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UN THEOREME DE PRESERVATION POUR LES FACTORISATIONS

Michel HEBERT¥*

Presented by P. Ribenboim

Résumé

A l'aide du théor2me d'isomorphisme de S. Shelah et de théo-
rémes de préservation classiques, nous E&tablissons un théoréme de
préservation pour les factorisations d'homomorphismes. Nous don-
nons &galement une généralisation d'un théoréme de S. Burris qui
servira d'exemple d'intervention naturelle de la notion de facto-
risation en théorie des mod2les.

Les notations sont celles de [2].

On dit qu'un ensemble d'énoncés T (dans un langage du premier

ordre) est préservé sous les factorisations ou, de fagon &quivalen-

te, que la classe de ses modiles M(T) est fermée pour les factorisa-
tions, si pour tout homomorphisme f:A —»B avec AFT et BET, on a
In(£)ET (ot Im(f) est 1'image homomorphe de f).

Le résultat suivant nous sera utile: sa démonstration est im-

plicite dans celle du lemme 3.2.1 de [2]:

Lemme. Soit A une structure, & un ensemble d'énoncés fermé pour

la disjonction finie et soit T une théorie consistante. Alors il

existe un modéle B de T tel que (Jenet BEJ)=> AFS si et seulement

sl (SeAet TEH=AEJ,

* Soutenu par le CRSNG Canada
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ThéorBme. Un ensemble d'énoncés T est présexrvé sous les factori-

sations si et seulement s'il est &quivalent # un ensemble d'énon-

cés positifs et d'énoncés universels.

Démonstration. La direction (<=) découle aisément du fait que
In(f) est sous-structure de B.
Pour la direction opposée, on définit les ensembles d'énon-

cés Tl’ TZ' Al et & respectivement les conséquences universelles

2)
de T, les conséquences positives de T, les é&noncés universels et
les énoncés positifs. On doit montrer que (TIUTz)FT.

Soit donc A%('rl*JTz).

a) Soit JlEAl' Si TL'JI, alors Jle'l‘ et donc AFJI. Par le

1
lemme, 11 existe donc B M(T) tel que Blhf = Akd pour tout J&Al.
Par la proposition duale de 5.2.2 de [2], 1l existe donc B' et A'

tels que Bl-<8, A= A' et A'¢B' (i.e. B, est sous-structure &lé-

1
mentaire de B, A est isomorphe & A' et A' est sous-structure de
B').

b) Comme en a), on déduit qu'il existe BZEM(T) tel que
BZFJZ implique AFJz pour tout JzeAz' Par 5.2.12 de [2], il exis-
te A", B" et un homomorphisme surjectif h:B"—» A" tels que A<A"
et BZ<B".

On a donc le schéma

B,<B"—» A"SA ¥ A'e—s B'>B,

oli B" et B' sont dans M(T) puisque Bl et 82 y sont.

Puisque A" et A' sont &lémentairement équivalentes, elles

ont des ultrapuissances (sur un mé&me filtre D) 1TDA" et 'ITDA‘ iso-

morphes (voir [4] ou le théorZme 6.1.15 de f2]». OrTTD peut &tre
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vu comme un endofoncteur de la catégorie M(T) qui préserve les in-
clusions, oDTbe, pour un homomorphisme f, est défini ponctuelle-
ment (voir [ﬂ p. 115). Il est clair queTbe est surjectif lors-
que f l'est, d'old on a le diagramme
TTDh

TrDB" _»‘[TDAu ;)WDA r;_)T]'DB '
avecTTbB" etTTbB' dans M(T), puisque toute structure est &lémen-
tairement é&quivalente 3 ses ultrapuissances.

L'hypoth2se sur T implique donc queTTDA'FT, et donc AFT, ce

qui démontre le théordme.

Les factorisations interviennent naturellement par exemple

dans le contexte suivant.

Définitions. 1) Le skolemisé ¥* d'un énoncé ¥ sous forme prenex

vx 3y1---vxn3yn¢(;,§) dans un langage L est 1'&noncé

b
vxffxzo..Vxn¢(;,Fl(xl).---,Fn(xl---xn)) dans 1l'expansion LY* ob-
tenue de L en lui ajoutant les symboles de fonctions F1,~--,Fn.
si T est une théorie dans L, on note T* 1'ensemble {**I?GT} d'énon-~
&s d L* = U,

ces ans YeT ¥

2) Si ¥ est comme en 1), on note ¥! 1'énoncé
3 - 4 9 n _
WAV ) C VR Ty ey Wz ez (OGN, 2)) — A (y=z)).

Si T est une théorie, on note T! l'ensemble {¥!lVYeT}.

Si M(T) désigne la catégorie dont les morphismes sont les
homomorphismes entre les modéles de T, on a un foncteur oubli

OT*: M(T*)— M(T) évident qui fait commuter
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*
M(T*) —F— M(T)

G\‘/G
o G* et G sont les foncteurs oubli dans la catégorie des ensem-

bles. La proposition suivante généralise le théoréme 8 de DJ et

se démontre sans grande difficulté.

Proposition. Soit T un ensemble d'&noncés négatifs, d'énoncés

positifs et d'énoncés universels. Alogg_OT* egt un isomorphisme

si et seulement si T = T! et T est préservé sous les factorisations.
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A NON COMPACT DIFFERENTIABLE SEMIGROUP ARISING FROM AN
ABSTRACT DELAY EQUATION

EUGENIO SINESTRARI

Presented by D.V. Atkinson

0. Introduction

In this paper we want to summarize recent results ((5]) on
retarded equations in Banach spaces and prove some theorems con-
cerning the associated solution semigroup. The same problem has
been studied in Hilbert spaces in [1] and has applications to
parabolic partial differential equations with delays in the

highest order derivatives.

1. Notation

Let E be a Banach space with norm |||l and A:DA C E+E the
generator of a.bounded analytic semigroup T(t) in E. DA will be
endowed with the graph norm. For each o€ 10,1( let JUs~define the
following intermediate spaces between D, and E (see e.g. [4]):

Dy(a,e) = (x€E, lixll, = sup 1t 1 CAT () x| <=}
) ¢ t0

D,(a) = (x€E, lim £ 7CAT(t)x = O}
A . £+0
with norm |lx||+||xl|°. We have DACDA(")C DA(u.n). If a,bER and

X is a Banach space then B (a,b;X), C(a,b;X) and Ca(a,b;x) are
the usual Banach spaces of functions from fa,b] to X which are
bounded, continuous and a-holder continuous respectively. We will
use also the little-holder continuous functions' space h°(a.b;X)=
=tuifa,p] - X; lim  sup [t-s| ®Hlu(t)-u(s)||=0} with the norm

of c%(a,b;X) (see [3]7. If n €N the spaces c™° (a,b;X) and
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n™*%(a,b;X) have an obvious definition. Finally W '}(a,b) is the

usual Sobolev space of functions u from [a,b] to C.

2. Abstract delay equation

Let A ,A,€L(D,,E), a€L'(-r,0) and let f and y be defined
in {0,T] and [-r,0] respectively. For the delay equation:
u'(t)=Au(t)+A,u(t-r)+ 12 a(e)Au(tse)desf(t) , 0 <t <T
(2.1)
u (t)=y(t) » -r 2t <0
the following global existence, wuniqueness and regularity re-

sults can be proved:

Theorem 2.1 Given fe C%(0,T;E) and yeCo(-r,O;DA) satisfying:

(2.2) y* % Ay(0)+A,y(-r)+ £] a(e)A,y(0)de+£(0) €D,(a,=)

there exists a unigque solution u of (2.1); moreover uw€c*(-r,T;
D,) nct*®(0,7;E) and u'€ 8(0,T;D,(a,=)). If in addition f€ h®(o,
T;E), yeh®(-r,0;D,) and y*e D,(a) then we have also u €h®(-r,T;
D,) Anh'**(0,T;E) and u' €C(0,1:D,(a)). Finally there exists C>0
depending on o,a(-), A and A2 such tha

ull

l+a + lla']]

a : ) 2 =
c®(0,T;D,) NC” (0, TE) B(o/knDA(G'“))

*
<C ‘"f”c"(o.'r;E)"”y”c"(-—r,o;DA)*"y I\DA(O,Q)) .
l+a l+a

Theorem 2.2 f fecC (0,T;E) and y €C (-r.O,DA) satisfy

the conditions

y'(0) = Ay(0)+A y(-r)+ f2 a(e)A,y(e)de+£(0)
y** 2 AY'(0)+A y'(-r)+ £ ae)A,y’ (0)de+f'(0)€ D, (a,=)

then the solution u of (2.1) is such that u GCI” (—r.'l‘;DA) (a}

© ¢?**(0,T5E), u" €5(0,T;D,(a,=)) and for each t €(0,T]

u"(t) = Aut(t)+A ut(t-r)+ 72 ale)A,u' (tre)doss" (t) .
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1+o( l+a

If in addition feh
then we have also ue€ hlm (—r.T:DA) Nnh
DA(u))-

The proofs of these theorems are based on maximal regu-

0,T;E),yeh

(—P.O;DA)and y™e DA(a)
2+a

(0,T;E) and u”& C(0,T;

larity results for the problem u'(t)=Au(t)+£(t),0< t<T; u{0)=u,
when £e€c®(0,T;E) (see [4], [51).

3. The solution operator semigroup

Let us introduce the Banach space
Z = {yeh®(-r,0;D,) ; y* = Ay(0)+A y(-r)+!° a(e)A,y(e)dee D,(a)}
A 1 -r 2 A
with the norm
= *
Wyl = 1l Yilne r,0i0,)* 1" Wp ()
As from theorem 2.1 we deduce the existence in [-r,+=] of a u-

nigue solution u of (2.1) with f = O, the solution operatcr semi

group S(t) : Z+-2Z can be defined for each t > O as follows
(3.1) (s(t)y)(e) = uit+s) , -r<e<O

Theorem 3.1 S(.) is a strongly continuous semigroup in Z and

its generator A is given by Ay=y' for y eDA= {y eh““(—r.O;DA);

¥'(0)=Ay(0)+A, y(-r)+S7a(e JA, y(o)do sy *3ay* (0)+A y' (-r)+ 10 alo} -
Ay (e)de €D,(a)}.

