"G)P) is approximately inner, i.e., by Lemma 5, 

inner. Since a preserves innerness, it is clear that B is an isomorphism. 

By Lemma 4, -t = TO"1 . Hence if 6 = (6X ,...,6X ) with Xi € HonKGM) , 

the transform of the cyclic cocycle T. on ATg, ,, by a is x ., where 

OT'OO = ia']6v a a'^y a) . ByCorollary 6, x . defines the same cyclic 
x1 *n o 6a 

cohomology class as T^^ , where B(6) = (6B(X ).•••.*B()( )) • This shows that 

the extension of B to an isomorphism A Hom(G',I) -• A Hom(G,a) is compatible 

with the action of a on cyclic cohomology, as desired. 

8. Proof of Theorem 1. By Proposition 14 of [3], A HomtG.t) is in duality with 

the group M A T . \) • By Theorem 7 this duality is natural with respect to 

algebra isomorphisms. It is straightforward to check that this duality factorizes 

through the Chern character K*(A"G>p)) - A R G defined in [2], and computed in [5). 

Hence the /-filtered structure of M A " G > p ) ) derived from A R G is invariant 

under algebra isomorphisms, and the identification of the relative quotients as 

AnG , n = 0,1,2,... , is natural. By Theorem 3.1 of [5], the restriction of 

exp 2nix to A2G , which makes sense since x{1) = 1 • is equal to p . 

This identifies p: GAG - T as an invariant of A"G>p ) . 
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SUR LA CONNEXION ENTRE UNE ÉQUATION FONCTIONNELLE ET L'ÉQUATION 

DIFFÉRENTIELLE DES FONTIONS ELLIPTIQUES JACOBIENNES 

I. FENYO - L. PAGANONI 

Présentée par J. Aazèl, F.R.S.C. 

1 RÉSUMÉ, Si (f,g) est une paire de fonctions analytiques dé= 

finies dans un entourage de l'origine et satisfaisantes à l'équa-

tion fonctionnelle (1) sous les conditions initiales (2) et f 

n'est pas une constante, alors f satisfait aussi à une équation 

différentielle de la forme (3). Aussi l'inverse de cette propo-

sition est vrai, ce qui dérive d'un théorème démontré en [i] . 

1, Dans un travail précèdent [i] nous avons déterminé toutes 

les paires (f,g) de fonctions analytiques définies dans un entou-

rage de 1'origine satisfaisantes â 1'équation fontionnelle : 

(1) •3^^2) -^(z,) - <3tz2) = flz1)f(z2)f(z1+z2) (z1,z2€C). 

Plus précisément nous avons démontré le 

Théorème ([1]) . Soit (f,g) une paire de fonctions analytiques, 

définies dans un entourage de l'origine, satisfaisante à l'équa-

tion fonctionnelle (1). Alors : 

a) si f(0) * O.ils existent des constantes (complexes) OL et y 

telles que f(z) = a , glu) = -a + ys (s ct) 

b) si f(0) = 0 et fis) = a (constante) pour chaque siC, alors 

il existe un nombre yel tel que 
3 2 

f(z) = os , g(s) = (a /3)3 + Ya 

c) si f(0) = 0 et f diffère d'une constante alors ils existent 

des nombres complexes a«0, 8*0,Y «* k tels que 



196 I . penyo, L- Paganoni 

f its 
BnB(t.k) dt + ya . 

0 
loi 8n(u,k) désigne la fonction elliptique de Jacobi et la 

courbe d'intégration dans l 'expression de g(a) ne traverse aucun 

pôle de sn(u,k). 

Nous désignerons maintenant par A la classe des fonctions 

analytiques définies dans un entourage de l'origine pour lesquel-

les il existe une fonction analytique g(z) de sorte que la paire 

(f,g) soit une solution de (1). Si feA et f n'est pas une constan-

te,alors, grâce au théorème cité en haut, f a les propriétés sui-

vantes : f(0) = 0 et f'(0) * 0 ; c'est pour cela qu'on peut 

considérer, sans réstriction de la généralité, la sous-classe A o 

de A de toutes les fonctions fCA satisfaisantes aux conditions 

(2) f(0) = 0 , f'(0) = 1 

et pour lesquelles f' n'est pas une constante. 

