
103 

C.R. Math. Rep. Acad. Sci. Canada - Vol.V, No.3, June 19 83 juin 

a duality theorem for unbounded closed operators 
105 W. Shengwang and I. Erdelyi 

The coefficient field of a semigroup algebra 

R. Gilmer and E. Spiegel 

Rings all of whose torsion tjuasi-injective modules are injective 

117 J. Ahsan and E. Enochs 

Rddar reception and nilpotent harmonic analysis 
121 

W. Schempp 

Variational inequalities for a class of contact problems with 
friction in elastostatics 

127 
M.A. Noor 

Signatures and Alexander polynomials of two-bridge knots 
133 

K. Murasugi 

The symplectic motion groups over GP(2) 
137 

J.S. Frame 
A parametric representation of the sphere with p handles 

I43 
W.H. Greub 

149 
Mailing Addresses 



C.R. Math. Rep. Acad. Sci. Canada - Vol.Vi, No.3, June 1983 juin 

A DUALITY THEOREM FOR UNBOUNDED CLOSED OPERATORS 

Wang Shengwang and I. Erdelyi 

Preaented-by P.C. Rooney, F.R.S.C. 

The duality theorem for a bounded linear operator T on a complex Banach 

space X asserts that T Is decomposable. In the sense of Fola^ [4] (more 

generally S-decomposable, 1n the sense of Vasllescu [7]) Iff the conjugate 

T* Is decomposable (resp. S-decomposable) [9]. In this study, we extend the 

spectral duality theory to an unbounded closed operator T : 0T(<=X) •• X. 

We may assume that every finite open cover fG^)"^ of the spectrum o{T), 

in symbols fG,}",,,, e cov a(T), has. at most, one unbounded set G0. A set 

G <=« Is said to be a neighborhood of », In symbols G e ¥„, If for r > 0 

sufficiently large, {X e I : |X| > r)<= G. If T has the single valued ex-

tension property, we shall make an extensive use of the spectral manifold 

X(T,S) = {x e X : a(x,T) = S}, where o(x,T) denotes the local spectrum of 

T at x e X. One should note that, contrary to the bounded case, o(x,T) = 9 

does not necessarily Imply that x = 0. 

We write Inv T for the lattice of all subspaces of X. that are Invariant 

under T. For Y e Inv T. T|Y Is the restriction of T to Y and T/Y denotes 

the colnduced operator on the quotient space X/Y. AT(n) Is the class of 

functions f : n(<=t) • t, which are analytic In a neighborhood 0 of 
o<l)(T) = a(T) U {•»} and regular at ». 

1. DEFINITION. T Is said to have the spectral decomposition property 

(SDP) if, for any ( G ^ Q e cov o(T) with G0 e V^. there exists a system 

(Y.)!?-. ̂ Inv T, satisfying the following conditions: 

(I) Y,= DT If Gi (l<1<n) Is relatively compact; 
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n 
( I I ) X = T Y. and o(T|Y,) = G,, 0<1<n. 

1=0 1 1 1 - -

2. DEFINITION. T Is said to be decomposable If, for any ( G ^ ^ Q e cov a(T) 

with G0 e V^, there exists a system fY,}!|_Q of spectral maximal spaces [4] of 

T satisfying conditions (I) and (II) of Definition 1. 

In the bounded case, there Is no distinction between the decomposable ope-

rators and the operators with the SDP ([1], [S], [6]). For unbounded closed 

operators, the two concepts no longer coincide. 

As a preliminary result, a well-known property of the spectral manifold 

admits an extension to the case of an unbounded closed operator T: 

3. THEOREM. If T has the SDP then, for any closed F<= a, X{T,F) Is a 

spectral maximal space of T and o[T|X(T,F)] «= F (1 <j(T). 

The following direct sum decomposition of X(T,F) will play a central role 

1n the subsequent theory. 

4. THEOREM. If T has the SDP then, for any compact F<= t, there exists a 

subspace H(T,F) with the following properties: 

(I) X(T.F) = H(T,F)©X(T,0)i 

( I I ) T|H(T,F) Is bounded and O [ T | H ( T , F ) ] = o[T|X(T,F)]. 

The proof [2] of the Theorem reveals that H(T,F) = PX(T,F), where P Is 

the spectral projection P ° j ^ Jj, R[X;T|X(T,F)dX which Is Independent of the 

admissible contour r surrounding F. Theorem 4 Is Instrumental In character-

izing an unbounded decomposable operator In terms of the following 

5. THEOREM. Given T, the following assertions are equivalent: 

(I) T Is decomposable; 

( I I ) T has the SDP and X(T,0) = {01. or equlvalently. 

T has the SDP and {0} Is a spectral maximal space of T; 

( I I I ) T has the SDP and T|X(T,F) Is bounded for some compact F; 
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(1v) T has the SDP and every T-bounded spectral maximal space [2] Is a 

spectral maximal space of T. 

Some further consequences of Theorem 4, now follow. 

6. COROLLARY. Given T, let Fg be closed and F1 be compact. Then 

H(T.F0 OF,) = X(T,F0) I l E f T ^ ) . 

Moreover, If F0 and F1 are disjoint then 

X(T.F0U F,) = X d . F ^ O s C T . F , ) . 

7. COROLLARY. If T has the SDP then, for every open G e V^, the coln-

duced T/X(T,B) Is bounded and o[T/X(T,G)]<= Gc, (c stands for the complement). 

If G Is open and relatively compact then T/H(T,(J) Is closed and 

o[T/E(T,5)]<= Ge. 

Although the next corollary Is not a direct consequence of Theorem 4, It 

fits Into this sequel of properties. 

8. COROLLARY. Suppose that T, T* and T** are densely defined. If T* has 

the SDP then 

(I) for every closed F. X*(T*,F) Is closed In the weak*-topology of X*; 

(II) for every compact F, E*(T*,F) Is closed In the weak*-topology of X*. 

The spectral duality theoren will be achieved by two different approaches: 

(I) via functional calculus, (II) through the successive conjugates T*. T** 

and T*** of the given closed T. 

In the first approach we assume that p{T) i 0. The following preliminary 

results [3] are Instrumental In the proof of the spectral duality theorem. 

9. THEOREM. If T has the SDP then 

(I) for every f e AT(ft), f(T) 1s decomposable; 

p . . , fxCT.f-^F) na(T)], If f H e F; 
( I I ) for every closed F,X[f(T),F] = { . 

LHl^ f -V) na(T)], 1ff(<-)eFc. 
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10. THEOREM. Given T, let f e AT(î!) be Injective on a. I f f(T) Is decom-

posable then T has the SDP. 
11. COROLLARY. I f T has the SDP and f e AT(n) Is Injective on t), then 

X(T,0) = X[f (T) , f ( - ) ] . 

