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THE CARTAM FORM FOR VARIATIONAL PROBLEMS 

David E. Betounes 

Presented by G.A. Elliott, F.R.S.C. 

Abstract: A new Cartan form 6T for a given Lagrangian L is intro-
^^—~^— L 

duced and is shown to remedy some defects in the classical 

Cartan form 6 
L 

The purpose of this note is to announce a generalization of the 

classical Cartan form connected with the differential geometric ap-

proach to variational problems: 

Hy) = / L(X,Y<X),Y(X)) dx (1) 

where y = C Zya/3x )"=J»"-'' , While the classical Cartan form is 
£ i i**!,... ,P 

suitable for the needs of mechanics (p=l) or scalar field theories (q=l) 

it is seen to be inadequate in situations (like electromagnetic field 

theory, p=q=4 ) where £ = min(p,q) > 1. This has important consequences 

in regeurd to Noether* s theorem on symmetries of variational problems. 

The jet bundle approach to this subject 111 starts with a manifold 

E of dimension p+q which is a fiber bundle over a base space N of dim-

ension p. The cross sections y:V * E have 1-jets j (Y):N •+ C (E,p) which 

are cross sections of C (E,p), the bundle of 1st order contact elements 

of p-dimensional submanifolds of E. The union of the images of all such 

1-jets forms the jet bundle J (E) and a Lagrangian is then any smooth 

1980 Mathematics Subject Classification: Primary 49F05, S8A15 
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real-valued map L on J (E). Carton's idea (2] was to associate with each 

Lagrangian L a differential p-form B*' on J (E) and to do this in such a 

way that the symmetries of L are precisely those fiber space automorph-

isms g:E •• E whose prolongations g :J (B) •» J (E) leave dB1 invar-

iant: g *(deL) = deL . Regretably this program does not determine all 

the synmetries of L when the number £ = min(p,q) is larger than 1. How-

ever the situation can be corrected by introducing an extension 6. of 
L 

the classical Cartan form as follows. 

The definitions are done locally using the natural jet bundle co-
ordinates (x,u,u) on J (E) where x » (x,,...,x ) , u = (u1,.. ..u"1) 

1 1 P 
, a,0B1... q and u = tu. ), , ; . The contact Pfaff ion system consists of the dif-X l l-l...p 

ferential 1-forms 

•a " i»" - fial û dXj (2) 

For n <_ I and i1,.. .,in e [1,... ,p) let 

V-in °  -̂'•••-'k -,,, <3' 
^n il 

where n = dx dx .. .dx and —I denotes contraction (for simplicity 

the exterior product symbol A will be omitted: dx d» = dx A d x ) Next 

introduce the following p-forms on J (E) : 

Hn 1 V —^ •-!. » i>i . (4) 
il...in 

i,...ir 

where the summation extends over all i^, ,ln c(l,...,p} and ai,... 

on £ {l,...,q) . The kth Cartan form for L is then defined by ( 0 .!*<. I ) 

flL ' ^ + M i + ••• + ^ (S' 

One sees that 0 is a linear map from the zero forms (the Lagrangians) 
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i n t o the p-forms "on J (E) . 6 i s the c l a s s i c a l Cartan form and the r e -

u l t s below o f f e r support for the claim that 6 i s properly c a l l e d the 

Cartan form. 

THEOREM 1 The fo l lowing two a s s e r t i o n s are equiva lent : 

(1) dB* = 0 

(2) The Euler-Lagrange Eqs. for L vanish identically, i.e. 

32L . 32L a 

-S3 + 7JZJ 0 (6> au-au-j 3u.3u. 

lî^ . V 32L _ "y 32I. 
i SXĵ Bu" Bi 3uB3u" 

(7) 

and L has n u l l i t y k, i . e . 

8 h = 0 (8) 
3u"3u"1.. .3u"k 

i i l ^ 

Sketch of proof: The conditions for a cross section Y:N -• E to be an 

extremal of L can be expressed by the requirement that j (Y) (X -J"16^ 

= 0 for each prolongation X of a vector field X on E of the form 

X = XtMx) 3/3x + Xn0«x,u) 3/3ua (cf. ID p.181). Thus it is clear that 

if dB1' = 0 then every Y is an extremal of L(which means that L satisfies 
L 

Eqs. (6)-(7l). The rest of the inplication (1)=^(2) together with the 

reverse implication (which is the non-trivial part of the theorem) re-

quires a computation of the strict components of deL . The details of 

this are presented in 13). 

Theorem 1 characterizes the kernal Zk of the kth Cartan form 

L >-* dek os consisting of those Lagrangians which satisfy Eqs.(6)-(8). 
L 

One should note that condition (8) is redundant when k = I . Explicit 

descriptions of ZjC ... C Z^ have been given 14,5] and from these 
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one can see that the inclusions Z C z
k + 1 < k E { 1 , . . . , 1 - 1 ) are proper 

in general. These results are central to the discussion of symmetries. 

Because the Pfaffian contact forms <2) pullback to zero under 

1-jets of cross sections Y:N -» E the oction integral (1) for L may be 

expressed by 
L(Y) - /N j W t e * ) 

If (g>g„) is a bundle morphism of (E,N) let g(L) be the Lagrangian which 
N 

satisfies g (6 ) = 6 , and for a cross section Y let g(Y) be the cross i. g I D 

section defined by g(Y) = g • Y • 9,, . One says that g is a svrenetrv of L 

if 6 - e ,,. is closed. Symmetries (1) map extremals into extremals: Y 
L gii.) 

is an extremal of L iff g(Y) is an extremal of L and (2) leave the action 

integral invariant up to a divergence integral: 

i.(Y) -jyg(Y)) = /N'aj1(Y>*u. 
1 * 

For some p-1 form u on J (E) (Poincare*s lemma must be applicable for this 

to hold). Alternative definitions of symmetries arise from the following: 

THEOREM 2 The following statements are equivalent: 

(a) 3 is a symmetry of L . 
(b) The Euler-Lagrange Eqs. for L-g(L) vanish identically. 

I i. (c) g1*(del) = d6* 

Proof; One can show that g (6,) = 6 „ , for k=l,...,l. Then (c) is 
L g(L) 

I 
equivalent to d e ( L _ _ ( L ) .*' 0 «"d this is equivalent to (b) by Theorem 1. 

Theorems 1 and 2 above are revisions of Theorems 3.1 and 4.1 in [1] 

which are only true when 1 = 1 . 

COROLLARY The following statements are equivalent: 

(a) The vector field X = [ Çi{x)a/ax + I na(x,u)3/3ua on E is 
i a 

an infinitesimal symmetry of L. 

(b) da^j, = 0 where L» = <^vlL + aiv(t)L 

Here JÇ i is the Lie derivative along the prolonqotion X of X. 
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Proof: Of course (a) is the requirement that <£ Kde.) = 0. One can 
—^-—' X L 

show that oC 1(6 ) = 6 j for any k and so the equivalence of (a) and 

(b) follows. 

When & = min(p,q) is larger than 1, there ore physically signifi-

l 
cant examples of Lagrangians L ond vector fields X for which de g = 0 

yet de K !< 0. Thus the classical Cartan form is not adequate for deter-

mining all the symmetries. 
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REPPIACEABILITY AND p-UHIQUENESS - A UNIFIED APPROACH 

WOLFGANG BEEKMANN AND SHAO-CHIEN CHANG 

In this note, we Introduce the notion of 

u-unlqueness over a subset M of a sunrnablllty 

domain. We hence are able to unify the 

concepts of u-unlqueness and replaceability 

and thereby characterize those matrices with 

P / *, which are both u-unique and replaceable. 
Presented by P. Ribenboim F.R.S.C 

1. Introduction 

We consider infinite complex matrices A with convergent columns. I.e. their 

summablllty domain c. contains the set $ of all finite sequences. Such a matrix A 

is said to be replaceable, i f there exists a matrix D with c- = c, and lim-x = 0 

for all x c * , and A is called u-unique i f for given p <={ , t c « and s £ cj|, 

the condition 

M lim.x + t(Ax) + sx = 0 for all x c c. 

implies u = 0. 

Since each f c ci has a representation 

(*) f(x) = v limAx + t(Ax) + sx (x <: cA) 

with some u c $, t c £. and s « c?, u-unlqueness of A Is equivalent to the fact 

that the null functional does not belong to 

v/ := ( f £ cfl : 3 v J1 0, t < î . s £ cA s.t. (*) holds) 

(Cf. e.g. [ 1 ] , [ 3 ] , [5 ] , C6J and £7]). Here we embed the notions of u-uniqueness 

and replaceability In a more general setting which not only gives a unified aspect but 

al&c enables us to analyse the structure of the distinguished subspace 

This research is partially supported by a NSERC grant. 
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P:={x ( cA : (tA)x = t(Ax) for a l l t e Z with t At c^) 

more closely. I t is known (cf, [ 2 ] and [5 ] ) that P •= $" or P = •" 8 <u> 

for some u e c A \ J, where the former is Implied by non-replaceability of A, 

while the la t te r Implies u-uniqueness. By means of the more general notion 

I t Is now possible to f i l l in the gap and characterize those replaceable 

u-unique matrices for which P = • 0 <u>. 

2. u-uniqueness over M 

DEFINITION. Let H be a subset of c^. A Is u-un1que over M. i f for each f £ cA 

the condition 

f ( x ) = 0 for a l l x e H 

implies f ^ u . 

We observe that u-uniqueness over a subset of c. is an invariant property ( i t 

depends on c, rather than on A) , since u is invariant (see [ 1 ] , Satz 3 ) . Also, 

A is u-unique i f and only i f A is u-unique over c . . and A Is non-replar.eable i f 

and only i f A is u-unique over » . (see [ 1 ] , Folgerung 3 ) . Thus the above def in i t ion 

unifies the notions of u-uniqueness and replaceabil i ty. 

We give a topological characterization which extends a result due to Wilansky 

[ 7 ] , 3.1 and 9 . 1 , who considered u-uniqueness (Over c , ) . In the following theorem, 

x(g) :=9{e) - I g(ek ) for g e c ' , 
k k 

where e = ( 1 , 1 , . . . ) , e = ( 0 , . . . . 0 , 1 , 0 . . . . ) Is the unit sequence with " 1 " in the 
k-th position and c Is the Banach-space of convergent sequences. 

