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THE MAXIMUM MODULUS OF ZEROS OF POLYNOMIALS 

Karl Dilcher 

Presented by P. Ribenboim, F.R.S.C. 

Abstract. The theorem of Kakeya and EnestrSm on the maximum 

modulus of zeros of polynomials with positive coefficients 

is extended to certain classes of polynomials with unimodal 

coefficients. Upper bounds for the moduli of the zeros of 

Bernoulli polynomials are found. 

1. The following theorem, due to Kakeya and EnestrHm, is well-

known in the theory of the distribution of zeros ot" polynomials. 

Theorem A (see e.g. [1]): Let p(z) = a0+a.z + ... +anz 

be a polynomial with positive coefficients such that 

0 < a_ < a, < ... < a . CD 
0 — 1 — — n 

Then the z e r o s of p( z) H e in t h e c l o s e d u n i t d isk | z | < 1. 

I f we change h y p o t h e s i s ( 1 ) t o 

0 < a„ < « , < . . . < a . > a I4.i > • • • > » „ > 0 i ( 2 ) 
0 - 1 - - n - j n - j+1 — - n 

with some j > 1, then Theorem A will no longer hold in general. 

We shall study the question: under which additional conditions on 

the coefficients do the zeros still lie in the disk |z| < 1 ' 

2. The first result deals with the case j = 1. It is inde-

pendent of the later considerations on Bernoulli polynomials. 
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2k 

Theorem 1: Let p ( z ) = a» + a. z + . . . + a 2 . z 

be a polynomial such t h a t 

0 < a 0 < a1 < . . . < a ^ ^ a 2 k > 0. 
Denote 

b . j = < a 2 J - a 2 J - l > / ( a 2 J + l - a 2 j ^ l o r O S ^ k - 1 ( a ^ . - O ) . 

I f 

a 2 k / ( a 2 k - l " a 2 k ) - m a x { b j ' ^ V f o r a 1 1 0 < J < k - 1 . 

then a l l the zeros of p ( z ) l i e in t h e c l o s e d u n i t d i sk . 

Example: Let p ( z ) = 1 + j z + 2 z 2 + 3 z 3 + 2 z 4 . 

We have b = 2 and b. = 1 / 2 , whi le a . / ( a , - a . ) = 2. O I 4 3 4 

Hence Theorem 1 a p p l i e s ; t h e zeros l i e i n | z | < 1 . (The Kakeya-

EnestrSm theorem g i v e s a maximum modulus of 3 / 2 ; computation: t h e 

moduli of the zeros are approximately 0 .946 and 0 . 7 4 7 . ) 

Sketch of proof; We w r i t e 

p ( z } ( l - z ) = f ( z ) - g ( z ) , 
where 

2 k-1 f ( z ) = a 0 + ( a 1 - a 0 ) z + . . . + ( a ^ ^ - a 2 k _ 2 )z 

. . . * 2k 2k+l 
g ( z ) = ( a ^ . i - a ^ ) ^ + a 2 k z 

For r > 1 and a r b i t r a r i l y c l o s e t o 1 , we show t h a t 

| f ( z ) l < | g ( z ) | f o r | z | = r; 

t h i s i s done by grouping t h e c o e f f i c i e n t s of f ( z ) in p a i r s . We ge t 

t h e r e s u l t by a p p l y i ng Rouché's theorem, u s i n g t h e f a c t t h a t g ( z ) 

has a l l i t s zeros in | z | < 1. 
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Remark: Theorem 1 can be generalized by grouping some or all 

coefficients of f(z) in triplets. 

3. Bernoulli polynomials. We define the infinite series 

s2 ; , !=z: (-i)n,"1-'2d, J > I . 
m c 3 l 

and a sequence of polynomials g (z) of degree k = [ n / 2 ] , n > 3, by 

, . ft) k . M k-1 . ^ W ^ W 
s n ( z ) = a 0 z + a l z + - " + a k - l z + a k ' 

where 

a 
« = 1 / 2 , aW = n ( n - l ) . . . ( n - 2 , 1 + l ) ^ ^ . ^ 

2j 2j 
k. 

(n-2) ' 

The g (z) are closely related to the Bernoulli polynomials B (z) 

(For their definition and properties, see e.g. [2]). 

Lemma 1 : Let k = [n/2] and S = n - 2k. Then for n > 3, 

» / ^1\ */ , ̂  2(n-2)2k / / 2tT ,2, 
Bn(z+2) = z (-1) -s fr- g n ( - ( r ^ ) ) • 
n 2 (2Tt)Zk " " ^ 

The proof requires Euler1s formula 

B2. = ( . i ) J - i2 i2 i lLT (2j ) . 

the equality (1-2 " •')-"y(2j) = S2 . for j > 1, and some standard 

properties of the Bernoulli polynomials. 

The main result on the g (z) is 
n 

Theorem 2 ; All the zeros of the polynomials g (z), for n > 129, 

lie in the closed unit disk |z| < 1. 
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With Lemma 1 we immediately obtain the following 

Corollary 1: For all n > 129, the zeros of the Bernoulli ooly-

nomials B (z) lie in the disk 
• n 

|z- 1/2] < (n- 2)/2n. (3) 

4. Proof of Theorem 2. First we shall see that the coefficients 

a. of g (z) are of type (2). 
J n 

leroroa 2 : For n > 3 t h e r e i s an i n d e x \ such t h a t 

k - ak-i - ••• - ax > ax-i >•••>*! > ao . k 
and 

X = 3 f o r 129 < n < 839, \ < l 0 f i
2 ^ " ^ / 3 ^ f o r n > 840 2 l o g 2 

Our aim i s t o a p p l y Rouchë ' s t h e o r e m . We have 

Q n ( z ) : = ( l - z ) g n ( z ) = p n ( z ) - q n ( z ) , 

where 

p„(̂  = a k W ^ £ i - » k W ) - - - K w - x w
+ 1 ) ^ 

, , , W W . k-x+1 , (p) W , k > ) k+l 
q n ( z ) = ( a x - a X - l ) z + . . . + ( a 1 - a 0 )z + a 0 z . 

By lemma 2, bo th p ( z ) and q (/. ) have n o n n e g a t i v e c o e f f i c i e n t s . We 

need more i n f o r m a t i o n on t h e s i z e s of t h e c o e f f i c i e n t s of p ( z ) , q ( z ) . 

Lemma 3 : ( a ) The s equenc e ( a . - a . { . ) . f o r 1 < j < k-1 i s u n i m o d a l ; i a . 1 j j + l ' j - -

fo r n > 129 i t h a s a maximum a t some j - i n t h e i n t e r v a l 
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(b) In this case we have, for n > 129 

a«-.« <- ?i=(2-^ = + -^)exp(-i+^L + ïï\). 

Comparing Lemmas 2 and 3(a), we find that the coefficients of 

a (z) are increasing. Therefore, by Theorem A, all k+l zeros of qn(z) 

lie In |z| < 1. Using Rouché's theorem and a theorem of Hurwitz, we 

conclude that Q (z) has k+l zeros in |z| < 1 provided that n 
|pn(z)| < Iq^z)! for M - 1 , «1*1. (4) 

Hence we are done if we can verify (4). 

To do this, we apply geometrical arguments, using the fact that 

(by Lemma 2) q(z) has very few, namely \+l nonzero coefficients, 

compared to the k-X+1 coefficients of Pn(z)' Furthermore, by 

Lemma 3(b), the maximum of the coefficients of Pn(z) tends to zero 
(ni 

as n -+oo, while qn(z) has the coefficient 3 ^ = 1/2 for all n. 

Note that p (1) = q_(l) = a, , so the sums of the coefficients of 
n TI A 

both polynomials are equal. 

To verify (4) for large arguments of z (i.e. for IT/2X < |argz| 

< n), we use the following 

Lemma 4: Let f (o) = a0 + a ^ 0 + a 2 e 0 + . .. + ane n a , 

such that 0 < a0 < aj < • • • 1 ai{ ̂  ak+l - ' * " - an - 0" 

This is proved with an argument similar to that of M. Tomi<5 in his 
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alternative proof [3] of the Kakeya - Enestrôra theorem. 