12. COROLLARY. Given T, let A = R(X;T) for some X e p(T). T has the SDP 

Iff A Is decomposable. Furthennore. If T has the SDP then the following 

assertions are equivalent: 

(1) 0(x,T) = 0; (11) x e X(A,{0}); (111) 11m||Anx|l 1/n - 0 
n-»«» 

13. THE SPECTRAL DUALITY THEOREM (I). 

Let T be densely defined and let A = R(X0,T) for some X0 e p(T). The 

following properties hold: 

(I) T has the SDP Iff T* has the SDP; 

(II) T (resp. T*) has the SDP and X(A.t- (0)) = X, (resp. X*(A*,a - 10))"' 

Is total In X*) Iff T* (resp. T) Is decomposable. C** 1s the weak*-closure). 

In the second approach, the hypothesis p(T) )< 0 Is no longer needed but 

an appropriate domain-density condition, such as 

(*) T and T* are densely defined; 

(**) T, T* and T** are densely defined, 

will beassumed. We shall avail of the following direct sum decomposition [9]: 

X*** = K X * © ( J X ) a 

where J and K denote the natural embeddlngs of X Into X** and of X* Into X***, 

respectively. We use the notations Ya and aZ for the annlhllator of Y <=X In 

X* and the preannlhilater of Z = X* In X, respectively. 

Among the preliminary results of this approach to the spectral duality 

theorem, we mention the following [8]: 
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(I). Assumptions: (*) and x e 1^. Then Jx e D ^ and T**Jx • JTx. 

(II). Assumptions: (**), x*** e KX* and <T**Jx.x***> Is a bounded linear 

functional of Jx e J0T. Then x*** e KDT. and T***x*** - K T ^ x * * * . 

Furthemore, (**) Implies: K D ^ - KX* 0 D ^ . JDT = JX fl D T „ and, for 

Jx e JDy, we have JTx " T**Jx. 

Moreover. If Y, «= X* Is closed for the weak*-topology of X* then. In 

terms of the subspaces Y0 = «Y,. Y2 = ^ and Y3 - Y,88 * * * » , several 

equivalences between certain quotient spaces, under topological Isomorphism, 

can be established which ultimately lead us to the following 

14. THEOREM. Given T. assume that (**) holds and T* has the SOP. Let 

G <= I be open and F = G . 
(A) If G e V. and Y - aX*(T*,5) then 
(I) Y = DT. Y e Inv T, a(T|Y) <= F; 

(II) T/Y Is closable. If T7T 1s the minimal closed extension of T/Y, 

then a(J7T) = ff. 
(B) If G Is relatively compact and Y = aH(T*.5) then 

(I) Y e Inv T, a(TlY) = F; 

( I I ) T/Y Is bounded with domain D^y n X/Y a n d o(T/Y) <= IT. 

15. THE SPECTRAL DUALITY THEOREM ( I I ) : T has the SDP I f f T* has the SDP. 

To prove the theorem, a two-set open cover {G^G,} of o(T) Is considered. 

The "only I f " part, for a two-sunmand decomposition of X follows easily 

from Theorem 4. For the " I f " part, an annlhllator of an appropriate sub-

space of X* Is defined and used for a spectral decomposition of X/Y. The 

Isometric Isomorphism (T77)* s T*lYa, In terms of Theoran 14 Is used to 

relate the spectral decomposition of X to that of X/Y. The proof reaches 
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its conclusion by the equivalence of the two-summand spectral decomposition 

and the SDP, as obtained In [2]. 
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THE COEFFICIENT FIELD OF A SEMIGROUP ALGEBRA 

ROBERT GILMER AND EUGENE SPIEGEL 

Presented by P. Ribenboim, F.R.S.C. 

A commutative ring R and a semigroup S determine the semigroup 

ring RS of S over R . The questions arise as to whether RS and 

S determine R and whether RS and R determine S . More specifi-

cally, consider the following questions. 

(Ql) If RSj = RS2 , does it follow that Sj = S2 ? 

CQ2) If RjS = R2S , is Rj = R2 ? 

The first question has been extensively investigated for groups S, 

and S2 (see [7, Chapter 14] and [8, Chapter III]). Our results 

concern (02). The isomorphism question for polynomial rings (see [4], 

[1]) is a special case of (Q2), for each ring of the form R[{XJ)]/A , 

where A is an ideal generated by a family of difference binomials 
e, e. f, f 
X ...X - X, ...X , is a monoid ring over R . It is known that 
Al xn *1 xn 
isomorphism of R.[X] and R2fX) need not imply isomorphism of R, 

and R. , and each of the papers [9] and [S] contains examples of 

non-isomorphic two-dimensional Noetherian domains R, and R2 such 

that the torus extensions RjfX.X'1] = R.Z and R2fX,X"1] = RjZ are 

isomorphic. For fields R, and R2 , however, we obtain the 

following result. 

THEOREM A. Assume that F and K are fields. S and T 

are semigroups. S contains a nerlodic element, and FS = KT . 

Then F = K . 
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Theorem A is striking for two reasons. First, there are few results 

in the literature that have been proved for such general semigroups 

S and T ; for example, each monoid contains a periodic element, 

so the conclusion of Theorem A holds for arbitrary monoids S and 

T . Second, the case where the coefficient ring is a field has 

historically been of strong interest in studying isomorphism 

questions of this type — for example, in work on (Ql). 

We outline a proof of Theorem A; details appear elsewhere [3], 

The case of Theorem A where S and T are groups is due to Adjaero and 

Spiegel [2]. The proof proceeds by reducing the question for general 

S and T to the case where S and T are periodic commutative semigroups. 

To reduce to the case where S and T are commutative, we 

use the fact that there exists a smallest congruence -_ on S 
• S 

such that the factor semigroup S/~s is commutative. Moreover, 

the kernel Ig of the canonical homomorphism of FS onto 

FlS/~g] is the unique minimal ideal of FS with commutative 

residue class ring. Ilence the Isomorphism FS = KT induces an 

isomorphism F[S/~S] = K[T/~T] , where S/~s and T/~T are 

commutative. 

For commutative S and T , the isomorphism FS = KT induces 

an isomorphism FS/N(FS) a KT/N(KT) , where N(FS) and N(KT) de-

note the nilradicals of FS and KT , respectively. Results of 

[6] show, however, that for a congruence ~ depending upon char(F) , 

we have FS/N(FS) = F[S/~] . Hence, in considering the isomorphism 
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FS = KT , we may assume without loss of generality that FS is 

commutative and reduced. This implies that the semigroup S is 

free of asymptotic torsion — a condition that is crucial in the 

next reduction of the problem. That reduction is to the case of 

periodic semigroups S and T , and a key result in the reduction 

process is the following proposition. 

PROPOSITION B. Assume that S is a commutative semigroup 

such that FS is reduced. If f « FS\(0) is such that the ideals 

(f) and (f-f ) are idempotent, then the set S* of periodic 

elements of S is nonempty and f e F[S*] . 

