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A HOTE OM TOE BBUJOULU HUXBKS AMP 

TOE CLASS MUHBEa OF gEAt OUADI1ATIC FIELDS 

br 

T. ACOH ( a t Chiba) 

Presented by P. Ribenboim. F.R.S.C. 

1. The Bernoulli nunbcrs are defined hj the fonsal power 

series expansion 

e* - 1 n-0 n nl 

If a is odd, n > 3, then B - 0. Let p be an odd priae and 

• - (p - 1)/2. A pair (p, ZkJ is called irrosulor if 0,^ s 0 

(nod p), k bcinj an integer such that 1 * k < « - 1. 

The question of whether (p. n) can be irregular for p i 1 

(•od 4) is very interesting and isportant in connection with 

the probleo of the ftmdaaental unit in the real quadratic 

field Qt/p). Nancly, Ankcnj-, Artin and Chowla [3] showed that 

if p E I (nod 4) and c > (t • u/^J/z, u > 0, is the fundaaental 

unit of Q(/p). then 

u = 0 (nod p) (1) 

if and only if 

(p, ») is an irregular pair. (2) 

This stateoent has been given by proving the congruence as 

follows (cf. also |2] and [4]): 

hu' 
(U — s ft, (ood p ) , 

where h is the class nuaber of Q(/p). 

If we assume (I), then the following congruences can be 

proved: 

ha «/2 1 
(D) 4 — s - J (r|p} - (»od p) (p î S (ood 8)), 

t r-l r 

ho A • B 
(IB) 2 — 1 (ood p ) , 

« P 

where (r|p) is the Legendre synbol, A is the product of quad-

ratic residue of p between 0 and p, and B is the product of 

the Bonresidue of p between 0 and p. 

The proofs of (H) and (IH} can be found in Carlitz [S]. 

- ID the present note we shall prove that if we assunc (I), 

then the following congruences hold: 
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B — • I (r |p) - (ood p) 
t p/6<r<p/4 r 

(p / I (BOd 24 ) ) , 

'P-l * ' 
tu 1 

(V) I — s - (ZA . 1) - B 
t P 

1 
: - (2B - I) . B . - 1 (aod p ) , 

P " ^ 
ho p-l 

« — • I (r|p) c 
t r-I r 

I < 
! - I tr |p)(2rd - p(r . d_)) (aod p) , 

p r-l r r 

where 

E > 6 If p e S (ood 24) , 

• - H if p = 13 (BOd 24), 

- -6 K p £ 17 (ood 24) 

and c r , dr are the saal lest integers sat i s fy ing 

pc r - I • rdr , I i e r ^ r, I < dr < p - 1. (3) 

2. In this section we shall five the proofs of the con-

gruences (BO. (V) and («). 

Proof of (BT). By Baking use of Voronoi's congruence 

-i' f-lr 
r-l IpJ (." - |, _» s ,"• 'I _ ,»-' (^ p) 

(p - It2k, p}a. a > 0), 

Vandi»er ([7], (>]) proved 

( 4 ' - " . J » - " - B O " - I) ^ 
4k 

s I r 2 1 - 1 (sod p ) , 
p/6<r<p/4 

where [ar/p] Beans the greatest integer in ar /p . Taking 2k 

a for p £ I (cod 4 ) , we have 

1 
EB, = £ (r |p) - (and p ) , 

p/6<r<p/4 r 
where 

E - - 4 ( 2 | p ) 2 - J(3|p) • 6 ( 2 | p ) ( I | p ) . I . 
Since 

(2 |p) - I i f p s I (sod g ) , 

• - I i f p ! 5 (BOd • ) 
and 

(5|p) - I i f p £ I (BOd Si. 

- -I i f p £ 2 (BOd I ) , 
the p o s s i b i l i t i e s for the value of £ are 
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B, - 0 if p I I (nod 24), 

E2 - 6 if p s 5 (BOd 24), 

Ej --12 If p I » (BOd 24). 

E4 - -« if p ï 17 (BOd 24). 

Consequently, if p / I (BOd 24), thon E / 0 (BOd p). lo view 

of (I) we can give our assertion. 

»c note that the congruence (V) is Bore useful than (D) 

to test for the question of whether (I) or (2) holds, because 

the right hand side of (K) contains only ([p/4] - [p/S]) 

tens. 

Proof of (V). If p £ 1 (nod 4), then 

A î (al)2 I (-I)*(P - 1)1 5 -1 CBOd p), 

hence we have 

(p - Dl 
B s £ I (BOd p). 

A 

That i s , there e x i s t integers 0 and Q' such that 

• ' - PV 

P 
i t follows that 

B -1 • p(0 • 0̂) (nod p2), 

(nod p). P T> P 
-e V - ((p - 1)1 * l)/p is the Vilson quotient. 

On the other hand, Carlitz states in [s] that 

(sod p). (S) 

Fron (4) and (5) we have 

JIL 3 2B, • Wp (BOd p ) , 

201 s -2Bm « » (BOd p ) , 

which show that (V) holds by using the relation (see e.g. [10]) 

» s B , . - - I (-od p). 
r r p 

Proof of ( « ) - l e t r be a pos i t ive integer. And, put 

X(r, i ) - 0 i f r - I , 

. t ' - l 

where r* ranges ever all r-th roots C If D of unity. Vandiver 

([9], [10]) gave the congruence involving in general two Bern-

oulli nitahers as follows: If I < » « p - 1, then 

I h . i 4 " V 1 ' * s Pî1 rk»(r, i) (BOd p). (5) 
k p - I - k r-l 

where i is any integer such that 1 < i 5 p - 1. 
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egers satisfying 

Pcr,i " ' * r d
r i- ' i c

r 'i 1 r . ' i <l
r l i P • '• 

If 2 < r < p - I . then 

»'• » " I - ^ P T T -

. , ^ 
t - i 

• ' - cr,i' "> 

which contains the special case for i £ 0 (nod r ) . 

