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ON GROUPS WITH PROFINITE ARITHMETIC

S.K. Grosser and W.N. Herfort

Pregsented by P. Ribenboim, F.R.S.C.

The well known example by Adian-Novikov [ 1] invalidates both the
Burnside conjecture and a conjecture by O.Ju. Schmidt: "There is an
infinite abelian subgroup in every infinite group". Thus the Schmidt
conjecture defines a restrictive condition. One is far from knowing
all groups that satisfy it; it is, however, satisfied (e.g.) for
locally finite groups (Theorem of Hall-Kulatilaka [16] ). For lo-
cally compact [ IN]-groups (see [4]) the question reduces to one for
compact groups. Even for compact groups the general answer is un-
known; in this case, however, the stronger condition that non-tri-
vial elements possess infinite centralizers effects a reduction to
a problem for pro-p-groups, as follow: If G is a compact group in
which all non-trivial elements have finite centralizers then G is
either finite or is a pro p-groups for an odd prime p. (The questi-
on of whether or not an infinite pro-p-group with the above centra-

lizer-condition actually exists is still open).

In general, the method of topologizing problems of the discrete
theory provides additional perspective and allows for the develop-
ment of a more comprehensive theory in which techniques of Lie-
theory and of the discrete theory can profitably be combined. Thus
the topological versions of finiteness conditions (see especially
[16, ch. 4]) have given rise to the rather extensive theory of
compactness conditions (see [13]). In this sense, one may formalize

the conditions refered to above as follows:
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[AF] = class of discrete groups G whose abelian subgroups are
finite.

[CF] = class of discrete groups G with finite centralizers
CG(x) of the elements xfe.

[AF]™ = class of locally compact groups G whose closed abelian
subgroups are compact.

[CF]™ = class of locally compact groups G with compact centra-

lizers CG(x) of the elements xd4e.

One has [CF] < [AF] and [(CF)™ e [AF])™. Let [X] be the class of
compact groups. The two questions of whether or not {CFInTK] =
= [AF)n (X] = class of finite groups, are still open [Mc M]; they
are indeed closely related to the Burnside-problem for compact

groups. (See, however, the result quoted above).

For the formulation of our results we need the classes [IN] and
[SIN] of locally compact groups G possessing, respectively, a
compact G-invariant neighborhood of e and a fundamental system of
such neighborhoods; [M] denotes the class of locally compact groups
G all of whose irreducible Hilbert Space respresentations are fi-

nite-dimensional ("Moore-groups" [11],[ 18]).

Theorem | Assume G€ [IN)n[AF)”. Then there is a sequence K- G-» D,
in which K is compact and open, and D is a discrete torsion group
not possessing any locally cyclic subgroup. If Dé[AF] then D con-
tains the weak direct product, over an infinite index set, of

cyelic groups Cp, for a fixed prime p.

o o
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For a proof one first employs the structure theorem for [ IN]-
groups. The crucial step in the proof then is to show that locally
cyclic groups in D would give rise to non-compact closed abelian
subgroups of G; this demonstration is accomplished by induction on

certain families of subgroups.

Theorem 2 For a Lie-group G the following holds:
GE[AF] T o G, is compact and G/G € [AF].

The proof of (=) employs the Lie-theory of compact groups to-
gether with the Hall-Kulatilaka-Theorem [8) in order to construct
a sudbgroup H of G and a sequence T» H» V, where T is a maximal
torus of Go’ V is an infinite-dimensional GF(p)-vector space (p a
prime) and H's T<Z(H). Choosing H to be non-compact if Gd [AF]~
one arrives at a contradiction by means of arguments from linear
algebra applied to the bilinear form (x,y) » [x,y] on the GF(p)-

vector space Vx V.

Theorem 3 If G€[CF) n[SIN] then G is either totally disconnected

or compact.

Assuming G, £ E one shows that G, is compact and, with the help
of a maximal torus in Go' constructs a non-compact closed subgroup
H with Ho abelian. Then, since G€[ SIN], one can find a non-compact
Lie-group M, epimorphic image of H, and an element mé (M\E) with
CM(m) non-compact. Application of a lifting theorem for fixed points
finally leads to an element x€ (G\E) with CG(x) non-compact.
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Theorem 4 If G€[CF] n (M) then G is either compact or is a finite

extension of a p-group in [M] (p a prime).