On the other hand, we have 

Lemma 5: For all n > 129 and |z| = 1, we have |q (z)| > — . 

If we compare Lemmas 4 and S, taking into account Lemma 3(b), 

we can verify (4) for large arguments a of z. Similar, though more 

complicated geometrical arguments are used to verify (4) for small 

arguments a (i.e. 0 < a < n/2x). 

5. Professor U. Fixman remarked that in Corollary 1 we actually 

have a strict inequality. 

Indeed, since Bn(z) has rational coefficients (the Bernoulli 

numbers B are rationals), the left-hand side of (3) is an algebraic 

number for any zero z of Bn(z). The right-hand side, however, is 

certainly transcendental. Hence there can be no equality in (3). 
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AN APPLICATION OF A THEOREM BY HJELMSLEV 

T. Bisztriczky and P. Scherk, F.R.S.C. 

Introduction. Let T denote a (dosed) curve in a real projective n-space 

which satisfies certain smoothness conditions. Obviously, there are (n-D-flats 

meeting F in n or more points. The curve T is said to be of (real) order n if 

it is met by no (n-1)-flat in more than n points. 

Very few characterizations of curves of order n seem to be known; cf. 

[1, 5.2]. A famous one by HJelmslev [2] states that F Is of order n if no 

(n_2)-flat meets F In n points and every point of F has a neighbourhood of order 

n on T. Using this result, we present two new characterizations. 

1. Definitions. 

Let Pn denote a real projective n-space with the standard topology; n £ 1. 

A k-flat In Pn will also be denoted by P ; -1 < k £ n. 

A curve in Pn Is a continuous map r:P - {s,t,...) -»• P . For convenience, 

we identify this map with the point set r(P ). The topology on P defines (open) 

neighbourhoods on F. A neighbourhood of a point r(s) is decomposed by r(s) Into 

two (open) one-sided neiRhbourhoods. 

The curve F shall be differentiable in the following sense. Let F .(8)=0 

and rn(8) = r(s). If F .(a) Is already defined and its existence postulated 

then we require: 

(I) If t y s is sufficiently close to s, then the flat -eFj^j^s), r(t)> 

spanned by F 1(s) and r(t) has the dimension k, and 

(II) it converges as t tends to s. Its limit is the osculating k-flat 

F.U); k = 1,2,....n and s € P . 

Thus F (s) = Pn and F ,(s) does not meet some neighbourhood of r(s) on F, out-n n—1 

side F(s). 
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The curve F i s elementary if every point r(8) has two disjoint one-sided 

neighbourhoods each of which i s of order n. Obviously, an elementary curve meets 

every (n-l)-f lat only in a f in i te number of points. Thus given s € P and any 

p n- l c pn^ t h e r e l 8 a neighbourhood N(s) of s in P1 such that P11"1 n F W s ) ) £ 

{ r ( s ) ) . Then F " - 1 supports [cuts] F at s if the two one-sided neighbourhoods of 

r(s) in r(N(a)) l i e locally on the same side (on different sides] of P 

Let Pk(s) - {P""1 c p"!?11-1 n ^ ( s ) - ^ ( s ) ) ; k - 0,1 n-1. By 

[3, p. 102], either every flat of Pj-Cs) supports F at 8 or every such flat cuts 

F at s. We call F regular at s if Pn~ i \ ^ supports F at s if and only if 

k is even. Then F Is regular if it Is regular at each s € P . Henceforth we 

assume that F Is elementary and regular. By [3, p.113], each point of F has a 

neighbourhood of order n on F. 

Let r(s) € Pk c Pn. If Pk n F .(s) = F ,(8). we say that Pk meets F 
n—x m—± 

at a with multiplicity m (or "m times"). Suppose F Is of order n. Then it Is 

well known that the sum of the multiplicities of all the intersections of F with 

any (n-l)-flat is at most n. Thus such a F satisfies 

(1) rk(8) n F ^ . ^ t ) - 9 

for every pair s i* t and k " 0,1 n-1. 

2. Projection. 

Given a point F and any P " not through P , define 

<P0, Fk(s)> n P"-1 P0 If Fk(s) 
TAS) - \ if kv 

Then the projection F 

Fk+1(s) n p""1 p 0 € Fk(8); k = 0.1.....n-1. 

r,l nn-l P -• P 

r0(s) -
of F fron P0 into Pn 1 

is a differentiable curve in Pn~ with the osculating k-flats K { s ) , k « 0.1...., 

n-1; cf [3, p.101]. We note that if P = F(t) and F(t) ^ r
n_1(8) for s j" t then 

F Is regular and elementary with F. 
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.n-1-1 
Vie generalize the preceding definition. Suppose the flats P and P 

in Pn are disjoint; 0 < 1 £ n-2. Let 

it<-) - ^ r k W 8 ) > n pn'i'1 

where m is chosen such that FJ(S) is a k-flat. Then the projection 

|

_l pU-l-l . . 

of F from P1 into Vn~x~x Is a 

s * r*(8) 
differentiable curve in P0-1"1 with the osculating k-flats rk(s); k = 0,1...., 
n-1-1. 

Finally, wc note the well known relationship between projection from 

points and fro» flats. Let P1"1 C P1 and p"-1"1 c P""1; P1"1 n P""1 = 

pi n pn-l-l = 0. Let F1"1^1] denote the projection of F from P " into Pn 

(from P1 into P11"1"1]. The projection of P1 from P1"1 Into p""1 is a point Q. 

Then P1 = «J1 - 1,^ and F1 is identical with the projection of F " from Q into 

pn-i-l 

3. Two characterizations. 

THEOREM 1. Let T-.V1 -» P11 be a regular and elementary curve; n > 1. Thai 

the following are equivalent; 

1. F is of order n. 

2. There is a t such that 

a) r(t) i 1^(8) for all s i" t and 

b) no (n-2)-flat through F(t) meets F in more than n-1 points 

counting multiplicities. 

3. There is a t such that 

(n.k) F. (s) n I^i^OO •» 0 for all 8 i" t; k = 0,1 n-1. 

PROOF. Clearly, 1. Implies 2. and 3.; cf. CD. 

Given 2., we may assume n > 1. By a), the projection ï of F from F(t) 
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la regular and elementary In p"- 1; cf. JL By b) , every (n-3)-£lat of Pn" meets 

V in at most n-2 points. Hence f i s of order n-1 by HJelmslev's theorem. In 

particular, T sat i s f i es [n-l ,k] for k = 0 , 1 , . . . , n - 2 . The definitions of the 

osculating f lats of V then yield 

<Fk(s), r(t)> n r ^ ^ o o - {r(t)} 

and thus F satisfies (n,k] for k = 0,1 n-2. By a), (n,n-l] is also true and 

hence 2. implies 3. 

Given 3., we may again assume n > 1. We prove 1. by Induction. The pro-

jection T of F from r(t) is again regular and elementary. By (n,k] and 2., F 

satisfies (n-l,k] for k = 0,1,...,n-2. Hence T is of order n-1 by the Induction 

hypothesis and every (n-2)-flat In P meets F at most n-1 times. Thus every 

(n-l)-£lat through r(t) meets F at most n times. But then every (n-2)-flat meets 

F in at most n-1 points and 1. follows by HJelmslev's theorem. • 

The preceding proof also yields the following; 

COROLLARY. Let T be a regular and elementary curve in Pn, n > 1. 

Suppose there is a t satisfying 2. a) and the projection of p from r(t) is of 

order n-1. Then F Is of order n. 

THEOREM 2. Let r:P -* P" be a regular and elementary curve; n > 2. Let 

t..,...̂ . . be mutually distinct parameters; 0 S k S n-2. Put 

L"1 = 0, L1 = ^(tj) r(«:i+1)> 

and let Fi+1 denote the projection of F from L1; 0 < 1 < k. If 

a) Lk is a k-flat , 

b) k L1 4 <Li_1, ^.i-i^ 3 ^ f o r a 1 1 s * t1+1 and for 1 = 0,1 k and 

c), Fk+1 is of order n-k-1, 
k — 

then F is of order n. 
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PROOF. The case k =• 0 is identical with the Corollary. Suppose the 

theorem has been proved up to k-1 and assume a ) k - c) k . We apply the following 

projections: 

; cf. 2. 