Setting i > I and k - v in (6). it follows fron (7) that 

" cr " cr,l mB* ""r " '"r.l' 

2 ̂  E 'j' r.x(r. „ . 'j' r « . . 'j' r. 
» r-l r-l r-l r 

p-l 1 p-l 
= - I ('!?)=,. I - - ï (r|p3rd, (ood p ) . 

r-l T p r-l r 

since t*l] r"*1 a 0 (ood p) and tj^} (r|p} - 0. Here, if p i l 

(nod 4), then (r|p) - (p • rfp) for r - 1, 2, ... , «. Also, 

we have p(cr - cp_T) - -pdp_r • T(dr • à i t which shows that 

d,, • d s 0 (nod p), On the other hand, dr / drt if r ^ r*, 

so that S £ dr • d 1 2p - 3. Hence, we have d • d • p 

for r - t, 2, ... , •, FroD this fact it follows that 

P:1 ! 
I (r|p)rd S J (r|p)(2rdI. - p(r • d,) I (nod p z ) , 

r-l ' r - I r r 

which coapletes the proof of (VI). 

The integers C (r - 1, 2 p - U in (3) may be 

also obtained fron the congruence 

« î cr (cod r), 1 * e < r, 

or 

-q (r) ï cr (nod r), I c e « r, 

where qp(r) - (rp" - 1)/p is the Fcrnafs quotient. Here, 11 

r - 1. we should take c. - t. The first twenty values of A -r P 

Xr*l tr'P)cr f o r P x ! ("od 4) are 
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"s 

A 5 j - - 7 , Asl - 4 9 . A 7 j . I 4 t j A , 9 - - l , A j j - 3 1 1 , A,,,, - 61, 

A 1 a g >23 ] . A 1 1 ] . 4 2 S , A , ^ . 269, A ] < 9 . 297. A ) s 7 - 461, 

*I7S • -"• Al«1 " ' " • * I93 " 3 " -
la consequence of ( V ) . (V) and (V), we can deduce the 

equivalent statcnents to (1) or (2), i.e., the right hand 

sides of (BO* (V), (M) are congruent to 0 aodulo p. In 1978 

Vagstaff [11] showed with a coaputer that (p, a) is not irreg-

nlar for all prines p E 1 (nod 4}, p < 12S0OO. But, the ques-

tion of whether one of these stotenents holds or not for prises 

p S 1 (sod 4 ) , p > IZSOOO, is still unsettled (cf. [6]}. 

Ia connection with Feraat's last theorea, the question 

is raised in [l] whether there exist a prine p and a positive 

integer k such that (p, 2k) and (p. p - 1 -2k) both are Irreg-

ular. 
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A SHORT PROOF OF THE JACOBIAN CONJECTURE IN CASE OF DEGREE < 2_ 

Susumu Oda and Ken-ichi Yoshida 

Preaented by P. Ribenboim, F.R.S.C, 

Let X-,...,X be indeterminates over a field k and let 

f.,...,f be polynomials in X1,...,Xn with coefficients In k. 

Let AP denote an affine space of dimension n over k. Then 

we have a morphism f : AJJ — * A£ which maps a point x = 

(x1,...,xn) to (f1(x),...,fn(x)). If f has an inverse 

morphism then the Jacobian determinant | ̂ j — | is a non-zero 

constant by the chain rule. 

The Jacobian conjecture asks if the converse is true. Note 

that if the characteristic of k is p ^ 0 and f(X) = X + X , 

then f'{X) = 1 but X is not a polynomial in f. Let A = 

kIX1,...,Xn] and R = klf,,....fnl. Then the Jacobian conjecture 

is equivalent to asking about the validity of A = R when the 
af. 

Jacobian determinant | ̂ 3 ^ | is a non-zero constant of a 

field k of characteristic zero. 

in the paper of H. Bass, E.H. Connell and D. Wright, they 

showed that it suffices to prove the Jacobian conjecture under 

the assumption of deg fj < 3 for all i = 1,...,n. On the other 

hand, S. Hang showed that the Jacobian conjecture holds if the 

degree of each f. < 2 and the characteristic of k ^ 2. 

The purpose of this paper is to give a short proof of 

Grant-in-Aid for Scientific Research 
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Hang's theorem which is stated as follows : 

Theorem. Let k be a field of characteristic t 2 and let 

A = k[X. ,...,X ] be a polynomial ring. Let f.,...,f be 

elements of A and put R = k[f.,...,f ]. If the Jacobian 
Bfj n 

matrix l-^r:—) is invertible and the total degree of f. < 2 

for all i, then we have A = R. 

Proof. Let fc be the algebraic closure of k. Since the 

function a. k is faithfully flat, it suffices to show our 

assertion in the case k = k. Considering the differential modules 

nk(A) = AdX1 <o ••' a» AdXn and flk<R) OR* = Adf, o ••• o Adfn, 

the canonical homomorphism 0. (R) B R A >• fij-CA) is an isomorphism 

because the Jacobian matrix is invertible. Hence we have Q
R(A> 

= (0), that is, A is unramified over R. So the quotient field 

K(A) is a separable algebraic extension over K(R). Since 

trans.deg. K(R) = n, R is a polynomial ring in n indeterminates 

£.,...,f over k. 