By Theorem 3, if G is non-compact, it is periodic (i.e., each
element lies in a compact subgroup). Next one shows that K~ G-» A,
may be assumed, where K is profinite and A is an abelian discrete
torsion group. In addition one may assume that K has a G-invariant
system of e-neighborhoods. If G fails to satisfy the structure
theorem a contradiction can be derived by means of a series of
technical lemmas involving profinite group theory (e.g., 2 profi-
nite version of Glauberman's theorem on the lifting of fixed points,

and an application of Theorem 1).

Two examples are given to delimit the scope of the results

obtained in the paper.

Example 1 (a nilpotent group of class 2 in [AF] ™\ [CF]”) shows
that the distinction between [AF)~ and [CF]~ is meaningful. Let
p be an odd prime, W := C;N, with its natural compact topology,
V= (C,')* endowed with the discrete topology. Let G := Wx A2()
with the operation

(vig)lv',o') :=(v+v', o +a! +2" VA V').
Topologize G by the sequence Az(w) » G -»V, in which Az(w) is
clearly compact.

Example 2 (a non-compact p-Moore-group in [CF]”) elucidates the
second part of Theorem 4. Let F n=<x1,x2....> be the free group in

countably many variables (xi), and let p be a fixed prime. From F

B R s i
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one constructs the ﬁp(xo), the restricted free pro-p-group in
countably many variables (see [15]). Let ﬁé’ be the Frattini-
subgroup and let G:=F Fp‘. This gives rise to the algebraic

sequence ﬁp* -» G » (CpN)*, by means of which G is topologized
as a locally compact, non-compact group with fé* as a compact
open subgroup. The proof that G possesses the properties re-

quired rests on the fact that in any free pro-p-group the

centralizers of non-trivial elements are procyclic.

REFERENCES

253

[ 1] Adian, S.I.: The Burnside Problem and Identities in Groups;

Translated by J. Lennox and J. Wiegold,
Springer (1979).

[ 2] Fuchs, L.: Infinite abelian groups, vol. 2;
New York, Academic Press (1970).

[ 3] Gildenhuys, D.-Herfort, W.~Ribes, L.: Profinite Frobenius-

groups;
Arch.Math., Vol. 33 (1979), 518-528.

[ 4] Grosser, S.-Moskowitz, M.: Compactness conditions in topolo-

gical groups;
J. reine und ang. Math., 246 (1971), 1-40.

[ 5] Grosser, S.-Loos, O.-Moskowitz, M,: Uber Automorphismen-

gruppen lokal-kompakter Gruppen und Derivationen

von Lie-Gruppen;
Math.Z. 114 (1970), 321-339,

[ 6] Herfort, W.: Compact torsion groups and finite exponent,
Arch.Math., vol. 33 (1979), 404-410.

[ 7] Hochschild, G.: The structure of Lie groups;
Holden-Day, San Francisco (1969).

[ 8] Kegel, 0.H.-Wehrfritz, B.A.F.: Locally Finite Groups;
New York (1973).

[ 9] Loos, O.: Symmetric Spaces II;
New York-Amsterdam, W.A. Benjamin (1969).

[10] Mc Mullen, J.R.: Compact torsion groups;
Proc. of the Second International Conf. on
Theory of Groups (1973).

the



254 S.K. Grosser and W.N. Herfort

[11] Moore, C.C.: Groups with finite-dimensional irreducible
representations;
Trans. AMS, 166 (1972), 401-410.

[12) Olshanskij, A.Yu.: An infinite group with its subgroups of
prime order;
Izv.Akad.Nauk SSSR, Ser.Mat. 44 (1980), 309-321.

{13]) Palmer, T.W.: Classes of Nonabelian Noncompact Locally
Compact groups;
Rocky Mtn.J. of Math. 4 (1974), 683-741.

[14]Platonov, V.P.: Periodic and Compact Subgroups of Topological
Groups (Russian});
Sibirsk.Math.Zh. 7 (1966), 854-877.

[15] Ribes, L.: Introduction to profinite groups and Galois
cohomology;
Queen's Papers in Pure and Appl.Math. 24,
Queen's University, Kingston, Ontario (1970).

[16]) Robinson, D.J.S.: Finiteness conditions and generalized
soluble groups, part 1;
Springer (19725.

[17] Serre, J.-P.: Cohomologie Galoisienne;
LNM 5, Berlin, Springer (1965).