We sketch a proof of Proposition B. If S is cancellative, 

a proof can be based on the fact that for a torsion-free abelian 

group G , the group ring FG has only trivial units. In the 

general case we consider the Archimedean decomposition S •= uS 

of S induced by the congruence n defined by snt if and only 

if rad(s • S) =. rad(t + S) . To prove the result, we use in-

duction on m , the number of equivalence classes under n repre-

sented by elements of Supp(f) . Since S is free of asymptotic 

torsion, each S is a cancellative subsemigroup of S . If 

m = 1 , we have f e FS for some a , and the desired conclusion 

follows from the cancellative case and the fact that f and 

f - f generate idempotent ideals in FS . At the inductive step, 

we assume that Supp(f) contains an aperiodic clement b . The 

inductive hypothesis yields a contradiction if there exists 
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s e Supp(f) and a prime ideal P of S containing s but not 

b . Hence, we assume that Supp(f) is contained in the subsemi-

group U of S defined by U •= (t « S|b + S c rad(t + S)} . If 

u c U and t1,t2 « S^ are such that t, • u = t, • u , then 

tj = t2 . Using this fact, we can find a prime ideal Q of S 

disjoint from U such that Q contains the ideal 

I = {x « Sjtj + x = t2 + x for some t1,t2 c Sb with t1 * t2) . 

We consider f as an element of FT , where T = S\Q . Upon 

passage to F[T/~] , where ~ is the cancellative congruence on 

T , we obtain a contradiction to the assumption that b is aperiodic. 

Theorem C follows from Proposition B; it provides the desired 

reduction to the case of periodic commutative semigroups. 

THEOREM C. Assume that S is a commutative semifiroup with 

S* » <> , and that FS is reduced. Let W = {f e FS|f £nd f - f2 

generate idempotent ideals of FS) . Then W = FS* and W is 

the unique maximal von Neumann regular subring of FS . 

Finally, if S and T are periodic commutative semigroups 

and if ^:FS • KT is an isomorphisra of FS onto KT , then 

* induces a bijection $* of the family (û ) of residue fields 
a 

of FS onto the residue fields of KT in such a way that A 

and **(i(1) are isomorphic for each o . Periodicity of S 

implies, however, that P is naturally imbedded in each û in 
a 

such a way that i^ is generated over F by roots of unity. 

Since F is a residue field of FS and K is a residue field of 

KT , it follows that there exist imbeddings o:F • K and 
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gcK — • F in such a way that K is generated over o(F) by roots 

of unity. This implies that K = o(F) , however, and yields the 

desired isomorphism F = K . 
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RINGS ALL OF WHOSE TORSION QUASI-INJECTIVE MODULES ARE INJECTIVE 

J. Ahsan and E. Enochs 

Presented by J. Lambek, F.R.S.C. 

ABSTRACT: In this paper we study rings whose torsion quasi-injective modules 

are injective, in the context of Goldie torsion theory. It is shown that such 

rings are precisely those for which each direct sum of torsion quasi-injective 

modules is quasi-injective. In the commutative case, these rings are charac-

terized by the property that all modules over them split. Rings whose torsion 

quasi-injectives are £-quasi-injective will also be considered. 

Throughout this note it is assumed that rings are associative, have the 

identity element, and modules are left unital. R will denote a ring with 

identity and R-Mod the category of left R-modules. For fundamental defini-

tions and results related to torsion theories, we refer to [10] and [11]. A 

module M is quasi-injective if every homomorphism from a submodule of M into M 

can be extended to an endomorphism ot M. A ring R is called left Ql if each 

quasi-injective left R-module is injective. These rings were originally in-

troduced in [2] and later studied by many authors (see, for example [3,4,5,7,8,9]). 

In [1], the present authors have studied rings all of whose (Goldie) torsion 

quasi-injective modules are injective. A summary of the main results proved in 

[1] is given below. 

A ring R will be called a left TQI-ring if each torsion quasi-injective 

left R-module is injective. If (T,F) is a hereditary torsion theory and F(T) 

denotes the associated filter of left ideals of R. i.e. F(T) = (I | I is a left 

ideal of R. and R/I «T}, then a left ideal of R which is a member of F(T) will 

be called an F-ideal. The following results have been proved. 
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THEOREM 1. Let. (G,F) be the Goldie torsion theory for R-Mod. Then the follow-

ing are equivalent: 

(1) R is left TCI. 

(2) Each direct sum of torsion quasi-injective modules is ouasi-iniective. 

THEOREM 2. Let R be a ring with an essential socle, and (G,F) be the Goldie 

torsion theory for R-Mod. Then the following are equivalent: 

(1) R is left TOI. 

(2) R has ACC on F-ideals. each F-ideal is the intersection fff [̂ vimai 

left ideals, and R/socle(R) is a left QI-ring. 

THEOREM 3. Let R be a ring whose non-zero torsion cyclic modules have non-zero 

socle, and (G,F) be the Goldie torsion theory for R-Mod. Then the following 

are equivalent: 

(1) R is left TOI. 

(2) R has ACC on F-ideals and each F-ideal is the intersection of maxi-

mal left ideals of R. 

(3) The torsion class coincides with the class of semi-simple modules. 

EXAMPLE 1. Let F be a field and let R = £ £ . Then R is a left TQI-ring 

but not a left QI-ring. 

THEOREM 4. Let R be a semllocal ring. Then the following are equivalent: 

(1) R is left TQI. 

(2) R has ACC on F-ideals and each F-ideal is the intersection of 

maximal left Ideals of R. 

The next theorem gives a characterization of commutative TQI-rings. Let 

us first recall that a ring R is said to have SP if every left R-module splits 

(i.e. if the torsion submodule of each left R-module M is a direct summand of M). 
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THEOREM 5. Let R be a commutative ring and (G,F) be the Goldie torsion theory 

for R-Mod. Then the following are equivalent: 

(1) R is TQI. 

(2) R has SP. 

Below is given an example of a commutative TQI-ring which is not Ql. 

EXAMPLE 2. ((6, p.161]). Let K be a field and A an infinite indexing set. 

Let Q = II K(a), where K{c0 =K and R = J © K(0l) + 1-KS Q, 1 c Q. Then R is a 
aeA curA 

TQI-ring but not Ql. 

Finally we state a characterization of rings whose torsion quasi-injective 

modules are Z-quasi-injective. Recall that a quasi-injective module M is called 

Z-quasi-injective in case each direct sum of arbitrarily many copies of M is 

quasi-injective. 

THEOREM 6. Let R be a ring and (G.F) be the Goldie torsion theory for R-Mod. 

Then the following are equivalent: 

(1) Each torsion quasi-injective left R-module is Z-quasi-injective. 

(2) R has ACC on F-ideals. 
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS V 

Walter Schempp 

Presented by P.C. Greiner, F.R.S.C. 

It is an Important aspect of the harmonic analysis on the real 

Helsenberg nilpotent group M I R ) that the irreducible unitary li-

near representation 0 of AdR) which subduces the unitary central 

character 

([°],8)~e(8) =e2" i s 

and which is uniquely determined up to unitary isomorphy by this 
property (Stone-von Neumann theorem) can be realized in various 
rather different looking ways. Taking into account Theorem 1 in 
the first part [4] of this series of papers, the aforementioned 
characteristic of the theory of ÂCR ) implies a variety of diffe-
rent forms of expressing group-theoretically the radar cross-
ambiguity function H(f,g;.,.) with respect to envelope functions 
f»g e ï (IR ) ; cf. [5]. It is the purpose of the present part to 
restate some of these versions and to mention a few of their di-
rect consequences. Thus the present paper completes the preceding 
parts [4-7]. Further details and proofs may be found in the forth-
coming paper [8]. 

