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ON THE WIGNER QUASI-PROBABILITY DISTRIBUTION FUNCTION II 

Walter Schempp 

Presented by P.C. Greiner, F.R.S.C. 

As is well known, to fully understand any mathematical 
system we must understand the transformations of the system 
and especially those transformations of the given system that 
leave some particular aspects of the system invariant. In 
the preceding papers [2] , [3] , [4] , [5] we have been concerned 
with the transformation behaviour of the radar autoambiguity 
function H(f;.,.) with respect to the complex envelope fe^(Rn) 
of L'-norm HfO = 1. Moreover, the first part [6] of this series 
of papers has been concerned with the transformation behaviour 
of the Wigner quasi-probability distribution function P(f;.,.) 
with respect to the state f of a non-relatlvistic quantum 
mechanical system of n degrees of freedom. In particular, 
if v^^i^ denotes the (projective) oscillator representation 
of the real symplectic group Sp(n,R), we pointed out that 
the identity 

H(f;x,y) = H(f';x',y') 

holds for a function fcS^R") of L2-norm Ijf'lj = 1 and for 

all pairs (x,y)eRn<SRn and suitable pairs (x'^y1 ) G RnfflRn if 

and only if there exists a unique symplectic automorphism 

a-cSp(n,R) of the time-frequency space RnfflRn and a number 

£ of the unit circle U = U(1,C) such that 

<r{x> ̂  ) = (x.y), î;To(f) = f ' 

holds. Similarly, we have 

P(f;x,y) = P(f>;x,,y') 
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for all (x,y)eRnffiRn and suitable pairs (x',y' ) € Rn®Rn if 

and only if there exists a unique symplectic automorphism 

9'eSp(n,R) of the phase space R ®R such that the identities 

<r(x',y') = (x,y), CTv(f) = f 

hold where <reSp(n,R) denotes the contragredient automorphism 

of v and Ç e U. 

It is the purpose of the present paper to deal with the 

case where both functions H(f;.,.) and P(f;.,.) admit the 

same transformation behaviour. Thus we are concerned with 

the condition 

<r = <T , 

i.e., with the case that 9 belongs to the group 

S0(2n,R) D Sp(n,R). 

It should be observed that this group forms a maximal compact 

subgroup of Sp(n,R)C SL(2n,R) that is Lie isomorphic with 

the unitary group U(n,C). 

Let K denote the maximal torus in S0(2n,R)nSp(n,R) formed 

by the elements 

cos 0, 

0 

-sin Oj 

0 

0 

cos 9n 

0 

-sin 0 n 

sin 

0 

cos 

0 

91 

ei 

0 

sin0n 
0 

cos en 

where (©.,...,0)e Rn. In the case n = 1 we have Sp(l,R) = 
SL(2,R) and, of course, K = 30(2,R). 
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1. K-Invariant Wigner Quasi-Probability Distribution Functions 

Keeping to the notations above, our first result reads 
as follows: 

Theorem 1. Let f c ^ ( R " ) have standardized L'-norm |jf j] = 

1 and let the associated Wigner quasi-probability distribution 
function satisfy 

P(f;x,y) = P(f;-y,x) 

f o r a l l p a i r s (x ,y )eR n f f iR n . Then the i d e n t i t i e s 

P ( f ; x , y ) = P ( f i ( r ( x , y ) ) 

and 

H ( f ; x , y ) = H(f;<T(x,y)) 

hold for all a c K and all (x,y) eRn®Rn. Moreover, there exists 

a multi-index m = (m1 m n ) c N n and a number Ç e U such that 

f = ïw
m 

* m 
holds where 

m m. " ^ m l n 
denotes the Hermite-Weber function of degree m on Rn. 

The proof depends upon the structural properties of Sp(n,R). 
Obviously it will be enough to consider the case n = 1. For 
the radar autoambiguity function H(f;.,.) in this case, also 
see Wilcox [8] and the paper [l] , 

2. The First Step 

Let O e R be such that cos 9 = 0 i.e., we consider the element 

-III] 
of K. Let M, denote the three-dimensional real Heisenberg Lie 
algebra with one-dimensional center ̂  and fix a canonical 

symplectic basis {X,Y} of */^ . Choose as the reference polarl-
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zatlon 

X = X.R ffi v 

in iu. Then we obtain by the formula 
T«r =n,a(l)0T!(< r ) 

displayed in [4] and [6] for the transformation Tff associated 
with o- under the oscillator representation of Sp(n,R): 

Tx = ̂ R 
on jf(R). Since the Fourier cotransform^ admits the Hermite-
Weber functions (W )rni0 as its eigenfunctions with eigenvalues 
(i)1", the condition f = 3£ W for certain degrees m e N becomes 
obvious. 

3. The Second Step 

Suppose that cos G + 0. Then the elements 

[ cos 9 sin 9] 
-sin © cos 9j 

on 

r 1 0 1 F c o s e 0 1 f 1 t a n G 1 

L - t a n 0 l J L 0 c o s - 1 9 J Lo 1 J 

: SL(2,R). In 

[1 tan 9-1 

0 1 J 

of K admit the factorization 

-tan 

within the group Sp(l,R) = SL(2,R). In the case 

" G 

we obtain by the same formula as used in Section 2 

T , F : t — e , l i < t a n e ) t 2 F ( t ) 

f o r any f u n c t i o n F e ^ ( R ) . S i m i l a r l y , i n c a s e of t h e t r a n s f o r m a -
t i o n 

- cos 9 0 rCOS 9 0 1 

L 0 c o s - 1 OJ 

a s h o r t c o m p u t a t i o n shows 
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T F: t *— (VIcos 0| ) 1 F((cos 9) 1 t ) . 
"9 

Finally, in the case 

L-tan 9 iJ " G 

we obtain analogously 

^ ( T ^ , , F): t ~ * ? e e ' ^ t a n 0) t ' ^ F ( t ) 

where the number {g e U can be expressed explicitly in terras 
of the Maslov index. From this formula, the transformation 
T ,, can easily be recovered. 
* 9 
In view of these facts and the well-known transformation 

rules of the Hermite-Weber functions the following result 
can be established. It completes the proof of Theorem 1 supra. 

Theorem 2. There exists for all 9eR and all mcH ajnumber 
T- e U such that the identity 
WQ ,m • ' 

holds. 

9 "9 a 9 "' 9,m m 

The number Je m can be computed explicitly. Theorem 2 generali-

zes a result of Wallach [?]. 

4. Positivity of P(f;.,.) 

Theorem 1 supra implies immediately (cf. |6|) 

Theorem 3. Suppose f e ̂ (Rn) with ||f H = 1 and 

P(f;x,y) = P(f;-y,x) = 0 

for all (x,y)cRr^Rn. Then we have 
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f = ?W(0 0)' 

i.e., the function f is up to a factor jjeU the n-variate Gaussian 

density. 
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A NOTE ON EFFICIENT GENERATION OF IDEALS 

Budh S. Nashier 

Presented by P. Ribemboim, F.R.S.C. 

We are dealing with rings which are commutative Noetherian with identity. 

We also assume that the rings under consideration have finite Krull dimension. 

If M is a finitely generated module over a ring R, we let u(M) denote the 

least number of elements in M that can generate M as an R-raodule. For an 
2 2 

ideal I in a ring R, it is a well-known fact that ii(I/I ) s ii(I) s y(I/I )+l. 

In [4] we studied a few classes of regular polynomial rings in which for cer-

tain ideals the lower bound in the above inequality is attained. One of the 

theorems we had proved therein says the following: 

THEOREM 1. (C4], Theorem 2.9). Let A be a d-dimensional regular local algebra 

with a separating ground field. Assume that the residue field of A is infinite. 

Let R = ACT1,...,T ] be a polynomial ring. Then 

(1) If I is an ideal in R such that ht(I) > min{d,n+2} and y (I/I ) adiiii(I)*2, 

then p(I) = y(I/I2). 

(2) If I is a prine ideal in R such that ht (I) > minCdji+l) and 

U(I/I2) a dim(I)*2, thenti(I) = P d / I 2 ) . 

We recall that if A is a local ring then we say that A is a local algebra 

with a ground field if A is a localization of an affine k-algebra for some field 

k. In this context k will be called a ground field for A. A local algebra 

with a ground field may possess several ground fields. If A is a local algebra 

with a ground field K such that the residue field of A is a finite separable 
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extension of K, then we say that A is a local algebra with a separating ground 

field K. 

The purpose of this note is to remove the restriction on the ground field 

in Theorem 1. To be precise we prove 

THEOREM 1'. Theorem 1 is true when A is a d-dimensional regular local algebra 

with any ground field. 

We shall reduce the case of an arbitrary ground field to that of a separ-

ating ground field. For this we need a few results, some of them are well-knowr 

Let us first recall that if (A',nr) and (A,m) are local rings, then A' c A is 

called a local extension if m' c m. 

LEMMA 2. Let A^ «̂  A be a flat local extension. Then if A is regular so is A'. 

PROOF. See [3, Theorem SI, page 1SS]. 

LEMMA 3, Let R' e R be rings such that R' is regular. Suppose that R is 

faithfully flat over R'. Then for any ideal J in R'^ ht(J) o ht(JR). 

