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RELATED FUNCTIONAL EQUATIONS APPLIED TO KOROVKIN
APPROXIMATION AND TO THE CHARACTERIZATION OF

RENYI ENTROPIES — LINKS TO THE UNIQUENESS THEORY

J. Aczél
FR.S.C.
Abstract. The same trick concerning continuous functions can be applied to correct an er-
" ror in a characterization of Rényi entropies and to the solution of the functional equation

L)t f) =ty |2i4s?
z4+y 224y z+y |’

originating in a closure problem of Korovkin approximations. Both these and related problems can be

solved also by other methods, including unig th for functional equati We explore links to

the uniqueness theory, its advantages and a disadvantage.



320 J. Aczél

1. Introduction

In 1960, A. Rényi has introduced the Rényi entropies and immediately ‘proved’ a
characterization theorem concerning them. There was, however, an error in the proof
of this theorem (see Section 3). This has been pointed out to Rényi. The paper [Rényi
1960a] was ‘fortunately’ written ‘only’ in Hungarian and in the English version [Rényi
1960b], he replaced this theorem by a different (and correctly proved) characterization
theorem for Rényi divergences (he called them information gains) rather than entro-
pies.

Still the original ‘theorem’ — now conjecture — kept intriguing mathematicians,
until it was proved [Daréezy 1963] in its original form. Soon after a somewhat shorter
proof was found [Aczél 1964a, cf. Aczél-Daréczy 1975). This latter proof was then re-
formulated as a special case of the first uniqueness theorem for functional equations
[Aczél 1964b).

This became the start of a long chain of results on uniqueness of solutions of some
general types of functional equations [e.g. Aczél-Hosszi 1985, Howroyd 1969, 1970,
Miller 1970, Ng 1970, Paganoni Marzegalli 1971, Paganoni 1972, 1974, 1976, 1978,
etc.]. These uniqueness theorems had many more applications [see e.g. Aczél 1864b]
and they have shed considerable light on the structure and properties of functional
equations.

In section 4 we want to show, however, that Rényi's original ‘proof’ can be ‘saved’
by an old-new idea and some technical tinkering, thus giving another proof of Rényi's
theorem turned conjecture turned theorem.

But first we jump twenty years ahead. In the spring of 1984, H. Bauer (Erlangen)
wrote me about the functional equation

[+ [y) | z+y [z’+y’

z+y 22+y2 z+y ] (2 >0,y > 0) (l)

originating in a closure problem of Korovkin approximations (the proof that the func-
tion space spanned by z and z2 is its own Korovkin closure in C"0,1], ¢f. Donner 1982
and Bauer-Donner 1984). I found that the same idea which I have recently applied to

the Rényi problem can also serve to solve the above equation as will be shown in sce-



Functional i pplied to approximation and to pil 321

tion 2. Bauer has found a solution too. A third solution will be given in section 5.

In further correspondence, H. Bauer enumerated several further equations related
to (1). In section 5 we intend to show how the simplest uniqueness theorems apply to
all these questions. But they don't give complete solution to a problem (hitherto un-
solved) by H. Bauer, which we will solve in section 6.

2. The equation (1)

We may show that the Korovkin closure of the function space generated by = and
z2 is itself by proving, as H. Bauer noticed, the following.

Theorem 1. The general real valued continuous solution of (1) is given by
f(z)=az®+bz (z >0), (2)

where a,b are arbitrary constants.

My proof goes as follows: We write

o) = L2z >0, (3)
so that (1) goes over into
zg(z + =
z+y g[ (z >0,y >0). (4)

Let us write
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S iy s
L z+y’ g: z+y'’
then we get
g(pz+qy) = pg(z)+qg(y) (p > 0,9 >0,p+q =1). (5)

If p and ¢ were independent of z and y (in particular, if p and g were constants), then
this would imply immediately that the continuous g — being both convex and concave
— is linear. But p and ¢ do depend upon z and y. However, even so, (5) states that
every chord on the graph of g contains a point of the graph other than the endpoints.
And this, together with the conlinuily of g, guarantees that g is linear, that is, all
points of every chord on the graph are points of the graph itself [cf. Hardy-
Littlewood-Pélya 1934]. Indeed, if there were a point G of the graph not on the chord,
then there would be a last point P on the chord before @ and a first point R on the
chord after Q@ (because the endpoints of the chord are on the graph and because g is
continuous). But then the chord PR would contain no point of the graph other than P

and R, contrary to supposition. So g is linear,
g(z) = az+b (z >0) (6)
is the general continuous solution of (4) and, by (3),
f(z)=qaz®’+ bz (z >0)

is the general continuous solution of (1). (Straightforward substitution shows that

these functions indeed satisfy (4) and (1), respectively.) O
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3. Rényl's ‘characterization’ of the Rényl-Shannon entroples

The entropies of order a (# 0) or Rényi-Shannon entropies for possibly incomplete
finite (discrete) probability distributions are defined by

l » )
H3(p1,p2yipn) = =5 log2 X'pi'/ Jope) (for a # 1) and
k=] k=y
, . . ™
Hi(p1,p2,.Pn) = = 3pe logzpe/ 3pe
k=1 k=1
(the latter is the Shannon entropy for possibly incomplete distributions), where
,pe >0 (k=12,..n) and z‘ph =1 n=12,... (8)

k=)

In [Rényi 18602, these entropies were ‘deduced’ from the following assumptions:

(i) H, is nonnegative: Hy(p) =0 (0 <p = 1),

(i) H\ is normalized: 1{.(%) =1,

(iii) {Hn} is quasilinear: Hn(p1,p2,-pn) = £~ ( ‘E‘pk! (H(pe))/ 53pe), where
=) k=)

P1,P2,-,Pn, # are as in (8) and f: Hy(j0,1]) - R is continuous and strictly

monotonic, and

(iv) {Ha} is additive: Ha(p19,p29,--Pnq) = Ha(p1,p2,-...Pn) + Hilg), Where
P1,P2,--Pn, N are as in (8) and g € ]0,1).

(We have slightly modified Rényi's conditions — in particular, (iv) is a special case of
what Rényi and others [see e.g. Aczél-Dardczy 1975] called additivity — but the differ-

ences are not essential.)
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The arguments in [Rényi 1860a] went essentially the following way. From (iv),

n =1,
Hy(pq) = Ha(p) + Hi(g) (p.g €]0,1)).
This, (i) and (ii) imply [see e.g. Aczél-DarSezy 1975]
Hy(p) = =logzp (p €0,1]).

If we put this into (iii), we get

Ha(pup2,apn) = £ ‘f,:mf (—log: ‘ﬁm)/ )

-] k=

or, with the new function g: }0,1] - R defined by

g(p) := f(-logzp) (p €]0,1])

(also continuous and strictly monotonic),
Hu(p1,p2.-Pn) = ‘lozzy_'(gmg(?k)/é:pk)-
Putting this and (9) into (iv) yields
9-l(§Pk9(qu)/§:PH = 9"(§pey(m)/§m)q

(plvp2|~--apnr n asin (8)1 q € ]oull)'

()

(10)

(11)

(12)

{13)

At this point in [Rényi 1960a], it was argued that the continuous and strictly

monotonic solutions of (13) are ‘known' [Knopp 1929, Jessen 1930, cf. Hardy-

Littlewood-Pélya 1934] to be exactly

9(p) = Alogzp + B and g(p) = Ap® + B (p €]0,1}),

(14)

(A #0,a # 0, otherwise a,A,B arbitrary constants). So we get, in view of (12), ei-

ther

" "
Hn(p1p2,-ipn) = = 3pi logz pe/ 3pe = H(p1,p2,1Pn),
ke

k=1

the Shannon entropy, or
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H . A Spstly 3 o prett
n(P1,P2).1Pn) . logz ( kZ'm 3’,‘) Hy"(p1,pnyeesPn)
=1 -l
which, with a@ = a+1, goes over into the Rényi entropies of order a # 1, cf. (7). (Ac-

tually, in the first version, Rényi restricted the argument to 2” = 1, which would
ke

lead to even greater complications [see Daréczy 19864).)