1 . The Polarized Cross-Section 

According to the terminology introduced by Howe [2], the pola-
rized cross-section to the center 

z = (( [o]'s)Is e m ) = [S(iR),A{m)] 
in ACR ) is the set 

(( [y]'0'lx e m , y e m>. 
Consider the complex vector space 3f(nR) of smooth vectors for 
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U as an everywhere dense vector subspace of the complex Hllbert 
space L (K) . In particular, JdR) inherits the scalar product 
<.!.> from L 2 ( m ) . For any two functions f € }(IR), g 6 ̂ (IR) let 
ffflg denote their dyadic tensor product with respect ot the pre-
hilbert space structure of ^(OR) (cf. Schatten [3]). Then we have 
the following representation-theoretic characterization of the ra-
dar cross-ambiguity function. 

Theorem 1. For any two envelope functions f € J(]R ) and g £ 3 (IR ) 
the radar cross-ambiguity function H(f,g ;.,. ) coincides with the 

restriction of the trace evaluation 

tru{f fi g) 

to the polarized cross-section to Z in A(3R ) . 

The strong Stone-von Neumann Theorem shows that the linear Schrô-
dinger representation U of Â(IR ) is square integrable modulo Z, 
i.e., U belongs to the discrete series of A(IR). Thus the Schur 
orthogonality relations (cf. Borel [1 ]) imply, for instance, the 
identity 

/ / H(f,g;x,y)H(f',g';x,y)dxdy = <f If •>. <g • lg> 
IR x OR 

where f^'.g^' are elements of the Schwartz-Bruhat space J (IR ) 

("Moyal's identity"; cf. [5], [8]). 

2. The Isotropic Cross-Section 

Another useful cross-section to the center Z in Â{IR ) i s the 
so-called isotropic cross-section 

(( [ y ] 4 x y > I x 6 I R ' y 6 "O-
Since this cross-section is also describable as the set 

expdog IR e log IR ) it is adapted to the exponential coordinates 

of Â(IR). If we denote by f^l the coordinates of the vector sub-

space log IR ffl log IR of the Lie algebra •W of Â(1R) with respect 

to its standard basis then we get by means of the isotropic cross-
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section the following 

Theorem 2. Let f,g be elements of the vector space Ï(1R). Then 

the identity 

H(f,g;p,q) = tre x p U(g 8 f ) ^ ] 

holds for all (p,q) 6 m x IR . 

Recall that the radar autoambiguity function H(f;.,.) is radi-

ally symmetric if and only if there are numbers ç e 1 and m e IN 

such that 

f = W™ 
m 

holds [5], where (Wl >r. denotes the family of Hermite-Weber func-

tions (harmonic oscillator wave functions). Let (Lm ) m i 0 denote 

the Laguerre-Weber functions of ordera>-1. Then the preceding 

theorem implies the following 

Corollary. For all natural numbers mSO and niO we have 

H(Wm,Wn;p,q) = ^iMp**))™ ^ W p V » <**> ' 

H(Wm,Wn;p,q) = M(M-p»dq))IM n l£Ma) ("(PV) ) (nï») 

where (p,q) € IR x m . 

3. The Lattice Model 

Denote by D the image of the cubic integer lattice ï under the 

embedding map 

33 3 (U,V,O)-H-([^],O-) e A(IR). 

Then D is a discrete and cocompact subgroup of A(IR) and the ho-

mogeneous space D\Â(1R) of right cosets modulo D forms a two-step 

compact nilmanifold, the Heisenberg nilmanifold. Decompose the 

complex Hilbert space L2(D\A(1R)) relative to the unique probabi-

lity measure on the compact nilmanifold D\A(IR ) into the Hilbert 
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sum 
L2(D\Â(1R)) = » Mn 

n e 1 

of Hilbert subspaces ( M ^ e a which are completions of the 

vector subspaces 

(f e*°'(D\Â(iR))|f(v,s+s,y=e(ns)f(v,s,),v e m © m.s.s' e m } (n e a) 

of smooth left-a3-periodic complex-valued functions on A(IR). The 

complex Hilbert spaces (Mn)n e , are primary summands with respect 

to the right quasi-regular representation 6 of A(IR ) on L (D\A(m) ) 

and the subduced representation «n forms a unitary linear represen-

tation of A(IR) in M which contains exactly |n| copies of the 

single irreducible unitary linear representation of Â(IR) with 

central character 

, [ 0 ] ( S ) _ e ( n s ) = eZ-ins (n 6 a) 

when n+0. In view of the Stone-von Neumann Theorem, the irreducible 

unitary linear representation 6, of Â(IR ) acting in M,, is unitari-

ly isomorphic to the linear SohrOdinger representation U and the 

Weil-Brezin isomorphism given by the formula 

w: J(3R) 3 f—((g].s)—e(s) Ç f(lHx)e(Vy)) 6 «"(DXAdR)) 

extends to a uni ta ry isomorphism of U onto 6,,. From t h i s r e s u l t we 
infer the following 

Theorem 3. The i d e n t i t y 

H(f Ig;x,y) = trfi (w(f)aw(g) ) ( [y] ,0) 

holds for the envelope functions f.g in the vector space J(]R ) 

and all pairs (x,y) € IR x JR . 

Corollary. Keeping to the same notation, the absolutely conver-

gent Fourier expansion 

w m . ï n g n l T U ) = E H(f,g;u.v)e(-vx+My) 
LyJ (p fv) e a x a 
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holds for all points 1*1 6 IR ® m with respect to the topology 
of uniform Sf -convergence. 

2 
An application of the L -Plancherel theorem yields 

Theorem 4. For all pairs (n,m) e IN x n the identities 

S H(W ;U,V).H(W ;y,v) = JZ |H(W ,W ;y,V) |2 

(p,v) e a x a n m (y,v) e a x a n m 

hold ("Polsson-Plancherel identities" for radially symmetric radar 

ambiguity functions). 

An application of the Corollary of Theorem 2 supra finally 
yields the following 

Corollary. In the case men the Poisson-Plancherel identities for 
Laquerre-Weber functions of different orders 

E L (ïï(p2+v2))LL (TT(y2+v2))=£W,,-n £ (M2+v2)In-n(Lta"n,(TT(u2+v2)))2 
(u,v)axan ^ ml (u,v^axa " 

hold (L = L<0), as usual). n n 

The most simplest case occurs when ra=1, n=0. In this case the 
aforementioned identity reduces to the equation 

' pe a y e a 

which is well known from the theory of classical Jacobi theta 
functions. These functions are deeply connected with the nil-theta 
functions living in a natural way on the Heisenberg compact nilmani-
fold DSA(3R ) . 
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VARIATIONAL INEQUALITIES FOR A CLASS OF CONTACT PROBLEMS WITH FRICTION IN 

ELASTOSTATICS 

M. ASLAM NOOR 

Presented by G.F.D. Duff. F.R.S.C. 

