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ON BOUNDED HOLOMORPHIC REDUCTIONS 'OF HOMOGENEOUS SPACES

Bruce Gilligan¥*)
Presented by P. Ribenboim, F.R.S.C.

Abstract. 1In this note we point out that as a straightforward
consequence of a recent result of K. Nakajima [4] it followg v
that the base of the bounded holomorphic reduction of ‘any

homogeneous complex manifold is biholomorphic to a homogeneous

bounded domain.’

1. Introduction. Given a complex space X, there may exist a

complex space Y and a surjective holomorphic map m:X + Y such
that the induced map 7w*:0(Y) + 0(X) is an isomorphism of 0(Y)

onto 0(X). The pair (Y,n) is called a holomorphic reduction

of X, see [5]. In the present note we restrict our attention

to bounded holomorphic reductions of homogeneous complex mani-
folds and we also require the base Y be maximal in the sense
that it is separable with respect to its algebra B(Y) of bounded

holomorphic functions. 1In this setting one has the following.

is a connected homogeneous complex manifold.

Theorem.. Suppose X

Then the base of its. bounded holomorphic reduction is biholomor-

phic -to a homogeneous bounded domain.

*)Partially supported by NSERC Grant A-3494
AMS Subject Classification (1980): 32M10, 32A07
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This characterizes homogeneous bounded domains as those
homogeneous complex manifolds having the property that bounded
holomorphic functions separate points. It also means that B(x)
is a Stein algebra for any homogeneous complex manifold. For
the full algebra 0(X) there are similar results in certain cases,
but the situation is much more complicated. As examples, there
is not much known about holomorphic reductions of solv-manifolds
[2] and the question of the existence of a Stein envelope of
holomorphy in the general case seems to be still open (see also
1.

Bounded holomorphic reductions of open orbits of real
forms of semi-simple groups in homogeneous rational manifolds
were considered by J. Wolf [7, p. 1148]. In this setting he
showed that the fiber is compact and the base is a bounded
symmetric domain. And under the assumption that the homogeneous

Space carries an invariant Kdhler metric there are some results

which relate to the bounded holomorphic reduction, e.g., see

[4) and the references listed there.

2. Proof of the theorem. Suppose X is a connected complex

manifold homogeneous under the action of its automorphism group
Aut (X) and let B(X) denote the algebra of bounded holomorphic
functions on X. For X;1X, € X define X, ~x, whenever f(xl) = f(xz)
for every feB(X). It is easy to see that this equivalence
relation is an open analytic equivalence relation on X. Hence,

by a result of B. Kaup (3], the quotient space Y:=X/~ has a
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natural complex structure and the canonical map n:X + Y is
holomorphic. The existence of the bounded holomorphic reduction
was also noted in [6], but under the unnecessary assumption that
a Lie group is acting transitively.

Now since Y is separable with respect to B(Y), its
Carathéodory pseudodistance is a distance and hence Y is
hyperbolic. Thus Aut(Y) acts as a group of isometries and is,
in fact, a Lie group. Also it is clear that any biholomorphic
map of X onto itself maps any two points which are equivalent
under ~ into equivalent points. Thus the map n is Aut(X)-
equivariant and so Y is homogeneous. The result now follows,
since K. Nakajima [4] has recently proved that a homogeneous
hyperbolic manifold is biholomorphic to a homogeneous bounded

domain. . u}

3. Remarks. Since the base Y of the bounded holomorphic
reduction is topologically a cell, it follows that the fibers
of the map m:X + Y are connected. And because X is homogeneous
and m is Aut(X)-equivariant, these fibers are also biholomorphic
to one another and themselves homogeneous.

Now, at least in the case where a connected Lie group is
acting holomorphically and transitively on X, a reasonable
conjecture is that the fibers themselves have no non-constant
bounded holomorphic functions. We intend to return to this at

a later time.
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS VI

Walter Schempp

Presented by P.C. Greiner, F.R.S.C.

Since 1953 when Woodward [6) introduced the notion of
radar auto-ambiguity function H(f;.,.) with respect to a
square-integrable signal envelope f on the real line R,
the following problem was left open: Give a complete charac-
terization of those complex-valued functions F on the time-
frequency plane R ® R which occur as radar auto-ambiguity
functions H(f;.,.) with respect to complex envelopes f €
L?(R) of signals with finite energy. P.M. Woodward in his
1953 classic cited above, L. Auslander in his 1982 address
'Generalized special functions and the Wigner transform'
at the 797th Meeting of the American Mathematical Society
at the University of Maryland, College Park, M.R. Feix (oral
communication, Université d'Orléans) and numerous other
research workers in the field of quantum mechanics, signal
theory, radar detection, and electro-acoustics emphasized
the importance of this characterization problem from the
mathematical as well as from the electrical engineering
point of view. - The aim of the present part of this series
of papers devoted to radar reception and nilpotent harmonic
analysis is to announce a solution of the problem. As in
the preceding parts of the series the basic tool is the
harmonic analysis on the three-dimensional real Heisenberg
nilpotent group A(R).

Definition 1. Let the non-degenerate skew symmetric bilinear
form on R @ R

B("l"’z) = B([:I].[;i]) = X ¥5-X,5Yy

179
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denote the standard symplectic form of the time-frequency
plane R ® R - then a continuous complex-valued function F

on R ® R is said to be of positive type on the two-dimensional
real symplectic vector space (R ® R; B) if, for any finite
sequence of vectors (Vj)léjim of R ® R, the matrix

—wiB(vJ,vk)

(e F(v

-v, )),<.<
iV’ 1555m
15kSm

is positive hermitean.

Definition 2. A continuous complex-valued function F of
positive type on the two-dimensional real symplectic vector
space (R ® R; B) is said to be minimal (or pure) if in every
decomposition

of F into a sum of two continuous functions Fl and F2 of
positive type on (R ® R; B) the functions Fl and F, are
necessarily proportional to the given function F.

2

Now we are in a position to announce the aforementioned
characterization result.

Theorem. Let Af(R ® R) denote the Schwartz space of rapidly

decreasing complex-valued @m—funct;oqs on the time-frequency
plane. Let the function Fe (R @ R) be given - then there
exists a complex signal envelope function f € 4J(R) such

that

F = H(f;.,.)

holds if and only if F is a minimal function of positive

type on the two-dimensional real symplectic vector space

(R ® R; B). Moreover, the function F determines f uniquely

up to a phase factor c€C, |c| = 1, i.e., every other envelope
function g € of(R) such that the identity

F = H(g;.,.)

holds satisfies g = cf.
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Corollary. A function GE.of(R ® R) can be represented as
a Wigner guasi-probability distribution function

G = P(g;.,.)
with respect to a state g€ .f(R) if and only if the Euclidean

Fourier cotransform éiac of G is a minimal function of positive

type on the two-dimensional real symplectic state space
(R ® R; B).