It was pointed out to Rényi, however, that the 'known’ theorem does not apply to
(13) but to

y"(lngy(pm)/ ‘i_:wk) = 9"(§:weg(m)/ gwk)q. (15)

where the positive wy are independent of the pi (usually the we were constants, the p;
-~ and ¢ — the variables). Also in (13), cf. (8), the restriction

Sres1

k=1

was imposed, while in (15) the pr (and q) can move arbitrarily on the positive half line
or on one of its subintervals. But we will show in the next section that, rather than
quoting the Jessen-Knopp theorem, one should analyze an appropriate proof and so one
can eliminate the first difficulty. The second makes a more careful analysis necessary.

4. A method for salvaging the Rényi characterisation without explicit use of

uniqueness theorems

It will be enough to suppose (iv) for (n = 1 and) n = 2. So we will take n = 2
also in (13) and (15). The Jessen-Knopp proof for (15) can be reformulated as follows.
Keeping ¢ in (15) temporarily constant and writing

g(p) := g(pg) (p €]0,1]), (18)

we get
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-—I[W1§(Pl)+wzi(m) _ 1 [wiglpr)+wag(pa)
’ witws ! wy+ w2

for pi € ]0,1] (say), ¥ = 1,2,. For the new function G: g(]0,1]) - R, defined by
G(z):= glg~"(=)] (= € g(lo,1), (17)
this gives, with
ze = g(pe) (k= 12), (18)

the equation

G[w|r1+w222] - wiG(z1)+w2G(z2) . (19)

wy+ w2 w)+we

From this Jensen-type equation (wy > 0, wz > 0), and from the continuity of G, it

follows that G is linear
G(z) = az+b

because (19) states that every chord of the graph of G contains a point of the graph
other than the endpoints (cf. section 2).

Going back to (17) and (16}, we get
9(pg) = a(q)g(p) + b(p) forall p,g €]J0,1], (20)
the solutions of which are indeed well known [e.g. Aczél 1966, Aczél-Daréczy 1975).

Let us see how this argument works for (13). The substitutions

ilp) := g(pg) (p €]0,1)), (16)
G(z):= §lg~"(z)] (= € g(jo,1)), (17)
7= g(px) (F=12) (18)

give for the continuous function G again
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G[plzﬁ'nzz] _ P1G(21)+p2G(z2) (21)

pitp2 pitp2

Even though the z; are now linked to the px by (18), the above observation, that for
the linearity of the continuous function G, it is sufficient that some point of every
chord (other than the endpoints) of the graph of G should lie on the graph, assures al-
ready that G is linear on g(]0,1]), so we could proceed as before.

However, from (8) and (18), we have restrictions in (21), p1+p2 S 1, pr >0,
(k = 1,2), which does not really restrict the ‘weights’ py/(p1+p2) and p2/(p+ p2) in
]0,1] but it imposes upon the ‘variables’ the restriction

g Nz +g (2 S 1 (97(zk) >0,k = 1,2), (22)

(as g is continuous and strictly monotonic, g~ ! exists on g(]0,1])). Since (13) is invari-
ant under linear transformation of g (replacement of g by ag+ 8, a # 0), we may sup-
pose without loss of generality that

1 1
g)=1 and g(3)= 7.
This g is continuous and strictly increasing and therefore so is g~ 1. Also,
- - . - 1
g N z)+g Nz S 1 i g 7N m) S 3 k= 1,2)

so, by the above argument, since (21) holds for zx € g(}0,1/2]), (k = 1,2)

G(z) = az+b forall z € g(]0,1/2]). (23)

We define M by
M = sup {u| G(z) = az+b il z € g(j0,u])}-

Since G,g are continuous, this supremum is a maximum. By (23), M = -;— ItM <1,

there would exist a decreasing sequence {M,} in |M,1|, converging to M and such that
Glg(Mn)] # ag(Mp)+b (n = 1,2,..). (24)

Fix p € ]0,1— My| C ]0,1/2[ and choose M, € {My} (s0 p+Mn < 1) close enough to
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M so that

29(p)+ Mim9(Mnm)

o+ M, < g(M)

(such an m exists, since p < M, so

pa(p)+ Mg(M)
P+ M < g(M),

while

29(p)+ Mag(Mn)

o+ M, = g(M)

for all n would imply

pg(p)+ Mg(M)
L= o),

since g is continuous and M = lim M,). So G is linear at g(p) and at
(p9(p)+ M g(Mm)V(p + Mn) and (21) gives

Polp)+ Mng(Mm) _ \ - [py(p)mmgw...)] _ 2Cls(p)l+ MnGlg(Mn)]

b=

p+Mn p+M, p+M,
_ 8pg(p)+bp + MnGlg(Mnm)]
p+Mpy
and thus

Glg(Mm)] = ag(Mm)+b,
contrary to (24). So M = 1and

G(z) = az+b forall z € g(j0,1]).

Again going back to (17) and (18), we get (20) and thus (cf. (14))
9(p) = A logap+B or g(p) = Ap®~'+B (p €]0,1)),

(A #0,a # 1). So, in view of (12), the Shannon and Rényi entropies (7) are again
obtained and the gap in Rényi's original proof is filled (for arguments similar to parts
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of the above proof, see also |[Aczél 18684a] and [Van der Pyl 1976]) and the theorem in
[Daréezy 1863, Aczél 1964a,b] is proved again.

Theorem 2. The Rényi-Shannon entropies (7) and only these satisfy the condi-
tiona (i)-(iv), where it is aufficient to suppose (iv) forn = 1and n = 2.

6. Related equations and relations to the uniqueness theory

In [Aczél 1864b}, Theorem 2 was derived from the following theorem.

Theorem A. Let I = <a,> C R be an interval (open, half-open, closed, finite
or infinite), o’,f' € I, let S C R? be such that <a,f')* C S and for every z € |8\ >
there ezists a y € <a,f'] such that (z'y) € S for all z' € |f',z]. Suppose that
Si: I-I'CR,(k=12)and F: S - R are continuous, F internal, i.c.

z <Flzy)<y if <y and z>F(zy)>y if z>y ((zy)€S),
u v H(z,y,u,v) atrietly monotonic (for all z,y € I, v € I') and that
JelF(z,y)] = Hlz,y,fe(z) [e(y)] (k= 1,2) on S.
Then
Ji(a') = fa(a') and  [o(F') = [oAF)
imply

Si(z) = fa(z) forall z €L



330 J. Aczél

While the conditions are not particularly appetizing, the proof is only about twice
as long as the above proof of Theorem 2. For Theorem 1, the following special case of
Theorem A is more than enough.

Theorem B. Let I C R be an interval, o!,8 €I, f1: I - I'C R and F: P -R?
continuous, F internal on I?, and u' v H(z,y,u,v) strictly monotonic

[elF(z.9)) = Hiz,y,fu(2),fely)] (k= 12) on I
Then
(@) = faofa') and gi(F') = g2f)
imply

filz) = f2(z) forall z €I

Theorem 1 follows from Theorem B with I = ]0,],

2442
Fley) = S0

which is indeed internal,

2 2
Hizguw) = 2 Ls(uto)

(z+y)?
242
(u ~ I—L(u +v) indeed strictly monotonic) and with
(z+y)?

fiz) = f(z), [foz) = ez®+bz.