ABSTRACT. 

The existence and uniqueness of the solution of a class of variational ineq-

ualities related with Slgnorlni problem arising in elastostatics with non-

local friction is considered. 

1. INTRODUCTION. 

It is well known that variational concepts play a very important and basic 

role in applied mathematics. Variational formulations can be used noc only 

to unify diverse fields, but also to suggest new theories. Variational meth-

ods are generally used for approximations. Recently variational theory has 

been enriched by the development of the theory of variational Inequalities, 

which has become a rich source of Inspiration both in pure and applied mathe-

matics. Variational inequalities have stimulated new and deep results dealing 

with nonlinear partial differential equations. Also variational inequalites 

have been used in a large variety of problems In mechanics, physics, optim-

ization and control, nonlinear programming, engineering sciences, etc. Today, 

variational inequalities are considered as an indlspensible tool in various 

fields of mathematics and engineering sciences. 

The general problem of equilibrium of elastic bodies In contact with 

rigid foundation on which frictlonal forces are developed is one of the most 

difficult problem in solid mechanics. The complete study of the boundary value 

problem arising in the formulation of Slgnorini problem with friction is an 

interesting problem both in mechanics and mathematical point of view. In 1981, 

Oden and Plre8[8] have shown that the Slgnorini problem with non-local 

friction In elastostatics can be characterized by a class of variational 

inequalities. The issue of existence of solutions to such problems In cases 

in which Coulomb's friction law is assumed to hold Is still open, see[ 1]. 

In this paper, using the technique of the fixed point theory. Initiated by 

Lions and Stampacchia[3 1 and developed by Noor[5 , 6], «e prove the existence of 

solution of such problems. Several special cases that can be derived from 

the general problem are also discussed. 
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Ic should be remarked that the formulation of such problems as variational 

inequalities were originally investigated by Duvaut and Lions[ 2], but they 

were unable to prove the existence of solutions of such problems except in 

special cases. 

2. PRELIMINARIES; 

Let H be a Hllbert space with its dual H', whose norm and Inner product 

are denoted by ||. || and (.,.) respectively. The pairing between H' and H la 

denoted by <.,.> . Let M be a non-empty closed convex subset of H and a(u.v) 

be a coercive and continuous bilinear form on H, that is there exist constants 

o>0, B > 0 such that 

a(v,v) ̂  o|| vll2, for all veH (1) 

and 

a(u,v) < 8||u|||H|, for all u,veH (2) 

In particular, it follows chat a _< 6. 

Finally, let the form b: HxH > R satisfy the following 

properties. 

(1). b(u,v) is linear In the first argument. 

(li). b(u,v) is bounded, that is there exists a constant Y>0 such that 

b(u,v) < Y||U||[|V|| for all u,v€H (3) 

(Hi). b(u,v) is subllnear In the secod argument, that is for all U,VEH, 

b(u,u-v) < b(u,u)-b(u,v) (A) 

PROBLEM 1: 

For given feH', find ueH such Chat 

a(u,v-u)+b(u,v)-b(u,u) >̂  <f ,v-u> for all veM. (5) 

REMARKS; 

I. The variational Inequality (5) characterizes Che Slgnorini problem 

with non-local friction. If ft is a open bounded domain in R with regular 

boundary iSi, representing the interior of an elastic body subjected to 

external forces and if part of the boundary may come into contact wich a 

rigid foundation, then the variational inequality (5) ia simply a statement 

of the virtual work for an elastic body restrained by frictlonal forces, 

assuming that a non-local law of friction holds. The strain energy of Che 

body corresponding to an admissible displacement v is l/2a(v,v). Thus a(u,v-u) 
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Is the work produced by the stresses through strains caused by the virtual 

displacement v-u. The external and frictlonal forces are represented by the 

linear continuous functional f and by the form b(u,v) respectively. For 

physical and mathematical formulation of the inequality, see Oden and Pires 

(81. 
H. If we restrict the dependence of the form b(u,v) to its second variable 

only, that Is, if b(u,v) - j(v), then problem 1 becomes: 

For given feH', find UEM such that 

a(u,v-u)+j(v)-j(u)> <f,v-u> for all veM, for all v M, 

a problem originally considered and investigated by Duvaut and Llons( 2 ). 

The existence of its solution has been proved recently by Necas, Jarusek, 

and Haslinger[ 4]. 

m . If the frictlonal forces are zero, then problem 1 reduces to che 

classical Slgnorini problem of elastostatics, that is the analysis of 

deformations of a linear elastic body in contact with a rigid frlctionless 

foundation. In this case problem 1 becomes: 

For given f£H', find ueM such that 

a(u,v-u)>^ <f,v-u> for all vfM., 

a problem studied by Lions and Stampacchial 3 J. Furthermore, if H = H, then 

we have the classslcal problem of linear elasticity. 

Since a(u,v) is a continuous bilinear form on H, then by the Rlesz-

Frechet representation theorm, we have 

a(u,v) = <Tu,v> for all VEH. (6) 

It has been shown that |fr|l<6. see ( 5 ]. Finally, we define A , a canonic, 

isomorphism from H' onto H by 

<f,v> = (Af,v), for all VEH, feH'. (7) 

Then || AH,,,-! - IJA'1!!,,-

We make the following hypothesis. 

CONDITION N. 

We assume that Y<o , where a is the coercivlty constant of a(u,v) a 

Y is the boundedness constant of the form b(u,v). 
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3. MAIN RESULTS. 

We now state and prove the main result of this paper. 

THEOREM 1. 

Let a(u,v) be a coercive, continuous bilinear form and b(u.v). the form 

satisfying the properties Ci)-fiil>. If condition N holds, then there exists 

a unique UEM such that, for given feH', 

a(u,v-u)+b(u.v)-b(u,u)> < f.v-u>, for all veM. (8) 

We need the following results for its proof. The first is a 

generalization of a result of Lions and Stampacchia [ 31• 

Lemma 1; ./ •> i 
Zr r he a number such that O ^ - M - - «nd Ç< ̂  Then there exists 

a 6 with 0<9<1 such that 

|[KUl)-«(u2) || < e|| u^UjH . for all u ^ E H , 

where Cor ueH . (|i(u)eH' is defined by 

<,(.(«) .v> - (u,v)-Ça(u,v)+Çb(u,v)+Ç<f.v> for all veH, (9) 

and B is the boundedness constant of the blUnear form a(u.v). 

Proof: 
For all Uj.UjEH, consider 

<(Ku1)-*(u2),v> - (u1-u2,v)-;a(u1-u2,v)+çb(u1-u2,v) 

- (u1-u2,v)-ç<Tu1-Tu2,v> +çb{u1-u2.v). by (6) 

- (u1-u2-çA(Tu1-Tu2),v)+Çb(u1-u2,v), by (7), 

from which it follows that 

jOKu^- (U2),v>|c!^-u2-çA(Tu1-Tu2)|||V|| +ÇYlK-u2l 

From (6) and (7), we have 

||Ul-u2-çA(Tu1-Tu2)||J < Jlu^^lP +ç2| | T i N K - ^ l l ' - ^ ^ V ^ ' W 

< (l+c'Bz-2oc)|| û UjIJ2 
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Thus 

|<((i(u1)-(Ku2),v>|< (/I+Ç'B'^ÇO +YÇ) 1^-^11 IHI 

- e l l u ^ || ||v||. 

where ^ 
8 - ^ ^ ë ^ c S 4 YC<1 for 0 < ç < ^ - a n d Ç < 7 "y condition N. 