THEOREM 1 . Let A be a matrix with « c cA. 

Then A is u-unique over a subset H of c , i f and only i f the functional x l ies in 

the o(c".c')-c1osure of DC HI = (Dx : x t M) whenever D is a matrix with Cp ^ cA 
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PROOF. Assume that A is non-u-unique over H. Then, by our definition, 

there exists a functional f £ \f with f = 0 on tl. By Zeller's theorem 

(see e.g. [ 1 ] , Folgerung 2) f = liitip for some D with cD • cA. Thus D[M]cc0 

(the null-sequences) and x does not l ie In the o(c".c')-closure of DCHl. 

Conversely, i f the condition fa i ls , then there is a matrix D with Cp = cA and 

a functional g r c' such that g = 0 on D[H] and X(g) t 0. Now 

g{y) = x(g) lim y + ty (y £ c) 

for some t , l. We define f := g • D; we then have f = 0 on M and 

f(x) = x(g) 1ini0x + t(Dx) (x £ c,,). 

Since x(g) / 0. A is not u-unique over M. i 

3. Application to P. 

As we indicated in section 1 , the notion of u-uniqueness over subsets allows us 

to give a characterization of P = $ fi •:u> . 

THEOREM 2. Let A be a matrix with j ^ cA, and let u f ĉ s ? . Then P = ^ fi <u>, 

i f and only i f A is non-u-unique over j and is u-unique over ^ J ( U ) . 

PROOF. I f P = 7 * u • t h e n A 1S replaceable, hence non-u-unique over „'. Assume 

that A be non-u-unique over • u (u). Then there exists f c u (and hence a 

matrix D with cD = cA and limD = f ) such that 11mD = 0 on * L' (u). Since u \ $ 

there Is a g f ci with g(u) / 0 and g = 0 on <•. From 

g(x) = u liniDx + t(Dx) + sx (x , cD = cA) 

we have (set x := e ) 
0 = tD + s, hence to c cA , 

and 
g(u) = 0 + t(Cu) - (tP)u = 0. 

since u t P. This contradiction proves that the conditions are necessary. 
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Conversely, if A is r.on-u-unique over $, then A Is replaceable, and we may 

assume without loss of generality that 11mAe = 0 for all k £ N. Then, I f A is 

u-unique over • u { u ) , we have 11mA u / 0, since otherwise f := 11mA would be a 

functional in u which vanishes on •u fu ) . Consequently, u | ? c kernel of 11mA. 

Now, let t £ 4 be such that tA £ cjj . Define f e cA by 

f(x) := vt liinAx + t (Ax) - (tA)x (x £ cA). 

where ut := C(tA)u - t(Ai;)] / limAu. Then f = 0 on •u{u} . Thus, i f A Is 

M-unique over * o { u ) , u. = 0. This means that A is non-u-unique . Hence u E P, 

and consequently P = * fi <u> . D 

We point out that Theorem 2 is particularly interesting for matrices which are 

u-unique (over cA) and replaceable, since there exist such matrices with 

P = $ (see [41). 
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THE NON-REAL POINT Sl'KCTKUM OV GKSCK.M. 1XKI) 1-1 CKNVAI.Ui-: I'KOUI.KMS 

A.11. MINGARELLI 

Presented by F.V. Atkinson, F.R.S.C. 

Introduction. Let A be self-adjoint, R syramciric (bounded or 

not) operators on a separable complex Hilbert snare (H, {,)) c.ich 

of which is defined in some dora.iin P(n) respectively, dense in H 

and such that P(A) P(B) « V is also dense in H . We formulate 

some results regarding the distribution of those > Elf, ImA # 0 

for which the equation 

Ax = XBx ( H ) 

has a solution x I1 0 in P. Such a value of X will be termed or. 

eigenvalue, for short. We will tacitly assume that the totality of 

eigenvalues of (1.1) forms a proper subset of t . The notation n(A), 

(p(A)), will be used to dpnotc the total number oi uegiiLIvti (|iositiviO 

eigenvalues of A (counting multiplicities). The spectrum and resol-

vent set of A will be denoted by 0(A),p(A) respectively. The 

Kyrabol N_(A;B) will denote the total number of cipcnvalucs of (1.1), 

counting multiplicities, which lie in IT =• {X c ÇrUi X-; 0} 

Theorem Let A be sol f-adj oint, bounded below and hnvc the n(.v) " 

N ciRenvalues p £ u S...Sp < 0. Let B he symmetric. It 

0 < p„^, - sup { inf (Ax,x)J (1.!) 
N + 1 x.,...,xM x£P(A),ilxIl-l , 

1 N xel*^...,*,,]1 

where (Xj .. . . ,xNl1={x : (s .x̂ )̂ - 0, 1 = 1 N) , then 

a) The cip.cnsiiace corrcspondlnc to .in eigenvalue 

X f Ut(rcsp.u") is f tni tc-dlmonsional and of dimension not exccQiiinK 1' 

This ri-s«-.ircli is part 1.111 y fuiitlcd by a (-.rant frum the Nalur.i] SC'CIICCH 
ami Kn;-, infer Inj; Rosc.irrh CoimriJ of Canada. 
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h) T I U T C Is an nt most finite, llinur.li possibly empty, 

set of eigenvalues in U (resp. U ) and 

N - (A;li) •- N (1.3) 

Sketch of Ihc preof. Lot 'fi. , 1 S 1 < K, be a set of e i g e n -

vectors of corresponding to p. and «1»., 1 ^ i £ M, a collectio n of 

M independent eigenvector s corresponding to XcU . A s s u m e , on the 

contrary, that M > N. Theu there exists C £ (j:, not all zero, such 

Chat ((i = E C li satisfies * ^ 0, ($.1^.) = 0, 1 = 1.....N and 

i = l * i 

$ £ P(A) . A simple calculation and use of the result (Ai>.,i!>.) = 0, 

1 S i,j s H, shows that (AiJ),(ti) = 0. Since (•,!)>) I* 0 use of the 

operator form of the max-min principle [6, theorem XIII.1) or Its 

min analog yields P.,.., ^ 0 which c o n t r a d i c ts ( 1 . 2 ) . Hence M < N 

and this proves ( a ) . In order to prove (h) let X ,X_,...,X be 

a cullection of dlstinrt eigenvalues in U and 0, , (Ji , . . . ,itu a 

corresponding set of ei g e n v e c t o r s . A simple induction argument 

shows that the (•>, are linearly independent over if. A s s u m e , if 

possible, that M > K. Repeating the argument above without m o d i -

fication, but vlch due interpretation, we once again obtain the 

contradiction p..^, < 0. Hence M S N and so the totally N (A:B) is 
N+1 

finite. Now let X - . X , , . . . ^ denote any set of olgonvaluos ot (1.1) 

in U and ()>, ,1(1, , . . . .i,1., a corresponding set of eigenvectors (with 

the understanding that if X, appears ra times in the list, there is 

a set of m Independent eigenvectors among the ((1. correspondin g 

to t h e s e ) . Assuming one final time that M > N, we proceed as in 

(a) to find the stated contradiction . Hence M ^ N and so (1.3) 

follows. The sane arguments apply to those eigenvalues X <. U and 
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so the corresponding results follow. 

The above proof also yields the following result regarding Lho real 

point spectrum of (1.1): 

4. 

Corollary. The total number of eigenvalues Aelli (resp. IR ) , 

counting multiplicities, with the property that corresponding 

eigenvectors i satisfy 

(B*,*) s 0 (resp. (B*.*> i 0) (1.4) 

is at most finite and, in fact, does not exceed X. 

For let XcIIt+ and let "î1...! = 1,2,...,M denote a collection of 

corresponding eigenvectors for which (B$.,tfi,) £ 0. Then 

(WiiÇi) £ 0, i = 1,2,...,H and so the vector i defined above now 

satisfies (Aij>,(j>) S 0. This, however, also leajs to the utato»; 

contradiction. The proof of the corresponding result is similar. 

Remark. Lot X e IR+ (resp. IR-) and let ^ , i = ],2,...,M, (H i ") 

denote those eigenvectors for which (B4>.,*i) > C, (resp. 

(B*.,*.) < 0 ) . Then on the subspace V spanned hy the «^ the form 

(B<t>,<i>) is positive (resp. negative) and so apart from a finite 

number of real distinct eigenvalues (whose eigenvectors * satisfy 

(D<(i,<ti) = 0) , it may be possible to describe the real c igenvaUios of 

(1.1) variationally as a max-min as is well-known in the case 

when B is a positive operator. 

Applicntlons. Let A = - A+q on L (IK11) where q: IK •> TR.qcC^lK ) 

Then A is solf-adjolnt on P(-A) by the Kalo-Rclllch theorem. 

Assume furtlicr that o(A) (-",0) consists only ot a finite number of 
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b o u n d - s t a t e e n e r g i e s [ 6 , § X I I I . 2 ] , i n c l u d i n g d e g e n e r a t e o n e s , and 

t h a t ( 1 . 2 ) i s s a t i s f i e d . F i n a l l y d e f i n e B on L (IR 1 1 ) by Bf - r f 

whore r : IRn->- IR , r c L ' > ( I R n ) . r / 0 . Then t h e p r o b l e m 

-Ai(/ + q(x)i(i " X r ( x ) ^ 

has an at most finite number of pairs of non-real eigenvalues and 

there holds the estimate (1.3). (See [2], [3] for physical applica-

tions of problems of this type i.e., A is an ordinary or partial 

differencial operator and B is a multiplication operator though 

not necessarily positive). Other applications include the theory 

of pairs of differential operators, a subject which has received 

much attention lately, cf.. (7] and the references therein and [1]. 

For the one-dimensional analog of Che original application see [5]. 

We note that in one dimension the bound (1.3) is sharp, at least 

in the case when A has only one negative eigenvalue, since the 
2 

problem -y"+ q(t)y = Xr(t)y> y(0) = y(2) = 0, where q(t)=-9n /16; 

r(t) = 1 on [0,1], r(t) - -1 on (1,2]. It is not difficult to 

show that this problem admits precisely one pair of pure imaginary 

eigenvalues with approximate values X - ± 4.363 i. 