Next we show that the canonical morphism f : Spec A • 

Spec R is injective on closed points of Spec A, or, equivalcntly 

it is sufficient to prove that the hypersurfaces VJfj - a.) 

(i B 1, ,n, a.Ek) meet at only one point in the affine space 

A. . Replacing f. by f. - a. for some a.ek, we may suppose 

f.(0, ,0) = 0 for all i - 1,..-,n. Now suppose that there 

exists b..,...,b ck such that b = (b.|,...,b ) t (0,...,0) and 

f.(b) = 0 for all i. Let t be an indeterminate over A and 

put f*(t) = fi(b1t,...rbnt)ekltl. It is clear that f*(0) = 
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f*(1) = 0, hence f*(t)Et(t-1)k[t]. By the hypothesis that deg fj 

< 2 and the characteristic of k ̂  2, we have ft(t) = c,t(t-1) 
df*. 1 1 

for some c.ek. Therefore -sr— (i) = 0 for 1 = 1,...,n. . 
df*. 3f. 3f. b. D n 

Since - ^ ( i ) = - 3 x i ' e > b i + """ • "13r(e)bn' where e = «-^"r• • • r ^ - ) ' 
1 n 

we see that 

af, f bi 
^(e) ) v ax. 
j l b n 0 . 

af. 

But the matrix ( - (e) ] is invertible, this is a contradiction. 

Thus the morphism f is birational, since K(A) is a separable 

algebraic extension over K(R) . 

From the result written in the text book of Hartshorne ((10.4), 

Ch.III), A is flat over R, for both R and A are polynomial 

domains over k and flR(A) = (0). Therefore the morphism f 

is birational and flat. 

At last, we show that there does not exist a prime Ideal P 

of height one in SpecR such that PA - A. Suppose that, for a 

prime ideal PeSpec R of height one, PA = A. Since R is a 

polynomial domain, R is a UFD, so there exists an element p 

of R such that P = pR. Then we have pA = A, that is, p is 

an invertible element of A. But invertible elements of A are 

contained in k, a contradiction. Therefore the canonical 

morphism f is an isomorphism (see Yoshida, Lemma (1,1), (1,2) 

and (1,3)). 
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A NEW PROOF OF BURGESS' THEOREM ON CHARACTER SUMS 

J.H.H. Chalk, F.R.S.C. 

1. If k = p01 , where a a 2 and p is prime and X is a primi-

tive character mod k , D.A. Burgess [1] has proved that the 

inequality 
k , N+h |2r |+e -
X X X(x+y) « khr + k2 b** 

x=l 'y=N+l ' 

holds for the case r = 2 and has recently informed me that it holds 

for certain special cases (with a s 6) for r = 3 . Here, the 

Vinogradov symbol " « " depends at most on e > 0 and r . From 

such an inequality one can deduce (by another argument due to Burgess, 

loo. ait.) an estimate,for an incomplete character sum,of the form 

Nt h .1 _r/(r+l). ̂ ) + , I x(x)l « h ^ ^ k ^ 6 . 
1 X=N+1 ' 

As it seems difficult to make much further progress for r z 3 along 

present lines, I have, designed an entirely different proof for the 

case r = 2 (which, incidentally, provides a more explicit form to 

the result) . For o even, the proof is quite short but even so there 

still remain considerable difficulties in extending it to the case 

r = 3 . 

2. THEOREM. Let k = pa , where o a 2 and p is prime, let 

h c II , N « Z and let x denote a primitive character mod k . 

Then 

k i N+h |4 , . 
(1) I ï X(x+y) s 108 lik , if 1 s h s k' . 

x=l 'y=N+l ' 

Proof; There is no loss of generality in taking N = 0 , since x 

runs through a complete set of residues mod k . Then the sum S 
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say on the left of (1) may be expressed as 

„ k h h 
(2) s = s ( h , p a ) = I I •'• I x(f(x))x(g<x)) 

where 
x=l m 1=l ni4=l 

f (X) = n (X-m.) = X 2 - 2a1X + a, , 
1=1,2 :L J. ^ 

g(X) = n (X-m.) = X 2 - 2b,X + b- . 
i=3,4 *• 1 * 

Let 

and put 

B {m = (m,, . . ., m.) : 1 s m, s h} 

p 0 

(3) o(pa) = o ( m , p a ) = I x(f(x))x(g(x)) 
x=l 

Then, for 8 2 ̂  a , 

(4) o(pa) = p " - 6 I x(f(x)/g(x)] 
x=l 

fg,-f'gîO(pod pa~&) 
fgfO(mod p) 

a 
on putting x = y + p p z say (cf., [1], Lemma 2 ) . He write 

n = [|a] r v = v(n) = [i(n+l)] 

for convenience and choose 8 = a - n . Then 

a-n 

l° (pa)|=pn| P E X{f(x)/g(x))| 
1 x=l i 
fg'-fg'HOdnod pn) 

fg|o(mod p) 

P0"" Pn 

(5) S p n X 1 s p""11 1 1 
x=l x=l 

fg'-f'gEOdnod pn) fg'-f«gEOdnod pn) 
fg|0(mod p) fg$0(mod p) 

If the sum N n say, on the right of (5) is empty, there is nothing 

to prove. Otherwise, there is an integer X , with (X,p) = 1 , 
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1 s X < pn , and a t = t(X) such that 

f (t) + Xg{t) s O(mod pn) 

f ' (t) + Xg'(t) = O(mod pn) 

since f(t)g(t) | O(p). Hence, on writing 

FX(X) = f(X) + Xg(X) , 

we have 

(6) FA (X) 5 (1+X) (X-t)2 mod pn , 

ident i ca l ly in X , s ince in general 
(X-x ) 2 F " ( X 0 ) 

FX(X) = *xix0) + (X-x0)Fx(x0) + S-j- i—2_ + . . . . 