Since a ) k and b ) k Imply a ) k _ 1 and b) k _ 1 , I* is readily seen to be regular. 

By [3,p.113], the projection of an elementary curve from any point Is elementary 

and thus F is elementary. Also by b)k, 

<Lk-1, F(tkfl)> = Lk 4 <Lk-1. rn.k_1(8)> 

and hence by 2.. rk(tk+1) { ̂ ^ ^ ( s ) If s ̂  t^j. Therefore the Corollary and 

c). imply c). ,. Our assertion now follows from the Induction hypothesis. a 

REMARK. We note the case k = n-2. The condition c ) n _ 2 can be reformu-

lated as follows: each (n-1)-flat through 

meets F In at most one additional point (and hence In exactly one additional point). 
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THE SIMPLE GROUPS PSI.(2, 7) AND PSL(2, 11) 

H.S.M. Coxeter F.R.S.C. and W.L. Edge 

Klein and Fricke (7, pp. 712-715] discussed a plane quartic 

curve of genus 3 whose group of self-collineations is PSL(2, 7). 

This group has two conjugate sets of 7 octahedral subgroups S.. 

Each such subgroup permutes 4 bitangents whose 8 points of con-

tact lie on a conic, and each set of 7 quadruples of bitangents 

comprises all the 28. For these bitangents, the notation of 

Coxeter (3, p. 134, first column of Table 2] agrees with that of 

Edge (5, p. 184, on the right of his two tables] if we identify 

Coxeter's 0 and «• with Edge's 7 and 0. The coordinates 

used by Coxeter arise from Clani's equation for the quartic 

curve (1, pp. 364-365] ,. namely 

x4 + / + 2 4 +35(y2z2 +z2x2 +x2y2) = 0 , 

2 
where c = (-1 +i/7)/2, so that c +c+2 = 0. It is convenient 

to define also b = c -c = i/7. 

The two sets of 7 conies may be expressed as 

% = 0 , vv = 0, 

where v runs over GF(7]. Cyclic permutation of x, y, z will 

be seen to have the effect of multiplying v by 4 : an opera-

tion of period 3 over GF(7]. 

u0 = -2c(x2 +y2 +z 2 ), v0 = x2 +y2 +z2 -bc(yz +»x +xy), 

u- = -c3x2 +y2 +z2 -2byz, v1 = x +y +z +bc (-yz + zx+xy) , 
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u = x2 -c3y2 +z 2 -2bzx, v4 = x2 +y2 +z 2 +bc(yz -zx +xy), 

u = x2 +y2 -c 3z 2 -2bxy, v2 = x2 +y2 +z 2 +bc(yz +zx-xy), 

u- =-c3x2 +y2 +z 2 +2byz, vs = -c2 (ex2 +cy +cz ), 

u = x2 -c3y2 +z2 +2bzx, v6 = -ô2(cx2 +oy2 +cz2) , 

u = x2 +y2 -c 3z 2 +2bxy, v3 = -c2 (ex2 +cy2 +cz ). 

These 14 quadratic forms are nearly the same as those in the last 

column of Coxeter's Table 2 (3, p. 134], but the coefficients 

-2c and -c2 have been inserted so as to exhibit certain linear 

dependencies among them; 

ïuv = 0, ïv^ = 0, 

cvv = uv+l + uv+2 + uv+4 ' 

5uv = Vv+3 + vv+6 + vv+5 

[7, p. 759]. (Notice that the squares 1, 2, 4 in GF(7] are 

the powers of 2, while the non-squares 3,6,5 are the same 

multiplied by 3.) These expressions for cvv and cuv are 

epitomized in Figure 1, where the point v0 is joined to M1 , 

u- , u. , and so on. This is the Levi graph for the finite 

projective plane (Fano plane) PG(2, 2) (2, p. 118]. In other 

words, the two sets of 7 conies are represented in a natural 

manner by the points and lines of that finite plane. 

Figure 1 is 'complementary' to Coxeter's Fig. 7 (3, p. 135] 

in two senses. We can derive Figure 1 by deleting the 7 edges 

u v and interchanging the letters u and v ; or we can place 
v v 
the 14 vertices in new positions and join all pairs of vertices 
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ul 

0 

U-. 

u 

u 

u5 
FIGURE 1 

that were not joined before. Notice that, in both these figures, 

all incidences are preserved when the suffixes are doubled. 

There is a striking analogy between Klein's plane quartic 

of genus 3 in the complex projective plane and a certain curve 

of order 20 and genus 26 in complex projective 4-spaee 

(6, p. 648], whose group of self-collineations is PSL(2, 11). 

This group has two conjugate sets of 11 icosahedral subgroups 

A, . Each such subgroup permutes the 40 points of intersection 

of the curve with a certain guadric. 

For the two sets of 11 quadries, Klein and Fricke [8, p.428] 

obtained equations 

x = 0 and yv = 0 

where v runs over GF[11]; x and yv are abbreviations for 
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certain very complicated quadratic forirs in the coordinates i 
z l , '2, «3, -4. 'y W writing 

C = (-1 +i/ll)/2 , 

2 
so that C + C + 3 = 0 , we can express the linear dependencies 

among these 22 quadratic forms as follows: 

Zxv = 0' ^ v = 0' 

C*V = Xv+1 + xv+3 + \+9 + \+5 + xv+4 ' 

ë x v = ^ + 2 + yv+6+ ^ + 7 + ^ v + i o + ^ + 8 

(8, p. 429]. (Notice that the squares 1, 3, 9, 5, 4 in GP[11] 

are the powers of 3 , while the non-squares 2, 6, 7, 10, 8 are 

the same multiplied by 2.) These expressions for Cy and 

Cxv are epitomized in Figure 2, where the point y is joined 

to x1 , x3 , xg , x5 , x4 , and so on. Figure 3 is its 

'complement', epitomizing the consequent relations 

-C^ = \ + xv+2 + xv+6 + xv+7 + xv+10 + xv+8 ' 

-Cxv = yv + y v + 1 + yu+3 + yv + 9 + y v + 5 + y ^ . 

Notice that, in both these figures, all incidences are preserved 
when the suffixes are trebled. 

Figure 3 is the Levi graph for the regular skew polytope 

5{3, 5, 3) 5 [4, Figure 1]. In other words, the two sets of 11 

quadries are represented in a natural manner by the 11 vertices 

0 = x0 , 1 = x1 , 2 = x2 ' = x10 

and ll hemi-icosahedral facets 
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\ 
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^0 ' yl ' ^2 ' y3 

y4 ' ^5 ' ^6 

y7 ' *s ' y9 ' y10 

of that 10-dimensional skew polytope. Moreover, the 6 vertices 

of the facet y^ represent the 6 quadries xv = 0 into which 

the quadrie yy = 0 .can be reciprocated (6, p. 649]. 
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SUR LES FONCTIONS SIMULTANEMENT 
SURADD1T1VES ET SURMULTIPLICATIVES 

3. DHOMBRES (NANTES) 

Presented by J. Aaaél. F.R.S.C. 
Résumé 

On établit que sous des conditions assez peu contraignantes les (onctions 
simultanément suraddilives et surmultiplicatives sont en (alt additives et multiplica-
tives. 

L'objet de cette Note est de présenter une démonstration simple du théorème 
suivant et d'en déduire quelques résultats récemment proposés. 

Théorème 1 
Soit A un anneau et R un anneau ordonné. On suppose que R possède la pro-

priété suivante : 
(1) Si z > R et z / 0, alors z > 0. 
Soit P i A -> R une application satisfaisant pour tous x,y de A, 
(2) P(x.y) > Px • Py (suradditivité) 
et 
Q) P(xy) » Px.Py (surmultiplicité). 
Alors P est à la (ois additive et multiplicative, c'est-à-dire que l'on a les signes 
d'énalité dans (2) et (3). 