Similarly it follows from Theorem B that g(z) = az +b is the general continuous
solution of equation (4) (same I, same F, H(z,yu,w) = (zu+yv)/(z+y),
fi(z) = g(z), falz) = az+b).
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Note that both the method used in sections 2-4 and the application of uniqueness
theorems like A or B make use of the fact that F is internal, but the first uses that also
H is internal in a sense, while it is essential in the second that u r H(z,y,u,v) (or
v + H(u,v,z,y)) be strictly monotonic (or at least one-to-one; no continuity supposed).

In subsequent correspondence, H. Bauer mentioned several equations related to (1)
(and their solutions), for instance

L) | [Vay) (2.9 >0).
Vzy

z+y

Here too, Theorem B can be applied:
Fizy) = Vay, Hzyuw) = b (uto),

Ji(z) = f(z), [a(z) = az"'+bz, I =0,
and all conditions of Theorem B are satisfied, so f(z) = az~'+bz is the general con-
tinuous solution.
Several other applications of Theorem B have been mentioned in [Aczél 1964b).

So the uniqueness theory has its advantages too.

8. Nonexistence of nontrivial solutions of simtlar functional
equations

Note that the above uniqueness theorem (and most other uniqueness theorems in
the theory of functional equations) is just that: it states that certain functional equa-
tions have under certain conditions at most one solution, not that there ezists a non-

trivial solution. This can be seen very clearly on the equation

=)+ [f(y) _ z+y 2zy
T 2”![””] (z >0,y >0) (25)

or, equivalently (with g(z) := f(z)/z as before)
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zlzbub) ., [fi”;] (z >0y >0) (26)

about which H. Bauer has asked me repeatedly. As we see, (25) and (26) are quite
similar to (1) and (4), respectively, and they satisfy all conditions of Theorem B. So
they have at most a two-parameter set of solutions. However, we will prove that the
only solutions of (25) are given by f(z) = cz (a one-parameter set, so f(a) and ()
cannot be arbitrarily prescribed), and that (26) has no nonconstant solutions. We will
not even need continuily or any other regularity conditions.

Theorem 3. The funclional equation (26) has no nonconslant solutions and the
general solution of (25) ie given by f(z) = cz (z > 0), where ¢ is an arbitrary con-

stant.

Proof. The two statements in the theorem are clearly equivalent in view of
9(z) := f(z)¥z, so we will restrict ourselves to equation (26). Actually, we make a
further reduction. We introduce new variables and a new function by

wm v d =g @ >0

Then (26) goes over into

ut+v,  vh(u)+uh(v)
2 )= utv

h( (v >0,v >0) (27)

and we have to prove that all solutions of (27) are constant (even though also (27) sa-

tisfies the conditions of Theorem B).

Now notice that (27) is linear (as were most of the functional equations in this pa-
per) and that h(u) = 1 satisfies it (as do all constant functions). So together with A
every Ah+b satisfies (27) (as was the case with (13)). Therefore, if there existed two
positive numbers a # B such that h(a) # h(B), we could suppose without loss of gen-
erality
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) tdd

h(a) =0, h(f)=1

Let us write
q= gﬂ%ﬂﬁ and 6= .ﬂ%@ﬁ'
Then

1+6=at+p
and, from (27),

o = fh(a)+ah() = (a+AMEEE) = (r+AM(TF2) = hin)+2h(6)

_ Brla+py2 [a+(a+pvz] 4 atlatpye [p+(a+m]
2 2 2 2

a+38 ah((a+p)2) + 3a+p ph((a+py2)+(at+ )2

4 a+(a+ )2 4 B+ (a+ )2
_ _at+3p a? 3a+p af + at+f
2(3a+p) a+p 2(a+38) (a+p 2 )

Comparing the first and last terms of this chain of equations, a straightforward but
tedious calculation leads to

0 = a*-2a’+2a8—g* = (a—p)}(a+h).

Since both a and B are positive, this could hold only if a = J against our supposition.
So h is indeed constant and so is g, while f is homogeneous linear. O

Equation (27) can also be solved using results and methods of [Vincze 1962,1963]
and of [Chung-Kannappan-Ng 1984).
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A NOTE ON THE FIRST CASE OF FERMAT’S LAST THEOREM

T. AGOH

Presented by P. Ribbenboim, F.R.S.C.

1. Let p be an odd prime, B, the Bernoulli number in the even suffix

notation, and f (u) the Mirimanoff polynomial, i.e., £ () = ):E:} ik,
It is well known that if the equation

xP e yP s Py m

holds for integers x, y, z prime to each other in the first case (i.e., in

the case pJxyz), then

£1(®) 20 (mod p),

By fpi(0) 50 (dp), i=1,2,...,(-3)/2

where t ¢ H = {- x/y, -y/x, -y/z, -z/y, -2/x, -x/z}. We can further
deduce from these congruences that (see e.g. [4])

£ () =0 (mod p),
P P @

0 (mod p), i=2,3,...,(p-1)/2.

m

AOFANG!

for the values of consecutive Mirimanoff polynomials at u = t € H, under the

assumption for which the equation (1) holds in the first case.
2. We now define the following polynomials in Q[u}: For m 2 0 and k 2 1,
AP @) - i]fo DG - M ©00e1; =0 ifnr0).
We can state the following basic properties for Ag") (w:

Lemma 1. let m2 1 and k 2 2. Then, it follows that
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@ AMw = kAP« AW,
m 2
G AM@ = u L@ AN @ - aMw.

Proof. Let g(u,v) = ue’ - 1 and gk(u,v) = (g(u,v))k. Then,

we have
AIE’“) W = [™/av™{g¥, 0
=k [™ v T gXw, v) + g T, v 3 -
= k(AP D) + Al ).
And also,
A]((m) () = [am/avm{gk(u, v))]v=0

m,, m k-1 v
u [3"/av{g " T(u, V) e }]v=0

- [:‘)'“/avm(gk'1 (w, V)M, 0
T omy (1) (m)
= u 120 ;) Ak_‘(u) - Ay (u). I

Loma 2. Let m21 and k2 1. If b{™ = Al™ (1), then

T . 5 @
AM ) - i21(‘;) b{™ ul (- k-,

where r = k if k sm, m if k > m.

Proof. Since g(u,v) = eV - Du+u-1and
k
b{™ = [a™/av™ice¥ - 1} 00
we can deduce that

A](tm) @ = ["/av™gX, v H, -0

k s s 5
m,, m k v i i k-i
= [3"/av (iZO (D" -NTu -1 s
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- Zl()b(m)u (- nk
i=

If i >m, then bgm) = 0 (see e.g. [1]). So the result follows. I

Lemma 3. Let m21 and o € Zp (the ring of all rational numbers which

are p-integral). Then,

r' " . "
£l = Alg‘f%(a) g 121 -nt bi(m) ot (a - 1yp-1-i

(mod p), (3)
where r* =p-1 if m2p-1, m if m<p - 1. In particular,

£, = AL -1 odp).

Proof. Since ®;) = (- (mod p) for i=0,1,...,p-2, we have

A @ = [@"7av"gP (@, V)],

- z 0P e-1- 0" T" i
i=0

fm+l(°") (mod p).