Notre théorème cité en haut signifie que A ne contient que 

les fonctions de la forme 

f{z) = a sn(z/a,k) (ot,k arbitraires,a*0) . 

Il est bien connu, d'autre part, que la classe de ces fonc-

tions-ci représente exactement les solutions de la famille des 

équations différentielles 

2 2 
(3) <f') 2 = (1 - ^j) (1 - \ f 2 ) Ca,kfeC, a*0) 

a a 

qui possèdent les propriétés (2). 

Donc il est naturel de se poser la question s'il est possible 

dériver (3) directement de (1),sans recours à la solution générale 

de (1). En Tl] nous avons déjà dérivé de (1) une equation diffé-

rentielle de deuxième ordre ((4) ci-dessous), mais il est dif-

férente de (3). Ici nous montrons comment (3) suit de (4). 
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2 Soit donc f €A . Comme nous avons montré dans [i] , si on 
-X' o 

dérive (1) une fois selon la variable z , deux fois selon la va-

riable z. et on pose z =z=-z2, alors on arrive à l'équation dif-

férentielle du deuxième ordre pour la fonction f considérée : 
(4) ff" - 2 ( f , ) 2 + f'COlf2 + 2 = 0 . 

f"'(0) est une constante, un paramètre; ici il sera avantageux 

d'écrire cette constante dans la forme 

(5) £"(0) = -(1+k2)/o2 

où a (a*0) et k sont des nombres (complexes) arbitraires. 

Nous allons maintenant introduire une fonction auxiliaire • : 

(6) * = (f)2 - (1 " -̂  f2)(l - 4 f 2 ) = 
a a 

2 1 + k2 2 k2 ,4 
= ( f ) 2 - 1 * , — f - — f • 

a o 

En dérivant $ et en multipliant $' par f, on obtien: 

(7) f*' = 2f'[ff" * ^Y-f2 - 2 ̂  f4] 

On peut écrire la relation (4) dans la forme : 

2 2 
1+k 2 k 4 

(8) ff" + - ^ f - 2 £- f = 
a a 

= 2(f)2 - 2 . 2 ^ - t 2 - 2 ^ t A . 
a a 

d'où, en tenant compte de (6) et de (7), on obtien 

(9) f<t' = 4f'* . 

De (9) on déduit 

(10) <)> = c f4 (c€C arbitraire) . 
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En substituant cette expression au première membre de (6), 

on reconnaît immédiatement que f satisfait â la suivante équation 

différentielle : 

dD (f')2 = , - i ± | ! f
2

+ ( 4 + c) f4 . 
a a 

On doit remarquer que l'hypothèse selon laquelle f n'est 

pas une constante implique que les coefficients 

2 2 1+k , k ^ B = — — et Y = — + c 
a a 

ne s'annulent pas simultanément et c'est pour ça qu'il est toujours 

possible de determiner deux paramètres S (»0) et K tels que 

,,,. 1+k2 1+R2 „ k2 R2 

(12) — = — et "^ + c = 74 • 
a a a a 

En effet, de (12) suit l'équation 

yà4 - S52 + 1 = 0 

pour à , qui a toujours des solutions (complexes) puisque 

|B| + |Y| x 0 -, après on peut déterminer aussi k . 
En remplaçant ces expressions dans (11) on obtient l'équation 

différentielle 

(i3) (fM2 = , - n f ! f
2
 + E! f4 = d- ^ f2)(i- 4 f 2 ) • 

S à à à 

Cette équation a la même forme que l'équation (3), mais avec 

de différents coefficients. 