PROOF. We may as well assume that J is a prime ideal in R'. Since R' is 

regular it follows that ht(J) = gTade(J). Now R is faithfully flat over R' and 

so we get that JR > R and that grade(J) s grade(JR). Also we know that 

grade(JR) s ht(JR). Hence ht(J) s ht(JR). To prove the reverse inequality, 

we observe that the "going-down theorem" holds for a flat extension 

[3, Theorem 4, page 333. This is equivalent to saying that if p is any minimal 

prime over JR in R then p n R' = J, Now we can leave it to the reader to 

easily conclude that ht(J) » ht(JR). 

The next couple of facts are concerned with some properties of maximal 

ideals in polynomial rings. 
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LEMMA 4. Let R °  ACT3 be a polynomial ring over a ring A. Let M be a maximal 

ideal in R. Then M n A is a maximal ideal in A if and only if M contains a 

monic polynomial. 

PROOF. Let H n A = p. Suppose M contains a monic polynomial. Then it follows 

that A/p =* R/M is an integral extension and hence A/p is a field as R/M is so. 

Conversely, if p is a maximal ideal then M/pR is a non-zero ideal in the 

PID (A/p)[T3. Now it is obvious that M contains a monic polynomial. 

PROPOSITION 5. Let A be a regular local ring of dimension d^ Let 

R = A[T1,...,Tn3 be a polynomial ring. Then any maximal ideal in R has height 

d+n or d*n-l. 

PROOF. We shall use induction on n. Suppose n=l so that R = A[T3. Let M be 

a maximal ideal in R and let M n A = p. Then M is a maximal ideal in ACT], 

where fl = M/pR and Â = A/p. As fl n S = (0), by a theorem of Artin and Tate [13, 

dim(A) s 1. This implies that either p is the maximal ideal of A or p is a 

prime ideal in A of height d-1 (dim(S)+ht(p) = diffl(A) as A is regular local), 

and accordingly ht(M) = d+1 or d. 

Now suppose that n a 2 and M is a maximal ideal in R = ACT.,...,T 3. By 

a lemma of Davis and Geramita [2, Lemma 23, we may assume that M contains a 

polynomial monic in Tn with coefficients in Rj = ACT,,...,! ,3. Therefore 

M n Rj is a mnximnl ideal in Rj, by Lemma 4. By induction hypothesis M n R, 

has height d+n-1 or d+n-2. Hence M has height d+n or d+n-1 as desired. 
Q.E.O. 

Combining the above results we get 

PROPOSITION 6. Let A', A be d-dimensional regular local rings such that 

A' c A is a flat local extension. Let R' = A'CT^,.. ,Tn3_and R = ACT,,... ,T 3 
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be polynomial rings. Then for any ideal J in R', ht(J) °  ht(JR) and dira(J) » 

dira(JR). 

PROOF. The first assertion follows from Lennna 3, as R is faithfully flat over 

R' (see C33). If J is contained in a maximal ideal of height d+n in R', then 

JR would be contained in a maximal ideal of height d+n in R. Since R' and R 

are catenary rings (even regular) and ht(J) = ht(JR), we conclude that dim(J) = 

dim(JR). Suppose J is not contained in any maximal ideal of height d+n in R'. 

We claim that JR is not contained in any maximal ideal of height d+n in R. 

Let m' and m denote the maximal ideals of A' and A respectively. Then a max-

imal ideal in R' (resp. in R) has height d+n if and only if it contains m'R1 

(resp. mR). From the supposition it then follows that J and m'R' are co-maximal 

and hence JR and mR co-maximal. Therefore JR is not contained In any maximal 

ideal of height d+n in R and the claim is proved. We now observe that 

ht(J)+dim(J) = d+n-1 = ht(JR)+dim(JR) as the rings are catenary. Hence 

dim(J) = dim(JR). Q.E.D. 

We now turn to the proof of Theorem 1'. 

PROOF OF THEOREM 1'. Let A be a d-dimensional regular local algebra with a 

ground field k. We can present A as A = C , where C = kCX,,...,X 3/(f,,...,f ) 

and p is a regular prime ideal in C. Let I be an ideal in R = ACT,,...,T 3. 

Suppose that I is generated by g,,...,g . Let k be the prime field of k. 

Then we can find a finitely generated field extension L (contained in k) of k 

such that L contains all the coefficients of the f.'s and that L contains all 

the elements of k needed to describe the g.'s. Now define 

B = LCX1,...,Xn3/(f1,...,fr). <? = p n B, A' = B^ and R' = A'CTj,... ,Tn3. We 

have B ^ B S k s C . We observe that A is a flat extension of C and C is a 
L 
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flat extension of B, therefore A is a flat extension of B. Hence A is a flat 

extension of A'. Since A' e A is a local extension, by Lemma 2 A' is a regu-

lar. Now, if J is the ideal in R' generated by g,....^ , then JR-I. Further, 

it is not difficult to see that we can choose the field L so that dim(A') = 

dim(A) = d. For this, either we take a regular sequence of length d in A and 

enlarge L (if need be) to describe this sequence in A', or we can enlarge L so 

that qC = p. By a similar reasoning we can also arrange that y(J/J ) = y(I/I ). 

Obivously y(I) s y(J). Therefore y(J) = y(J/J2) would give that y(I) = y(I/I2). 

We now complete the proof as follows. By Proposition 6, we get ht(J) = ht(I) 

and dim(J) = dim(I). Therefore ht(J) > min{d.n+2} or ht(J) > min{d,n+l} as 

the case would be for ht(I). Moreover, we note that u(I/I2) i dlm(I)+2 is the 
2 

same thing as y(J/J ) a dim(J)+2. Finally, A" is a regular local algebra with 

a ground field L and L is a finitely generated field extension of k which is 
o 

perfect; therefore, the proof reduces to the case of Theorem 1 by 

LEMMA 7. Let A be a local domain. Suppose that A is a local algebra with a 

ground field which is a finitely generated field extension of a perfect field. 

Then A is a local algebra with a separating ground field. 

PROOF. See C4, Lemma 2.103. 

Sincere thanks are due to Paul Eakin for fruitful discussions. 

Current Address: 

Budh 5. Nashier 

Pennsylvania State University 

Mont Alto Campus 

Mont Alto, PA 17237 
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ON CHARACTER RINGS 

B.M. Puttaswamaiah 

Presented by G. de B. Robinson, F.R.S.C. 

Let G be a group of f in i te order g, F a s p l i t t i n g f ie ld for 0 of 

characterist ic p, and C the complex f i e ld . In this paper, by a character, 

«e mean a Brauer character. When F ç C, a result of Burnside [ IJ asserts 

the existence of a nonlinear Irreducible character of G which assumes zero 

on a conjugate c lass . If p divides g . this result does not hold In general 

( 2 ) . This paper determines a necessary and suf f l t ient condition for the ex-

istence of such a c las s , and also describes i t s dual. 

Let FG be the group algebra of G over F, n the number of p-regular 

conjugate c lasses and Irr(G) a f u l l s e t of irreducible characters of G. 

The n x n matrix A = [a ] defined by 

1 k n J 
tp to - S a

< 4 < P » ' l B l , 2 , . . . , n , 
J- l 3 

. k k k k 
«1th tp In Irr(G), Is the matrix of œ , whose eigenvalues q^, to2, •• .», , 

are the values of (p [2J. The matrices A,» *? A generate an algebra 
of dimension n over the ring of Integers, which Is studied In [ 2 , 3 ] . 

Theorem. Let W be an Irreducible FG-module with character 6 . Then there 

Is a p-regular class on which 6 i s zero i f and only i f there ex is t FG-nodules 

D and V with different characters such that the inner tensor products U®W 

and V®W afford the same character. 

proof. Let A = [ a . , ) he the matrix of 9 = q) , and R , R R the 

rows of A. 
Let 6 assume zero on a p-regular c l a s s . Then det(A) = 0, so the vectors 

R , R , . . . , R are l inearly dependent over the rational f i e ld . Thus there 
1 2 n 

are positive integera a and b such that 

= a iR i = *. V J ( l ) 

i=i j=i 



16 B.M. P u t t a s w a m a i a h 

where u + v < n. Let U and V be FG-Todules which afford the c h a m e t e r s 

u l v r v l u r t 
E a to + E c <p and E bra + E c <p ; » Ç I r i ( G ) , 

1=1 1 r=l r j = l J r=l r 

r e s p e c t i v e l y . We s h a l l show that U®H and V»W a f f o r d the same c h a r a c t e r . 

Indeed , s u b s t i t u t i n g for R and R i n ( 1 ) , and e q u a t i n g the t - t h component, 
we g e t 

u v 
E a.a>r ' E b . a

1 ^ î t " l>zf • • n » ( 2 ) 

so that 

1=1 i l t J M i i t 

u n t w n j - v n t w n ,. 
E a E a to + E c E a cp = E b r a œ + E c E a «, , 

1=1 i t = l " r= l t = l j = l J t = l J t r - 1 r t = l 
(3 ) 

or e q u l v a l e n t l y 

( u i « r \ k / v j " r \ k 

E a cp + E c «p j » = ( E b,ii> + E c <p | œ (4 ) 
1=1 i t= l r / \j=l J '=1 / 

which proves the a s s e r t i o n . 
Converse ly , l e t U and V be the FG-modulea such t h a t U®K and V®W 

u , w r 
a f ford the same c h a r a c t e r . Let 0 and V a f f o r d the c h a r a c t e r s E a ce1 + E c œ 

v w i = l l r=l r 
and E b «^ + E c tpr r e s p e c t i v e l y . Then by h y p o t h e s i s , (4) i s s a t i s f i e d , 

j = l S r=l r 

which In tern Implies ( 3 ) . A f t e r c a n c e l l i n g the com-non part i n ( 3 ) , we use 

the l i n e a r Independence of the I r r e d u c i b l e c h a r a c t e r s t o o b t a i n ( 2 ) . These 

equat ions Imply that dec(A) = 0 and so 6 assumes zer o on a p -conjugate 

c l a s s . 

