C.R. Math. Rep. Acad. Sci. Canada - Vol.VI, No.l, February 1984 février

On prime right Alternative algebras and Alternators
G.M.P. Cattaneo and I.R. Hentzel
Quasi-valuation of rings with core elements
P.L. Manley

A note on Dubreil's theorems on the number of generators
of perfect ideals of codimension 2

P. Schenzel

Optimization and rearrangements of the coefficient in the
differential equation(s) y" +qy=0

M. Essén

Dimension de Hausdorff d'une courbe circulaire simple de von
Koch

J. Marion

Conjugacy separability of certain classes of groups
R.B.J.T. Allenby and C.Y. Tang

An application of Faltings' results to Fermat's last theorem
M. Filasta

Completed reference to papers by W. Schempp in Vol V (1983)

Mailing Addresses

11

15

21

25

31
33

35



C.R.Math. Rep. Acad. Sci. Canada - Vol.VI, No.l, February, 1984 février

ON PRIME RIGHT ALTERNATIVE ALGEBRAS AND ALTERNATORS

*
Giulia Maria Piacentini Cattaneo( ) and Irvin Roy Hentzel(*‘)

Pregented by P. Ribenboim, F.R.S.C.

Abstract. We study subvarieties of the variety of right
alternative algebras over a field of characteristic #2,#3
such that the defining identities of the variety force the
span of the alternators to be an ideal and do not force an
algebra with identity element to be alternative. We call a
member of such a variety a right alternative alternator ideal
algebra. We characterize the algebras of this subvariety by
finding an identity which holds if and only if an algebra
belongs to the subvariety. We use this identity to prove
that if R is a prime, right alternative alternator ideal
algebra with an idempotent e #0,#1 such that (e,e,R) =0,
then either R is alternative or R belongs to one of four
exceptional varieties.

Introduction. Let R be an algebra over a field of characteristic
#2,#3. We need not suppose R finite dimensional over F, but

we do need F has enough elements so that certain linearizations
can be done, the size of F depending on the degree of the
identity to be linearized. An associator (a,b,c) is defined

as (a,b,c)=(ab)c-albc), the commutator(a,b] as [a,b] =ab-ba

and an alternator is an associator of the form (a,a,b),(a,b,a)

* : .
) Work performed within the G.N.S.A.G.A. of the Italian
National Research Council.

(")This work was done while the author held a Science and
Humanities Research Institute grant from Iowa State University.



G.M.P. Cattaneo and I.P. Hentzel

or (b,a,a). Let M be the subspace spanned by all alternators.

We are interested in studying right alternative algebras in

which M is assumed to be a two-sided ideal. In this paper a

right alternative alternator ideal algebra will mean slightly
more than a right alternative algebra where M is an ideal. It
will mean an identity holds which forces M to be an ideal and
that this identity does not imply alternativity in the presence
of an identity element. Several examples of algebras in the
literature have turned out to be right alternative alternator
ideal algebras. The best known are (-1,1) algebras [6] but

other identities are studied in [1],([2], and [4]. Work in this
area has been done in [3),[4] and [8). In [4]using a group
representation technique to study identities it is shown that

for right alternative algebras the assumption that M is an ideal
is rather weak. In that same paper a simple process is given to
test if additional identities (in addition to right alternativity)
imply or do not imply that M is an ideal. In this paper we
sharpen this result by determining when the identity is reducible

or irreducible.

Characterization of right alternative alternator ideal algebras.
We prove the following theorem:

Theorem 1. Let R be a right alternative algebra with identity

element, and suppose that R satisfies some identity which forces
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the span of the alternators to be an ideal. Then, for some

fixed B+ B,s B3+ B4+ Bg in F, R satisfies the following
identity ,_where M(a,b,c)=(a,b,c)+(b,a,c):
3[a,(b,b,d)] -[b,M(a,b,d)] +[b,M(a,d,b)] =
(1) ByM([a,b],b,d) + B M([a,b],d,b) + B;M([a,d],b,b)+
B4H([b,d],a,b)+ BsM([b,d],b,a).
Conversely, if R is a right alternative algebra satisfying
(1) for some choice of ﬂl, Bz, B3Py BgEE, then R is a right

alternative alternator ideal algebra.