He now fix X and t , once and for all. Then 

(7) f(X)g,(X) -f,(X)g(X) = Fx(X)g,(X) -Fx(X)g(X) 

= (l+X)(X-t)[(X-t)g,(X) -2g(X)lmodpn. 

The polynomial in X on the right of (7) has degree £ 2 . If this 

degree = 2 then the discriminant D is given by 

Dt = [2g(t)]2(l+X)2 

and so 
ord D. = 2s 

P t 
where 

s = ord (1+X), 0 £ s £ n , 

since g(t) ^ O(mod p) . If it is linear, then t = b, and it takes 

the form 2(1+X) (-g(t) ) (X-t) and if constant, 1 + X s Odnod pn) 

i.e. s = n . In the first case, Dt * 0 and so, by the Sândor 

estimate ([2], [3]), we have 

(8) Nn s 2ps , 

since g(t) | O(mod p) . The trivial estimate for the other cases 

suffices to show that N satisfies (8) without the factor 2 . 
n 
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He now estimate the number of sets m e B which satisfy (6) , (for 

fixed X and t ) . 

By means of the translation X i—» X + 1 , we may suppose that 

t = 0 at the expense of locating the zeros m of f (X) and g(X) 

in the translated 'box' 

(9) B = {m : t+1 s m. s t+h} . 

Then, by (6) with t = 0 

(10) a, + Xb, S O , a 2 + Xb, s 0 mod p n . 

2 
Now, fix one of the pairs (m , m.) ; there being at most h of 

them. As 

(10^ 

values for 

(11) 

By (10) 

(12) 

X is fixed and ^ - b j j < 2h , by 

s ^ + 1 s 3 
P n 

a l " m l + n 2 ' b y <10>i a n d 

h S [Pa/4, . p»/4 . pi2»/4' = p" 

( m ^ m , ) 2 = 4a? - 4a_ s 4X2b? + 4Xb, mo 

where [m^j-m-l < h , by (9) . Now, in general, the number of 

solutions X of the congruence 

X2 E A (mod pn) 

in the interval H+1 s X < H+K cannot exceed 2 (Kp-V + 1) . Hence 

there are at most 2(2hp~v + l) values for n L - m , and so at most 

6h2 (2hp"v + 1) sets (n^ , m 2 , m 3 , m 4) . Then, by (2), (3), (4), 

(5) and (8), 



J.H.H. Chalk 167 

S s 6h2{2hp~v + l)pc'~n.2ps 

36h2 p a - n + s , if h < pV 

[ 36h2-hp-v p a - n + s , if h a pv . 

By inspection, we see that S £ 36 h pa , (using the bound 

4 7a 2 a h p < h p ), when a is even or when s < n or even when 

s = n and n is odd. Thus it remains to consider the case 

ci odd, n even and s - n . 
Then 

(13) X E -1 , a, s b, , a, s b, mod pn 

and (12) reduces to 

(ni1-m2)2 s (b2-4b2) = (m 3 - m 4 ) 2 mod pn . 

Since |ni,-m. | < h , by (9), there are now at most 

h.2(2hp~v + l) pairs (m 3,m.). But, as 

(14) lal-bll = l ^ + mj) - (m 3+m 4)| < 2h s 2pn 

by (11), there are, for each such pair (m , m.), at most 

3»2(2hp~v + l) pairs (m.+fflj, m 1 - m 2 ) , by (13)2 and (14). Thus, 

-v 2 
there are not more than 12h(2hp +1) sets (m. , m2 , m , m. ) , 

and so 

S s 12h(2hp-v + l)2pa-n-pn 

108 hpa , if h s pv 

108 h3p«-n+n-2v / if h > p« 

where, for h > p 
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, 3 o-n+n-2v , . 4r,o-3v , h4„ci/2 h p < h p < h p . 

s i n c e n = [w a] i l . 
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SMOOTHNESS IN DISJOINT GROUPS OF 

REAL FUNCTIONS UNDER COMPOSITION 

G. Blanton 
Presented by J. Aczél. F.R.S.C. 

Let I be a non-empty open interval in K and let G be 

a group (under composition) of homeomorphisms on I. Suppose 

further that G is a disjoint collection (identifying homeomor-

phisms on I with their graphs). The union, uG, of the collection 

G (the set of all points on graphs of elements of G) is a 

subset of ixi. The group G is dense if uG is dense in Ixl, 

and G is complete if uG = Ixl. 

Given a bijection $: I •• K of I onto R, for each a e E 

we define • : I -* I by 4 (x) = •" (o+il> (x) ) for each x e I. 

We call F[itil = {* : a « K) the iteration group generated by $. 

