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UN THEOREME DE PRESERVATION POUR LES FACTORISATIONS 

M i c h e l HEBERT* 

Presen ted by F . Ribenboim 

Résumé 

A l'aide du théorème d'isomorphisme de S. Shelah et de théo-

rèmes de préservation classiques, noua établissons un théorème de 

préservation pour les factorisations d'homomorphlsmes. Nous don-

nons également une généralisation d'un théorème de S. Burrls qui 

servira d'exemple d'intervention naturelle de la notion de facto-

risation en théorie des modèles. 

Les notations sont celles de [2] , 

On dit qu'un ensemble d'énoncés T (dans un langage du premier 

ordre) est préservé sous les factorisations ou, de façon équivalen-

te, que la classe de ses modèles M(T) est fermée pour les factorisa 

tions, si pour tout homomorphisme £:A —>B avec A^T et B^T, on a 

Im(f)tT (où Im(f) est l'image homomorphe de f) . 

Le résultat suivant nous sera utile: sa démonstration est im-

plicite dans celle du lemme 3.2,1 de [2j : 

Lemme. Soit A une structure, A un ensemble d'énoncés fermé pour 

la disjonction finie et soit T une théorie consistante. Alors il 

existe un modèle B de T tel que (J^Aet 8l;J)=?AI=J si et seulement 

si (c^eAet T̂ c')=>At:J. 

* Soutenu par le CRSNG Canada 
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Théorème, Un ensemble d'énoncés T est préservé sous les factori-

sations si et seulement s'il est équivalent 3 un ensemble d'énon-

cés positifs et d'énoncés universels. 

Démonstration. La direction (<=) découle aisément du fait que 

Im(f) est sous-structure de B. 

Pour la direction opposée, on définit les ensembles d'énon-

cés T,, T,, ̂ . et A-, respectivement les conséquences universelles 

de T, les conséquences positives de T, les énoncés universels et 

les énoncés positifs. On doit montrer que (TAJT,)!1 T. 

Soit donc AfI(T1UT2) . 

a) Soit eXsAj. SI Ttc^, alors tT.t X, et donc AbJj. Par le 

lemme, 11 existe donc BjÇ M(T) tel que B^tf => AH^f pour tout Je A ^ 

Par la proposition duale de 5.2.2 de [2] , II existe donc S' et A' 

tels que 8 X B , A = A' et A'cB' (I.e. 8, est sous-structure élé-

mentaire de B, A est isomorphe à A' et A' est sous-structure de 

B ' ) . 

b) Comme en a ) , on déduit qu'il existe B eM(T) tel que 

B.^Jj implique A[=J2 pour tout Jj^ A 2 . Par 5,2.12 de [2], il exis-

te A", B" et un homomorphisme surjectif hiB"—»>A" tels que A<A" 

et B ^ B " . 

On a donc le schéma 

B2<B"—il*> A">A = A'' 5. B1>B1 

où B" et 8' sont dans M(T) puisque B, et B y sont. 

Puisque A" et A1 sont élémencairement équivalentes, elles 

ont des ultrapuissances (sur un même filtre D) TIJA" ecTTA' iso-

morphes (voir [*] ou le théorème 6.1.15 de [2]). 0r TTjj peut être 
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vu comme un endofoncteur de la catégorie M(T) qui préserve les in-

clusions, oùTT f, pour un homomorphisme f, est défini ponctuelle-

ment (voir [3j p. 115). Il est clair que TT f est surjectif lors-

que f l'est, d'où on a le diagramme 

TTnh 

TTJJB"—S-aTTjA". T A'e "̂TT 8' 
D D 

avec TT B" e t T T B ' dans M(T) , puisque toute structure est élémen-

tairement équivalente à ses ultrapuissances. 

L'hypothèse sur T implique donc queTTDA'(=T, et donc ANl, ce 

qui démontre le théorème. 

Les factorisations interviennent naturellement par exemple 

dans le contexte suivant. 

Définitions. 1) Le skolemisé *f* d'un énoncé + sous forme prenex 

Vx13y1.-.Vx 3y <j>(x,y) dans un langage L est l'énoncé 

^x^lx2. . •Vxn4>(x,F1 (x, ) , • • . ,Fn(x1 • • •xn)) dans l'expansion Ly* ob-

tenue de L en lui ajoutant les symboles de fonctions Fl•'•*>Pn• 

Si T est une théorie dans L, on note T* l'ensemble (>t/*l"f€TJ d'énon-

cés dans L* = V ly*. 

2) Si f est comme en 1), on note H'.' l'énoncé 

TAWXj^ • •VXjVyj^ • -Vy^Zj^- • •Vzn( (<t>( x , y)Act.($, |) ) > 1 ^ 1
( y i = z i ) ) ' 

Si T est une théorie, on note T! l'ensemble (f': Itfc i} . 

Si M(T) désigne la catégorie dont les morphismes sont les 

homomorphisraes entre les modèles de T, on a un foncteur oubli 

0 * : M(T*) » M(T) évident qui fait commuter 
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M(T*) i—> M(T) 

Ens 

où G et G sont les foncteurs oubli dans la catégorie des ensem-

bles. La proposition suivante généralise le théorème 8 de [ij et 

se démontre sans grande difficulté. 

Proposition. Soit T un ensemble d'énoncés négatifs, d'énoncés 

positifs et d'énoncés universels. Alors 0 est un isomorphisme 

si et seulement si T 5 T! et T est préservé sous les factorisations 
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A NON COMPACT DIFFERENTIABLE SEMIGROUP ARISING FROM AN 

ABSTRACT DELAY EQUATION 

EUGENIO SINESTRARI 

Presented by D.V. Atkinson 

Q. Introduction 

In this paper we want to summarize recent results ((5)) on 

retarded equations in Banach spaces and prove some theorems con-

cerning the associated solution semigroup. The same problem has 

been studied in Hilbert spaces in [1] and has applications to 

parabolic partial differential equations with delays in the 

highest order derivatives. 

1. Notation 

Let E be a Banach space with norm |l • || and A:DA C E-'E the 

generator of a.bounded analytic semigroup T(t) in E. DA will be 

endowed with the graph norm. For each oS 10,1[ let us define the 

following intermediate spaces between D and E (see e,g. (4)): 

DA(a,-) = (xeE, 11x11 = sup llt1'aAT(t)xl|<-l 
a t>0 

D.(a) = (xSE, lim t 0AT(t)x = 0) 
A t-0 

with norm l|x|l + llx|i . We have D, c D. (o) c D. (a . - ) . Ifa,bS]Rand 

X is a Banach space then B(a,b;X), C(a1b;X) and C0(a,b;X) are 

the usual Banach spaces of functions from [a,b] to X which are 

bounded, continuous and o-hBlder continuous respectively. We will 

use also the little-hblder continuous functions' space h(a,b;X)= 

= {u:[a,bl*X; lim , sup 1 t-si~a|iu(t)-u(s) H =0) with the norm 
c-0 |t-sl<i: n+a 

of C<,(a,b;X) (see fail. If n 6 S the spaces C (a.^X) and 
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hn+',(a,b;X) have an obvious definition. Finally W1,1(afb) is the 

usual Sobolev space of functions u from (a.b] to C. 

2. Abstract delay equation 

Let A-.A 6t(D ,E), a6L (-r,0) and let f and y be defined 

in (0,T] and f-r.O] respectively. For the delay equation; 

u'(t)=Au(t)+A,u(t-r)+ 1°  a(a)A5u(t+o)d6+f(t) , 0 < t <T 
(2.1) 1 -r 2 

u (t)=y(t) , -r < t <0 

the f o l l o w i n g g l o b a l e x i s t e n c e , un iqueness and r e g u l a r i t y r e -

s u l t s can be proved: 

Theorem 2 .1 Given f e C o ( 0 , T ; E ) and y e C o ( - r , 0 ; D ) s a t i s f y i n g : 

( 2 . 2 ) y» * Ay(0)+A 1 y( -r )+ / ° a ( e ) A 2 y ( e )de+f (0) e D A ( o , - ) 

there exists a unique solution u of (2.1); moreover u ec (-r,T; 

D.) nc1+o(0,T;E) and u'e B(0,T;D (o,-)). If in addition fg ho(0. 
a 

T;E), y6ha(-r10;D ) and y»6 D4(a) then we have also u eh (-r.T; 

D ) nhl+<>(0,T;E) and u' 6C(0,T!D ( a)). Finally there exists C>0 
Av 

"A - - ' = - ^ ^ A ' 
depending on a.a(-), A and A. such that 

l | u | l C o ( 0 . T ; D A ) n c 1 + a ( 0 . T ! E ) + l | U'"stO^jD^a .-) ) -

• iC{l>f>lc8(0.TiE)+l>y"co(.r.0!DA) + l l y * l l D A ( a . - ) } " 
Theorem 2 .2 I f f e C 1 * 0 (0 ,T;E) and. y e C'*" ( - r , 0 , D A ) s a t i s f y 

the c o n d i t i o n s 

y'tO) = Ay(0)+A 1 y(-r)+ / ° a ( 8 ) A 2 y ( 8 ) d 9 + f ( 0 ) 

y* = A y ' ( 0 ) + A 1 y ' ( - r ) + £ ° a(9 )A2y ' (e ) d 9 + f ' ( 0 ) e D A ( a , - ) 

then the s o l u t i o n u of ( 2 . 1 ) i s such that u e C a ( - r ,T ; D ) " _ A 

C ( 0 , T ; E ) , u" ef l (0 ,T;D ( o , - ) ) and f o r each t g [ 0 , T l 

u"( t ) = A u , ( t ) + A , u ' ( t - r ) + 1° a ( 9 ) A 0 u ' ( t + e ) d 9 + f ' ( t ) . 1 - r c 
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If in addition f 6 h1+a (O.T^) .y 6 h1 + 0 (-r,0;DA)and y"eDA(a) 

then we have also u e h1+a (-r,T;DA) n h2+a(0.T;E) and u'F 0(0,T; 

DA(.)). 

The proofs of these theorems are based on maximal regu-

larity results for the problem u'(t)=Au(t)+f (t) ,0 < t < T; u(0)=u<, 

when f eca(0,T;E) (see [4], (51). 

3. The solution operator semigroup 

Let us introduce the Banach space 

Z - (yeh0(-r,0;DA) ; y« = Ay(0)+A1y(-r)+/°  a(9)A2y(9)d9e DA(a)) 

with the norm 

llyllz = llyilho(-r.0;DA)+ lly,|lDA(a) 

AS from theorem 2.1 we deduce the existence in [-r, + -r of a u-

nique solution u of (2,1) with f = 0. the solution operator semi 

group S(t) : Z-Z can be defined for each t > 0 as follows 

(3.1) (S(t)y)(9) = u(t+o) , - r < 9 < 0 

Theorem 3.1 S(.) is a strongly continuous semigroup in Z and 

its generator A is given by AV=Y' for y sDA= (y eh +o(-r,0;DA) ; 

y'(0)=Ay(0)+A1y(-r) + /°a(9 )A2y(9)d9 ; y - * A y ' ( 0 ) ^ y'(-r)+_/°  a(9 ) • 

•A y,(9)d9 eDA(o)l . 