Finally let A,B be reol symmetric (complex hermitoan) n « n 

matrices with 0 i 0(A). In this case the bound on the right of 

(1.3) becomes min(n(A),p(A).n(B),p(B)} and the resulting inequality 

is sharp in all cases. In fact, the latter estimate may be derived 

from some very early work of Kronecker - I am grateful to 

Professor I. Gohbcrg for pointing this out to roe. Since every 

boundary problem for a difference equation of the form 
-Afc Ay ,) + b y = Xa y 

n n-l n n n n 
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where Ay " y . ,- y is equivalent to a matrix eigenvalue problem 
11 n+1 n 

of the form (1.1) where A is tridiagonal (Jacobi matrix) and tl is 

diagonal, the results of the theorem and corollary also apply to tli>'s 
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STRUCTURE THEOREMS FOR COMMUTATIVE HJELMSLEV RINGS WITH NILPOTENT RADICALS 

J. W. LORIMER* 

Presented by H.S.M. Coxeter, F.R.S.C. 

In this note all rings R are associative and commutative with an identity, and J 

is the (Jacobson) radical. 

A ring is a chain ring if its ideals form a chain. Gearly a chain ring is a 

local ring ( = possesses a unique maximal ideal). A chain ring is a Hielmslev 

ring if every non-unit is a zero divisor. Every finite chain ring is a Hjelmslev 

ring with nilpotent radical ([4]), and the structure of these rings has been 

extensively studied in [4] and [5]. There do exist inifinite Hjelmslev rings 

whose radicals are not nilpotent [cf [12, page 73] and [13, page 45]]. 

Our purpose here is to use the results of [101 and [12] to obtain structure 

theorems for infinite commutative Hjelmslev with nilpotent radicals. Such 

rings are precisely the coordinate rings of Pappian Hjelmslev planes of level n 

(cf. [21). 

1. Commutative E-rings 

A ring R is an E-ring ([7]) if and only if R possesses an ideal I so that all 

ideals of R are of the form In. The smallest n so that 1" = (0) is the rank of 

R. Clearly I is the radical of R. 

A ring R is a valuation ring if R is a chain ring and an integral domain (cf. 

[I 11 or [6]). 

• The aoihtir irraivlullt .wkniiukil^c» ihc lin-maa! support rf ihc NJI»HIJ1 Sciences anJ Engineering Rcse-irch 
Cnumil til Ciiutlt. 
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E-rings and chain rings generate many examples of Hjelmslev rings. 

1.1 Proposition (1) Every E-ring with .1^(0) is a proper Hjelmslev ring (i.e. not 

a field) with principal nilpotent radical. 

(2) If R is a chain ring, then R/Ra is a Hjelmslev ring. 

Proof. (I) Suppose R has rank n, or P=(!0). Now, J2CJ or else ^^=(0). 

Take beS\J2. Then, b5*0 and Rb = / Finally we show thai every non-unit is a 

zero divisor. Let a^O be a non-unit. Tlien, aeJ and R a ^ = Rb'. Hence, a^b' , 

^ - ' ^ O anrfabn H=rbn=0. (2) is from [12. page 70]. 

E-rings and valuation rings are in abundance. 

1.2 Proposition. Let R be a Noetherian local ring with J =Ra = ?i (0). Then, 

all non-zero ideals of R have the form Ra' and R is either an E-ring or a princi-

pal valuation ring whose radical is not nilpotent. In both cases, R is a principal 

ideal ring, and for any non-zero ideal I, R/I is a Hjelmslev ring. 

Proof. The first part is just [3, page 3791. The second claim follows from 1.1. 

We next collect various characterizations of E-rings. 

1.3 Theorem. R is a ring with J^O. The following are equivalent. 

(1) R is an E-ring. 

(2) R is a Hjelmslev ring with nilpotent radical. 

(3) R is a Noetherian Hjelmslev ring. 

(4) R is an Aninian Hjelmslev ring. 

(5) R is a Hjelmslev ring, all zero divisors arc nilpotent and J=Ra. 
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(6) R is a Hjelmslev ring with exactly one prime ideal and J=Ra. 

(7) R is an Artinian local principal ideal ring. 

(8) R is an Artinian, Noetherian local principal ideal ring. 

Proof. For the equivalence of the first six condition (which holds even in the 

non-commutative case) use [8, S.10] and 1.1. 

To complete the proof we show that 6 = > (7) = > (8) = > (1) 

(6) = > (7): Since a chain ring is local, the equivalence of the first six condi-

tions implies that R is an Artinian, Noetherian Hjelmslev ring. Hence, every 

ideal is finitely generated. But a finitely generated ideal of a Hjelmslev ring is 

principal ([12, 5.2]). 

(7) = > (8) : This follows immediately from Hopkin's theorem (cf. [11). 

(g) = > ( i ) ; Now, the set of nilpotent elements is the intersection of all 

prime ideals of R ([9, page 51]). Moreover, since R is Artinian, every prime 

ideal is maximal [9, page 151. Hence, J is the set of nilpotent elements. Since 

J^(0) , there is a^O, an=0 and so R is not an integral domain. By 1.2, R is an 

E-ring. 

2. STRUCTURE THEOREMS FOR COMMUTATIVE HJELMSLEV 

RINGS WITH NILPOTENT RADICALS. 

By 1.3, a Hjelmslev ring with nilpotent radical is equivalent to an Artinian, 

Noetherian local principal ideal ring wilh nilpotent radical. Hence, we may 

invoke the structure theorems of McLean [101 to obtain the following results. 
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2.1. Tlieorcm. R is a Hjelmslev ring wilh Jn=(0) where char(R) = char (R/J) 

if and only if R =k[x l / (x n ) for a field k. 

2.2 Theorem R is a Hjelmslev ring wilh Jn=(0) and char(R/J) = p ^ 0 where 

Rp =J m , ls£m<n if and only if R s v [ x ] / ( f ( x ) , x") where V is a complete 

Noetherian valuation ring of characteristic zero whose radical is Vp, 

char(V/Vp) = p with p2(ÉVp and f(x) =xm +a m _ 1 x m - | H la, (where 

aj « Vp ( l < i < m ) and a, l{Vp,) is an Eisenstein polynomial of degree m. 

2.3 Theorem For a ring R, the following are equivalent. 

(1) R is a Hjelmslev ring wilh J" = (0). 

(2) R =k[x l / (x n ) for a field k or R =V[xl / ( f (x) ,x n ) where V is a complete 

Noetherian valuations ring of characteristic zero whose radical is Vp, for a 

prime p^O, p2 i Vp and f(x) is an Eisenstein polynomial over V. 

(3) R is a proper homomorphic image of a discrete valuation ring. 
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ON MODAL REPRESENTATIONS OF EXTENSIONS OF PEANO ARITHMETIC 

S.N. Artemov^ 

Presented by L.A. Lorok, F.R.S.C. 

Let PA be Peano arithmetic and Pr(x) the Godel provability formula. 

The language of prepositional modal logic ts the language of prepositional 

logic with an additional symbol • for a monadic operator. Let * be an 

assignment of arithmetical statements cpn,i<}. ,... to prepositional variables 

P0,p.,... . Wc define the arithmetical transform P* of a modal formula 

P: (J.)* = (0=1), (p,)* ° y, , * commutes with connectives, 

OQ)* = PrCV"1) . 

According to this interpretation, modal language is a convenient meta-

language Cor schemes of arithmetical formulas which involve the notion of 

provability in PA . So (-, DJ.)* =-iPr( 0=1 ) = Consis PA, Cp - p is the modal 

notation for the so-called local reflection principle etc. What modal formulas 

are correct in the sense that all their arithmetical transforms are provable in 

PA? Well known properties of Pr (x) give the correctness of the Collowlng 

schemes of modal formulas: Tautologies, (CJP) A D(P-Q))-DQ, GtP-P)-GP and 

rules: modus ponens, P |-D P . 

We'll call this modal logic GL . Obviously GL|-P ̂  V* PA|-P* . The 

remarkable result of Solovay T 6̂  says that GLlfP =» î* PA^P* . Solovay's 

theorem has been uniforroized in [4] and in [1,21 where it is shown (by 

different approaches) that there exists * such that for all modal 

formulas P , GL Vf P => PAVf P* . (Later, this result was found anew 

This summarizos the new results presented in lectures at several Canadian 
Universities in September - November 1983 during the course of a visit under 
the auspices of die Exchange Agreement between Queen's University and the 
Steklov Mathematical Institute of the Academy ot Sciences ot the USSR. The 
formulations herein benefitted from these discussions, particularly in the 
Seminar on Logic at Simon Fraser University and the Joint Seminar on Logic 
ot York University and the University ot Toronto. I thank Che participants 
Cor their Interested and helpful remarks. The full details of this work 
are expected to appear in Izv. AN5SR. Ser. Mat. 
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in [3,7] by methods similar to r4].) 

Solovay also answered Che question abouc modal formulas for crue arithmetical 

schemes: He proved r6] that V* P* is true (in the standard model) o GL'1-P , 

where GL' Is the logic with axioms: theorems of GL , l!p-.p> and the rule of 

modus ponens. 

A Kripke model here is a finite irreflexive tree (K,<) together with a 

truth assignment xt)- p. or xHf- P. tot all x ç K and all prepositional 

variables p. . We define a forcing relation xH- P for any nodal formula 

P: xlJ.^ , x|l- P x Q (X is a connective) in the usual "boolean" way.xtt-DQ 

Iff Vy >• x yil-Q . Ue say that a modal formula P is valid in a Kripke 

model if xtt-P for all x ot the model. In r 5] it is shown that GL|- P o P 

is valid in all Kripke models. This implies the decidability of GL . 

Let N be an extension of PA with some true formulas as additional 

axioms. The modal rcpresentaclon g(N) of N was defined in r2] as 

{p|v<v N |- P"| . This set is a modal logic (i.e. closed under modus ponens and 

substicucion) and it lies between GL and GL' . A modal logic was called 

arithmetically complete r2] if it is g(N) for some N . Obviously 

N. C N~ » g(N1) — g(N.) and information about the structure of the class RQ 

of all arithmetically complete modal logics gives certain information about 

corresponding extensions of PA . 

THEOREM 1. There are continuum many logics between GL and GL* which are 

not arithmeclcallv complete.' 

Let X be a sec of modal formulas. We define GLX as the logic with 

schemes ot axioms: theorems ot GL , X , and with modus ponens Che only rule. 