The use of the little-hslder spaces is necessary 23 prIve
the continuity of S(*). Moreover to characterize DA we can apply
the regularity result stated in theorem 2.2.

It is known ([6)) that the study of the spectrum o (7A) is
useful to study the asymptotic behavier of S( -)y and hence of
the solutions of (2.1) if sup (Rz;z €0 (A)} coincides with the
type of S(+3; this is true e.g. when S(-) is compact or differ-
entiable. But the next theorems show that in general this is not

the case.
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Theorem 3.2 If A€ L(E), A =yA with yER-{O} and A_=0 then S(:)

1
is not compact nor differentiable.

2

Proof Let us observe that if » €C, y €D, and Y€ 7 satisfy ay-

-Ay = y then necessarily x=y(0) G DA and
0 -8)=-
(3.2) y(e)=ex X + !: ex(o s)y(s)ds . -r<e<o0

-A(r+s)

(3.3) rax-(1+ve *T)Ax = §(0)+v Lg e Ay(s)ds

Now the set r of the solutions A of l+ye *F=0 is given by ir=a*+

+ 127K K ez where wo18LYl ie 0 and ,‘-J_Ex"_*l + 1 ; if y> O.Let

iy

us choose now A €T and §(t)=e”(xo a7t w (-r <t <0) with 2  in
the resolvent of A and w¢ DA: it is easy to verify that equation

(3.3) cannot have a solution x€ D, therefore \ belongs to o(A).

In addition if A &T and x40 then,Asetting y=0 in (3.2)-(3.3) we
get x=0: so that y =0 by virtue cf (3.2). In conclusion there
exist elements of o(A ) which are not eigenvalues: hence S(.) is
not compact (see section 2.2 of [2)). Moreover the location of T
in the complex plane proves the nondifferentiability of S(+) by

virtue of Pazy's theorem ([2]), pag. 54).
Theorem 3.3 If A €r(E), A =0, A_=A and a(e )=a#0 then S(-) is

1
noncompact.

Proof If we proceed as above we must replace (3.3) with

2

(3.4) x -(i+a 5‘:_ e*ds)ax = §(o)+a£ie”de;°e"sA§r(s)ds
It can be proved that there exist A #0 such that 1+a£gex°de=0:

moreover by choosing the same y as above the proof can be com-
pleted.

We want to show now that if we have only a distributed de-
lay term with a more regular density a (.) then the semigroup

S(.) is differentiable:

Theorem 3.4 If A,=0 and a(-) ew'''(_r.0) then S(t) is differ-
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entiable for t>r.

Proof Our result will be demonstrated if we prove that S{r+c)y
] DA for each ¢ > 0 and y€ Z. This means that the solution u of
u'(t)=Au(t)+ s° a(e)A u(tes)de , t>0
-r 2 -
(3.4)
u (t)=y(t) -r <t'<0
must verify the following conditions

(3.5) ue h1+°(c,¢+r:DA)

(3.6) u'(r+e) = Au(rsc) + i?- a(e)A u(r+e+0)de
(3.7)  Au'(r+e) + £7 a(e) Aju'(r+ess)do €D,(a).

Setting g(t) = £: a(e)Azu(t+o)deJ t >0 it can be proved that
g Eh1+°(O,T;E) for each T>0: as (3.4) implies that u(t):eAty(0)+
*'Q: eA(t-s)g(s)ds, t >0, by using theorems 4.1, 4.2 and 4.3 of
(4] we get (3.5) and that u"(t)EDA(u) for t>0: but from (3.4)
we have u"(t)=Au'(t)+ i: a(e)Aau'(t+e)de and so (3.7) follows.

Finally (3.6) is a consequence of (3.4).
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ON PROJECTIONS OF REAL ALGEBRAIC VARIETIES

C. Andradas and J.HM. Gamboa

Presented by P. Ribenboim

Abstract. It is shown that any closed semialgebraic set whose
Zariski-closure is irreducible is the projection under a finite
map of an irreducible real algebraic set (theorem 1.4). Some

applications are given.

§1. The main result.

Let R be an arbitrary real closed field. Given an irredu-
cible real algebraic set V C Rn, we denote by p its ideal in
R[Xl,...,xé] and by Vc its set of central points -i.e. the
closure of the regular points of V . We work always wich.the
order topology of R". Finally, let 7 stand for the projection
into the n first coordinates.

1.1. Lemma. Let f ...,fp be polynomials in R[xi,...,xn].

1,
Then for any ‘xl,xz € R, 0 < Az < Al’ the set of zeros W

of the polynomial F(T,X) € n[xl,...,xn,T],

. e
- 2 20m2_ (T2 20m2_
F(T,X) = Qf (T =X, £,0-QT3 (TR0 £, )-(T X2F1)i52T (T2-2£,)Q;

n

satisfies 7: § + R is Finite and

sy = (£, 2 0}\)...U(fp >0},
where
p-1
Q(T,x) = It (r?*-t.) and
i=2 .

Q(T,X) = Q(T,X)/(T?-F;)

(i=2,...,p-1)
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Proof. See [A-G]

1.2. Proposition. Let fi""’fp be polynomials in R[xl....,xn].

Assume that the semialgebraic set

s =V f\((fl 2 0}V...V ffp > 0}) is Zariski-dense in V.

Then there exists an irreducible algebraic set WC Rn+1

such that m: W +» V is finite and mw(W) = S.

Proof. By using Bertini's theorem (cf. [H], p.255) we prove that
1’X2 in 1.1 can be chosen such that W = ® N (V x R) is
irreducible.

A

1.3. Definition. ‘A semialgebraic set S cC R" is called irredu-
cible if the smallest algebraic set which contains it is

irreducible,

Let S C R" be an irreducible semialgebraic set. S can be

written in the form, see [A-G],

S = (s

lh ...ﬂSm) nv

where V is the Zariski closure of S and

S, = {f

i 15 2 0tV U{E 20}, fLo € R[X ,..0X ],

p1
for all (k,i) € (1,...,p} x (1,...,m}.

Then by a repeated use of Bertini's theorem and induction

on m we manage to prove:
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1.4. Theorem. Let S C R™ be an irreducible semialgebraic set.

Let VC R® be the Zariski-closure of S. Then there exist

a positive integer m and an irreducible algebraic set

WC R™*™ such that:

(1) w: W+ V is finite

(2) n(W) = S.

1.5. Remark. Notice that the condition of the irreducibility of
S in theorem 1.4. is necessary. Indeed, it is immediate to cheek
that no irreducible real algebraic set can project onto

s = {(x,0): x &8 R}U {(0,y): y € R} C R,

1.6. Remark. For applications to the space of orders of function
fields it is convenient to observe that ;n'case S = g ~-where
both closure and interior are taken in V- we can conclude that
n(Wc) = §. This follows from the finiteness of m 'by using [B].

p.- 170.

§2. Applications.

Let K be a function field over R. We denote by X(K) its

space of orders endowed with Harrison's topology.

Given any formally real extension E of K, we consider the

restriction morphism € defined by
€: X(E) » X(K): P » P N K.

A subset y of X(K) is called clopen if it is open .and closed.

Our first application answers a question proposed in [E-L-H]:
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2.1, Theorem. Let Y be any clopen subset of X(K). Then there

exists a finite extension E of K such that Y =. im €.

Proof. Take a non singular model V of K and consider the semi-
algebraic subset Y" of V associated to Y according to [D-R].

Then 2.1. follows from 1.6. and theorem 2.10 in [D-R].

Next we state theorem 1.4 in terms of the real spectrum of

real finitely generated R-algebras (see [C-R]).

2.2. Proposition. Let A be a real domain, finitely generated as

R-algebra. Let C be a constructible get of SQgcRA with non=-

empty interior., Thani there exists a real domain B, integral

over A, such that ¢ = jﬁ(SpecRB).

Proof. The result follows from 1.%. from the one - to-one
correspondence (proved in [C-R]) between constructible sets of

SpecRR(V] and semialgebraic subsets of V, for'a model V of A.

We end by showing how theorem 1.4. can be used to produce

"exotic" real irreducible algebraic sets.

2.3. Proposition. For any natural numbers n,p, there exists an
. y n+ »
irreducible non-singular real hypersurface in " 1(IR) with

p equidimensional connected components.

Proof. Take p disjoint closed balls B ..,Bp of R™. After a

1

careful choice of the centers and radius, it can be checked that

the hypersurface W of 1.2. which projects onto S = Blu ce sV Bp
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verifies the requested conditions.

2.4, Proposition. For any finite increasing sequence of non-.
negative integers s, < sy <...< s there exists an irredu-
sr+1

cible real hypersurface W CR with pieces of dimen-

sions CE PR (and no pieces of other dimensions).

Moreover, if s, > 0, W can be chosen connected.

s
Proof. We take the closed ball B in R © of radius 1 centered at

b = (0,...,0,1) and, linear subspaces Lo""’Lr-l of dimension:
so,...,sr_1 respectively and transversal each other.
- If 25,1,...,£j’sp_sj are the linear forms which define Lj'
; = -(22 2
we set fj (R.j‘1 + oee. t zj'sr_s_) and
]
= - w? . R _ _1)2
£.=1 X3 5 % XS 4 (xs 1)“. t
r r
Then: N
$=BULVU...UL = (f 20}V...U{f 2 0}
sr+1 .
So the hypersurface WC R in proposition 1.2 projecting

onto S satisfies the requested conditionms.
For the moreover.part it is enough to take into account that

fo(O) = ... = fP(O) = 0. Then from the very definition of F in
s

1.1., the unique point of W which projects onto 0 € R *is
(0,0).
2.5. Remark. llotice that 2.3 and 2.4 remain valid. for any real

closed field R if we define a semialgebraic set S C R" to be

connected if it is not union of two disjoint and non empty open

.
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semialgebraic sets (see [B]).
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ON_t-CLOSURES

Takasi SUGATANI and Ken-ichi YOSHIDA

Presented by K. Murasugi

Let R be a Noetherian integral domain with field of quotients K, and assume
that the integral closure R in K, is finite over R. Let A be a subring
between R and R. In [5], Traverso defined the seminormalization ;R of R
in A as follows; ;R ={aeA: ap'e Rp + J(Ap) for all p e Spec R }, where
J(Ap) is the Jacobson radical of Ap. Then he proved that the ring ZR is char-
acterized as the greatest subring B between R and A which satisfies the fol-
lowing two properties: (1) The contraction map Spec B » Spec R is an injection.
(2) For al1 P e Spec B, k(PnR) = k(P). Then it follows that R is seminormal
in A (i.e., R= ;R ) if and only if R is (2,3)-closed in A (i.e., whenever
a e A satisfies that az, 33 e R, then aeR) [2].