The proof of the preceding characterization theorem depends
upon the strong Stone-von Neumann theorem which on its part
is a consequence of the Kirillov theory for simply connected
nilpotent real Lie groups admitting generically flat cocadjoint
orbits in the vector space dual of their Lie algebras (cf.
Howe [1] and Moore-Wwolf [2]), and upon the classical Gelfand-
Segal construction. Replacing A(R) by the (2n+1)-dimensional
real Heisenberg nilpotent group A(R"™), an extension of the
theorem to general 2n-dimensional real symplectic vector
spaces R"? ® R" can be easily done.

The Definitions 1 and 2 supra suggest to introduce the
notion of minimal distribution of positive type on the two-
dimensional real symplectic vector space (R @ R; B). These
complex distributions which can be proved to be automatically
tempered on R ® R form a link to the theory of Schwartz
kernels. Since the minimal distributions of positive type
on (R ® R; B) include also the limits of the Gabor functions
they represent a natural framework for establishing an extended
version of Hudson's theorem concerning the positivity of
the Wigner quasi-probability distribution functions.

For some further details the reader is referred to the
articles [3], [4] and ([S). Proofs and additional material
can be found in the author's monograph on 'Harmonic analysis
on the Heisenberg group with applications to signal theory'
which is presently under preparation.
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TRIGONOMETRICALLY WELL-BOUNDED OPERATORS

Earl Berkson] and T, A. G111esp192

Presented by G.A. Elliott, F.R.S.C.

Abstract: Operators of the form e1A

with A well-bounded of type (B)
occur naturally in analysis and are associated with useful spectral
decompositions. We characterize such operators (called "trigonometrically
well-bounded”) in terms of an intrinsic functional calculus defined for
absolutely continuous functions on the circle. A second characterization
of trigonometrically well-bounded operators, in terms of a suitable

"unitary-l1ike" Cartesian decomposition, is also described.

1. Introduction: An operator T on a Banach space X 1is well-bounded
([10], [11]) provided that for some compact interval J = [a,b] of the
real line R,T has an AC(J)-functional calculus y, where AC(J) denotes
the Banach algebra of absolutely continuous functions on J. A valuable

subclass consisting of the well-bounded operators of type (B) can be defined

by further requiring that y be weakly compact [4]. A type (B) operator T
can be characterized by the property that for a suitably determined (and
necessarily unique) spectral family of projections E(¢) : R -+ B(X) we
have T = aE(a) + J AdE(X), the integral existing as a strong limit of
Riemann-Stieltjes sims (see the discussion in [1, §2]). In recent years

A

operators S of the form S = e’ where A is of type (B), which we

]The work of the first author was supported by the National Science
Foundation (U.S.A.).

2The work of the second author was supported by a grant from the Carnegie
Trust for the Universities of Scotland.
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shall call trigonometrically well-bounded, have been shown to occur naturally

in analysis. For example, if 1 < p < w, then all translation operators on
Lp(G) (6 an arbitrary locally compact abelian group) and all surjective
isometries of the Hardy space WP  are trigonometrically well-bounded (see,
respectively, [9] and the discussion in [2], [3]). Moreover, with the aid PR
of Theorem (2.1) below, it can be shown that the ergodic flows on LP spaces
considered in [7] consist of trigonometrically well-bounded operators and
satisfy the hypotheses of the (Banach space) generalization of Stone's

Theorem in [1, Theorem (4.20)]. More generally, it can be seen from (2.1),
(8], and [6, Theorem 3.15] that the (abelian) group representations under-
lying transference methods in reflexive LP spaces [6, §3] consist of
trigonometrically well-bounded operators. In a forthcoming paper outlined
here [5], we obtain an intrinsic characterization of trigonometrically well-
bounded operators in terms of an AC(T)-functional calculus (T denotes the
unit circle). This characterization is described in Theorem (2.1) below. In
this regard we mention (see [10, §8.1]) that attempts to extend the notion of
well-boundedness by means of a functional calculus, even to operators with
spectra filling out a closed curve, face serious obstacles. The sufficiency
proof in Theorem (2.1) automatically provides the spectral family of projec-
tions associated with the (normalized) logarithm of a trigonometrically well- .,
bounded operator. With obvious modifications this sufficiency demonstration
affords a simpler, more self-contained existence proof than hitherto available
for the spectral family of a type (B) operator. A second characterization

of trigonometrically well-bounded operators from [5] is described in Theorem
(2.5) below. This is stated in terms of a "unitary-like" Cartesian decompo-

sition.
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2. The AC(T)-Functional Calculus. AC(TW) 1is a complex Banach algebra

under the norm I+, where If! = |f(1)] + var(f,T). Let B(X) denote
the algebra of bounded operators on a Banach space X. An AC(T)-functional
calculus for S € B(X) is a norm-continuous homomorphism ¢ of AC(T)

into B(X) such that o(ey) = I, ®(e;) =S, where eglz) =1, e(2) = z.
We call ¢ weakly compact provided that for each bounded set M, w-cf. ®(M)
is compact in the weak operator topology ("w-cf." denotes closure in that

topology).

(2.1) Theorem. Let S € B(X). In order that S be trigonometrically well-

bounded it is necessary and sufficient that S have a weakly compact

AC(T) -functional calculus o.

Sketch of Proof. After attention to some technical details, the necessity
proof follows readily from the AC([0,2r])-functional calculus for a suit-
able A such that S = eiA. In order to set the stage for sufficiency,

three lemmas are required.

(2.2) Lemma. Suppose A is an algebra over IR with identity I, and K

a subset of A such that each of K, I - K is closed under multiplication.

Then every extreme point of K is idempotent.

(2.3) Lemma. Suppose ¥ is an AC(T) -functional calculus for U € B(X).

Then o(U), the spectrum of U, is a subset of W. If ge AC(T) and

vanishes on an open set (in the topology of T) that contains o(U), then

¥(g) = 0.

(2.4) Lemma. If, under the hypotheses of (2.3), o(U) = {AO), then

U=Aol.
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The first lemma is a result of C. K. Fong and L. Lam [8, proof of
Prop. 2.2]. Lemma (2.3) is established by use of Liouville's Theorem.
Lemma (2.4) is obtained (for A ® 1) by constructing a sequence {f,} in
AC(T) such that le; - ey - f I 0 and each f  vanishes on an open arc
containing 1. The proof of (2.4) is completed by invoking (2.3) to get
'i'(fn) = 0. Returning to the sufficiency proof, we associate with each
f € AC(T) the function f, where f(t) = f(eit) for 0<t< 2n. For
r»€ [0,2r) and 0< § < 2'](2n - 1), let F)‘,é be the set of all real- .
valued f € AC(T) such that ¥=1 on [0,], F=0 on [x + 6, 2r - 83,
f is decreasing (resp., increasing) on [A, A + &] (resp., [27 - &, 2n]).
Let I()"éS = w-c2., {®(f) : fe Fl.ﬁ)’ and put K, = rg KA,S' Each K, s
weakly compact, convex, and non-void. If E and F are idempotents in
KA’ a technical argument gives ofS|F(I - E)X) c {eu,l}. With the aid of
Lemma (2.4) it can be shown from this that E = F, By Lemma (2.2) and the
Krein-Milman Theorem we now see that KA consists of a single projection,
denoted E()A). Further arguments establish that E(+) gives rise to a