Specific algebras satisfying (1) are referred to by
listing their coefficients as ( ﬂl' B B3. By ﬁs ) and by
saying that the algebra is of the type ( B,, B,/ B3r By 55).

We also compare different types of identities in right
Alternative algebras that imply that the span of the alternators
is an ideal, i.e. we compare different characterizations of

right alternative alternator ideal algebras.

Presence of an idempotent. Let R be a right alternative
alternator ideal algebra with identity element 1. Suppose
it contains an idempotent e#0, #1 such that (e,e,R)=0. We
can thus write R as the additive direct sum of the four
summands Rll' RlO' ROl and ROD’ where xe Rij¢¢ex=1x and

xe=jx. By making use of Theorem 1 and therefore of identity
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(1) we prove that R1R01+R°R10 is a trivial ideal of R,

i.e. an ideal I such that Iz=0. The only possible exceptions
are for algebras of the types (-3/2,1,1/2,-2,3/2) and
(0,1,-1,-2,3). If we now let R be semiprime, we prove that,
with the only possible exceptions of algebras of types
(-3/2,1,1/2,-2,3/2), (0,1,-1,-2,3), (-2,1,1,-2,1) and
(3,-4,1,2,-3), all alternators lie in R1+R0. Furthermore,
M(R,R,R) and R10R01+R10+R°1+R01R1o are ideals which annihilate
each other.

We are thus in condition to prove the final theorém,
and, by using the same argument of page 108 in [3],we see that
the assumption of the existence of an identity element is
unnecessary:

Theorem 2. Let R be a prime, right alternative alternator

ideal algebra with an idempotent e#0,#1 such that (e,e,R)=0.

Then R is alternative. The only possible exceptions are

algebras of the four types mentioned above.

We do not know whether or not these exceptional cases
are truly exceptions to the theorems. They arise as exceptions
to our proofs. Part of nonassociative algebra is deciding
which identities are worth studying. We believe these four

exceptional algebras are defined by very reasonable identities.
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Having survived as exceptions to the techniques of this
paper, they are certainly of interest for further study.
Full details of these and other results are forthcoming

in [8] .
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QUASI-VALUATION OF RINGS WITH CORE ELEMENTS

P. L. Manley

Presented by P. Ribenboim, F.R.S.C.

We consider a class of rings which are integral
domains but are not fields. We study these rings by
investigating a property of certain elements, called
the core property, by means of suitably defined valuations
of such rings, called quasi-valuations. We use a
quasi-valuation to characterize the core elements, and also
showing that the existence of a strongest quasi-valuation

is a characteristic of rings with core elements.

All rings R are commutative without identities.

DEFINITION. A non-zero element ¢ in a ring R
is a core element if, and only if, every non-zero element
x of R divides some power of c¢. (If x=c, then ¢

is said to divide itself trivially.)

A mapping v of a ring R into the set of non-
negative reals together with += is a guasi-valuation
on R if, and only if, (1) v(x) =« for x=0,

(2) vixy) 2 v(x) +v(y), (3) v(x?) = 2v(x), (8) vix+y) 2

min(v(x),v(y), (5) v(x) > 0 for some non-zero x in R.
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Let u and v be quasi-valuations on a ring R ) !
such that u # v. Then u is smaller than v if, for
all x in R, u(x) < v(x), and is stronger than or equal
to v if, for any real number N there is a real number
M such that, for all x in R, u(x) > M implies that

vi(x) > N,

THEOREM 1. Let ¢ be a core element of an integral

domain C. Then x in C, x # 0, is a core element if,

and only if,

h_(x,n)
1im < ° s o
n-+« n

where hc(x,n) denotes the greatest upper bound of

H={(k: k= D,l,?,...,ck]xn} (n=1,2,...) .

THEOREM 2. If a ring R has a strongest quasi-

valuation, then R has core elements.
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A NOTE ON DUBREIL'S THEOREMS ON THE NUMBER OF GENERATORS OF
PERFECT IDEALS OF CODIMENSION 2

Peter Schenzel

Presented by P. Ribenboim

Introduction

In his article [3] P.Dubreil proved two estimates for the num-

ber of generators of unmixed ideals of codimension two in

k[x1 ,X2,X3]. k an infinite field. For a modern approach and

a generalization to A = k[x1,...,xr], r2 2, see A.V.Gerami-

ta's paper [4] .and the preprint [2]. The purpose of this note

is to give a new and different argument for proving these theorems.
Put R = A/I for a homogeneous perfect ideal I of codi-

mension 2, For a finitely generated graded A-module L. define

a(M) = inf{nez | K ¢ 0}, where K denotes the n-th graded

piece of M.