In [3], local quasinormality is defined, and it is proved that the following
statements are equivalent: (i) R 1is locally quasinormal in A. (ii) R is
seminormal and locally u-closed in A. (iii) R is t-closed in A. ([3, Cor-
ollary 2.13] and (4, Theorem 1}).

The aim of this note is to define t-closure, and to characterize it just by

condition (2) in the characterization of seminormalization.

We recall some definitions and notation: Llet R, A, R and ;R be as above.

For a e A, we say that the element a satisfies the condition (t;R) if both
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az-ra and a3-ra2e R for some r e R. We say that R is t-closed in A if

whenever a e A satisfies the condition (t;R), then a e R. We say that R is

2 3.2

u-closed in A if whenever a e A satisfies both a®-a and a"-a" e R, then

aeR. And R is called locally u-closed in A if Rp is u-closed in Ap
for all p e Spec R. Let MPic(R) denote the cokernel of the map Pic(R) -
Pic(R[X,1/X)), where X 1is an indeterminate over R. Then we say that R is

quasinormal in A if MPic(R) » MPic(A) is injective. And R is said to be

locally quasinormal in A if Rp is quasinormal in Ap for all p e Spec R.

In this notation, if A = R, we simply say, for example, that R is t-closed
instead of saying that R is t-closed in R. Here it should be noted that if

R is normal, then MPic(R) =0 [1, Corollary 5.10], therefore an integral domain
R is quasinormal if and only if Pic(R) = Pic(R[X,1/X]). Let RR denote the
intersection of those subrings B between R and A, such that B is t-closed
in A. Then clearly, RR is the smallest subring which is t-closed in A, so we

call this ring the t-closure of R in A.

Now we define subrings Ri of A, i=0,1,..., as follows: Put R0 = R.
If a e A - RO satisfies the condition (t;Ro), then we put R, = Ro[a1]. If
a, e A - R1 satisfies the condition (t;R1). then we put R2 = Ry[a,1. Inductively,
if a;eA-R,, satisfies the condition (t;Ri_1), then we put R, =R, ,[a;].

Then this procedure will stop at some Rn‘ Put R, = Rn. It immediately follows

that the ring R, is the smallest t-closed subring between R and A. Thus "
Ry = jR.
REMARK.  The argument mentioned above shows that the t-closure RR can be obtained 5

by adjoining a finite number of elements ai,...,an e A to R, as above. And

Ry = KR is independent of the choices of such elements a;.
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For aeA and P e Spec A, we denote by a(P), as usual, the image of a in
the residue field k(P) of P. Put C={aeA: a(P) e k(PnR) for all Pe
Spec A }. Then we have the following theorem, which gives the characterization

of the t-closure stated in the first paragraph.

THEOREM 1. Let the notation be as above. Then the rings R, and_C_coincide

with :R. Therefore the t-closure of R in A is the greatest subring B
between R and A such that k(P) = k(PnR) for all P e Spec B.

Proof. We have already seen that R, = :R. So it remains to prove that

Cs= :R. We first show that C s t-closed in A. Let a e A satisfy the
condition (t;C): az-ca, a3—ca2 e C for some c e C. Now suppose, for contrary,
that a(P) ¢ k(PAR). Then, in particular, a(P) # 0. It can be seen that
a(P)-(az-ca)(P), (az-ca)(P) e k(PnR), and a(P)-(a-c)(P) = 0. Therefore a(P)

= ¢(P), and so a(P) e k(PnR), the desired contradiction. Thus C is t-closed

in A, and hence C > KR. Secondly we show the reverse containment. For this
purpose, we recall a theorem of quasinormality [3, Theorem 2.12], which asserts
that there exists a sequence of rings A = F0 > F1 S e D Fd = RR such that
for each i, 1sisd, Fi is locally quasinormal in Fi-1’ and each q e
AssFi(Fi_1/F1) has a unique lying-over prime ideal Q in Fi~1‘ From this

one can see that F. = { fe Fiog ! f(Q) e k(q) for all QnFi =qe AssFi(Fi-i/Fi)}
(see, [6, Theorem 2.10]1). It then follows that F, > C for all i, 1sisd,
since for ceC and Qe Spec F, , with QnF; , =qe AssFi(Fi-llFi)’ as Q
being unique, we have that for some P e Spec A with PnF. , = Q, c(P) e k(PnR)
= k(gnR), and so c(Q) e k(q). Thus we have that C c ;R. The final assertion

is now obvious. The theorem is completely proved.
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As noted in the second paragraph, for a normal domain R, MPic(R) =0 [1,

Corollary 5.10]. Hence we obtain the following.

THEOREM 2. For a Noetherian integral domain R with R finite over R, the

following statements are equivalent.

(1) R__is locally quasinormal.
(2) R _is t-closed.

(3) R is seminormal and locally u-closed.

(4) There is nosubring B between R_and R other than R itself for which

the folllowing property is satisfied: for every P e Spec B, k(P) = k(POR).

We complete this note by giving an example of a sequence of rings such that

R=‘Rg Rk

EXAMPLE. Let k[X,Y] be a polynomial ring over a field k in two indeterminates
X, Y. Let p be the prime ideal in Kk[X,Y] generated by the element Yz-x.

Put C=kiX] + p and R = k[X>-X, X>-X?] + p. Then R = kiX,¥], and C={ a

e R : a(p) e k(X) }, therefore C is t-closed. Further, the conductor c(C/R)
from C to R, is the ideal (XZ-X,X3-x2)C + p. Then passing to the residue rings
C and R modulo c(C/R), we see that R 1is seminormal in C. Hence R is

seminormal. Thus R="RgC= tr 1.8

G
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POLYHEDRA WITH TRANSITIVITY PROPERTIES *
Branko Crunbaum and G.C. Shephard
Presented by H.S.M. Coxeter
ABSTRACT

We investigate polyhedra in 3-dimensional Euclidean
space which are homeomorphic to embedded manifolds
and have groups of symmetries that act transitively on
their faces, edges, or vertices. The most unexpected
result is that the vertex-transitive polyhedra can have
positive genus.

Polyhedra in three-dimensional space have been studied for
thousands of years and particular attention has been paid to those
polyhedra which are highly symmetric. One way in which the sym-
metry properties can be described is by means of the transitivity
classes of elements such as vertices, edges or faces. For example,
the wuniform polyhedra can be defined as those polyhedra whose
faces are regular polygons and for which the symmetry group is
transitive on the vertices; the regular polyhedra or Platonic solids
can be defined as those polyhedra for which the symmetry group is
transitive on the vertices, on the edges and also on the faces. It
should be noted here that we are using the word polygon in the
sense of a simple closed curve which is the union of a finite number
of line segments; the closed bounded plane set having such a curve
as its boundary will be called a polygonal region. If the line seg-
ments are disjoint except for their endpoints and no two consecu-
tive ones are collinear then they are called the edges and their
intersections are called the vertices of the polygon and of the
polygonal region. A polyhedron is the union of a finite number of
polygonal regions which form a manifold without boundary and the
three-dimensional set bounded by such a manifold is called a
polyhedral solid. If the polygonal regions are disjoint except for
their edges, and no two adjacent regions are coplanar, then they
are called the faces of the polyhedron. Thus we are excluding from
consideration the Kepler-Poinsot polyhedra and other stellated
polyhedra in which either the polygons defining the faces or the
polyhedron itself have self-intersections. For simplicity we shall

:Rgaeurchmpported by the National Sci Foundation grant XCS8301971.
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use descriptions such as convex, star-shaped etc. for polyhedra
and polygons though strictly speaking they refer to the
corresponding polyhedral solids or polygonel regions. In either
case, of course, the condition of being star-shaped does not pre-
clude convexity.

The isogonal (=vertex-transitive) polyhedra and the isohedral
(=face-transitive) polyhedra have been studied by many authors,
mathematicians and crystallographers (see, for example, Hess
[1883], Fedorov [1885], Briickner [1900], Buerger [ 1963], Robertson
& Carter [1970], Grinbaum & Shephard [1981], [1982]). However,
in all these cases the treatment was needlessly restrictive due to
either implicit or explicit assumptions such as that of convexity, or
the mistaken belief that it is enough to determine the polyhedra of
one of these kinds for those of the other kind to be automatically
obtainable by "duality”.

Our results include the following:

Theorem 1. Each isohedral polyhedron is star-shaped and has
star-shaped faces.

Examples of isohedral non-convex polyhedra are shown in Fig-
ure 1.

Theorem 2. Each isotoxal (=edge-transitive) polyhedron is
either isohedral or isogonal, and is convex.

Theorem 3. Each isogonal polyhedron has all its vertices on a
sphere and all its faces are convex.

The theorems imply that the isohedral and isotoxal polyhedra
must be of genus 0, but there is no such implication for isogonal
polyhedra. In fact, the following is true.

Theorem 4. Non-convex isogonal polyhedra of genera 0, 1, 3, 5,
7, 11 and 19 exist.

These seem not to have been described previously although iso-
lated examples have occasionally been considered in other con-
texts; see, for example, Wunderlich [1965], Jessen [1967], Goldberg
[1978].