The other assertions are immediate by Lemma 2 and direct calculations. I

n
o

Lema 4. let m21, p-22n21 andut:zp. If A;H(u)

(mod p) for all i=m,m+1, ... ,m+n, then

A‘“" A(@) = 0 (modp).

Proof. By (i) of Lemma 1 we have
AP = e - naBm  aw).
Since pJ/p-1, our assumptions give

A(1 )(u) = 0 (mod p), i'=m,m+1,...,m+n-1.

Similarly, by making use of the relation
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Algi';”)(u) - (p - 2){Alg_i;)(u) + A‘Ef;) W},

it follows that
A(ill) - _— 1 2
p-3 (@) 2 0 (mod p), i" =m,m+1, ... ,m+n- 2.
By repeating this procedure n - times, we arrive at the congruence indicated

in the statement. Il

Assume that the equation (1) holds for integers x, y, z prime to each
other in the first case. If i 2 2 is not so large, then it may be possible
to show that fi(t) #0 (mod p) for t ¢ H (see e.g. [2,3]). We can state

the following theorem:

Theorem 1. If the equation (1) holds for the first case, and if t‘i[t)

#0 (mod p) for t € H and for i=2,3, ..., k (where 2 S k s p-2), then

it fol_lows that

-1-k . .
(p-1-k) _P p-1-ky . (p=1-k) i .. _ . p-1-k-i
A ok (8) = 121 P77 by tt (e -DP

0 (mod p).

Proof. In view of the congruences (3), we have fi(t) = 0 (mod p) for
i=p-k,p-k+1,...,p-1. Also, fp(t)=(tp—t)/(t-l)EO(InOdP)
since t # 0 (mod p). Hence, by Lemma 3 we have Iﬁg‘;)(t) 2 0 (mod p) for
i'=p-1-k,p-k,...,p-1. Bytaking m=p-1-%k, n=k and a =
t ¢ H in Lemma 4, it follows that (‘_);ll_(k)(t) = 0 (mod p). So, by Lemma 2

we can give the congruence required above. I
3. Let fm(u) be the Mirimanoff polynomial and f"(l“J ) = dn/du“{fm(u)}.

Lemma 5. Let m 2 1. Then, it follows that

(1) £, = uflw,

m
() O -we @ = u-p"ul ul () £ g5 000

+1=-1
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Proof. Since the first assertion is trivial, we give the proof of (ii)
only. If h(u,v) =1+ 2131 e’ ) , then h@u,v) =1 - (ue)? + ue'h@, v).
Noting that h(u, 0) = f1(u) + 1, we have, if m2 1,

fraq@ = [2)m/'¢)vm{h(u,v))]v=0

= - uP [d®/dv™(ePV}] +u [a™/av™(e¥ h(u, V) }]

v=0 v=0

(u) + 1},

m
m m
=~k uf + U{izo (i) fmﬂ -i

which gives the relation (ii). I

Using (i) of Lemma S succesively, we obtain, if m2 1 and n 21,

n s g
= i+1 L(i+1)

franaq @ = £ ) + i§1 Y fn W, Q)

where ci,n (i=1,2,...,n) are integers. In particular, cn,n =1 for all

n 2 1. We can state

Theorem 2. If the equation (1) holds for the first case, and if fi(t)

0 (mdp) for t eH and for i=2,3, ...,k (where 2 Sk sp-2), then

it follows that f“‘ﬂ,’((t) 20 (mod p)-

Proof. By the congruences (2) we can deduce fi(t) =0 (mod p) for i =
p-k,p-k+1,...,p-1. Also we have fp(t) = 0 (mod p). First, take
m=p-1-k, n=1and u=teH in (4):

£ ® = £ (®) +c1’1t2 SAOR
Since c1’1 =1 and t # 0 (mod p), we can give f‘[;-l-k(t) = 0 (mod p). Next,
observe (4) for m=p-1-k, n=2 and u=teH:

RO TN NN G RN N GO F S IOR

p—k+ p-k+1

Noting that 2" 1 and t # 0 (mod p), it can be deduced from f'r;-I-k(t) H

0 (mod p) that £

-1 _k(t) = 0 (mod p). By repeating these methods k- times,
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we have the congruence required in the statement. Il
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COVERS OF PROSUPERSOLVABLE GROUPS

Luis Ribes
Presented by G. de B. Robinson, F.R.S.C.

let Yy : H— G be an epimorphism of profinite
groups. We sav that it is a Frattini cover of G, if
ker vy s ¢(H) , where ¢(H) is the Frattini subgroup of H,
i.e., the intersection of the open subgroups of H. Such co-
vers are easily obtainable: given an epimorphism
p: K—— G, by Zorn's lemma, there is a minimal (closed)
subgroup H of K with p(H) = G. Then pIH : H—m— G
is a Frattini cover of G (cf. [1], [2]). Among all the co-
vers of G, there is one which is universal in an obvious
sense, namely the universal Frattini cover of G, denoted
y : 8 ——— G , and characterized by the fact that G is
a projective profinite group. (I follow the terminology of
[3].) The universal Frattini cover is unique up to isomorphisms
commuting with vy (cf. [1], [2]).

In this note we announce a result that describes the

structure of é for a class of aroups G that includes pro-

supersolvable groups. The details will appear elsewhere.
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§1. THE RESULTS

Theorem. Let Ppree«iPy be distinct prime numbers, and

t1,...,tn natural numbers. Let G be a profinite group that

admits a subnormal series G = GODG1>... pGn =1,

where Gi-1/Gi is a pro-p;-group with minimal number of

generators t; (i = 1,...,n). Let G be any profinite group

admitting a subnormal series G = §0D> G>...>G =1

with each 51_1/51 a free pro-p,-group of rank t,. Then any

epimorphism y : 6 ——— G is a universal Frattini cover of

G.

Corollary. Let G be a prosupersolvable group, and let
PysPyre-- be the primes that divide the order of G. Let

ti <o (i =1,2,...) be the minimal number of generators of
a pi-Sylow subgroup of G. Let G be any prosupersolvable
group whose order is divisible precisely by the primes
PysPore-es and suppose that the pi-Sylow subgroups of G are
free pro-p; of rank ty (i =1,2,...). Then any epimorphism

Yy : 8 ——— G is a universal Frattini cover of G.

These results allow the construction of universal Fratti-
ni covers of several classes of groups. For example if
D, = < X,y | x2 . y", (xy)2 > is the dihedral group of order
2n, with n odd, its universal Frattini cover is

5n = (Zp1 X see % Zpt)j 2, where Zp is the additive group
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of p-adic number, pys... Py are the primes dividing n,
and the action of 2, on zpi is given by x, °* X3 = -x,,
where X, 1is a generator of Z, and x; a generator of
2_ .

Py

§2. T PROOFS

The proof of Theorem 1 is done by induction on n. The
case n=1 1is very simple, and the main step from n-1 to

n is based on the following two results.

(I) Let C be a class of finite groups closed under extensions
and saturated, i.e., if T is a finite group and
T/®(T) € C , then TE€C . Then any Frattini cover of a pro-C-

group is also pro-C.

(II) Let G = K4 H be a semidirect product of profinite groups
K and H , with (K| , [H|) = 1. Let G =K4dH be a semi-
direct product of the universal Frattini covers of K and H.
Then any epimorphism y : G ——— G 1is a universal Frattini

cover of G.