The use of the little-iiblder spaces is aeces^ary *o pr:ve 

the continuity of S(-). Moreover to characterize DA we can apply 

the regularity result stated in theorem 2.2. 

It is known ((6)) that the study of the spectrum o (A) is 

useful to study the asymptotic behavior of S( Oy and hence of 

the solutions of (2.1) if sup CRz-.z e o U ) > coincides with the 

type of S('); this is ti-ue e.g. when S( • ) is compact or dlffet-

entlable. But the next theorems show that in general this is not 

the case. 
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Theorem 3 .2 I f A g t , (E) . A =Y A w i t h yem-{0\ and A.^0 then S( • ) 

i s not compact no r d i f f e r e n t i a b l e . 

Proof Let us o b s e r v e t h a t i f > e c , y e n and y e z s a t i s f y *y-

-Ay n y then n e c e s s a r i l y x=y (0 )G D and 

( 3 . 2 ) y ( 9 ) = e X 0 x + t° e X ( 9 " s ) y ( s ) d s , - r l « < 0 
9 

( 3 . 3 ) x x - ( l + ï e " X r ) A x = y(0 ) + Y / 0 e"*(r+s)Ay(s)ds 
-r 

— Xr Now the set r of the solutions x of l+ye =0 is given by x=x*+ 

+ l 2l'k, k e Z where X'^l8lrl if Y< 0 and x » ^ 8 ^ 1 + I - if T> O.Let 
1 r r r 

us choose now xer and y(t)=.e (xo-A)" w (-r <t<0) with xo in 

the resolvent of A and wS D.: it is easy to verify that equation 

(3.3) cannot have a solution xe D therefore \ belongs to o(A). 

In addition if xer and x^0 then, setting y=0 in (3.2)-(3.3) we 

get x=0: so that y =0 by virtue of (3.2). In conclusion there 

exist elements ofo(A ) which are not eigenvalues: hence S(.) is 

not compact (see section 2.2 of [21). Moreover the location of r 

in the complex plane proves the nondifferentiablllty of S(.) by 

virtue of Pazy's theorem ([2), pag. 54). 
Theorem 3.3 If A gL(E) . A =0, A2 =A and a(6) = a^0 then S( • ) is 

noncompact. 

Proof If we proceed as above we must replace (3.3) with 

(3.4) xx -C+a £0 eX6dMAx = y(0)+a£° eX ede J0e"XSAy(s)ds 

It can be proved that there exist x ̂ 0 such that 1+a; e d9=0: 

moreover by choosing the same y as above the proof can be com-

pleted. 

We want to show now that if we have only a distributed de-

lay term with a more regular density a (• ) then the semigroup 

S(.) is diffcrentiable: 
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entlable for t > r. 

Proof Our result will be demonstrated If we prove that S(r+c)y 

6 D. for each c > 0 and ye Z. This means that the solution u of 
A 

u ' ( t ) = A u ( t ) + / 0 a (9)A„u(t+9)d9 , t > 0 
( 3 . 4 ) - r 2 

u ( t ) = y ( t ) - r < t <.0 

must v e r i f y the f o l l o w i n g c o n d i t i o n s 

( 3 . 5 ) u e h 1 + 0 ( c , c + r ; D A ) 

( 3 . 6 ) u ' ( r + c ) = AU(r+c) + 1° a(9)A„u(r+€+9)d9 
—r 2 

( 3 . 7 ) Au ' ( r+e ) + Z0 a (9 ) A g U ' ( r + e + 9 ) d 9 S D A ( a ) . 

Setting g(t) = /0 a( e)A-u(t+9 )d9 , t > 0 it can be proved that 
—r z — ,. 

g Sh (0,T;E) for each T>0: as (3.4) implies that u(t)=e y(0)+ 

+ / t e
A ( t - s )g( s ) d g | t >0, by using theorems 4.1, 4.2 and 4.3 of 

o •" 

[4) we get (3.5) and that u"(t)6D (o) for t > 0: but from (3.4) 

we have u"(t)=Au'(t)+ /0 a(9)A u1(t+9)d9 and so (3.7) follows. 

Finally (3.6) Is a consequence of (3.4). 
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ON PROJECTIONS OF REAL ALGEBRAIC VARIETIES 

C, Andradas and J.H. Gamboa 

Presented by P. Ribenboim 

Abstract . It is shown that any closed semialgebraic set whose 

Zariski-closure is irreducible is the projection under a finite 

map of an irreducible real algebraic set (theorem l.l). Some 

applications are given. 

§1. The main result. 

Let R be an arbitrary real closed field. Given an irredu-

cible real algebraic set V C Rn, wo denote by p its ideal in 

R [X X ] and by V its set of central points -i.e. the 

closure of the regular points of V . Wo work always with the 

order topology of Rn. Finally, let ïï stand for the projection 

into the n first coordinates, 

1.1. Lemma. Let f.,...,f be polynomials in R (̂ ,. . .,Xn]. 

Then for any *1>^2 e ^ 0 * X2 < X l ' t h e s e t o f zeros W 

of the polynomial F(T,X) S R [X1,. . . ,Xn ,TJ , 

p-1 
F(T,X) = Qfp(T2-\2f1)-QTI(T2-X1f1)-(T2-X2f1) E T2(T2-2f.)<). 

satisfies ": fl -• Rn is finite and 

Ji(fl) = (f1 > 0)U . . . U(f > 0), 

whore 

()(T,X) = Il (ï'-ti) and. 
i = 2 ' (i=2 p-1) 

QiCT,^) = Q(T,X)/(T2-fi) 
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Proof , See [ A - G ] 

1 .2 , P r o p o s i t i o n . Let ^ f be p o l y n o m i a l s in R[X , . . . , X ] , 

Assume t h a t t he s e m i a l g e b r a i c s e t 

S = V ft ([f > 0 } V J . . . U { f > 0}) i s Z a r i s k i - d e n s e in V. 1 - p . 

Then t h e r e e x i s t s an i r r e d u c i b l e a l g e b r a i c s e t W C R n + 1 

such t h a t ïï: H •<• V i s f i n i t e and Tr(W) = S. 

Proof . By u s i n g B o r t i n i ' s rheorem ( c f . [ H ] , p . 2 7 5 ) we prove t h a t 

X J ^ J in 1.1 can be chosen such t h a t W = S O (V x R) i s 

i r r e d u c i b l e . 

1 . 3 , D e f i n i t i o n , A s e m i a l g e b r a i c s e t S C Rn i s c a l l e d i r r e d u -

c i b l e i f t h e s m a l l e s t a l g e b r a i c s e t which c o n t a i n s i t i s 

i r r e d u c i b l e . 

Let S C R be an i r r e d u c i b l e s e m i a l g e b r a i c s e t , S can be 

w r i t t e n i n t he form, see [ A - G ] , 

s = (s.n . , , ns ) n v 
\ m 

where V is the Zariaki closure of S and 

Si = {f1. > 0)U...U{fp. > 0), fk. 6 R[X1 X n ] , 

for all (k,i) G (1 p) x {l,...,ra}. 

Then by a repeated use of Bortini's theorem and induction 

on m we njnage to prove; 
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1. it. Theorem. Let S C Rn be an i r r e d u c i b l e s e m i a l g e b r a ic s o t -

Let V C Rn be the Z a r i s k i - c l o s u r e of S. Then there e x i s t 

a p o s i t i v e i n t e g e r m and an i r r e d u c i b l e a l g e b r a i c s e t 

( 1 ) n: H -• V ^s f i n i t e 

( 2 ) Tr(H) = S . 

1.5. Remark. Notice that the condition of the irreductblllty o l 

S in theorem 1. •». is necessary. Indeed, it is iBmediate to check 

that no irreducible real algebraic set can project onto 

S = {(x,0): x G R}U ((O.y): Y G R) C R2 , 

1.6. Remark. For applications to the space of orders of function 

fields it is convenient to observe that in case S = S -where 

both closure and interior are taken in V- we can conclude that 

ir(W ) = S. This follows from the finiteness of ir by using [Bj , 
c 

p, 170. 

§2. Applications, 

Let K be a function field over R, We denote by X(K) its 

space of orders endowed with Harrison's topology. 

Given any formally real extension E of K, we consider the 

restriction morphism e defined by 

e: X(E) - XU): P -• P O K. 

A subset y of X(K) is called clopcn if it is open .and closed. 

Our first application answers a question proposed in QE-L-W]: 
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2.1. Theorem. Lot Y be any clopen subset of X(K). Then there 

exists a finite extension E of K such that Y =. im e. 

Proof. Take a non singular model V of K and consider the semi-

algebraic subset Y* of V associated to Y according to [ D - R ] . 

Then 2.1. follows from 1.6. and theorem 2.10 in [ D - R ] . 

Next we state theorem 1.U in terms of the real spectrum of 

real finitely generated R-algebras (see [ C - R ] ) . 

2.2. Proposit ion. Let A be a real domain, finitely generated as 

R-algebra. Let C be a constructible set of Spec A with non-

empty interior. Tham there exista a real domain B. integral 

over A. such that C = j (Spec B ) , 

Proof• The result follows from 1.1. from the one - to-one 

correspondence (proved in [C-RJ) between constructible sets of 

Spec R[v] and semialgebraic subsets of V, for'a model V of A. 

We end by showing how theorem 1.U. can be used to produce 

"exotic" real irreducible algebraic sets. 

2.3. Proposition• For any natural numbers n.p. there exists an 

irreducible non-singular real hypersur 

p cquidimcnsional connected components 

irreducible non-singular real hypersurface in IP (K) with 

Proof. Take p disjoint closed balls B ,...,B of R . After a 

careful choice of the centers and radius, it can be checked that 

the hypersurface W of 1.2. which projects onto S = B ^ . . . U B 
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v e r i f i e s the requested cond i t ions , 

2.U. Proposit ion. For any f i n i t e increasing sequence of non-. 

negat ive in t ege r s s < s . < . . .< s there ex i s t s an i r redu-_ S a o 1 s + 1 r 
c i b l e r e a l hypersurface W C K r with pieces of dimen-

sions s ,s ,s (and no pieces of other dimensions). 
— — — o 1 r • 
Moreover, if s > 0, W can be eViosen connected. 

s 
Proof. We take the closed ball B in IR of radius 1 centered at 

b a (0,...,0,1) and, linear subspaces L ,...,L of dimension--

s ,...,s respectively and transversal each other, o r-l 

• If 4 i. are the linear forms which define L . , 
3.1 l.Sp-s^ 1 

we set fi - - U j ^ + ... t tj.s^s^ a n d 

fr - 1 - x2 - ... - x2 ^ - (xs -I) 2, 
r r 

Then : . v 

S = B U I'oU • • • ̂ Lj,.! = <f
0 I 0)U...<-/{fr > 0). 

s +1 
So the hypersurface W C R r in proposition 1.2 projecting 

onto S satisfies the requested conditions. 