Dubreilts 15% Theorem.  m(I) < a(I) + 1.

Here M denotes the minimal number of generators., Be-
cause k is infinite there are two forms F,G taking part of
a ninimal generating set of I such that F = (F,G)A is a com-
plete intersection and deg F = a(I), Set f = deg F and
g = deg G. Let h(I) = max {nez | (R+)n % X R}, wiere
X = {x1,...,xr_2} is an R-regular sequence consisting of forms

of degree one. As shown in the Proposition below h(I) does

not depend on X.

pubreil's 2”9 Theorem. (1) ¥ £ + g - B(D).
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Using the Hilbert-Burch theorem there is a straightfor-
ward proof of the first theorem. The second.result is a shar-
pening of the first. The new point of view is to show that the
firat result yields the second as a corollary.

One might ask for a corresponding result for perfect
ideals of codimension 3. If I is a Gorenstein ideal, i.e., R

is a Gorenstein ring, we have

Theorem., ’y,(I) €2 a(I) + 1.

An auxiliary statement
In order to show the results let us introduce some numerical

invariants of R, see [6]. Let H(n,R) denote the Hilbert
function of R. Then it becomes a polynomial h(n,R) for n lar-
ge. FR(T) denotes the Hilbert series, i.e.,
FR(1) = 2 B(,R) T = gy(1/(1 - HHRE,
where gR(T) is a polynomial. Set h(R) = deg gR(T). Note that
n(R) = max{nez | AY® R u@,R) +o0¥.
By the Hilbert syzygy theorem R admits a finite free minimal
resolution F, over A, Define

t(R) = max {s€Z | A(-8) occurs as & summand in F, }.

Eroposition ([6]), Theorem C), For a d-dimensional Cohen-

kacaulay ring R _the following integers are equal:

(1) max{nez | H(n,R) # h(n,R)} '

d
(i1) mex(nez | (R‘,_)u $x R}- ; t;, where x-= {x1,...,xd}
is_an R-sequence with t; = deg xi: i=1,000,4,

(iii) h(R) - dim R, end
(1v) t(R) - dim, R,.

- SR
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Proofs
If I is a perfect ideal of codimension 2 in A the Hilbert-
Burch theorem, see e.g. £1], provides a minimal free resolution

[}
i=
where Ol is a tx(t+1)-matr1x with entries O or forms of po~

0 —> 01A(-ri) — o A(-s ) —> A —>A/I —> 0 (x)'
sitive degree, lioreover, I is generated by the maximal minors
of 0L . Hence, any generating form has a degree Z ¢, Because
t+ 1= m(I) it follows m(I) 5 a(I) + 1.

In order to show the second claim set J = F : I. Note
that I and J are linked over F in the sense ot C.Peskine and
L.Szpiro [5]. Accordingly [5], FProposition 2.5 and Proposition
3.6, it follows that J is a perfect ideal of codimension 2 with
Mm(J) = ,p(I) - 1. The first result yields Mm(I) < a(Jd) + 2.
Hence, it is enough to show that a(J) = f£+g-h(R)-2. In order
to do this consider the short exact sequence

0 =—>F—>J —>F:I/F—>0.

Because F : I/F & Exti(A/I,A)(-f—g) it follows from (x) by
dualizing that a(F : I/F) = -t(R)+f+g. Therefore,

a(F : I/F) < £ = a(F) and a(J) = -h(R)=-2+f+g accordingly
the Froposition. Thus, M (I) £ feg-h(R) as required. Because
a(J) < a(I) the second bound is sharper than the first.

Using the structure theorem of Gorenstain ideals of co-
dimension 3 given by D.A,Buchsbaum and D.Eisenbud (1] the
proof of the third statement follows the same line of reaso-

ning as in the proof of the first result. Hence we omit it.