It is easy to see that under these circumstances Fl((il is a 

complete disjoint group of homeomorphisms on I. The converse is 

also true [1]: If G is a complete disjoint group of homeomor-

phisms on I, then G = F[i|i] is an iteration group for some 

homeomorphism $ : 1 * v.. 

We have found that the logarithm of iteration, •, necessarily 

has the same order of differentiability as do the functions in G. 

This is related to the so called difference property investi-

gated by N.G. deBruijn in [3]. Also every dense disjoint group 

of homeomorphisms on I has a unique extension to a complete 

disjoint group of homeomorphisms on I, the smoothness may differ 

however in a group and its completion. For instance a dense 

group G may consist entirely of C°  functions, but its 
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completion may contain functions which are not even once con-

tinuously differentiable. 

The main result concerning complete groups is the following. 

Theorem 1. For n a G, G is a complete disjoint group of 

C n bijections on I iff G = F(i(il for some C n diffeomorphism 

<|> mapping I onto R. 

The case n = 0, as mentioned earlier, is essentially due to 

Aczél. This author proved, by a direct argument, the case n = 1. 

Baker [2] extended the result to all n s 0 by using the following 

result of [3] concerning the difference property. If all the 

differences of a function $, (x l+ i|i(x+a) - i|)(x), a e R) are C n 

then <li = A+il> where A is additive and $ is Cn. We can refor-

mulate Theorem 1 as an analogue to the de Bruijn result: 

Theorem 2. For n 2 0, if i)»: I * R is a bijection such 

that, for all a « R, the mapping x H- i|)~ (a+^(x)) is n times 

continuously differentiable, then there is an increasing C 

bijection ^: I -• R and an additive bijection A: R -•• R such 

that i)i(x) = A((ji(x)) for all x t I. 

We now turn to the problem of completing dense groups. 

Proposition 3. Let G be a disjoint group of homeomorphisms 

on I. 

(a) If G is dense, then {f(6): f c G) is dense in I for 

each e e l . 

(b) If {f(6): f e G} is dense in I for some B e l , then 

G is dense. 
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The basic result on completions is the following. 

Theorem 4. If G is a dense disjoint group of homeomorphisms 

on I, then there is a homeomorphism #: I -<• R such that G is 

a subgroup of PI<H. Further, F[$] is the unique complete group 

of homeomorphisms which contains G. 

Theorem 4 does not generalize to higher orders of smoothness: 

Theorem 5. There is a (finitely generated) dense disjoint 

group of C bijections on I which is not a subgroup of any 

complete disjoint group of C bijections on I. 

It is easier to show that such an infinitely generated 

group exists (isomorphic to a subgroup of the rationals). To do 

this, pick B e l , (assume WLOG that I is finite), and start 

with any C function g0. Then construct compositional roots 

nl n2 -
g, = g/jfgo = 9i» ••• successively so that each g. is C 

and so that gî(0) = 2, and |g.(x)-x| < ^r for x £ I. The 

last condition insures that G, the group generated by g0,g.,... 

will be dense, while g!(6) = 2 for i = 1,2,... insures that 

G will not have a C completion. 

To show that such a group can be finitely generated,the 

following result is useful. 

Theorem 6. Let n a 1 be an integer. Let (fi)i=i b e 

a sequence of Cn functions mapping I into I. Let 

hĵ  = f. . ... . f,»^ for each i > 1. Suppose that h: I -• I 

is a continuous function such that h. ^ h uniformly on compact 
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subsets of I and 

I sup If.410 (x) - i(k)(x) | < " 
i=l X£j * 

for every compact J £ I and 1 s k s n. Then h is C and 

h. *'c' •• h* ' uniformly on compact subsets of I (k=l/2,... ,n). 

Now the proof of this stronger version of Theorem 5 is 

similar in spirit to the sketch given above. Again a sequence 

of compositional powers is constructed for a given C" function 

f0: f0 = gjl ' ^0 = £11 ' fi = ^i •••• where we insist again 

that g[(e) = 2, but also that ( n ^ " ^ be a strictly increasing 

sequence of powers of two. Also the f, are chosen in accordance 

with Theorem 6, so that f,•,..• f, • fj • h as i -• <» for 

some C°  function h. Then the group H generated by h and 

f will be a dense group of C" functions whose completion has 

some functions which are not C . 
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COURBES DE VON KOCH ET COURBES D'OSBOOD 

SERBE DUBUC 

Presented by S. Sahaerdtfeger, F.R.S.C. 

Une courbe d'Osgood est un arc simple continu du plan dont 

l'aire est positive. Une telle courbe est paradoxale, mais Osgood 

C3] a bien montré que de telles courbes existent. Mandelbrot C2], 

pp. 148-149, et mol-Diême Cil, p. 106, avons introduit très 

simplement des courbes d'Osgood en modifiant une construction de 

von Koch C4]. Par cette note, Je justifie les résultats annoncés 

par l'un et l'autre et Je donne sur le champ une réalisation 

graphique i haute définition d'une de ces courbes d'Osgood. 