On en conclut donc que, si £eA alors de (4) dérive (3). 

o, 

D'autre part (4) est une conséquence de (1). Cela signifie que 

pour chaque fonction f de la classe A on peut faire correspondre 

une équation différentielle du type (3). 
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Aussi l'inverse de cette affirmation est vrai, parce que, 

grâce au Théorème( [1] ) , chaque intégrale d'une équation différen-

tielle du type (3) avec la condition initiale (2) est un membre 

de la classe A . o 
On a donc le 

Théorème. L'inclusion feA est valable si et seulement si 

f est un intégrale d'une équation différentielle de la forme (Z) 

avec la condition initiale (Z), 
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CHARACTERIZATION OP AN AFFINE CONFORMAL VECTOR FIELD 

R. Sharma and K.L. Duggal 

Presented by G, de B. Robinson, F.R.S.C. 

Abstract; Yano [ 4 1 has shown that an affine conformai 

vector field on a compact orientable Riemannian manifold without 

boundary is a conformai vector field. The purpose of this paper 

is to characterize an affine conformai vector field over an 

arbitrary semi-Riemannian manifold and describe it geometrically. 

We also give an example of an affine conformai vector field other 

than a conformai vector field. 

1. Characterization. Let (M,g) denote an n-dimensional 

smooth semi-Riemannian manifold endowed with a metric tensor g 

of arbitrary signature and corresponding Levi-Civita connection 

V. All the geometric objects on M are assumed smooth. A 

vector field Ç on M is said to be conformai, if jCrg = 2pg, 

where p is a scalar function and i. denotes Lie-derivative 

operator via Ç. We shall denote arbitrary vector fields on M 

by X,Y and Z. 

Definition; A vector field Ç on M is said to be affine 

conformai if 

(X 7)(X,Y) =• (Xp)Y + (Yp)X - g(X,Y) grad p (1.1) 

It is well-known [ 4 ] that a conformai vector field is also 

affine conformai, but the converse holds when H is a compact 

* Research supported by NSERC of Canada 
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orientable Riemannian manifold without boundary. We prove the 

following : 

Theorem 1.1. A vector field 6 on a semi-Riemannian 

manifold (M,g) is affine conformai iff the strain tensor X g 

is equal to 2pq plus a symmetric parallel tensor h of type 

(0,2). 

Proof ; We follow the setting VXY = V(X,Y). The commuta-

tion of the operators X, and Vx is given by 

W - v x V = <VMX'Y) + v u . x i Y (1-2> 

As shown in [3), (VXX g) (Y,Z) = g(Y,JC VXZ - V^çZ) 

+ g(Z,XçVxY - VXXÇY) - [e,Xlg(ï,Z) 

Using (1.2) in the above equation, we get 

(VxXeg)(Y,Z) = g(Y,(XçV)(X,Z)) + g (Z, (XÇV) (X,Y) ) (1.3) 

Now let Ç be affine conformai. Then use of (1.1) in (1.2) 

implies ( V ^ g ) (Y,Z) = 2(Xp)g(Y,Z). Thus Vx(Xçg - 2pg) = 0. 

Hence X g = 2pg + h, where h is a symmetric parallel tensor 

field of type (0,2). Conversely, if X,g = 2pg + h; where h is 

parallel, then (1.3) implies (g(Y,(X 7)(XjZ)) + 

g(Z, (X V) (X,Y)) = 2(Xp)g(Y,Z) whence one readily obtains 

g(Z,(Xç7) (X,y)) = (Xp)g(y,Z) + (Yp)g(X,Z) - g(X,Y)Zp. Hence 

(1.1) follows which completes the proof. 