For some applications of Dubreil's Theorems and some

comments see the articles [4] and [2].
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OPTIMIZATION AND REAPRANGEMENTS OF THE COEFFICIENT IN THR
DIFFERENTIAL EQUATIONS(S) yv'' tqy=0

M. Essénl)

Presented by L. Lorch, F.R.S.C.
Abstract. For coefficients q in certain classes of integrable functions,
we determine sup y(T) and inf y(T) when q varies in the class and y is
a solution of the differential equation(s) y'' + qy =0, y(0) =1,

y'(0) = a.

For f € L1(0,T), we define the distribution function m(t,f) =
|[{s € (0,T): £(s) > t}|, where T is a fixed positive number and ||
denotes Lebesgue measure. Let ¢ : [0,T] + [0,1] be a nonincreasing, right
continuous function and let 4(®) be those functions p2 in L(0,T) which
satisfy ||p|| s 1, p20 and m(',p2) = m(+*,$). For p2 € &), we
consider the differential equation

(1) v - p)?y =0, y(0) =1,y'(0) =0, t€ (0,T).

Problem 1. Determine inf y(T), p2 € 4(9).
Problem 2. Determine sup y(T), p2 € A(d).

Problem 1 was solved by Essén (cf. [1], Theorem 5.2, pp.43-44 and 56-6u
and Theorem A in {2]: the infimum is assumed when p is nondecreasing. A

discrete version can be found in [3]).

To solve the supremum problem, we use ideas of L.-E. Zachrisson and imbed

%
4(d) in the weak closure RQ(®) of the set of finite sums of the form

n Part of this work was done while the author was visiting McMaster University
with support from NSERC Grant # A7322.
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£c10j where (Oj} is a sequence in (%), and (cj} is a sequence of
nonnegative numbers with sum 1. If y is a solution of (1), we have two new

problems:
Problem 3. Determine inf y(T), p2 € Q(6).
Problem 4, Determine sup y(T), p2 € Q(9).

It is easy to see that there exists at least one function pg and an
associated solution Yo of (1) such that yo(T) is maximal or minimal when

p2 varies in Q(®). To Yog» “e associate the function

2 (T 2
Qt) = y,(t) L yo(s)" ds, t € (0,T).

Theorem 1. Let (po,yo) be an extremal couple for Problem 4., Then Py is

nonincreasing. In the open set 0 where

t 2 t
(2) I po(s) ds < J ®(s)ds, t € (0,T),
0 0

we have Q'(t) = 0.
Remark. In intervals where Q'(t) = 0, po(t) will be constant.

Example. Let B € (0,T) be given and consider ¢ = ¢B given by @B(t) =1,
0 st <B; ¢B(t) =0,Bst<1, It follows from Theorem 1 that an extremal
coefficient is of the form po(t) =1, 0% t<a; po(t) =ec<1,acstc<hb;
po(t) =0, b<stsT. It remains to determine a, b and c¢c. After some
computations, we find that

a) if T £ B + coth B, the open set O is empty and pg E ¢B;

b) if T > B + coth B, a is the unique solution of the equation
2
T = a + coth a + (B - a)(coth a)
b =T - coth a and we have determined P, which is unique in this special

case.

Loy

@
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The situation is more complicated if we consider Problem 4 for solutions
of the equation
(3) y' - p(t)zy =0, y(0) =1, y'(0) =a 20, t€ (0,T).
Using our results on the solution of the supremum problem for equation (3),
we can solve the following problem of E. Trubowitz:
Let B> 0 be given and let E = EB be the class of functions q € Ll(o,'l‘)

T
vwhich are such that [ la] = B. Consider the equation
0o

(u) y'' -qy =0, y(0) =1, y'(0) =a 20, t€ (0,T).

The problem is to determine sup y(T), q € Egs vhen y is a solution of (4).

Theorem 2. If 0<T s (B+ a)/az, the solution of the problem of Trubowitz

is as follows:

sup y(T) = (1 + (B + )T, T(B + @) < 1,
q€E
B 2 exp(/T(B * a) - 1), T(B + o) > 1.

The extremal coefficient is

q, = BS , T(B +a) s 1,

¥§ + ((B + a)/TXX , T(B +a) > 1,

where & is the Dirac functional, X is the characteristic function of the

interval (0, T - VT/(B + @)) and Y = /(B + a)/T - a.