La construction élémentaire de von Koch consiste à remplacer 

un segment PoiP. par 4 segments consécutifs Qo,Qi,Qa.Q^.Q-

déterminée par un paramétre c ( 1/4 < c < 1/2 ). Qo est confondu 

avec Pof Q.* est confondu avec P,! Qi et Q, sont portés par le 

segment P0,Pi en divisant ce segment en trois parties selon les 

rapports c, l-2c et c: Q. - (l-c>P0 + cPj, Q, = cP0 + (l-c)P,. Le 

point a2 est tel que chacun des triangles QotQuQ» et Q^Qs.Q» 

est isocèle. Il y a deux candidats possibles pour Q2. On convient 

de choisir le point qui donne un triangle orienté positivement 
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pour a0,as,Qa. Par construction, les quatre segments de la ligna 

Qo,Qt,0a,Q3,a« sont de mÊma longueur, égale & c.||P1-Poll-

Pour créer une courbe simple sans tangente en chacun de ses 

points, von Koch a suggéré de considérer une suite Infinie de 

lignes polygonales LolLi,La,... où Lo est un segment Po,Pi, L, 

est la ligne a0,Q1,Q2,Q3,a«, La est la ligne polygonale de seize 

segments obtenue en remplaçant chacun des segments de L» selon la 

construction élémentaire décrite ci-dessus. Par récurrence, Ln 

engendre L,,*.̂ . Cependant la construction de la ligne polygonale 

de la n éme génération dépend du paramétre c que nous ferons 

varier d'une génération à l'autre, c'est en cela que nous nous 

écartons de von Koch. Soit cn le paramétre utilisé à la n éme 

génération, nous maintenons la restriction que 1/4 < c„ < 1/2. 

Nous verrons que les satofflets des lignes polygonales Lo,L1,Ls>,... 

font partie d'un arc simple continu en y étant denses et que 

l'aire plane de cet arc est égale & IIPi-Polla/4 fois le carré du 

produit infini des nombres 2c„. 

Comparons les sommets des lignes polygonales de deux 

générations successives. 81 8 est un sommet de la n éme 

génération, S sera un sommet pour les générations suivantes. 81 

l'on accorde à S son rang naturel dans la n âme génération, ce 

rang j est un entier compris entre 0 et 4" tandis que son rang 

naturel dans la génération suivante sera 4j. Cette remarque 

permet de définir une fonction V(t) i valeurs dans le plan pour 

les fractions t de 1'intervalle-unité qui sont de la forme t = 

j/A" : si t est cette fraction, si S est le sommet de rang J de 

la ligne polygonale L„, on pose V(t) B S. 
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Théorème: La fonction V est uniformément continue sur son 

domaine de définition. Plus précisément, si It^-t,! < 1/4° , alors 

la distance de V(t3> à VCt.) ne dépasse pas 2||P,-P0||/2". 

L'arc généralisé de von Koch est le prolongement par 

continuité de la fonction V à tout l'intervalle-unité. Avant 

d'établir ce théorème, nous revenons A la construction 

élémentaire de von Koch en prêtant attention à la ligne 

polygonale Lx issue de Lo- Il est fort commode d'associer è Lo et 

h L, divers triangles rectangles Isocèles. Soit R le point du 

plan qui assure que le triangle R,Po,Pâ est un triangle rectangle 

Isocèle orienté positivement, dont l'angle droit est situé en R, 

on désignera par T ce triangle de la première génération. De 

ai8(HB, soient UI,U:a,U3,U4 les quatre triangles rectangles isocèles 

dont les hypothénuses sont respectivement les segments 

consécutifs de la ligne polygonale Qc>,Q1,a^,Q3,a«. Il s'agira des 

triangles de la seconde génération. 

Lemme: Les triangles de la seconde génération U,, U=, U3 et U„ 

sont disjoints deux à deux sauf peut-Stre pour leurs sommets et 

sont tous contenus dans le triangle T de la première génération. 

Q 

S 

S S 

Po=Qo Qi H3 a.^p. 
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Démonstration: Le point Qa est situé sur le segment 

<Po+P,>/2,R, car Q2 •• <l-d> <P0+Pi>/2 + dR ou d est la racine 

carrée de 4c-l. Cn voit que le point Qa est dans le triangle T. 

Soient S,,83,83 et 84 les sommets oil les triangles U ^ U ^ U s et LU 

sont droits. S* et S« sont portés par les côtés du triangle T. Sa 

est è l'intérieur du triangle T, car la distance de Q^ i 8a est 

égale à la distance de Q, au segment R,Pol Ss est aussi à 

l'intérieur du mâme triangle. Les quatre triangles rectangles 

sont donc tous contenus dans le triangle T. D'autre port, on peut 

remarquer que ces quatre triangles rectangles sont disjoints deux 

è deux si l'on exclut les trois points 01,0^,0,: ceci vient du 

fait que l'angle QopQi.Qa est obtus et que les deux angles 

Qo^Qi.8, et 82,Qt,^ sont de 43 degrés. Q.E.D. 

Revenons A la démonstration du théorème. Si t̂  et ta sont deux 

fractions distinctes dont leur dénominateur est une puissance de 

4 et si Its-ttl < 1/4" , quitte à échanger t, et ta entre eux, on 

peut supposer que: t, < ta < t» + 1/4" . Soit J la partie entière 

do tt.4" , on pose t=j/4". Deux cas peuvent se présenter, a) Si t 

minore t., alors les points V<t,) et V(ta) sont des sommets 

éventuels dans la construction de von Koch appliquée è partir du 

segment Initial R0.R1 H V<t),V(t+l/40). Le lemme affirme que 

V(tt) et V(ta) appartiennent au triangle rectangle isocèle T dont 

1'hypothénuee est R0.R1. La distance de VCt.) è V(t2) ne peut pas 

dépasser le diamètre de T . Or le diamètre de T ne dépasse pas 

1/2" fois la distance de Po a P L b) Si t. < t , le raisonnement 

donné en a) permet de majorer la distance de V<t1) A V(t) et de 

V(ta> A V(t>: en effet V(t1) est un sommet éventuel dans la 

construction de von Koch appliquée sur le segment initial 
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V(t-l/4"), V(t) tandis que V(ta> est un sommet éventuel 

relativement au segment initial V(t),V(t+l/4"). Selon l'inégalité 

triangulaire, la distance de V(tt) è V(ta) est majorée par la 

somme des distances de V(t) à V<tt> et à V(ta>. D'où la 

majoration de I |V(t9>-V(t1) 11 par le nombre 21^,^011/2" . 

