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STRUCTURE PROPERTIES OF CERTAIN Q-HATRICES 

Melvyn U. Jeter and Wallace C. Pye 

Presented by G.de B. Robinson, F.R.S.C. 

This paper contains a study of those matrices M E R that 

satisfy M i 0. The paper deals with the question of when such a 

matrix is a q-matrix. Several Sufficient conditions are given. 

For a matrix M c R""" and a column vector q c Rnl<1 the linear 

complementarily probjem. denoted by LCP(q.M). Is to find column vectors 

w e Rnx1 and z c Rnxl so that 

Iw - Hi = q, w ^ 0, z > 0 and w z = 0. 

The matrix H is said to be a Q-matrix if the linear complementarity problem 

LCP(q,M) has a solution for every q c Rnx1. If the solution is unique for 

each q E Rnx1, then H is called a P-matrix. The books by Berman and 

Pleimons [1] and by Murty [3] both contain a good review of these subjects. 

In [4] Murty proved that a matrix is a P-matrix if and only if all 

its principal subdeterminants are positive. But as Murty points out 

in [3] , no simple necessary and sufficient conditions are known for a 

matrix to be a Q-matrix. Any regular matrix is a Q-matrix [1]. Another 

known sufficient condition is that the matrix be strictly copositive [3]. 

When M i 0, Murty [5] has shown that M i s a Q-matrix if and only if 

nn. > 0 for each i = 1 n. Hence, we shall restrict our attention to the 

case where M > 0. Throughout the paper, M* ' denotes the kth column of matrix 

M. 

The following observations are easily ver i f ied. Fi rst , H is a Q-matrix 

i f and only i f PMPT is a Q-matrix, whenever P is a permutation matrix. 

When H is nonsinguar, then M is a Q-matrix i f and only i f M" is a Q-matrix. 
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Each row of a Q-matrix must contain a positive entry. 

Concentrating on the case where n ° 2, we can complete the 

characterization of those matrices H >0 which are Q-matrices. 
T 

2x2 2 x 2 

"Hieorem 1 ^If M E R'"/R+ is a Q-matrix. then H is nonsingular. When 

H is nonsingular then H is a Q-matrix i f and only i f I^k ' = Mz, z > 0 

has a stilufion. Whenever wk' i 0. 

Now consider the more general case where M c Rnxn such that M £ 0. 

Recall that a sfluare matrix is monotone whenever i t has a nonnegative 

inverse. 

Theorem 2 If H c R is such that ra.. ^ 0 whenever i f j and each 

(n-l)x(n-l) principal submatrlx of H is a monotone Q-matrix. then M is 

a Q-matrix. 

Theorem 2 can be used to generate examples of Q-roatrices that are 

hot regular matrices. 

Now let M be a nonsingular Q-tnatrlx and define R by 

M y ! 
I 
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Theorem 3. Let M E Rnxn, x c R" X 1 . y e Rnxl and. B > 0. If 

(i) H - (l/B)yxT is a Q-matrix and 

(ii) I ( n + 1 ) E pos(D(1) D ( n ) . -[yT B]T) for all possible 

complementary cones such that [D(1):---iDt")] i [I(1):---:i(n)] 

and [D(1):---:D(n)] i [-M(1):-":-M(n)]. then fi is a Q-matrix. 

The matrices in Theorem 2 and Theorem 3 do not have a zero diagonal. 

In general. 

Theorem 4. If M E Rnxn has a zero diagonal and mi^ > 0 whenever j > i, 

then H is not a Q-matrix. 
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L'INDÉCIDABILITÉ D'UNE CLASSE DE 

CORPS DES FONCTIONS MÉROMORPHES 

C.U. Jensen 

Presented by P. Ribenboim, F.R.S.C. 
Résumé. 

On montre entre autres choses que pout tout entier t le 

corps des fonctions méromorphes dans t variables à coeffi-

cients réels est indécidable. 

Pour un sous-corps K du corps C des nombres complexes désignons par H 

le sous-anneau de K[[x]] formé des séries formelles dont le rayon de convergence 

est infini. Soit M le corps des fractions de H . Nous appelons H le corps 

des fonctions méromorphes à coefficients dans K. 

2 2 2 Rappelons qu'un corps K est dit pythagoricien si K + K = K , c.âd. 

si toute somme de deux carrés de K est un carré de K. Par exemple, tout corpr 

algébriquement clos est pythagoricien et tout corps réellement clos est pythago-

ricien. 

Nous allons démontrer que le corps des constantes K de H est élémentaire-

ment définissable dans M lorsque K est un sous-corps pythagoricien de Ç. De 

plus, si K est un sous-corps pythagoricien du corps R des nombres réels, alors 

M est un corps indécidable. 

Dans le même ordre d'idées nous établirons des résultats concernant la dimen-

sion de Pfister de H et M . Rappelons que la dimension de Pfister d(A) 

d'un anneau A est le plus petit entier d tel que toute somme de carrés d'élé-

ments de R est une somme de d carrés d'éléments de R, ou oo s'il n'existe 

pas de tel entier. 

Proposition 1. Si K est un sous-corps pythagoricien de C, alors K est 
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élémentalrement définissable (sans paramétres) dans M par une formule que ne 

dépend pas de K. 

2 8 Démonstration. Puisque le genre de la courbe X = ! + Y est plus grand que 

1, le théorème d'uniformisation de Picard [voir 1, p. 268] Implique qu'il n'y 

2 6 
a pas de fonctions méromorphes non-constantes Ç et n telles que Ç = 1 + n . 

Par conséquent on obtient la définition élémentaire 

K = (ç e M K i an e MK (Ç2 = ! + n8)). 

Avant de considérer la dimension de Pfister nous aurons besoin d'un résultat tech-

nique. 