DEMONSTRATION 
On commence par noter que P(0) « 0 cn faisant x = y = 0 dans (2). D'ailleurs, 

on véride que P(0) = 0 puisque (3) (oumit P(0) > P(O).P(0). Donc 0 » P(0) i P 2 ( 0 ) , 
d'où P(0) s 0. 
On procède ensuite à une cascade d'inégalités. On a -P (x> ï -P(x ) d'après (3). Puis 
-P(x2) > -P(-x2) car avec (2) 

0 = P(x2 - x2) » P(x2) . P(-x2». 
Enfin P(-x2) » P(x) P(-x) d'après (3). On résume donc 

0 i. P(x) tP(-x) > P(x)l. 
Cette inégalité étant valable pour tout x de A, on a aussi 

0 » P(-x) tP(x) * P(-x)). 
Soit en additionnant 

0 î. lP(x) « P(-xH2. 
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Grâce à l'hypothèse (l) faite sur R, il vient P(-x) = -PU). 
On écrit maintenant 

P(x • y) >P(x) * P(y) = -P(-x) - P(-y) >-P(-x.y) = P(x * y). 
D'où les égalités partout, donc ((»). De même 

P(xy) >P(x) P(y) = -lP(x) P(-y)] >-P(-xy) = P(xy). 
D'où les égalités partout. Ce qui termine la démonstration du théorème. 

Remarques 
1. On notera que nous n'avons pas supposé la commutativité des anneaux A ou R, 
ni d'ailleurs l'existence d'une unité pour ces anneaux. On peut même diminuer tes 
hypothèses faites sur A. puisque l'on a seulement besoin des propriétés suivantes : 
l'existence d'une addition x • y « d'une multiplication x.y , d'un élément 0 dans 
A et d'un opposé -x de sorte que tes relations suivantes aient lieu i 

x • (-x) s 0 , -<x • y) s (-x) • <-y) , -(-x) = x , 
x(-y) = -<xy) , 0.0 = 0. 

2. La question de la nécessité de la condition (I) relative à R pour la validité 
du théorème I reste ouverte. 

Corollaire 2 (M. Radulescu, 1980). 
Soit R l'axe réel. L'identité est la seule fonction f i R -• R , non identique-

ment nulle, suraddîtive et surmultiplicative. 
L'anneau K possède en effet la propriété (I) ce qui permet l'application du Théorème 
I. Un résultat classique (cf Aatél, 1966) sur les endomorphismes de R permet de 
conclure. Ce corollaire 2 contraste avec le fait qu'il existe beaucoup de fonctions 
I : (R •» (R simultanément sousadditives et sousmultiplicatives (par exemple t f(X) = c\\\a, 
où 0 < a < I < c), beaucoup de fonctions sousadditives et surmultiplicatives (par exem-
pletf(X) = clX|a , où 0 < ci < l( 0 <c < I) et beaucoup de fonctions suraddives et sous-
multiplicatives (par exemple : f(X) ; (I + c)X - c|X|, où c >0). 
Dans un travail à paraître (P. Volkmann, 1983) le théorème est établi pour un anneau 
A muni d'une unité (laquelle intervient de façon essentielle dans la preuve) et pour 
un anneau produit R = (R . C'est ce résultat qui a suggéré la validité du théorème 
1. 

Corollaire 3 
Soient X et Y deux espaces compacts non vides. On désigne par C(X) (respec-

tivement C(Y)) l'algèbre de toutes tes fonctions réelles et continues définies sur 
X (respectivement sur Y), algèbre munie de l'ordre naturel. Supposons qu'il existe 
une application P : C(X) •* C(X) possédant les cinq propriétés suivantes 
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a) Pour tout y de Y, U existe g dans P(C(X)) telle que g(y) i o, 
b) P(C(X» sépare les points de Y, c-à-d. que pour yj ' Vj > il existe g a P(C(X)) ct 
gCy,) * gCyj), 
c) Pour tout ensemble ouvert, nonvlde V dans X, il existe une fonction f de C(X), 
dont le support est contenu dans U, et telle que Pf ne soit pas identiquement nulle. 
d) P est suradditlve, 
e) P est surmultiplicative. 
Alors X et Y sont des espaces homéormorphes. 

Démonstration 
Puisque C(Y) possède la propriété (il, les conditions d) et e) et le théorème 

1 impliquent que P soit additive et multiplicative. Fixons y a Y. Soit g : Pf une 
fonction fournie par a). On a g • PUA) = g Pil) donc POKy) = I. Dès lors la (onction 
F : B * R définie par FW = PttJXy) est additive, multiplicative et non identique-
ment nulle. D'après le corollaire 2, FW = X. II en résulte que l'application 1 - P f(y) est 
linéaire et multiplicative. Puisque toute f > 0 de C(X) est un carré, cette application 
est non négative, donc définit une mesure de Radon positive non nulle sur X. Celle-ci 
d'après la multiplicativité a son support réduit à un point 4(y) de X. Nous avons 
défini » : Y - X. Soient yj / y2 . D'après b), U existe f dans C(X) et Pf(y.)^Pf(y ). 

Soit ««(y,)) t lWy2)). Donc « y , ) f «(y2). L'application « est donc injective. 
Elle est continue comme ii est facile de le voir par contradiction en utilisant la compaci-
té de X et le fait que P f = 1 o « a C{y). Le corollaire 3 est acquis, par compacité, 
si l'on prouve l'tnjectivité de $. Supposons par contradiction que le compact $(y) ne 
coïncide pas avec X. D'après c), il existe f de COO dont le support est dans le com-
plémentaire de ^Y) et y« Y de sorte que P ((y) t 0. Mais la condition du support 
fournit P f(y) : My)) = 0, ce qui est contradictoire. 

Corollaire » 
Avec tes notations du corollaire 3, il existe une bijection suraddîtive et sur-

multiplicative entre C(X) et C(Y) si et seulement si X ct Y sont homéomorphes. 
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TWISTED HONEYCOMBS {3, 5, 3 K 
1 ' r t 

Asia Ivii Weiss 

Preaented by H.S.M. Coxeter. F.R.S.C. 

Abstract 

When t i 9 , twisted honeyoombs (3, 5, 3)t are finite. When 

t s 6 the honeyoomb is reflexlble. 

For every regular polyhedron or tessellation (p, q) (with p-gonal 

faces, q round eaoh vertex) we define Pétrie polygon as a skew polygon such 

that every two oonseoutlvs edges, but no three, belong to a faoe ([2], pp. 

128). ?or a regular honeycomb {p, q, r) (with cells tp, q) , r round 

each vertex), a Pétrie polygon is then defined to be a skew polygon such 

that every three consecutive edges, but no four, belong to a cell ([2], pp. 

115). Eaoh regular honeycomb has two enantiooorphio (left and right) kinds 

of Pétrie polygons ([3], pp. 26). It is soeetlBes possible to derive a 

oontraoted honeycomb from (p, q, r) by identifying pairs of points 

separated by t steps along every right-handed Petrle polygon to obtain a 

twisted honayoonb (p, q, r)t . Let f denote the number of sides of 

left-handed Pétrie polygons. 

If t s t* , (p, q, rK is said to be reflexlble and its group of 

symmetries [p, q, r] t is given by 

8* = H* a R* =. R2 = (B,^)" = (8283)'' = <R3Bit)r = (R1R2R3Ri()t = 1 • (1) 

R3 $ R, î Rl, î Ra 
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([5] , pp. 89). The rotation subgroup of thia group i s generated by 

L - RgRjj , H » RllR1 and H a R-S 

and has the presentation 

L2 a ̂  a N2 a (LM)P a (LMN)q a (KN)r a (LH)1 a 1 , 

(2) 

(3) 

If t i t ' (f is the order of LHNH) , (p, q, r) is not synmetric by a 

reflection and its symmetry group ((t, p, r; q)) is given by (3) ([2], 

pp. 142). In this case, the honeycomb is said to be chiral. For detailed 

account see C3] and [6]. 