Vérifions maintenant que l'arc de von Koch est simple. Si t, 

et ta sont deux nombres distincte de CO,13, ts<ta, on peut 

choisir deux entiers j et n tels que t, < J/4" et (j + l)/4" < ta . 

Or les deux triangles rectangles isocèles dont les hypothénuses 

sont les segments de rang J et j+2 de la ligne polygonale L„ sont 

disjoints et contiennent respectivement V(t,) et V(ta). Ces deux 

points sont donc distincts. Déterminons enfin l'aire de la courbe 

généralisée de von Koch. 

Théorème: L'aire de la courbe est l|P1-Polls* / 4 fols le carré 

du produit Infini des nombres 2c„. 

Démonstration. Soit W„ la réunion des triangles rectangles 

Isocèles du lemme, les Mn forment des ensembles embottés dont 

l'Intersection est l'adhérence de la courbe de von Koch. En effet 

chacun des triangles dont est formé M„ rencontre cette courbe et 

est de diamètre qui tend vers zéro à mesure que n augmente. Comme 

la courbe de von Koch est compacte, l'Intersection des w„ 

coïncide donc avec la courbe. L'aire de celle-ci est donc la 

limite de l'aire de MU. Il y a 4" triangles dans M» et l'aire de 

chacun des triangles de la n ème génération est I|P,-PolI3 / 4 

fois le carré du produit de 1 è n des c . Q.E.D. 
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La figure du début du texte est la courbe généralisée de von 

Koch dont les paramètres c„ sont successivement 3/8, 7/16, •••, 

(1 - 1/2"**>/2, ... Elle a été réalisée avec un microprocesseur 

APPLE III de 128 K et une imprimante EPSON MX-BOF/T muni de 

BRAFTRAX "-"". n s'agit d'un graphique à haute définition, 120 

points au pouce è l'horizontale et 216 points au pouce è la 

verticale. Peut-on croire qu'il s'agit de l'image d'une courbe 

simple? Pourtant ce que l'oeil ne voit pas, l'esprit peut 

l'appréhender. 
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APPBOmUTIOH OF DIFPBHBOTIABLE FjjgCTIOTS OH A HItBBHJ SPACE 

X. P. Hoblo 

Prcaented by G.F.D. Duff, F.B.S.C. 

S 1.Introduo tion. The objective of this paper ia to prove the following theoren. 

Tha.l. hestJi be an open not in a separable finite- or infinite-dinenolonal 

real Hilbert opaco Jf , F » real Banach apace, and fi J2 -» F a C -smooth napping 

in the Précbet senaa. Wo shall denote; by D> th» j aaoceasive Préchet derl-

Tative of <f (If it exists). Further let €.(.) be a poaitive continooua function 

onjl . Thenfti<n:eiiotB mapping gtO.-* P which ia C -omooth in the Préohet 

aense, and aati8fioB:\/ integers jfl orf J * k.fl aig{x)-BJf (x)|J< £.(») tfxeSi . 

In other words, C^-amooth mappings fron il to P form a denae aubolosa in the 

olaaa of Ck-amooth napplnga from A to P with the C -fine topology, k here la 

a given integer ^ 0. A aimilar result ia true for ̂ p-Bpaco8 (p ï 1 an integer) 

after re-oquipnent with an equivalent C^-amooth norm away from the origin (cf.̂ fj 

Such reaultlT/ln^Blo^1 analyaia- (cf.[2] -t93 )• In C6J Houlia proved that 

a c2*'1 nappingJl -v P can be approxinated in Cg^j by a C^oapping. Our preaent 

result in thia paper la new, aa far aa I an aware, and Improves the result of 

Q6J Juat mentioned, but depends partly on aome of the technlquea of C6J. I aa 

indebted to S. Kakutani and K. Sundareson for valuable discusoions and to the 

referee for suggesting improvementa. 

In KJthe local C1"- approximation in c l ^ waa very complicated, end waa 

shown aa a conpoaitej? -»i/°°->-P,jf being a aubapaee ctj/ (not closed). We have 

been able to replace thia ennbersooe method by a rather simple one; thia baa 

resulted in improving the local approximation itaelf. Further, the technique 

of putting together the various local C^approximationa, although following WJ, 

has been ccnsiderally streamlined, 03 that calculationa have been aimplified. 

(See [JQ for a partial ioprover.ent ol [6J .) 
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Partitions of unity «ere need effectively in fJJ (on Ĉ -apprfizimatlon 

in C0). it nay baposalble in the near future to use partitions of unity (or 

eoaethlng related ) for the problem of our paper and/or avoid dependence on. C6J I 
k m 

however, oar paper givea detailed information about the C -approzioating C 

function (Leanaa 3 - 6 )| thia oan be useful for other queationa e.g. whether 

the approximation con be mora special, etc. 