For the moreover part it is enough to take into account that 

f (0) =• . . . = f (0) = 0. Then from the very definition of F in o r s 
r 

1.1., the unique point of W which projects onto 0 G R is 

(0,0). 

2.5. Remark. Notice that 2.3 and 2.1 remain valid, for any real 

closed field R if we define a semialgebraic set S C R to be 

connected if it is not union, of two disjoint and non empty open 



54 C. Andradas and J.M, Gamboa 

s e m i a l g e b r a i c s e t s ( s e e [ B ] ) . 
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ON t-CLOSURES 

Takasl SUGATANI and Ken-ichi YOSHIDA 

Presented by K, Hurasugi 

Let R be a Noetherian Integral domain with field of quotients K, and assume 

that the integral closure R in K, is finite over R. Let A be a subring 

between R and R, In [5], Traverse defined the semlnortnallzatlon tR of R 

in A as follows; tR = { a e A : a„ e R + J(An) for all p e Spec R }, where 
H p p P 

J(A ) Is the Oacobson radical of A , Then he proved that the ring tR 1s char-

acterized as the greatest subring B between R and A which satisfies the fol-

lowing two properties: (1) The contraction map Spec B -» Spec R is an injection, 

(2) For all P e Spec B, k(PnR) = k(P), Then it follows that R is seminormal 

in A (1,e,, R - ÎR ) if and only if R is (Z,3)-closed in A (i.e., whenever 
2 3 

a e A satisfies that a , a e R, then a e R ) [2], 

In [3], local quasinormallty is defined, and it is proved that the following 

statements are equivalent: (i) R is locally quasinormal in A. (ii) R is 

seminormal and locally u-closed in A, (ill) R is t-closed in A, ([3, Cor-

ollary 2,13] and [4, Theorem 1]), 

The aim of this note is to define t-closure, and to characterize it Just by 

condition (2) in the characterization of seminormalization. 

We recall some definitions and notation: Let R, A, R and tR be as above. 

For a e A, we say that the element a satisfies the condition (t;R) if both 
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a2-ra and a3-ra e R for some r e R, We say that R is t-closed In A if 

whenever a e A satisfies the condition (t;R), then a e R, We say that R is 
2 3 2 u-closed in A if whenever a e A satisfies both a -a and a -a e R, then 

a e R. And R is called locally u-closed in A if R is u-closed in Ap 

for all p e Spec R, Let MPic(R) denote the cokernel of the map P1c(R) -

P1c(R[X,1/X]), where X is an indeterminate over R, Then we say that R is 

quasinormal in A if HPic(R) -. MPic(A) is injective. And R is said to be 

locally quasinormal in A if R is quasinormal in A for all p e Spec R, 

In this notation, if A = R, we simply say, for example, that R is t-closed 

instead of saying that R is t-closed _in R, Here it should be noted that If 

R is normal, then MPic(R) » 0 [1, Corollary 5.10], therefore an integral domain 

R is quasinormal if and only if Pic(R) s Pic(R[X,1/X]). Let *R denote the 

Intersection of those subrings B between R and A, such that B is t-closed 

in A. Then clearly, IfR is the smallest subring which is t-closed in A, so we 

call this ring the t-closure of R ù> A-

Now we define subrings Ri of A, i = 0,1,.,, , as follows: Put RQ = R. 

If a, e A - R0 satisfies the condition (t;R0), then we put R, = R Q C B , ] . If 

a. e A - R, satisfies the condition (tiR,), then we put R2 = R , ^ ] . Inductively, 

If a. e A - R.,, satisfies the condition ( t ^ . , ) . then we put Ri = R-j.^a^. 

Then this procedure will stop at some Rn. Put R, = Rn. It immediately follows 

that the ring R* is the smallest t-closed subring between R and A. Thus 

R* = y 
REMARK. The argument mentioned above shows that the t-closure AR can be obtained 

by adjoining a finite number of elements a ^ . - . ^ e A to R, as above. And 

R„ = \R IS independent of the choices of such elements a ^ 
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For a e A and P e Spec A, we denote by a(P), as usual, the image of a in 

the residue field k(P) of P. Put C = ( a e A : a(P) e k(PnR) for all P e 

Spec A }. Then we have the following theorem, which gives the characterization 

of the t-closure stated in the first paragraph. 

THEOREM 1. Let the notation be as above. Then the rings R» and C coincide 

with JR. Therefore the t-closure of R in A is the greatest subring B 

between R and A such that k(P) s k(PnR) for all P e Spec B. 

Proof. We have already seen that R« = AR. So it remains to prove that 

C = JJR. We first show that C is t-closed in A. Let a e A satisfy the 

condition (t;C): a2-ca, a3-ca e C for some c e C. Now suppose, for contrary, 

that a(P) t k(PnR). Then, in particular, a(P) / 0. It can be seen that 

a(P)-(a2-ca)(P), (a2-ca)(P) e k(PnR), and a(P)-(a-c)(P) = 0. Therefore a(P) 

= c(P), and so a(P) e k(PnR), the desired contradiction. Thus 0 Is t-closed 

in A, and hence C = ^R, Secondly we show the reverse containment. For this 

purpose, we recall a theorem of quasinormallty [3, Theorem 2,12], which asserts 

that there exists a sequence of rings A = F0 = F, = ,,, = Fd = AR such that 

for each i, 1 £ 1 £ d, F. is locally quasinormal in F-j.^. and each q e 

AsSj..^ ,/F,) has a unique lying-over prime ideal Q in F ^ . From this 

one can see that F. = { f e Fi_1 : f(Q) e k(q) for all QnF. = q e A s S p j F ^ / F ^ ) 

(see, [6, Theorem 2,10]), It then follows that Fi = C for all 1, 1 < i < d, 

since for c e C and Q e Spec F^, with QnF^., = q e A s s ^ l F ^ / F ^ , as Q 

being unique, we have that for some P e Spec A with PnF^, = Q, c(P) e k(PnR) 

= k(qnR), and so c(Q) e k(q). Thus we have that C c J;R, The final assertion 

is now obvious. The theorem is completely proved. 
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As noted in the second paragraph, for a normal domain R, MP1c(R) = 0 [1, 

Corollary 5,10], Hence we obtain the following, 

THEOREM 2, For a Noetherian integral domain R with R finite over R, the 

following statements are equivalent, 

(1) R is locally quasinormal. 

(2) R is t-closed, 

(3) R is seminormal and locally u-closed. 

(4) There is no subring B between R and R other than R itself for which 

the folllowing property is satisfied: for every P e Spec B. k(P) a k(PnR). ' 

We complete this note by giving an example of a sequence of rings such that 

R = +R ç ^ ç R. 

EXAMPLE, Let k(X,Y] be a polynomial ring over a field k in two indeterminates 
2 

X, Y, Let p be the prime ideal in k(X,Y] generated by the element Y -X, 

Put C = k[X] + p and R = k[X2-X, X3-X2] + p. Then R = k[X,Y], and C = { a 

e R : a(p) e k(X) ), therefore C is t-closed. Further, the conductor c(C/R) 

from C to R, 1s the Ideal (X2-X,X3-X2)C + p. Then passing to the residue rings 

C and R modulo c(C/R), we see that R is seminormal in C, Hence R is 

+ t R 
seminormal. Thus R = R ç C = R c R , 
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POLYHEDRA WITH TRANSl'llVflY PROPERTIES • 

Branko Crùnbaum and G. C. Shephard 

Presented by H.S.M. Coxeter 

ABSTRACT 
» 

We investigate polyhedra in 3-dimensional Euclidean 
space which are homeomorphic to embedded manifolds 
and have groups of symmetries that act transitively on 

a their faces, edges, or vertices. The most unexpected 
result is that the vertex-transitive polyhedra can have 
positive genus. 

Polyhedra in three-dimensional space have been studied for 
thousands of years and particular attention has been paid to those 
polyhedra which are highly symmetric. One way in which the sym-
metry properties can be described is by means of the transitivity 
classes of elements such as vertices, edges or faces. For example, 
the uniform polyhedra can be defined as those polyhedra whose 
faces are regular polygons and for which the symmetry group is 
transitive on the vertices; the regitlar polyhedra or Platonic solids 
can be defined as those polyhedra for which the symmetry group is 
transitive on the vertices, on the edges and also on the faces. It 
should be noted here that we are using the word polygon in the 
sense of a simple closed curve which is the union of a finite number 
of line segments; the closed bounded plane set having such a curve 
aa its boundary will be called a polygonal region. If the line seg-
ments are disjoint except for their endpoints and no two consecu-
tive ones are collinear then they are called the edges and their 
intersections are called the vertices of the polygon and of the 
polygonal region. A polyhedron is the union of a finite number of 

• polygonal regions which form a manifold without boundary and the 
three-dimensional set bounded by such a manifold is called a 
polyhedral solid. If the polygonal regions are disjoint except for 
their edges, and no two adjacent regions are coplanar, then they 

• are called the faces of the polyhedron. Thus we are excluding from 
consideration the Kepler-Poinsot polyhedra and other stellated 
polyhedra in which either the polygons defining the faces or the 
polyhedron itself have self-intersections. For simplicity we shall 
•Research supported by the NaUcnal Science Foundation grant UCSS3Û1971. 
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use descriptions such as convex, star-shaped etc. for polyhedra 
and polygons though strictly speaking they refer to the 
corresponding polyhedral solids or polygonal regions. In either 
case, of course, the condition of being star-shaped does not pre-
clude convexity. 

The isogonal (=vertex-transitive) polyhedra and the isohedral 
(=face-tremsitive) polyhedra have been studied by many authors, 
mathematicians and crystallographers (see, for example, Hess 
[1883], Fedorov [1885], Briickner [1900], Buerger [1963], Robertson 
& Carter [1970], Griinbaum & Shephard [1981], [1982]). However. 
in all these cases the treatment was needlessly restrictive due to 
either implicit or explicit assumptions such as that of convexity, or 
the mistaken belief that it is enough to determine the polyhedra of 
one of these kinds for those of the other kind to be automatically 
obtainable by "duality". 

Our results include the following: 
Theorem 1. Each isohedral polyhedron is star-shaped and has 

star-shaped faces. 
Examples of isohedral non-convex polyhedra are shown in Fig-

ure 1. 
Theorem 2. Each isotoxal (=edee-transitive) polyhedron is 

either Isohedral or isogonal. and is convex. 
Theorem 3. Each isogonal polyhedron has all its vertices on a 

sphere and all its faces are convex. 
The theorems imply that the isohedral and isotoxal polyhedra 

must be of genus 0, but there is no such implication for isogonal 
polyhedra. In fact, the following is true. 

Theorem 4. Non-convex isogonal polyhedra of genera 0. 1. 3. 5. 
7, 11 and 19 exist. 

These seem not to have been described previously although iso-
lated examples have occasionally been considered in other con-
texts; see, for example, Wunderlich [1965], Jessen [1967], Goldberg 
[1978]. 