spectral family and that S = eiA, where A = J AdE(A).
0,2n

(2.5) Theorem. Let S € B{X). Then S is trigonometrically well-bounded

if and only if there are commuting type (B) operators A, B such that
2 2

T=A+iB and A" +B" = I, If this is the case, A and B are uniquely '
determined.
Comments on the Proof, If S is trigonometrically well-bounded, then ¢

s =eC, where C is of type (B) with o(C)  [0,21], ker(C - 21I) = 0
(see [1, 53]). It can be shown that cos C and sin C satisfy the require-

ments for A and B. The proof of the converse, though more lengthy and
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complicated, proceeds from the simple observation that A = cos D for a
suitable D of type (B). We omit further details.
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ON A FIXED-POINT PROPERTY OF REFLEXIVE LOCALLY
UNIFORM CONVEX BANACH SPACES

Michael Edelstein
Presented by E.E. Granirer, P.R.S.C.

In [2] we discussed certain fixed-point properties of strictly

convex Banach spaces X under nonexpansive mappings f having the
property that, for some xeX , the sequence of iterates {f"(x)} has
a cluster point. If yeX fis such a cluster point and {f"(y)} is
bounded then co {f"(y)}, the closed convex hull of the orbit was
shown to contain a fixed point under f . In this note we are
concerned with the much wider class of mappings f satisfying the

following condition:

(*) For every x,yeX and for each n>0 there is an "o such that

M%) = £ s O +#n)lIx-y]| (nzng) .

Fixed point theorems for such mappings were given in [3] where they
were first introduced and termed uitimately nonexpansive. The
assumption on the existence of a precompact orbit, which was used in
[3], is replaced here by the weaker requirement of [2], i.e. that some
sequence of iterates have a cluster point generating a bounded orbit.

Specifically, we prove the following:

Theorem. Let X be a reflexive locally uniformly convex Banach space

and let f: X +» X be a continuous ultimately nonexpansive mapping

(i.e. such that (*) is satisfied). Suppose, further, that a yeX

exists such that y is a cluster point of a sequence of iterates

{(f"(x)} for some xeX , and {f"(y)} is bounded. Then a

gccolf"(y)} exists such that f{£) = £ . Furthermore, if

189
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E' € and E' e colf"(y)} then f(£') #¢&'.

Thus, while the setting of local uniform convexity of X is more
restrictive than that of [2], the conclusion is essentially the same

for the larger class of mappings dealt with here.

Lemma 1. Let X be a reflexive locally uniformly convex Banach space

and f: X - X an ultimately nonexpansive mapping. Let X{sXg € X

n n
have the property that f 1(x1) + %y, f 1(xz) + %y as i+, where

{n;} is an increasing sequence of positive integers. If x = Axy+ (1 -A)x2

n
for some A, 0 < A s 1 then fi(x)-»x as i+w.

Proof. Given n >0, it follows from (*) , that there is an io

such that, for all i 2 io .

ni n1.
[ Hx) = Hx) s (V+n)]x= 01

n; n,;

and HE T =1 ] s QemlIx-xpl1 -
ng.
By reflexivity of X there exists a subsequence {f J(x)} of
n.

{f Y(x)) which converges weakly to some weX . Since norms are

weakly lower semicontinuous, it follows from the preceding inequalities
n

i,
(when applied to f J(x)) that

Hwex 1 s (1 #n)[1x =%,

and ||w-x2||s(l+n)|]x-x2|| .

Hence, n>0 being arbitrary ,
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Hw-xy s lx=x 11 =gl 5 [x=xyl1 -

Now 1%y =Xl | = [1x=xq 1 # 1lx-xpl[ 2 [lw-xy 11+ 1 lw-xp1 1 2 [ 1xg =511
implying equality throughout. Thus ||x=-x;l]=[[w=-xq1]s |Ix-x,[l
= ||w=-x|| , so that w belongs to both B, = {yeX: [y =xq1sTlx=x11}

and B, = {yeX: ||y-x,|] s||x-x2||) . By strict convexity of X

the only point in common to B.l and B2 is x . Hence w=x . This
n

being true for every weakly convergent subsequence of {f 1(x)) it

readily follows that the entire sequence weakly converges to x . Now,

n X
for 12 io. the sequence {(1 +n)'1(f i(x)-f 1(x1)): i=1,2,...} lies

in the closed ball B = {y: ||y|| s |Ix-x||} and is weakly convergent
to the point X=X, on its boundary. By local uniform convexity this
is known to imply that the above sequence converges (in the norm topology)

to the same point; i.e.
-1, "
Tim [(V#n)7(F T(x) = F "(x)))] = x-x; .
B

n,
It readily follows that 1im f '(x) = x , as claimed.
joreo

Proof of the theorem.

The hypothesis that y is a cluster point of (f"(x)} implies
n
that f 1(y) +y for a suitable increasing sequence of positive
integers {"1‘} . (A proof of this fact for nonexpansive mappings was

given in [1]; with minor chages it applies to ultimately nonexpansive
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n
mappings.) By the lemma the set S = {zeX: f 1(z) + 2z} 1is convex.
Further, f|S the restriction of f to S, is clearly nonexpansive.
Indeed,

"1+1 ni+1
”f(x-l)-f(xz)”:”}m(f (x])'f (xz))”s“x]'lel .

Proposition 1 of [2] applies to the effect that f[S] < S and f|S

is an isometry of S into itself. Since isometries in strictly convex
Banach spaces are always affine, f[|S is an affine isometry. By
Proposition 6 of [2] f|S extends to an affine isometry on the closure
L of the affine hull of S . Propositions 8 and 9 of [2] now apply

to guarantee the existence of a £ such as in the conclusion of the

theorem.
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A _CHARACTERIZATION OF COMPLEX

PROJECTIVE SPACE

S. I. Goldberg

Presented by H.S.M. Coxeter, F.R.S.C.

ABSTRACT. Complex projective space with the Fubini metric is charact-
ized by the spectrum of the Laplacian on 2-forms in all dimensions. This
was obtained by Chen and Vanhecke except in complex dimensions 2 and 8.

1. Introduction. The implications of the spectrum of the Laplacian of a
smooth compact Riemannian manifold on its geometry have been extensively
studied during the past twenty years. For Kaehler manifolds (ﬁ,g). Gilkey
and Sacks [5) showed that it is possible to determine whether g is of con-
stant holomorphic curvature from the spectra of its complex Laplacian on
forms of bidegree (q,r). Since the only compact manifold with a metric of
constant positive holomorphic curvature is complex projective space EEI‘
with the Fubini-Study metric g this proves that if (M,g) md(nm%)
are isospectral, then they are holomorphically isometric.