Lemme !. Pour toute fonction entière f avec f(0) = ! il existe une fonction 

entière (p avec ip(0) = 0 telle que f(X)e £ H-.^-Ti- De Plus, si E € HR 

et f(0) = 1 11 existe une fonction entière (p € H telle que f(X)e £ H R g 
et ip(0) = 0. 

00 i Démonstration. SI l'on écrit la fonction cherchée ip(X) = Z a X , alors 

i=! 

e"""" = ! + " b / 

où b. - a. est un polynôme à coefficients rationnels de a,,...,a, ,. Si 

f(X) = ; + E c x1, alors le n
l e m e coefficient de fe'P est 

i=l 

c + c .b, +...+ c.b . + b n n-1 1 1 n-1 n 

Puisque 2'\^' (resp. 2' est dense dans Ç (resp. R) on construit des 

nombres a, par recurrence sur i tels que tp est une fonction entière avec 

les propriétés désirées. 

Proposition 2. Soit K un sous-corps de R qui n'admet qu'un seul ordre (en 
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tant que corps ordonné). Si f est une fonction entière de H telle que 

f (X) > 0 peut tout x € R, alors f est une somme de carrés de fonctions de 

H . Si la dimension da Pfister d(K) est finie, alors f est une somme de 

2d(K) carrés de fonctions de H^. 

Démonstration. Soient (a.) les zéros réels (• 0) de f et (a^ las multi-

plicités correspondantes. Soit a (> 0) la multiplicité de 0 en tant que zéro 

des f. Alors la condition f (x) > 0 pour tout x € g impliqua que les nombres 

a et (a.) sont pairs. Les zéros non-réels de f sont do la forme (0.), (FJ , 

où IT. est le complexe conjugué de (L. Pour chaque J p. et "S, ont la môme 

multiplicité, disons b ,. 

En vertu du théorème de Kelerstrass 11 existe une fonction entière ij/ avec 

1̂ (0) = 0 et des entiers k., 1. tels que 

f (x) » c e ^ V Hj2 n2 n3 

où c est un nombre positif de K et a 

^•H'-f-iï-m' ^ ) ! t 
VJ 

Ici H. e IL et n2 ° T 3 e Hc. (On convient que g = h, g,h 6 Hc, si les 

coefficients de h sont les complexes conjugués de ceux de g.) 

Par le lemme 1 il existe dea fonctions *< £ Hp et ^ e HC tellcs que 

D B 

n ^ 1 e H 8 et n2e e H g ^ . 
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f = c (e 
l|/-2ip -tp -(p ,p 2 <p, ' tp, 

! )Xa. (Hje ') (n2e "Xflja z ) 

i))-2(Pj-<p2-<p2 
où c -e £ H . En vertu du f a i t que 

(n2e )(n2e ) = (|(n2e %n2e '')) + ( ^ (n2e - n2e 2 ) ) 

e t 

^-2(p -(p2-ip2 5-(l|i-2(p.-(p -V ) 2 
e = (e" - 2 ^ > € « ^ 

il s'ensuit que si c est la somme de d carrés de nombres de K, alors f 

est la somme de 2d carrés de fonctions de H . 

En utilisant un résultat dans [2, p. 184] on obtient aisément: 

Corollaire 1. Pour tout sous-corps K de_ R on a d(M ) < 2t, où 2*̂  est la 

plus petite puissance de 2, qui est > max (2, d(K)). 

Corollaire 2. Pour le corps des nombres rationnels 2 on a d(H ) = d(M ) = 4. 
- 2 2 

Pour tout sous-corps pythagoricien K de R on a d(H ) = d(M ) = 2 . 

En utilisant des arguments connus de l'analyse classique on obtient 

t̂ mme 2. Soient f une fonction de H et a un nombre réel. Alors f (a) = 0 

si et seulement s'il existe un nombre réel c tel que 

(f(x))2 _ , ,2 < c(x - a) 
!+ ( f (x ) r 

pour tout x € R. 

Dorénavant, soit K un sous-corps pythagoricien de R. Dans le langage 

des corps considérons la formule * (a,f,T) pour M , définie par 

3c £ K, c + 0 3p,q € MK (C(T-a)2 - -î-j- = p2 + q2 ) fi 
!+f2 

où l'on note que la quantification par rapport â K est possible grSce à la 
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proposition 1. 

En vertu des résultats précédents nous obtenons 

Lemme 3. Soient f une fonction de H et a 6 g. /Hâta 

®(a,f,x) «» f(a) = o. 

D'autre part pour tout a £ K 

9(0,f,X) • f(0) = 0. 

Théorème 1. Pour tout sous-corps pythagoricien K <te R l'onannihlp N des 

nombres naturels est élémentalrement définissable (sans paramètres) dans M . 

En particulier, H^ est un corps indécidable. 

Démonstration. Puisque K est élémentalrement définissable dans H le 

théorème est une conséquence de l'assertion suivante; 

Si a est un nombre de K, alors a £ g <• Vg,h £ M 

[®(0,g,h) A (Vk € K(0(k,g,h) -» *{k+l,g,h))] -• ®(a,g,h). 

Ici l'iuplication "*" est claire. Pour prouver *• il suffit de choisir g = x 

et de prendre pour h une fonction entière de H e H , dont les seuls zéros 

sont les nombres 0,!,2,... . 

On construit une telle fonction en appliquant le lemme 1 â la fonction (r(-x)x) 

Remarque. La démonstration du théorème 1 montre que M est Indécidable pour 

tout sous-corps (pas forcément pythagoricien) K de R tel que K est définis-

sable dans H . 

Le résultat suivant est une conséquence Immédiate de la proposition 1. 
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Proposition 2. SI K et L sont des sous-corps pythagoriciens de C, alors 

M a H implique K • L. (Ici "B" désigne équivalence élémentaire.) 