(3, 5, 3) is a 3-dimensional regular map or a hyperbolic honeycomb. 

Its cells are regular icosahedra (3, 5) . When all points of (3, 5, 3) 

that are separated by five steps along Petrle polygons of a cell are iden-

tified we obtain a finite reflexlble honeycomb having 

11 vertices, 55 edges, 55 faoes, 11 cells 

denoted by 5{3, 5, 3)5 [6]. It cells are heml-ioosahedra (3, 5), and 

Its symnetry group _[3, 5, 3]g is 

R2 = R | = H | = R|; = (H^g)3 a (RgRj)5 a (HjR,,)3 = (R,!^)5 a 1 , 

R- * R* * Rh * Rp 
(1) 

Coxeter In [6] showed that the group is isomorphic to PSL(2, 11) of order 

660, and the generators R., R,, R,, R̂  oan be represented by 

- 2 

. 5 

- 1 ' 

2 
> 

' -3 

_ 4 

3 

3 . 
t 

[:: ; ] • t 

-5 -3 

5 5 
(mod 11) (5) 

respeotlvely. The relation CRJR^J)5 a 1 implies R, a (H^R^RgR. 

or, in terms of L, M and M given by (2), H1 3 (LHNKLN)2LM1 . Further-
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more Bj s (LMNMLN)2LKNML , Rj > (LMMMLN)2LM and Rj, » (LMIMLN)2LMNM . 

Henoe 5 [ 3 , 5 , 3 ] ^ à PSL(2, 11) i s generated by L, H, N which oan be 

represented by 

[ : : ] • [ : . ; ] • [ : : ] 
(6) 

respeotlvely. 

Cblral honeycombs (3, 5, 3),, and (3, 5, 3)5 are enantiomorphle 

(reflected Images of eaoh other) ([3], pp. I1*) • Their cells are collapsed 

Icosahedra, obtained from laosahedra by Identifying opposite vertices while 

still distinguishing opposite edges ([8], pp. 783). 

In the group ((6, 3, 3; 5)) , given by 

L2 . ̂  n H 2 a (LM)3 a (LW))5 n (MN)3 « (LH)6 a 1 , (7) 

the loosahedral subgroup generated by LH and N has 11 cosets. Hence 

the whole group Is of order 11 • 60 a 660 and since matrices (6) satisfy 

relations (7) It follows that 

((6, 3, 3; 5)) i PSL(2, 11) . 

Furthermore, slnoe (LHNH) a 1 , the honeycomb (3, 5, 3)g is reflex-

Ible. It has 

11 vertices, 110 edges, 110 faces, 11 cells. 

Its cells are collapsed Icosahedra. The complete group [3, 5, 3], of the 

honeycomb Is (1) with p a r a t/2 a 3 and q n 5 , and its order is 

2 • 660 a 1320 . This group Is Isomorphic to the direct product 

[3, 5, 3l6
 £ PSL(2, 11) x C2 , 

which oan be verified directly from the representation 

r-2 - i 
R, a T 

L 5 2 

-3 3 

1 3 ] R- a T 
-1 

-2 
R,, a T 

5 

L 5 ]• 
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where T = 1 . 

Matrix 

' 2 0" 

-3 5 

of determinant -1 transforms R,, R2, R,, R^ into R^, R-, R2, R. and 

hence reciprocates the honeycomb. This Implies that the total aynaetry 

group of a pair of reciprocal (3, 5, 3)g's is isomorphic to PQL(2, 11)x 

C2 . We adopt the symbol [[3, 5, 3]]fi for this group ([4], p. 323) and 

thus have 

[[3, 5, 3]]6 S P0L(2, 11) x C2 . 

This group is the complete symmetry group of the 3-valent bipartite graph 

with 220 vertices and 330 edges consisting of the midpoints of all edges 

and midpoints of all faces of (3, 5, 3)g (compare with (4], pp. 323). 

Since the order of the group is 1320 • 2 a 330 * 2 it follows that the 

graph Is 3-regular and hence different from the graph with 220 vertloes in 

the Foster's list [7}. Furthermore this graph Is two-fold covering of the 

graph with 110 vertloes obtained from ,.(3, 5, 3)- [61. 

At the present there are only tuo more known finite twisted honeyoombs 

(3, 5, 3), : for t a 7 and t = 9 . The details are given In the table 

below. These were both found by computer enumeration of cosets of the 

loosahedral subgroup generated by N and LH In ((t, 3, 3i 5)) [1]. It 

might be Interesting to mention that, when t a g the computer defined 

total of 12654 cosets before finally collapsing to 57 . 

Setting t a 8 in (3) implies (LN)U a 1 and henoe [3, 5, 338 is 

isomorphic to [3, 5, 31^ . 
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Table 

Honeycomb 

(3. 5, 3),, 

(3,5, 3) 6 

(3, 5, 3) 7 

(3, 5, 3), 

Order of the group 

360 

1320 

12180 

3420 

t' 

5 

6 

29 

10 

Vertices 

6 

11 

203 

57 

Edges 

60 

110 

2030 

570 

Faoes 

60 

110 

2030 

570 

Cells 

6 

11 

203 

57 
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THE CURVATURE TENSOR OF LORENTZ MANIFOLDS WITH SPIN STRUCTURE 

PART II 

W.H. Greub and H.R. Petry 

Presented by P. Seherk, F.R.S.C. 

Abstract 
In this paper the results of part I are applied to the case 

where the spin bundle Ç admits a parallel cross-section. In 

particular, a simple expression for the metric tensor of a 

Ricci-flat Lorentz manifold is deduced, which corresponds to 

a known class of gravitational fields including the gravitational 

waves. 

1. Spin structures with a parallel cross-section (covariantly 

constant sections) 

Let M be a Lorentz manifold with a spin structure Ç; i.e. M is a 

4-dimen3ional manifold with a metric g of signature (-,+++), 

oriented and time-oriented, and Ç is complex vector bundle of 

rank 2 over M subject to the following conditions ; 

a) Ç admits a complex-valued two-form e on each fibre. 

b) There is a strong bundle map F: T H -• Çs from the tangent space 

T M to the bundle Ç» of self-adjoint antilinear transformations 

of the fibres of Ç. 

c) For any two vector fields X,Y on M we have the relation 

d) g(x,Y) = ^ t r n n x w m ) . 
Recall that X is self-adjoint in the fibre Fx Ç if and only if 

ex(Xa,b) = ëx(a,Xb) 
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holds for all a,b6F . 
The Levi-Cività connection V on T M induces a unique connection V 
on Ç with the properties 

(2) Vxe = 0 , 

(3) 7xr(Y) - vYr(x) - r(Y)7x + r(x)7Y - r[x,Y) = o . 

Suppose now that Ç admits a covariantly consteint section o. without 
zeros. (If M is connected it will already be non-zero if it is non-
zero at a single point). Locally we can always find a second section 
a2 such that 

(4) E ^ , ^ ) = 1 . 

Hence 

E(a1,7xa2) = X(e(<J1,c2)) - E(7xa1,o2) =o 

whence 

(5) 7xa2 = A(X).CT1 

for some complex-valued 1-form A on M. Note that o, is unique up 
to a scalar multiple of c,, i.e. if X is an arbitrary complex 
function on M then 

a2 = 02 + Xcr1 

satisfies equation (4) and equation (5) is replaced by 

(6) 7xa- = A'a, 

with 

(7) A' = A + dX . 

Next write 

(8) r(X)oa = r£(X)a6 (a = 1,2) . 
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Since r(X) is self-afjoint we find the relations 

(9) r2 = f2 , rj = fi , r2 = -r] , 

which state that the 1-forms r2 and f2 must be real-valued. From 
equs. (3) and (5), we then derive the formulae: 

doa) dr2 = o, dob) dr] = -A.P 2, noc) dr^ = Â.r]+A.f] . 

2. The canonical coordinates 
To proceed further we need the following 
Lemma 1 ; Let A,o and i)) be l-forms such that 

(11) d* = i|(»A . 