The nonconvex isogonal polyhedra of genus 0 have the same 
combinatorial structure as the convex ones, and can be obtained 
from these by suitably "twisting" certain sets of faces while the 
other faces may have to be stretched or otherwise modified so as 
to conform. In Figure 2 we show examples of such polyhedra. 

To construct a family of isogonal polyhedra which are toroidal 
(that is. of genus 1) we start from a non-convex n-gonal isogonal 
antiprism with n 5 7. This is obtained from the usual convex 
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antiprism by twisting one of the n-gons relative to the other; it 
must be such that the only edges on the boundary of its convex 
hull are the 2n edges of the two n-gons. Me delete these n-gons and 
complete the polyhedron by combining the remaining mantle of 
triangular faces with the mantle of its convex hull; depending upon 
the twist that was imparted to the n-gons the outer mantle may be 
prismatic (with n rectangles) or antiprismatic (with 2n triangles). 
Other toroidal isogonal polyhedra can be obtained by taking as the 
outer mantle that of a suitable non-convex antiprism as well. The 
resulting polyhedra have either six triangles, or three triangles and 
two quadrangles, meeting at each vertex; examples are shown in 
Figure 3. 

A similar construction yields the isogonal polyhedra of higher 
genus. For example, for that of genus 5 we start from a non-convex 
isogonal polyhedron P of the same type as the snub cube (see Fig-
ure 2), with the property that the only edges on the boundary of its 
convex hull are those of the six square faces. We then delete these 
square faces and complete the polyhedron by adjoining the tri-
angular faces of the convex hull of P. See Figure 4 for the resulting 
polyhedron. 

The other isogonal polyhedra of higher genus can be obtained 
from the snub tetrahedron (genus 3), the snub octahedron (genus 
7), the snub dodecahedron (genus 11) and the snub icosahedron 
(genus 19), by an analogous construction, 

A more complete description of the various polyhedra with 
transitivity properties requires an appropriate definition of "type". 
The most sensible one seems to be based on the convexity 
behaviour at the edges and vertices. Details will be presented in a 
later publication. 
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Figure 1. 

Figure 2. 
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Figure 3. 

Figure 4. 
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A HURWITZ TYPE FORMULA FOR SINGULAR CURVES 

Nadia CHIARLI 

Presented by P, Ribenboim 

Summary. The classical Hurwitz formula for finite, separable 
morphisms of non-singular curves, is extended to the singular 
case. Applications are given to rank computation. 

The aim of this note is to extend the classical Hurwitz 

formula for finite, separable morphisms n : X •• Y of 

non-singular curves, to the case when X is singular. 

The main result is the following: if p. (X) is the 

arithmetic genus of X , g(Y) the genus of Y and d the 

degree of n , then 

2pa(X) - 2 = d(2g(Y) - 2) + deg R 

where R is the discriminant divisor associated with n 

(th, 2), If X is non-singular, this gives the classical 

Hurwitz formula. 

As an application we determine the rank of a curve and 

an upper-bound for the number of singular points it can have 

(under suitable assumptions), 

NOTATIONS AND ASSUMPTIONS 

Let X , Y be two complete, irreducible curves over an 

algebraically closed field k , with Y non-singular; let 

n : X -»• Y be a separable morphism of degree d and denote 

by v : X •*• X the normalization. 

If a = tt o v , let O 1 ^ (resp, P(o)) be the 
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discriminant sheaf ideal associated with n (resp. o) 

and let R be the divisor on Y associated with 0 ^ , 

(For definition and details on the discriminant sheaf 

ideal associated with a morphism see II]). 

Finally, if Q is a closed point of Y and vn is the 

valuation associated with the D.V.R. 
Y.Q 

vQ(o) o vQ(P^a)) (resp. VQ(TI) = v n(P^ ))) 
'QVQ 

denote 

hence 

deg R = E vn(Ti) , 
QeY y 

MAIN RESULT 

LEMMA 1, Let Q be a (closed) point of Y and let 

BQ (resp, Bi) be the semilocal ring corresponding to 

o"1^) (resp. iT1^)) , 

Then: 

i) P^X) - g(X) = I length (Bn/B') a QEY ^ ^ 

ii) Z vnta^ = _E_ fe " D > where e is the 
QEY ^ PEX P V 

a(?) = Q 

ramification index of 0 
J,V 

with respect to o , 

PROOF, i) follows from [8], p, 72, 

ii) It is Z vn(o) = 1 f (e 
QeY 

a(P) 
PEX V T 

1) (see [7] prop. 10, 

p. 26), but f_ = [k(m_) : k] = 1 for all PEX (where n 
P P P 

is the maximal ideal of B» corresponding to P ), and our 

claim follows. 
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THEOREM 2, 2p fX) - 2 = d[2g(Y) - 2] * Z vn(Ti) , 
3 QeY Q 

PROOF, a : X •• Y is a separable morphism of degree d ; 

hence, by the Hurwitz classical formula and lemma 1 ii) it 

follows 

2g(X) - 2 = dI2g(Y) - 2] * Z vn(o) 
QEY ^ 

Now, by [3] 1,1, V Q U ) » 2 length (BQ/B') + v^a) and the 

claim follows from lemma 1 i). 

SOME APPLICATIONS, 

Through this section wo assume char k = 0 , 

Recall that, if X IP is a complete, irreducible 

curve, the rank of X is the non-negative integer 

l'k X •> ' tangent hyperplanes to X through a generic IPr" 

= 9 tangent lines to X meeting a generic WT~ 

A non difficult computation of constants shows that we may 

choose a Fr" , say L , such that LfiX = 0 and L is not 

contained in any of the osculating hyperplanes to X , in any 

of the raultitangcnt hyperplanes to X , in any of the tangent 

hyperplanes to X passing through a singular point of X . 

From now on, we will assume that L is as above and Y 

is a line such that Y^ L = YrtX = 0 ; we will assume also 

that TT : X -• Y is the projection from L , Thus n is a 

separable morphism of degree d , where d is the degree of 

X , 

PROPOSITION 3, rk X = 2p.(X) - 2 + 2d - Z V-di) , 
Casing) Q 
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PROOF, By our choice of L it follows that Z v^di) = 
QEY Q 

" QES V 1 0 + OeT VQ(7r) Where S = { Q e Y | a ' ̂ ^ ^ i n g ^ 0} 

T = (QeY|(L , Q)a Xsi n g = 0 and (L , Q) is tangent to X) 

((L , Q) denotes the hyperplane determined by L and Q ), 

Since Z vn (n) = rk X , our claim follows from th.2. 
QET ^ 

In some cases it is easy to compute Z v-di) , hence, 
QES ^ 

from prop, 3, rk X , as shown by the following, 

PROPOSITION S, Let PeXsi be an s-fold point, Q = Tr{P) 

and put A = 0 , R = 0 p , Then: 

i) if endim R = 2 , then V Q U ) = Z SJ (S . - 1) + I (V - 1) , 
" i a 

where the first sum is extended to P and to all its 

infinitely near points, while the second sum is extended to 

all the branches of X at P , the v 's being the 

corresponding orders, 

ii) if gr(R) is the affine coordinate ring of s lines in 

A in generic (s-1) and s position, then 
d0 + r 

VQ(TI) = 2sd0-2( ) , where d. is the least integer such 
^ r + 1 

d0 + r 
that s < ( ) , (For definition of (s-1) and s 

r 

position see [4] p, 119), 

PROOF, By [3], 1,1, VQ(TI) = 2 length (R/R)+vc.(a) (where 

denotes the integral closure), 

i) Since R is Gorcnstoin, then 2 length (R/R) = 

length (R/6) where 6 is the conductor; now, it is well 

known that length (R/b) = Z s.(s. -1) (e,g, apply [5], 
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cor . 3 ,12) , Moreover we have v0(o) = ï (v - 1 ) (see proof of 

lemma in [2 ] ) , 

ii) From [6], th, 4.2 and th. 4.4 it follows that gr(R) is 

d0 reduced and the conductor of R in R is m , where m is 

the maximal ideal of R ; moreover ([6], p, 92) gr(R) = gr(R) . 

An easy computation shows that length (R/R) = 

= length (gr(R)/gr(R) ) , and our claim follows by (4], prop. 6. 

REMARK 6. When r = 2 , prop, 4 and prop, 5 give the classical 

generalized Pliicker's class formula (see [2]). 

EXAMPLE 7. Let r = 3 and let X_. = {t triple seminormal 
sing 

points). What is an upper bound for t ? Since condition ii) 

of prop, 5 is satisfied, then, for ever QeR , 

dn + 3 
VQ(ii) = 6d0-2( ) , with d0 = 1 ; so v^di) = 4 , and, 

since rk X > 0 , we get, from prop, 3, t ̂ j^a^ - ! + d] . 

REMARK 8. If F is a surface of degree n in F , with S 

ordinary double points as its only singularities, and G is the 

first pdlar of a generic point of IP with respec to F , then 

the complete intersection of F and G is a curve X having 

just 6 nodes as its singularities ([9]). Therefore, in this 

case, we have 

rk X = jn{n - 1) (2n - 5) - 2 + 2n(n - 1) - 26 

Viewed another way, if we know a lower-bound for rk X , the 

formula allows us to determine an upper-bound for 6 ; 

unfortunately, the trivial inequality rk X > 0 gives a loose 

upper-bound for « (see [9]), but it is challenging to search 
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for a non-trivial lower-bound for rk X , depending on n , 
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OK VARIETIES OF 3-ALGEBRAS 

Giulia Maria Piacentini Cattaneo 

Presented by P, Ribenboim 

1. Introduction 

Let V be a variety of algebras over a field F satisfying the condition that 

there exists an integer nil such that if R belongs to V and I is an ideal of 

R then I is an ideal of R, Such varieties have been called n-varicties by 

Zwier [11), All algebras belonging to an n-variety are called n-algebras. Many 

authors have studied n-varieties for n=2((ll, [2], [3], [4], [7], [8], [9J and 

[ 11 ]). Examples of 2-varieties are associative, alternative and Lie algebras. 

A variety V of algebras is a 2-variety (see [2]) if and only if all algebras 

of V satisfy the following two identities! 

xyz = a zx*y+a xz«y+a yzx+a yxz+a zyx+a yz'x+a x'zy+a x-yz 

z»xy = 3 zx'y+6 xz'y+B y"zx+3 yxz+3 zyx+0 yz»x+6 x"zy+$ x'yz 
1 2 3 4 S 6 7 B " 

where the a's and the B's are assumed to be in F. 2-varieties have been 

completely classified in [7]. 

In this paper I study n-varieties for n=3. Examples are Jordan and standard 

algebras. Such varieties (see [8]) are defined by four degree four identities 

each of which depends on 72 constants. The only thought of this huge number 

of parameters would discourage anybody from undertaking the task of studying 

these identities. But the matrix technique ([3] and [6])that we have been using 

in several occasions and in particular in the classification of 2-varieties 

allows one to keep computations under control, since it allows to find a 

standard way for representing identities and a straightforward way to compare 

and classify them. Moreover, this technique allows to handle the problem by 

(*) This work was supported by the G.N.S.A.G.A. of the Italian National 

Research Council. 
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making use of the computer, because, as we will see shortly, it enables to 

translate the problem of recognizing a 3-algebra to a very simple problem of 

linear algebra. Full details and proofs are forthcoming in [10]. 