La réciproque de la proposition 2 est fausse. Le corps L des nombres 

algébriques réels est réellement clos et par suite L E R . Cependant, puisque 

N d'après le théorème 1 est définissable dans M et M par la rnSme formule, 

un argument bien connu de la théorie des modèles montre que M • M . 

Pour terminer, nous considérons les corps des fonctions méromorphes en 

plusieurs variables. Pour un sous-corps K de Ç désignons par H , (t £ N), 

le sous-anneau de K[[Xj,...,Xt]] formé des séries formelles qui sont conver-

gentes dans tout l'espace C . Alors H est un anneau intègre, dont le corps 

des fractions M est le corps des fonctions méromorphes en t variables â 

coefficients dans K. 

Si K est pythagoricien une modification facile de la proposition î 

montre que K est définissable dans M par une formule qui ne dépend ni de 

K ni de t. De plus, la formule avec laquelle on définit N dans fL marche 

aussi dans le cas général. On en déduit 

Théorème 2. Pour tout t £ N et tout sous-corps pvthaaorigipn K de g 

l'ensemble N des nombres naturels est élémentalrement dgftnlHtmhle (sans 

paramètres) dans M par une formule qui ne depend, ni gg K ni de t. En 

particulier, H^ est indécidable. 
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ON THE COVARIANCE OF THE MOORE-PENROSE INVERSE OF A MATRIX 

Hans Schwerdtfeger, F.R.S.C. 

1. In view of the covariance of the inverse A'1 of a regular n n matrix 
A, namely (TAT-1)"1 = TA^T"' for al l regular (invertlble) matrices T the 
following question arises: Let A be a singular nxn matrix of rank r over 
the f ield C of the complex numbers and denote by A+ the Moore-Fenrose 
(M.P ) Inverse of A. For which regular nxn matrices T over S does hold 
the covariance condition 

(1) (TAT'')+ = T A+ T") ? 

Denote by Y^A) the class of these matrices T. It Is readily seen that for 

all singular matrices A this class Includes the group 'Q conalsting of the 

non-zero multiples of all nxn unitary matrices. In general the class ^(A) 

Is not a group. The polar representation of a regular matrix In the form 

T = UH where U Is unitary and H la poslelve definite hermltean (p.d.h.) 

leads to the following equivalent of the covariance condition: 

Theorem 1. The matrix T = DH is contained in ^(A) if and only if the 

p.d.h. matrix H* = T T commutes with the two hermltaan matrices A A and 

A+A, that is: HaAA+ and H z AJ'A are hermltean. 

The basic question Is hereby reduced to the problem: Determine all p.d.h. 

matrices H e '6(A). 

2. First let us assume that A Is a matrix of rank one. It can be repres-

ented in the form A » ab* where a and b are two non-zero column vectors 

and b, the row vector conjugate transpose to b. These are unique up to a 

non-zero complex factor y. If ab = cd. then c » ya and d = b ly. The 
M.P. Inverse of A la found to be A+ = ba*/(a*a<b*b) and If a and b 

denote the unit vectors of a and b (I.e. a °  |a|n etc.) then AA+= a a* 

and A+A =,b,,b* are two non-negative hermltean matrices of rank one. Since 

the matrix ca* Is hermltean If and only if c » ça, ç real. Theorem 1 

implies that H*a = X^a, Hab = ^ b . 

The class 4(A) is described by the following theorem: 

Theorem 2. Every p.d.h. matrix H e ̂ (A), A = ab ^ 0 , has a and b as 

elgen vectors with positive elgen values i , |i. If 

(1) a, b are orthogonal, b*a = 0, then A* = 0 and X , fi are arbitrary 

positive numbers and 
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(2) H = Xfi a* + *< b b* + Hn.i , H,.^ = 0 , H,,^ = 0 , 

where H ^ j is a non-negative henajtean matrix of rank n — 2; 

(il) a, b are not orthogonal: b*a i* 0. Then all Ota + pb (a, P complex) are 

elgen vectors of H with the same elgen value X . A complex number v can 

be found such that c = a + yh is orthogonal to a , I.e. c*a = 0 and 

(2') H = X(a a* + ç.c*) + Hn.j e Vi(A) , H ^ a = 0 . Hn,jC = 0 . 

(ill) a, b are linearly dependent; then 

(2") H = X a a * + H n. |, H ^ ^ = 0 . 

3. To simplify the discussion let us now consider the case of an n*n 

matrix A of rank 2 (n > 2). It can be represented In the form A = (. 

where a, b and c, d are two pairs of linearly Independent column vectors 

in Cn. If (a b)(c d)*= (S ÛKÊ-î)* then there Is a 2x 2 regular matrix S 

arly Independent column vect 

ere is a 2x2 regular matrix 

such that (a fî) = (a b)S"land (^,\ - s/^îV 

Lemma 1. The matrix S can always be chosen so that b a = 0 , d c 1 = 0 . 

In this case (â 6) (© (b may be called the orthogonal representation of A. 

The planes <a,b>, <c,d> will be called the characteristic planes of the 

matrix A. 

We Introduce the 2«2 matrix r(A) = P = ("j*0 j*^ ) . The elements of 

t. (A) are similarity Invariants of the matrix A: With an arbitrary regular 

matrix P one has r(PAP"') =r(A). 

Lemma 2. The matrix A = (a b)(c d)* qf_rank. 2_ Ig.jBtlBatflnt "f Index ^, 

I.e. A2 = 0 if and only If r(A) = 0, that is If the characteristic planes 

of A are totally orthogonal. 

We note that A is heraitean if and only if (c d) = (a b)S and S Is 

regular hermltean. 

The class KW of all matrices T satisfying the covariance condition 

(I) depends on the two matrices A A = a a* + b b* and A+A = c c* + d d*. 