Let (M,J,g) be a compact connected Kaehler manifold with complex
structure J and Kaehler metric g, and denote by A = -(dd* + d*d). vhere
d 1is the operator of exterior differentiation and d* is its adjoint with
reépect to the Riemannian metric g, the real Laplacian acting on p-forms.

Then, for each p = 0,1,2,..., we have the spectrum of A:

see ->- A Dese} -w}'

specP(M,g) = (0 > Xl,p 23, k,p2

>
=

each eigenvalue being repeated as many times as its multiplicity. Hodge
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theory implies that 0€ SpecP(H,g) if and only if the pth Betti number
bp(H) is not zero, and its multiplicity is then bp(H).

The following question is asked in [4]: If SpecP(M,g) =
Specp(ﬁ PQ'BO) for a fixed value of p, 1is (M,J,g) holomorphically iso-
metric with (C Pn,Jo.go), where Jo is the standard complex structure of
[ 4 Ih? The answer is yes in the following cases:
1. (M,J) = (I:]Pn,Jo) and p=0 [1],[8];
2. é =0 and n < 6 [11];
3. p=1 and 8 < n <51 [12];
4. p=2 and n#2,8 (4%
The last case 18 a vast improvement of the theorem of Gilkey and Sacks. In
this paper, we show that the answer is yes in the exceptional dimensions of
case 4 as well, thereby completely characterizing (L P;,Jo,go) by
Specz(H.g) for all n. This is the only case known where the geometry of
(M,g) 1is completely determined by Specp(M,g) for some fixed p and in

all dimensions.

Iheorsg. Let (M,J,g) Ee a compact Kaenler manifold with Specz(ﬂ.g) =

~————

Specz(t En,gu). Then, (M,J,g) is holomorphically isometric to (EEn,JO,gO)

in all dimensions.

2. Kaehler geometry. Let (M,J,g) be a Kaehler manifold. In

terms of local complex coordinates , g = 2 Z gij*dz1 8 d;j and the Ricci

tensor S =2% Ry «dzt 8 923,1,4,... =1,...,n,1* = 1 + n, where the

3

coefficients R, ,* are given ia terms of the components Rijkl* of the

1}

Riemann curvature tensor by - Z Rkikj* (see {5]). Denote the scalar

1The proof of Theorem 1 in [4] breaks down in dimension 2.
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curvature by 0 = 2§ Ry #, and by IR| and |S| the norms of R and S,
respectively, that is, |R|2 - lo:)',lkijualz and ISI2 ® Zzlkijflz.

Define the scalars pl,...,pn by
““‘613 + :n *) - [ ]pkt v

Then, Py =1, p; = o/2n, p, = ©? - z|s| )/4a(a - 1),..., p, = det(R, .),
Let w and ¢y respectively, be the fundamental and first Chern

classes of M. Then,

Lemma [9]. If M is cohomologically Einstein, that is, if ¢

e = 1

=a for

gome real number a,

I pk*ln(zm)kj *1,
M M

where *1 is the volume element.

3. Proof of 'l'heorem. For p = 2, the Minakshisundaram-Pleijel

1~ v e

formula is given by

® N
I exp( t) = 1L ! a et o™y, ¢t 4o,
=0 M2 )™ 1=0

where (cf. Patodi [10]) thecoefficients a; 5» i=0,1, 2, are given by
:

2
2n"-13n+12
(3.1) aO,Z = n(2n - 1) L( w1, a3, _“_6_.“__ JM o k1,

and
(3.2) a,,= =L | (5(202 - 250 + 60)0? - 2(2n - 181n + 540)|s|?
2,27 360 J,

+2(202 - 31n + 120) {812} * 1,

Since Specz(b{,g) = Specz(li lPu.go), we have
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2
(3.3) diu: M=n, bz(M) = b (I:]Pn) al,

(3.4) I*I'I *1.]9*1-] p' * 1, a =a', .,
M ce_ M cr_ 2,2 2.2

vhere the prime indicates the corresponding quantities in (T an,Jo,go).
The second part of (3.3) says that M 1s cohomologically Einstein

Thus, from the Lemma,
(3.5 (- 1)([ pr1?= n(I * 1) J ?-2Is|® *1.
M M M
Since (C n’n.Jo,gO) has constant holomorphic curvature, say H,
p' = n(n + 1)H, ls'|2 = a(n + 1)2H2/2. IR'I2  2n(n + LK%,

The following formula is obtained in [4]:

(3.6) (% - 1)(n - 8)(2n - 15) J (r)? - n(nzm 0%} % 1
M
+ 420" + 160> - 44a® - 91n + 120) I (s)? - %)‘ *1=0.
M

Consider the projective curvature tensor W

i . i

1 i i
w jkz* = R ju* +m (Rjt* 5“ + sz* 51).

This tensor vanishes if and only if the Kaehler metric has constant holo-

morphic curvature. Setting |RJ[2 a4y |wijk£*lz , we obtain

2 4
0 [wl?=Ir)? -5 Is1?,

so since |S|2 2 02/2\1 , it fcllows that |R|2 2 szln(nﬂ.), and (3.6) then
yiclds [s]? = p2/20 , |R|% = 20%/n(n+1) for n # 2,8. Thus, (M,J,8) has
1 From (3.4), H]. = H, so, for
n#1,2,8, (M,J,8) 1is holomorphicaily isometric with (TP , Jo.go).

constant holomorphic curvature H
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The case n = 2: Since bz(H) = 1 , . the dimension of the space
nl'l(u,n) of harmonic forms of bidegree (1,1) is 1. Multiplying the
Kaehler metric g by some constant, if necessary, we may ‘therefore assume
that g 1is a Hodge metric. Thus, ® 1is a positive element of nl'l(n.z).
and since ¢ = ((o+l)H/4m)w , the first Chern class is positive. Conse-
quently, by a Theorem of Kobayashi [6], bl(u) = 0. It follows that the

Bule_r characteristic x(M) = x(C IPZ). From the Gauss-Bonnet theorem

X(M) = —12 (|R|2 - 4|s|2 + o) .
32r° M

I(|k|2-6|s|2+pz)*1 -J (r'|? - 4s'|2 + pHym
M I:Pz
from which

f [r]? n1 -I |2 %1, [ s =1 =[ Is*]2 % .
M I:]Pz M crz
We conclude that (M,J,g) 1is holomorphically isometric with (T 1?2,.!0.80).
The case n =8 : From (3.6),
2
2 _03yaa
Iu(lsl 5=) M= 0

for n =8, 8o since ISI2 2 02/2n, equality holds, arnd consequently g
is an Einstein metric with positive scalar curvature by (3.4). By Theorem5
of Kobayashi (7], a principal circle bundle P over M with projection =
may be constructed having an Einstein metric with positive scalar curvature
k = (2n+l)p/(2n+2). From Cor. 4 on p. 256 in [2] the volume of P is

S2n<l-1

bounded above by the volume of the sphere (k/2n) having constant

curvature k/2a , that is,
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2n+l

(3.16) v(P) < v(s*"(k/20)) ,

with equality attained only if P has constant curvature, that is, only if

P 1s isometric with S2%*1(k/2n).