2. Matrix representation of a 3-variety 

Let R be a nonassociative algebra defined over a field of characteristic 

not 2 or 3, The fact that R is a 3-algebra amounts to saying that there exist 

Vsi w vv- 6 such that the fol-
72 288 constants a , 

lowing set of four degree four identities hold. We shall write the four 

defining identities in Table I in the next page. Table I should read in the 

following manner. There are five different types of association in a degree 

four identity; (x^xjixj), ( x ^ - x ^ y , ( x ^ x ^ y , x ^ x ^ - y ) and x ^ x ^ y ) . 

Each term of the identity appearing in one of these forms is set under the 

corresponding heading, which is respectively: RR,RR, (RR,R)R, (R,RR)R, R(RR,R) 

and R(R,RR), The left column of the table indicates what permutation of the 

four elements x , x , x and y is being considered. The four columns o^, 

8 , y and 6 under each heading give rise to the four different identities. 

Of course. Table I is only a different way of writing the four identities 

stated in [8], Writing the identities in the form of Table I allows one to use 

the group representation technique stated in [5] and [6], If char F ^ 2,3, the 

group algebra FS is isomorphic to the direct sum of matrix algebras over F, 
4 

FS = F 
4 

F a F ® F © F 
2x2 3x3 3x3 

The isomorphism is given for instance in [6], page 55, Every degree four 

identity may be written therefore in the form 

RR,RR © (RR,R)R a (R,RR)R @ R(RR,R) e R(R,RR) 

(*) 8. g, 8, 8,, 8C 

where each g (1=1 5) belongs to FS and so will be of the kind: 

8i - (h ) e (k ) ffl 

P P K1 F2 

1 i 
P P r3 "4 

,'1 

V 
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I 

(123) 

(124) 

(132) 

(134) 

(142) 

(143) 

(234) 

(243) 

(12)(34) 

ai 

a
2 

a3 

a4 

a5 

"B 

S 
"B 

"g 

"iG 

61 

8
2 

S3 

B4 

B5 

% 
B7 

ea 
e9 

,610 

Y1 

Y2 

^3 

^4 

Y5 

YB 

h 
\ 
Y9 

i Y10 

«1 
52 

«3 

«4 

65 

«6 

57 

58 

«9 

«10 

-1 

«28 e 28 ^29 «26 

030 e3o ^ o ^ a 

«28 ^26 ^26 62B 

"25 ^25 Y25 625 

(RR,R)R (H,RR)R R(RR,R) R(R,HR) 

-1 Ofil 061 Yei «SI 

«63 063 ^63 «63 

062 062 ^62 «62 

«41 041 Y41 «41 053 053 Y53 653 

a3B 038 ̂ 38 «38 OSO 05Q ̂ 50 «50 065 065 Y6S «65 

a4Q 040 Ï40 «40 052 052 ̂ 52 «52 

O37 037 Y37 «37 «49 049 Ï49 «49 «64 654 ÏB4 «64 

a39 039 Y39 «39 «SI 051 Y51 «51 «BB 066 Y66 «68 
(13)(24) a ^ B ^ Y ^ Ô , , (127 027 Y27 «27 «42 042 Y42 «42 «54 054 Y54 «54 

(14)(23) « 1 2 0 1 2 Y 1 2 6 1 2 « 2 9 0 2 g Y 2 g « 2 9 

(12) " n 0 , 3 ^ , 3 «,3 «69 069^69 «69 

( 1 3 ) " u e i 4 Y14 «14 «SB 068 ÏBa «58 

( U ) a i 5 8 1 5 ^ 1 5 « 1 S «35 035Y35«35 

( 2 3 ) a i 6 616 Y16 616 a67 067Y67«67 
(24) a i 7 e i 7 Y17 <517 O j , 63, Y j , 63, 0.45 046 Y46 «46 «SB 058 Y58 «58 

( 3 4 ) " i B ^IS Y18 ^ B «43 043 ^ «43 «55 055 Y55 «55 «70 &70 Y70 «70 

( 1 2 3 ' , ) a i 9 e i 9 ^ 9 6 1 9 «34 034^34 «34 -1 -1 

^ " ^ a2D 620 y20 SW aAS 045 ^45 «45 «57 057 Y57 «57 «72 &?2 Y72 «72 

( 1 3 2 4 ) a 2 1 0 2 1 ^ 1 6 2 1 «36 038Y38«36 

(1342) a ^ e 2 2 Y22 «22 «33 033 Y33 «33 «4B 048 Y48 «48 % I 060 YBQ «60 

(1423) 0 ^ 6 ^ Y23 «23 «32 032 ^32 «32 «47 047 Y47 «47 «59 059 Y5g «59 

(1432) a^ 0 ^ Y24 62 4 («44 044 Y44 «44 «56 056 Y56 «56 «71 071 Y71 «71 
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Let us observe that when we fill all array (*) for 1=1,2,3,4 we will write the 

above matrices vertically instead of horizontally, 
286 480 

This matrix representation determines a mapping from F to F (480=24x5x4 

being the entries of the matrices of the above array). Not all fills of these 

matrices represent the defining identities of a 3-algebra, The fills of the 

matrices which correspond to a 3-algebra lie in the range of the map we have 

been describing. One sees that the fill of the first three representations 

(i,e, the two 1x1 and the 2x2) and of part of representations «<4 and "5 are 

arbitrary; the remaining elements of representations ̂ 4 and ̂ 5 are determined 

by these. Knowledge of the range of this mapping is vital for checking when 

some identities are the defining identities of a 3-algebra, 

3. Recognizing a 3-algebra 

Let R be an algebra defined by a collection of identities of degree four 

(or reducible to degree four). The question we are going to solve is the fol-

lowing: Is there a quick and standard way which allows one to see if the 

identities are the defining identities of a 3-algebra, without having to un-

dertake tedious and difficult manipulations of the identities? We shall use 

the same method we have used in [7] for the classification of 2-varieties. The 

difficulty in the present case is the huge amount of parameters. Anyhow the 

translation of the problem to a matter of linear algebra allows to handle part 

of the computations with the help of a computer. 

Remember that a fill T of matrices representing some identities is weaker 

than a fill T if representation by representation the row space of T is 

contained in the row space of T , Two fills T and T are equivalent if the row 

space of T is contained in the row space of T and viceversa. Now, one easily 

sees that, disregarding the terms of the form RR,RR (which in fact do not af-

fect a set of identities being or not being the defining identities of a 

3-algebra), any collection of degree four identities is equivalent to a finite 

set of at most four identities of degree four. If R is any algebra defined by 

any number of degree four (or reducible to degree four) identities these are 
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going to be the defining identities of a 3-algebra if and only if there is an 

equivalent or weaker fill T of the matrices representing the identities which 

is in the range. Now, since an equivalent or weaker fill of T is obtainable 

multiplying each representation of T respectively by two 1x1, one 2x2 and two 

3x3 matrices, this new fill is going to be in the range if and only if certain 

relations between its elements are true. This happens if and only if a certain 

system of linear equations of 192 equations in 384 unknowns is compatible. 

Since the matrix of the system is of the kind 
c 1 
A 0 0 0 
0 A 0 0 

^ 0 0 A 0 
0 0 0 A 

where A is a 48x96 matrix, the task before us is not so impossible as one 

might at first sight expect, since one needs only to care about a smaller size 

matrix. 

We have thus proved the following theorem. 

Theorem: Let R be an algebra over a field F of characteristic )f2. ̂ 3, defined 

by one or more degree four identities. Then R is a 3-algebra if and only if 

a certain system of 192 equations in 384 unknowns is compatible. 

4. Conclusions 

We will summarize here the steps one needs to undertake by this method: 

1) By use of the matrix technique, give a matrix representation of the 

identities. 

2) Reduce the matrices to row canonical form in each representation: by this 

way we obtain a standard form of the identities, which enables to compare 

them very easily and to classify them. Most of all, it allows to see if 

some identities are redundant. 

3) Build the matrix A, which is a 48x96 matrix whose entries depend on the 

elements of the matrix representation of the identities. 

4) Using the matrix A build a certain system of linear equations that we are 

not going to describe here (for full details see [10]), The algebra R is 
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a 3-algebra if and only if the system is compatible. 
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SOME REMARKS ON THE ORDER OF AN ENTIRE FUNCTION ASSOCIATED 

WITH A SECOND-ORDER DIFFERENTIAL EnuATION, II. 

Angclo B. Mingare]11 

Presented by D.V. Atkinson 

Let 0 : [a.b] x C -» C where -"> < a < b < +"> . Assume that G(-,X) e L(a,b) 

for each fixed X € C . Then solutions of an Initial value problem associated 

with 

-y" + G(t,X)y = 0, t <• [a,b], (D 

exist and are unique [3]. 

The question of interest here is the analytic dependence ot a non-

trivial solution y(t,X) of (1) upon X ,s t for fixed t. The following result 

Is obtainad. 

Theorem 1. (a) Let G(-,X) e L(a,b) and 8G/3X(-,X) 6 L(a.b) for each fixed 

XeC. For each fixed te [a,bl let G(t,X) be an entire function of X . 

Then y(t,X) is an entire function of X for each tc t-i.b]. 

(b) If, in addition to the hypotheses in (a), G satisfies for 

some p ̂  0, 

f' |1 + GÙbAl| ds „ 0(1)t (2) 

as |X| -» -f» , uniformly for te [a.b], then y(t,X) is of order not exceeding 

p/2. 

This research is funded by grant U0167 from the Natural Sciences and 
Engineering Research Council of Canada. 
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Proof. The technique described ill (1, 511.5) may ba adapted, with minor 

changes, to (1) in order to prove (a). 

The proof of (b) is based upon an idea which appc-nrs to have origina-

ted in |1, §8.2]. We need only sketch the argument. Fix XeC and let 

u(t) = |X|p|y(t.X)|2 + lyMt.X)!2. Then 

e / f i + Ç i ^ I ] y ( t ,X)5 ' ( t ,X) l . u , ( t ) = 2|X|1' Rê  

and consequently, 

| u ' ( t ) | £ 2 l y | | y ' | | X | P i l + ̂ f ^ l • 

Use of the relat ion ( | X | p ' 2 | y | - | y ' | ) 2 ^ 0 now yields 

[ " ' ( t ) ! £ | X | p / 2 u ( t ) | l + £ t L ^ i l • 
XiP 

Thus 

t ^ l o g u C t ) ! * l x i p / 2 | i + ^ | 
dt j J X | P | 

and a quadrature followed by an exponentiation gives the resul t 

u( t ) s c e x P ( | X | p / 2 f l l + S i S ^ l l d s ) 
I a |X|P I J 

- o|exp[(const)|X|p/2| , 

and (b) follows. 