Lemma 3. If X is a matrix of rank 2 with the characteristic planes <a,b>, 

<c,d> fhen T-(X) = t-(A). In particular if A = (a b)(ç d)*, thca ti(A) = «(A). 

These lemmata can all be generalized to nxn matrices A of rank r > 2. 
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It. A 2 X 2 matrix A la sa id t o be an elgen matrix of the n x n matrix H 
If there i s a pair of l i n e a r l y independent vectors a, b such that 

H(a b) " (a b)A . 

The plane <a,b> is then called the elgen plane of H with the elgen matrix 

A (cf.[l]). The matrix A is defined up to singularity: Let S be a regular 

2x2 matrix; A and S"1 A S are elgen matrices of H for the same elgen 

plane. 

If A = (a b)(c d)* Is a matrix of rank 2, then its characteristic plane 

<a,b> is an elgen plane of A with the elgen matrix r(A). 

Two linearly Independent elgen vectors of the matrix H generate an elgen 

plane of H; the corresponding elgen matrix Is diagonal. If the elgen matrix 

of a plane can be dlagonallzed a pair of elgen vectors can be determined 

which generates this plane. 

Lemma 4. If an nxn matrix H has A as an elgen matrix the conjugate 

transpose H* has the conjugate Â of A as elgen matrix. Thus Â' = A* 

o S^'AS la an elgen matrix of H* (cf.[i\). If H is hermltean tt follrr-

that with A also ~ and A* are elgen matrices of H . 

Lemma 5. If <a,b> Is an elgen plane of the matrix H pnd P la a reg' •" 

nx n matrix, then S = Pa, S = Pb generate an elgen plane of the matrix PHP" 

If b*a = 0 the elgen matrix A of the elgen plane <a,b> Is p.d.h. 

5. After these preliminaries the p.d.h. matrices H E <̂ (A) can be 

explicitly determined In the simplest case the result is analogous to (2) 

In Theorem 2 (1): 

Theorem 3. Let A = (a b)(c d)* be a matrix of rank 2 and A = 0 (cf. 

Lèmma 2). The every p.d.h. matrix H e,6(A) appears in the form 

(3) H = (a b)A (a b)* + (c d)M(c d)* + H,.,, 

where A , M are two p . d . h . e lgen matrices of H and H . . ^ i s a non-negat-
ive hermltean matrix such that 

HTl.i,(a b e d ) = 0 . 

This Theorem can readily be extended to the case of a matrix A of rank 

r > 2 (n ̂  2r) which is nilpotent of index 2. 

[I] P.R. Halmos, Elgen Vectors and Adjoints, Linear Algebra and its Appl. 

4 (1971) 11-15. 
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Errata 
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The table on p. 280 (C.R. Math. Rep. Acad. Sci. Canada, 

vol. IV, No. 5, Oct. 1982) contains some errors. These have 

been corrected and in the revised table below the corrected 

entries are distinguished. 
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FLAT MODULES AND NON-CCHWITATIVE LOCALIZATIONS 

Syed M. Fakhruddin* 

Presented by P. Ribenboim, F.R.S.C. 

If A Is a comnutatlve ring and M an A-module, then I t Is well-

known that H Is.A-flat exactly I f H0 Is A.-flat for every prime Ideal 
p p 

p of A , which In turn Is equivalent to M Is A_-flat for every 
m m * 

maximal Ideal ra of A. [BAC] 

Though there are many very useful notions of non-comnutatlve 

localizations available In the literature (see for example [S,] or [S-]) , 

unfortunately a result similar to the one mentioned above Is not found In 

the case when the ring Is not comnutatlve. 

In this note, we shall Introduce a special type of localization, 

similar to the one Introduced by Ribenboim [R] and show that this 

localization possesses the desired local-global principle for a class of 

f la t modules. 

Let A be an associative ring with Identity and M an A-module on 

both sides. Then Z(M) = {x | x e M: ax = xa for a e A} is called the 

center of M. It Is a module over the commutative subring Z{A) of A. 

M is called anA-blmodule I f M = AZ(M) = Z(M)A , that 1s H Is generated 

by Z(M) as an A-module. This notion 1s due to H. Artin [A]. These 

modules behave very rcuch like modules over a comnutatlve ring: for example 

I f H and N are A-blmodules then MSN and NAM are both 

HOS Subject Classification: 16A50, 16A63 

Key WOrds: flat modules, localizations, tensor product. Inductive limit 

* Work done at Tulane University, New Orleans, while on sabbatical leave 
from University of Petroleun and Minerals with full financial support. 
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A-biroodules and they are canonical ly Isomorphic. (AU tensor products 

shall be over A). For a detailed discussion the reader is referred to [A] 

or [R]. 

Let * : A + B be a horaomorphism of rings, * is called an 

extension I f 8 Is a A-blmodule under 4. 

An analysis of the proof of the local-global principle in the 

comnutatlve case reveals that the following more general result Is true. 

1 . Proposition; Let A be a ring, H an A-bimodule and {^, : A * A, 

i c i ) be a family of extensions of A such that S A. is right 

faithfully f lat , then M Is right f lat i f and only M 9 A1 is a right 

f lat A .-module for every l e i . 

Proof: Necessity follows easily from Corollary 2 of Proposition 8, page 34 

of [BAC]. For sufficiency, first we remark that M 8 A, , is a A-flat 

right module (Corollary 3, page 35.Ibid). Now let 0 • N • P be a 

monomorphism of left A-modules. Then (H 9 AJ 9 N > (H 9 A^ 9 P Is 

a monomorphism for each 1. However the A-bimodul es M 8 A, and A, 9 M 

are isomorphic (see remarks above). Hence (A, 9 H) 9 N > (Â  9 M) 9 P 

is a family of monomorphisms. By forming the direct sun over I and using 

the associativity of the tensor product one concludes that H 8 N * H 9 P 

is a monomorphism, showing that H Is a right f lat A-module. 