The depch d(x) ot a node x in a model (K,<) is a natural number such 

Chac for a Cop node d(x) = 0 and for every ocher node d(x) °  l+max[d(y) |x-<y). 

The cr^cc c(P) 0f a niodal formula P is, by definition, the subset of the 
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set iu of all natural numbers such that n ç C(P) o 3 a Kripke model con-

taining a node x with d(x) = n where xVV^P . 

LEMMA. For any modal formula P , t(P) is either finite or coflnitc and 

there is an algorithm for constructing t(P) if P is given. 

Examples: t(-,a j.) = JO) , tpp-p) = uj . Fo' a modal logic H , we define 

t(H) = U c(p) for alï- tot™"!38 p s u c h t h a t H |-P . Let us consider a 

sequence of modal formulas (atoms) F = HT^ X - -^ i • N o " ,:haC 

FS = Consis PA and for all n > 0 F» = Consis PA - Consis PA where 

PA0 = PA , PA"*1 = PAn + Consis PAn , (?km = \j PAn for all n e 1U) . In r2 ] 

it was shown that t{F ) = [n] and that for every set X of atoms the logic 

GLX is arithmetically complete. The class of all logics of this kind was 

called RG . The order C on logics from RQ coincides with Che order c 
'oo iu 

on their traces r2] and g(PAn) = G L I F ^ F ^ ) , g(PA,") - GL|Fn|n ç ,a\ 

(it is the union of all the logics of RG ) . Let Y C ,„ and define aq (Y) 
io 

as the c l a s s of a l l ar i thmet i ca l l y complete l o g i c s wich trace Y . 

THEOREM 2 . (a) The c l a s s RC^Y) c o n s i s t s of the s i n g l e l o g i c GHFn|n ç Yj 

i f f Y i s c o f l n i t c . 

(b) for a l l n f m the mapping ? : H - G L j P . F j H |-Pj i s an i s o -

morphism of Rq(Y) and B G ( Y i | i n 1 ) . 
(c) Tlie order C on . RQ i s the t r a n s i t i v e c losure oC the Collowlng 

orders: Che order H C F (H) and orders i n s i d e nontr iv ia l c l a s s e s 9Q(Y) . 
. . ^ ^ — ^ ^ — ^ ^ — — ^n ' 
We see now chat all nontrivial classes aQ(Y) are isomorphic; the least 

logic in RQ(Y) is GLjF jn ç Yj and the largest is GLj QP-P) V-i( A Fn)|. 
n nç,u\Y 

In terms ot the isomorphism j this provides a description ot all possible 
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relacions between arithmetically complete modal logics with different 

traces. For further understanding of the scruccure of RQ ic is sufficlenc 

now to study the structure of any nontrivial class RQ(Y) , for example 

R"^») . Note that 9Q(iu) coincides with the class of all arlchmecically 

complece modal logics which lie between GL'" and GL' . 
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GROUPS OF ELLIPTIC HOBIUS TRANSFORMATIONS 

J.B. Wilker 

Presented by G. de B. Robinson, F.R.S.C. 

Abstract 

We report progress In proving that every group of e l l i p t i c llobius 

transformations is conjugate to a group of orthogonal transformations. 

Let B^MxcR"*1 r lx IM) denote the open unit ball inlRn + 1; Sn=3Bn+1 

= {xcR I ' X M ) , i ts bounding n-sphere; M , the group of conformai 

(=Hebius) transformations of Sn; and 0 n + ] , the group of isometries 

(=orthogonal transformations) of Sn. Recall that Bn+ equipped with the 

metric 

2ds dh 

serves as a Poincaré model of hyperbolic (n+l)-space; the isometries of 

this model are given by (extensions of) the transformations in Un provided 

n>l; and the stabil izer of the centre 0 of Bn+ is given by O n + i ^ -

I t was shown in [6] (see also [9]) that the familiar classification 

of two-dimensional HObius transformations into e l l i p t i c , parabolic, and 

loxodromic types generalizes in a natural way to M^ An element of Hn is 

e l l i p t i c i f f i t s action on Bn+ has a fixed point or, equivalently, i f f i t 

is conjugate to an element of 0 n + ] . We seek to prove that a group G>Mn 

which consists entirely of e l l i p t i c elements has a comnon fixed point in 

Bn+1 and therefore can be conjugated to a subgroup of 0n + 1. 

A f i n i t e group G'M must consist entirely of e l l i p t i c elements and 

in [8] i t was shown that these f i n i t e groups are conjugate to groups of 
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orthogonal transformations. Indeed it was shown that if a group GcM has 

a bounded orbit in Bn then it is conjugate to a group of orthogonal 

transformations. 

Recently A.F. Beardon and the author [2] have used the representation 

of n-dimensional MSbius transformations by (n+2)-dimensional Lorentz trans-

formations (see e.g. [5]) to introduce a norm for n-dimensional MHbius 

transformations. This norm satisfies 

iLl2 = n+2+4sinh2p 

where p is the hyperbolic distance through which the related hyperbolic 

isometry moves the point 0. The norm formula has many applications and in 

connection with the present problem it dovetails with the results stated in 

the last paragraph. A MObius transformation L is elliptic iff its powers 

act on B to move 0 in a bounded orbit, hence iff its powers are bounded 

in norm. On the other hand, a group of Mdbius transformations which is 

uniformly bounded in norm must move 0 in a bounded orbit, and hence must 

have a common fixed point. The problem of showing that an elliptic group 

of Hobius transformations is conjugate to an orthogonal group can therefore 

be stated neatly in terms of the norm: show that a "power bounded" Mdbius 

group is "uniformly bounded", i.e. show that if for any LeG there exists 

K. >0 such that for any integer p, I1L^8<K. then there exists K>0 such that 

for any M.;G, «HlUK. 

Unfortunately this approach has not yet given the desired result. 

He turn now to analytic and synthetic techniques which have been successful 

in low dimensions. 
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A sense-preserving element of M2 can be written 

z ^ . ad-bc = l . 

in terms of a complex variable z. The transformation is e l l i p t i c i f f i t 

is the identity or -2<a+d<2; i t effects an orthogonal transformation of the 

Riemann sphere i f f d=a and c=-b. Using these cr i ter ia Lyndon and Ullman 

[4] have given a completely analytic proof that an e l l i p t i c group of sense-

preserving Hobius transformations in dimension n=2 is conjugate to an 

orthogonal group. In ( [1] Theorem 4.3.7) Beardon obtained the same result 

in a more synthetic way but his proof s t i l l depends heavily on complex 

variables for one crucial lemma. 

In the remainder of this paper we show that total ly synthetic methods 

give a fast, elegant proof of our result in dimensions n-0,1,2, i .e. for 

hyperbolic geometries of dimension ni=n+l=l ,2,3. Since the emphasis from 

here onwards is on hyperbolic geometry we shall speak of (hyperbolic) 

isometries rather than Mobius transformations. 

A k-f lat in hyperbolic m-space is a subset isometric to hyperbolic 

k-space: O-flatrpoint; 1 - f la t j l ine ; 2-flat.plane etc. I f an e l l i p t i c 

isometry fixes a set S, i t fixes the smallest k- f lat containing S, hence 

the fixed sets of e l l i p t i c isometries and e l l i p t i c groups (assuming the 

lat ter are non-void) must be k- f lats. In addition to fixed sets in which 

each point is f ixed, wc require the notion of invariant sets whose points 

may be permuted among themselves by the transformation or transformations 

in question. 
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Lemma 1. Let g be an elliptic Isometry of hyperbolic m-space Hm and 

suppose that g leaves invariant a k-flat HkcHm. Then g fixes a point of Hk 

and hence gLi; is also an elliptic isometry. 

Proof. Since g leaves H invariant it commutes with the projection 

which maps each point of Hm to the nearest point In Hk. If no point In Hk Is 

fixed, none of the fibers of this projection is fixed and hence no point In Hm 

is fixed. This contradiction gives the result. 

Lemma 2. In an induction proof of our result it suffices to show that 

an elliptic isometry group G acting on Hm leaves invariant a k-flat H with k<m. 
•/ 

Proof. If each element in G leaves H invariant then, according to Lemma 
i . 

1, each element in G restr icts to an e l l i p t i c isometry of H . Since k<m, in-

duction gives a common fixed point to the e l l i p t i c group GLk aid hence to the 

orginal group G. 

Lemma 3. In an induction proof of our result i t suffices to show that an 

e l l i p t i c isometry group G acting on Hm has a normal subgroup N*{e) which has a 

non-void fixed set. 

Proof. Since N*{e) i t s fixed set must be a k- f la t H with k<m. Since N 

is normal, G must leave H invariant and the result follows from Lemma 2. 

Lemma 4. In an induction proof of our result i t suffices to consider 

e l l i p t i c isometry groups consisting of sense-preserving Isometries. 

Proof. The result is t r iv ia l for groups of order 2. Otherwise the 

normal subgroup of sense-preserving isometries is different from (e) and Lemma 

3 applies. 

We now proceed to consider dimensions m=l,2,3. When m=l, the catalogue 

pf isometries includes only reflections and translations. Of these, the re-

flections and the identity are e l l i p t i c . The only non-tr ivial e l l i p t i c group 

is the group of order 2 generated by a single reflection and our result holds. 
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As an aside we remark that this n=0, m=l case is anomalous from the point 

of view of MObius transformations and the fact that it fits as well as it does 

with the apparent pattern must be considered fortuitous. Since the 0-sphere 

consists of just two points M0=01 is the group consisting of the Identity and 

the reflection which interchanges these two points. The transformations in 

M0 do not extend to give all the isometries of the hyperbolic line. Nevertheless 

the desired result does hold in the strong sense that any group of elliptic 

Isometries of the line is conjugate to (?,. 

When m=2, the catalogue of sense-preserving isometries includes rotations, 

parallel displacements, and translations but only the rotations are elliptic. 

If g and h are rotations about different centres then g'^h^gh) is the product 

of a rotation through -e about one point and through o about another. By factor-

ing these rotations into reflections it is easy to see that the product is a 

translation. Hence the elliptic groups of sense-preserving isometries consist 

of rotations about a single point and our result holds. 