[18] Thome, E.: Uiber unitire Darstellungen abzihlbarer

diskreter Gruppens;
Math.Ann. 153 (1964), 111-132,

Mailing addresses

S.K. Grosser W.N. Herfort

Institut fiir Mathematik Inst. f. Num. u. Ang. Math.
der Universitédt Wien (Vienna), Techn. Univ. Wien (Vienna)
Austria, A-1090 Austria, A-1040

Received June 15, 1982




255
C.R. Math. Rep. Acad, Sci. Canada - Vol, IV, No, 5, October 1982 Octobxe

GAPS IN THE SPECTRUM OF AN ALMOST PERIODIC SCHR&DINGER OPERATOR

George A. Elliott, F.R.S.C.

In [1], [3], and [4], the spectrum of the one-dimensional Schrb'dinger
operator is shown to be totally disconnected for a dense Gs of limit
periodic potentials. These authors consider the continuous case, i.e., the

operator

- v(x) L,[®)
+ X on N
a2 2

but it is pointed out in [5,56] that a similar result holds in the discrete

case, i.e., for the operator
hy + V on 22(1)

where (ho)ij = 6i,j+] + 6i+1.j and V” = V(j)(s,i:j S

The present note takes a first step towards extending this result to the
class of all almost periodic potentials. Recall that an almost periodic
function on R (resp. on Z) is limit periodic precisely when its frequencies
generate a rank one subgroup of R (resp. a torsion subgroup of R/Z). In

general the frequencies form an arbitrary countable subset of R (resp. R/Z) .

Lemma 1. Every continuous section of normal elements of a c*-a'lgebra
bundle has continuous spectrum if either all fibres are nonunital or if all

fibres are unital and the section of units is continuous.

Proof. That the spectrum of the normal continuous section aw a(a) is
continuous means that for each open set Uc € , the set of a with Sp a(a) c U
is open (upper semicontin.u'ity), and the set of a with Un Spa(a) #9 is
open (lower semicontinuity). That these sets of a are open follows by
continuity of the norm from the following characterizations in the unital and
nonunital cases respectively:

Sp x g U <=> [[f(x)-1]] <1 for some f e Cyp(U)
(resp. 0 ¢ U and this holds with f(0) = 1) ,
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UnSpx #P<=>f(x) #0 for some f ¢ Coo (V)
(resp. either this holds, or 0 ¢ u) ,
where x denotes a(a) , and Coo(U) denotes the set of continuous functions

€ +~ C with compact support contained in U .

Lemma 2. Let G be a subgroup of R (resp. R/Z) and let (u.l,uz....)
be a sequence of homomorphisms of G into R (resp. R/Z) converging pointwise
to the identity. Denote by A the C*-algebra on L,(R) (resp. L,(R/Z))
generated by the operators fu(g) where f is in CoM@) (resp. CR/Z)) and
g isin G (here u(g) denotes translation by g). Denote by A] ,Az,...
the analogous C*-a'lgebras with u1(G),02(G),... in place of G . Then there
is a unique C*—algebra bundle over the compact space {1,2,...,00} with fibres

A],Az,...,A such that for each f in Co@®) (resp. CM/Z)) and each g in
G the section (fu(u](g)),fu(az(g)),...,fu(g)) is continuous.

Proof. Denote by B the C*-a1gebra of sections of (A] ,Az,...,A)
generated by the sections (f]u(a](g)),fzu(uz(g)),...,fu(g)) where g ¢ G and
fn +f in Co(lR) (resp. C(R/Z)) . We must show that each section in B has
continuous norm. If b = (a] »335...,a) is such a section, which we may assume
to be positive (since ||b]| 2, ||b*b|| ) » then,.by the functional calculus, to
show upper semicontinuity it is enough to show that 2, is small for large n
if a=0, and to show lower semicontinuity it is enough to show that a = 0

if an=0 for all n .

To show upper semicontinuity, consider the C*-algebra B, generated by
elements (f1,f2,...,f)w(g) where g ¢ G and fa>f in Co@) (resp. CR/Z)) ,
with the relations w(g)* = w(-g), w(g;+g,) = w(g] Jw(g,) » and

01(9) L‘12(9) g g
W(9)(f],fps...0f) = (f) sfy T aeuf)w(g) , where fI(s) = f(s-g) .
There exists a homomorphism of B, onto B, since the sections defining B
also satisfy the relations. The quotient of Bo by the closed two-sided ideal

generated by the elements (f].fz,...,o) where fn + 0 1is the crossed product
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of C,®) (resp. C@R/Z)) by G . This ideal maps into sections in B with
zero comporent in A , thus defining a map of the crossed product onto A .
But by uniqueness, A also is the crossed product, so this map is injective.
In particular, if b = (a],az,...,a) ¢eB and a =0 then b 1is in the image

of the above ideal of Bo , and therefore a_ is small for large n .