Now the right module 8 A, Is faithfully f lat i f and only I f S A1 

is f lat and for every maximal left ideal ra of A , we have 

(8 Af )m 2 8 (A^) * 9 A, (page 44, Prop. 1 . [BAC]). Hence In order to 

establish the desired non-comnutative local-global principle for f lat 

modules, we must show that there exists a family of extensions (A^) of 

A , which are right flat modules and which "distinguish" the family of 

maximal left ideals of A. 
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However the foliowing more general result is true. 

Z. Theorem; Given a ring A and I a left ideal of A , there exists a 

ring A. and an extension o. : A * A. with the fol lowing properties: 

( i ) o. is an epimorphism of rings. 

(11) A. is a right flat A-module. 

( I l l ) Ajl * Aj. 

and (iv) i f p : A * B is another extension with the above three 

properties then there exists a unique extension (up to isomorphism) 

Y : B * A. such that y • p = a. . 

Proof: Let-W = {(A,,a..)) be the family of pairs, where a. : A > A. is 

an extension with the three properties mentioned above, tt is non empty 

since (A,id) belongs to-C^. Ry [P-S: thérème 2.7] corresponding to each 

such pair, there is a Gabriel topology G . of left ideals on A such 

that A, = Ar as rings, where A. is the ring of left quotients with i i^ b1 

respect to G.. 

define (A, , • , ) s (A,,$.) i f there is a ring isomorphism 

*ii : A1 * A i such that • n 0 *i ^ •!• T,len ^ 5 =1 Kt̂  i s a s e t » 
since each element [A. , * , ] of K t ] corresponds to a unique le f t Gabriel 

topology over A and this correspondence is injective. 

Define [A , , * . ] < [A,,»,] i f there exists an extension 

"i 1 : A1 * Ai s u c h t h a t "ii ° *i = • i ' 1 ' , 1 s 1s a we11 tefïMà partial 

order on [tt] (page 237, 238 of [R]). Mareover, since ^ ' s are 

eplmorphlsns a,, , i f I t exists, is unique and is an epimorphism. 

ilOtit <) <s a directed set. Given [A, , * . ] and [ A , , * . ] . 

Consider A. 8 A. and the map 6 : A > A. 6 A. given by 6 = j , » «̂  = 

•l Ji 
J< • • , : A > A, > A, 8 A,. Then 6 is an extension. A, 8 A. is 
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a right f lat A-module and S is an epimorphism of rings (page 23R [R]). 

We claim [A, SA, , ôl belongs to &£]. It remains to verify the 

third condition only. 

By the flatness of A, and A. i t suffices to prove the following 

Lemma: L̂ et A be a ring I a left ideal of A , and B and B' two 

extensions of A such that they are right f la t ; we suppose B 8 A/I * (0) 

and B' 8 B 8 A/I =• (0) then B" 8 A/I = (0) . 

Proof: The left B-module BOA/ I Is cyclic generated by 1 8 T (1 is 

the identity of B , T is the image of the identity of A). Hence 

1 8 T * 0. However for every b' e B' , we have b' 8 (1 8 T) = 0. Then 

(Lemma 10, page 41 [BAC]) there exist a f inite family of elements «i e A 

and bl c B' such that Eb' aj = b' and a,(l 8 T) = 0 for every j . 

Therefore a1 e I and consequently b" c B'I which means B' 8 A/I = (0). 

Now let us consider the inductive family {«-^ , , YrA i -jr̂  ^ i ) 

of rings indexed by Dti] where *rA x i i s t h e r 1 n9 ^ of [A^,^] 

and i f [A , . * , ] < [ A j . ^ l then Y ^ , ^ 3 . ^ , ^ ] 1s the (unique) 

extension y., : A1 > Aj. By the uniqueness of y's we have for 

[ A ^ ] < CAj.tj] < C V * k ] • 

^ A , , * , ] ^ . ^ ] 0 Y [A1 .» i ] [A j ,» j ] » Y[Aj,#j]CAk,«k] 

Let A. » lira ®,, , and a. : A > A. be 11m ^ : A > Â  = 

*r« x T Then "i is a n extension. 
LÂ  ,9^1 1 

Clearly (Aj.o.) has properties (1) and (11) of the theorem. To 

show that A. has property (ill). It is enought to show 

A, 8 A/I H (11m A,) 8 A/I - lim {A1 8 A/I) is not zero. Since each 
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Â  8 A/ I is a non zero cyclic l e f t Â  module with generator Y and the 

morphisns send generator into generator, one concludes that A. 8 A/ I is 

a non zero cycl ic l e f t A.-module with generator T (which Is the Image 

of the generators). Hence A. 8 A / I is not equal to zero. 

Now l e t p : A > B is another extension with properties (1) to 

( i l l ) mentioned In the theorem. Then [B,p] etc. Hence we have a 

canonical extension y : B > A, such that y « p = a . and since p 

i s an epimorphism y Is unique up to isomorphism. 

Let us cal l (A . . a . ) the l e f t local ization of A at the l e f t Ideal 

I of A. 

Now we have the following 

3. Theorem. Let A be a ring H an A-bimodul e then the following are 

equivalent. 

(a) H is r ight A - f l a t . 

(b) M 8 A^ is r ight A - f l a t for every l e f t maximal Ideal m of A. 
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ON THE CONNECTION OF DIFFEREMTIAL 

OPERATORS VIA SCATTERING INPUT 

Robert Carroll 

Presented by F.V. Atkinson, F.R.S.C. 