When m=3, the catalogue of sense-preserving isometries includes rotations, 

parallel displacements, translations and screw displacements and once again the 

only elliptic isometries are rotations. (See [7] for further details about the 

catalogue.) The key observation which keeps the m=3 geometry under control is 

Lemma 5. The product of two rotations in hyperbolic 3-space has a fixed 

point only if the rotation axes are coplanar. 

Proof. If the rotation axes are skew then in particular they are non-

intersecting and a fixed point P of the product can only arise because one ro-

tation moves P to Q»P and the other restores Q to P. But this puts both axes on 

the plane equidistant from P and Q: contradiction. 

Now It is easy to deduce that in an elliptic group every pair of rotation 

axes must meet. For if g and h have parallel or ultraparallel axes g'^IT'gh) 

is a parallel displacement or a translation. 
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I f every pair of rotation axes meets then either there is a single axis 

and hence a l ine of comnon fixed points or there are two dist inct axes a and b 

with anb=(P). In the second case the product of the named rotations has axis c 

passing through P but not lying in the plane of a and b. This means that other 

rotation axes can meet a ,b, and c only i f they pass through P and hence P Is a 

common fixed point for the group. 

This completes the proof of our result in dimensions m=l,2,3. We remark 

that the argument is essentially absolute, i . e . equally val id in Euclidean and 

hyperbolic geometry. Accordingly i t also serves as a contribution towards the 

solution of the open problem [3 ] . 
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SOME RESULTS ON THE DEPTH AND WIDTH OF PARTIAL ORDKRS 

E.C. Hilner F.R.S.C and K. Prlkry 

A partially ordered set P - <P,o embeds the linear type 9 , 

P > ip, if it has a sub-chain of order type ç. The depth of P is the 

smallest ordinal number Y*(P) = Y su<:h that P i Y*. where, as usual, 

Y* denotes the reverse of Y- For example, any well-founded partial 

order has depth < a. We investigate the question whether the depth 

of a partial order may be reduced by partitioning into a fixed number 

of parts. Me give a complete solution to this question for linear 

orders. These results have applications to the theory of partial 

orderlngs, to infinite graph theory and to the partition calculus. 

For any ordinal Y(> 3) and cardinal X, denote by 1.(Y,X) the 

assertion: if <L,o .is a linearly ordered set of depth y. then there is 

a partition o^ r, Jnta. X subsets of depth less than Y. l t i s o b v l o u s t b a t 

t(<û,X) is false for every X since, for example, if K > X is an Infinite 

cardinal it cannot be partitioned into X parts of finite depth. Theorem 4 

below shows that L(,-f,\) is also false for every X in the case when Y = v+ 

Is an infinite successor cardinal. However, in all other cases there is 

some X such that L(,r,\) holds. Me have proved the following decomposition 

theorem. (Me write o" •=> o if o is *a limit ordinal and a" » $ If a •> 0 -f 1). 

Research supported by NSERC grant JA5198 and NSF grant {8303601 
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THEOREM 1. if Y 2 3, Y î* *>, Y s' a , then Hr,\) holds JJ. X > X ( Y ) , where 

Mr) " 

2 is_-f Is decomposable 

cf(|Y|) If Y~ is Indecomposable and Y < |Y| W 

, ̂  if Y is indecomposable and Y i IYI tea 

Successive applications of Theorem 1 immediately gives the following 

useful corollary. 

COROLLARY. If -«ij <> is a linearly ordered set of depth YF then there is 

a partition of £ into cf(|Y|) parts each having-depth at most. IyI 

For "the case when Y~ Is indecomposable and Y i IYI**! we nctually 

prove a stronger statement than Theorem 1. The following result is a 

generalization of the negative partition relation of £3] that Ç -f- (c") 

If Ç < K+. 
n«o 

THEOREM 2. If the depth of a linearly ordered set <£, <> ±B less than 

».,., then there is an m-partltlon {£ : n < u) of £ such that L has depth 
»*r — — — ^ ^ ^ ^ - ^ ^ ^ ^ - ^ . ^ — ^ - ^ _ ^ ^ _ n ^^—^^^^-^^^=^^_ >j ^ - ^ — ^ _ _ 

at most io (n < m) . a 

It is well-known that any partial order can be extended to a 

linear order. An order type ç is called extendable (see fl]) if whenever 

<P,<> is a partially ordered set which does not embed if, then there 1 B a 

linear extension <, 2 < such that <P,<1> i if. For example, n (the order 

type of the rationals) is extendable (see fl)). p. Galvin and R, McKenzie 

(unpublished, but see fl]) completely characterized the class of extendable 

ordinals. It is the smallest class U such that (1) a C U, (il) u is 

closed and (ill) a-(cf(a)) « U whenever o C tf. In particular, therefore, 

every infinite cardinal is extendable and so ore ordinals like a & œ „ 
ÛÏ 1 * 0 3 2 
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2 
"OJ' e t c' Anotl>er immediate corollary of Theorem 1 is the following 

result for partial orders. 

THEOREM 3. If y is.qn extendable ordinal, -f ï tùj y f u, , and if <p <> 

if any partially ordered set of depth Y* then there is a partition of P 

into cf(|Y|) parts each with depth less than Y. 

It is possible that Theorems 1, 2 apply to arbitrary partial orders for 

all Yi but we have not fully investigated this question. 

It is easy to see that if K > 2 and v > (a are cardinal numbers, 

then K has depth v with the ordinary lexicographic ordering-< of sequences. 

He have proved the following result. 

THEOREM 4. If K > 2, v > a are cardinals and X < roax{\i+,K), and if 

(iç : £ < X} is any X-partition of VKJ then Y*(<i£J-f>) " v+ for some 

t< X. 

Since K may be chosen arbitrarily large. Theorem 4 shows that /.(v+,X) is 

false for every X. 

In order to prove Theorem 4 we were led to consider certain 

topological properties of the space ^K endowed with the-^-order topology. 

These results have an independent Interest. For any cardinal u. a subset 

of a topological space is of the first (second) p-category if it is 

(is not) a union of fewer than u nowhere dense subsets. Thus, category 

in the usual sense in the same asfcoj-category. The following two theorems 

which imply Theorem 4 when v > K, generalize well-known simple facts about 

real numbers. 
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THEOREM 5. If K > 2, v > co are cardinal numbers, then VK in of the 

second (cf(«)) -category in the lexicographic order topology. 

THEOREM 6. If K 2 2, v > a are cardinals and A (C < v) are subsets of 

v + 
K of depth less than v , then A •= UlA : £ < v} is of the first 

(cf(v)) -category. 

Theorems 1 and 4 provide a rather novel characterization of 

those ordinal numbers which are infinite successor cardinals. 

THEOREM 7. Fpr any. Qrttoal number yfe 3) the following statements are 

equivalent 

(1) Y °  «">or Y is an infinite.successor cardinal; 

(2) for every cardinal X there is a linearly ordered set of depth Y. 

which is preserved, under arbitrary X-partltlons; 

(3) there is a linearly ordered set <£,<>.of depth Y and a cardinal. 

X > 1 + cf(|Y|) such that the depth of £ ia preserved under arbitrary 

X-partitlons• 

Theorem 4 has another application to the theory of partially 

ordered sets. The width of a partial order <P,<> is the smallest 

cardinal number n such that U | < n holds for every antichain A ç p. 

Say that <P,<> has the property 0(X) if and only if there is a partition 

of P Into X parts {Pç : Ç < X} such that the width of each part in less 

than the width of P. Dilworth's well-known chain decomposition theorem [2] 

says that if a partial order has finite width k, it is a union of fewer 

than k chains. Thus every partially ordered net of finite width fc > 3 has 
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property P(2). Perles (4) has shown that Dilworth's theorem does not 

sensibly extend to partial orders of infinite width. In fact, if X is 

any cardinal, and K > X is an infinite cardinal then the direct product 

K ® K (in which (a,8) S (a",8') if and only it a S a' and (3 < 8') does 

not contain an Infinite antichain (i.e. har; width co) , but it is not the 

union of X subsets of finite width. Theorem 4 easily implies the following 

more general result. 

THEOREM 8. If (i = oo or if [i >» v is an infinite successor cardinal, then 

for any cardinal.X there is a partially ordered set of width (i and dimension 

2 which does not have property 0(X). (The dimension of partial order < is 

the smallest cardinal 6', such that < = fl <, is an intersection of S linear 

orders.) 

PROOF. Since the direct product K ® K has dimension 2, we need only consider 

the case ji = v , an infinite successor cardinal. Choose K > X and let << 

v V j •{" 
be any well ordering of K. Since < K,-<>has depth v , it follows that 

v j + 

the partial order < «,<>, where < =-\ n « , has width at most v . 

However, if {i, : t < X} is any X-partition of VK, then, by Theorem 4, there 

is some Ç < X such that <t.fi> ïv* (in fact has depth v ), and so <£ ,<> 

has an antichain of size v and therefore L has the same width v , as £. o 

The hypothesis [i = ca or (i = v is needed in Theorem 8 since it fails 

for uncountable limit cardinals. Me have the following result. 

THEOREM 9. 11 y. is an uncountable strong limlB cardinal and if <P,<> is 

a partially ordered set of width ^ and' dimension j < cf(n)J then <P u> has the 

property Pf(cf(n)) ). 
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An Interesting open question that remains here Is the following: 

If p. is an uncountable limit cardinal and X is arbitrary, is there a 

partially ordered set which does not have the property P(X)? Theorem 9 

shows that the dimension of such a partial order roust be at least cf(lO 

it \> \i. 

Theorem 8 implies the following result about graphs of large 

chromatic number which do not contain large complete subgraphs. 

THEOREM 10. Suppose p. = «oor n " v is an infinite successor cardinal. 

Then for any cardinal X there is a graph 0 - (.V^E) which contains no 

complete subgraph of size u. but, for any partition of the vertex set V 

into \ parts, some part contains a complete subgraph of size, n' for 

every p.» < |i. 

To see this simply consider the complement of the comparability graph of 

an ordered set <P,<> of width |x and not having property V(K). He do not 

know If Theorem 10 is true when \i Is an uncountable limit cardinal, 
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THE E-TOPOLOGY ON ij--CLASSES 

WITH APPLICATIONS TO REAL ALGEBRAIC GEOMETRY 

Norman L. Ailing 

Presented by P. Ribenboim F.R.S.C. 