Assume that A is closed and non-zero everywhere. Then there are 
local functions a,B,Y such that 

* = do + SA , i(i = d8 + YA . 

Proof; We can choose loca l coordinates x 1 . . . x n on M with dxn = A. 
Write • = jijdx , iji = iji^x . Equations (11) reads then as follows: 

8 * ! a*- 3<(> 3<( i 1 
dla) —i ? = 0 ' <11b> —T k = Vt- i , n < n . 

3xn ax1 î x 1 3xn i 

By equat ion (11a) • , = -~ for some l o c a l l y defined function a. 
Set B = a • 12- . 3x 

3x Thus the first formula of the lemma holds. Moreover, (lib) yields 

ox a: 

By setting y - y^ - ^E_ w e obtain the second formula of the lemma, 
q.e.d. n 

Lemma 2: The local cross-section a., can be chosen such that A 
takes the form 

3 2 a 1 3 8 

3xi3xn ' ax1 
32

 a 36 
3xn3xi ' Sx1 
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(12) A = -YF2 

for some locally defined function Y. 

Proof: Equs. (10a) and (10b) imply by lemma 1 that A = -dB-YF,. 

Set ol = o2+6a1. Then A' = -YF2 by formula (7), q.e.d. 

We assume from now on that a2 has been chosen this way, and insert 

(12) into the equations (lOa-c). The result is 

(13a) dF2 = 0 , (13b) dF] = 0 , (13c) dF^ = (YFJ+YF1,) .F2 . 

Theorem I; H admits local coordinates u,v,x,y such that 

(14a) F2 = du , (14b) r] = d(x+iy) , (14c) F̂  = dv + fdu . 

Here f is a real-valued function which depends only on u,x,y and 

satisfies 

where z = x+iy. 

Proof: Equations (13a-b) yield locally a real function u and a 

complex function z = x+iy such that (14a) and (14b) hold. By 

proposition 1 the equations (13a) and (13c) yield real functions 

v,f,k such that F2 = dv + fdu, and 

(15) ydz + ydz = df + kdu . 

Since F is a strong bundle isomorphism, it follows that the 1-forms 

du, dv, dx, dy are linearly Independent at each point. Thus 

u,v,x(y are indeed coordinate functions. Equation (15) shows that 
k = - M ' H = o and that M = * ' ^e-d-
The next theorems express the Lorentz metric on M and its 

Riemannian curvature in terms of these coordinates. 

Theorem II; In terms of the coordinates in theorem I g has the 

form; 

(16) 9 = 7 (duadv+dvfldu) + fdufidu + dxBdx + dyfidy 
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Proof: Let X and Y be a r b i t r a r y vector f i e lds on M. Formula (1) 
y i e l d s 

g(X,Y) = j F8(X)f^(Y) 

Using theorem I we find that 

g(X,Y) = ^ (du(X)(dv(Y)+fdv(Y)) + (dv{X)+fdu(X))du(Y) 

+ ̂  (dz(X)dim + di(X)dzm) , 

and thus (16) is established. 

Theorem III; In terms of the coordinates in theorem I the 

Riemannian curvature R is expressed as follows ; 

(17) R = -[dx-du)»(dx«du) + (dy«du)a (dy.du) ) • 2—^ 
3z3z 
2 

-[dx.du)a(dx.du) - (dy-du)a(dy.du)iRe ^ 
3z 

-[dx.du)a(dy.du) + {dy.du)a{dx.du)iRe l^l 
Dz^ 

Moreover, the Ricci tensor R, is given by 

(18) R = - i-l- . duBdu . 
3z3z 

Proof; From ref. 1) we know that for arbitrary vector fields 
X,Y,V,W the following equation holds 

R(X,Y;V,W) = Re(trRç(X,Y)F(V)r(W)) , 

where R^ denotes the curvature form of 7 in the spin-bundle Ç. 
Now 

Rr(X,Y)a1= 0 

Rç(X,Y)o2 = dA(X,Y)01 . 

Hence 



222 W.H. Greub and H.R. Petry 

trRç(X,Y)F(V)F(W) = dA(X,Y)(f11(W)r2(V)-r2(W)r11(V)) . 

Using the coordinate expressions of A,r] and f2 given by theorem I, 

gives us immediately formula (17): To obtain the Ricci tensor we 

observe that the metric (16) allows only diagonal contractions 

of the curvature with respect to dx and dy. 

Corollary: Assume that g is Ricci-flat. Then f is the real part 

of a function h of z,u which is analytic in z. In this case the 

curvature takes the form 

(19) R = -Re -My (dz.du)fl(dz-du) 
3z 

32 

Proof; Since R = 0, it follows that izif t = O, i.e. f is a 
harmonic function of x and y and thus the real part of a function 

h with the desired properties. Equation (19) follows then 

immediately from (17) q.e.d. 

Conclusion; 

The form of the Ricci-flat metric which we have deduced above, 

corresponds to a known class of gravitational fields including 

the gravitational waves2'. Our result characterizes these fields 

intrinsically and shows that these are the only ones which admit 

parallel spinor fields. 
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SPECTRAL MEASURES AND AUTOCORRELATION 

VIA TRANSMUTATION 

Robert Carroll and Fadll Santosa 

Preaented by M. Shinbrot, F.R.S.C. 

Abstract. A model one dimensional geophysical problem Is studied with 

transmission readout leading directly to the spectral measure as the Fourier 

transform of an autocorrelation function. The solution of the inverse prob-

lem is then obtained in the form of Impedance as a function of travel tine and 

stability estimates are indicated. A new type of extended Gelfand-Levitan 

(G-L) equation is also obtained. The details will appear in (4). 

1, Basic constructions. Consider the inverse problem for P(x)vtt. = (u(x) 

v ) (v = 0 for t < 0) where some initial Impulse disturbance Is supplied at 

(0,0) and from the readout or response at some point x = x (transmission data) 

one wants to find the acoustic Impedance A = (pu) as a function of travel 

time y = /* (p/u) dÇ. One can think of SH waves In a vertically stratified 
0 

earth, where p • density and u is a shear modulus, and with readout v(0,t) = 

G(t) (reflection data) this has been treated in various ways (cf. [1;2;3;7]), 

We are motivated here by certain problems of wave propagation In a spherically 

symmetric medium with Impulse disturbance at the origin and readout at r = r. 

With the change of variable to y our equation is (•) (Avy)y/A = Q(Dy)v « vtt 

and we assume p,M e C with p and y constant for x ̂  x (thus A' = 0 and A = A^ 

eventually while 0 < a ̂  A(y) £ A < " - by rescallng if necessary we assume 1 

- A(0)). Take now (•) with impulse data (•) vt(y,0) - «(y) whose solution in 

* Work partially supported by ONR Contract ffN00014-83-K0051 
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the model case A = 1 is v(y,t) = Y(t-y) ly.t i 0 where Y la the Heavyside func-

tion). We refer now to [ 1) and let rf denote "spherical functions" satisfying 

(*) (&> °  -* * with ̂ ( 0) = 1 and Dj>^(0) = 0. One can express Riemann functions 

for example In terms of transmutation kernels and we write S(y,t,n) •> <V?(y) 

i(>;k(n),CosXt>u with R(y,t,n)=<*>^(yX'j(n),SinXt/A> where u denotes the Q-spec-

tral pairing. For A of the type treated here one has (cf. [1;2;7)) du = da- = 

u(.lA)d » udA with u « l/2ii|c U ) | where, defining the Jost solutions of (*) 

by *iAly)
 % A^exp(±lJy) as y -• =, one has <f^ = co^X^*A + cO*"X*I'-A ^A» is 

known). Now for the solution of (•) with Cauchy data data v(y,0) = f(y) and 

vt(y,0) = F(y) one has v(y,t) - < S(y,t,n),A(ii)f (n) > + < R(y, t,n) ,A(n)F(n) > so 

for f(n) = 0 and F(n) = 6(n)/Ao - «(n) (cf. (•)) we obtain v(y,t) = R(y,t) = 

<«J<y).SlnXt/*>u. For y = 0 the readout is G(t) = < l,SlnXt/X> from which the 

spectral density a is determined by u(A) = (2X/¥) /"G(t)SinAtdt. Fron this one 
0 

obtains A by use of the (G-L) machine (cf. [1;2;7]) and the nature of the map 

G -• A is fairly well understood. Now pick some sufficiently large y (this Is 

discussed below) and write H(t) = v(y,t) = (*^(y),SinAt/A) so that *?(y)u/A = 
(2/TI) /"H(t)SlnAtdt and hence 

0 

(1) ^ ( y ) J G(t)SlnAtdt = J H(t)SlnAtdt 

The function ̂ i(y) is an even entire function of exponential type y and the ex-

pression of G in terms of H in (1) can be regarded in the context of deconvolu-

tlon (cf. [6]). Indeed by the Paley-Wlener theorem we write («'(t) even) *?(y) 
^ v « ^ *, 

= *(A) •= 2 / <Kt)CosAtdt (* = F* = Fourier transform). Taking G and H to be 

Theorem 1.1. The readouts G at y °  0 and H at y °  y satisfy * * G = H. 