The fo l lowing r e s u l t la a dual t o the above r e s u l t . 

Theorem. Let F ç C . Given a conjugate c l a s s K. there Is an Irreducible 

FG-roodule with character S , «hlch la zero on K. It and only i f there e x i s t 
different nonempty normal subsets M and N. and non-negattve integers a ,a , . . . ,a ,b , b „ , . ~ b — ^ — • • i z n ï z u 

n n ' n 
such that ( E a c . ) k = ( E b . c . ^ and MK - NK «here supp( E a . c . ) = M, 

1-1 1 1 J=l J J '""• l - l 1 i 

n •• 
sn>p( Z b e ) = N and-oupp<k) - K. 

1 = 1 J J . 
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Proof The class sums C, , C, C form a basis of the contre Z of FG. 
I Z n 

The matrix B = tb ] of K Is given by . 

C C = E b C ; t = 1 , 2 , . . . , n (4) 
J=l J J 

1 2 n 
where C i s the c lass sum of K. Let (T , T T I be a ful l set of 

k i 
Irreducible representations of G, and l e t the FG-module V afford T , and 

I t t 
the character (p . As T (C ) l i e s In the centre of the Image of T , i t 

t t t 
follows by Schur's Leoma that T (C ) = uj I , with UJ In F. Taking trace 

on both s ides , we get z UJ, = b W* where h i s the number of elements In 

the i - th c l a s s , and z = o'CD • The equations (4) y ie ld 

- Î "-k = Ĵ  "ij "V i = 1.2'---'n 

from which It follows that a) , a, uv are the eigenvalues of B and 
* ^, v ! 2 n 

det(Bk) - B ^ O k • - • k • 

Suppose that V affords cp , and to assumes zero on K. Then 
z m1 = h m1 = 0. Thus det(B, ) = 0 and the rows of B, are linearly r k k k k k 
dependent. There ex is t positive Integers a and b such that 

u v 
E a b = E b b : t = l , 2 , . . . , n . (5) 

1=1 1 xz J=l J ^ 

Let M and N be the supports of the elements 

Ë a.C + E c C and E b C + E c C (6) 
1=1 *• 1 k=l K ^ J=l ^ 3 k=l 

respectively, where c may be zero. Then (5) and (6) Imply 

u n w n v n « n 
E a i ^ b l t C t + ^ Cr S b r t C t = ^ N E b j t C t + E Cr S b r t C t • 1=1 1 t=l " t r=l r t=l xt Z J=l J t=l J C Z r=l r t=l r t t 

O) 
which Is equivalent to the assertion 

( E a G. + r c C l C . = ( E b G. + E c C I 
Ul i l r=l r 7 k \j=l 3 ] r-l r V 

C, • (8) 

This proves the result In one direct ion. 
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Conversely, let M and H be non-empty normal subsets and a^a,, an. b ^ . . . . ^ 

be integers satisfying the hypothesis. Write J ^ a ^ and ^ b ^ In the form 

S a C. + E c C and E b C + E ctCr . 
1=1 i i r=l r j=l ^ J *-1 

respectively. By hypothesis. (8) Is satisfied, which in turn implies (7). 

After cancelling the common part, we use linear Independence of the class 

sums to obtain (5), which is equivalent to the assertion that d e t ^ ) - 0. 

there Is an irreducible character, which assumes 0 on K . 

Hence 

Lemma. For "ny n Integers a^ a2, . . . . an. 

1 , 
tt ( E a ^ (x) ) 

xÇG 1=1 

i s a rational Integer. 

Proof. The algebra generated by A ^ An over C Is a semislmple 

commutative algebra [2) . The eigenvalues of ^ V i " " 

n i 
ID. = E a cp ; j = l , 2 , . . . , n 

J 1=1 L J 

whose product i s an integer. The minimum polynomial of o^ over the rational 

field, Is a factor of the characteristic polynomial f of ^ a ^ . so that 

every algebraic conjugate of ( B j Is also a root of f. The product of the 

roots of the minimum polynomial of the algebraic Integer u ) j Is a rational 

Integer. Taking repetitions Into account, we can write 

I t a< (p1(x) |xeGl = S U S2 U ••• U St 

1=1 1 

where S H S = tp for i »! j and the members of each Si are algebraic 

conjugates. The result now follows. 

Corollary. Forjmy cp1. x n G cp1(x)/cp(l) Ui a EatiBOal integel. 

T h e o r e m . Let. FCC . For any irreducible. FG-module . W of dimension > 1, 

A?«-Sït8t n^JL^omorEM^^G^odjles U and V such that U®H and. V®» 

arc Isomorphic. 
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Proof. See [ 2 ] . 

A weak version of a dual to the above result Is the following variation 

of a result of Burnside [ 1 ] . Let F ç C and G be simple. Let K be a 

nontrlvlal c la s s of G such that ( |K | , (p(l)) = 1 for some to In Irr(G). 

Then cp assumes zero on K. 

REFERENCES 

1. Fel t , W. Character of Finite Groups, Benjamin (1967). 

2. Puttaswamaiah, B.M. Determination of Brauer Characters, CJM 26 (1974). 

3 . Robinson, G. deB. Tensor Product Representations, J. of Algebra 20(1972). 

Dept . o f Mathematics 
C a r l e t o n U n i v e r s i t y 
n t t a w a , Ontar io 
Canada K1S 5B6 

Received October 2 3 , 19fl2 



21 

C P . Math. Rep. Acad. S c i . Canada - Vol. v, No . l , February 1983 Févr ie r 

NflNEXPANSIVF MAPPINGS ON RANACH LATTTCFS 

Jonathan Borwein and Brailey Sims 
Presented by P.A. Fillmore, F.R.S.C 

1. Introduction. 
A mapping T defined on a weakly compact convex subset C of a Banach 

space X is said to be nonexpansive i f | |T( X ) -T(y) | | < | |x-y| | for all x 

and y in C; and X is said to have the (weak) fixed point property (FPP) 

i f every such mapping has a fixed point. Classical results ( [4] , [7] ) show 

that every uniformly convex Banach space and those with normal structure have 

the fixed point property. Until recently other positive results remained 

fragmentary. Moreover, i t was only in 1981 that Alspach [1] showed that 

^ [ 0 , 1 ] does not have the FPP (see also [11],[12]). 

Also, Haurey [10] showed, using ultrapower techniques, that c0(N) and 

reflexive subspaces of L^O.l] have the FPP. In this paper we refine 

Maurey's ideas on c0 and remove the dependence on ultrapowers. We are then 

able to show that many Banach spaces satisfy simple and verifiable latt ice-

theoretic criteria and so have the FPP. In particular we: (1) characterize 

order-complete H spaces with the FPP; (2) show that c0(S).c(S), and Day's 

norm on c0(S) have the FPP; (3) recover-much strengthened-exaroples due 

to Karlovitz [6] and others; (4) exhibit spaces without asymptotic normal 

structure which have the FPP. 

Full details of these and other results are forthcoming in [3]. 

2. Basic results. 

A sequence (xn) in C is approximately fixed for T i f | | x - T ( x ) l l 
1 ' n n ' ' 

tends to 0 . It is a simple consequence of the Contraction Principle 

that such sequences exist. The following basic construction allows us to 

replace approximate fixed points by fixed points of a related mapping. Let 

1JX) and c0(X) denote the substitution spaces of X into IjN) and 
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c0(N), with elements [x ] :=(x n ) . Define [X] to be the quotient I J X j / c ^ X ) 

with ||[x]||:=limsup||xn||, and define [C]:=(n C)/c0(X). Then [0] is closed 
n-x» " n=l 

bounded and convex and [T]([x]):=[T(xn)] defines a nonexpansive mapping on 

[C]. I t is clear that [x ] is fixed for [T] exactly when (xn) is approximately 

fixed for T . 

In any Banach space, the quasi-midpoint set Q(y,z):= (wcC:||y-w||=||z-w|| = 

(1 /Z) | |y -z | | ) is a nonempty closed convex subset of C . I f T is non-

expansive and G is closed convex and T-invariant then Q(y,z) is also T-

invariant whenever y and z are f ixed. The f i r s t result follows from the 

Contraction Principle and a diagonal arguement applied to [T] on Q( [x ] , [y ] ) . 

Maurey gives a similar (s l igh t ly weaker) result using ultrapowers. 

Proposition 1. ( [3]) Suppose that C is a minimal T-invariant weakly compact 

convex subset of X containing 0. Suppose also that (xn) and (yn) are 

approximately fixed for T in C and that l im | |x n -y n | | = diam (C). Then 

there exists a sequence (zn) of approximately fixed points in C with 

(1) 11m||x-z|| = l im||y - z j l = ( l /2 ) l im | j z j | = (l/2)diam(C) . 