Abstract» Any ordered field K can be embedded in an rir-

field E, for a suitable admissible ordinal Ç. E has a structure, 

very much like that of a topology on it, called a E-topology. 

under which every interval is Ç-connected, and many intervals 

are E-compact. These classes behave as expected under Ç-continu-

ous maps. 

0. introduction. Let Ç be the class of all ordinals num-

bers Ord, or let E be in Ord such that it is greater than zero, 

and such that u. (the E-th infinite cardinal number (9, p.129)) 

is regular. Then E will be called admissible. Let C be a class. 

IfE = Ord and if C is a set we will say that the cardinal num-

ber of C is less than u-. Let X be an ordered class and let L 

L R 

and R be subclasses of X. We will write L < R if x in L and x 

in R implies xL < xR. An ordered class E will be said to be an 

nr-class if given two subclasses L and R of E with L < R , and 

such that L and R are sets of cardinality less than Uç, then 

there exists e in E for which L < {e) < R. (For E in Ord this 

idea goes back to Hausdorff C8).) 
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Let K be an ordered field (that is a set). Unless K is the 

field of all real numbers, it is not Dedekind-complete, and thus 

is totally-disconnected, and Is not locally compact. Many of the 

methods used in studying algebraic geometry over the reals seem 

not to be available over K. One of the usual ways to proceed is 

to embed K in its real-closure R. Since the Tarski Principal 

(10) holds, the elementary theory over R is the same as that of 

the field of all real numbers. On the other hand, much of the 

standard topological and analytic reasoning one can employ over 

the field of all real numbers seems not to be available over R. 

Let E be admissible such that the cardinal number of R is 

less then or equal to u-. There exists a real-closed field E 

that is an n r - c l a s s U.2,5, and 3 ) , and an order-preserving iso-

morphism f of R into E (6,7). Given a real algebraic-geometric 

problem, whose coefficients are in R, we can then consider the 

same problem in which the coefficients are now regarded as being 

in E. 

In order to define and investigate the E-topology on E, we 

need only consider its order structure. In most of the potential 

applications of this theory, the field structure of E comes into 

play. Further, applications using the additional structure of 

the surreal nr-f1-61^, ENo (5,3), are under consideration. An ex-

tended version of this paper, with complete proofs, is in prepa-

ration (A). 
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1. The E-Topoloqy. Let X be a non-empty ordered class. Let 

us adjoin to it two new elements, -» and +<», to form a new or-

dered class XI, ordered in the expected way. For a and b in XI 

let (a,b) be defined to be {x in X: a < x < b). Such classes will 

be called principal open intervals of X. A subclass U will be 

called open in the interval topology if for all x in U there 

exist a and b in U such that x is in (a,b) and (a,b) is a sub-

class of U. 

Let E be admissible and let S be an ordinal number such 

that 0 < B < in,. Let families (aa)a < B and (ba) a < g o f e l e m e n t s 

be given in X!. Any subclass U of E which can be written in the 

form 

(*) {x in X: there exists a < B such that aa < x < ba} 

will be called a £-open subclass of X. (Foundational note: Since 

(a ,b ) may be a proper class, we have described U as we did in 

(*), rather than writing that U is 'the union of (Caa,ba))0 < g'. 

The latter expression may not be a meaningful one in the set 

theory we have chosen to work within (as described e.g., in 

(9)). We will, however, describe U informally as 'the union of 

tfa .b )) „'. Similar use of 'union' and 'intersection' will 
^ o' or'a < B 
be made when expressions like (*) are available.) 

Let a subclass V in X be called £-closed if X - V is E-
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open. Then one easily sees that the empty set and X are E-OP6" 

and E-closed. The union and intersection of a finite number of 

E-open (resp. E-closed) subclasses of X is E-open [resp. Ç-

closed). Given a 'family' of fewer than to, E-open (resp. Ç-

closed) subclasses of X, then the 'union' (resp. 'intersection') 

of this 'family' of subclasses is again a E-open (resp. Ç-

closed) subclass of X. Finally, the analogue of the Hausdorff 

separation condition holds for E-open subclasses of X. 

Let X* be a subclass of X. A subclass U* of U will be 

called a relative £-open (resp. closed) subclass of X* if there 

exists a E-open (resp. E-closed) subclass u of X whose intersec-

tion with X* is U*. Thus we have an analogy of the relative to-

pology for X*. 

X* will be called a relative C-disconneeted space if it is 

the union of two non-empty, disjoint, relative E-open subclasses 

of X*. X* will be called a relative E-eonneeted space if it is 

not a relative E-disconnected space. 

Theorem A. Let E be an iic-class and let E* be a subclass 

of E. E* is a relative E-connected space if and only if E* is an 

interval, in E. 

X* will be called a relative E-compact space if given B < 

u- and a 'family (U*),, < B* of relative E-open subclasses of X», 
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whose 'union' is X*, then there exists a finite subset I of B 

such that the union of the U* over I is all of X*. 

Theorem B. Let E be an nt--class and let E* be an interval 

in E that either has a greatest (resp. least) element, or has no 

cofinal (resp. coinitial) subset S of cardinal number less than 

u,. Then E* is a relative E-compact space. 

2. £-Continuous Maps. Let X, Y, and Z be ordered classes, 

and let f map X to Y and g map Y to Z. Let Ç be admissible, f 

will be called £-continuous if given any E-open subclass V of Y, 

then f" (V) is a E-open subclass in X. It is easy to see that 

the composition of two E-continuous maps is again a E-continuous 

map. It is also clear that if f is a strictly order perservlng 

(resp. reversing) map of X onto Y, then f is E-continuous. If f 

is E-continuous, then It is continuous in the interval topology. 

Theorem C. Let f be a E-continuous map of X into Y. If x 

is E-connected (resp. £-compact). then f(X) is a relative E-con-

nected (a relative E-compact) subspace of Y. 
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POSITIVE LINEAR FDNCTIONALS OM VECTOR LATTICES 
AND ADDITIVE SET FONCTIONS ON GROUPS 

Jean-Marc Belley 

Presented by E.E. Granirev, F.R.S.C. 

Abstract. We generalize a result of Bochner's on integral 
representations for positive linear functionals defined 
on vector lattices of bounded functions, closed under products 
and containing the constant functions. Applications are 
then made to additive set functions on locally compact 
abelian groups. 

The following result was obtained by Bochner in 1939 (see 

[Bo, pp. 773-775]). 

THEOREM 1.(Bochner) Let V be a real vector lattice, consisting 
of bounded (real-valued) functions on a set G, closed under 
products and containing the constant function 1. If L is a positive 
linear functional on V and JT is the class of (Jordan) sets 
E in G (with indicator function !„) for which 

inf(L(f-g):g <. IE 1 f; f.gev) = 0 
then 

1) J is an algebra of sets, 
IJ ^ — " ^ 

2) for all fev, [z:f{z)>r} lies in J. for a dense set of reals 

r, and 
3) there exists a (uniquely determined) positive finitely 

additive set function m. defined on J,, such that 
— ^ — ^ — i. — — ^ ^ ^ - ^ ^ ^ — ij —^^^^^^^^— 
i) for all fev, 

and 

Lf=/GfdmL 

ii) m. is regular in the sense that/ for all Eej-, 
tnL(E)=inf{Lf:IE <f;fev} 

=sup{Lg:g<. IE,gev}. 
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Here, the integral is taken in the sense of Riemann. It 

is unfortunate that both the algebra J. of Jordan sets and the 
ii 

dense set of reals depend on the linear functional L. Our first 

result, which we now state, eliminates these weaknesses at the 

expense of uniqueness of the set function representing L. For 

this theorem and the remainder of the paper, we refer the reader 

to [D-S,pp. 101-125] for the theory of integration with respect 

to finitely additive set functions. 

THEOREM 2. Let i) V be a real vector lattice consisting 

of bounded (real-valued) functions on a set G. closed under 

products and containing the constant function 1, il) Z and Zc 

be the class of zero and cozero sets respectively for all functions 

in V, and iii) A be the algebra of sets (in G) generated by Z. 

Then, given a positive linear functional L on V, there exists 

a positive finitely additive set function M on A such that 

1) for all fev, 

Lf=/Gfdp 
and 

2) y is regular in the sense that, for all EgA, 

li(E)=inf {u(V) :E in V, Vezc) 
=sup(u(Z):Z in E, ZSZ}. 

REMARK 1. Let V* be the smallest real linear space (with 
uniform norm) closed under products, containing all functions 
of the form hf/(f+g) with f,g,hev positive, and f+g>C. It is 
easy to show that the zero set of any given function in V* lies 
in Z. The use of a positive extension of L from V to V* in the 
proof of Theorem 2 removes any possibility for uniqueness in 
general. In view of the following corollary and the fact that 
V=V* when V consists of all bounded continuous functions on 
G, we get that our result contains the well known representation 
theorem of Alexandroff [A]. It also generalizes a theorem of 
Kirk [K] (see also [Su,p.63]) since it is not assumed that i) V 
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separates points of G, and ii) given Z-.z, in Z, there exists 
f in V such that f=l on Z. and f=0 on Z_. 

COROLLARY. If V =• V*, then M is unique. 

EXAMPLE 1. Let G be a locally compact abelian group and 
let V be the real vector lattice of all real-valued functions 
in the space AP(G) (with uniform norm) consisting of all continuous 
complex-valued almost periodic functions defined on G. An application 
of Theorem 2 to any given positive linear functional L on AP(G) 
(and so on V) yields the existence of a positive finitely additive 
set function y on A which is inner and outer regular with respect 
to the zero and cozero sets respectively, and such that 

Lf = /Gf du 

for all f in V (and so in AP(G)). Such a result was first stated 
in [H] for the case when G is the real line. Unfortunately the 

proof there not only rests on another result with a known defficiency 
in its proof (see [Sc] and (D-S, p.379]), but also on the false 
claim that f/{f+g) lies in V whenever the functions f,gev are 
such that f+g>0 (see (H, p.309]). Also, for this latter reason, 
y is not necessarily unique; as claimed in [Hj. 