2. Splitting techniques. Let us use the transmutation machine of (1) to 

split up everything in order to make "deconvolution" optimal. Recall that u •> 
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l/2iilc_(A)| Is even and ̂ ,(y) is even in A. Also for calculation it will be 
Q A 

convenient to remove a 1/A factor and write H'(t) •• <*i(y),CosAt> • / *^(y) 

(fl(A)CosAtdA = Ij /"<>̂ (y)ii)(A)e1At:dA. Further u(A>(î (y) - (l/2n){4'^(y)/cQ(-A) + 

*^/c (A)} = (l/2n){*J(y) +*^(y)) where ̂ (y) = *^(y)/cQ(-A) Is analytic in 

the upper half plane. Hence set H^t) = (l/4it) ly^Wexpt.lXtfdX = (I/An) 

/" *^(y)exp(-lAt)dA and It follows that H'(t) = ̂ (t) + H^-t). We remark 

that in using the Fourier theory in various forms one automatically Introduces 

various odd and even extensions of the quantities H, G, H', etc. We note that 

by contour Integral arguments as In | 1;2;7] HAt) - 0 for t < y and thus H^t) 

provides the readout H' for t > y (H1(-t) contributes nothing to H' for t > 0). 

Now we can write HKiy) - C H'(t)exp(IAt)dt from the above. Further let us 
A y 

take our readout point x large enough so that p and w are constant for x ̂  x 

and consequently A(y) = A^ for y ̂  y (y" = y(x)). But *^(y) is the Jost solu-

tion *?(y) i- A~ exp(lAy) as y -• •» and for y as indicated we must have then 
0 -li -w 

*j(y) • A^ exp(IAy). Therefore we have 

Theorem 2.1. Under the hypotheses Indicated for v suitably large 

(2) 1/c (-A) - 2 A V 1 X ? [ H1(t)e1X,:dt = 2A||e"iX* H'(A); u = <.2/*)kJ\i'\2 

from which one can recover A by the methods of [1;2;3;7 1. 
Remark 2.2. This formula seems "striking" because It directly exhibits the 

spectral measure In terms of the Fourier transform of an autocorrelation type 

function H(t) = f~ H'(t+TW (T)dT. one knows of course that there is an intim-
y 

ate and profound connection between vibrating string problems and problems of 

extrapolation and interpolation for stationary time series (cf. 151) and the 

formula (2) seems to fit into that context very neatly. In fact It seems to 

provide a new link directly connected with the geophysical problem and perhaps 

this will lead in directions connecting the traditional time series analysis In 

geophysics with exact techniques for the inverse problem. 
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In the same s p i r i t one can s p l i t G' ( t ) = G ^ t ) + G . ^ t ) where G 1 ( t ) = 

( l A n ) /Vj x lO)expUAt)dA = U/An) /"*J(0)exp(-IAt)dA (Gj^lt) = 0 for t < 0) 

and hence af ter some c a l c u l a t i o n one obtains 

Theoran 2 . 3 . Let K U - T ) = (A^/2IT) / " e - i A ( t " T ) * ^ ( 0 ) e ~ i X y d A . Then K(t-T) = 

0 for t < 0 and T > t+y with G I ( t ) " É^* H1(T)K(t-T)dT. This g i v e s a domain 

of dependence r e l a t i o n between H, and G. but « e do not know *j*(0) . 

3 . Recovery of A and s t a b i l i t y . The recovery of A v i a to ind icated In Theo-

rem 2 .1 by methods of [ 1 ;2 ;3 ;7] goes as f o l l o w s . Reca l l G(t) = / (SinAt/A) 

(D(A)dA and s e t do = dm - (2/ir)dA with T(y ,x ) = / " (SinAx/A)CosAydA. Then G(t) 
0 

= / " (SlnAt/A){do + (2/ii)dA) = 1 + G (t ) and depending on whether y > x or y < 
0 r 

x one obtains T(y ,x) = ls{Gr(y+x) - G r ly -x ) } or T(y ,x ) » y G r ( y + x ) + G r ( x - y ) ) . 

The C-L equation can then be wr i t ten as (x < y) (+) K(y,x) + y G (t+x) -

G (y -x )} " h fy K(y,s){G'.(x+s) - GV | x - s | ) ) d s . We r e c a l l a l s o that A"^(y) = 1 
r Q r r 

- K(y,y) so A I s determined from the unique s o l u t i o n of I t ) . For s t a b i l i t y one 

f i r s t takes approximate data G c l o s e enough to G on [ 0 , 2 y J and then one has 

lAK(y,-)ll < C{IE1 , + l e ' l . l , , , ) where E = G* - G = AG (c f . ( 3 ) ) . In 
" " .y — "•Zy L (2y) r r 

t h i s context the s t a b i l i t y quest ion has a l s o been i n v e s t i g a t e d numerical ly in 

( 8 ; 9 1 with good r e s u l t s . Now with G' considered even because of the c o s i n e r e p -

resentat ion (and adjust ing a factor of 2) we can w r i t e from Theorem 2 . 1 Ct) 

G'U) = / " w(A)CosAtdA = (A^/ir) / ° |H'1 2 exp(-IAt)dA = Aji(t) = A^ Çw U+r) 

H'(T)dT. We conclude then that 
Theorem 3 . 1 . For t > 0 ore has G' ( t ) = A0>H(t). 

We factor out the d e l t a functions in ( t ) now by working with G = 1 + Gr, 

A Hj = 6(C-y) + h , , e t c . for t > 0 and one obta ins (note y - t < y for t > 0 and 

h 1 ( y - t ) = 0 ) , G ^ = h 1 (5^t) + £ h1(t+Ç)h1(Ç)dÇ. Set h ( t ) = I~ h^-Odt and G r ( t ) 

= / G'(T)dT: after some calculation we obtain then 
0 r 
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Theorem 3 . 2 . Assume Ih . l , Ihl , I h J , and l h I < M and that ' h ' 1 I s 
• • • • ^^^^^^^^— j_oo' eo' X — » — • to ̂  • • 2 L 

suitably small. Then |AA| on ( 0,y ] can be estimated as indicated above via es-

liSâtei ''V(0.2T) i ''^I'l^y,-) and ,e,.,2T i ,Ah'-.5+2T + ^'^l'i^y,-) 

L (y,") 

4. Complements. Let us go back to (1), multiply by (2/ii)SlnAT, and inte-

0 ̂  v — —k grate to obtain ̂ , (y) = / K (y,n)CosAndn + A CosAy. Here we recall that 1 -
A g n • 

K(y.y) = A"!5(y), A = A^ at y, K(y,n) = 0 for n > y, and K(y,0) - 0 (cf. ( ll, 

p. 282). Then from (1) it follows after some calculation that (•) H(T) » IjÂ  

{G(y+T) + G(y-T)} + is /° G(t){K2(y,t-T) + K^.T-t) - K2(y,t+T))dt. Take now 

T > y so G(y-T) = 0 and K2(y,t+T) = 0 (K2 t K (Ç,n)) to arrive at 

Theorem 4.1. For T > y, H(T) = >s{G(y+T) + Gd-y)) + >5 fyK.(y,B)lG< (TS) -

G,(T+S))d8. 