The existence of diametral approximately fixed points can always be 

guaranteed ( [3 ] , [6 ] , [ 10 ] ) . We also need two lat t ice-theoret ic concepts. A 

subset C of a Banach la t t ice w i l l be called weakly orthogonal i f 

(2) l iminf l iminfH |xn-x|A|xra-x| || = 0 

n-x» m-w 

whenever (x ) converges weakly to x inC. A la t t ice Y is said to be weakly 

orthogonal whenever a l l i t s weakly compact subsets are. I t i s relat ively 

easy to show that c(S), c0(S), 1 (S) (l<p««) are weakly orthogonal while 

1̂ (11) and non-atomic L- spaces are not. Obviously, any norm-compact set is 

weakly orthogonal. I t is also easy to see that every Orlicz sequence space 

with the "delta-two" condition [9] is weakly orthogonal. Final ly, we define 
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the Riesz angle of a Banach latt ice by 

(3) a(X}:= sup{ | | |x |v |y | l | : | | x | | < 1 . | | y | | < l } . 

Proposition 2. ([3]) (a) For any Banach lattice X.l < a(X) < 2 with a(X)=l 

if and onlyjf_J^_is an H space, (b) If̂  X is an abstract L space 

(1 £ p < «.) then a(X) = 2 1 / p . (c) Let X be a full substitution space on 

an index set I and (X^-iel) is a family of Banach lattices. Then for the sub-

stitution space P: = P(Xi,X) 

(4) a(P)<a(X) sup a{Xi) . 

The fundamental inequality involving the Riesz angle is: 

(5) I N I <a(X)(||x-2|M|x.y||) + |||x|A|y|||. 

and is easily established. 

3. Fixed point theorems. 

Recall that the Mazur distance between two Banach spaces X and Y is 

given by d(X,Y): = inf{|[UjljjU"1!!:U is an isomorphism of X onto Y}. 

Theorem 1. ([3]) A Banach space X has the FPP if there exists a weakly 

orthogonal Banach lattice Y such that 

(6) d(X.Y) a(Y) < 2 . 

Proof. Me suppose that T is nonexpansive on a minimal invariant weakly 

compact subset C . Select an approximately fixed sequence (a ) . O n 

extracting a subsequence and translating we may assume that (a ) Is weakly 

null and that 0 lies in C . Now use (.6) to pick an isomorphisni U of 

X onto Y with (7) ||U|| ||U_1||a(Y)<2 . Since Y is weakly ortho-
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gonal. we can find subsequences (xn) and (yn) of (an) with (8) 111 l l ^ H UjjJ 11 

tending to zero in norm. Since any approximately fixed sequence is diametrizing 

[6] we can also assume that (9) | |x n -y n | | tends to diam(C}. Proposition 1 

produces a third approximately fixed sequence (zn) satisfying (1) . Now (5) 

shows that 

(10) limsupl |Uzn| | < a(Y)limsup(| |Uxn-Uzn| l)v( | |Uyn-Uzn| |)+limsup| | |UxnNUyn| | j 

Now (1) , (8) and (10) combine to show that 2 diain(C) < | | U | | ||U"11 |a(Y)diam(C). 

Since (7) holds C must be singleton. 

Corollary 1. (a) Every weakly orthogonal latt ice with Riesz angle less than 

two has the FPP. 

(b) A Banach space X such that d(X,lp) < Z 1 ' 1 ^ has the 

FPP (for l<p<-) . 

(c) A Banach space X such that d{X,c(S)) <2 or d(X,c0(S)) <2 

has the FPP. 

Corollary 2. An abstract L space (1 £ p £ ») or an abstract order-

complete H space has the FPP i f and only i f i t contains no isometric copy 

of L^O.l ] . 

Proof. For p>l , L spaces are uniformly convex and the result is t r i v ia l . 

For p = 1, i t is a consequence of Alspach's example, the fact that atomic 

Li spaces have the FPP, and the fact that a non-atomic L-] space contains a 

copy of L-^0,1]. Finalli* any order-complete M space which contains no copy 

of ]afji) is isomorphic and isometric to c0(S) on some index set S [8 ] . 

Example 1. ([6]) (a) Let 1 < p < r < » and let t > 0. Consider 

X: = X(p.r.t) as lp(S) renormed by | H | : = | lx I l r v ( t | lx I lp) • For p = 2. 
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r = •> these norms were studied in [2], [6]. It is Immediate that X is 

weakly orthogonal and Proposition 2 (c) shows that a(X) < 2 1 / p < 2 . Thus X 

has the FPP. Bâillon and Schttnberg [2] showed that X(2,-,t) has normal 

structure only for t > l/i/? , and asymptotic normal structure only for 

t > 1/2. Their results, therefore, only apply for t > 1/2. 

(b) It is almost immediate that Day's norm on CQ(S) [5] has 

d(X.c0(S)) £ ^5/2 < 2. Corollary 1 (c) shows that Day's norm has the FPP. 

Note that d(c(S),c0(S)) = 3 and the two parts of Corollary 1(c) are thus 

distinct. Note also that c0(S) is locally uniformly convex, but Is not 

uniformly convex in every direction [5]. 

Remark 1. Our results can be rephrased so that they apply to weakly orthogonal 

sets in arbitrary lattices. In particular, every weakly orthogonal subset of 

1JS) has the FPP. This is interesting because every Banach space is isometric 

to a subspace of some l ^ S ) . One can therefore show that a class of spaces 

has the FPP by showing that their isometric images are weakly orthogonal in the 

!„ lattice structure. Conversely, it follows that any isometric Image of the 

1^0,1] unit interval must fail to be weakly orthogonal since such sets admit 

nonexpansive mappings without fixed points [12]. Is it possible to use these 

ideas to show that (super-) reflexive spaces have the FPP? 
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CAUACTMaSAIION UK LA FOKOTK.K l ( x ) = x PAR 

l'N SYSTEM; UK llin-X i:^I"A'il"NS FONCriONM I ll.S 

Veter Volkmann 

Presented by J. Aazêl, F.R.S.C. 

Hésiiniè. i . 'és ignons par It l ' e n s e m b l e des nonihrcs r f to l s . I.e 

théorcne s u i v a n t s e r a démontré . 

Théorème. S o i t 1:R ) Il une s o l u t i o n des é q u a t i o n s 

f o n c t i o n n e l l e s 

i ( x s ) = f ( x ) 2 , f ( i + x) = i + f ( x ) ( x e n ) . 

A l o r s 

( 1 ) n*) = x ( X 6 K ) . 

D é m o n s t r a t i o n . JCabord i l e s t c l a i r que 
f U ) > il ( x > 0 ) , 

(2) f(ra + x) = m + f(x) (m entier, x € R ) . 

la formule 

f(-x) = -f(x) (x6R) 

est une conséquence des relations 

1 + 2f(-x) + f(x)2 = 1 + 2f(-x) + f(-x)2 = (1 + f(-x))2 

= f(l - x ) 2 = f(-l + x ) 2 = (-1 + f(x))2 = 1 - 2f(x) + f(x)2. 

Soit maintenant 

tn^x ̂ n 

avec m,n entiers. On a 

x - m ̂  0 , 

d'où 

f(x) - m s f(x - m) ̂  0 , 
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donc 

c; $ f ( x ) . 

Puisque - n ^ - x , on o b t i e n t rie même 

- l l ^ l ( - X ) , 

d ' oi"i 

l (x ' . = - l ( - x ) ^n. 

En résumant , 

m < x < n = ^ m4t{x.)4n (m,n e n t i e r s ; x 6 R) • 

Si l ' o n f a i t m = [x] = p a r t i e e n t i è r e de x e t n = [ x ] + I , 

i l r é s u l t e a i s é m e nt 

| x - l ( x ) | $ 1 ( x 6 R ) . 

Si k = 2n (n entier,$1), cette Inépnlité fournil 

l è | x k - f(xk)| = |x k - f(x)k| = 

= |x - fUjMx"-1
 + xk-2l-(x) + . . . + f i x , " - 1 ! . 

Si de p lus x > l (donc f ( x | ^ ( i ) , 11 r é s u l t e 

x - f ( x ) < 1 / x ' ( n Oo) , 

donc 

f(x) = x 

F,n tenant compte de (2), ou en déduit (1). 

U> O. 

Reiiiarcpie. ] 1 me f a u t expr imer na g r a t i t u d e à ^'. l e 

I r o l e s s e u r F.Radô. l'ne c o n v e r s a t i o n a v e c lu i en t')H2 à Ober-

wolfacl i a i n s p i r é l e s c o n s i d é r a t i o n s c i - d e s s u s . 

n i n p s l r . 6 

6729 Neuburg am Rhein 
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THE SIGNATURE OF A REAL CLIFFORD ALGEBRA 

W. H. Greub 
Presented by G.de B. Robinson, F.R.S.C 

1. The signature of an associa t ive algebra. Let A be a f i n i t e dimensional associa t ive 
algebra with unit element £ and denote lef t mul t ip l icat ion by U friJ , 

/i fu) 4-- a. A 

The Killing form of /A is the b i l inea r function K\. defined by 

or equlvalently , , _*. , , V i 

^ r n J^ M JJ-C^ï-J-

It follows directly from (1) that 

(2) 

and 

(3) 

KAt*J')~ Kp.l4-t a) 

Moreover, if U> ' A ~ *" " is an isomorphism, then 

In fact. 