2. Geometrical Description. Let (|)lE:e = an infinitesimal 

real parameter) be the 1-parameter group of local transformations 

generated by the affine conformai vector field Ç. Then the 
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equation X.g = 2pg + h and its equivalent equation (1.1) can 

be expressed as: 

g' = (1 + 2ep)g + eh (2.1) 

VXY = VXY + e{(Xp)Y + (Yp)X - g(X,Y)grad p) (2.2) 

where g'(X,Y) = g(di))eX, dif̂ Y) and VXY = Vd. ^ ^ l à.^^ 

denoting the Jacobian differential of $ . It follows from (2.1) 

that (i) A null vector field U will be transformed by 4 into 

a null vector field iff h(U,U) = 0, (il) A non-null vector field 

retains its causal character (space-like or time-like) [ 2 I under 

i)i . In general; 4 is not angle preserving. In particular, two 

orthogonal vector fields U and V will be transformed into 

orthogonal vector fields d+gU and d^V iff h(U,V) = 0. 

Now it is well-known [ 1 ] that, under an infinitesimal 

conformai transformation a geodesic does not, in general, remain 

a geodesic unless it is null and in this case the transformed 

geodesic is again null. Let us consider the analogous situation 

in the case of infinitesimal affine conformai transformation f . 

Suppose U denotes the tangent vector field to a geodesic in 

(M,g), which is transformed into a geodesic in (H,g'). 

Therefore V^U = V^U = 0. Hence (2.2) implies 2(Up)U = 

g(U,U)grad p which gives rise to two possibilities; either 

(i) p = constant, or (ii) g(U,U) = 0 and Up = 0. Case (i) 

reduces Ç to an affine Killing vector field which is trivial. 

Case (ii) asserts that a geodesic does not, in general, remain 

a geodesic unless it is null (like infinitesimal conformai 

transformation) and tangent to the level hypersurface. 
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p = constant, of M. But the transformed geodesic will not be 

null, unless h(U,U) = 0 (unlike infinitesimal conformai 

transformation). 

3. A Non-trivial Example. Consider a non-degenerate 

submanifold (M,g) of a semi-Riemannian manifold (M,g), defined 

by an isometric imbedding. Then the metric on M is the 

restriction of the metric g on M, to M. Consider a conformai 

vector field V on M. V can be decomposed uniquely into its 

tangential part Ç and normal part v. As V is a conformai 

vector field on M we have (X g) (x,Y) = 2pg(X,Y). Hence 

(Xçg)(X,Y) = 2pg(X,Y) - g(Vxv,Y) - g(X,VYv), where V is the 

Levi-Civita connection of M. Application of Weingarten's 

formula to the foregoing equation provides (X.g)(X,Y) = 

2pg(X,Y) + 2g(IIuX,Y), where IIV stands for the second 

fundamental form of M corresponding to the normal vector field 

v. Suppose II is parallel. Then define a (0,2)-symmetric 

tensor h on M such that 2g(II X,Y) = h(X,Y). Consequently 

we obtain X.g = 2pg + h, where h is parallel. Hence Ç is an 

affine conformai vector field on M. 

Remark 1. In the above example, for a totally umbilical 

submanifold (M,g) the vector field Ç would reduce to a 

conformai vector field. 

Remark 2. In the above example, if (M,g) were taken as a 

compact orientable Riemannian submanifold of the semi-Riemannian 

manifold (M,g) then (M,g) would reduce to a totally geodesic 

submanifold, such that the tangential part of V would reduce 

to a conformai vector field on (M,g). 
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ASSOCIATIVE OPERATIONS CLOSE TO A GIVEN ONE 

C.Alsina (Barcelona) and R.Ger (Katowice) 

Presented by J. Aczel, F.R.S.C. 

Given two bijections f and g from (0,~) cntc 10,") we can ge-

nerate the follcwinf» associative operations: 

F(x,y) = f"1(f (x) + f (y)) and G(x,y) = g-1 (g(x) +g(y) ). 

In this case we call f and g additive generators of F and G, res-

pectivily, and it is not hard to check that they are unique up to 

a multiplicative positive constant; in particular, if a,B>0 then 

F and G are also generated by af and Bg. respectively. Then a na-

tural question arises: if F and G are uniformly close can we dedu-

ce that at least two of their corresponding generators will be al-

so uniformly close?,i.e., given E > 0 and the condition: 

|F(x,y) - G(x,y)|<e for all x,y in (0,-), 

are there positive constants a and B such that 

|af(x) - Bg(x)|<e for all x in (C,-)?. 