- 2
If T> (B + a)/a“, the results are as follows:

sup y(T) = 2087 (/1 + B(T + a1) - 1)exp(L + B(T + £ - 54,

qEEB

and the extremal coefficient is q = a1l + ud)'ix, where X is the

characteristic function of the interval (d, d¢ + (d + u'l)zl!) and

d=pWs+Br+aly-al-pt.

17
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Remark., The case a = 0 has been solved by J. E. Wilkins [10].

Theorem 3. Let (po,yo) be an extremal couple for Problem 3 (the infimum

&t
roblem. Then p2 is the increasing rearrangement ¢ of ¢. The infimum
problem, 1hen p, 2 2568 SN2 LN

over the larger class (®) coincides with the infimum over the smaller class

).

A detailed discussion of Theorems 1 - 3 is given in Essén [4].

In the proof of Theorem 1, we put u = y'/y and obtain
w +u?=pd,  wo)=o, t € (0,T).
It is easy to seec that Problem 4 is equivalent to finding sup l: u, p2 € Q.
We know that there exists an extremal coefficient Pg* A standard argument
from the calculus of variations leads us to a situation where we need a partial
order introduced by Hardy, Littlewood and P8lya (cf. [7], 20.2 and 10.23). The
suggestion to use this partial order is due to L.-E. Zachrisson,

To f € L1(0,T), we associate the decreasing function fﬁ and the
increasing function f** which are such that m(+,f) = m(°,f*) =m(e, f*h).
If f and g are in LI(O,T), we say that f majorizes g, written
g < f, |if

It g* < Jt i’-"= , t € (0,T); JT g* = JT f* .

0 0 0 (]
A crucial property of these rearrangements is that is f and g are non-
negative on (0,T) with f € L1(0,T) and g € 1°(0,T), then

T LR ] T T (I ]
J fg s J;) fg s I fg .
0 ()

We also need the following characterization of Q(&) (cf. Ryff [9]):

) = (g € L10,1): g< 9} .
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In the proof of Theorem 3, we use the techniques described above and the fact

that the extremal coefficient is nondecreasing (cf. Problem 1).

The optimization technique which we use in the proofs of Theorems 1 and 3
can also be used to study the equation
(5) y'''+qy=0, y(0)=1, y'(0)=a, tE€(,T),
where q € 2(9) (cf. Essén [5]). For solutions y of (5), we determine
sup y(T), q € @ (we assume that there exist solutions which are positive on
(0,T), when g varies in ),
inf y(T), q € 8 (we assume that all solutions of (5) are positive on (0,T)

when q varies in Q).

We can also determine sup y(T) and inf y(T) when q varies in Ej
and deduce the following analogue of the classical Lyapunov criterion:
let q € L1(O,T), let q = max (q,0) € EB and assume that the solution of
equation (5) has a zero in (0,T]. Then

(6) Bza+'r'1, oT <1

1

(7) Bau/T+ a7), aT > 1.

Our methods can be used to study oscillation problems for equation (5) in

cases where we know something about m(*,q).

Our methods are constructive. As an example, we mention that the
expressions in Theorem 2 or in (6) and (7) are found by computation. It is

not necessary to guess.

Finally, we consider the eigenvalue problem
(8) -y'' +qy = Ay, y(0) =y(1) =0, t € (0,1),
where q € Ep. Let Al(q) be the first positive eigenvalue. Find A(B) =
sup Xi(q) when q varies in EB! This is a question of A. Ramm [8]. We

prove that A(B) = (w + /112 + uB)zlu.
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Remark. A. G. Ramm has received several solutions of his problem. WHhat is

special in our case is that our solution follows in a matural way from the

theory developed in [4] and [5].

1o0.

Department of Mathematics
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DIMENSION DE HAUSDORFF D'UNE COURBE CIRCULAIRE SIMPLE DE VON KOCH

JACQUES MARION

Pregented by H. Schwerdtfeger, F.R.S.C.

Soit X 1a trace dans le plan d'une courbe circulaire simple de
Von Koch selon la terminologie introduite dans [1], c'est-a-dire la
trace d'une courbe continue simple décomposable en d‘arcs successifs,
bout & bout, géométriquement semblables & X dans les rapports Fiseeesly
respectivement. Soit o le paramdtre d'agitation de cette courbe
(toujours selon la terminologie de [11), c'est-a-dire la solution de
1'équation r:+...+r: =1 . Montrons que a est la dimension de Hausdorff
de X conformément & Ta conjecture de S. Dubuc (c f. r13, p. 108).