The proof of (I) is not hard. To check (II) one observes
first that & is projective since its p-Sylow subgroups are
free. Using (I) one sees that the universal Frattini cover é
of G must be a semidirect product of ﬁ and ﬁ. That in
fact it coincides with G follows from the existence of an

epimorvhism from & to G, and the fact that G is projective.
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To prove the Corollary one observes that G = E&E Gi »
where each Gi is a finitely generated prosupersolvable group
whose order involves only finitely manv primes. Then using
the simple fact that & = £&E éi , and the Theorem, the result

follows.
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THE GEOMETRY OF MULTIVALENT WEAKLY

CLOSE-TO~CONVEX FUNCTIONS

A. Lyzzailk and D. Styer

Presented by P. Ribenboim, F.R.S.C.

ABSTRACT

Based on a generalized concept of linear
accessibllity, a geometric characterization
for the class of multivalent weakly close-to-
convex functions is given. It is shown that
this class 1s "almost" linearly accessible.
This work generalizes Lewandowski's Criterion
for univalent close-to-convex functions.

1. INTRODUCTION

In 1965 A.E. Livingston wrote a paper on multivalent close-
to-convex functions [4]. The classes that Livingston considered,
K(p), were not closed under uniform convergence on compact
subsets of the unit disc. In 1972 D. Styer [8] gave several
characterizations, which we shall call weakly close-to-convex
functions, of the closures of Livingston's classes. These we
designate Kw(p). However, none of these characterizations is
geometric in nature. Lyzzaik [5] has recently applied the con-
cept of linear accessibility to p-sheeted surfaces, and has
shown that Livingston's close-to-convex functions are linearly

accessible.

Theorem 1 (Lyzzalk). Each function f ¢ K(p) can be
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written as a composition, f = Poh, where P 1s a polynomial

of degree p and h ¢ S, the class of normalized univalent

functions. Furthermore, letting IB stand for the unit disc,

L - h(IB) can be written as a union of closed "semi-lines" 3

that satisfy:

1) P maps each ¢t one-to-one onto a closed Euclidean

semi-1line,

2) The initial point of each & 1lies on h(IB), the

boundary of h(IB), and

3) Any two such "semi-lines" have disjoint interiors.

In this paper we give a complete geometric characterization of
weakly-close-to-convex functions. This will show that they are
"almost", but not completely linearly accessible in the above

sense.

2. BASIC DEFINITIONS

A function f regular in 1B 1is p-valent if it admits each
complex number at most p times, and some number exactly p
times. If f is l-valent, f(0) = 0, and f'(0) = 1, then

f 1is called a normalized univalent function. Let S denote

the class of all such functions.

Definition. Let Sa(p) be the class of functions f re-
regular in 1B, with p zeros there (counting multiplicity),
and such that Re(zf'/f) > 0 for all 2z 1in some annulus

{z:p < |2z| < 1}. Sa(p) is the class of all p-valent annular

starlike functions (see Hummel [2]).
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We next define the class of close-to~convex functions of

order p, as given by Livingston [4].

Definition. Let K(p) be the class of functions F regular
in 1B, with F(0) =0, such that there is a function f ¢ Sa(p)

for which Re(zF'/f)>0 for all 2z in some annulus ({z:p < |z| < 1}.

Definition. Let Kw(p), the class of weakly close-to-convex

functions, be all non-zero functions in the closure of K(p), in the

the topology of uniform convergence on compact subsets of 1B

(see Styer [8]).

These are the functions that we will characterize geometri-

cally. In order to do this we will use Theorem 9.1 of Lyzzaik [5]:

Theorem 2. ££ f e Kw(p), then f = Poh, where P 1is a

polynomial of degree at most p and h e S.

Most of the work in this paper is involved with ruling the

complement of h(IB) in the domain of P.

Definition. A (connected) curve & in the domain of a
polynomial P is called a line if P maps 2 one-to-one onto
a straight line. We define rays (closed semilines) and segments
(closed intervals) similarly.

Note that a line or ray may pass through critical points of
P, and that the interior of any line segment is two sided. Also,
if two lines, rays or segments £, &' intersect in more than one

point, the intersection must be a line, ray or a segment. Other-
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wise, & u &' would contain the boundary of some bounded regilon,

an impossibility since P(2 v &') is a subset of a line.

Definition. Suppose that ¢ and &' are non-disjoint lines,
rays, or segments for which 2 %' 1lies interior to both of them.
2 and &' are sald to ¢ross if any neighborhood of & n &',

%2 - 2' contains points on both sides of &'. A

Definition. Let f be a nonconstant function regular in {
IB such that f£(0) =0 and f =Poh where P is a polynomial of

degree q<p, and heS. £ 1s called weakly linearly access—
ible of order p if € -h(IB) is a union of rays such that each

starts at ah(IB), and no two of the rays cross.

Wle close thils section by stating the main theorem.

Theorem 3. A function 1s weakly close-to-convex of order

p if and only if it is weakly linearly accessible of order p.

Furthermore, if a function f is weakly close-to-convex, the

composition f = Po¢ may be chosen such that Cl(¢(IB) con-

tains all the critical PQ{PES_Qf P.

3. THE NEW GEQOMETRY FOR { [

It is instructive to compare this theorem with the theorem r
of Lewandowski [3] that a univalent function f with £(0) =0 is '
close-to-convex if and only if € - f(IB) is the union of rays
such that the corresponding open rays are disjoint (i.e. f 1is

linearly accessible). It is clear that such rays do not cross,
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and thus f 1is weakly linearly accessible. On the other hand,

suppose that f is weakly linearly accessible of order 1. Choose
any two rays 2, &' from a weakly linearly accessible ruling of
€ -f(IB). Since 2 and &' do not cross, either the correspond-
ing open rays are disjoint, or one 1s a subset of the other. By

a result of Sheill-Small (7], f 4is linearly accessible.

The interesting feature is that when p >1, we may have two
non-crossing rays in the geometry determined by P, and yet thelr
interiors will not be disjoint and one will not be a subset of the
other. This is the critical difference, topologically, between
the new geometry and Euclidean geometry of straight lines in C.
There can be lines that meet only at a critical point of P, and
yet these lines need not cross. The key to our solution to this
problem is that only finitely many noncrossing lines may meet at

a point.

Proposition. Let A be a set of open line segments that

meet at a point ¢, and do not cross. Suppose, also, that the

open line segments in A are ﬁairwise distinct in any neighbor-

hood of t. Then A 1is a finite set. If there are at least two

such open line segments, then ¢ 1is a critical point of P.

The proof that a weakly linearly accessible function of
order p 1is weakly close-to-convex of order p 1s much easier
than the other half of the theorem. Ve use the given ruling of
€ -h(IB) for some weakly linearly accessible function, f = Poh,

of order p, to select a sequence of functions (fn n=1 Such

that fn +f uniformly on every compact subset of IB. Then we

show using a generalized form of the Schwarz-Christoffel
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transformation (see [1]) that each £, sKw(p). Since Kw(p) is
closed in the topology of uniform convergence on compact subsets

of B, f e K (p)

Suppose f eK (p) be of the form Poh where P 1is a polyno-
mial of degree at most p and h is a univalent function. Part of
the success in proving the second half of the theorem is that the
decomposition f =Poh reduces our work to that of ruling the com-
plement of the image of h, albeit, in a new geometry. One might
conclude that the entire problem is of a univalent nature. In a
possibly surprising way that this is not true, the fact that contri-
butes significantly to the difficulty in the proof. For a detailed

proof of the theorem see [6].
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ON PLANES OF THE LENZ-BARLOTTI CLASS I6

II. A CONFIGURATION AND ITS AUTOMORPHISMS

Peter Scherk, FRSC

’]:-. Let A denote an affine plane of class 16, let w, be the
pencil of the axes of its axial affinities. Thus there is a
one-one correspondence x€Jm(x) between the lines xew_ and the
pencils #m_ of parallel lines such that every affinity with the
axis x has the pencil of traces m(x).