Relating v(M) and v(P) (see [3]), the metric of P being
given by G = mw*g + b282 , where B 1is the l-form on P defining a con-

nection in P and b 1is a positive number, we get
v() < v(ER (1).

Equality is attained only if P is isometric with szn+1(k/2n) , and hence
only if (M,g) 1is isometric with t]Pn(H) , so by (3.4), (M,J,8) 1is

holomorphically isometric with (tIPn.Jo,go).
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A NON-ARCHIMEDEAN MITTAG-LEFFLER THEOREM

Yvette FENEYROL-PERRIN and Labib HADDAD

Pregented by P. Ribenboim, F.R.S.C.

In the well known theorem of Mittag-Leffler on meromorphic func-
tions of a complex variable, as well as in the corresponding result
of M. Lazard (7] for meromorphic functions over (real-valued) valued
fields, the sole condition bears om the distribution of poles and
not on the principal parts themselves.

That the situation might be different for valued fields which
are not real valued, was already suspected by the first author
Y. Femeyrol-Perrin, [3), (4], [5], when she gave sufficient conditions
on a family of rational fractions to be the principal parts of a
wmeromorphic function, for a special class of valued fields, (see
definition below).

Here we give a condition, necessary and sufficient, involving
both the distribution of poles and the principal parts, thus
showing that the situation is differeat.

I. Notations and definitions. — Let K be an algebraically closed,

complete valued field, and let A be its valuation ring. We suppose

1981 Mathematics subject classification. Primary 12 B 40, 30 G 05,

32 D 25. Secondary 46 P 05.
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that A contains a decreasing sequence of prime ideals Pn vwhose

intersection is zero. Clearly then, the height of the valuation is

greater than 1. For every prime ideal P in A, let AP denote the
corresponding local ring of fractions. For the definitions of
analytic elements, analytic functions, meromorphic functions, and

principal parts of meromorphic functions over K, see [6], (3], 041,(5] .

Definitions. - Let P be a nonzero prime ideal in A. A subset B of K
is said to be P-open whenever B CAP and a + P CB for each a €B.
So a P-open set is an "ouvert borné, d'&paisseur non nulle" in the
sense of [3] ,(5). An element b of K is said to be P-near an element
a of K whenever b - a belongs to P.

The notion of a P-fraction we now introduce seems t.o play a central
part in the theory of analytic and meromorphic functions over K.

A P-fraction is any rational fraction £ € K(X) such that

Q)] £(x) € A for each x € P.

It can be shown that £ € K(X) is a P-fraction iff f is of the form

(2) £(X) = p(X)/ 2 (1-X/a;) vhere p(X) € K(X]
ier
and aiﬂ P for every i € 1.

II. Properties of P-fractions.

Theorem !. - The principal part R of a P-fraction f in a P-open set

V is _itself a P-fractionm.

For the proof, we use the theory of resultants in arbitrary
commutative rings with unity as developed in (1] .
Let (a;); ¢ , be the family of the poles of f imside V, and let

(bj)j € be the family of the poles of £ outside V. Set

S(X) = I (X-a,) and T(X) = I (1 - X/b.).
i€l i j€eq 3

So that £(X) = p(X)/S(X)T(X) with p(X) € KIX] .
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The resultant of S and T is equal to

) n - a; ) and, therefore, has its inverse in A,. Hence
i€1 jEJ j

there are polynomials F € Ap[x]and G € AP(X] such that 1 = FS + GT.
Then £ = (pF/T) + (pG/S), and R is the fractional part of the fraction
PG/S. Euclidean division of pG by the unitary polynomial S gives
the result.

Turn now to the following two approximation lemmas for P-fractions

which are essential in the proof of the "Mittag-Leffler theorem" below.

Lemma 1. - Given a € K, let P be the biggest prime ideal in A not con—
:ainij}' 1/a. Let £ be a P-fraction whose poles are all P-near a. Then,
for any other prime ideal Q properly containing P, there exists a
polynomial g € K(X] such that

(3) £(x) - g(x) € Q for each x € AQ.

Lemma 2. - Let P and R be prime ideals in A such that R 2P Given

a éA.P\ R and a P-fraction £ whose poles are all P-near a, there must

exist a prime ideal Q' properly comtaining P with the following pro-

perty : for each prime ideal Q in A such that Q' 2Q 2 P, and each

c € Q \P, there exists a rational fraction g with a unique pole

b = a - ¢ and such that

(4) f(x) - g(x) €P for each x € AQ \ (a+Q)

The proof of lemma ! (resp. lemma 2) is first reduced to the

case of a P-fraction of the form d/(1 - X/a)" (resp. the form

d/(¥-a)™) with d € Ap which are then developed as formal power

series in K([(X])) .
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III. Mittag-Leffler theorem. - In [3]},(4],[5) , the first author has

given sufficient conditions for a sequence of rational fractions
to be the sequence of principal parts of a meromorphic function on
an open set D in K. We give below a "Mittag-Leffler type" theorem
with a set of three (equivalent) conditions each being both
necessary and sufficient.

Given a subset D of K, by definition, the P-interior of D
(to be denoted D(P)) is the biggest P-open set contained in D,

For each n € N, we write Dn for the Pn-i.nterior of D.

Theorem 2. - Let D be an open set in K, and Z a subset of K.

For each a € Z, let R be a rational fraction whose unique pole is

a and having a numerator whose degree exceeds that of the deno-

minator. For each finite subset F of Z, let Ry = z Ra’
a€F

Suppose 0 € D\Z. The following are equivalent :
(i) There exists a meromorphic function £ on D whose set of poles

is Z and having principal part Ra at the pole a, for each a € Z.

(ii) There is a cofinite subset T of Z such that, for every nonzero
prime ideal P in A, and for every P-open subset V of D, the subset

F=TNV is finite and RI-‘ is a P-fraction.

(iii) There is a cofinite subset T of Z such that, for each pair
of nonzero prime ideals P and Q, with Q QP, the subset

F = TN(D(Q)\D(P)) is finite, and there exists a rational fraction
S having no poles inside D and such that

Rp(x) - S(x) € P for each x €& D(P).

(iv) There is a cofinite subset T of Z such that, for each n € N,

the subset F(n) = TN(D

n+l\Dn) is finite, and there exists a

rational fraction S, having no poles inside D and such that
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RF(n)(x) -5, (x) €P_ for each x € D..

Sketch of the proof. To prove (i) implies (ii), first £ is suitably

approximated by a P~fraction then theorem ] is used.To prove (ii)
implies (iii) use is made of lemmas | and 2. Clearly (iii) implies
(iv). Finally, to prove (iv) implies (i), a meromorphic function £

on D is explicitly constructed using Sn and RF(n)'

IV. Properties of the ring F(D) of analytic functions over an

open set D in K.