Par construction, X est constitug . d arcs de courbe xl,...,xd
bout & bout et géométriquement semblables 3 X dans les rapports respectifs
Fiseeesly - Nous ferons 1a convention suivante: pour un certain
paramétrage de l1a courbe, lorsque le paramdtre t augmente de 0 a 1, les
. arcs sont parcourus dans 1'ordre xl....,xd s

On observe que pour tout entier m 2 1 , X se décompose en une chatne

de d" arcs (que nous appelerons arcs fondamentaux d'ordre m) notés

Xj ooy semblables & X dans les rapports respectifs r. r. ...r;
1 m B PR P I

(1s jz < dpour £ =1,...,m). Si deux arcs fondamentaux sont consécutifs,
ils ont un seul point en commun; s'ils sont non consécutifs, ils sont
disjoints car 1a courbe est simple. Le "dernier" arc fondamental d'ordre
m dans la chatne (i.e. celui qui se termine par 1'image de t = 1) est

Xd d’ I1 est semblable a X dans le rapport r: .
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Désignons par XEI d 1'arc “pointé" obtenu en enleyant de 1'arc
yeeod

fondamental )(d d d'ordre m son origine. Soit 'ﬂn le compact cX

défini par k= X\ Xy 4. Sofent "’1"“2""'V’dm;1 d™-1 similitudes

de R qui transforment respectivement X en ses d™-1 premiers arcs

fondamentaux d'ordre m. Posons

@ d"-1
E =N v

m
n=1 31,. .. .an=1

Y, oa..ep (K)

a, a, Kn

L'ensemble parfait totalement discontinu Em c X se décompose alors en
d™-1 portions disjointes “'i(Em) (i = 1,...,d"1) semblables a E,, dans les

rapports respectifs rjirjz...rjm avec (Jl.....:lm)erm , od

Tp= (gseenadp) = (dheeiyd) = 15§, sdet £ =1,...,m

Selon la terminologie de [2], Em est un parfait isotypique au sens

) ob

strict de type (dm—1 ¥ 51,...,5
-1

dm

(51,.. {r"j ...rjm s (jl,...,jm)cr’m} . D'aprads [2] et (3]

'IE } =
d™-1
la dimension de Hausdorff o de E, est donnée par
a

r_____(rj...rj)"'=1.
(jl"”'jm)erm 1 m

Les r-j étant < 1 et a vérifiant

d

L (r; ...r; = (r%

a\m
...-H") =1
7 = J J 1 d
Jl,...,.]m—l 1 m

on a immédiatement a, <a. D'autre part,
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[s3 Q

%n

d
b : (r‘,j...jr"j ) ='Zrm)‘___..(rj...rj)m
(jl""'Jm"jm:fl)‘rmu 1 m Ym+1 J=1 (31-""%)“}“ 1 m
m_ d-1
“ rd LAY r%
j=2 J
d d-1
= 2r%+rTm Erc-lm>1
J=1 4 §=19
cara <aet Irl=1. Compte tenu de la définition de ap,q» ON @ donc
=1
O <G, < ... <a. Posons a' = awp o Sia' < aalors
m21
1=l . (ry .y )a"'>r_—_. (ry coery 1
(Jl,...,Jm)GFm 1 m (Gyseeendplely 1 m

L 1
= (?'(: +...+r3 . rzn + o

]
quand m + = car r‘; +...+r:’1‘ > 1 . Cette contradiction montre que a' = o .

Notons dim S 1a dimension de Hausdorff d'un ensemble S c R .
Puisque E, < X pour tout m > 1 avec
dim Ea=oy o (lorsque m + =),
on obtient
dimX2a .
L'inégalité réciproque
dim X < o
est triviale (i1 suffit de considérer les recouvrements de X par ses arcs
fondamentaux d'ordre m, et laisser m + «). D'od

dimX=a .
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Remarque - 11 semble meme plausible que 1a mesure de X en dimension a
soit non-nulle (on sait qu'elle est finie). Toutefois l1a démonstration
de cette conjecture devrait nécessiter une méthode différente de celle

que nous venons d'employer pour démontrer un résultat plus faible.
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CONJUGACY SEPARABILITY OF CERTAIN CLASSES OF GROUPS

R.B.J.T. Allenby and C.Y. Tang!