Hence 
Sun l < < K V * ( u 2 ) , v > l ., 

^ ( « ^ - • ( V l l - veH | | v | | 191K-U2ll 

REMARK: 

Note that in.the absence of the frictlonal force, that is b(u,v)= 0, 

lemma 1 is exactly the same as proved by lions and Stampacchia. 

Lemma 2. [6 ] 

Let M be a convex subset of H. Then, given zeH, we have 

if and only if 

xeM: (x-z,y-x)> 0 for all yeM, 

where Pw is a projection of H into M. 

Lemma 3. ( 6 ], 

PM is nonexpansive, that is || P,^ - P
H
Z2 II 1 llzi-z2 II for a 1 1 z1.Z2eH-

Using the technique of Lions and Stampacchia! 3) and Noor(6,7l, we now 

prove theorem 1. 

PROOF OF THEOREM 1. 

Uniqueness; see Oden and Fires(8 ]. 

Existence: 

For a fixed C as in lemma 1, and ueH, define i)i(u)eH' by (9), By 

lemma 2, there exists a unique weM such that 

(w,v-w)> <$(u),v-w>, for all VEM, 

and w Is given by 

w - PJWKu) - Tu, 
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which defines a map from H Into M. 

Now for all u. ,u e H, 

HTUJ-TUJII =|| P j ^ K u ^ - P ^ u ^ H < ||A(t(u1)-A«(u2)l| by lemma 3. 

<_ 8 [̂ .-u-lj , by lemma 1. 

Since e<l. Tu is a contraction and has a fixed point Tu=u, which 

belongs to H, a closed convex set of H and satisfies 

(u,v-u) ><<ti(u),v-u> = (u,v-u)-Ça(u,v-u)+Çb(u,v-u)+Ç<f,v-u>. 

Thus for ç> 0 and using the properties (ill) of b(u,v), we have 

a(u,v-u)+b(u,v)-b(u,u) >̂  <f,v-u> for all veM, 

showing that u is a unique solution of problem 1. 
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SIgHATURES AND ALEXANDER POLYNOMIALS OF 
TWO-BRIDGE KNOTS 

Kunio Muraaugi, F.R.S.C. 

Let K be a knot in S and let AK(t) be the 

Alexander polynomial of K . Let a(K) denote the signature 

of K . 

It is well-known [1] that if all the roots of A„(t) 
K 

are real then o(K) = 0 . In fact, R. Riley observed 

Proposition 1 Suppose that K is a special a1ternating knot. 

Then the number of roots Ç of û„{t) with |ç| = 1 is 

exactly the absolute value of o(K) . 

A proof follows easily from (1,2]. 

Proposition 1 is not true in general. For example, the 

granny knot and the square knot have the same Alexander poly-
2 2 nomial (1-t+t ) , but the signature of the former is 4 and 

the other is 0 . 

A quite while ago, R. Riley asked if Proposition 1 holds 

true for a 2-bridge knot K . In this short note, we will show 

that it does not. 
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Let K be a 2-bridge knot. As an algebraic knot, K 

is associated with a graph: 

2nn 2n, 2n, 2nL 

where n. are non-zero integers. The type (n,q) of K is 

determined by the value of the continued fraction 

nzs 
n 

2n1 - 2n2 + 2n3 ' k-1 
+(-!)* 12n. 

To compute û„(t) , consider the principal minor M of 

the knot matrix of K [2, p.393). M is of the form: 

M = 

n2 -1 

Then the Alexander polynomial is given by 

ûv(t) = det(M- tM ) , 
K 

where M ' denotes the transpose of M . Further, o(K) 

is given by (2, p.397. Theorem 5.3] 
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o(K) 
k n, 
y i 

Now we are ready to construct a knot required. 

Let K be the 2-bridge knot with n. = n, = 1 , n =-3 

and n, =-5 . Then o(K) 4 On the other hand. 

A„(t) = 15 - 49t+ 69t2 - 49t3+15t4 and A„.(t) has four complex 
K Iv 

roots on the unit circle in the complex plane Œ . K is a 

2-bridge knot of type (197, 69). 

Although Proposition 1 is generally not true, I suspect 

that it may be true for a fibred 2-bridge knot. Note that if 

a 2-bridge knot is fibred, then all n. = 1 or -1 . 

In fact, if K is a fibred 2-bridge knot of genus 2, then 

the principal minor of K is S-equivalent to one of the 

following: 

1 - 1 
1 - 1 

0 1 - 1 
1 

"1 - 1 
- 1 - 1 

0 1 - 1 
- 1 

1 

1 

r l - 1 
1 - 1 

0 1 - 1 
- 1 

1 - 1 
- 1 - 1 

0 - 1 - 1 
- 1 

i 

$ 

i - i 
i - i 

0 - 1 - 1 
1 

- 1 - 1 
- 1 - 1 

0 1 - 1 
- 1 

• 

/ L 

1 

t 

1 - 1 
1 - 1 

0 - 1 - 1 
-1_ 

"-1 - 1 
- 1 -1 

0 - 1 -1 

1 -1 

For each case, it is easy to show that o(K) is exactly the 

number of roots of A (t) with absolute value 1. 
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THE SYMPLECTIC MOTION GROUPS OVER GF(2) 

J. S. Frame 

Presented by G.de B. Robinson, F.R.S.C. 

Abstract. The lower level character values and all the de-

grees are found for the ordinary representations of the symplec-

tic motion groups over GF(2), that are semi-direct products of 

an abelian translation group by the aymplectic group Sp2^(2), 

that is isomorphic with the orthogonal group 02 n + 1(2). 

1. Introduction. The symplectic motion group Mn over GF(2) is the 

semi-direct product of an elementary abelian translation group T 

of order N = 2 by the symplectic group Gn = Sp2n(2). It is 

representable by (2n+l)-dimensional matrices M over GF(2) having 

the partitioned factorizations 

°] • [« 3 K °] • [i c r s ] [i n u . . . 
where S is symplectic, C is an arbitrary nxl column vector, and 

Cs is a column determined by S so that the last factor in (1.1)is 

a matrix of the orthogonal group 02n+1(2) with quadratic invariant 
n 

VZ) = £ ^ z2i-lz2i * z2n*l ' for row vectors Z (1.2) 

The motion groups «^ described in r5] with J-= +1 are sub-

groups of MJJ of index (N+ON/2, in which the last factor of (1.1) 

is restricted to matrices of 0^(2) = G^. As in •jj we denote by 

Jn the direct sum of n transposition matrices that interchange 
iS2i-l an<1 z2i' Then "apices « of Gn+1 satisfy the relations 
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M J n+1 
Am 
M1 = J n+1 

A 

or MJ 
A-l 

Jn+1 M Jn+1 (1.3) 

The stabilizer V^ in G + 1 of the column vector (0* ,1) has 
2 A 

index 4N -1 and consists of symplectic matrices M having last 

column (02 n + 1,l) T. Hence by (1.3) the (2n+l)'th column of M is 2n T A A 
(0 ,1,0) , and each matrix M in M has the partitioned form 

s 
0 

c T j n S 

c 
1 
X 

0 
0 
1 

B 

• I 
0 

°\ 
G 
1 
X 

0 ' 
0 
1 , 

s 
0 
0 

0 
1 
0 

0' 
0 
1, 

>* A 

•= T S (1.4) 

We call this stabilizer group M the extended symplectic motion 

group. It is the semi-direct product of the abelian translation 
A A 

group T by the symplectic group S . Its center is generated by the 

involution T for which C = 0, x = 1, and S = I. The factor group 
A 

K^tX> is isomorphic with the motion group IL. 