Since 

it follows that 

Finally, let ,25 be a second finite dimensional associative algebra and consider 
the tensor product A " < © j3 . Then we have 
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and thus 
^ U(«JS^)= £f(oy. ti/tftl 

This implies that 

2. The signature of <4 . The signature of the Killing form f^vlll be called the 
signature of A and "ill be denoted by (SJj . I t follows from (Î) that G^ / — ff^ 
If /\ and A ^ are isomorphic. Formula (4) implies that 

6 ^ « a = • < M - ^ s • 

Hxample 1 : Let d be the algebra of complex numbers, considered as a 2-dimensional 

algebra over /£ . Then we have 

Thus, KQ( l,J)~ I and Ka ( /1 }') — "Snd so T* s & 

lixample 2: Consider the algebra of quaternions. Its Killing form is given by 

where >#- denotes the conjugate quaternion. Now choose an orthonormal basis of the 
form t -Gj £ f, where £ denotes the unit element. Then wc have Kfr/f f)~ / 

and tiiii;?) = -i, / - '/ZJ3 , t folIOWS that **'* '^ 
Hxamplc 3: Let l^ be a real n-dimensional vector space and let Z-C K/ be the 

algebra of linear transformations of Y . Since 

it follows that / ^ r -\ 

and thus 

5. The Killing form of a ^>-graded algebra. Let ^ be a & -graded algebra and 

wnte 
4 ^ ^ " - © » ' , 
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Recall that 

**. A" cA0) A1. A'c A* 
and 

A O . A ' c A ' ) A > , A 0 C A ' . 

Thus, if Qi & Af . we have /fa U. Co.,] —•0,1* follows that 

where Q =• ft.p y. ̂  and -<? = •̂ -, ̂  ^f . Hence, setting ^ f } 4, é)•* K. fac. ée) 
and ?fi ( e^j^J— tf fct, ij^o have the formula / ^ 

Proposition I: Let /l and ̂ p be finite dimensional ^ -graded algebras and 
consider the skew tensor product /i ̂  Ji . Then ^ 

^Js i « *^ *'** J> <?«/ « JJ < / - e ^JJ - / < / * . *>) *ê '*' *JJ 

and 

Proof: This follows directly from the relations 

and the definition of the multiplication in /iJ8) H * 

Corollary: The signatures oif\^„ and n ^ ^ j are given by 

e 
(7 O r D <- i s 1 

A*Q * ^ - ^ 5 - ^ ^ ' ^ 
and 

« A «! « " " A * ^B -
' -̂ 0 

respectively. 

4. The signature of a Clifford algebra. Let ^p be an n-dimenslonal vector space with, 
a non-degenerate inner product of type (fa a_) ^^ - ._ ^j, and let C l 
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denote the Clifford algebra over £ . Recall that ^«.V Ç~ — ^L^ • The Killing form 
of ^Lwill be denoted by M r " • Thus, 

We show that for £ *=> B andjv ̂  f 
c 

In fact, since 

we have 

and (51 follows. 

Next observe that G r is a 2 -graded algebra (cf. [1], sec 10.6) and write, 

as in sec. ̂  

Theorem I: The signatures of /f and /t^- are given by 

una 

where ^i - ft ~ £, • Thus the signature of /î^. is given by 

Proof: If Tl — I , we have /$-! or .^ c / . In the first case 

whereas in the second case ) / 

Thus the theorem holds for ?2 ~ ' 

Now assume by induction that the theorem is correct for vector spaces of 
dimension ^ ?!, and let £" be an n-dimensional vector space. Choose an orthogonal 
decomposition into proper subspaces, ̂ "- f/ ^ Fj^. Then ^ is the skew tensor 
product 
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of the ^ -graded Clifford algebras Cir and C .. , 

Lot ,''7 , •"_;> (resp. ^ , -J ) denote the dimensions (resp. signatures) of £i 
and £", • Then we have by induction 

and 
.-» J. 

^ * * i 

Now Proposition I implies that , 

Thus the induction is closed and the proof is complete 

S. Isomorphism theorems. Krom now on wc shall denote ^x- by (• (p/£, ) . 

Theorem 11 : The algebra C I/*, %) is isomorphic to the algebra of_linoar transformations 
of a vector space if and only If 

Proof; Assume that 

('fa-/.) 2 t-iv) 
where V i s a vector space. Then 

and so ft must be even, M ~ *Z t>i. Since 

and ^ 

fuv - z 

it follows that 

which implies that-'J-J* Ĵ  or -^=- cP-a r ^2, i '̂  ci ^- » 
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Conversely, if y$ is of this form, it follows from the general isomorphism 

theorems on Clifford algebras (cf. tl) sec. 10.22) that (f/^.K'//'/l/^J where ^--î»». 

Corollary: C (/J,!)) S1^-! ^ if and only if *??=<?$ 21 r)-Jls.t£, 
and C(tikis'L(V} if and only if ̂ -<)*g °t /7 = ^ $ + 6 • Next consider 

two algebras C'0,^J ™iC{/''/f') where ^ y-̂  =, « ^ m& p'n-fj—K . • 

Theorem III; The algebras £{(>!%) and C ^ j f . V are Isomorphic if and only if 

They are isomorphic as ^ -graded algebras, if and only if si - •£=•»», <& & 2 • . 

Proof: If 

Cfp.fi ^ C Cfi'tfJ 
it follows that w r-

whence 

trt» -^ +'<!**•% ^ - " 1+ 

une that C'/A fj 

Then we have the relations 

Now assume that C'/A f,> and C ffi) f'J are isomorphic as g -graded algebras. 

which imply that 1̂ — ^ s- «ffe tiéZL. • 
Conversely, suppose that 4*-A, *• •? & Q r si'-t d ~ fi&.r^- T h e n b y t h e 

general structure theorems (cf. Ill, sec. 10.22) C (fii fj B" Ctfi>',f) • Moreover, if 
4f—4 = é'& . rtœnCfai) m-àCCp','}') are isomorphic as ^ -graded algebras. 

Corollary; The algebras d (-Pij) and C (ffpl are isomorphic if and only If 

i • . A 6"*7 . If this condition is satisfied, they are isomorphic as 
^ = ^ « ' *« c <£. 

T -graded algebras. 

Exampie; Consider the algebras Cl7f W and C ' ^ / A j . Then .6=7 , 4 - 3 and so 

/_ . T; _/and /i'-f-^-r J Û • It follows that these algebras are Isomorphic but not 
isomorphic as ^ -graded algebras. 
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OM THE WIGNER QUASI-PROBABILITY DISTRIBUTION FUNCTION III 

Walter Schempp 

Presented by P. Soherk, P.R.S.C. 

In the preceding part [9] of this series of papers we have been 

concerned specifically with radially symmetric, i.e., S0(2,R)-in-

variant Wlgner quasi-probability distribution functions P(f;.,.) 

with respect to states f € y ( R ) , l|f[| = l, of a non-relativistic 

quantum rrechanical system of one degree of freedom (cf. [8]). It 

is the purpose of the present part to continue these investiga-

tions in order to establish some more details in this direction by 

a systematic application of the techniques of nilpotent harmonic 

analysis. In particular our approach will show that harmonic 

analysis of the Heisenberg nilpotent group A(R) attached to the 

field R provides a framework in which to place the radial case in 

a extremely smooth manner. The key fact for our procedure is that 

the symplectic group Sp(l,R) which forms the automorphism group of 

A(R) leaving the center Z (S R) of Â(R) pointwise fixed forms 

(expressed in the language of electrical engineering) also the 

group of all energy preserving invariants of the radar ambiguity 

surface with respect to the signal envelope f (cf. [5],[6],[7]). 

Let MpU.R) denote the metaplectic group which forms the unique 

two-fold covering group of the group Sp(l,R) = SL^.H), and let 

5 — „ denote the projection (or covering) map involved. Moreover, 

let of — T 5 denote the oscillator (sometimes Weil-Shale or 

metaplectic) representation of Mp(l.R) acting on the complex 

Hilbert space LJ(R). If the identity 

P(f;x,y) = P(f;x',y') 

holds for another quantum mechanical state f'e^R), ||f'|| = i, and 

all points (x.y), (x'.y) of the real phase plane R! , then we'know 
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that there e x i s t s a unique l inea r mapping CTeSL(2,R) such tha t 

<r(x.y) = ( x ' . y 1 ) . Tg(f) = Ç f • 

holds where er denotes the contragredient automorphism of a and 

2J e U. Consider the rotation a e SO(2,R) given by the matrix 

( cos © sin 0 \ 
I (GeR). 