If XIx, let hx denote the line in 7w(x) through the point X.

Then h =hx¢ for every point X and every collineation ¢.

x?
There is a translation Tt characterized by the relation
AThB—BIh, if A#B.

It commutes with every collineation; cf . [_}‘_].

3: Let [«],[0],[1] denote three mutually distinct lines
in o and let o be the affinity with the axis [«] mapping
[0) onto ([1]. The affinity B with the axis [0] shall map [~]
onto [1]. Then orda =ordf is either infinite or a prime

number. We assume
2<orda=p<® ,

Then 1t isinvolutory.

Let Fp= {r,s,...} denote the prime field of characteristic
p; p; = Fp\(o) ={i,j,k,...} ;Fp=ppu {»}={(n,m,...} . Then
a® and B" are well defined for every r. Let [r]=[0]aF.

Then [i)=([=]181/%
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The powers of o and B generate a group G which is
isomorphic to the two-dimensional special linear group over
Fp . Hence its centre consists of the identity and of an
involutory translation o . There are no other translations
in G . 1Its axial affinities are the powers of a and of the

elements o “Ba® .

':L. Starting with an arbitrary point (w,l(o)) on [=],
we construct our configuration ¢cA : Associate a different
copy F;“) = {i“‘) i j(}‘) ,k“), ...} of F; with each X e¢7%.

Then € consists of the points (n,i“‘)) and the lines ([n)

1 (V)

and [n,i()‘)]=h(n'i()‘)) . (Here n and the range

)

through Fp and the Fp , resp.) We have

>

= u(mod 4) a=t
i) = mx™) on=n, i=k, and if
Zp(med 2) oO=T .

>

Thus € contains exactly 4(p2—1) or exactly 2(92-1)
mutually distinct points depending on whether o=t or O0=T .

The incidences in € are given by

(n.i(k))I(n,i()‘)] ’ [“,i()‘) 1, [n] for all i,n,X,

., 1 OF2)) K (A1)

fr-i M e, -1y (r+ik,

for all i,k,r,A. The action of G on € is determined by
(), .r (A) (M), R K, (A
©0,iM)af = 6,1y ana (e, P)8F = o, & A7)
thus ¢G=t . Note that (n,i)o=(n,-i™)yana (n,iMyr=(n,-1 0%,

The G-orbits of € are the sets

oM = (i eV, i) 1)
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4. A collineation ¢ in € is a pair of bijections of
the sets of the points and lines of € onto themselves which
preserve incidence and satisfy hxw= hxw for every point X
in ¢ . The collineations in € form a group G containing

G and Tt with the centre

{1,6,1t,01}) o=T
2(G)= if
(1,1} a=T .

The collineation ¢ has the axis xeC if every point
of € on x is a fixed point of ¢ . Such a collineation is
an axial affinity in G .

A collineation in € is a translation in € if it maps every
line of ¢ onto a parallel line. It has the fixed set {[n]|n}
unless it is the identity. The group T of these translations

is the centralizer of G in G .

5. Let
Lo d
s oaeay (A)
(n,i(k))»](njl(?i; ) i A is even,
YUnj, it 0da
€j:
[nl+ {nj] .
hx r>hx5_ for every point XeC ,
]

Each Ej is a collineation in €. It satisfies

g/ .

-1 = j -1 =
Ej a Ej a” and Ej BEj
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The group K= (¢£j |¢cG,jer } is mapped isomorphically onto

the full linear group L(Z,Fp) by

11 10 10
i & (01] ¢ B [11)' £y o> [Oj]

Its centre consists of the translations in €

(n, (i5) M)

()‘) even
vy (m,4770) e if A is

(n, (i/3) M) odd.

The sets Q(“ are also the K-orbits of C.

6. We define a translation w in <& through
(n, i M) p (n,i M1
w [n,i()‘)] > L'n,i(“l)l
(n]l =» ([n] .
—— 2 4 =1
It satisfies w“= ot1 (thus w =1) and ujw—wuj .

Every vueT has the form u=ujuu)‘ where 3j and
w)‘ are uniquely determined by v. Thus T acts transitively
on the points in € on any line (n], and the order of T
is equal to the number of these points, i.e. to 4(p-1) if
¢zt and to 2(p-l) if o=t .

Every %e¢G has a decomposition w=¢§jw)‘ where ¢¢G ,
jeF; and « are uniquely determined by ¢ . The group G
acts transitively on C.
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A NUMBER OF BLOCKS OF TWISTED GROUP ALGEBRAS

G. Karpilovsky

Pregented by P. Ribenboim, F.R.S.C.

Abstract Let G be a finite group, let F be an arbitrary field of
characteristic p > 0 and let a € 23(G,FY) . pencte by F°G the
correspanding twisted group algebra of G over F . The paper is devoted

to the problem of determining the number of blocks of FQG of a given defect
in terms of natural invariants associated with G and a. The special
case of the main result where a = 1 encompasses theorems due to Brauer and
Nesbitt [l), Gow [3], Kawada [5) and Michler [6]), originally proved by diverse

me thods.

The groundwork for the present discussion is incorporated in the author's
forthcoming monograph (Karpilovsky [4]). let G be a finite group, let F
be an arbitrary field of characteristic p > 0 and let a € 23(G,F» .
Denote by F% the corresponding twisted group algebra of G over F .
An interesting question in a-representation theory is to determine the number
of blocks of F°¢ of a given defect in terms of natural invariants associated
with G and a . This is a formidable task even for the case where a =1 .
Among other difficulties, the counting of blocks of F°¢ is complicated by the
following two facts which have no counterpart in the ordinary case.

(i) If H is a subgroup of G , then an ulll-xequla: element £

of H need not be a-regular.

(ii) If P is a normal p-subgroup of G , then it is not always
possible to find B € 22(G/P, F*) such that F'G admits a
homomorphism into I-‘B(G/P) . In fact, the proof of many results
concerning the number of blocks of ordinary group algebras relies
heavily on the availability of the natural homomorphism

FG + F(G/P) . This homomorphism for twisted group algebras
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is, in general, no longer available even in the simplest case

where G = P .

The difficulty arising from (i) in some cases is overcome by the fortunate

fact discovered by Reynolds [7) which ensures that any ulH-regula: element

h of H is a-regular provided H = NG(P) where P 4is a defect group of

the H-conjugacy ciass containing h . If F is perfect or, more generally,
if F is replaced by its suitable finite purely inseparable field extension E ,
then it will be shown that it is always possible to find B € 22(G/P, E*) such
that E% admits a homomorphism into EB(G/P) . It is this fact together
with the property that finite purely inseparable field extensions do not change

the block idempotents that will allow us to overcame the difficulties of (ii).