The nonconvex isogonal polyhedra of genus 0 have the same
combinatorial structure as the convex ones, and can be obtained
from these by suitably "twisting” certain sets of faces while the
other faces may have to be stretched or otherwise modified so as
to conform. In Figure 2 we show examples of such polyhedra.

To construct a family of isogonal polyhedra which are toroidal

(that is, of genus 1) we start from a non-convex n-gonal isogonal
antiprism with n 2 7. This is obtained from the usual convex

%
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antiprism by twisting one of the n-gons relative to the other; it
must be such that the only edges on the boundary of its convex
hull are the 2n edges of the two n-gons. We delete these n-gons and
complete the polyhedron by combining the remaining mantle of
triangular faces with the mantle of its convex hull; depending upon
the twist that was imparted to the n-gons the outer mantle may be
prismatic (with n rectangles) or antiprismatic (with 2n triangles).
Other toroidal isogonal polyhedra can be obtained by taking as the
outer mantle that of a suitable non-convex antiprism as well. The
resulting polyhedra have either six triangles, or three triangles and
" two quadrangles, meeting at each vertex; examples are shown in
Figure 3.

A similar construction yields the isogonal polyhedra of higher
genus. For example, for that of genus 5 we start from a non-convex
isogonal polyhedron P of the same type as the snub cube (see Fig-
ure 2), with the property that the only edges on the boundary of its
convex hull are those of the six square faces. We then delete these
square faces and complete the polyhedron by adjoining the tri-
angular faces of the convex hull of P. See Figure 4 for the resuiting
polyhedron.

The other isogonal polyhedra of higher genus can be obtained
from the snub tetrahedron (genus 3), the snub octahedron (genus
7), the snub dodecehedron (genus 11) and the snub icosahedron
(genus 19), by an analogous construction.

A more complete description of the various polyhedra with
transitivity properties requires an appropriate definition of “type".
The most sensible one seems to be based on the convexity
behaviour at the edges and vertices. Details will be presented in a
later publication.
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Figure 1.

Figure 2.
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Figure 3.

Figure 4.
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A HURWITZ TYPE FORMULA FOR SINGULAR CURVES

Nadia CHIARLI

Presented by P, Ribenboim

Summary. The classical Hurwitz formula for finite, separable
morphisms of non-singular curves, is extended to the singular
case. Applications are given to rank computation.

The aim of this hote is to extend the classical Hurwitz
formula for finite, separable morphisms = : X + Y of
non-singular curves, to the case when X is singular.

The main result is the following: if P,(X) is the
arithmetic genus of X , g(Y) the genus of Y and d the
degree of n , then

Zpa(X) - 2 =d(2g(Y) - 2) + deg R
where R is the discriminant divisor associated with =
(th. 2). If X is non-singular, this gives the classical
Hurwitz formula.

As an application we determine the rank of a curve and
an upper-bound for the number of singular points it can have

(under suitable assumptions).

NOTATIONS AND ASSUMPTIONS

Let X , Y be two complete, irreducible curves over an
algebraically closed field k , with Y non-singular; let
m: X+ Y be a separable morphism of degree d and denote
by v : X+ X the normalization.

p (™)

If o=mo0v, let (resp. D(c)) be the
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discriminant sheaf ideal associated with = (resp. o)
and let R be the divisor on Y associated with v(")

(For definition and details on the discriminant sheaf
ideal associated with a morphism see [1]).

Finally, if Q is a closed point of Y and v is the

valuation associated with the D.V.R. Oy Q denote 4
2

VQ(O) = vQ(DédJ) (resp. vQ(n? = vQ(Dé"))) ; hence

¢

deg R = I v,(%)
QeY

Q

MAIN RESULT

LEMMA 1. Let Q be a (closed) point of Y and let

BQ (resp. Bb) be the semilocal ring corresponding to
o_l(Q) (resp. ﬂ_th)) g
Then:

i) p,(X) - g(X) = QﬁY length (BQ/Bé)

ii) T vQ(o) = I (els - 1) , where qp is the

ramification index of OX - with respect to o .

PROOF. 1) follows from [8], p. 72.
ii) It is z VQ(O) = I f (e - 1) (see [7] prop. 10,
QeY PeX P P
a(P) = Q
pP. 26), but £ = [k(m) : k] =1 for all PeX (where m_
P P P

is the maximal ideal of BQ corresponding to P ), and our

claim follows.
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THEOREM 2. Zpa(x) -~ 2 =d[2g(Y) - 2] + I v (m) .
Q
QeY

PROOF. o : X = Y is a separable morphism of degree d ;
hence, by the Hurwitz classical formula and lemma 1 ii) it
follows

2g(X) - 2 = d[2g(Y) - 2] + I v
QeY

Now, by [3] 1.1, VQ(n) = 2 length (BQ/Bé) + Vv

(o)

Q(0) and the

claim follows from lémma 1 i).
SOME APPLICATIONS.

Through this section we assume char k = 0 .

Recall that, if X i

is a complete, irreducible
curve, the rank of X is the non-negative integer
rk X = # tangent hyperplanes to X through a generic Pr'z

= # tangent lines to X meeting a gencric Ppr?

A non difficult computation of constants shows that we may
choose a PF~? , say L , such that LAX =@ and L is not
contained in any of the osculating hyperplanes to X , in any
of the multitangent hyperplanes to X , in any of the tangent

hyperplanes to X passing through a singular point of X .

From now on, we will assume that L is as above and Y
is a line such that YNL = YNX = @ ; we will assume also
that n : X + Y is the projection from L . Thus = is a
separable morphism of degree d , where d is the degree of

X .

PROPOSITION 3. rk X = Zpa(X) -2+ 2 - QE ; val(n) .
€1Xsing)
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PROOF. By our choice of L it follows that I v.(w) =
QeY Q
= QES VQ(HJ + QET VQ(ﬂ) where S = {QeY|(L , Q)r\xsing # 9}

T = {QeY|(L , QN X =@ and (L, Q) is tangent to X}

sing
((L , Q) denotes the hyperplane determined by L and Q).
Since z vQ (n) = rk X , our claim follows from th.2.

QeT

In some cases it is easy to compute I vQ(nJ , hence,
QeS
from prop. 3, rk X , as shown by the following.

PROPOSITION 5. Let PeX be an s-fold point, Q = w(P)

sing
and put A = OY,Q , R = OX,P . Then:

i) if endim R = 2 , then vQ(n) = ILsils;-1)+I(v -1),

i a
where the first sum is extended to P and to all its

infinitely near points, while the second sum is extended to

all the branches of X at P , the va's being the

corresponding orders.

ii) if gr(R) is the affine coordinate ring of s 1lines in

Ar‘l in generic (s-1) and s position, then
d0 +T
va(m) = 2sd, - 2( ) , where d is the least integer such
Q 0 r+1l .
d . +r
that s < (0 ) . (For definition of (s-1) and s

r
position see [4] p. 119).

PROOF. By [3], 1.1. VQ(ﬂ) = 2 length (ﬁ/R)<+vQ(o) (where
—_-denotes the integral closure).

i) Since R is Gorenstein, then 2 length (R/R) =
length (R/b) where b is the conductor; now, it is well

known that length (R/b) = I s;(s;-1) (e.g. apply [s1,
i

U
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cor. 3.12). Moreover we have vQ(o) = Z(vu- 1) (see proof of
o
lemma in [2]).

ii) From [6], th. 4.2 and th. 4.4 it follows that gr(R) is

d
reduced and the conductor of R in R is m 0 , Where m is

the maximal ideal of R ; moreover ([6], p. 92) gr(R) =gr(R) .
An easy computation shows that length (R/R) =

= length (gr(R)/gr(R)) , and our claim follows by [4], prop. 6.

REMARK 6. When r = 2 , prop. 4 and prop. 5 give the classical

generalized Pliicker's class formula (see [2]).

EXAMPLE 7. Let r =3 and let X {t triple seminormal

sing
points}. What is an upper bound for gt ? Since condition ii)
of prop. S5 is satisfied, then, for ever QeR ,

d0+3 .
vQ(n) = 6d0- 2( 2 ) , with do =1 ; so vQ(n) =4 , and,
since rk X > 0 , we get, from prop. 3, t_g%[pa(X)- 1+d] .

REMARK 8. If F is a surface of degree n in P3 , with §

ordinary double points as its only singularities, and G is the

s with respec to F , then

first polar of a generic point of P
the complete intersection of F and G 1is a curve X having
just & nodes as its singularities ([9]). Therefore, in this
case, we have

tk X = dn(n - @0 -5 -2+ 22 - 1) - 28
Viewed another way, if we know a lower-bound for rk X , the
formula allows us to determine an upper-bound for 6 ;

unfortunately, the trivial inequality rk X >0 gives a loose

upper-bound for & (see [9]), but it is challenging to search
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for a non-trivial lower-bound for rk X , depending on n .
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ON VARIETIES OF 3-ALGEBRAS

Giulia Maria Piacentini Cattaneo

(*)

Presented by P. Ribenboim

1. Introduction

Let V be a variety of algebras over a field F satisfying the condition that
there exists an integer n22 such that if R belongs to V and I is an ideal of
R then I” is an ideal of R. Such varieties have been called n-varieties by
Zwier [11}. All algebras belonging to an n-variety are called n-algebras. Many
authors have studied n-varieties for n=2([1}, [2], [3], [4}, [7], [8], [9] and
[11]).Examples of 2-varieties are associative, alternative and Lie algebras.
A variety V of algebras is a 2-variety (see [2]) if and only if all algebras

of V satisfy the following two identities:

. = . . » L Add Al - -
xyez ,2% y+azxz y+u3y 2X+0, y xz+a57y x+usy7 x+u7x zy+a8x yz
zeXy = 61zx'y+Bzxz'y+83y'zx+Bay'xz+Bszy-x+Bsyz-x+B7x-zy+Bex-yz

where the a's and the B's are assumed to be in F. 2-varieties have been
completely classified in [7].