The aim of this paper is to give, under some additional assumptions, 

an a^irmative answer to this problem. In the case''g(x)=x and 

G(x,y)= x + y this leads to a special case of the celebrated Hyers' 

inequality (I 2| ) . 

LEMMA 1. Given E>0 then.if a function <{i from [ 0,~) into itself sa-

tisfies the ineouality 

(1) |<Mx+ y) -«(x) - <My) | <e for all x.y in [0,-)^ 

then there exists an additive function a from iR into (R such that 
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(2) |<Mx) - a(x) | « e for ail x in 1 0.~) . 

The proof of this lemma is a straightforward modification of the 

classical result of Hyers ((2J), so will be omited here. 

LEMMA 2.Given e>0, let g be a bijective function from [0,-) Into. 

[0,-) such that, for some positive constant Mtthe ineouality 

|?{x) - g(y)| < M |x-y| 

holds for all x,y in ( 0,°») . If a bijective function f from [0,") inr 

to_[0,~) satisfies 

(3) If"1^(x) +f (y)) - o"I(a(xl +a(vl) I<E for all x.v in 10.~) . 

then the function <(i= g . f-1 satisfies the ineouality 

(4) |<Mx+y) - <Mx) - «(y) |< M E . 

Proof. For all x and y In 10,") we have the following*, 

|1Kx+y)-(|>(x)-*(y) |= |g(f"1(x+y))-g(f":l(x))-g(f"1(y)) | 

= |g(f"1(x+y))-g[g"1(g(f"1(x))+g(f"1(y)))l | 

< M|f"1(x+y)-g"1(q(f"1(x))+g(f"1(y))) I 

= M.|f"1(f (f"1(x))+f (f"1(y)))-

-g"1(g(f"1(x))+g(f"1(y)))| 

< M .E . 

Now we will prove the main result: 

THEOREM 1. Given e>0flet q be a bijective lipschitzlan function 

from ( 0,<») into ( 0,") . Suppose that a one-to-one function f from 

[0,~) onto itself is such that 

(5) |f"1(f (x)+f(y))-2~1(g(x)+g(y)) | < e for all x,y in [0,-1 

and f satisfies one of the following conditions; 

(1) f is strictly monotonie; 

(ii) f is mesurable' 
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Then there exist two non-negative constants a and B such that 

(6) |af (x) - 6g(x)l <c for all x in ( 0,") 

proof. Let M > 0 be such that |g(x>-g(y)l <M|x-y| for all x,y in 

fo,-). 

Applying Lemma 2, the function *= g. f" satisfies 

\Q(x + y) - (|i(x) - •(y)!<Me forallx,y>0. 

Thus, by Lemma 1, there exists an additive function a from R into B 

such that 

I* (x) - a(x)| « M E for all x> 0. 

Hence,for all x> 0twe have 

- M E <; a (x) - g (f-1 (x) ) < M e , 

ort eouivalently, 

- M E * g(f"1(x))-M e < a(x) < g(f"1(x)) + M E . 

From this and the hypothesis on f it follows Immediately that a is 

continuous and,since It is also additive,there must be a nonnegati-

ve constant X such that a(x) = Xx. Conseouently 

|g(f"1(x)) - Xxl < H E for all X > 0, 

and, taking a = X/M and B = l/M.we obtain the desired result: 

|af (x) - Bg(x) ! < E for all x > 0. 

An immediate consequence of this result is the following: 

THEOREM 2. Let F and G two continuous strictlv monotonie binary 

operations on 10,») which are associative and have 0 as a unit. If 

there exists a positive number e such that 

|F(x,y) - C(x,y)| < e for all x,y ,in.( 0,a) , 

then there are two additive generators f and g of. F and G, respec-

tively, such that 

|f (x) - g(x) | < e. 