Let us note now that for t < y (where H(T) = 0) (•) reduces to the G-L 

equation (t). Indeed G(T-y) >• 0 in (•) while -G(y-T) and K2(y,t+T) remain and 

after some calculation one obtains (t). Let us think now of G as odd and G' 

as even (via their sine and cosine representations) and write Theorem 4.1 and 

(t) together (treating K(y,0 as odd in C, with K(y,Ç) = 0 for \t,\ > y and 

K(y,0) = 0). There results 

Theorem 4.2. For T > 0 one has an extended G-L equation H(T) - K(y,T) = 

CCy.t) + >5K(y,-) * G' where C(y,T) - >5(C(T+y) + G(T-y)). 

Remark 4.3. The dependence indicated in Theorem 4.1 between G and H again 

involves only finite Intervals but in a different manner than in Theorem 2.3. 

One hopes to use Theorem 4.1 and Theorem 4.2 in conjunction to develop a numeri-

cal scheme based on fixed point Ideas to relate A on ( 0,yl with H on [y,3yj. 

Remark 4.4. The derivation of the G-L equation (t) in I 2;7 ) was largely 

ad hoc in nature and we can give a canonical derivation based on general 
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transmutation procedures as in 11] . Thus the canonical G-L equation has the 

form < e(y,t) ,A(t ,x) > = Bly.x) where B and (T are the kernels of certain transmu-

tations D2 + Q and ft(t,x) = / " (u(A)Co8AxCosAtdA = < CosAx.CosAt > . In fact 

fHy.x) - <CosAx,v?(y)> = 0 for x < y and S(y,t) = (2/ii) /"^(y)CosAtdA. How 
' • A ( i ) 0 A 

for x < y we integrate formally to obtain < B(y,t),A(t,x) > = 0 for A(t,x) ex-

pressible In terms of G. An analysis of kernels as In I II, pp. 332-333 then 

allows us to write B(y,t) = A"'î(y)6(y-t) + Kt(y,t) and some routine calCula-

tions (using K(y,y) = 1 - A ^(y)) leads to ( t ) . 
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' FACTORIZATION OF IBOMKTRTF.S IN 0+ INTO 

HALF-TURKS 

Erich W. Ellers* 

Preaented by P. Soherk. F.R.S.C. 

1. Introduction 

It is well known that evory isometry of a finite 
dimensional regular vector apuoe V is a product of at irost 
n reflections, where n is the dimension of V. This theorem 
ia oftim called the Cartan-Dieudonné theorem (sec [11, p.'?"). 
Similarly, every iaoiretry in the proper ortiioeon^l proup 0 
la a product of at most n half-turns (siec C I , p.134;. 
A number of queutions ariocB! What oan be said if V is not 
regular, or if dim V is not finite, and in it possible to 
find for eaoh isometry r a natural number a auob that IT in 
the product of a reflections, but net a product of fewer th.ir 
s reflections? Similar questlonn can be posed for elements Ir 
0* considered us products of half-turns. 

Some of the answers are known: For the orthogonnl croup 
of a finite dimensional regular vector space cn* r.Seherk l'71. 
for the nonregular case see i.î.Gotzky [55. E.Klicrs [3] al no 
includes infinite dimensional vector spaces. For the proup v" 
of a finite dinenaional regular vector apace see H.Tohibashi l^]. 

In this paper we deal with the proper oitbogoral croup 0 
Cunerated by half-turns. ?>.o vector space need not be rir.i':o 
dinensional and it need not be regular. We shall state cir 
main result in scolior. ?. The proof will be piiblinhed 
elsewhere. 

" Hesearch supported in part by KSEKC Canada /rrant no.A"?51 
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In [2], F.Baohmann gives a characterization of the 
group of motions of a Euclidean or non-Euclidean plane. 
This group Is isomorphic to the group ct. In order to 
extend his characterization to geometries of higher 
dimensions, suitable axioms have to be found. To pursue 
this goal, Bachmann suggests ([27, p.341) to solve the 
length problem first. In our main theorem we come very 
close to a solution of the length problem. We show that 
the length of each isometry has to be one of two possible 
values. We also provide an example which indicates that 
the geometry given by the path and the fix of an isometry 
alone is not- sufficient to give a criterion to distinguish 
between the two possible values. 

2. Products of Half-Turns 

Let V be a (possibly infinite dimensional) vector space 
over the commutative field K such that char K ^ 2. 

Por If GL(V) we define F(ir) = ker(î-i) and B(ir) = im(r_i) 
and call F(ir) the fix and B(ir) the path off. We shall always 
assume that dim B(r)< oo . Then we can define detï = detof-J»" 
(see [47, p.300). 

Let f be a symmetric bilinear form on V. Then (V,f) is 
called an orthogonal vector space. For any subset KcV we 
define li~ = {y*V; f(M,y) = iolj. A vector v « V is called 
isotropic if vev . For any aubapaoe W of V the space W W 
is called the radical of W; we write W/\ W" = rad'.V. If radW = 
lOl, we call W regular. The radical V" of V will be denoted 
by R. 

The group 0(V) = {î«GL(V)i f(xir,yr) = f(x,y), P ( T ) 3 R Î 
ia called the (weak) orthogonal group of (V,f). An element 
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in 0(V) is called an isometry. If ere 0(V), dim B(o-) = 1, 
and B(«r)^h, then cr is called a reflection. Every reflection 
is involutory and B ^ ) is regular. 

The rubgro-ip C4(v) = {I « 0(V) ; del t = 1 ] is called the 

proper orthogonal group. A product of two reflections is 

called a rotation. Clearly every rotation is in 0+(y). If 

'J = o-ç , where o- and 9 are reflections, and B(a)c B(<5)~, then 

the rotation rj is called a half-turn. Cloarly a half-turn i) 
is an involution, dim B(^) = 2, and h{rj) ia repular. 

THEOHE.,1. Assume dim V/K ^ 3, K ^ GI''(3), "t 0+(v), and 

dim F(T J V R ^ dim B(î). 
Then thero are half-turns î^,,..., n such that 

Put dim 3(F) • dim(B(ir ) n S) ~ d. 
For the minimul s we get 

2s = d or 2s = d>2 if dim F(i)Vrady(»)- à 2 and 
2s = Av2 or 2s = d+4 if dim F(3-)i/rndV(T ) i < 2. 

The assumption dim V/h ^ 3 is necessary for T « 0* to 
be a product of half-turns. For H = {01 thia is obvious since 
for a 2-dimensional vector space there is only one half-turr, 
nanely -1, and there are clearly many elements in 0 (7). 

The assumption dim K(s)_,-h ^ din B(r) is necessary for 
IT* 0{V) to be a product of reflections (see 13J). Since 
dim P(» ) /H ^ dim 3(» ) ia true for every i t 0(V), we obtnlr 
dim f'(ir) /E = dim B(lf). This last equality is always true if 
din V <. 00. Assume leO(V) and ir ia a product of reflections; 
then iie04(V) if and only if dim »(ii )/:•! = dim H(s ) - dir.( !•(=•)/1 
is even. 

It is intereating to observe that the spaces ^(T) and F(r; 
alone are not sufficient to determine the "linimal number a'of 
half-turns in our theoren. In order to see that, let V he a 
regular vector space such that dim V = 2, and let o-, 9 be 
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reflections with B(cr) / B(9). Put T = 09. Then dim B(T ) = 2 
and s = 1 if and only if B(<7-)cB(9) ; otherwise s = 2. 

During the course of the proof we have to establish 
the following factorization for TTé 0 ( V ) \ O + ( V ) : 

LEMMA. Assume K ^ GP(3), B(T)/I R = (05, dim B ( T ) = 2t+1, 
ana_dim B(T)/radB(T) ^ 2. 

Then there are half-turns V^t • • •tfa and a reflection « 

such that n = '7l"'7t<'>' 
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