Abstract. For certain Fourier type operators P a transform calculus Is 

developed on the full line and used to derive a generalized Harcenko equa-
A A 

tlon connecting P and more general Q, 

1. Basic ingredients. We consider Fourier type operators following ( 8; 

10] to be of the form Pu <• u - q(x)u where q is real, even, positive, and 

continuous with qexp2Hx S L (O,"). The hypotheses are stronger than necess-

ary for our purposes but provide a good model. Let Qu = (Au1)'/A. + Q(x)u 
A A 

for suitable A and Q(x) as in [ 1 ] . Q is considered only on [ O,") and may 

either be modeled on a radial Laplace-Beltraml operator or be of a type often 
A 2 

encountered in applications as in [ 1;5). For the equation (*) Qu = -X u one 

defines spherical functions as solutions of (*) satisfying vv(0) « i and 

DXV^(0) = 0 and Jost solutions *^(x) satisfying *+x (x) ^ A"^(x)e" x as x 

•• ". One has |(>J = ^-(X)*^ + c0(-X)*° )i. Under "normal" hypotheses (cf. (1)) 

"A* ^ n ^ - * ) 1 a n d l/c0(-^) are analytic for ImX > 0 and f? Is entire in A. 

For (t) Pu = -Xu (cf. I8;10;lll) in addition to spherical functions and 
P P P 

Jost solutions ̂  and ̂ ^ as above we define X, (x) as the solution of (Î ) 
P P P 

satisfying Xx(0) " 0 and 0X^(0) = -1. For real X as x -» » one has f^M * 

M1(X)e~:1Ax + M1(-X)e:1Ax and x[(x) -v M(X)e"1Xx + M(-X)e1Ax where M and M1 are 

analytic for ImX > -H (except for a simple pole at X = 0) and neither van-

ishes for ImX > -i. The function p (X ) = 1/41XKM. Is analytic for ImX > -6 

and one defines A(X) - -{m~ + M"M1}/2MM1 for real X (M- = M(-)i) = K(\) for 

X real). We can write *^(x) = 2iX(W*(x) - HfoM) and one defines ï^(x) = 

87 
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21X{lvJ(x) + M x^(x)) which are defined for all x with *A(-x) • ̂ (x) (also 

note that *P
x(x) - pl^(x) + A*^(x)). The functions *x and 2^ play a natural 

role In the full line scattering theory for P (cf. [6;7;9]) and in fact as 

x -•• », pïj(x) -v e"iXx - A(X)e1Xx, so that -A is a classical reflection coef-

ficient. One can show also directly that M^X) = ^(-X) and F(X) = 21XM(X) 

where F Is a classical Jost function arising from x^ " {P,,_ - F *+}/2iX. 
p 

The spectral measure for the elgenfunctlon expansion relative to v^ (resp. 

xf) is dv - dX^BJCpl2 (resp. do - dX/2ir|M|2). We remark also that 2Re *£ 

= 2tI0p(XVP where ^ = *x/cp(-X) (dv = vpdX) and *£ - 21X{ (M/MjV^ - X^) 

with I» "^ = -2Xxf - UXAM/M^* (the decomposition of *^ Into real and Im-

aginary parts was stated Incorrectly in some Illustrative material In [ 1], 

pp. 325-329 and [51, pp. 54-57 - the appropriate modifications are obvious). 

A A A A 

2. Results. We recall that B: P -• Q Is a transmutation if BP = QB acting 

on suitable objects. There are various transmutations discussed In [1] char-

acterized by their action on eigenfunctions. We assume Q has absolutely 

continuous spectrum and B: v^ •*• ipjj and B = (B- ) '• V^ * I ^ ^ Q I *X C a n b e 

represented in terms of spectral kernels B(y.x) = <*x W.v>x(y) >v and B(y,x) 

- <*'r(x),*?(y)> (du " dX/2it|c | 2 ) . Using a variation on methods developed 

in (3) we prove an inversion of Kontorovlc-Lebedev type, namely, for suit-

able f and n^ - A ̂ , if f (X) = /" f (x)nj(x)dx then 

(1) f(x) = (l/2it) j f(X)*^(x)dX 

Using this formula and associated technique we also give a new proof of the 

fact that B*? = •? for P and Q of Q type above (cf. [ U ) . Next we define a 

transmutation B: P * Q: *P -» *^ with spectral kernel B(y,x) = <*J(x),*x(y) >x/ 

2-ir (note B and e.g. B transmute on different objects in general). 

Now the idea of the Harcenko (M) equation Is to relate B and B via B. 
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When P o D we gave a development of this in | 1;4] based on I 7) by system-

atic use of the full Fourier transform on (-">,"). In the present situation 

for Fourier type P we can establish analogous machinery (and our result re-

A 2 
duces to the situation of ( 1;4) when P = D ). First following ( 8;10) one 

» p 
can prove that for suitable f, *(f) = £_ f(x)*j(x)dx can be Inverted in the 

« P 
form f(x) " (l/2it) /^(OpU)!'(x)dX (note our confirmation of this sort of 

inversion in [ 1], Chap. 2, Remark 10.12 and at the end of ( 2 1 was badly 

phrased and we have now a correct version). One can define then a kind of 

generalized translation 

(2) C*f(x) = (l/2ii) f (f)*x(y)Ex(x)p(X)dX 

— 00 

and a generalized convolution (g * f)(x) = (f * g)(x) - <g(y),t^f(x)> = 

(l/2ii) /'I"<l>(f)*(g)rf(x)p(X)dX so that *(f * g) = *(f)*(g) e t c . I t i s then 
— CE» X 

possible to express the result w T " v? in the form 

Theorem 1. B(y,x) = {B(y,-) * H) (x) where *(H) = M1/c(.(-X) and we can 

write then B = B3f where ker3f= (l/2ir) /j*>(H)Zx (y)<t>x(t)p(X)dX . 