Theorem 3. - Let D be any open set in K.

1° 1f D is P-open for some nonzero prime ideal P, then F(D) is a

principal ideal ring.

2° Otherwise, F(D) is not a Bezout ring, not even a Priifer ring.

Proof. The first assertion is proved in [3],[4),[5]. To prove the
second assertion, we construct two analytic functions £ and g "very
near to each other" over D such that £ (resp. g) has an infinite

sequence (an) (resp. (bn)) of simple poles in D, a being Pn-near

bn' It is then shown that the ideal generated by f and g were it
principal would be equal to the ring F(D) itself, and there would
exist analytic functions u and v such that uf + vg = |, that is

1/€g = u/g + v/f. Computing the principal part of v/f , it is

ultimately shown that it is not a Pn-fraction thus contradicting
“Mittag-Leffler theorem".above. (See [2] for the notion of Bezout
and Prufer rings).

Finally, as a consequence of the "Weierstrass type" theorem on zeros
of analytic functions (see ([3),[4),[5]) we obtain the following

result. The proofs are expected to appear in a forthcoming paper.

Theorem 4. - The ring F(D) is pseudo-prinmcipal, and, therefore,
pseudo-Bezout. It is also completely integrally closed. It is a

unique factorization ring iff D is P-open for some nonzero prime ideal 2.
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A CONVEX ENERGY INTEGRAL FOR THE NAVIER-STOKES
EQUATIONS IN THREE SPACE DIMENSIONS

G. F. D. Duft, F.R.S.C.

Respectfully dedicated to Professor J. Leray fifty years after the
publication of his remarkable memoir in Acta Mathematica.

Abstract

The energy integral and the inequality for the rate of viscous energy
dissipation are linearized by an exchange of independent and depen-
dent variables, and integrated. The resulting energy relation contains a
convex function of the energy variable, and permits an elementary
analysis of the singularities and asymptotic properties of Navier Stokes
flows.

1 The Navier Stokes equations and the energy estimates.

Let 0 be a suitable smooth domain in R%. The initial boundary value
problem for the Navier-Stokes flows of a viscous, incompressible fluid in
0, with velocity vector uy(x,t), x € Q, t>0, is given by

ay; Ay, ap ;
. == Upiz—= = ~ + i k=12,
(1.1) 30+ Uk %y a%, vAu; i,k=1,2,3

where p(x,t) is the pressure function, A the Laplace operator in three
space dimensions, and v the viscosity. The condition of incompressibil-
ity is

du
(1.2) 5:’ = 0,
the boundary condition
(1.3) y=0 on 80, t>0,
and the initial condition
(1.4) u(x,0) = u(x) € L3(Q).
We shall assume no external forces. Let
(1.5) lhullz = [{ lufavy?

this norm being a function of the time variable, with a corresponding
definition for the gradient norm ||[Vul|; in the appropriate Hilbert space
of vector functions square-integrable over the space domain . We
refer to Leray 8] as well as later sources [1,3,4,6,7,11,12,13] for precise
descriptions of the solutions of the initial boundary value problem and
their properties. We shall assume the solution vector u;(x,t) is a smooth
function in Q x [0,») except for a possible singular set of dimension at
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most one [1,4,9,10].
The basic energy integral is obtained on multiplying (1.1) by u;(x,t)
and integrating over (), in the form

d
(L6) SHlig = -2vivulg

The rate of viscous energy dissipation satisfies an inequality obtained
by multiplication of (1.1) by Au;, or Au; the solenoidal Laplacian
[3.4,7,12,13] followed by integration over ( and elementary estimations
of the non-linear terms, in the form [2,6,8,12,13] .

d
(1.7) SHIvuliz + viidulZ s KIvalg

Adjoining the inequality
(1.8) IVullf = (Vu,Vu) = ~(u,Au)

= —(uAu) = |ully [jAull,
we obtain also the modified inequality

d lIvull$
Zvullf + v—2
dt " T T )2

After division by |[Vu|| we may write this relation in the form

-d 1 v
(1.10) == + —— < K||Vu||%.
at jvullf  Jjuli¥
Upon integration over an interval (tg,t) this yields
t t
1 dt’ . 1
(1.11) +v SKf |IVu]l3dt’ +
lIVuoll¥ tf [lallz ‘t/n' lIvull%
2. Linearization and Integration
Relations (1.6) and (1.9) together form a single differential inequal-
ity of second order, which may be integrated as follows: let y = ||u|| so
that, with a prime / denoting d/dt,

(1.9) £ K||Vu|$.

(2.1) v = %Yt— = —2v||VullZ < 0.
Then (1.9) yields
S Ldy vy okl
(2.2) 2v dt = y{-2v | ~ K -2v )’
However,
2 -
(2.3) a _ 1 4% _ -1 #

dy ~ ¥ " ay? T (y)?
so that if we divide (2.2) by (—y"/2v)3 there is found



G.F.D. Duff 207

d2t 1 dt
2.4 —4R = - 2%~ =— < K.
(2.4) dy? y dy

To simplify further we introduce the variable z, where z2=y=|u||? , and
(2.4) becomes

2 d%t

2.5 V + Kz% 2 0.
(2.5) =i

In the following statement we summarize deductions that can now
be made by elementary means.

Theorem Let z = |Jull; where u(x,t) is a Navier Stokes flow in Q) for
t>0 with u(x,0)=u,(x)eL?(). Then
(a) the expression
(2.6) t + czt = C(2)
is a continuous convex function of z, where c¢=K/12v%, and
05z.,<z525=|lugl]. C(zg)=czd.
(b) the derivative
dt 5 _ ru
: — + = .
(2.7) oz 4cz3 = C'(z)

is an increasing function of z, and any singularities of the solution
lie on the z-interval where C'(z)>0.
(c) In general
dt -2
2.8 -—= ——=¢
8 dz  y||vull¥
with equality only at singular values zy, where C'(zr) = 4czf. If
z>zp(or t<T) we have

(2.9) 03% 2 4c(z{? - zs]
whence
(2.10) IVu)) 2 “ z>7%;

4cv(z® - 2d)’

If :—z- vanishes to order (z-zr)" as z-zp+0, then T-t vanishes to
order (z-zr)"*! and ([Vu(|f = O[(T—t)'“’““]. n = 1,2, .... Singularities
of this order can occur on a set of time dimension at most 1/n+1.

d) If T is a singular instant and t<T then
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t+c=C

c

Iy 4

GRAPH OF A CONVEX ENERGY INTEGRAL
WITH TWO SINGULAR VALUES.