This theorem appears to have interesting applications. First, we 

note that the Sturm-Liouvllle equation, (1) with G(t,X) 'q(t)-Xr(t), 

q,r c I,(a,b) is Included In thcorcni 1. Hero q,r are not necessarily real-

valued. Theorem 1(1>) gives the bound 1/2 for y(t,X), a result which Is 
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classical and which, in fact, is sharp. 

Another consequence is that the solution y(t,X) of the equation 

-y" + (P(t)X2 + Q(t)X + R(t))y « 0, (3) 

under the assumptions P,Q,R£L(a,b) is an entire function of order not ex-
b 

ccedlng I in the event that / |P(s)lds > 0 and of order not exceeding 1/2 

a 

otherwise. Tlie former result was also obtained by Langer 16] using techni-

ques which dealt particularly with equations of the form (3). Equations of 

the form (3) also arise in mathematical physics, cf. [4], (5]. 

Now we note that the generalized eigenvalue problem 

-y" + q(t)y = X|i(py) ' + ipy' +wy| (4) 

is a particular case of a problem considered by Everi.tc |7.), Tlie assump-

tions therein were p ; [a,b] •*• TR , p e AC- (a,b); w : [a,b] + TR , 

w e LjQg^ih)! «1 : [a,b] * K , q e L1 (a,b). One open problem in [2] regar-

ded the order of y(t,X) as a function of X. Sharp estimates were derived 
b 

in [7J. Therein we showed that whenever / |p(s)|ds > 0 the order of y(t,-) 
a 

is at most I and at most 1/2 otherwise. 

However, under the stated assumptions, the change of dependent varia-

ble 

y(t) = z(t)exp|-iX / p(s)ds| (5) 
t 
/ 
a 

carries (4) into! 

2" + (P2(0X2 + w(t)X - q(t))z = 0 (6) 
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which is an equation of the form (3). The shnrp cstimati's 1, 1/2 now follow 

from the analogous results for (3). Note that the transformation (5) mny 

be used to obtain information about the spectrum of (4) by reducing the pro-

blem to the study of the spectrum of (6). For example, the spectral function 

of (6) was studied by Langer [6) and so more information can be gathered 

about the spectrum of (4) than Is already known, cf., [2]. 

Let G(t,X) H a„(t)Xn + a,(t)Xn"1 + ... + a ,(t)X + a (t) where u 1 n-l n 

a (t) c L(a,b), i = 0,l,...,n . Inserting this into (2) and solving the ine-

quality one finds p = n. Consequently the solutions y(t,X) of the correspon-

ding equation (I) are of order not exceeding n/2, as long as 

b 

/ |a..(s)[ds > 0. It seems very likely that the order is precisely n/2, 

a 

(here n ï1 is integral). 

Finally we note that if C(t,X) î sin X, then for each piO there 

exists a sequence X e C with the property that (2) fails as |X I • » , 

In this case it is readily verified that y(t,X) is of infinite order. This 

shows that (2) is in some sense shnrp. 
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LEAST SQUARES. TRAMSMDTATION. 
AND THE HARCEHKO EQUATION 

Robert Carrol l 

Presented by D.V. Atkinson 

Abstract . I t i s shown how the genera l Marcenko (M) equation of 1 2;41 a r i s e s 
as a minimizing c r i t e r i o n in character iz ing a c e r t a i n transmutation. 

1. Introduct ion . Given two operators P and Q of the form Qu = ^ Q U ' ^ ' ' A Q ~ 

q(x)u on say (0 ,") we consider transmutations B s a t i s f y i n g HP = QB (ac t ing on 

s u i t a b l e objec t s - cf . [ I ] ) and we report here on some new d i r e c t i o n s . Thus one 

sees in [ 7 ; 8 ] the s p l i t t i n g of s p e c t r a l measures re la ted t o a type of autocorre-

l a t i o n of readout data (cf . [ 11] for t h e c l a s s i c a l in terp lay of t ime s e r i e s ana l -

y s i s , s p e c t r a l theory , Krein s t r i n g s , e t c . ) . In what appears to be a s imi lar 

s p i r i t the r e s u l t s of [ 5 ; 6 ; 9 ] charac ter i z e var ious transmutations v i a l e a s t squares 

minimizing procedures (appropriate Gelfand-Levltan (G-L) equations a r i s e as Euler 

equat ions) . This development was motivated by some work i n [ 12 ] (cf . a l s o [ 10]) 

and in fac t the patterns are s trongly r e l a t e d t o various work i n l inear estima-

t i o n , p r e d i c t i o n , and f i l t e r i n g theory ( c f . ( 1 4 ; 1 5 ] ) . The present note Involves 

a new r e s u l t showing that the general H equation of [ 2 ;4 l a l s o a r i s e s in a s imi lar 

manner. The technique a l s o provides some new i n s i g h t i n t o the s t ruc tur e of t h i s 

general M equation and the r e l a t i o n between general G-L and M equations (c f . [ 1 ; 3 | ) . 

2 . Background. We take here Pu = u" - q(x)u to be an operator of Fourier type 

(on (.-",")) ae i n | 2 ; 4 ] (thus q Is r e a l , even, p o s i t i v e , continuous, and say 

q(x)exp2Hx G L 1 ( 0 , " ) ) ; t h i s i s stronger than necessary but convenient . Take Qu 

- (Au1) ' /A - q(x)u (on ( 0 , « ) ) with say A e c 2 , 0 < a < A < A < •», A •»• A„ "rapid-

ly" as X * ", A(0) = 1 (which i s no r e s t r i c t i o n ) , and q s a t i s f y i n g s u i t a b l e con-

d i t i o n s Involving e . g . / ' ( 1+x ) | q ( x ) | dx < » (more general Q are p o s s i b l e - c f . 
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[ 1 ; 2 ; 4 ] - but t h i s i s again conven ient ) . For such operators one takes v^ t o be 

the s o l u t i o n of (*) : Qu • -X2u with ^ ( 0 ) = I and 0 ^ ( 0 ) = 0 w h i l e * 5 x ( x ) d e -

notes the Jost s o l u t i o n s of ( * ) . s a t i s f y i n g * ? i ( x ) ^ A~^èxp(±iXx) as x ->• ". One 

has v ^ " c
0 ^ ) * ^ + co^"*^ -1 a n d (assuming no bound s t a t e s ) the s p e c t r a l measure 

for Q (and iff) i s du = ûdX • ( I / 2 I T | C | 2 ) d X i we s e t a l s o ^ = * ^ / c ( -X). On the 

other hand for P one de f ines in addi t ion X, as the s o l u t i o n of ( * ) p s a t i s f y i n g 

X x (0 ) = 0 and D^(P(0) - - 1 . One thinks of v^ and x^ on ( -» ," ) and s e t s M^X) = 

^ ( - X ) with M(X) = 1/21XF(X) where x^ " ( l / 2 iX) {F(X)* P
x - F ( - X ) * P } . Then * P = 

2iX{M(XVP - M1(X)xx) and one de f ines 5^ - 2iX{M(X)*P + M^Xft^) ( so ^ ( - x ) -

* x ( x ) ) . Set t ing further p(X) = lAiXMMj^ and A(X) > -(MM" + M~M )/2MM (M- • 

M(-X)) one has ^ = p î P + A*P (we w r i t e a l s o dv = vdX with 0 - 1 / 2 T I | C J 2 . 

The theory of the M equation revo lves around three transmutations P -• Q (c f . 

[ 1 ; 2 ; 4 ; 1 3 ] ) , namely, B: ^ •* f^, B; *^ ••• ^ and B: * P * *^. These have kerne l s 
P 0 *-

given r e s p e c t i v e l y by the s p e c t r a l pair ings B(y,x) =<^, (x) ^ ^ ( y ) > , 6 (y ,x ) = 

< V i P ( x ) , ^ ( y ) > u , and 6 (y ,x ) = < * ^ ( y ) , v P ( x ) / c p ( - X ) >x/2ii with t r i a n g u l a r i t y B(y,x) 

= 0 for x > y whi le B(y>x) = 0 = B(y,x) for x < y . The extended G-L equation of 

[ 1 ) can be wri t ten B = 5w where W(x,y) = < V x ( x ) , 9 x ( y ) > wi th dv = (02/u)dX and 

one has from [ 2 ; 4 ] B = B H where H has kernel H(x , s ) = (I/2ir) /^(M1(X)/c (-X)) 

£ x (s )* x (x)p(X)dX (for a c t i o n s •• x and I( (x ,s ) = 0 for x > s , which we refer to 

as a n t i c a u s a l l t y ) . The general extended M equation of ( 2 ; 4 ] (genera l i z ing [ I ; 3 ; 
•v AJ*** y A*M été it 

13 ]) is now BH = BWll = B(I1W11) = BK where fl t. K . Here H is anticausal as indi-

cated with H causal (by adjolntness) so BH is causal and for x > y the M equation 

becomes ker(BK)(y,x) = 0 which will be written out below. Finally we recall that 

B(y,x) = A"^(y)«(x-y) + K(y,x) (cf. [7;8;9)) where K is a function with K(y,x) = 

0 for x < y. Similarly B(y,x) = A (y)6(x-y) + K(y,x) and the G-L equation B = 

BW becomes in kernel form (•) A~^(y)n(x,y) + K(y,x) + /" K(y,ç)n(ç,x)dÇ = 0 

(writing VKx.y) « 6(x-y) + n(x(y)). One notes here that It is an Integrated form 
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of such G-L equations (where the explici t A ^ disappears) which i s used in solv-

ing inverse problans (cf. ( 7 ;8 ;9 l ) . 

3. Minimization. In the present circumstances one can write 6(y,x) • A (y) 

5(x-y) + K(y,x), H(x,s) - «(x-s) + h ( x , s ) , and K(t,x) = «(t-x) + K(t,x) where 

K(t,x) i s symmetric, h(x,s) = 0 for s < x, and K(y,x) = 0 for x < y. Then for 

x > y the M equation becomes(») A"!5(y)K(y,x) + K(y,x) + jÇ K(y.s)K(8,x)ds - 0. 

We note also that (*) K(y,x) = K(y.x) + A")5(y)h(y,x) + jÇ K(y,s)h(s,x)d8. Now 

S / = Up** where W = 2/v and i t was shown in I 6;91 that K i s characterized as the 

kernel which minimizes H = / T / " {^(y^Ay) - W(X)v^(y) + (Kcx) (y))2dlidy where 
0 0 

K i s allowed to range over a sui table c lass of anticausal kernels . In fact the 
minimizing kernel K for S can be uniquely characterized as the solution of the 

A T " Q ~H P 2 
G-L e q u a t i o n ( • ) . In t h i s d i r e c t i o n one w r i t e s now S = / / (W>x - A V x ) dpdy 

^ * * * * * * * n.A 

(which will make sense here) and then S can be written aa 2 = ï + Tr K(H«)K + 

Tr A ^ n S * + îïî). Let us think of our trial operators K as arising from a con-

struction (*) with ker B - A',5(y)S(x-y) + K(y.x) and ker B - ker (BH) - k\y-) 

5(x-y) + K(y,x). Then Tr BKB for example enters naturally into the equations 

(since S = S + Tr KK* - Tr k^- + Tr BOffBOB*) and after some calculation one 

obtains (note (•) = the M equation of I2;4] but is written differently) 

Theorem. Writing HWH °  K °  i + K the minimization problem for S reduces to 

minimizing 5 °  5 + Tr K(i + K)g* + 2Tr A - ^ * over a suitable class of anticausal 

kernels K g does not depend on K). The solution KD to this problem is then char-

acterized as the unique solution K of the M equation (•). 