n
To show lower semicontinuity consider the canonical densely defined faithful
Tower semicontinuous traces T1sTpseeesT ON AT,A%,...,K* extending Lebesgue
measure on C,(R) (resp. C(R/Z)) . Thus, t(fu(g)) is the integral of f if
g =0 and is zero otherwise. Since an(g) +g for all g we have
rn(an) + t(a) whenever b = (a],az,..,a) belongs to the dense subalgebra F
of B of finite sums of sections (f]u(u](g)),fzu(uz(g)),...,fu(g)) where all
fn have support in some fixed compact set. We must show that if b = (a1,a2,..
cesd) € 8* and a = 0 for all n then a =0. Note first that for any
beB and c = (d,dpse..sd) € F o1 (dad) > (dad) . Indeed, if beF
this convergence holds by direct computation as remarked above. Since also
‘n(dnd:) > r(dd*) the positive functionals d;r]dl. d;rzdz,..,d*rd are
uniformly bounded, and hence the convergence holds for any be B . In
particular, if b = (0,0,...,3) ¢ 8* then for any ¢ = (dy,dy,...,d) ¢ F,
t,(d,a,dr) = 0 forall n, so t(dad’) =0, dad =0 ; it follows that
a=10.
Lemma 3. Llet B bea C*-algebra, Tet v be a selfadjoint multiplier of
B, and let h be a selfadjoint operator affiliated with the enveloping von
Neumann algebra of B such that (h+i)'] belongs to B . Then also h+v is

selfadjoint and (h+v+i)-1 belongs to B .

Proof. It is immediate that h+v is selfadjoint. Hence it is sufficient
to consider the case that ||v|| <1 ; repeated application of this case yields
the general case. If ||v|]] <1, we have ”(h+i)"v" <1 since

||(h+i)-lu <1, and hence, with b = (h+i)']v «B,
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(havi)1 = (b)) Vhei) ) = (=5(-b)")(h+i) " < B .

Theorem. Let G be a countable subgroup of R (resp. R/Z) and let
(al'uz"") be a sequence of homomorphisms of G into R (resp. R/Z)
converging pointwise to the identity. Let V be a real-valued almost periodic
function on R (resp. Z) with frequencies in G , so that V has the

Fourier series ¢ exp 2rigt . Then for each n = 1,2,... the Fourier

a
geG g
series xgeG ag exp Z'nian(g)t represents a real-valued almost periodic
function Vn on R (resp. Z) , and if Hn denotes the one-dimensional
Schrodinger operator in Lz(R) (resp. !2(1)) with potential V,» and H

that with V , then the spectrum of Hn approaches the spectrum of H .

Proof. Since V is almost periodic and the dual G of the discrete
group G is compact, there is a function 7 on G such that V is equal
to V composed with the map R » G (resp. Z + ﬁ) dual to the given map G + R
(resp. G-+ R/Z) (see [2], page 428). Then Vn is just v composed with the
map R +8 (resp. Z + é) dual to the map a,

Denoting H by H; in the case that V = 0 , we may view (Ho+i)"| as
an element of C,([) (resp. C[R/Z)) , if at the same time we view V as
belonging to the C*-aIgebra generated by (u(g)|geG} , and Vn to the
C*-algebra generated by {u(un(g))lgeG} . Then v = (V].VZ,...,V) is a self- _
adjoint multiplier of the C*-a19ebra B of continuous sections of the C*-algebra
bundle of Lemma 2, and with h denoting (Ho ’Ho""’Ho)’ (h+i)'] belongs to B .

Applying Lemma 3 with this B , v, and h yields
sy iy~ =1 iy
((H1+1) ,(H2+1) seeos(HH) ) = (h+v+i) " € B .

The conclusion of the Theorem follows by Lemma 1.
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ON A GENERALIZATION OF GAMMA FUNCTIONAL EQUATION.

C. Borelli Forti - I. Fenyd

Presented by J. Aczél, F.R.S.C.

ABSTRACT- The general holomorphie solution is given of the functional equation

Ff(3+1)=Q(z)f(5), if Q(3)=P(a)/R(z), where P and R are entire funetions of genus 1.

1.- Several generalizations of the Euler functiocnal equation F(z+1)=af(z) have
been studied ( see the book of M. Kuczma [3]).