Taking now the generalized Gelfand-Levitan equation of [ 1;4) In the 

form B = BW where kerW = W(x,y) - < v», («^(y) ,v /û>x (Cp = v, du = udX) one 

selects an operator S with kerlf = îf(x,s) - (1/2TI) /"( M1/c~)'l'xs)rx(x)pdX so 

that the operator M equation B3f = B(3(W0 has a "nice" form. In particular 

with this choice of 3f, L(y,x) = ker(KI0 = 0 for x > y and one obtains after 

considerable calculation a generalized M equation for kernels 

_ A 

Theorem 2. Let s = co/co b e the "scattering" Input from the 0 opera-

tor and set S(t.x) - (l/27i) /^(t)*!^(x) (l+p/p~) (sQp/2)dX with T(t,x) = 

(l/2i.) /"p*P(t)^(x){l - (l+p/p")(p/2))dX - (1/4ïï) /^p1'x(t)1>x(x)(l+p/p")AdX. 
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(3) B(y,x) = B(y,t){T(t,x) - S(t,x)ldt 
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THE MASLOV CUSS OF A LAGRANGIAN IMMERSION IN AN ALMOST KAHLER HANIFOl.n 

Guido Dedene 

Presented by P.C. Greiner, F.R.S.C. 

Abstract. Tho Maslov class of a Lagrangian Imaersion in an almost Kahler 

manifold is shown to be represented by the symplectic dual of the mean 

curvature field of the immersion. 

Let (H ,J,E,U)) be an almost Kahler manifold, i.e. J is an almost 

complex structure on M with g a compatible Hermitian metric {g(JX,jy) 

= g(X,Y)), and the two-form 

u(X,Y) = g(X,jy) 

2n 
a symplectic structure on H . 

An immersion f : N M of an n-dimensional manifold Nn in M is 

Lagrangian iff 

fJ!lD >• 0. 

The second fundamental form of f is a section of T N 9 (T"N x T!!N) de-

fined by 

Çf(X,Y) - 7XY - VXY 

where V, resp. V, is the Levl-Ccvita connection of g, resp. f"g (whereby 

we identified Nn with its image f(Nn) in M 2 n ) . The normal vector field 

H£ » Tr e£ 

is the mean curvature field of f. f is minimal iff H, is identically 
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tero. 
As each tangent space to M2n is a symplectic vector space, a bundle 

rCM2") with fibre t (M2n) " the Ugrangian Grassmannion of 

(T x M^.u ) over x G M20,may be constructed. The Lagrangian Grassmann 

bundle tit) of the immersion f is the bundle 

X(f) - f«Ji:(M2n). 

Proposition 1. X(f) is a trivial fibre bundle over Nn, with fibre 

O(n)/0(n). 

Proof. A result of Amol'd [AR] shows that the fibres of X(f) are 

homogeneous spaces, isomorphic with U(n)/0(n). The result follows from 

the fact that X(f) admits a canonical global section 

o£ : N" •i(f) : 7 > ••TyHn-

As a consequence of this proposition, a construction due to J.M. Mor-

van for M2n - E 2 n [MOJ can be generalized. 

Using the two-to-one map 

and 

. 

the 

* : U(n)/0(n) 

fibre projection 

p : JCU) — 

^ S 1 :X . • 

-*U(n)/0(n) 

a cocycle m* in JCjO^.Z) is defined by assigning to 

Y = S
1 . • Nn the degree of the 

s > _ l ^ N n — £ ( f ) 

composition 

2 — • U(u)/0(n) 

det2X 

each loop 

• S 
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This cocycle is represented by the one-form 

(whereby of » p • o£, and a - •"(•jfJT—) ) • 

The eohomology class m£ » [B£] in Jr (Nn,Z) is the Maslov class of the 

Lagrangian immersion f [GST]. The integer m£(Y) , 

nf(T) - f B£ 
JY 

•is the Maslov index of a curve f i" " • 

Proposition 2. Let i : Nn • M be a Lagrangian immersion of a mani-

fold N" in an almost Kahler manifold (H D,J,g,u)), and let Hf be the mean 

curvature field of f, then 

»£ - ^ H£ J u,] 

Proof. The proof is done is several steps. Observe firstly the isomor-

phism 

0£«T(U(n)/0(n)) ̂  Ts!Nn ® T V - (T:!Nn ® T Nn) n f"Symp(M2n,u.) 

Hereby, is Symp(H2u,iii) a subbundle of T"M n ® TK n, whose fibre over 

x 6 M^u consists of the vector space of the symplectic Lie algebra of 

(T x H 2 " , ^ ) . In other words, Ly € TyNn ® T V iff 

Ujr(LyX.Y) • uy(X,LyY) = 0 (X,Y € TyNn) 

The isomorphism is constructed with respect to an orthonormal base 

(e,,...,en) for T Nn, with dual base (el....,en) for TyNn (y G N n ) , 

by 
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6' ® e. -eJ eJ ® Je. 

l(ê  ® ck - ek ® e.) — • ê  © Jê  - e ® Jê  

Prom [KH] and the fact that ID is closed, the tangent map TS£ in the 

diagram 

To, 
• * T ^ H " ® r ' N " TN" • vtr < 

1 . 1 
» 0£(Nn) 

is identified with the second fundamental form : 

To£(X) - Ç£3t : TNn • ^ : Y^-* Çf(X,Y). 

Observe now that J is a section of T Hn ® TTN". Consequently, for all 

y e Hn, the dual J* is a one-form on T«Nn ® T V B AU(u)/AO(u). 

As in [MO], a direct calculation shows that 

[iô£«J#) -[B£]. 

Choosing at a point y 6 Nn the bases as above, with (Je^) a base for 

T1Nn, And (-ekJ) the corresponding base for TyHn, we write 

j - f 9k ® Jek ; jj - - f ek ® ekJ 
y k-1 ' k-I 

and 

*fX k,l-l 

The proposition is then obtained from 

l . ' V 1 ® ' , ek' 
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Ô||/(X) - Ç£X J J# - J i 4 - J ) gy(e£(X,ek),Jek) 

Corollary 3. The Maslov class of a minimal Lagrangian immersion in an 

almost Kahler manifold is zero. 