-sin 9 cos 9 / 

Then of course er = tr . Let l(t(2,R) denote the Lie algebra of 

SL(2,R) given by the matrices 

f/ a b\l I 
{ I I a+d = 0, a.b.c.deR J 

I \ c d / I J 
and identify the Lie algebra of Mp(l,R) with -A^.R). Moreover, 

let Exp denote the exponential mapping of 'ïV(2,R) into Hp(l,R). If 

we look at the special element 

of Tft(2,R) then it is easy to check that 

3 = Exp(-OJ) 

is an appropriate choice. Thus in order to identify the states 

f 6 y(R) which give rise to radially symmetric Wigner quasi-

probability distribution functions P(f;.,.) on the real phase 

plane R2 It will be necessary and sufficient to determine a 

Hilbert basis of L2 (R) the elements of which belong to the spe-ce 

y(R) and form simultaneously eigenfunctions of the linear 

operators ^^ /QJ^ for all 0 6R. 

Let {X,Y} be the elements of the Lie algebra •«. of Â(R) such 

that 

exp(pX) = (p,0,0), exp(qY) = (O.q.O) 

for p e R, q e R. Then X e log R and Y e log R, and {x,Y} forms a 

basis for W = log R 9 log R. We will use the coordinates (p,q) 

relative to this basis to coordinatize the vector subspace W of Mr. 
Notice that exp W forms the isotropic cross-section to the center 

Z In the real Heisenberg nilpotent group ÎV(R) (of. Howe [2]) which 
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lies at the basis of the Bargmann-Fock-Segal model (or complex 

wave model). If U denotes again the differentiated form of the 

linear Schrbdinger representation U of A(R) acting on L2(R) then 

we find that 

holds. Put 

and 

U(X) = - 1^. U(Y) = 2ttix 

= |(X+iY) 

Z+ = i(X-iY). 

Then we get the linear differential operators 

and 

U(Z ) = -1/2(gï + 2«x) 

U(Z+) = - 1 / 2 ( ^ - 2KX). 

as the boson annihilation and creation operators, respectively 
(cf. Cartier [l]). It is easy to check that the following 
identities 

^ExptOJ)3 TExp(-9J) = ^Ga + 

and 

' rExp{GJ)a TExp(-9J) = Çoa 

hold on the Schwartz-Bruhat space y ( R ) of smooth vectors for U 
where 9 6 R and £-6 U. I f we se t 

V0: x _ » 2 n / V X x 2 

then the Gaussian W0ey(R) is a unit vector in the complex Hilbert 
space LJ (R) and we have 

TExp(9J)W0 = V o 
where Î Q 6 u. Obviously 

a"(W0) = 0. 

The irreduclbility of the linear Schrodinger representation U of 
A(R) implies the well-known fact that the family (W ) > of 

J m m=0 
Hermite-Weber functions (harmonic oscillator wave functions) given 

by the formulae 

Wm = (•vV,m!'r1(a+)mW0 (meN) 

forms a Hilbert basis of L2(R). By inspection of the identities we 

i 
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have derived and in view of the preceding remarks our results are 

summarized in the following 

Theorem 1. Suppose that fe^CR), llfB = 1, and that the identity 

P(f;x,y) = P(f;-y,x) 

holds for all pairs (x,y)6 R2 . Then the state _f admits the form 

* m 

for certain numbers m G N and Ç6U, i.e., f is upto a phase factor 

a harmonic oscillator wave function. 

Let us now revert to the radar autoambigulty function 

H(f;.,.)= ^ P ( f ; , , . ) , 

with respect to the signal envelope f6i<r(R), Jf|=l, which is the 

Fourier cotransform of the Wigner quasi-probability distribution 

function with respect to the state f. If we denote by fof the 

dyadic tensor product of f with f, to wit, the C-linear operator 

g—•<g|f>f of trace class in ^(R) with trace given by 

tr(faf) = <f|f> 

(cf. Schatten [4]), the notion of U-trace enables us to establish 
the identity 

H(f;pIq) = t r ^ f a f M ^ . O ) 

for a l l p a i r s ( p , q ) e R 2 . Thus we obta in 

H(Wm:p.q) = < e U ( p X + q Y ) W j W m > 

= (V^V,)-1<eU (PX + < 'Y )(a+)mWnIW > 
u m 

for all m e N . Let S denote the right regular representation of 

A(R) on L2(A(R)/Z) transferred to L2(W) in the natural way by the 

extension of the Isomorphism y(A(R)/Z) -» y(W) associated with the 

isotropic cross-section to the center Z. Then we obtain for 

H(W ; . , . ) . considered as a function on W, the expression 

H(Wm;p.q) = (V^Vi,)-1|(Z+)m<eU(PX+cly)w0|Wm>. 

In view of the identity (cf. Howe [21) 

< e U( PX +qY) W o | ̂  = ]/^7 .(p_iq)V(u/2) (P2 **' ) 
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we obtain 

H(Wm;p.q) = (l/m!)S(Z+)m(p-iq)me-(x/2)(P'+t''). 
m 

Observe that 

SU) = £ +Xiq. S(Y) = J^-nip 
and t h e r e f o r e 

Î ( Z
+ ) = ( l / 2 ) ( ^ - 1 ^ . ) - ( * / 2 ) ( p - i q ) 

- i e ( » t - / 2 ) ( p 2
+ q 2 ) , 3 . B l p - ( R / 2 ) ( p 2

+ q 2 ) 

Then we get our final result (cf. Wilcox [10]) 

H(Wm;P.q) = e-^/2)(p'W) ^ (m](-7C(P2|q »^))J 
= J=m• 

= Lm(«(p2
+q2)). 

(meN) 

where L^ denotes the mth Hermite-Laguerre function (= Gaussianx 

Lj.guerre polynomial of degree m). Thus we established 

Theorem 2. The radar autoambigulty function with respect to the 
hc.rmonic oscillator wave function Wm as signal envelope admits the 
form 

H(Wni;p,q) = Lm(«(p2
+q2)) (meN). 

For seme related computations see Peetre [3]. This paper 

however does not indicate any application to the theory of radar 

detection nor to the Wigner quasi-probability distribution 

function whereas Wilcox's paper cited above ignores completely the 

group-theoretical aspects of the radar autoambiguity function. 

The same representation-theoretical method which is based on 
the isotropic cross-section exp W to the center Z in A(R) 
furnishes for the mixed radar ambiguity function (or radar 
cross-ambiguity function) with respect to the harmonie oscillator 
wave functions 

H(Wm.Wn;p,q) = tru(Wn)BWn)((P),0) ((m,n)6NxN) 

the expression 
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H(Wm.Wn;p.q) = ( V ^ ^ / m l n O e - ^ ^ ( P ' ^ ) (p-iq)m(-(p+iq) ) n x 

0^jiinf(m.n)(m J , - N J / 

for ail pairs (p,q) e R2 . The fact that the linear Schrbdinger 

representation U of the real Heisenberg group A(R) is square-lnte-

grable mod Z Implies that the family (H<wm'Wn; • . • ) ) (m n ) e N x N 

forms a Hilbert basis of L2(R2). Therefore we may conclude from 

this formula again that the functions (p,q)—•HC^p.q) and (x,y) 

—•P(f;x,y) are radially symmetric if and only if f = ^ W for 

certain numbers m e N and ̂  e U (cf. [6]). 
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THE THEORY OF V3 ELEMENTARY CONDITIONS ON RINGS 

John Lawrence 

Presented by P. Ribenboim, F.R.S.C. 

ABSTRACT: In his book [S], L. Rowen mentions that a natural con-

tinuation of the work already done on polynomial identities and 

their generations in ring theory would be a systematic study of 

VI elementary conditions on rings. In this paper we announce some 

results in this direction. 

An AEC sentence is one of the form 

P: ̂ 1...xm3y1...yn[AEk(x1....pxmIy1,....yn) = o], 

where E^Cxĵ  yn) i s a polynomial in the language of r i ngs . 

If R i s a r ing in which the sentence P holds , for each m-tuple 

( a 1 , . . . , a m ) of elements of R, choose an n- tuple of elements 

such tha t 

* Ek(al am'Mal'---'am} V V - - - ' a m ^ = 0-

Now the functions *i(x1 xjn) are m-ary operations which satisfy 

the identities 

/\Ek(x1.....xm^1(x1 xm) ^CXp-.-.x^) = 0 . 

These new operations on R are called Skolem operations and the 

algebra obtained by adjoining these operations to R is denoted 

by (R.ifO. 

The class of rings defined by AEC sentence is a Skolem class 

if the class has free rings. Thus, for each set X there is a ring 
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D:(X) in the c lass and a set embedding <ti: X -• F(X) such that 

given a ring R in the class and a se t map a: X -» R, there i s 

a unique ring morphism B: ^(X) •» R such that a = B°iJ). 

Theorem A(2] . For the c lass C of rings defined by an AEC 

sentence P, the following are equivalent. 

1) C i s a Skolem c la s s . 

2} For each ring R in C there i s a s e t of Skolem 

operations i|)R such that each ring morphism 

Y: R* T i s an algebra morphism y: (R.iK) ••• (T,̂ ™) . 

The algebras {(R,iFR)} form a variety . 

The above theorem enables us to prove several resul ts about 

Skolem c lasses : a Skolem class i s closed under direct and inverse 

l imi t , intersect ion, and equalizers of pairs of maps. If a ring 

R i s in a Skolem c l a s s , e i s an Idempotent in R and 2a = 0 

implies a = 0 in R, then the ring eRe i s in the Skolem c l a s s . 