EXAMPLE 2. Let G be a locally compact abelian group with 
dual group G" on which is defined a (not necessarily continuous) 
complex-valued positive definite function p. Recall that such 
a function is one for which Za.p(z.")_>0 for all positive polynomials 
Za.z." (i.e. finite linear combinations of characters z.~ in G^ 
with complex coefficients a.). Then there exists a positive 
linear functional L on AP(G) which is uniquely determined by 
L(Za.z.")=Za.p{z.^) for all polynomials Za.z.~. So, by Example 1, 
there exists a (not necessarily unique) positive finitely additive 
set function u on A for which Lf=/„f dp for all feAP(G). Since 

u 
G* is contained in AP(G), we get 
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p(z") = /G z" dp 

for all z^CG". This analogue of Bochner's representation theorem 

for continuous positive definite functions, generalizes the 

result stated in [H] for the case when G is the real line. 

Given a locally compact abelian group G with dual group 

G', let <z,z''> denote the character z"eG^ evaluated at zee. 

Given m in the space M(G) consisting of all regular complex 

Borel measures on G, let m":G"-»<E denote its Fourier-Stieltjes 

transform given by 

mMz") = .fG<z,z~> dm(z). 

Let M(G)" designate the space {m'':meM(G)) (which is closed under 

products). 
Recall that a measure meM(G) is said to be continuous if 

m({z}) = 0 for all zeG and it is said to be discrete if it is 
concentrated on a countable subset of G. It is shown in [B, 
pp. 70-71] that the linear functional L on M(G)* given by Lm"=m((0}) 
is positive. By means of Theorem 2, we now obtain a measure 
theoretic approach to Wiener's criteria for the continuity of 
a Borel measure on G (see [W], [E, pp. 310-312], and [Z, p.108]) 
which generalizes to a larger set algebra part of the result 
obtained in [B]. 

THEOREM 3• Given a locally compact abelian group G with 

dual group G", let A' be the algebra of sets in G^ generated 

by the class of zero sets for the real-valued functions in M(G)". 

Then, there exists a positive finitely additive set function 

li:A,-*[0,l] with the following properties. 

1) M(G") = 1. 
2) p is inner and outer regular with respect to the zero 

and cozero sets in A'. 
3) For all meM(G) and all zCG, we have 
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m({z}) = /G„<z,z">m'N(z") dM(z") 
and 

ZzeG|m((z})|2 = /G/.|m-(z")|2 àviz") 

and so m is continuous if and only if 

/G^|m"(z')|2 dviz") = 0. 

4) If_ ra,, m2SM(G) are such that nuVm,^ is the uniform limit 
of A'-measurable step functions and m. is a discrete measure 
for which m.^O, then the bounded complex-valued function f 
on G" given by 

f(z) = /G^<z,z'->(m2/N(z'%)/m1',(z">) àuiz*) 

is such that 

for all zGG. 

m2({z}) = /Gf(z-w) dm1(w) 

REMARK 2. Note that m^/m." is the uniform limit of A'-measurable 
step functions whenever m." is bounded away from 0 on GA. When 
G is the set of all integers (with discrete topology) and m,">o 
on G" (i.e. on the unit circle in the complex plane), then m. " 
is bounded away from 0 and Wiener's lemma assures us that f 
is a discrete measure on G. 
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9-- has no period 3 

U. Liidicke 

Presented by K. Muraeugi F.R.S.C. 

It seems that among the knots with less than ten crossings 

all periods have been determined save a possible period three of 

92s [2]. By using the method of [1] this period can be excluded. 

Assume that 925 has period 3 . There is a homomorphism 

• of its knot group G onto a dihedral group D of order 94 . 

It follows from [1] that the factor knot k = 9.,./Z, has the same 

torsion number p = 47 as 92g itself. Let R- be the covering 

space of the complement of 9-- with respect to N. - ker $ , 
2 

and m. ,...,ni closed curves covering the square m of a meridian 

m of 925 . Put M = <!!>.,...,m > c H1(R2) . If the factor group 

H.(R2)/M is finite and d is the greatest torsion number of this 

group the longitude 1 of 925 has a representation of the form 

4.(1) : z - z + 2/d(y1ç + ... + y^^9'1) 

with z e C , YJ e Z , C a primitive p-th root of unity, and 

3 is a divisor of each y. [1]. Calculations on a computer 

yield H.(R2)/M is the trivial group and 

)|)(1) : z - z + 2(-3a-3a2-3a3-3a4-5a5 ...) 

which proves that 9,. has not period 3 . 
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MEASURES OF INSET INFORMATION ON OPEN DOMAINS - III; 
WEAKLY REGULAR, SEMISYMMETRIC, B-RECURSIVE ENTROPIES 

Bruce Ebanks 

Presented by J. Aczel, F.R.S.C. 

Abstract. In [7], the general forms of all semisymmetric 6-recur-

sive inset entropies on the open domain were found. In this paper we 

find the forms of those entropies which are also weakly regular. 

1. Introduction. This is the third in a series ([7], [6]) of papers 

on the mixed theory of information on the open domain (i.e., excluding 

empty sets and zero probabilities). Let B be a ring of subsets of 

some set il (i.e. B contains, with any two sets, their union and dif-

ference, hence also their intersection and the empty set 0; see |3J.), 

0° : = {(x, ,...,xj Ix.eBMO); x.flx. = 0 for i?< j ; i, j=l, 2, ... ,n), 
n 1 n ' i i j 

n 
r° : = {(?,,....?„) IP4>0; 1=1,2.....n; I Pi = D , n x n i i = l •* 

for n=2,3,... . The elements of B may be regarded as 'events' and the 

numbers p.(i=l, ,n) their probabilities. An inset entropy (on the 

open domain) is a sequence of maps I : l^xr^R (n=2,3,... ; R the set 

of real numbers). Originally ([3],[4]), the domains of the maps I n 

were allowed to include some boundary points. As we shall see (in the 

case 8=0 below), this restricted the class of inset entropies satisfy-

ing the prescribed properties. 

2. An inset entropy In: D°xr°-*R (n=2,3,...) is said to be 6-recursive 

(e€R) if, for all n>2 and all (x1,...,xn; Pĵ  Pn) e Dn*^, 

" W Pj n-1VPl+P2'P3 J ' W'V 
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where r . = p . / ^ P j + P , ) ( i = l , 2 ) . I t i s 3-semisyinmetric i f 

(2) I 3 ^ l ' ^ ' M = / X 1 ' X 3 ' X 2 \ i / X 1 ' X 2 ' X 3 \ e D o x r O ( 

\ P l ' . ? 2 ' P 3 / \ P 1 ' P 3 ' P 2 / \ P 1 ' P 2 ' P 3 / 

and 3-synimetric i f , for a i l permutat ions IT on { 1 , 2 , 3 } , 

(3) I , ' 3 
/ x 1 , x 2 , x 3 \ ^ / x

1 I ( l ) ' x i i ( 2 ) ' x i i ( 3 ) \ 

\ P 1 , P 2 , P 3 / 3 \ p ^ ( l ) ' p
I , ( 2 ) ' P T T ( 3 ) / 

Entropies s a t i s f y i n g (1) and ( 2 ) , or (1) and Oï), were s t u d i e d in [71 

An i n s e t entropy i s s a i d t o be measurable (or , bounded on a s e t 

of p o s i t i v e measure) i f the map 

/ V x 2 \ 

\ 1 - P . P / 
(4) p * I , | , p€] 0 , l [ , 

Z \ 1 - P . P / 

is measurable on 10,1[ (or, bounded on a set of positive measure in 

10,1() for each fixed ( X J ^ X J K 0° . We let A be the set of all func-

tions k: lÔ l-i-R which arc bounded on a set of positive measure in 

10,1(. 

Finally, the ring B of sets will be called non-algebraic if D2 

is nonempty and if, given any (x,y)e 0° , there exists a (nonempty) 

zeB such that (x,Y,z)e D?. An algebra ([81) of subsets of £2 is a ring 

containing the universal set SÎ. A sufficient (but not necessary) con-

dition for the ring B to be non-algebraic is that B is not an algebra. 

Theorem. Suppose B is non-algebraic. The inset entropy In: D ^ I W R 

(n=2,3, ) is (1) B-recursive, (2) 3-3emisynimetric, and bounded on 

a set of positive measure, if and only if there exist maps g,h: Dj^R, 

a constant Y, and an additive set function a: D^R, 

(5) a{xuy) =a(x)+a(y), (x,y)€D2, 

file:///1-P.P
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such that, for all (x^ — ,x ; p., »P n ) e D0xr0 (n=2,3, ) , 

(x, ,.. . ,x \ R n a n 

1 .. ") = gtxj^lp,15 + ^ h(xi)pi
B-g( U x.), if B?<0,1, 

p l'-"' p n/ i=2 i=1 

n ) = g(x )p + I h(x )p -g{ U x ) 
pl pn/ i=2 ^ 

n 
+ Y I P,log p., if B=l, 

i=l 1 1 

(x. , tX \ n n 

1 n |= g(x.) + ï h(x.)-g( U x.) + Y log p. 
pl p n / ^2 ' i=l " n 

+ I a(x.)log p.. if 6=0. 
i=l 1 '• 

3. Proof of Theorem. It is easy to see that ny inset entropy given 

by (6), (7), or (8), with arbitrary constant Y, maps g,h: D.-'-R, and 

(5) additive set function a: Dj^R, is B-recursive, 3-seraisynimetric, 

and bounded on a set of positive measure. Now we prove the converse. 

As in (71, we introduce f: D° xlO,l[-»R by (cf. (4)) 

(9) f(x,y;p)î = I2 | X'y j , (x,y;p)e D2*)0,1[. 

ii symmetry, we have 

(x • y ' z \ = i 1 / x 'Z-A 
\l-s-t,s,tj \l-t-s,t,s/ " 

By the 3-semisyiiimetry, we have 

I 

for all (x,y,z)e D° and (s,t)e A = { (s, t) |s,t,s+te] 0,1 [ ). Expanding 

both sides of this equation by the 6-recursivity for n=3, and using 

(9), we get 
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(10) f(xuy,z;t) + (l-t^f (x,y;s/(l-t)) 

= f(xuz,y;s) + (l-s)ef (x,2;t/(l-3)), 

valid for all' (x,y,z)e D°  and (s,t)e A. We now apply a result (Theorem 

2; see also Final Remark) from [7], which gives the general solution 

of (10). There are three cases. 

In case &/0,l, there exist maps g,h: Dj^R such that 

(11) f(x,y;p) = g(x)(l-p)e + h(y)pe - g(xUy) . 