Our aim in this paper is to announce the following theorem which provides
generalizations to twisted group algebras of results due to Brauer and Nesbitt [1],
Gow [3], Kawada [5) and Michler [6]. The idea of the proof rests on replacing
F by its suitable finite purely inseparable field extension, extending the

Conlon-Reynolds correspondence for an arbitrary a and on providing a through

analysis of certain ideals of FQG . Details will appear elsewhere.
Theorem. let F be a field of characteristic p > 0 , let G be a group
of orxder pmn , (np) =1, and let a€ 22(G, F*) . For each

de {0,1,..., m}, let ¢g wd Zd denote_respectively the number of

a-regular conjugacy classes of p'-elements of G of defect d and the number

of blocks of FY% of defect d . Then the following properties hold:

(i) For all d€ {0,1,..., m} , Ld< €z -

(ii) The equality ‘Zd = C; is true if F is algebraically closed

and at least one of the following conditions holds:

(a) p _does mot divige (P.(,‘G(P) :P) , where P is a defect

group of a block of gefect d
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(b) (Conlon [2]) dem

(c) NG(P)/P has a normal p-complement

(d) G has a normal p-complement

(¢) dem-1 and p is the smallest prime divisor of |G|

(f) d=m=-2, G is of odd order and p is the smallest

divisor of |G| .
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AN INEQUALITY FOR GENERALIZED LAGUERRE POLYNOMIALS

P.G. Rooney, F.R.S.C.

The generalized Laguerre polynomial of degree L(a) is

defined for x20, ae<¢ by

(1)

(2)

(3)

(4)

(5)

L(u)(x) = eXx® g" (%X
n on

dx

)/n!

or equivalently by the generating function

IOL(u) (x) tP = (l—t)-“-l e-xt/(l-t)’ [t] <1
n=

Explicitly Léa) is given by the formula

L;“’(x)— ("*“)( -x)™/m!

which follows from (1) on applying Leibniz' rule. When
a=0, Lé“) is referred to as the Laguerre polynomial of
degree n and is denoted by Ln‘

The properties of these polynomials have been extensively
studied; see [4; Chapter V] or [1;§10.13). Three such

properties that we shall need later are

10(a SER ATV, HER ALY R
m=

ZOL(“)(X)L(B) (v) = i)
m=

both of which follow easily from (2), and
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(6)

(7)

(8)

(9)

(10)

P.G. Rooney

a+n+l

J & Lr(l“) (t)dt = T (a+n+l) (8-1)"/(n's ),
0

Re a>-1, Re s>0,
which follows easily from (3).

Inequalities for generalized Laguerre polynomial are of
use in determining the convergence of series involving the
polynomials. The basic such inequality,

Iz, (0 | s e,

was discovered by Szego [3], as was also the inequality

ILéa)(x)ls (a+1)n ekx/n!, «az20.
Inequality (8) can also be derived from (7) and (4) using

the relation

n
mgo(u)m/m! = (a+l)n/n!

For =-1<o0<0, the inequality

1L 0| s (2-(@+1) /nt))) ¥
can be proved in much the same way, but is clearly not as
satisfactory an inequality as (7), since, from (3),
L;u)(O) = (u+1)n/n: so that (7) is exact at x=0, while
(10) obviously is not.

In this note we shall prove that if a < 0, then
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(11) 1L |27 %%,
This inequality, when -1 <a<0, is better than (10), at
least for large n, since if -1<a <0, (a+1)n/n!-r0. However
it is not exact at x=0 either. Nor is it best possible.
For example, if Hn denotes the Hermite polynomial of degree n,
then from [1; 10.13(2)3,

(12) Hyp (x) = (-1)7 22™ o Ll;“'f’ (x2), and thus from (12)
and (10),

2

(13) I, () | s 22™ iy &%

However, from [1;10.18(19)1,

2
(14) [ () s k2™ ((2m) Nl
where k is a constant of approximate value 1.086435. The

estimate (14) is a better estimate than (13) since as

o, 2204 5 ,2m+l _mek mowhile 27((2m) ':)" - o Q2mbY oty

-
m! o~ e .

Nevertheless, inequality (10) seems worthy of note and
of proving, for it seems to be the only inequality for
ILéa)(x)l, valid for all a <0, and uniform in n. To prove (10)

we use the relation,

{--]
(15) ran™ e e M mae = e ) Rewso,
X
which we will prove below. This relation, which gives the
Weyl fractional integral of e—xL;v)(x), is certainly not well

known; it does not appear in [1] or [4] or [2;5§13.2] for example.
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The proof of (15) is as follows. Setting t = y+x, then

from (5) with a=v-u, B=u-1, (r(u)~} f (t-x ¥l 1V () ae
X

N (e 1M o) ay

-1 -x § o (v-w) J“ u-1_-y . (u-1)
(T(w)) “e mZoLm (x) o y e L ' (y)ady.
But from (6), with s=1, since Reu>0

(l..(u))"l J yu-le"Y L(‘:‘:;) (y)dy = {0' n¥m
0

1, n=m’
and (15) follows.

Inequality (10) for a <0 now follows from (15) using (7),
for if a < 0,

PASNEI e (r(-a)) ~te* f:(t-x)‘“’l eFlL (v at

s (M (-a)) te¥ J:(t-x)'“'le'}’t at

= (I‘(-m)-]‘)el’x J y-c"-]'e-)sy dy = 2'“e*x.
0

For a =0, (10) and (7) coincide.
Actually, since (15) holds for complex v and u such that
Rep > 0, it can be used to derive the inequality
|L,‘1“’ (x) | s T(-Re o )27 RO ™/ |T (-a)| , Rea < 0,
but such inequalities for non-real a seem of little interest.
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ON HOMOLOGIES AND ELATIONS OF THE SAME ORDER

M. D'Angelo

Presented by Peter Scherk, F.R.S.C.

Abstract If a projective plane of Lenz class > IV admits
both an elation and a homology of finite order, then these orders

are relatively prime (in particular, they are distinct).

1. INTRODUCTION: Consider an elation € of order s in a
finite projective plane of order n. Of the n+l points on a line
(other than the axis) through the centre, one is kept fixed while
the remaining n are partitioned into orbits each consisting of s
points. Hence s divides n. Similarly the order t of any homology y
must divide n-1. Thus s and t must be relatively prime. Does this
remain true in infinite planes? Equivalently, we ask whether a
projective plane can admit non-trivial elations and homologies
with the same prime order p (if p is common prime divisor of s
and t, we may replace & and 7 by ¢%/P ana 7t/p). This question
was answered negatively by Burn [1] for the case p = 2, except
perhaps for planes of Lenz-Barlotti classes Il and I2. We show
that the answer is negative for any p, provided the plane is of
Lenz class > IV.

For definitions and basic properties not explicitly referred

to, see [3], chapters 3 and 4, and [2].

2. PRELIMINARY RESULTS: Let {3 be a projective plane and p a

prime number.
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2.1 Let £, and 70 be an elation and a homology with a common

0
axis (with a common centrel; €; # 1 ¥ 7,. The group G = <§;,7,>
consists of perspective collineations with the same axis [with
the same centrel. Clearly the elations in G form a normal sub-

group N of G. Each 7 € G can be written in the form
a, b, a, b a b
1,.°1.92,72 N, n
() 7 =€ Mg Eg M € Mo -
where n is some positive integer and 81reeer Ay bBysreces bn are
integers. The integer s = s8(7) = b1+b2+...+bn evidently depends

not only on 7 but also on the representation (1). However, (1)

may be rewritten as follows:

( 7= 508, where
b, -s
€ = e 1)0 “'o 'lo ...E "o
(2)#
a ‘( E —b1 32.( (b1+b2)E —(b1+b2))a3. .
’70 oo Mo o’
(by+...+b ) -(b,+...+b ) a
1 n-1 1 n-1 n
Ty &7 3
L

Thus € is an elation.

From now on we assume ng = 1; thus ng =1 if and only if

s = 0 (mod p). Hence (2) then yields:

2.2 PROPOSITION: (i) N = {7 € G : s8(7) = 0 (mod p)}.

(ii) N is generated by the p elations: g = qateoqg (t=0,
1,...,p=1).
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2.3 The homology %0 induces the automorphism
N ->N

No? -1

£ > ”0 £9p-

As Mo has the order p, so does the automorphism ﬂo.