A
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l|‘7 ulif f[ o Iluullé" ]dt‘

e) The limits tl'grmDIIVqu = ||Vull3(T,+0) exist, finite or infinite, and
T+

(2.11)

1 4cvzd
|qul|§(T,+0) " Zmin
where zp;, is the minimum point of C(z), and the summation is
taken over all singular values.
f) If K{vullf |lull} s v at any time, then [[Vul|¥ decreases in t
thereafter, and there can be no later singularities.

g) As t-w, 252_+0 monotonically and z? is ultimately convex in t. For
tp sufficiently large, and t>t,,

(2.12)

dat’ o uolif
[luj|Z T ov(t-tg)

(213)  |Ivulf s uf

3. Outline of proof and discussion

Part a) of the theorem is established by the arguments described
above, and by two successive integrations with respect to the variable z.
Part b) follows from a) and the fact that at a singular value
-:% - 0 as z-z7+0 so C'(zp+0)=4Cz{ is positive. Part c) follows b), with
the observations that AL is negative overall, and -g—;--Mcza increases
with z. The lower bound for [|Vu||# and the orders of magnitude then fol-
low easily, and we note that the norms will be analytic functions of z
and t except at singular values [3, 13;p51]. The dimension of the singu-
lar set can be estimated as in [1, 4, p907, 9, 10]. Part d) is a lower
bound for I|Vu||2 that follows from (1.11) when L is replaced by a singular
value T and t, is replaced by t.

Part e) is a consequence of the theorem [5, Theorem 111] that a
continuous convex function has right and left hand derivatives at every
point. The estimation of the sum follows from the convexity and a
bound on the greatest possible slope of C(z) at z=2, where t=0. Part f)
follows from the form (1.10) by direct elementary reasoning. Fmally for
part g), we refer to (1.11) noting that the integral on the left increases
at least linearly with t, so that ||Vul|# must tend to zero for large t.
Since the integral on the right is convergent, we can find a t, large
enough that it is dominated by the first term on the lert.. The
remainder of the estimation is straightforward.

The simplicity of this elementary theory may perhaps help lead to
improved understanding of singular solutions which despite many
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recent advances [1, 3, 4, 6, 9, 10, 13] are as yet not fully understood and
still remain a challenge fifty years after their formulation by Leray [8].

1.

10.

i1.

12.

13.
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TENSOR PRODUCTS OF C*-ALGEBRA FIBRE BUNDLES

Maw-Ding Jean

Pregented by G.A. Elliott, F.R.S.C.

Abstract. The C*-algebra of continuous sections of the tensor
product of two C*-algebra fibre bundles is *-isomorphic to the
tensor product of the C*-algebras of continuous sections of

the two C*-algebra fibre bundles.

In this paper we use the term C*-algebra fibre bundle in
the sense of [3][4](5]. The C*-bundles considered by Dupre [2]
are more general than those we shall study here. The main
result obtained in [2, Section 4] is that there is an isomor-
phism between sections of the tensor product of C*-bundles and
tensor product of sections of the C*-bundles. In this note,

a special case of this result is stated and proved by differ-
ent way which is based on the representation theory of C*-
algebra fibre bundles in [4][5]. We recall the definition and
results to be found in [3][4](5]: A C*-algebra fibre bundle
£ = (E,X,A,p,v,6,,6) is a fibre bundle in the sense of [7]
over a locally compact base space X, fibre a C*-algebra A,
1(u) and

fibre-preserving homeomorphisms ¢ uxA —— p’

u

an effective topological group G of *-automorphisms of A. For

an element x in the overlap ufN v, u,v e v and a ¢ A, let
-1 . .

¢y ¢, (x,a) (x,guv(x)(a)], then g  (x) € G and the map 8uv

3 -1
is continuous from un v into G. If yep (x), xeuewv,
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then we can write ¢;l(y) = (x,tu(y)). Let D be the set of con-
tinuous cross-sections y : X —s E such that ly(x)] =
Htu(y(x))uA vanishes at infinity (Note that |]y(x)| is inde-
pendent of the choice of u in y containing x, since tu(y(x)) =
guv(x)(tv[y(x]) and guv(x) e G is an isometry). Under the sup-
norm  |lyll = sup{|y(x)|: x ¢ X}, D becomes a C*-algebra with the
natural algebraic operations.

Let z, = (E,,AI,X,pl,u,¢u,G,) and £, = (Ez,Az,X,pz,u,wu,Gz)
be two C*-algebra fibre bundles over the same base space X and
with fibre C*-algebras A, and A, respectively. For the definition
of tensor products of C*-algebras see [6]. Let A,uOl A, be the
C*-tensor product of A, and A, with respect to the least C*-
norm a. Then there exists (by[7, 3.2] ) a C*-algebra fibre
bundle f = (E,X,AluaA,,p,u,cu,G) over the base space X with
fibre A,aaAz. We say that ¢ is the tensor product of £, and I,

and write I = I, ®» I,.

Theorem. Let », and £, be two C*-algebra fibre bundles over X

with fibre A, and A, respectively, and let L = r8l,. If D, D,

and D, are the C*-algebras of continuous sections of I, £, and

I, respectively, then D and D, s D, are *-isomorphic.
Co(X)

(Note that D, and D, are C*-algebras which are modules over the
commutative C*-algebra Co(X). Define D, s, D, = (DluaD,)/I,
where I is the smallest closed two-sidegugggal of D,gaD,
containing all elements of the form (fy,)wsy, - v18(fyz),

fe C(X), vy € D, , Y, € D,).
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Proof: If Y, e D, Y, € D, and fn e Cp (X), define
(T(22=1 f.(yinsy2n)))(x) to be the element of E determined by
(x; fn(x)tqun(x)Gtuan(x)) in the construction of & from I,
and g, (cf. [7, 3.2]), and define
m
[(T(Zpoy Yan 8 Y2n)) (XD = Mg 1 € Yan(x) & t Yon(x)l.
(The expression of this equality deos not depend on the choice

of u, since tuyxn(x) Gtuan(x) (x)tVY1n(x) [ huv(x)tVYZn(x)

= 8yy
= (g, (X)sh, (X)) (t Y n(X)at ¥2n(x)), and g, (x)sh, (x) € G is
an isometry, where guv(x) and huv(x) are coordinate transfor-
mations of £, and r, respectively). Then

X —> (T(£2=1 Yyn & Yzn))(x) 1is continuous and

[ (T(zpay £4(rineY2n)) ()| = llEg.; £t Yin(x)et Yon ()l

. e m
vanishes at infinity on X, and so T(En=1 fn(YnnuYZn)) e D

and T is a *-homomorphism of D, & D, into D.
Co (X)

m

If y = £ . £,(Min 8Yop) € Dy 8 D, then

"Y"u = sup{ll(m, & 1) (YIN: 7, € 6,, T, € 62}
= sup["2$=l(ﬂ,(fn7,n) s ma (Yo ) my o€ Bl, T, € 62}
= sup(lizg_; = (e, (£,Yan) (x; D)) w(n’ (8, (Yan(x, DN