Remark. The derivation of general M equations in ( 1:2;3;4] was motivated by 

[ 13] and the passage from B - BHW to BH = BK was in a certain way an ad hoc pro-

cedure. We see from our least squares minimization technique however that K = 

HWH arises naturally by adjolntness and the M equation BH = BK is intrinsically 

V ^ 
connected to the G-L equation B = BKW. 
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SYZYGIES AND VECTOR BUNDLES 

E. Graham Evans Jr. 

and 

Phillip Griffith 

Presented by H.S.M. Coxeter 

Abstract: In this note we discuss the application of our theorem on 

the ranks of syzygies to establishing constraints on the extension of 

vector bundles. 

In working out the details for a solution to the syzygy problem 

[3], we wore led quite naturally to the circumstance in which the 

syzygy in question represented a vector bundle on the punctured 

spectrum of a regular local ring. Having obtained an affirmative 

answer to the syzygy problem wo were able to establish results on 

the vanishing (or non vanishing) of the cohoraology of vector bundles 

of "small" rank (see [3; theorem 2.4]), After completion of this 

paper we realized that these results had consequences in the context 

of extending vector bundles on projective space 1' to IP . Barth 

and Van de Ven [1] in the case of rank 2 and Sato [7] and Tyurin (9] 

in gtiiiaral showed that the only infinitely extendable bundles were 

direct terms of line bundles. Horrocks [6] asked the corresponding 

question in regard to punctured spectra of regular local rings. In 

this article we summarize our results [4], [5] in this context which 

were an outgrowth of [3]. For our main result In (3] to apply we 

must assume throughout that all rings contain a field. 

1. CohomoloKlcal constraints on lifting vector bundles. 

Throughout this section we assume that R is a regular local ring of 

dimension n+1, with n>2, and that S denotes a regular local riny, 

having parameter t such that S/tS = R. We use script letters to 
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denote vector bundles on the punctured spectrum of a local ring (i.e. 

the space one obtains after deleting the maximal ideal) and the corre-

sponding latin capital to denote its module of sections, e.g.-E is the 

module of sections E. If F Is a vector bundle on the punctured spectrum 

of S, then F lifts the vector bundle E on the punctured spectrum of R pro-

vided the restriction of F to the punctured spectrum of R is Isomorphic to 

E. We remark that in terms of the modules of sections this does not say 

that there is an exact sequence 0>-F-*F->-E->0 but rather that there is 

an exact sequence O-^F-^F-^E-^L-^O where I. has finite length. The co-

homology H (E) is the usual sheaf cohomology on the punctured spectrum. 

Our first result gives a flavor of constraints that occur In the 

lifting process in case certain sheaf cohomology vanishes. The proof 

is a rather straightforward Induction. 

Thocrem 1.1: Let E be a vector bundle on the punctured spectrum 

of R and suppose p, d, and q are integers such that I £ p < d < q £ n-1. 

lf_Hp(E) and.llq(E) are zero while H (E) is nonzero, then E can be lift-

ed at most q - p+2 successive times. In particular if q = p+2, then 

E cannot be lifted at all. 

To illustrate the above result, let n ̂  5 and let E bo a U 

syzygy of a nonzero module of finite length where 3 £ k £ n-2. Then 

the bundle E associated to E has exactly one nonzero cohoraology, namely 

H (E). Thus E has no liftings to higher dimensions. 

What initially aroused our Interest in questions concerning the 

lifting of bundles is the next result. 

Theorem 1.2: Let E be a vector bundle on the punctured spectrum 

of R and assume that H1(E) = ••• = Hk"2(E) °  0 with k > 3. If the 

bundle F lifts E to the punctured spectrum of S. then H (F) = ;.. = 

K (F) = 0 and the sequence of sections 0 ->-F-iF->-E + 0 is exact. 

In module theoretic language, Theorem 1.2 says that, if E is a 

k syzygy over R with k > 3, then F is a (k+l)s syzygy over S. 

Our main result of this section now follows. 

Theorem 1.3: Let E be a vector bundle of rank r snfh th.nt F. If; 
1 k-2 

not a free R-modulc and such that H (E) = ••• = H (E) = 0 with 
k > 3. Then E cannot be lifted more than r-k successive times. 
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As an application of Theorem 1.3, consider projective space IP 

with n ̂  2. Then the tangent bundle, which represents an n syzygy 

of rank n, cannot be lifted tojp" ,a similar statement holds for 

the Tango bundle [8] which is of rank n-1. 

We end this section with a result which together with Theorem 

1.3 is used to establish Theorem 2.1 of the next section. 

Theorem 1.4 : Let E be a vector bundle of rank r on the punc-

tured spectrum of R and assume that E is not a direct sum of line 
2 

bundles. Assume the dlmcnaion of R is at least 4 and that H (E) °  0. 

If H (E) is Renerated by t elements,•then E can be lifted at most 

r+^-4 times. 

2. The IlftinR of stably equivalent bundles. 

We continue the notation of the previous sections with the addition 

that (L and 0- are the structure sheaves for the punctured spectra 

of R and S, respectively. We also assume that R is of dimension 

n+1 with n .> 2. 

If the dimension of R is less than or equal to 2, then any 

bundle on the punctured spectrum of R is trivial since its module 

of sections is reflexive and hence free. On the other hand there 

are nontrivial bundles on the punctured spectrum of R as soon as Its 

dimension is at least 3. These bundles will restrict to trivial 

bundles, that is, a direct sum of line bundles, in dimension 2. Thus 

the trivial bundle of the restriction lifts to a nontrivial bundle. 

However, if the dimension of R is at least 3 and If E is a trivial 

bundle on the punctured spectrum of R, say E = 0- , then the only 
i 

lifting of E to the punctured spectrum of S is 0,, To see this, 

we suppose that E is a vector bundle on the punctured spectrum of R 

and that F is a nontrivial bundle on the punctured spectrum of S 

which lifts E. Then some H (F) is nonzero for 0 < 1 < n+1. The 

long exact sequence on cohomology yields that H (E) and H (£) are 

both nonzero. Since n ̂  2 it must be the case that H (E) is non-

zero for some 0 < J < n. Thus E is nontrivial. 

Let E be a vector bundle on the punctured spectrum of R. Then 

bundles of the form EO0 ' are said to be stably equivalent to E 
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(see [6]). The remarks above show that bundles of the form E90 

have the property that each of their lifts is again infinitely 

liftable in case E is a trivial bundle. In this section we record 

the converse. That is, if E is nontrivial then there is an t de-

termined by cohomological data and a series of liftings of £90 

which terminate in a bundle which cannot be lifted. The proof of 

our next result uses both Theorem 1.3 and Theorem 1.4 as well as 

induction. 

Theorem 2.1: Let E be a nontrivial bundle on the punctured 

spectrum of R. Let E have rank r and let h be the length of H (E*) 

Then there is a sequence of liftings of EW,, . with l<h, which 

continues at most r + d + 2h - 2 times, whore d °  h(h+I)/2. 

In order to settlo this problem of infinite llftability over 

punctured spectra, it remains to show that all lifting "paths" for 

a given bundle E are finite (perhaps with a uniform bound) in the 

situation where the module of sections E is a second but not third 

syzygy. Perhaps to indicate the more delicate nature of the lift-

ing problem in regard to second syzygies, we record the following 

phenomena. Let L be a nonzero module of finite length over R and 

let E be a second syzygy for L. Considering L as a module over S, 

let F be a second syzygy for L over S, that is, we have an exact 

sequence 

0 -* F -• Sa -* Sb f L -• 0. 

Reducing this exact sequence modulo t gives a sequence 

0 ••(F/tF) ->• Ra —>• R6 -• L -»• 0 
which is exact except for R where there is homology isomorphic to 

L. Replacing F/lF by its double dual (F/tF)** with respect to R, 

however, repairs the inexactness. Hence, we obtain an exact se-

quence 

0 -• (F/tF)** -• Ra ~+ Rb -• L -<• 0 

over R from which it follows that (F/tF)** = E®R , for some £>o. 
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p 
Thus it follows that F lifts E®0o . Furthermore, if we allow t to 

t 
increase without bound, we may lift £S0B arbitrarily many times; In 

a» I* 

particular, EeOR lifts forever. Finally, we observe that Theorem 

1.4 guarantees that I must Increase as more stable lifts are desired. 

The infinite llftability of £«()„ is analagous to the "Ellenbcrg 

trick" that if P Is a projective R module then POR00 is a free R module. 

3. Concerning the structure of k syzygies of rank k. 

A test case for the lifting problem in regard to second syzygies is 

that of rank two bundles. As a consequence we have begun to consider 

the module theoretic properties of such syzygies In more depth. In 

particular we have begun a study of syzygies of minimal rank. Such 

syzygies are not rare. Indeed Bruns [2] has shown that a k.th syzygy 

M of rank larger than k must contain a free submodule F so that M/F 

is a k syzygy of rank exactly k. On the other hand we have shown 

[3] that any nonfree k syzygy must have rank at least k. We have 

the following result which appears in [5]. 

Theorem 3.1: Let R be a regular local ring which contains a 

field and let M be a k syzygy of rank k, with k >̂  2. Then H has 

a presentation 

0 * K + B * M + 0 

in which B is a second syzygy for Extk"1(M*,R) and K is a (k+2)nd 

syzygy. 

In addition we establish a uniqueness result. The grade of 

Ext (M*,R) is one more than expected. In case M is a bundle on 

the punctured spectrum one obtains a uniqueness statement as in 

Schanucl's Lemma. Lastly, if F is a rank 2 vector bundle over 

the punctired spectrum of S which lifts E over the punctured 

spectrum of R one obtains a commulalîve diagram 

0 -i- K'/tlC ' B'/tB' •• F'/tF' * 0 

+ + + 
0 ->• K • B • E -• 0 

in which K', K and B', B arc as In Theorem 3.1 for S and R, respect-

ively. However, we have little Information on the kernels and Images. 
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THE LOCAL TOTAL COHOMOLOGY OF NON LINEAR EVOLUTION EQUATIONS 

P.P. Dhooghe 

Presented by G. de B. Robinson 

INTRODUCTION 

Recent research in evolution equations which are derived from a variational 

problem has indicated the importance of conserved quantities [2], These con-

served quantities are functionals which have their domain in the spacelike 

sections of the base manifold. The base manifold for the considered equations 

is the direct product M * R, where M is an n-dimensional manifold. It is 

therefore natural to look for n-forms, which live on the prolonged evolution 

equation. This is Itself a submanifold P of an appropriate jet bundle over 

M » IR . The n-forms one looks for are horizontal and closed over the solutions 

of the equations, which are the integrable sections of P. 