A rather weak structure theorem for primitive rings in non-tr iv ia l 

Skolem classes i s a lso proved. This, of course, i s motivated by 

Kaplansky's theorem on primitive rings in non-tr iv ial var ie t i e s 

of rings. 

An example of a Skolem class i s the c lass C of strongly 
2 regular rings, defined by ¥x3y[x y = x ] . Let R be a strongly 

regular ring and l e t VC(R) stand for the c lass of rings which 

are homoraorphic images of strongly regular subrings of direct pro-

ducts of copies of R. This i s a subvariety o£ the variety of 



J . Lawrence 43 

s t rongly regu la r r i n g s . In p a r t i c u l a r , i f D and D' are divis ion 

r i n g s , then VC(D') c VC(D) i f and only i f D' s a t i s f i e s a l l 

s t rongly regu lar i d e n t i t i e s s a t i s f i e d by D. This happens i f and 

only i f D' is a subring of an ul trapower of D. The r a t iona l 

i d e n t i t i e s s tud ied by S. Amitsur and C. Bergman can be considered 

(in a na tu r a l way) as a subset of the s t rongly regular i d e n t i t i e s . 

Not a l l c l a s s e s of r ings defined by AEC sentences are Skolem 

c l a s s e s ; indeed R. Raphael proved tha t the class of von Neumann 

regular r i n g s , defined by Vx3y[xyx = x] , is not a Skolem c l a s s . 

Let P be an AEC sentence and l e t S bo a se t of r ings in 

which the sentence P holds . Denote by V(S,P) the var ie ty of 

algebras generated by ((R,if)}, where R goes over a l l r ings in 

S and 'ill goes over a l l poss ib le Skolem opera t ions . If R i s a 

ring and V({R},P) c V(S,P), we say tha t the ring R is in the 

var ie ty V(S,P). 

Theorem B 13]. 1. If T c V(S,P) and R is a subring of T in 
whi_ch P holds , then R c V(S,P). 

2. If the d i r e c t product of r ings R * T e V(S,P), then 
R c V(S,P). 

3- }I. . n Ri i j . ^ d i r e Ç t p . T o d u c t ^ o f ^ r i n g s indexed by I 
i t I "~ " * 

and for every f i n i t e subset U c I we have n R. c V(S P) 
icU 1 

then n R. c V(S,P). 
id 1 

Let F be a field and let Mn(F) be the nxn matrix ring 

over F. If P is an AEC sentence, define 
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S{P) = {Mn(F): P holds in Mn(F)}. 

In [4 ] , we do some work in c h a r a c t e r i z i n g the s e t S(P) when 

F i s f ie ld of r a t i o n a l numbers. 

Theorem C [ 4 ] . If S(P) is i n f i n i t e , then every subring of a_ 

d i rec t product of copies of r ings in S(P) in which P ho lds , 

is in V(S(P) ,P) . 

If X is a set, then F(S,P,X) stands for the free algebra 

in V(S,P) generated by the set X. 

Theorem D [4]. If S(P) is infinite and X is an infinite set, 

then ff(S(P),P,X) is prime (as a ring). 

Theorem E [4]. Suppose that P is an AEC sentence such that S(P) 

is infinite, Q is a positive sentence and there is a subring of 

a direct product of copies of rings in S(P) in which P A ~Q 

holds. Then there is a prime ring which is a subdirect product 

of rings in S(P) in which P A ~Q holds. 

K. Goodearl has asked whether a regular subdirect product of 

simple Artinian rings is unit regular [1]. Let us look at this 

problem in the special case where the simple Artinian rings are 

matrix rings over a fixed field F. The sentence P is now the 

defining sentence for von Neumann regularity. Goodearl's question 

has an affirmative answer if and only if the ring ]F(SCP) ,P, (x)) 

is unit regular. If this ring is unit regular, then the element 
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x has a unit quasi-inverse which is a polynomial p(x) in one 

variable x and the regular ring operations. Recently G. Sinnamon 

discovered a polynomial P2(x) which defines a unit quasi-inverse 

for 2x2 matrices. 
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GENERALIZED BSCKSTROM-ORDERS OF FINITE TYPE 

K.W. Roggenkamp 

Presented by P. Ribenboim, F.R.S.C. 

Let R be a complete Dedekind domain with field of fractions K 

and A a finite dimensional separable K-algebra. An R-order A 

In A Is said to be a generalized Backstrom-order provided there 

exists a hereditary R-order r with radr c A c r , and if P 

is an indecomposable projective ^-lattice, then rad P - Q ® X , 
A 

where Q is a projective A-lattice and X is a r-lattice. 

It is clear that this generalizes Bàckstrôm-orders |RR1J, in fact 

whereas Bàckstrôm-orders are the Integral analogue of radical-

sauare-zero algebras, generalized Bàckstrôm-orders correspond to 

hereditary algebras [Rj. We next associate a valued graph y to 

(A ,r) . Let {pi} i<i-n '>e the non-lsomorphic indecomposable pro-

jective A-lattices and U j } ^ ^ the non-isomorphic indecomposable 

r-lattices. The vertices v0 of Y are labelled tp.,x , lii<n , 

IfïjSm) . We draw an arrow p1 -» pi' provided Pi is not a r-lat-

tice and Pi is a direct summand of rad P! with multiplicity n,. 

For an indecomposable A-lattlce Y we write î (Y) = End (Y)/rad Et^ (Y) . 

The valuation on the edge P ^ p l (d. i, ,à\ ,,) is given by 

d'i,i' " ni 

"i, 3i,i- = dimf(P!)(f(Pl) > 

We draw an edge x.-tp^^ provided X. is a direct summand of 

rad P The valuation Is defined as above. 

We say that y i s contractible. if the dual valued oriented graph 

Is reducible in the sense of [RR2]. 
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Theorem I : Let A be generalized Backstrom-order with hereditary 

order r, and associated valued oriented graph y . A has a fi-

nite number of non-isomorphic indecomposable lattices if and only 

if y can be contracted to a disjoint union of Dynkln graphs. 

The number of indecomposable A-lattices - in case this number is 

finite - can be computed as follows. For the sake of simplicity 

we assume the valuation to be (1,1) on each edge (the general 

case is treated in [R]) for each source j in y we define the 

function f • v - N 

V Yo 

by f(i) =1 if there is an oriented path from J to i and 

f(i) =0 otherwise. Let now 
f •= E fi 0 j source Jo 

We then form the Rledtmann quiver Z [Ri] and extend f to a 

function f • Z -* N 
"v 

as follows. We define It Inductively as additive extension of f 

[RPR] except that we place zero's on (i,n) for n a n provided 

f(i,n0-l) > 0 but f(i,no) < 0 . 

Theorem II: If A is a generalized Backstrom-order, then f has 

finite support, and the non-isomorphic indecomposable A-lattices M 

are in bijectlon with the points (i,n) e. Z such that f(i,n)>0 

except for the points (i,o), where i is a source in v . In 

that case f(i,n) determines the number of indecomposable r-lat-

tices into which rM decomposes. 

Remark: If A is a generalized Backstrom-order of finite lattice 

type, then the Auslander-Reiten quiver of A [Rl] can be computed 
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Inductively by starting with the lattices (X.,P l<j^m, lui^n) 

If t is the residue field of R and a is the f-tensor alge-

bra of y . le* S be the category of a-modules which have a 

projective socle. Then the Auslander-Reiten quiver a of s is 
S 

simply connected. There exists a covering 

o: as ^ \ 
where a^ is the Auslander-Reiten quiver of A . In such a way 

that 1 p - (M) | = 1 if M is not a r-lattice and |p"1(Xj)|=2. 

l<j<m . 

References: 

Happel,D. - U.Preiser - C.M.Ringel: "Vinberg's characteri-
zation of Dynkln diagrams using subadditive functions". 
Representation Theory II, Springer LN 832 (1980),280-294 

Rledtmann,C.: "Algebren, Darstellungskocher, Uberlagerun-
gen und zuriick". 
Com.Helv. 55 (1980), 199-224. 

Rlngel,C.M. - K.W.Roggenkamp : "Diagrammatic methods in the 
representation theory of orders". 
J.of Algebra, Vol.60, Nr.l (1979), 11-42. 

Rlngel.C.M. - K.W.Roggenkamp: "Socle determined categories 
of representations of artinian hereditary tensor alge-
bras ". 
J.of Algebra, Vol.64, Nr.l (1980), 249-269. 

Roggenkamp,K.W.: "Generalized Bàckstrôm-orders of finite 
type and their Auslander-Reiten species" 
Preprint I,11,III. 

Pfaffenwaldring 57 
0-700(1 Stuttgart 
W. Germany 

(HPR) 

[Ri] 

[RRl] 

[RR2] 

[Rl] 

Received December 15, 1982 



51 

Math. Rep. Acad. Sci. Canada - Vol. V, No.l, February 1983 Février 

AUSLANDER-REITEN QUIVERS FOR SOME TORSION THEORIES 

OF HEREDITARY ALGEBRAS 

K.W. Roggenkamp 

Presented by P. Ribenboim, F.R.S.C. 