In this paper I study n-varieties for n=3. Examples are Jordan and standard
algebras. Such varieties (see [8]) are defined by four degree four identities
each of which depends on 72 constants. The only thought of this huge number
of parameters would discourage anybody from undertaking the task of studying
these identities. But the matrix technique ([5] and [6])that we have been using
in several occasions and in particular in the classification of 2-varieties
allows one to keep computations under control, since it allows to find a
standard way for representing identities and a straightforward way to compare

and classify them. Moreover, this technique allows to handle the problem by

(*) This wark was supported by the G.N.S.A.C.A. of the Italian National

Research Council.
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making use of the computer, because, as we will see shortly, it enables to
translate the problem of recognizing a 3-algebra to a very simple problem of

linear algebra. Full details and proofs are forthcoming in [10].

2. Matrix representation of a 3-variety

Let R be a nonassociative algebra defined over a field of characteristic
not 2 or 3. The fact that R is a 3-algebra amounts to saying that there exist
288 constants u1,..., u72,81,..., 872.Y1..... Y72,61,..., 672 such that the fol-
lowing set of four degree four identities hold. We shall write the four
defining identities in Table I in the next page. Table I should read in the
following manner. There are five different types of association in a degree
four identity; (x1x2)(x3y), (x1x2°x3)y. (x1'x2x3)y. x1(x2x3'y) and x1(xz-x3y).
Each term of the identity appearing in one of these forms is set under the
corresponding heading, which is respectively: RR.RR, (RR.R)R, (R.RR)R, R(RR.R)
and R(R.RR). The left column of the table indicates what permutation of the
four elements X xz, Xg and y is being considered. The four columns o
Bi' Yi and 61 under each heading give rise to the four different identities.

Of course, Table I is only a different way of writing the four identities
stated in [8]. Writing the identities in the form of Table I allows one to use
the group representation technique stated in [5] and [6]. If char F # 2,3, the
group algebra an is isomorphic to the direct sum of matrix algebras over F,
FSf FeFe szz ¢ Fz.xs 4 sts'
The isomorphism is given for instance in [6], page 55. Every degree four
identity may be written therefore in the form

RR.RR @ (RR.R)R @ (R.RR)R @ R(RR.R) @ R(R.RR)

*
™) e, g, &5 &, 8s
where each 8, (i=1,...,5) belongs to FSA and so will be of the kind:
f ) i 1 i) . . i
i i i
pi P; a1 82 a3 a1 a2 ay
i i i i i ' ' 2
= i i i
8, (h’) (k) o o|a, a; agle |a ag ag
Pi P1 i i i ' ' '
i i i
3 4 a7 aB ag a, ag ag
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TABLE I

(RR.R)R

-1

@y Bog Vo8 828

a3 B3p Y30 830
5 Bog Y25 025

a5 Bag Yo5 85

7 B2 Yz7 80

059 Bag Yag S5

O35 B3g Yag O35

039 By Yay 3

@y, Bsy Yag O34

O35 Bag Yag S35

03 By3 Ya3 633
0, B3p Yaz 63

(R.RR)R

-1

%1 Bay Yar San

035 B3g Y3g 38

%40 B4 Yao Sao

237 By Y7 837
a3g B39 Y39 O3

%5 Byz Yaz S42

a5 Bug Yag Sus

@3 Bu3 Y3 43
s Bus Yas Sus
g Bug Yea Sug

%7 Baz Yar Sz
s Bus Yoo Saa

R(RR.R)

053 Bs3 Ys3 853
950 Bso Yso S50
asz Bs2 Ys2 852
049 Bug Yag Sug
0g1 Bsy Y1 S5
0gy Bsy Ys4 Ss4

asg Bsg Ysg 58

955 Pss Yss Sss
-1

057 Bs7 Yo7 S57

%0 Beo Yeo S60
0sg Bsg Ysg S59
o5 Bsg Ysg 56

75

R(R.RR)

%; Bs1 Ye1 S61
053 Bs3 Y3 S63

052 Bs2 Yoz %62

05 Bss Yes S65
%4 Bs Yeu Ssa
%5 Bss Yes %6
%a Psg Yea Ssg
% Bep Yes Ss8
%7 g7 Yo7 S67
o9 Bro Y7o S0

-1
o7 Bra Va2 &2

a7 By Y S
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Let us observe that when we fill all array (*) for i=1,2,3,4 we will write the
above matrices vertically instead of horizontally.

This matrix representation determines a mapping from FZBB to F*80 (480=24x5x4
being the entries of the matrices of the above array). Not all fills of these
matrices represent the defining identities of a 3-algebra. The fills of the
matrices which correspond to a 3-algebra lie in the range of the map we have
been describing. One sees that the fill of the first three representations
(i.e. the two 1xl and the 2x2) and of part of representations ®4 and *5 are
arbitrary; the remaining elements of representations #4 and ®5 are determined
by these. Knowledge of the range of this mapping is vital for checking when

some identities are the defining identities of a 3-algebra.

3. Recognizing a 3-algebra

Let R be an algebra defined by a collection of identities of degree four
(or reducible to degree four). The question we are going to solve is the fol-
lowing: is there a quick and standard way which allows one to see if the
identities are the defining identities of a 3-algebra, without having to un-
dertake tedious and difficult manipulations of the identities? We shall use
the same method we have used in [7] for the classification of 2-varieties. The
difficulty in the present case is the huge amount of parameters. Anyhow the
translation of the problem to a matter of linear algebra allows to handle part
of the computations with the help of a computer.

Remember that a fill T of matrices representing some identities is weaker
than a fill T1 if representation by representation the row space of T is
contained in the row space of T1. Two fills T and T1 are equivalent if the row
space of T is contained in the row space of T1 and viceversa. Now, one easily
sees that, disregarding the terms of the form RR.RR (which in fact do not af-
fect a set of identities being or not being the defining identities of a
3-algebra), any collection of degree four identities is equivalent to a finite
set of at most four identities of degree four. If R is any algebra defined by

any number of degree four (or reducible to degree four) identities these are
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going to be the defining identities of a 3-algebra if and only if there is an
equivalent or weaker fill T of the matrices representing the identities which
is in the range. Now, since an equivalent or weaker fill of T is obtainable
multiplying each representation of T respectively by two lx1, one 2x2 and two
3x3 matrices, this new fill is going to be in the range if and only if certain
relations between its elements are true. This happens if and only if a certain
system of linear equations of 192 equations in 384 unknowns is compatible.
Since the matrix of the system is of the kind

{ h]
A0OO
0AO0O0
00AO0
000A

where A is a 48x96 matrix, the task before us is not so impossible as one
might at first sight expect, since one needs only to care about a smaller size
matrix.

We have thus proved the following theorem.

Theorem: Let R be an algebra over a field F of characteristic #2, #3, defined

by one or more degree four identities. Then R is a 3-algebra if and only if

a certain system of 192 equations in 384 unknowns is compatible.

4. Conclusions
We will summarize here the steps one needs to undertake by this method:

1) By use of the matrix technique, give a matrix representation of the

identities.

2) Reduce the matrices to row canonical form in each representation: by this
way we obtain a standard form of the identities, which enables to compare
them very easily and to classify them. Most of all, it allows to see if
some identities are redundant.

3) Build the matrix A, which is a 48x96 matrix whose entries depend on the
elements of the matrix representation of the identities.

4) Using the matrix A build a certain system of linear equations that we are

not going to describe here (for full details see [10]). The algebra R is
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a 3-algebra if and only if the system is compatible.
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SOME REMARKS ON THE ORDER OF AN ENTTRE FUNCTTON ASSOCIATED
WITH A SECOND-ORDER D1FFERENTIAL EQUATION, TI.

Angelo B. Mingarelili

Presented by D.V. Atkinson

Let G: [a,b] XC + € where -®<a<b<+® . Assume that G(+,A) ¢ L(a,b)
for each fixed A¢ € . Then solutions of an initial value problem associated
with

'Y"""G(ttx)y =0, te [a,b], (1)

exist and are unique [3].

The question of interest here is the analytic dependence of a non-
trivial solution y(t,A) of (1) upon Ac € for fixed t. The following result

is obtained.

Theorem 1. (a) Let G(+,A) ¢ L(a,b) and 3G/3\(+,)\) ¢ L(a,b) for each fixed

AeC. For cach fixed te [a,b] let G(t,A) be an entire function of ) .

Then y(t,)) is an entire function of A for each te¢ [a,b].

(b) If, in addition to the hypotheses in (a), G satisfies for

some p 0,
t
[ |+ 8EN s - o, o)
a AP

as |A| » 4o , uniformly for te [a,b], then y(t,A) is of order not exceeding

p/2.

This research is funded by gramt ©0167 from the Natural Sciences and
Engincering Rescarch Council of Canada.
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Proof. The technique described in [1, §11.5] may be adapted, with minor

changes, to (1) in order to prove (a).

The proof of (b) is based upon an idea which appcars to have origina-
ted in [1, §8.2]). We nced only sketch the argument. Fix Xe € and let

u(t) = |J\l"|y(t,>«)|2 + |y'(t,x)|2. Then

u'(t) =2|A[P Re{[1+§il':'i%)'] y(r.’\);'(t.)\)} )
and cousequently,

oot <alylly I e8]
Use of the relation (]kIP/ZIy| = !Y'|)2 20 ‘now yields

fur(e)! s A1 %uce) |1.+9|§£-’%')-
A

Thus

log u(t)] s ]Mp/z |l+(i(-t-’l>-l

(4
dt 'Alp

and a quadrature followed by an cxponentiation gives the result

t
u(t) s ¢ exp{|A|p/2 / i1-+gfﬂT%l ds}
A

= 0{exp[(const)|l[p/2} 5
and (b) follows.