In ^ 2 we establish (Thn.2) at each point z of J2 a C^-function f -

f such that f and its k aucoeaaive derivatives approximate f and its 

respective k auoeeaaive darlvativea, locally uniformly.In { 3 we put together 

these varioua local approximationa to prove Thm. 1. More details will b» published 

eleawbere. 

A 2. Local C^approxination. The following theoren is true even ifif la 

non-aeparable. 

Thm.2. Let xejl, and £ > o. Then3 f - f , 'Sl*?Z 7 G C00 on Jl and in a 

sal table neighbourhood U - U(x, C ,f) of x, f aatlsfieat V integera i 3 

o £ i i. k.ll B4?(y)-D3f(y)ll<£Vy fi U. 

Proof of Thm. 2. Define f - fx byi f(y) - f(x) + »f(x).(y-x) + ^t^).(.7-^ 

+ ... + ̂ ^x).(y-z)^k^ . Then clearly 1 & c"" on Jl, and3 f - ̂ (x, « ,f) > o 

3 lly-zlkJ=^Ylnte8er» J ̂  0 ^ J £ i, fl B^flly)-»^ (y)n<E • So we let U -

ry l(|y-xt<ï] . (Here " (wrJ' " moans the J-tuple "(w,...^)" , meSf .) 

^3. Proof of Tha.l. Let a^a^... be the points of a countable denae aet X 

in Ji . The proof of the ntxt Lemma fpllowa by Thm.2 in^Z, and by a repetition 

of the ar(»uaontB of r63 PP- 301-302. 
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Leaaa 1. (i) For eaoh of the points a.,a ,... of the countable dense aet X, 

aaphere B' with centre a and radioa f > 0 4 on B' the following holdi n n n n 

(a) aop |Ê(y)-c(y)j < int ^ t 

(b) t| f € ^ o n ^ i -»P 3 for eaoh integer J with o £ J < k, 

«up |lBJf (y) - B;,f(y)|l< £fc with £ n - *(an). 
X € B^ 2 ' 

(lO Por any «eJl-X 3 sphere B'cJi with centre z and radioa ^ > o with 

the following propertyi 

(a-) aop. )Ê(y)- £(y)f < mf - ^ . 

(Ul) The two ayatena of apherea JSĴ  - O ^ } ̂  , the B^ Batlsfylng (i), and 

S_ -•ÎB'l n -w » the B* aatlafying (ii), can be further choaen to satisfy 
2 ^ a* B CJo —X z 

the following: if B• belongs to either ̂  or - ^ , and B' likewiae belongs 
A * f 

to either 2, or S^ and if a' H BJ / ̂  , then 
e 

(c) * < - ^ - < *' 

V 
From now on letS -{B^} *^ and S> - iB^J ^ . ^ be two syateaa of 

spheres in Jl aatlafying the properties aaaerted in Leaaa 1. We now set 

S . -i-V , n - 1,2,... and let B be the open aphere concentric with B^ 
n 2 n « n 

and radioa ^ . Let B - (J Bn . 
a,* 

The next Lemna is required ±o prove Lennaa 5 and 6. 

Leaaa.2. If B- , B^eJ^ and B^ H B^ / ̂  , then f p< 2 £„ . 
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Henceforth wo sha l l denote by <j>(.) a fonotion on ffi -» IB with the 

fol lowing propertiea i<f e 0 ° on 1B , <ç(t) = 1 for l t | £ Ji , <p(t) a 0 for 

; t | a 1 , <p(t) / • o n < - l , - j S > , and «p(t) \ on <')4,1> . Hoxt, for eaoh 

n - 1 , 2 , . . . we define œ o n j l byi «p (a) - <f ( ' ï ë - ï B " a
n f l ) • *hen <p € C0" 

on J l , cfn - 1 on Bn, ^ = 0 outs ide B^ . By Leaaa l ( i ) ( b ) , 3 ? , £ c " 
on J l s f o r a £ j •£ *, aop llD"1? ( z ) - 0 J f ( a ) / | < - — ? • Hext define for eaoh 

a « B • * i 
n - 1,2,..., gtJl—*-P by» 

^ - f + «̂ (fj -f) * «P2(l-<Pi)(f2 -O +-.-+ 'Pn(l-,PB.1)...(1- *!)(?„•*). 

This séquence has the properties listed in Leama» 3-6 below. 

Leaaa 3.If «6 B , then.for n > p, g^(«) - «„(«)• 

The proofa of the next Lemaaa follow the lines of the- eorreapondlng 

arguments in L63. 

Lemma fr. On each B , g la C • 

Leaaa 5. 3 oonatant A independent of n3 anp ll^») - tl*)l<\en 

« e B n 

Î matt 6. ^ constants A,..., 'I. independent of n 3 for each J with 

li J £ k « 

eup llBJgn(z)- B3f(z)||<a.£n. 
» e B n 

Hext for each x e B, aet n^ - inf ̂ njs € B n } • Ih<,n n. la 

oonatant on a neighbourhood •. C 3n . 
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Pinal ly we ohow that B - J l . l e t x e J l t and ^ > o be the radioa 

of the sphere B' aaaooiated with x by Leaaa 1 . Since X i s dense i n j l 

3 ajjG X 3 Ik - a j l U - ^ - . But by Leaaa l ( i i i ) , - ^ - < %} f ^ h 8 n c e 

Q t 

jjx - Bjjlk ^~- .and therefore x e Bg . Hence B - Jl • 

This coapletes the proof of Tha.l. 
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