In thia report we determine for all the absolutely irreduci-

ble complex (AIC) representations of 1^ (and hence of V^) the 

character values on all classes that contain either an element gi 

of G or the element Tg.. For the ten level 1 and JB level 2 char-

acters of VL we express the values on all classes in terms of Gn 

characters, such as the sum «. and difference ^ of the characters 

induced in Gn by the l-characters of G~ and G*. The four types of 

AIC characters arei 1) those of the factor group M ^ ^ = Gnj 2) 

the other characters a^ of Mn related to those of M,^; 3)char-

acters b. related to those of G^s and b) characters c^ related 

to those of Gn. 

2. Class sizes. Let gj be a representative of class C^ of Gn 

with a matrix Ŝ ^ such that Sĵ -I has r a n k ^ . Then the coset T ^ 

in M contains 2n2 elements in two or more classes C ^ whose 



J.S. Frame 139 

sizes [Cjilare integral multiples of the size of the first listed 

class C.. in the coset, namely the "principal class" that contains 
A 

the conjugates of g- in H . The class C.„ contains fg., and 

lciil B Ici2l '' lcil 2^i c lci( N 2/*'ei) <2-1) 
The groups Gn, Mn, and Mn contain respectively N , N , and 

2N * unipotent elements. Those in M- lie in classes whose sizes, 
A 

grouped by cosets T-g., with |C. |as outer factor, are 
1(1+1+15+15)+15(2+2+12+8+8)+15(4+^+24) •'f5(4+4+4+'f+l6) + 

11 ( 2 - 2 ) 

90(8+8+16) + 90(8+8+16) = 2 i - ' . 

3.Degrees and character values on principal c las ses . Type 1 char-
A 

acters of M are characters of its factor group G whose degrees 

are given in [jJ-J. They have equal values on each class in the co-
A A 

set Tng^, and are labeled for Mn by a Gn character symbol with a 

subscript p referring to the principal class containing g^ Type 2 

characters a^ include all other AIC characters of M , and have 

equal values on classes containing elements y andfy. Characters 

b. of type 3 and c, of type b are faithful characters that have 

opposite signs for elements y andCy. The restrictions to G , (i.e., 

to principal classes) of characters of types 2,3,and 4 are respec-

tively the characters of G induced by the AIC characters of its 

subgroups %_!. G^, and G* with indices K2-l, (M-l)K/2,(K+l)K/2 

respectively. Thus the sum of squared degrees of the four types is 

(1 + (N2-l) + (N-l)N/2 + (N+l)K/2) |Gn| = JMj (3-1) 

We have now accounted for all AIC characters of Kn and can 

calculate their degrees and their values on classes C ^ and C i 2 
A *> A 

in each coset T g.. The degrees for M. and M2 are as fallows: 
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M^ degrees M2 degrees (3>2) 

Type li X^Gj^) = 1,1,2, X{[G2) = 1.1.5.5.5.5.9,9,10,10,16 

Type 2. 3)ii(M0) = 3,3 » ̂ ( M i ) = 15.15.15,15,30,30,'f5,'»5,if5.'»5 

Type 3» ifal) = 1.1.2» 6J(J(G-) = 6,6,2^,2^,30,30,36 

Type kt 3)[i(G*) = 3,3» lOX^G*) * 10,10,10,10,20,^0,40,40,40 

As explained in F3,4] for the orthogonal groups, we denote a 

generic character by a degree symbol that is the ratio of a word, 

representing a monic degree polynomial P(N), divided by an integer 

independent of M = 2n. The r'th letter in the word is h, k, g, or i 

according as N -'2 , N * 2 , both, or neither is a factor of 

P(N}, except that a final letter N appears whenever N I P(H). 

4. Level 1 character formulas. Expressed in terms of the basic 

characters a,6, y and their associates 5, â, y defined in [l] ,the 
five level 1 characters of type 1 (Gn characters) are (4.1) 

Formulai («-7)/3.(Â-3p+27)/6,{«+3p+27)/6, i^-^-l.i^+^-l 

Degree symboli (e/3)p, (hlV'6)p, (i£k/6)p, (kV'2)p,(hk/2)p (4.2) 

where the subscripts p refer to values on principal classes. The 

sign function I is such that * a ^p'"p» etc-. ani a second sign 

function £ is defined to be 1 on classes C ^ , -1 on Ci2, and zero 
A 

on all other classes in a coset ^ g j . The permutation characters 

of M and Mn on the cosets of Gn split as l+a0 and l+a0+b0+c0 re-

spectively, where a0 is the level 1 character of type 2, b0 and 

b = ï b0 are of type 3, and c0 and c0 = 1 c0 are of type 4. 

Theorem 4.1. The level 1 characters aff, b0, and c0 of MJJ of types 

2,3, and 4 are given on all classes of N^ by the formulas 

a0 = t2» -1 = g. Degree H 2 - 1 (4.3a) 
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to - i U ^ p + Pp) - j? = hN/2. Degree (N-l)w/2 (4.3b) 

c0 = i(t*p - fiJ * P " kN/2- Degree (N+l)N/2 (4.3c) 

Prooft Since l+a„+b +0^ has the value 2 * on principal classes 
— — - 0 0 0 P 

C,., but vanishes on all others, while l+a. has the value «< on 

classes C<. and C,„ and vanishes on the other classes, it follows 

that the values of 1+a and b +c are fc2* and t* respectively. 

Restricting hk/2 and kh/2 from Gn+1 to J^, we obtain 

(hk/2)n+1 i- = (hk/2) + 1 + a0 + c0. Degree (2N-1)(N+1) (4.4a) 

(kh/2)n+1 4, = (kh/2)p + 1 + a0 + b0. Degree (2N +1)(N-1) (4.4b) 

Since the difference of induced characters p = hk/2 - kh/2 for Gn 

is twice as large for G . , we conclude that 
2 ^ = ^p + co " bo ( l K 5 ) 

Therefore a , b , and c are determined on all classes by (^.3). 