Presented by D.M. Solitar, F.R.S.C.

Abstract

We'report in this note that groups of the forms

4

(1) <a,b;(ab)® = af? o p™ 215 (2) <b,t;t b™eb®>, are

conjugacy separable.

1. Introduction. A group A is said to be conjugacy separable
(c.s.) if for every pair of elements x,y such that x,y are
not conjugate in A there exists a finite homomorphic image A
of A such that the images of x,y in A are not conjugate in
A. A.W. Mostowski [8] showed that finitely presented c.s. groups
have solvable conjugacy problem. This raises the question which
groups are c.s. Partial results were obtained by P. Stebe for free
products (g.f.p.) of free groups with cyclic amalgamations [10]
and Fuchsian groups [11]. By repeated applications of Solitar's
theorem ([7), p.212), J.L. Dyer [6] proved that g.f.p. of c.s.
groups with finite amalgamations are c.s. Using this result
Dyer showed that g.f.p. of finitely generated torsion-free nil-
potent groups or free groups with cyclcic amalgamations are c.s.
In the same paper Dyer also showed that 1l-relator groups with

non-trivial centres are c.s. (cf. S.M. Armstrong [2]). Since

lThe work of the second author was partly supported by a grant
from the Canadian National Science and Engineering Research
Council, Grant No. A-4604.
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l-relator groups with torsion behave in a nice way and in view
of G. Baumslag's conjecture [4] that they are residually finite
(gF), we ask whether l-relator groups with torsion are c.s. The
answer to this question is expected to be very hard since a
proof of Baumslag's conjecture is still unknown. However 1-
relator groups of the form <b,t;(t'1bmtb£)s>, s > 1, behave
particularly nice. They have been proved to be RF by

B. Baumslag and F. Levin [3) and also by Allenby, Moser and
Tang [1]. In this note we give a brief sketch of the proofs of

the following results:
Theorem A. Let P = <a,b;(ab)™ = a®® = b™ = 1>, Then P is c.s.

Note that P is a degenerate Fuchsian group and belongs to
the class of groups of the form <a,b;(ab)" = al = p™ = 1>,
which are called polyhedral groups by Coxeter and Moser [5].
Thus it would be interesting to know whether all polyhedral

groups are c.s.

Theorem B. Let G = <b,t;(t 'b™tb¥)S>, s > 1. Then G is c.s.

The detail proofs of these results are rather long and

tedious and will appear elsewhere.

2. Sketch of proofs. Let x,y be elements of a group A. We

use x ~, y to denote x and y are conjugate in A and
X *A y for x,y not conjugate in A. To prove theorem A we

make use of Stebe's result [11] that every element of infinite
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order in P is conjugacy distinguishable (c.d.), where an ele-
ment x ¢ P is said to be c.d. if y ¢ P and «x +P y then
there exists a finite homomorphic image P of P such that
X * y. Thus if we can show that every element of finite order
in P is c.d. then P is c.s. This is accomplished by applying
theorem 1.5 of C.H. Sah [9].

The basis of our proof for theorem B rests on the following

results:

Theorem 1. (Theorem 4, Dyer [6]). If the groups X, Y are c.s.

and U is finite, then X *U Y is c.s.

Theorem 2. (Collins, Theorem 13 [6]). Let A be c.s. and L,

M be finite isomorphic subgroups. Then the HNN extension of A

by the infinite cycle <t> with L and M as the associated

subgroups is c.s.

Theorem 3 (Theorem 3.5, Tang [12]). B = <h,k;(h™¥%)S> is c.s.