As examples, one easily can construct non-minimal Lagrangian surfaces 

In Thurstons example [TH] of a non-Kahlerian almost Kahler manifold. 
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ON THE CATENARIAN PROPERTY OF THE POLYNOMIAL RINGS 

OVER A PROPER DOMAIN 

Alain BOUVIER - Marco FOWTANA 

Presented by P. Ribenboim, F.R.S.C. 

Summary. He sketch herein the proof of the following theorem: If 
R is a locally finite dimensional Prufer domain then BjI^.Tj,....Trl 
is catenarian, for every r > 1. 

A aatenarian ring R Is a ring such that, for every pair p c ij of 

prime ideals of R, the length of every saturated chain of prime ideals 

of R between p and q is finite and constant. "Bie starting point of our 

work Is the following question posed by P. Ribenboim : Is vlT^Tj,. .,Trl 

catenarian , when V is a finite dimensional valuation ring? If r=l, it is 

well-known that the answer is affirmative (cf. (1 1, |2l , |3l ) . The next step 

to several indeterminates Is fairly delicate and the aim of this report 

is to give an account of the techniques we use to show the theorem stated 

in the Summary. Details of the proofs may appear elsewhere. 

LEMMA 1. Let A and B be two integral domains, P a prime ideal of A. 

Suppose that : (i) there exists a multiplicative set S of B such that 

S^B a A/P ; (il) the canonical projection u: A » A/P induces a sur-

lective map from the group of the units of A onto that of A/P. Let v: 

BC , c "S11' S B be the canonical embedding. In this situation, we 

consider the following pull-back of canonical homomocphisms: 



98 A. Bouvier and M. Fontana 

R • 1" •* n 

H» A/P 

and we suppose,moreover, that the following ("glueing") condition holds: 

(Y) Let !L be a prime ideal of B and £, a prime ideal of A such 

that v'^tQ,) c u ' " 1 ^ ) , then there exists a prime Ideal 

Q o f C such that v'" 1!^) C (u.v')" (0.) c u'~ t^) • 

In this situation, A and B are catenarian rings If, and only if, R is a 

catenarian ring. 

We notice that, using Lemma 1, we can show easily, for instance, that 

E + (T ,T ,...,T )8lT ,T , ...,T 1 is a catenarian (non Noetherian) inte-

grally closed domain of dimension r+1. 

DEFINITION 2. Let R be an integral domain. Let Q. be a prime Ideal of 

the polynomial ring H ( T ,T2,... , T r ] . For every permutation a of the set 

( 1,2,..., r) , we consider : 

,fa(*)) =a^lT0(1),T0(2) To( k )), l < k < r , 

and we define : 

R d o a = # { 0 < k < r - l = , ' ^ " ^ , « " k » ( T o ( I c f l ) n 

where q ( 0 ( 0 > > = 2 n R. we indicate simply ^ 4, or <5 a, when, having fixed 

the coefficient ring, o is the identical permutation. 

LEMMA 3. Let V be a finite dimensional valuation domain and 0. a prime 

Ideal of the polynomial ring vlT^T,,.. .,^.1 . 

(a) For every pair of permutations o, T of the set {1,2,. ..,r), 

d 0 = ^ 0 V . o ^ V,T * 

(b) Let 0 < s < t < r, then; 

' W T ^ , ' . . . ^ / ' + h t ( ' ( S , ' = ' V ^ T / . . , ^ ] ^ + h t ( , l , t , > -
(c) Let h = J5 Î , then there exists a permutation o of the set 

( l , 2 , . . . , r ) such that : 

( 0 i f o < 1 < r-h 

d q ' 0 » 1 - 1 " * ! , i f r - h + K 1 < r . 
v,o1 
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Using the previous 
theorem. 

Lemma, we are able to prove the fo l lowing key 

THEOREM 4 . Let IV,m) be a f i n i t e dimensional va luat ion domain. Take 
Qj C Qj two prime Ideals o f the polynomial rincf V[T .T T 1. Suppose 

that Q^n V = m and (^ n v = ( 0 ) . Then, there e x i s t a prime i d e a l 0 o f 

V[T 1 ,T a , . . . , T r ] and a p e r m u t a t i o n o of the s e t { l , 2 , . . . , r ) such tha t : 

(a) Qi c ftj C Qj, with (i3 n v = m ; 

v , o 
( 0 ( 1 ) ) . 

^3 V.'o « i 0 ' 1 * ' ' for every 1 < 1 < r . 

COROLLARY 5. Let R be a PrOfer domain such that every maximal ideal 

of R has finite height. Then the polynomial ring R(T.,T ,...,T ] Is ca-

tenarlan, for every r > 1. 

Proof. (Sketch). By reduction to the local case, we can suppose that 

R = Vis a valuation ring with dlm(V) = d < ~. From Theorem 4, we deduce 

easily that the statement holds when d = 1. Thus we suppose d > 2 and we 

induce. The main point Is to show that, if p Is a non-zero non-maximal 

prime ideal of the valuation domain V, then the following pull-back of 

canonical ring honcraorphisms: 

V|T ,T ,...,T ] -•(V/pHTj^T, Tr j 

VT1'T
2 TJ- -» ' V p / p y n v ^ Tri 

satisfies the glueing condition (y) . This is proven inductively on r. 

The conclusion then follows immediately from Lemma 1. 

REMftRK (March, 1983) . In preparing a typed draft of the manuscript 

we learned that a statement analogous to Corollary 5 has been proven 

indipendently by S. Malik and J.L. Mott, In the preprint "strong S-

domains". We thank J. Mott for having supplied us this paper. 
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