5. Level 2 characters. The group Mn has 38 generic AIC characters 

of level 2 (distinct when n>3) of which 16 of type 1 are charac-

ters of 02n+1(2) = Gn described in [2]. The ten of type 2 are de-

noted ai and correspond to the ten level 1 characters of Mn_i' 

Three associated pairs b^ and b^ = Ipt»̂  of type 3, and three asso-

ciated pairs c. and c, = 1 c, correspond to level 1 characters of 

0^(2) and 0* (2) respectively. Corresponding degree symbols arei 

a1 = gë/12, a3 = ghN/8, a5 = ghS/S, a7 = ghh/24, a9 = gkh/8 

a2 = gg/4 , a^ = gkN/8, a6 =.gkN/8, a8 = gkk/24, a10= ghk/8 

b. = hgN/6, b, = gkN/12, b, = gihN/12 
* " J (5.1) 
c1 = kgN/6, c2 = ghN/12, c3 = gikK/12 

We calculate first the characters ^ of type 3 and ^ of type U 

from the equations 
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bl+bo B b o ( V V / 3 ' W b l • boVp' b2-b3-bo " boPp (5-2) 

cl+co = c o ( V / p ) / 3 , c2+03-cl = ^Vp' c2-03-co B coPp 

Then three level 2 characters are calculated and checked, setting 

a2 E boco-ao' a3 B b$^ ' a4 = ccfl2J' az+ a3+ a4 = aoLl2-' (5-3) 

Next we restrict to Mn the Gn+1-eharacters U,=ghih/120,V,=gkik/l20i 
a7 = UA+1 -Up-(hV6)p-B3 , a8 = VA+1 -VJ -(kk/6)p -C3 (5.4) 

Finally, the remaining five level 2 type 2 characters are found by 

decomposing products of a with the five level 1 type 1 characters. 

a5 = a0{hh/6)p - a,,, a6 = a0(kk/6)p - a8 (5-5) 

a9 = a0(kV2)p - a0-a2-a3, HQ = a0(hk/2)p - a0-a2-a4 (5-6) 

^ = a0(g/3)p - a5 - a6 . (5-7) 
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A PARAMETRIC REPRESENTATION OF THE SPHERE WITH p HANDLES 

W.H. Greub 

Presented by G.de B. Robinson, F.R.S.C. 

Introduction. It is well known that a compact connected orient-

able 2-manifold is diffeomorphic to the sphere with p handles 

(p = 0,l,...). There are many parametric representations of the 

sphere (p =0) and the torus (p =1) to m3. However, it is 

less trivial to find such a representation if p > 2. In this 

paper we shall construct a parametric representation for the 

sphere with p handles for all p with the help of the Cassini 

oval. 

ii The Cassini oval is the locus of points in the Euclidean 

plane such that the product of distances from two points ( f^, C) 

and ( —«f , O) is constant. In complex notation. 

Thus, if we denote the Cassini oval by f~ , the equation is 

The shape of /~ depends on f and ll (see fig. below). 

1) If 6 <" a , / is a simple closed curve. 

2) If f > Ct- consists of two simple closed curves 

/ and / . 

3) If C - M , and €> 0 , /~ is the "figure 8". 

4) If f^et—Q , then / reduces to the origin. 
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- > . * 
^ 

&> e 

& 
OL< 4 

j^r/c 

These curves look exactly like the curves in which a sphere with 

handles intersects a plane. Therefore it is natural to use the 

Cassini ovals to obtain a parametric representation for these 

surfaces. We shall start the construction by defining a para-

metric representation of the oval. 

2. The parametric representation of I consider the map 

^ » £*• and set >? ̂ = ̂  . Then the image of / is given by 

r? Icoit eCar-H} = cf-e* 
Setting CÙ - It •+1 ^ we obtain 

Thus / ^ is a circle with radius a, centered at e . The 

origin is inside /? , it a. > e . outside r if a <: s 

and on Z - i f n =• £. 
— ' I~J 

Parametrize the c i rc l e /"" in the form 

cJU)~ e+ en >Oty (>*-), O è + é&T'. 
Then C i s not on /* and so the 

i s defined by 

r Uv- û *" 

Now suppose that C\ i> £ 

angle function S for /-

and so we can write 
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This shows that the function 

is a parametric representation for / 

If O.^ C > the two ovals can be parametrized in the form 
J 

and ' / 

/>-(!)= (e+* <*r Serf')* << r 

3. The polynomials ^At Consider the polynomials in a real 

variable Z given by /^ =. ' and 

Pn IZJ -/-'J^SJ/TJ . . . . p„irj 
where 

Then ^ 10)--^^ ™* ^ lêJ-O) £*!/;• ± ^ » NOW S e t 

el T ^ - t , n i T \ 
and ' 

a (Ti = /S»(T) (11 c^Tl., i n ) j 

where fTL i s a p o s i t i v e constant such t h a t 

I t follows t ha t e/7 '7 > Û and O fT) > ? for ITK h-

Moreover, 
a IT)- eir)= -c:* H '~J 

and so 
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4. The 2-nianifold /> . Let £? be the rectangle 

*jr ̂ y-^--?^" , —7l£ T£ ?v and consider the function 

It is easy to check that tc) vanishes exactly at the points 

Let yj be the domain obtained from Q by removing these 

points and define a map from s( to ^p by 

/r/ZJ» ̂ r/^4 
A straightforward computation shows that 

2i xll ± P 
and thus y> defines a surface / ^ in ^ i . This surface 
sat isf ies the equation . J ( .é- 7~J ~ Û where _?f i s given by 

IU, T)~ ^ ii/e/rj f* 1 JJJ - * frj\ 
Let M denote the (compact) surface in /fi defined by X . 

Then//'"// and M-'M consists of the "exceptional points" 

Since 

it follows that the tangent plane of J^i at these points is 

parallel to the ( Çj £•* )-plane. 

5. The Euler characteriatic of /* To show that /y is the 

sphere with (n-1) handles we shall construct a tangent vector 
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field 2 on /^ and show that its index sum is Jl (J— TVJ . 

Consider the smooth vector field 2. in ^ ^ given by 

Thus Z fjf/'T') is Parallel to the ( ^, tj, )-plane for 

all ( £,7) . Moreover, ^ is tangent to A/ and the 

zeros of Z on /W are exactly the points 

Let 7_ / ̂ fcj denote the index of J£ at 2̂z 

We shall show that 

and 

Fix a plane 7~~ Ù and let 1: be the restriction 

of Z. to ?"- ̂  • s i n c e the tangent plane of A1 at (%. 

is parallel to the { ^ (̂  )-plane, we have 

The vector field K is given by 

^ ^ 7 - - /?- ^i2-^ ^ . / . « /< J 
Now suppose that & -f "t K . Then fa (& }•£ C and so 

Rouché's theorem implies that 

On the other hand, since yfiw /Wj =• ^ i 
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This shows that 

and ' 

Hence the index sum of Z. (and so the Euler characteristic 

of /^ ) is given by 

/2 f/f)= Jifk-y}/-') +-2~ if'-*-! 
and so rl is indeed diffeomorphic to the sphere with ( ̂ ~ / ) 

handles. 
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