Associated to the integrable sections of P there is a de Rham type differ-

ential operator, which sends horizontal p-forms into horizontal (p+l)-forms on 

P and which over the solutions is nothing else but the de Rham differential 

operator. This operator allows one to construct a differential complex, the 

total complex, which in contrast with the usual de Rham complex on any manifold 

is locally non trivial. It is then evident that the local cohomology group, 

..H , represents classes of local conserved quantities. 

The main theorem of this paper states that all local cohomology groups of 

order smaller than n are zero on every evolution equation. 

1. THE JET BUNDLE AND THE TOTAL COMPLEX 

All manifolds are real, paracompact and C . Let M be a manifold, then C(M) 

« k k 
denotes the ring of C -real functions on M and J = J (M) is the k-jet bundle 
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of germs of elements of C(M). Each Jk is a vector bundle for the source map 

a : J —>• M. We indicate the target map by 8. 

The tangent bundle T(J) contains a special subbundle, the total vector bun-

dle 3f(J) ; this is the subbundle of T(J) which la tangent to the integrable 

sections of J. Sections of this bundle are total vector fields on J and the set 

of c" total vector fields will be denoted by "G. 

As a consequence of the isomorphism Jfft : T^M — » K (J), with Jf (x) • p, 

any vector field X 6 X (M) has a unique total lift X , section of Jf(J). The 

normalizer of TS in 3E(J) is called the set of contact vector fields on J. The 

set of contact vector fields contains a subset of those fields X with a^X • 0. 

This subset, denoted by t , will be called the set of special contact vector 

fields on J, [l][4]. 

PROPOSITION 1.1. [1],[4]. Each X e J is determined by X J dB. • 

As a consequence of this property there is a bijection, hq, between C(J) and 

£. If (j. e C(J) then ^ 6 £ is such that ^ J ii = *. 

The module of differential forms A(J) contains the submodule o A (M) of ho-

rizontal forms over the ring C(J). 

Associated to the distribution 3f(J), one has the total differential D, 

defined by D : C(J)—• a* A (M) such that for any /> 6 C(J) and X £ 73, 

D*(X) - XOf) [U,[4],[8]. 

PROPOSITION 1.2. (1) D extends uniquely to q A (M). 

(2) D • D • 0 . • 

The complex (o A (M),D) is the total complex on J and will be denoted by 

E - ®kEk, where Ek = o*Ak(M) and E0 = C(J). 

PROPOSITION 1.3. [5]. Let M be a manifold of dimension n. with vanishing de 
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R _ l - . E 0 _ e - ^ E1 - ... - E"-1 2 _ ^ En 

2. THE TOTAL COMPLEX ON P.D.E. 

Let J C J be a formally integrable P.D.E. The I order prolongation 

JU) c jk+» £s a veccor bundle over J [3]. We denote the inverse limit by 

I C J. The total vector bundle on J, restricted to ̂  will be in T ^ » 

lim ntlj , where the map u. are the restricted projections on £ . We will 

denote this restricted bundle by ̂ Jf. The bundle Ĵf is involutive as a conse-

quence of the formal integrability of J. Hence the pull-back of the differen-

tial operator D to Y, which is denoted by ̂ D, will satisfy ̂ D • ̂ D = 0. 

The ring of real functions C(^), is the ring C(J) modulo those elements 

which vanish on I . The module a A (M), on J , is considered as a ring over 

C(^). This enables us to define the total complex ^E = (a A (M),ÙD) on I , 

The sequence 

0 — R - A - y — ^ E 1 + ... ̂ E""1 ^ — . E " 

will in general not be locally exact. We denote the cohomology groups by ̂ H . 

Because all our consideration are purely local, we will from now on suppose 

M = Rn. We will make use of the Euclidean structure of R and the standard 

volume form n (which is translation invariant) on R . The results generalize 

to Riemannian manifolds. 
* . . . . 

The volume form n, which is identified with a n on J, defines a bijection 

T : AE" - 1 *'<&' where ̂ TS is the set of total vector fields on £ , given by 

if X e oE0-1, then T(X) 6 "̂5 such that T(X) J n - X. One has T" (T(X)) - X 

and we will denote T for T 

DEFINITION 2.1. The total divergence of a X S 1̂3 is defined by (divT X)n = 

A D ( X J n ) . • 
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PROPOSITION 2.2. X e ^ B " - 1 Iff dlvT T ( X ) = 0 . • 

The correspondance T allows us to introduce a Lie algebra structure on ^E 

DEFINITION 2.3. Let X, ,X2 € ^E11"1 ; then {X, ,X2) = T ( [ ( X 1 ) , T ( X 2 ) ] ) . • 

PROPOSITION 2.4. v S ^ Z iff there exists an antisymmetric matrix A 1 ], with 

coefficients in C ( ^ ) such that « - J ajA1-3^, with n 1 " 3i -I n. 
' ' ^ - ^ ~ " i.j 

This allows us to write { T ( X ) , T ( Y ) } = ^ ( x V - XjY1)n1-i - (divT X) • T ( Y ) 

+ (divT Y) • T ( X ) , with n l j = 3J J Sj J n. 

PROPOSITION 2.5. Let X, ,X2 e ^ B " " 1 , then ( X ^ X ^ e ^ z " - 1 . • 

Hence A B n ~ , equipped with the bracket {.,.), is a Lie algebra. 

The bracket {.,.} Induces a bracket on ^H , which becomes an abelian Lie 

algebra. 

3. EVOLUTION EQUATIONS 

He will from now on adopt the following notations : J(M) = J , H = R , 

J(M x R ) = j. The index v will indicate that the quantity is considered on J. 

vk 1 . . 
We define an evolution equation as a section * : J x R — • J , and will, in 

addition, always require 4i to be independent of R . The parameter t on R is 

v 
the time coordinate. In terms of natural coordinates on J x R , this equation 

is u - t|i(x ,u,u... ufi,\) • where u, , stands for the I order partial 

derivatives of u. 

Because any evolution equation is by construction formally integrable, one 

has the canonical lift ifi : J x F — • J. 

The evolution equation u - 41 •• 0 defines a submanifold ^ c J and In ^ = I • 
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In the following we will identify J x R with Y via the map 1J1 without men-

tioning it. On J* one has the fundamental l-form ̂ p - * DB, with 6 the target 

map. 
v v 

Because C(J) is Included in C(J x R ) , we may extend the operator lq, m a 
v v 

trivial way to C(J x R ) . The image of t) will be denoted by X U x R ) . As a 

consequence of these constructions one obtains : 

# b 
PROPOSITION 3.1. The vector bundle 63C is spanned by X and <t3t " 3t

 + ^ • 

It ia the vector field ip, which determines completely the evolution equation. 

Because the function ty is independent of t, this vector field can be considered 

on J, which is an alternative way of defining the same evolution equation. 

v 
PROPOSITION 3.2. Let X be the special contact vector fields in ,C(J x R ) 

j, v # 
which are sections of Tr. Then X e ^X iff. X e X U x R ) _and [X,^] = 0. 

v v 

Because any X e X U x R ) is defined by an element of C U x R ) , it follows 

that for A e C(J x R ) , A^ will be in AX iff A,t = ̂ (A) - A ^ W . The time 

independent elements of ̂ X commute with \|P. 

4. THE LOCAL TOTAL COHOMOLOGY OF EVOLUTION EQUATIONS 

k . . 

As a consequence of the direct product M x R , any ̂ E has a decomposition 

into the direct sum <1Ek•0 ©<!Ek"l•1. This allows us to consider the double 

complex 4^ E*'1 (k = 0,1 n , £ = 0,1), with differential operator 
v ' v v v V 

D = D + D satisfying D • Dt: + Dt • D = 0 , D °  D - 0 and Dt • Dt - 0. 

Consequently, the horizontal rows of the following diagram are exact : 

C(R) 

p0,0 

D t 

Fo,i 
Û E 

D 

V 
D 

- * E 1 ' 0 * — ^E + . . . 

D t 

— P 1 ' 1 + — ùE + • • • 

u . „n,0 
a 

D t 

n. l 
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We will now state our main theorem. 

THEOREM 4.1. ^H1 = 0 , Vil , 0 < £ < n. • 

v 
The bundle J is a vector bundle over J, which allows us to consider C(J) as a 

v v v 
subset of C(J). Let 6 be the variational derivative on C U ) . 

v v v 

PROPOSITION 4.2. t4][6][8]. Let y; e CU). then 3^ '•divT(X).for some X eTS. iff 3v>°  0. 

Let v € ̂ E", then v may be written as • • n +o, with ae^E * . We define the 
V n V 

map j :<tEn-fC(Jx R ): v-* *, and define 3*^(^8 ), it - Ker 6 in C(J x R ) and ̂ K =S&M. 

LEMMA 4.3. If X , ^ 6 4 B N such that Xj - X2 e ^E"" 1' 1 , then X, - Xj 6 ^z". • 

THEOREM 4.4. The map j defines an isomorphism j : ^H >• éK . 
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A REMARK ON SMITH'S RESULT ON A 

DIVISOR PROBLEM IN ARITHMETIC PROGRESSIONS 

Kohji MATSUMOTO 

Presented by J.H.H. Chalk 

Let d (n) be t h e number of the f a c t o r i z a t i o n s of n 

i n t o r p o s i t i v e i n t e g e r s . I f k and h are a r b i t r a r y 

r e l a t i v e l y prime i n t e g e r s wi th k ^ 1 , then 

2 
n £ X 

n = h (mod k) 

d r (n) = x P r ( l o g ( x ) ) + L^, 

where P is a polynomial of degree r - l , and A is the 

error term. 

In [1], Professor R.A. Smith proved the following result. 

%(r+l) 
If x ^ k , then for any positive E, 

(r-l)/(r+l) + e e 
A r = D r + 0(x .k ) (1) 

where D is an explicit (but rather complicated) term, which 

is independent of x. 

The estimation of the term D is a remaining problem. 

In the 'Note added in proof of [1], Professor R.A. Smith 

"it seems 
^(r-D+e 

^r+£ announced the result D = 0(k ) , and said, "it seems 

likely that this upper bound can be improved to k" 

for any positive s." 
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Recent ly , I proved the f o l l o w i n g e s t i m a t e 

r/(r+2)+e - l + ( r - l ) / ( r + 2 ) + e 
Ar = 0(x • k ) (2) 

Hir+l) >5(r+l) 
if x > k . in particular, if we put x = k , 

Mr-D+e 
then Ar = 0(k ). On the other hand, if we substitute 

Mr+l) Mr-1)+E 
the value x = k in (1), then Ar = D + 0(k ). 

On comparing these two results, we have 

%(r-l)+E 
Dr = 0(k ), 

h(r+l) 
for x = k . But, as D is independent of x, this 

estimate always holds. This proves the statement which was 

conjectured and suggested by Professor R.A. Smith. 

My method for proving (2) is somewhat similar to that 

of [1], but depends on an idea of Heath-Brown [2], instead 

of the method of Hooley, which was used by Professor R.A. Smith. 
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