Let f be a field and A a connected finite dimensional here-

ditary t-algebra. By S we denote the full subcategory of A-mod 

having as objects modules with a projective socle. Let r be the 

valisd oriented graph of A [DRS]. r is said to be contractible, 

if the dual graph is reducible in the sense of [RR], where it was 

shown that s is of finite module type if and only if r is con-

tractible to a valued Dynkln graph. The aim of this note is to 

describe the Auslander-Reiten quiver a (S) of S in case s Is 

of finite type. We assume from now on that r is a valued oriented 

tree. Let P be the direct sum of the non-isomorphic maximal pro-

jective A-modules. We define the function - r are the vertices -

o o 

1 h» nĵ  if S., the simple 

A-raodule corresponding to 1, occurs n times as composition fac-

tor in P . Let 7 r be the valued Rledtmann quiver constructed 

from r (HPR). We then define the disturbed additive function 

f : Z r o - N 

as follows. It is inductively defined as additive extension of 

f0 on ro - { (i,o)) except we place zero's on (i,n) for n :> n 

provided f(l,no-l) > 0 but f(i,n0) < 0 . It follows from [AS] 

that $ has left and right Auslander-Reiten sequences. 

Theorem: (1) S is of finite type iff f has finite support. Iff 

T can be contracted to a Dynkln diagram. 
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(il) If S is of finite type, then a(S) is simply connected, 

nnd all modules are in the Auslander-Reiten orbits in S 

of the projective modules In modA. 

(ill) There is a bijectlon between the Indecomposable modules In 

S and the vertices (i.n) with f(i,n) ̂  0 . If M corre-

sponds to (i,n) then f(i,n) is the number of simple sum-

mands in the socle of M , 

(iv) Under the identification in (ii) the Auslander-Reiten quiver 

of S is the full subqulver of Z T consisting of the points 

(i,n) with f(i,n) > 0 . 

Proposition: If A is arbitrary then Brauer-Thrall I holds for S-

The proofs will appear in [H]; they use a detailed study of Aus-

lander-Reiten sequences in s • 

Remarks : 1.) Let A be artinian and (t ,3) a torsion theory in 

A-mod then both for I and for 3 Brauer Thrall I holds In a 

suitable formulation. 

2.) If I (3) have Auslander-Reiten sequences then for sections 

In the stable Auslander-Reiten quiver, the question whether they 

can be contracted to Dynkln graphs plays a similar rôle for finite-

nessquestions as do the Dynkln diagrams for A-mod (à la Rledtmann) . 

The subadditive functions must be replaced by disturbed subadditive 

functions. 
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INCOMPLETE RESIDUE SYSTEMS TO A 

COMPOSITE MODULUS 

J.H.H. Chalk, F.R.S.C. 

1. Let k i 2 denote the modulus and write k = fck* , where 

k„ is the square-free part of k . Define 

(1) C = C k= {x= (x^Xj,...^) <: 2 N : 0 s ^ <k (1 < i i N) ) 

and let $ : Z —>• C be a mapping of the standard lattice 2 N 

into the complex field t . Let 

(2) F(z) = I (Mx)e{z.x) , (z c 2N) 
xeC 

where e(t) = ek(t) = exp(2iiit/k) and z.x denotes the usual 

Euclidean inner product. Since 

(3) I e(x.Y) 
ï £ C i 0 , otherwise 

fkN , if y ï 0 (mod k) 

;> = "L 
we have, in particular, 

«(x) = k"N I F(z)e(-y.z) 
zcC 

and so F(z) may be viewed as a Fourier coefficient for iMx) , 

relative to the modulus k . We also define 

(5) *(C) = max |F(z)| , 
0»ZeC 

and for convenience of notation, appropriate the modulus sign 

I.] for another purpose, denoting 

]S] = card(S n ZN) 
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for any bounded subset S of m . If S is a subset of Z , 

a general question on incomplete residue systems mod k is that 

of estimating the difference between a given sum of the form 

(7) 

and the proportion 

(B) 

I *<x) 
XfS 

i s i i c r 1 ï *(*) 
XE C 

of the complete sum mod k , which may be 'expected' to approxi-

mate it if the values of * are sufficiently well distributed 

throughout C . Note that it is not necessary to restrict S to 

be a subset of C and indeed this is useful if certain residue 

classes in the sum (7) are to be counted with multiplicity. The 

inequalities of Vinogradov and of Mordell, which are closely 

related (see [11 for references and a brief survey of their work), 

provide a bound for 

(9) L^S,*) = I <Mx) - jsljcr1 I *(x) 
1 xeS " xcC 

in the shape 

(10) 

where 

L1(S,(j>) « *(C)E1(S) jC]"1 , 

(11) E (S) = 1 \ l e(z,y) 
0»zeC 'ycS 

* Here, as elsewhere, the implied constant in the Vinogradov symbol 
"<<" is absolute. 
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is a special type of exponential sura mod k , independent of the 

choice of ifi . It is easy to estimate E. (S) with precision in 

the special case when S = B is a "box" of the type 

(12) B = (x : ai < xi < ai + 1^ , (h. > 0 , 1 s i s N) ] 

but not, to ray knowledge, in any other essentially different case. 

In fact (cf. [2] , §3) , 

(13) E, (B) << |c|loqN]c| . 

On comparing the terms in (9) and (10) and using (13), we see that, 

if <MC) is of lower order of magnitude than the complete sum 

I (Mx) as k -• «a , then the main term (8) in the asymptotic 
xeC 

formula (10) dominates the error terra (on the right of (10)). In 

applications, (()(x) is usually a counting function for solutions 

of a given polynomial congruence 

(14) f (x) s 0 (mod k), 

where f c Z Ix) , e.g. 

-i * , , fl » if f (x) 5 0 (mod k) , 
(15) «.(x) = k 1 I e(tf(x)] = ] 

t=l (0 , otherwise, 

and, indeed, for k prime and for a wide class C of polynomials 

f our knowledge of exponential sums to a prime modulus k have 

produced such estimates for «(C), (cf. [1] for references). 

Thus, for S = s , f <r C and k a sufficiently large prime we 

know that the solutions xmod k of (14) are in a certain sense 

distributed uniformly throughout C . 
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At this stage it is appropriate to mention the work of 

Tietavainen [5] , who circuravented the difficulties of estiraating 

E (S) when S is not of the type in (12) by introducing a 

weighted counting function. Thus he considered 

(16) L,(S,*) = IS]"1 I *(x+y) - Isjlcl-1 I *(x) 
' X£S,y£S " " X£C 

in place of L1(S,<ti) and obtained a bound of the form 

(17) L2(S,<(i) << *(C)E2(S)lcr1]sr1 , 

where 

I I2 

(18) E (S) = I \ I e(z.y) 

0«zeC 'yeS " " ' 

Now, the exact value of E2(S) is easy to compute in the case 

S c c ; in fact 

(19) E2(S) = [C] |S| - ]S|2 (Sec) 

and the estimate 

(20) E2(S) << |S|(|S+C| - IS]) (S + C) 

for the remaining case is straightforward (cf. [1], 14). 

In an article (to be published in the Indagationes), I have 

provided explicit estimates valid for arbitrary modulus k % 

(sufficiently large) and for polynomial congruences (14) where f 

is restricted to satisfy mild conditions of non-degeneracy, viz., 

(A) f (x) has no singular zeros in the finite field TF , for 

each p | k . 
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(B) f (x) has no linear factors in IF [x] , for each p j k . 

The main results are contained in the following theorem, the 

proof of which incorporates a refinement of Tietavainen's 

argument : 

THEOREM. (k odd). Suppose f « ZIx] satisfies (A) and (B) . 

Then 

(i) L2{S,<!.) << k"1 kJN"5 / 2 , (ScCk*) , 

(ii) L ^ S , * ) << k"1 k^~5/2 (|s + ck | - |S|), ( S 4 C k ) . 

As an application, we consider an example with N = 2 , where the 

modulus k is arbitrary and S is not restricted to be a subset 

of C : let 

(21) f (x) = x2 + x2 - a , (a,k) = 1 , 

(22) S = [x c 2 2 : x2 + x2 s X , Xj > 0 , x2 > 0] . 

This is the 'circle problem in arithmetic progression', for 

(23) L^S,*) = | I r(n) - 2. H (a) £ , 
nsX 

i n=a(mod k) 
where r(n) denotes the number of representations of n as a 

sum of two squares, ((i(x) is as defined in (15) and 

(24) I ((.(x) = k H. (a) = k n (I-X(P)P'1), 
xeC " K p | k 

X(n) being the non-principal character mod 4 . By a different 

method based upon analytic techniques, R.A. Smith [3] has proved 

that, for this example. 
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(25) L^S,*) « X(2/3)+6 IT1'211*™ (a,k)1/2d(k) , 

for any 6 with 0 < B <1/3 , provided that 

x » k3/2 . 

This may be compared with the estimate 

-1^3/2 .f y < v2 

(26) L2(S,<>) « 
^ , if X £ kj 

^ h ' W 2 , if X > k2 

given by the theorem. Thus, for k odd and square-free, for 

example, it is clear that the error terms (on the right of (26)) 

are sharper for the weighted sums in L2(S,i)>). However, neither 
3/2 

of the estimates (25), (26) has significance when X << k ' and 

it would be of considerable interest to reduce this handicap. 

Recently Iwaniec has informed me that one can expect to obtain 

x << k4'/'3+E , assuming the validity of Hooley's hypothesis ([3],p.44). 
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