In case 6=1, f has the form 

(12) f(x,y;p) = g(x)(l-p) + h(y)p - g(xUy) + S(p) + S(l-p), 

where S: ]0,1(->R is any map satisfying 

S(pq) = pS(q) + S(p)q, p,qe]0,l[. 

An easy calculation shows that the map T: ]0,1[-»R defined by 

(13) T(p):=S(p) +S(l-p), pe]0,l[, 

satisfies 

T(t) + (l-t)T(s/(l-t)) = T(S) + (l-s)T(t/(l-s)), (s,t)e A, 

T(p) = T(l-p) , p£10,l[. 

Also, by (9), (12), and (13), T is in A. Hence (cf. [2], [S], [9]) there 

exists a constant Y such that 

T(p) = Y(P logp + (l-p)log(l-p) 1, pel 0,1 [. 

Thus, by (12) and (13), f has the form 

(14) f(x,y;p) = g(x) (1-p) + h(y)p - g(xUy) + yip log p + (1-p) log(l-p) ] . 

Finally, in case B=0, f has the form 
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(15) f ( x , y ; p ) = g (x ) + h(y) - g(xUy) + M x , l - p ) + Hy.P) + L( l -p ) , 

where l: D?x]0, l l ->R, L: ] 0 , 1 ( - R r e s p e c t i v e l y s a t i s f y 

(16) (a) il(xUy,p) = H*.p)+Hy.p) , (b) M x , p q ) = t ( x , p ) + t ( x , q ) , 

(17) L(pq) = L(p) + L(q) . 

By hypothesis, we thus have in A for each fixed (x,y)e D2, 

(18) pi>Mx,l-p) + My.p) + l.(l-p). 

Replacing y by yUz (so that (x,y,z)e D° ) in (18), using (16a), and 

comparing the result with (18), we have 

P"-Jl(z,p) 

in A for each z€ D° . By {16b), this means that 

(19) iUx,p) = a<x)logp, xe D° , pe]0,l[, 

for some map a: D° *R, which must be (5) additive because of (16a). 

By (18) and (19), L is in A. Hence, by (17), 

L(p) = Y log p, pe]0,l(, 

for some constant Y, and by (15) and (19) f is given by 

(20) f(x,y;p) = g(x)+h(y)-g(xuy) + [a(x)+Y1log(1-p)+a (y) log p. 

Now, (9) with (11),(14), or (20) gives the form of I2, and the 

forms (6),(7),(8) for In(n=3,4,...) follow by the (1) 6-recursivity. 

4. Remarks. We have also proved that (11),(14), and (20) are the only 

solutions of (10) for which pwf(x,y;p) is in A for each (x,y)e Dj. 

Moreover, as a corollary, if we strengthen the (2) 3-semisynimetry 
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to the (3) 3-symmetry, then we obtain (6) , (7) , and (8) with g replaced 

by h, and also Y=0 in case 6=0. 

The difference between these results and those of (31,[4],[1] (in 

which the domain of I contains boundary points) occurs in the case n 

8=0. Here we find 'extra' solutions Y log Pj + ïa(xi) log Pi for addi-

tive a: D.+R. 
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A PROPERTY OF ARCS OF ORDER n IN R 
n 

T. Blsztrlczky and P. Scherk, F.R.S.C. 

Introduction. Let F denote an arc in a real affine n-space R 

which satisfies certain differentiability conditions. Obviously, there 

are (n-l)-flats through n distinct points of P. We require that P be of 

(real) order n; that is, no (n-l)-flat meets P in more than n points. 

Such an arc then lies on the boundary of its convex hull H(P); c£,[l]. 

The differentiability conditions yield that osculating k-flats exist 

at each point of P for k = 1,2,..,^. Non-parallel osculating (n-l)-flats 

of two distinct points of an arc P of order n intersect in an (n-2)-flat. 

We show chat this (n-2)-£lat does not meet H(r). 

1. Generalicles 

1.1. If si, 32 f Ri and si < 82. we write (si,82] = { t € R i | s j £ t S S2) 

and (si, S2] = [s\, S2l\{si}. An arc in R is a continuous map 

P: (81,821 - Rn. 

IC is convenienC to Identify P with P([si,S2]). The topology of [81,82] 

defines (open) neighbourhoods on P. 

The arc shall be differentiable in the following sense. For every 

s {[si.Sîl, let P_1(s) = 0 and ro(s) •= P(s), If P. ,(3) is already defined 

and its existence postulated then we require: 
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i) If t j* s Is sufficiently close to s in (si,S2]i then the flat 

<r._ (s),r(t)> spanned by P.^s) and r(t) has dimension k and 

il) it converges as t tends to s. Its limit is the osculating 

k-flat rk(s); k = 1,2 n. 

Henceforth, P will denote a differentiable arc of order n in R . 

Let L c R be a flat such that n 

L n r k ( 8 ) - 1 ^ , ( 8 ) . 

Then r(s) is counted as a k-fold intersection point of L and P. The flat 

L is said to meet F m times if the sum of the multiplicities of all inter-

section points of L and F is equal to m. Since F is of order n, it is known 

that any (n-l)-flat meets Fl, , at most n times and 7 I(81,82] 

(1) Fk(s) H r ^ ^ U ) = 0 for s )« t in (si.sjl; k = 0,1 n-l. 

A necessary and sufficient condition for every (n-l)-flat to meet F itself 

at most n times is the Sauter Condition (cf. [3]). 

(2) Fk(s1) fl rn.k_i(s2) - 81 for k = 0.1,....n-l. 

Finally «e note, the differentiability of F implies that F is strongly 

differentiable in the following sense. Let L. be a sequence of k-flats 

converging to L, such that all the points of L. D F converge to r(s). If 

each L. meets F (k+l)-tlmes then L. = F, (s). In particular, the Pk(s) depend 

continuously on s; cf. [3]. 

1.2 Let P denote a real projective n-space. A curve in P is a n — — n 

continuous map A:P -• P . We Identify again A with A(P ) and require that A 1 n , 

satisfy the differentiability conditions in 1.1 with (si.s?) and R replaced 
n 

by P and P respectively. An arc A in P is of course a continuous map from 

a proper segment of P to P . 
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Let A be a differentiable arc [curve] of order n in P . The dual 

arc (dual curve] A* in the dual space P* of P has the osculating spaces 

A *(s) = fl, A*(s) = P* and 
-I n n 

(3) A*(8) - û ^ . j U ) ; k - 0,1.....n-l. 

ThoB A*(s) = A*(s) = A (s). From [2], we note that A* is a differentiable o n—i 

arc [curve] of order n in P* . 
n 

Imbedding R In a real projective n-space P ; 

r:(s,,S2] -• R c P 
n n 

is a differentiable arc of order n in P . It is known that F can be 
n 

extended to a differentiable curve A of order n in P if and only if F 

satisfies (2); cf.[3]. In that case, the dual curve A* of A contains 

the dual arc F* of F. Since A* ia of order n and A* has no end-points, it 

follows that A* then satisfies (2). Thus if T satisfies the Sauter Condition 

then so does F*. 

Finally, we note the following evident fact about the convex hull 
of a set in R , n 

1.3 LEMMA. Let Z be a bounded and path-wise connected set in R and 

let L be an (n-2)-flat. Then 

(4) L , fl H(Z) » 0 
n-2 

If and only If some (n-l)-flat through L does not meet 1. 
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2. An application of the Sauter Condition. 

2.1 Let P: [81,82] •*• R c p denote a differentiable arc of order 
n n -

n which sat is f ies (2). Let s i S t 1 < t : 2 S s 2 . Then 

<5> Ln-2 " W ' ' " r n - . ( t î ) 

i s an (n-2)-flat disjoint from F and 

(6) 1 ^ , ( 8 ) = <Ln_2> r(9)> 

is an (n-l)-flat for every s ([81,82]. Obviously, 

(7) L (a) - F (t.) <=> s = t.; X = 1.2 . 
n-1 n-1 A A 

Let s range from 3] to S2 in [si.sj]- Then L ̂ (s) rotates continuously 

about L 
n-ï 

2.2 LEMMA. Under the hypotheses of 2.1; 

1. L _ (s) rotates monotonically about L , 

2. there is an (n-l) flat through L _ which does not meet F and 

3. L fl H(P) - 0. 
n-2 

PROOF.1. Suppose that the rotation of L (s) changes directions at 
n—1 

so. As P is strongly-dlfferentiable, this yields. 

P (so) c Ln (ao) = <rn (ti) fl Pn .(tî). r(so)>. , n-i n-i n-i 

Hence F (so) fl F _1(ti) fl F _1(t2) is a point and dually by (3), 

L;.I " ̂ nV"0, T*(tl)' W**» 
is an (n-l)-flat in P*. It meets F* at least (n+l)-times but as F*, 

n 

the dual arc of F, is of order n and satisfies (2); this is a contradiction. 
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2. We complete F to a differentiable curve A of order n in P 
n 

We may assume that F = Al . , and we redef ine 
I U i . s s ] 

L
n _l< S) = <L

n_2 A(8)>. 8 « P . 

As s ranges through P , L .(a) rotates monotonically about L 
i n-l ' n-2 

Obviously (7) remains valid and thus the equation 

L = L (a) n-i n-l 

has exactly one solution a € P for every (n-l)-flat L through 
i n-i 

L . Hence L , (s) n F = 0 for 7 « PAUi.a.]. n~2 n—i i 
3. We apply 2.2.2 and 1.3. a 

REMARK. Dualizing 2.2.2, we obtain that there is a point on 

<r(ti), r(t2)> which does not lie on any osculating (n-l)-flat of P. 

2.3 THEOREM. Let F:[si,s2] •» R be a differentiable arc of order n. 
n ' • • ' 

Then 

(8) r^/ti) 0 rn_1(t2) fl int H(F) = 0 for ti < t2 in (81,82]. 

PROOF. If ti = s, then P^^st) fl F = {r(si)} yields that 

F (si) supports H(F) and thus (8). Let si < ti. 

For si < s < ti, Fl. , satisfies the Sauter Condition by (1) 
118 , 82 J 

and thus by 2.2.3, 

rn ,(t'> n rn ,(t2) n """Ir» * I5 = Ô-n—i n-l |[s , S2J 

Letting s tend to S], ve now obtain (8). G 
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