This theorem appears to have interesting applications. First, we
note that the Sturm-Liouville equation, (1) with G(t,X) =q(t) - Ar(t),
qsr ¢ L(a,b) is included in theorem 1. Here q,r are not necessarily real-

valued. Theorem 1(h) gives the bound 1/2 for y(t,A). a result which is



A.B. Mingarelli ) 81
clagsical and which, in fact, is sharp,
Another consequence is that the solution y(t,A) of the equation
—y" + (A% + QeI +R())y = 0, &)

under the assumptiovns P,Q,Re L(a,b) is an entire function of order not ex-—
ceeding 1 in the event that fb |P(s)|ds > 0 and of order not exceeding 1/2
otherwise. The former resuI: was also obtained by Langer |6) using techni-
ques which dealt particularly with equations of the form (3). Equations of

the form (3) also arise in mathematical physics, cf. (41, (5]).
Now we note that the generalized eigenvalue problem
~y"+q(t)y= A{i(py) ' +ipy’ ’H\'Y} (4)

is a particular case of a problem considered by Everitt [2]., The assump-
tions therein were p: [a,b] + R, peACloC(a,b); w: [a,b] = R,
weLch(a,b); q: [a,b] * R, qeLloc(a.b). One open problem in [2] regar~
ded the order of y(t,A) as a function of A. Sharp estimates were derived
in [7]. Therein we showed that whenever fb |[p(s)|ds > O the order of y(t,+)
is at most 1 and at most 1/2 otherwise. ¢
However, under the stated assumptions, the change of dependent varia-
ble
' t
y(t) = z(l:)exp{—i)\ / p(s)ds} (5)
a

carries (4) into!

2" + (nz(v.)A2 + w(t)A - q(e))z =0 (6)
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which is an cquation of the form (3). The sharp estimates 1, 1/2 now follow
from the analogous results for (3). Note that the transformation (5) may
be used to obtain information about the spectrum of (4) ‘by reducing the pro-
blem to the study of the spectrum of (6). For example, the spectral function
of (6) was studied by Langer [6) and so more information can be gathered

about the spectrum of (4) than is already known, cf., [2].

Let G(&,0) = ag(0A" + a ("1 + ... +a (D +a (t) where
ai(t) ¢ L(a,b), i=0,1,...,n . Inserting this into (2) and solving the ine-
quality one finds p=n. Consequently the solutions y(t,A) of the correspon-
ding equation (1) are of order not exceeding n/2, as long as
f |ao(s)[ds > 0. It scems very likely that the order is precisely n/2,
z(|he.1:e n21 is integral).

Finally we note that if G(t,A) = sin A, then for each p 20 there
exists a sequence )‘n € € with the property that (2) fails as I)\n! @+,
In this case it is readily verified that y(t,A) is of infinite order. This

shows that (2) is in some sense sharp.
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LEAST SQUARES, TRANSMUTATION,
AND THE MARCENKO EQUATION

Robert Carroll

Presented by D.V., Atkinson

Abstract. It is shown how the general Marenko (M) equation of [ 2;4) arises
as a minimizing criterion in characterizing a certain transmutation.

1. Introduction. Given two operators P and Q of the form Qu = (AQu')'/AQ -
4(x)u on say (0,°) we consider transmutations B satisfying BP = QB (acting on
suitable objects - cf. [ 1]) and we report here on some new directions. Thus one
sees in [7;8] the splitting of spectral measures related to a type of autocorre-
lation of readout data (cf. [11] for the classical interplay of time series anal-
ysis, spectral theory, Krein strings, etc.). In what appears to be a similar
spirit the results of [ 5;6;9] characterize various transmutations via least squares
minimizing procedures (appropriate Gelfand-Levitan (G-L) equations arise as Euler
equations). This development was motivated by some work in [12] (cf. also [10])
and in fact the patterns are strongly related to various work in linear estima-
tion, prediction, and filtering theory (cf. [14;15]). The present note involves
a new result showing that the general M equation of [2;4) also arises in a similar
manner. The technique also provides some new insight into the structure of this

general M equation and the relation between general G-L and M equations (cf. [153)).

2. Background. We take here Pu = u" - q(x)u to be an operator of Fourier type
(on (-=,=)) as in [2;4] (thus q is real, even, positive, continuous, and say
q(x)exp2iix € Ll(O,w)); this is stronger than necessary but convenient. Take Qu
e (Au")'/A - §(x)u (on (0,=)) with say A€ C2, 0 <a<A<K<® A+ A, "rapid-
1y" as x + », A(0) = 1 (which is no restriction), and q satisfying suitable con-

ditions involving e.g. I: (1+x)|q(x) |dx < = (more general Q are possible - cf.
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Q

[1;2;4] - but this is again convenient). For such operators one takes ¥y to be
the solution of (*)Q: Qu = -Azu with -pg(o) =1 and D#S(O) = 0 while Obgl(x) de-
notes the Jost solutions of (’*)Q satisfying 'ng (x) ~ A:’a:p(:ﬂx) as x + @, One
has wg = cQ(A)Qg + cQ(-A)¢$ and (assuming no bound states) the spectral measure
for Q (and upg) is dw = OdA = (1/2n|cQ|2)dA; we set also \l'g = ‘b?/cQ(-X). On the
other hand for P one defines in addition xl; as the solution of (*)P satisfying

xi(O) 0 and D,e(l;(O) = -1, One thinks of vl; and xl; on (~»,») and sets MI(A) =
cp(-\) with M) = 1/203F(\) where x; = (1/210)(FQ)®F, - F(-\)8}}. Then @} =
2MM(AW} - M (A)x}) and one defines T, = 20{M(\)0E + M (A)X}) (s0 2F(x) =
¢:(x)). Setting further p(A) = 1/41XMM1 and AQ}) = —(MMI + M-Ml)/ZMMl ™M =

M(-1)) one has 03 = pEI; + A(bx; (we write also dv = ¥d\ with ¥ = 1/21r|c1,|2.

A
The theory of the M equation revolves around three transmutations P + Q (cf.

P ~ ¥ AP
[1;2;4;13]), namely, B: ¢A -+ wg, B: \l’: -+ ‘&'2, and B: ‘b}. -+ ‘bg.
given respectively by the spectral pairings 8(y,x) =(w§(x) .wg(y) )v’ Bly,x) =

These have kernels

(v’l; (x) ,wg(y) )u.\’ and B(y,x) = (“’g(y) ,wl;(x)/cP(-A) )7«/2" with triangularity B(y,x)

= 0 for x > y while E(y,x) = 0= E(y,x) for x < y. The extended G-L equation of
[1] can be written B = ¥ where ﬁ(x,y) = (npl; (x) ,-p;’(y) )u with du = (Gzlﬁ)dk and
one has from [2;4] 8 =  Hwhere H has kernel H(x,s) = (1/27) [:(Hl(l)/cq(-l))
Bl;(s)d’i(x)p(l)dl (for action s + x and H(x,8) = 0 for x > s, which we refer to

as anticausality). The general extended M equation of {2;4] (generalizing [1;3;
13]) is now Bl = BWH = §(I(ﬁﬁ) = BK where fl ~ !(*. Here H is anticausal as indi-
cated with H causal (by adjointness) so Bﬁ i1s causal and for x > y the M equation
becomes ker(il() (y,x) = 0 which will be written out below. Finally we recall that
Bly,x) = A-!s(y)ﬁ(x-y) + K(y,x) (cf. [7;8;9]) where K 1s a function with K(y,x) =
0 for x < y. Similarly B(y,x) = A_;"‘(y)s(x-y) + ﬁ(y,x) and the G-L equation B =
% becomes in kernel form (8) A3 (y)(x,y) + K(y,x) + 1 Rey, )i, 006 = 0

(writing ﬁ(x,y) = §(x-y) + E(x,y)). One notes here that it is an integrated form
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of such G-L equations (where the explicit A-l’ disappears) which is used in solv-

ing inverse problems (cf. [7;8;91]).

3. Minimization. In the present circumstances one can write E(y.x) = A-;’(y)
§(x-y) + l\z(y,x), H(x,s) = 6(x-8) + h(x,s), and K(t,x) = 8(t-x) + K(t,x) where
K(t,x) is symmetric, h(x,s) = 0 for s < x, and i(y.x) = 0 for x < y. Then for
x > y the M equation becomes(¢) A_;’(y)l((y,x) + K(y,x) + J; K(y,8)K(s,x)ds = 0.
We note also that (*) l‘(-(y.x) = l‘i(y.x) + A_l’(y)h(y,x) + .g( I\E(y,s)h(s,x)ds. Now
Spl; = Hpg where W = ©/9 and it was shown in [ 6;9] that K is characterized as the
kernel which mintmtzes ¥ = /7 /° (K™%} (v) = WOW ] + ®}) (1) dudy where
i ig allowed to range over a suitable class of anticausal kernels. In fact the
minimizing kernel K for = can be uniquely characterized as the solution of the
G-L equation (#). In this direction one writes nm'% = f: f: (W;2 - A-!ipl;)zdudy
(which will make sense here) and then z can be written as g = .:=‘.' + Tr 17(145)?(* +
Tr A_!’(ﬁk* + %) . Let us think of our trial operators K as arising from a con-
struction (*) with ker B = A_"(y)s(x-y) + 1‘(,(y,x) and ker B = ker (BH) = A_l’(y)
§(x~y) + i('(y.x). Then Tr §ld* for example enters naturally into the equations

~ [ ~vak _]ﬁ' ¥ e VK
(since=Z == + Tr KK - Tr A + Tr B(HKH)B ) and after some calculation one

obtains (note (#) = the M equation of [2;4] but is written differently)

Theorem. Writing uﬁ = K= 6 + K the minimization problem for H reduces to

~ i vk
minimizing £ = = + Tr ﬁ(c + K)K* + 2Tr A l’KR over a suitable class of anticausal

kernels 1‘2 g_a. does not depend on iE). The solution Ro to this problem is then char-

acterized as the unique solution K of the M equation (¢).

Remark. The derivation of general M equations in [ 1;2;3;4 ] was motivated by
[13) and the passage from B = Em'i to Bﬁ = BK was in a certain way an ad hoc pro-
cedure. We see from our least squares minimization technique however that K =
HWH arises naturally by adjointness and the M equation Bil = BK is intrinsically

connected to the G-L equation B = §m7
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SYZYGIES AND VECTOR BUNDLES

E. Graham Evans Jr.
and
Phillip Griffith

Presented by H.S.M. Coxeter

Abstract: In this note we discuss the application of our theorem on
the ranks of syzygies to establishing constraints on the extension of

vector bundles.