2 0 c. Alsina, R. Ger 

THEOREM 3. Let q be a one-to-one strictly increasing function 

from [ O,») into Itself such that g"1 is subadditive and let e > 0 

be a given positive real number. Consider 41 to be any bijective so-

lution of Hyers'ineouality: 

(7) |<Kx+ y) - W x ) - iKy)! < g(e) for all x,y In f 0.<») . 

Then the function f = *" o g satisfies 

|f"1(f(x)+ f(y)) - g" 1 ( g(x)+g(y))| < e for all x.y In { 0.") . 

proof. Since g - 1 is subadditive and increasino, we have 

|g"1(x) - g " 1 ( y ) | = g"1(Max(x,y)) - g - 1 (Min(x,y) ) 

= g"1(Hln(x,y) +|x-y|) - g - 1 (Min(x,y) ) 

< g"1(Min(x,y)) + g"1 ( |x-y|)- g - 1 (Min(x,y) ) 

= g'^Ix-yl). 

Using this property and (7) we obtain at once: 

If-1 (f (x)+ f (y) ) - g - 1 (5 (x)+g (y) ) | = | g"1 (tf*-1 (g(x) )+<ti"1 (g(y) ) 1 ) -g-1 (g(x)4g(y) ) | 

< Sf"1 ( I *( (T1 (5 (x) )+(i)"1 (g (y) ) ]-q (x)-g (y) I ) 

= g"1 ( |<K «ti-1 (g(x) )+*"1 (g(y) ) 1 -

-*( f1 (g (x) ) 1 -« f1 (g (y) ) 1 I Kg" 1 (g (E) ) =£. 
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NORMAL SUBGROUPS AND INVARIANTS 

IN THE CATEGORY OF TRANSFORMATION GROUPS 

A. E. Fekete 

Presented by H.S.M. Coxeter, F.R.S.C. 

Abstract: Invariants are defined in the category of trans-

formation groups, and a necessary and sufficient condition 

for normal subgroup relation in terms of the invariants is 

given. 

H. S. M. Coxeter suggested in 1967 that Felix Klein's 

Erlangen Program, classifying geometries according to sub-

groups of a group of transformations, has been superseded 

by classification of geometries according to pairs of sub-

groups K, H the smaller of which is a normal subgroup, in 

symbols; K fl H . Coxeter stated: "When a geometry is char-

acterized, two groups arise: a group H under which all 

propositions remain valid, and a normal subgroup K under 

which the concepts and their properties are maintained" (lj. 

The rationale for declaring the Erlangen Program obsolete 

is clear. There are far too many subgroups of the group of col-

lineations and it is unrealistic to expect a new invariant and 

a new geometry to arise for every one of them. Much scarcer 

are the pairs of subgroups the smaller of which is a normal 

subgroup of the larger, and the problem of finding a complete 

classification of geometric invariants in the new sense appears 

to be more accessible. Yet the import of Coxeter's suggestion 

has been lost on a generation of geometers. This note is de-

signed to revive the problem, and also to put it in the slight-

ly more general context of the category of transformation groups 

(yrtierein the groups act on sets bereft of any structure). 
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Let the transformation group G act on a (nonempty) set 

X. An invariant a , by definition, is an equivalence relation, 

denoted § , on the set X, giving rise to the quotient set 

X/a (whose elements are the equivalence classes modulo a). We 

shall say that g e G respects the invariant a if 

x 8 x' = » - g(x) 2 g(x') 

where x, x' e X. The set H of g e G respecting a is 

clearly a subgroup of G . We shall say that g e G preserves 

the invariant a if 

g(x) 8 x 

for all x e X. The set K of g e G preserving a is clear-

ly a subgroup of G . Moreover, K is also a subgroup of H : 

g e K =>- g(x) S x , g(x') § x' 

= ^ - [x 8 x' =^>- g(x) 8 g(x')] = s - g e H 

In fact, K is a normal subgroup of H ; 

h e H, k e K = > • k(h-1(x)) 8 h'Mx) for all x e X 

=>• h(k(h-1(x)) 8 hdi-Mx)) = x 

=*- hokoh-Mx) 8x =*- hokoh-'eK 

We say that the group K acts on X transitively modulo a 

if x ? x' =»- x' = k(x) for some k e K . 