To prove B we first note that G is an HNN extension of
the base group B' = <b1,b0;(blmb0£)s>, where b, = e iped, By
theorem 3, B' is c.s. Our task is to show that given x,y ¢ G
such that x fc y there exists an integer w such that
X #g 7, where G, - <h,k,t; (hKE)S = pfm o gtmo g
t"lht = k> and X,y are the images of x,y in G, respectively.
(Note that we identify bl' bo with h, k respectively.) Now
Gw is an HNN extension of B, = <h,k;(hmk£)s = hlmw = kemw = 1>,
s > 1, with finite associate subgroups <h;h£mw> and <k;k£mw>.
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If B, is c.s., then, by theorem 2, G, is c.s. It follows

immediately that G is c.s.
Now Bws is c.s. for all w 2 1., This follows from the
fact that
B = (H' = D) * K',
WS
hP=u v=k£

where H' = <h;hlmws>, K' = <k;k£m"5> and D =<u,v; (uv)5 =

fws mws

u = v = 1>, By theorem A, D is c.s. Thus, by two appli-

cations of theorem 1, Bws is c.s.
To show that there exists a suitable integer w (or rather

ws) such that Xx e y, we establish the following lemma.
W

Lemma. (i) Let x,y ¢ B such that x = hiykj. Then, for all
integers w > 0 if X = 7%yk®  in B,, then Al = k® and

i -8

(ii) Let x,y ¢ B such that not both x,y e H (or K)

and such that x = hiyhj (kiykj). Then, for all sufficiently

large w if x = ﬁa§ﬁs(§u§i8) in B, then ﬁi = h® _and

Toh® =k and B - &P,

=

This lemma enables us to show that by choosing insufficiently

large X g y whenever x 7g Y- Since G, is c.s., it follows
W

W
that there exists a finite image E of Gw, whence G, such

that X fG ; if x fﬁ y. This proves that G is c.s.
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&N APPLICATION OF FALTINGS® RESULTS 7O FERMAT'S LAST THEOREM

Michael Pilaseta

Pregented by P. Ribenboim, F.R.S.C.

Abstract: We show, as a consequence of Paltings' results, that Permat's Last

Theorem holds for an infinite sequence of relatively prime exponents.

In this note we consider the problem of finding integer solutions to
T3 "4y -
where n is an integer > 3. We say that PLT (Permat's Last Theorem) holds for
n if (*) has no non-zero integer solutions. Also, we say the first case of
FLT holds for n if (*) has no solutions in non-zero integers x, y, and z with
g.c.d.(xyz,no) = 1 where no is the odd part of n (ie. the largest odd divisor
of n); and we say the second case of FLT holds for n if (*) has no solutions
in non-zero integers with q.c.d.(xyz,no) ¥ 1. Maillet [2) proved that for

any prime p and for any positive integer r sufficiently large (depending on

p) the first case of PLT holds for pr. Using Paltings' results [1], we prove

Theoxem. Given any prime p, there is a number R (depending on p) such

that for all integers r 2 R, PLT holds for pr.

For p = 2, Permat proved this theorem with R = 2, Por odd primes p the
theorem is a direct consequence of the following lemma by setting n = p and

taking R so that p~ T » " (p).

lemma. For any integer n 2 3, there is an M, = Ho( n) such that for any

integer m > Ho, PLT holds for mn.
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Broof. We have from Faltings' results that for n » 3 (*) has finitely
many solutions in non-zero relatively prime integers x, y, and z. Call these
golutions (xl, Yy, zl), (xz, ¥, zz),.... (xk, Yo r*). Let Ho be the
maximal positive integer such that some '1 (1€i<k) is an "on power (of an
integer). If (*) has no non-zero relatively prime solutions, Ho -0
suffices. Now, we have for all integers m > "o

= 4 (" - 2"
has no solutions in non-zero relatively prime integers x, y, and z. Hence,

PLT holds for the exponent mn.

The above theorem clearly implies the existence of an infinite sequence
of pogsitive relatively prime integers L i=2, 2, 3,..., such that PIT
holds for each ng, i=121, 2, 3,.... We note that the same result for the
first case of FLT follows from Maillet's Theorem. Moreover, Maillet's proof
is constiructive. Pinally, we note that a direct and simple proof of this

corollary of Maillet's Theorem has been given by Powell [3].

[1] G. Paltings, Einige Satze zum Thema Abelsche Varietaten uber
Zahlkorpexn, to appear.

[2] E. Maillet, Sur les équations indéterminées de la forme xlwx-
sz, Acta Math., 24, 1901, 247-256.

{3] B. Powell, Proof of a special case of Permat's Last Theorem, Amer. Math.

Monthly, 85, 1976, 730-751.

University of Illinois
Department of Mathematic:
Urbana, Il. 61801 U.S.A.
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