In working out the details for a solution to the syzygy problem
{3], we were led quite naturally to the circumstance in which the
syzygy in question represented a vector bundle on the punctured
spectrum of a regular local ring. Having obtained an affirmative
answer to the syzygy problem we were able to establish results on
the vanishing (or non vanishing) of the cohomology of vector bundles
of "small" rank (see [3; theorem 2.4]). After completion of this
paper we realized that these results had consequences in the context
of extending vector bundles on projective space »® to IPn"m. Barth
and Van de Ven [1] in the case of rank 2 and Sato (7] and Tyurin [9]
in general showeéd that the only infinitely extendable bundlas were
direct terms of line bundles. Horrocks [6] asked the corresponding
question in regard to punctured spectra of regular local rings. In
this article we summarize our results [4], [5] in this context which
were an outgrowth of [3]. For our main result in [3] to apply we
must assume throughout that all rings contain a field.

1. Cohomological constraints on lifting vector bundles.

Throughout this section we assume that R is a regular local ring of

dimension n+l, with n>2, and that S denotes a regular local ring

"
having parameter t such that S§/tS = R. We use script letters to
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denote vector bundles on the punctured spectrum of a local ring (i.e.

the space one obtains after deleting the maximal ideal) and the corre-

sponding latin capital to denote its module of sections, e.g.:E is the

module of sections E. If F is a vector bundle on the punctured spectrum

of S, then F 1ifts the vector bundle E on the punctured spectrum of R pro-

vided the restriction of F to the punctured spectrum of R is’ isomorphic to

E. We remark that in terms of the modules of sections this does not say

that thece is an exact sequence 0 > F £ F - E »+ 0 but rather that there is

an exact sequence O + F Yo E »+ L + 0 where L. has finite length. The co-

homology Hi(E) is the usual sheaf cohomology on the punctured spectrum.
Our first result gives a flavor of constraints that occur in the

lifting process in case certain sheaf cohomology vanishes. The proof

is a rather straightforward induction.

Thoerem 1.1: Let E be a vector bundle on_the punctured spectrum

of R and supposc p, d, and q are integers such that 1 < p <d < q < n-1.
1£.HP(E) ggg_ﬂq(f) are zero while HdgE! is nonzero, then E can be lift-
ed at most q - p+2 successive times. In particular if q = p+2, then
E_cannot be lifted at all.

- To illustrate the above result, let n > 5 and let E be a Kth

syzygy of a nonzero module of finite length where 3 < k < n-2. Then
the bundle E associated to E has exactly one nonzero cohomology, namely
Hn+1-k(E). Thus E has no liftings to higher dimensions.

What initially aroused our interest in questions concerning the
lifting of bundles is the next result.

Theorem 1.2: Let E be a vector bundle on the punctured spectrum
of R and assume that HI(E) = ++ = Hk-z(E) = 0 with k > 3. If the

bundle F 1ifts E to the punctured spectrum of S, then Hi(F) = cer m

Hk-l(F) = 0 and the sequence of sections 0 + F YL F+E~0 is exact.

In module theoretic language, Thcorem 1.2 says that, if E is a
kth syzygy over R with k > 3, thea F is a (k+1)St syzygy over S.
Our main result of this section ncw follows.

Theorvem 1.3: Let E be a_vector bundle of rank r such that E is

not a free R-module and such that HI(E) s ese = Hk-z(E) = 0 with

k > 3. Then E cannot be lifted more than r-k successive times.
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As an application of Theorem 1.3, consider projective space P"
with n > 2. Then the tangent bundle, which represents an nth syzygy
of rank n, cannot be lifted to.P“+;,a similar statement holds for
the Tango bundle [8) which is of rank n-1.

We end this section with a result which together with Theorem
1.3 is used to establish Theorem 2.1 of the next section.

Theorem 1.4: Let E be a vector bundle of rank r on the punc-

tured spectrum of R and assume that £ is not a direct sum of line

bundles. Assume the dimension of R is at least 4 and that HZ(E) = 0.

If Hl(E) is generated by £ elements,-then E can be lifted at most
r+f-4 times.

2. The lifting of stably egulvalent bundles.

We continue the notation of the previous sections with the addition

that 0R and OS are the structure sheaves for the punctured spectra
of R and S, respectively. We also assume that R is of dimension
n+l with n > 2.

If the dimension of R is less than or equal to 2, then any
bundle on the punctured spectrum of R is trivial since its module
of sections is reflexive and hence free. On the other hand there
are nontrivial bundles on the punctured spectrum of R as soon as its
dimension is at least 3. These bundles will restrict to trivial
bundlés, that is, a direct sum of line bundles, in dimension 2. Thus
the trivial bundle of the restriction 1lifts to a nontrivial bundle.
However, if the dimension of R is at least 3 and if £ 1is a trivial
bundle on the punctured spectrum of R, say E = ORL, then the only
lifting of E to the punctured spectrum of S is Os i To see this,
we suppose that E is a vector bundle on the punctured spectrum of R
and that F is a nontrivial bundle on the punctured spectrum of §
which lifts E. Then some Hi(F) is ronzero for 0 < i < n+l. The
long exact sequence on cohomology yields that Ht(E) and Hi-l(E) are
both nonzero. Since n > 2 it must be the case that Hi(E) is non-
zero for some 0 < j < n. Thus E is nontrivial.

Let E be a vector bundle on thie punctured spectrum of R. Then

bundles of the form EOORL are said to be stably equivalent to E
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(see [6]). The remarks above show that bundles of the form EOOil

have the property that each of their lifts is again infinitely
liftable in case E is a trivial bundle. In this section we record
the converse. That is, if E is nontrivial then there is an £ de-
termined by cohomological data and a series of liftings of EOORL

which terminate in a bundle which cannot be lifted. The proof of
our next result uses both Theorem 1.3 and Theorem 1.4 as well as
induction.

Theorem 2,1: Let E be a nontrivial bundle on the punctured
spectrum of R. Let E have rank r and let h be the length of HI(E‘).
Then there is a sequence of liftings of E@ORL, with £<h, - which
continues at most r + d + 2h - 2 times, where d = h(h+l)/2.

In order to settlc this problem of infinite liftability over

punctured spectra, it remains to show that all 1lifting "paths" for
a given bundle E are finite (perhaps with a uniform bound) in the
situation where the module of sections E is a second but not third
syzygy. Perhaps to indicate the more delicate nature of the lift-
ing problem in regard to second syzygies, we record the following
phenomena. Let L be a nonzero module of finite length over R and
let E be a second syzygy for L. Considering L as a module over S,
let F be a second syzygy for L over S, that is, we have an exact
sequence

0+F+s®—sParao.

Reducing this exact sequence module t gives a sequence

b

0 +(F/tF) + R* = R° + L+ 0

which is exact except for R? where there is homology isomorphic to
L. Replacing F/tF by its double dual (F/tF)%** with respect to R,
however, repairs the inexactness. Hence, we obtain an exact se-
quence '

0+ (F/tF)** + R2 - P > L + 0

over R from which it follows that (F/tF)** = E@Rc, for some £>0.
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Thus it follows that F lifts EQORC. Furthermore, if we allow £ to
increase without :ound, we may lift E‘BORC arbitrarily many times; in
particular, EGOR lifts forever. Finally, we observe that Theorem
1.4 guarantees that £ must increase as more stable lifts are desired.
The infinite liftability of E@OR° is analagous to the "Eilenberg
trick” that if P is a projective R module then POR” is a frec R module.

3. Concerning the structure of k';h syzygies of rank k.
A test case for the lifting problem in regard to second syzygies is
that of rank two bundles. As a consequence we have begun to consider
the module theoretic properties of such syzygies in more depth. In
particular we have begun a study of syzygies of minimal rank. Such
syzygies are not rare. Indeed Bruns [2] has shown that a kt:h syzygy
M of rank larger than k must contain a free submodule F so that M/F
is a kth syzygy of rank exactly k. On the other hand we have shown
[3] that any nonfree kth syzygy must have rank at least k. We have
the following result which appears in [5)

Theorem 3.1: Let R be a regular local ring which contains a
field and let M be a kth syzygy of rank k, with k > 2. Then M has

a_presentation

O>K+B-+M~»>0

in which B is a second syzygy for Extk'l(M*,R) and K is a (k+2)nd

syzyey-

In addition we establish a uniqueness result. The grade of
Extl(M*,R) is one more than expected. 1In case M is a bundle on
the punctured spectrum one obtains a uniqueness statement as in
Schanuel's Lemma. Lastly, if F is a rank 2 vector bundle over
the punct wed spectrum of § which lifts E over the punctured

spectrum of R one obtains a commulative diagram
0+ K'/tK' -» B'/tB' » F'/tF' » 0
¥ ¥ 13
0+ K # B -~ BE+0

in which K', K and B', B are as in Theorem 3.1 for S and R, respect-

ively. However, we have little information on the kernels and images.
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THE LOCAL TOTAL COHOMOLOGY OF NON LINEAR EVOLUTION EQUATIONS

P.F. Dhooghe

Presented by G. de B. Robinson

INTRODUCTION

Recent research in evolution equations which are derived from a variational
problem has indicated the importance of conserved quantities [2]. These con-
served quantities are functionals which have their domain in the spacelike
sections of the base manifold. The base manifold for the considered equations
is the direct product M x R, where M is an n-dimensional manifold. It is
therefore natural to look for n-forms, which live on the prolonged evolution
equation. This is itself a submanifold P of an appropriate jet bundle over
M x R. The n-forms one looks for are horizontal and closed over the solutions
of the equations, which are the integrable sections of P.

Associated to the integrable sections of P there is a de Rham type differ-
ential operator, which sends horizontal p-forms into horizontal (p+l)-forms on
P and which over the solutions is nothing else but the de Rham differential
operator. This operator allows one to construct a differential complex, the
total complex, which in contrast with the usual de Rham complex on any manifold
is locally non trivial. It is then evident that the local cohomology group,
ﬁHn, represents classes of local conserved quantities.