2.4 PROPOSITION: Suppose qg = gg = 1, Then N is infinite

and non-abelian.

PROOFP: (i) The orbit of any elation ¢ # 1 under the auto-
morphism o of 2.3 consists of the p distinct elations natenﬁ
(t=0,1,...,p-1), all of them distinct from 1. Thus if N were
finite, the order of N would be = 1 (mod p). On the other hand,
ord N would have to be divisible by ord €y = Pi contradiction,

(ii) With €,, each elation 75t£oq§ has the order p. Thus
2.2 (ii) implies that an abelian N would have to be finite. This

contradicts (i).

3. Our goal is

3.1 THEOREM: Suppose the projective plane q& admits an

elation ¢ and a homology q of the same prime order p. Then

(i) 13 is infinite;

(ii) *] is of Lenz class < III.

3.2 COROLLARY: Suppose that in a projective plane of Lenz

clagss > IV, the elation ¢ and the homology 7 have the finite

orders s and t respectively. Then s and t are relatively prime

(cf. 1).
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We recall the following fact (cf. [4), p.25, Thms. 19 and
20).

3.3 LEMMA: Suppose there are elations # 1 with the same

axis £ but distinct centres. Then

(i) the group of the elations with the axis f is abelian;

(ii) if one elation # 1 in this group has finite order,

this order is prime and all elations # 1 with the axis £ have

this same order.

In the following, let € be an (E,e)-elation and let § be an

(H,h)-homology in 13. We study the following statement:

(3) ¢ and 9 have the same order p.

3.4 LEMMA: If 13 has two translation lines, then (3) is

false.

PROOF: Let L denote the intersection of the two translation
lines. Then every line through L is a translation line. Assume
(3).

case (i): There is another point L' such that every line
through L' is a translation line. Then for any point L® (# L')
there is an elation mapping L to L". Thus every line through L"
is a translation line.

Choose first L® = E. Then by the dual of 3.3 (i), the group
of the elations with the centre E is abelian. Now take L" # E,H.
Then some elation T with its axis through L" will map H onto E.

Thus both the elation € and the homology 1?1qt have the centre E
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and the order p. By 2.4, there is a non-abelian group of ela-
tions with the centre E; contradiction.

Case (ii): L is the only point such that every line through
it is a translation line. Then L must be a fixed point of every
collineation of {3; in particular, 1t =1? =L, Thus e I L and
either h I L or H = L.

Subcase (a): h I L. Then some elation Y with its axis
through L maps h onto e. Both the elation &€ and the homology t"lqt
have the axis e and the order p. Hence by 2.4, there is a non-
abelian group of elations with that axis. This contradicts 3.3
(i).

Subcase (b): H = L. Choose any (H,e)-elation € # 1. As
€P = 1, 3.3 (ii) implies €§ = 1. Applying 2.4 to ¢, and 75 =%

we obtain again a contradiction.

3.5 REMARK: The proof of 3.4 could be shortened by applying
[3), Theorem 6.18 (and hence the Skornyakov-San Soucie Theorem;

cf. (3), Theorem 6.16).

3.6 LEMMA: Let J§ have the translation line £. Then (3)

implies
(i) E I L and either L=h or £ 1 H;

(ii) char x3 = p.

PROOF: Assume (3). By 3.4, L is the only translation line of
3. mence I = 1" =12, from which (i) follows. By 3.3 and its

dual we have (ii).
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PROOF OF 3.1: Assume (3). The first assertion has been
proved in 1.

Assume that {} is either of Lenz class > V or of Lenz class
IVa. Then r’P has a translation line {. By 3.6 and the dual of
3.3, we may assume e = £. Thus by 3.6 (i), either e = h or e I H.
If e = h, every group of elations with the axis e is abelian; cf.
3.3 (i). If e I H, we may choose E = H and every group of ela-
tions with the centre E is abelian; cf. 3.3 and the dual of 3.3
(i). In either case, 2.4 yields a contradiction.

The case of Lenz class IVb is dual to IVa.
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THE PRODUCT OF UNITARY REFLECTIONS.

A.J. Coleman¥*

Presented by H.S.M. Coxeter, F.R.S.C.

The product of the generating reflections of the Weyl group
plays a very significant role in the theory of Lie groups. It has
been named the COXETER OPERATOR since Coxeter made great use of

it in his discussion of finite groups generated by reflections -

see, for example, his Regular Complex Polytopes, pp. 87, 150.
However, Killing, in 1889, employed such products in his
discussion of the classification of simple Lie Algebras.

In the generalization from real to unitary reflection groups
the notion of a reflection was extended to denote any unitary
operation which leaves fixed the elements of a subspace of
codimension one. Thus a reflection, R , is characterized by a
pair (a,e) and is defined by

Rx = x - a<x|e>e ,
where a 1is a complex number, e is a unit vector and <xje>
denotes the hermitian product in our n-dimensional space,

We say that R is proper if it is not the identity and is
invertible or, equivalently, if a is neither O nor 1. The
eigenvalues of R are 1-a , and 1 with mulciplicity n-1 .
That R is unitary is equivalent to 1-a having absolute value

f. 1In a unitary reflection of period p , (1-a)p =1 .

* Research supported by NSERC Grant A-2990
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Let Ry be characterized by a; and & Vi be the

subspace spanned by 8118910418 sk = R1R2...Rk , and Sk =

the inverse of Sp - Finally, we shall say that a set of

reflections is linearly independent if their corresponding

vectors e; are linearly independent.
With the notation thus established we can formulate the main
result of the present paper.

THEOREM. The product of a set of proper linearly independent

reflections has no fixed point, other than the null

vector, in the space spanned by its vectors.

In other words, if e, are linearly independent, the origin
is the only point in V, fixed under the action of S, + We
shall prove this by induction on the dimension.

Since a # 0 , the theorem is trivial for n =1 , since
it merely means that no complex number except zero is fixed when
it is multiplied by 1-a .

Suppose the theorem is true for Sn_1 and suppose that Sn
has a fixed point x # 0 . Then

Spx =X
and therefore,

Rx = s"'x .

Choose an orthonormal basis in which S“-1

is diagonal and the
first n-1 basis vectors span V . Since e is not
n-1 -n

contained in V , if e, - [“i]’ u, is not zero. Since the

n-1
last coordinate axis is fixed under Sn_1 and therefore also

s"™'  the last element in the diagonal matrix for ™! g 1.
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Equating the n-th coordinates of the two sides of the preceding
equation, we conclude that

a <xje>u =0 .
Thus, since neither a, mor u, is zero it follows that <xle,>
vanishes and hence x 1is fixed under R, and therefore also

n-1

under § and S . Now x=yv+w where v lies in V__,

n-1 n-

and w 1is perpendicular to Vn_1 that is the direction of the
n-axis., Since w 1is fixed under S _, 80 is v .

By the induction assumption it follows that v =0 , so
x=w and thus X u, = <w|e,> =0 . This implies that x, =0
whereas v = 0 means that Xy = 0 for 0 <i<n ,80 x=20
and the only fixed point of S is the origin.

dede ke ok kkkokokokokok

It is perhaps worth remarking that the proofs of this result
of which 1 was previously aware"2 applied only to real
reflection groups and assumed properties of the relevant Dynkin
diagram. The above argument evidently clears away some of
redundant underbrush. In fact, the essential hypothesis - that
the e; are linearly independent - was one which both Killing

3 employed in their discussion of the same product.
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