THEOREM 

Suppose that the group K c G acts on X transitively modulo a 

and it preserves the invariant o . Then the group H ç G 

respects the invariant a if, and only if, H £. K . 
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Proof; m view of the foregoing it will suffice to prove 

that h e H respects a , provided that H > K . We have 

x 9 x. ^ ^ X' = k(x) , k e K 

=>- h(x') = h(k(x)) = ho.koh-,(h(x)) = k'(h(x)) 

where k' = hokoh-1 E K =^S^ h(x) 8 h(x') 

It is also clear from the proof that if K is the group of 

all transformations preserving a , then the normalizer of 

K in G is the group H of all transformations g e G 

respecting a . The significance of the quotient group H/K 

is this: H/K is a transformation group acting on the quotient 

set X/a effectively, i.e., no nonidentity transformation 

in H/K fixes all the equivalence classes modulo a. 

Exeunples 

1. Let A be the affine group of the plane, D the sub-

group of dilatations, X the set of straight lines, and 

a the parallelism of straight lines. A respects (but 

does not preserve) a. D preserves a and A- • D . 

The quotient group A"/D acts on the quotient sbt X/a 

(= the line at infinity) effectively. In fact, A"/D" = 

PGQR), the group of projectivities of the real projec-

tive line. 

2. Let A be the affine group of the plane, E the sub-

group of equiaffinities,' X the set of triangles, and 

let the invariant a be the area, i.e., 

x 8 x* -i 9- area(x) = area(x') 

It is clear that A respects (but does not preserve) 

area, and that E preserves area. Indeed, A" • E . 
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The quotient group is the multiplicative group of real 

numbers: A /E = K* and it acts on the quotient set X/o 

(the elements of which are the equivalence classes of 

equiareal triangles) effectively. 

Oswald Veblen was the first to study geometries in the 

context of normal subgroups. In volume II of Projective Geometry 

[2], first'published in 1918, he lists eleven subgroups of A 

(p 118) : 

A the affine group 

A the group of direct affinities 

E the group of equiaffinities and skew reflections 

E the equiaffine group 

S the Euclidean group (i.e., the group of similarities) 

S the group of direct similarities 

M the group of displacements and reflections 

M the group of displacements 

D the horaothetic group (i.e., the group of dilatations) 

T the group of translations and reflections 

T the group of translations 

and observes the following relationships between them: 

where the dotted line indicates that the lower of the two 

groups joined is a subgroup of the upper, and a solid 

line that it is a normal subgroup (however, not all normal 

subgroups relationships are shown). 
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Euclidean 

Equiaffine 

Homothetie ( D 

Affine 

Direct 

Ditplaeementê 

T ) Translation» 

Veblen's diagram contains two celebrated errors. The 

first one is an error of commission: As pointed out by 

Coxeter in 1967 ([1], P 15) D* is not a normal subgroup 

of E . The second one is an error of omission: As pointed 

out by Paul B. Yale in 1968 (13], P 73) there is an im-

portant normal subgroup D of S* , the group of dilatations 

with positive ratio. In fact D , no less than T , is a 

normal subgroup of every subgroup of A that contains it. 

As a result of these two errors, Veblen's diagram fails 

to bring out the significance of these normal subgroup relations. 

With both errors corrected, however, the diagram springs to life; 
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and i t incorporates two addit ional features; 

1. A pair of para l l e l so l id l i n e s gives r i s e to a pair 

of isomorphic quotient groups (the s o l i d l i n e s T M , 

D±s± , TM, DS are a l so considered para l l e l ) 

2. For a group B" , B i s a subgroup of index 2, 

and B V B = ( 1 , - 1} , the mul t ip l i ca t ive group of 

order 2. 
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