The main theorem of this paper states that all local cohomology groups of

order smaller than n are zero on every evolution equation.

1. THE JET BUNDLE AND THE TOTAL COMPLEX

All manifolds are real, paracompact and c”. Let Mbea manifold, then C(M)

k

denotes the ring of C*-real functions on M and J" = Jk(H) is the k-jet bundle
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of germs of elements of C(M). Each Jk is a vector bundle for the source map
a Jk—*- M. We indicate the target map by B.

The tangent bundle T(J) contains a special subbundle, the total vector bun-
dle ¥(J); this is the subbundle of T(J) which is tangent to the integrable
sections of J. Sections of this bundle are total vector fields on J and the set
of C” total vector fields will be denoted by T.

As a consequence of the isomorphism Jf, : T.M — JCP(J), with JE(x) = p,
any vector field X € X (M) has a unique total lift X#, gsection of ¥(J). The
normalizer of B in X (J) is called the set of contact vector fields on J. The
set of contact vector fields contains a subset of those fields X with a,X = 0.

This subset, denoted by £, will be called the set of special contact vector

fields on J, [1][4].

PROPOSITION 1.1. [1],[4]. Each X € £ is determined by X 1 dg8. ™

As a consequence of this property there is a bijection, b, between C(J) and
L. 1f ¢ € C(J) then ¢he £ is such that dh JdB = ¢.

The module of differential forms A(J) contains the submodule ua A (M) of ho-
rizontal forms over the ring C(J).

Associated to the distribution X(J), one has the total differential D,
defined by D : C(J)— ua A l(M) such that for any ¢ € C(J) and X €T,

D$(X) = X(¢) [1],[41,18].

PROPOSITION 1.2. (1) D extends uniquely to cv.Q A (M),

(2 DeD=0. =

«
The complex (@ A (M),D) is the total complex on J and will be denoted by

E=6 F.k, where Ek 0

k-4
3 e o AKM) and E

= C(J).

PROPOSITION 1.3. [5]. Let M be a manifold of dimension n, with vanishing de

Rham cohomology, then the following sequence is exact :
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i D 1 n-1 D n

0—+ R—E 0B L gls | o¢

2. THE TOTAL COMPLEX ON P.D.E.

h order prolongation

Let 2 c Jk be a formally integrable P.D.E. The 2t
2(2) c g+t is a vector bundle over 2 [3]. We denote the inverse limit by
):# C J. The total vector bundle on J, restricted to 2# will be in TZ# a
lim ﬂ;TX(l), where the map w are the restricted projections on Z# We will
denote this restricted bundle by ,X. The bundle ¥ is involutive as a conse-
quence of the formal integrability of 2 Hence the pull-back of the differen-
tial operator D to X#, which is denoted by ,D, will satisfy ,D o ,D = 0.

The ring of real functions C(f#), is the ring C(J) modulo those elements
which vanish on I# The module aﬁ A (M), on 2#, is considered as a ring over

c():#). This enables us to define the total complex ,E = (ua A (M),,D) on 2#.

The sequence

0— R -1~ g —i.,t:’ > »‘,E“"——’D—d‘,s“
will in general mot be locally exact. We denote the cohomology groups by *Hk.
Because all our consideration are purely local, we will from now on suppose
M = R™. We will make use of the Euclidean structure of R" and the standard
volume form n (which is translation invariant) on R™. The results generalize
to Riemannian manifolds.
The volume form n, which is identified with a.an on J, defines a bijection

1

T aEn- —»#'G, vhere Q'G is the set of total vector fields on 2#, given by :

if A € ﬁEn_], then t(A\) € ;G such that t(1) 4 n = A. One has r-l(r()‘)) = A

and we will denote t for T-l.

DEFINITION 2.1. The total divergence of a X € Q'G is defined by (div,l. X)n =

oD(X dn). =
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PROPOSITION 2.2. A € ,B" iff divy t(A) =0 . ®

. . n-1
The correspondance T allows us to introduce a Lie algebra structure on E .

1

DEFINITION 2.3. Let A,A, € LE" 5 then {A,2,} = t(I(A)), 1A D). =

PROPOSITION 2.4. \JEaZn-l iff there exists an antisymmetric matrix AM, with

- . #.1ij j 5 i
coefficients in C(z#) such that v = izj aiA JnJ, with n1 = ai Jn.
,

This allows us to write {t(X),t(V)} = ,p(x'¥} - XI¥H)n'd - (divy X) + (V)

3 . g ij
+ (leT Y) ¢ 1(X), with n aj J ai Jdn.

PROPOSITION 2.5. Let A ,h, € ,B% ', then {x,3,} € ;2°7'. =

Hence ﬁBn-‘, equipped with the bracket {.,.}, is a Lie algebra.
The bracket {.,.} induces a bracket on ﬁHu-l, which becomes an abelian Lie

algebra.

3. EVOLUTION EQUATIONS

We will from now on adopt the following notations : J(M) = } , M= Rtn
J(M x R) = J. The index v will indicate that the quantity is considered on J.
We define an evolution equation as a section y : yk x R — Jl, and will, in
addition, always require § to be independent of R. The parameter t on R is
the time coordinate. In terms of natural coordinates on } x R, this equation

h

: i t s
isu, = Yix ,u,u(l),...,u(k)) , where Yg) stands for the £  order partial

derivatives of u.
Because any evolution equation is by construction formally integrable, one

has the canonical lift w# : Jx R— J.

k #

The evolution equation u, - ¢ = 0 defines a submanifold JcJ° and Inm W# =¥
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v
In the following we will identify J x R with ):# via the map w# without men-
tioning it. On 2# one has the fundamental l-form ,p = WQDB, with B the target
map.
v . v
Because C(J) is included in C(J x R), we may extend the operator b, in a
v v
trivial way to C(J x R). The image of b will be denoted by L(J x R). As a

consequence of these constructions one obtains :

PROPOSITION 3.1. The vector bundle ¥ is spanned by ¥ and aat =0y # wb‘.

It is the vector field wh, which determines completely the evolution equation.
Because the function y is independent of t, this vector field can be considered

on J, which is an alternative way of defining the same evolution equation.

v -
PROPOSITION 3.2. Iﬁgﬁt be the special contact vector fields in £(J x R)

v
which are sections of TE#. Then X € £ iff X € £(J x R) and [x,*a’:] = 0.

v v
Because any X € £(J x R) is defined by an element of C(J x R), it follows
v
that for A€ C(J x R), A% will be in £ iff A, = ¢3A) - A3). The time

independent elements of L commute with wt‘.

4. THE LOCAL TOTAL COHOMOLOGY OF EVOLUTION EQUATIONS

As a consequence of the direct product M x R, any *Ek has a decomposition
into the direct sum Ql-:k'o QQEk_l’l. This allows us to consider the double
complex Qk v’Ek'z (k = 0,1,...,n , 2 = 0,1), with differential operator

»
v v v v ooV
QD=D+DtsatisfyingD°Dt+Dt°D=0,D°D-Oanth°Dt-0.

Consequently, the horizontal rows of the following diagram are exact :

v v
D D
C(R) L0 EO e —— 0
ln lo ln
t t t
v
01 2 1,1 g
O —— e ——,
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We will now state our main theorem.

%

THEOREM 4.1. K" =0 , V& , 0<2 < n., ®»

-4

v
The bundle J is a vector bundle over J, which allows us to consider C(J) as a

v v v
subset of C(J). Let § be the variational derivative on C(J).

b v
PROPOSITION 4.2. [4]1[6]1[8]. Lety€ c(Y), then 3 =divy(X),for some X €T, iff ap=0.

1,1

Let v € ,E", then v may be written as ¢ + n+0, with ceaEn_ . We define the

map j : ,E"+C(Ix R): v+¢, and define B=j(,B"), 4= Ker § in C(J x R) and K =B/#.

n-1,1
»

LEMMA 4.3. If A,,A then A

— "1

N n
l’Ze#B auchthatll-xzenﬁ -xzeﬂz. L]

< < s . , n
THEOREM 4.4. The map j defines an isomorphism j : H — K .
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A REMARK ON SMITH'S RESULT ON A

DIVISOR PROBLEM IN ARITHMETIC PROGRESSIONS

Kohji MATSUMOTO

Presented by J.H.H. Chalk

Let dr(n) be the number of the factorizations of n
into r positive integers. If k and h are arbitrary

relatively prime integers with k > 1, then

E dr(“) = xPr(log(x)) + Ar,

n < x
nsh-}nod k)
where Pr is a polynomial of degree r -1, and Ar is the
error term.
In [1], Professor R.A. Smith proved the following result.
k(r+l)

If x>k , then for any positive ¢,

(r-1)/(x+l)+e ¢
Ar =D, + o(x k) (1)

where Dr is an explicit (but rather complicated) term, which
is independent of x.

The estimation of the term D. is a remaining problem.
In the 'Note added in proof' of [1], Professor R.A. Smith
announced the result Dr = O(k%r+€ )}, and said, "it seems
likely that this upper bound can be improved to k%(r-1)+e'

for any positive e."
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Recently, I proved the following estimate

r/(x+2) +¢ k-1+(r—1)/(r+2)+e)

Ar = O(x (2)
(x+l) % (r+l1)
if x >k » In particular, if we put x = k ’
k(r-1)+e
then Ar = 0(k ). On the other hand, if we substitute
% (r+l) % (r-1)+¢
the value x =k in (1), then Ar = Dr + 0(k ).
On comparing these two results, we have
k(r-1)+e
Dy, = o(k i
% (r+l)
for x =k . But, as ~Dr is independent of x, this

estimate always holds. This proves the statement which was
conjectured and suggested by Professor R.A. Smith.

My method for proving (2) is somewhat similar to that
of [1], but depends on an idea of Heath-Brown [2], instead

of the method of Hooley, which was used by Professor R.A. Smith.
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