- § -
(xw‘:u,“'l) e XxuxA,, (x,n,zrup'ﬂz) e XxuxA,}

W

sup{lizy_, n;(tu(fnY,n(X)))anQ(tu(an(X)))”: ) € Ay,

"zCAzyXCX}

= sup{llzh.y t, (£, Yin(x)) et (Yan())Il: x € X}

= sup{ |(T(zp.; £,(YineYz2n))) ()15 x € X2 = MIT(MlIp
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where (x"l,u’ﬂ:) e XxuxA, corresponds to m, € D, according
to [4][s],that is, =(y,) = M (e, (Vi (x, ) for ¥, € D,
and the same correspondence holds between (xﬂz,u,n;) and 7,.
On the other hand, if Y, ¢ D, and Y, ¢ D, then
ITCry & v2)ll = sup{|T(Y; & Y2} (x)|: x e X}
= sup{lit ¥, (x) & t, V2 (X x e X}
= sup{llt vy (X) I It Y2 (x)ll: 'x ¢ X}
< sup{llt, vy (x) II: x e X} sup{llt Y.(x)ll: x € X}

Iy el

Furthermore, we have the equality "T(zg=1Y1nuan)"z =

*
|ﬂ(£:=1Y.naY2n) (22,171n672n)" from the fact that

|(T(z:=1Y,nuY2n))(x)| vanishes at infinity on X. Hence by
f6, 1.22.7], HYHu < |n(y)"D . Therefore HT(Y)"D = "Y"a for

Yy e D, 8D, and T can be uniquely extended to an isometric
Co
isomorphism of D, 8, D, into D.
Co (X)
Next we shall show that the extended morphism is surjective

and therefore that D, sg D, and D are *-isomorphic.
Co
Let y e D, ¢ > 0. Set K = {x e X, lvy(x)!| = e y(ll > € 3,

which is compact. If x, € K and x, ¢ u ¢ v, since
(Z£=1tu(yxk(xo)utu(vzk(xo)): Yik € Dy, v2k € D,} is dense in
A, L A, , it follows that there exist y,x ¢ D, , Y2k € D,

such that |v(x,) - T(z:=l(Y,kusz))(Xu)|

= Nt v(xe) - t (T2 (Yikayak)) (xo))I
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= ltyy(xe) - I gty (vak(xodwt (yax (xe))ll < €.

By the continuity of |y(x)|, |yik(x)| and |vy.kx(x)| on X,
ly(x) - T(£ﬂ=1(ylkayzk))(x)l < € on a neighbourhood of xs.
Therefore there is a finite open covering 0,, -0, ---, 0n of K
and for each i =1, -..,n there are Ylik e D; and Yzik € D,,
isks my suc; that

ly(x) - T( Znil(YlikGYZik))(x)l <eg for x e Oi s

Let £, £, -+, fn constitute a partition of the unity

subordinate to 0,, 0, ---, O_ , i.e., f.

n 1€Coo(x]’

fi vanishes outside 0i and f,+fz+-°-+fn = 1 on K. Then for

each i and k, fi(Ylik°Yzik) € D, s D, , and
Co (X)

m,
ly(x) - T():r.ll=1 fizkil(ylikGYZik])(x)' < e onK.
n,m.
Thus lly - T(Zi:k1 £:(Y 518,41 ))) < € on X. This shows that

T is surjective, and the theorem is proved.

The author is deeply grateful to the referee for his useful

suggestions and advice
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MORE NEW IDENTITIES IN MIXED EXTERIOR ALGEBRA

J.R. Vanstone
Presented by G. de B. Robinson, F.R.S.C.
§0. The purpose of this note is to announce certain identities
in mixed exterior algebra and to indicate some of their applications.
The notation used throughout is that of [1] and [2], to which the

reader is referred for the details of proofs.

§1. Given an n-dimensional vector space, E, over a field, T,

of characteristic 0, we may form its mixed exterior algebra
A(E*,E). As well as the product (denoted by a dot) of this
algebra, we have a "composition" product and the relations between
these structures gives rise to many of the important results of
[1). Reference [2] provides other results, the proofs of which

appear in [3], [u].

§2. The dot product makes the diagonal subalgebra, A(E)= glAp(E),
into an associative commutative algebra. The unit tensorp-
ted,(E) satisfies toz=zot=z, zed;(E), and we write uP for the
product of u with itself p times and divided by p!. The composi-
tion product of u with itself p times will be denoted by up.

The linear transformations of 4;(E) given by Az(;)=zo§ and

oz(¥)=;oz, z,gcA,(E), extend uniquely to derivations of A(E),

which will be denoted by the same symbols.
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§3. The identities referred to in the title of this note are
xz(u)=(z-tp-l)ou, pz(u)=uo(z-tp-1), where zea,(E), ucAp(E) and

P=1,2,...,n. Their proofs will appear elsewhere.

§4. These identities yield a basis-free proof of a formula given
in [5]. It arose in connection with integrability conditions for
systems of differential equations. The proof given in [5]
involves bases and combinatorial grouping of terms. When trans-

lated into the notation of mixed exterior algebra, the formula is

i

(-l)v(zq_v-tp-l)o(z“°tp-v) = (-1)%(p-q)2%-tP79,
v=0

where zeaA;(E).

In view of §3, the summand here may be written as
by (z¥.tP™Y),

z
q=v

and, since A, is a derivation for all zed,(E), this, in turn, may

i +
be written as u,_1%ug, where

u = z

o V.4P-v-1
v q-v z *t .

Thus, the alternating sum is simply u_1+(-1)quq. Since u_,=0

and uq=t'zq°tp-q_l=(p-q)zq-tp-q, this completes the proof.
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§5. The case when p=n of the formula in §4 is of interest.
From [1] it is known that zv-tn'“=av(z)tn, where av(z)cr are
the coefficients in the characteristic polynomial for zed,(E).

Thus, when p=n, the formula of §% is equivalent to

vgo(-l)VUI(ZQ'V)OQ(Z) = (-l)q(n-q)uq(z).

If zed,(E) is regarded as an element of L(E) and assumed
to have n distinct eigenvalues, then av(z) is the v-th elementary
symmetric function of these eigenvalues and al(z“) is the sum of
their v-th powers. We therefore have a new proof of the classic

relationship between these types of symmetric functions.

§6. The formula of §4 was used in [6] to prove the Cayley-Hamilton

theoreﬁ, ﬁhen I is the field of complex numbers. We sketch a

proof for any field of characteristic 0, based on the formula of §3.
In fact, replacing u by zn,z by Z and taking inner products

with tn, we find
dg(zn),tn> = <(;~tn'l)nzn,tn>.

The left hand of this may be shown to be <g,zoadjz>, where
adjz is the classical adjoint of z, while the right side is
<Z,detzt> (cf. [11).

Since ;:A,(E) is arbitrary, it follows that zoadjz=detzt,
zes,(EY. As in [1], this is equivalent to the Cayley-Hamilton

theorem.
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