In the present paper we consider the functional equaticn

(1) f(3+1)=Q(z)f(3)

where

@
B=C, Y8
- k 'K -1 _1
9(8)" l:] zd, € > s A
and we determine, under suitable hypotheses on ck and dk’ its holomorphic solu-
tions such that f(za)=1 for some 2 O.This can be done by using the Laplace tran-

sformation and specifying the procedure described in [2].

2.- Let Qa:{glc: Re 3>a}, aeR, and let Gﬂl(ﬂa) be a given function without ze-
ros in na, where H(na) is the set of all functions holomorphic in ﬂa.
Differentiating equation (1) ( 260 ) we see that if ij(na) is a solution of

(1) without zeros in rza, then f is also a solution of the functional equation

£i(z+1) _G'(z) , f'(a)
Fla+1) G(a) f(z)

(2) zena.

THEOREM 1- Given zoena,

Any other holomorphic solution of (2) taking the value 1 at s 02 has the form

let feH(Q a) be a solution of (2) such that f(zo)zl.
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z

(3) h(z)=( exp I P(t) dg )-f(z) ,
, z
o

where F is an arbitrary funetion in H( na), periodic of period 1.
PROOF- Obviously if % has the form (3) then it is a solution of (2) and h(zo)=1.

Conversely, let heH( ﬂa), h( zo)=1. be a solution of (2).Then we get

- hi'(z+1) _ f'(z+1) | _ | B'(2) _ f'(2) =0,
h(z+1) flz+1) h(z) f(z)
h(z)

and, putting K(z)=f7;‘7 + (4) becomes

K'(z+1) _ K'(z) =0

K(z+1) K(z)

’
Hence F(z)= %s-)— is holomorphic in 2, and F(z+1)=F(z).Since K(zo)—‘l, we obtain

2z Z
K(z)=exp I F(g) dc , i.e. h(z):f(z)ea:pf F(g) dt.
z z

(4 o

If feH( Qa) is a solution of equation (2), by integrating and taking the expo-
nentials, we have

flz+1)=aG(z) f(z), zsﬂa 5
for scme constant aeC-{0}.So, in general, f is not a solution of (1); never-
theless we can get a solution of (1) by taking

2
h(z)=f(z)erp[ F(g) dg , zoeﬂa N

a3
o

where FeH(' ﬂa), periodic of period 1, is such that

zo+1 1
exp ! FP(g) dg= 5
2
(4
Thus the knowledge of a particular solution of (2) sufficies to find the solu-

tions of (1).
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3.- In this section we shall find a particular solution of (2), when the given

function is

8=C, Y,3
_TT 3% Y _1 _ 1
® W)= gy zq, ¢ W "

By section 2, this solves equation (1) considering Q instead of G.
We assume that the complex numbers ak and dk satisfy the following conditions:

(1) for every k, Re ck<0_. Re dk<0:

IES) 5 <=, ] 3
k=1 |ck| =1 Idkl

<o 3

(1ii) there exists 8, 0€6<n/2, such that |arg(—ck)|se, larg(-d;)|<e, gor every ki

(i)} |yk|<e= .
k=1

We set M= max ( sup Re c; , sup Re dk ), so QeH{nM).
k k

In the sequel, if y(t,z), teR, 3¢C, is a function of two variables, we shall
denote with Oﬂt(‘b(t,a))(a)the Laplace transform of § as function of ¢, calcu-
lated in 8.

THEOREM 2- Consider the functional equation (2) with @ defined by (5) instead
of G; assume that conditions (i)-(iv) hold and fix 3.€9, .The function

’ 3
f(z)=exp I o(z) dg 2€qy, ,

zo
where
3 -] @
o(z)=(z- 5 ) kzz g +k£1(oc’t(¢(t,a))(-ck)-aﬁt(m,s))(-dk))
and .
-t -3t
_e_ __e -3
Wit,3)= = j_g_t » t#0, ‘9(0,5):3 z

18 a solution of (2), holomorphic in 2y 5 for whick f(z )=1 holds.
Q'(z)
Q(z)

PROOF- We must only prove that &(3+1)-¢(z)=
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a=e, Y2
Let gk(z)z e ~ , then
a-dk
gi(z)
(6) k_ =y + -1_ - 1 »

gy (3) k a-c;  z=d)

1f we take the inverse Laplace transfoxm of (6), we have

'(3) e,t d,t
_e-1| %k s k%K
Hk(t)— W ]—Wk 6te e "
where § is the Dirac distribution.We now set
© 3 ot dkt
(7 ok(z)=] W(t,2)H, (t)dt=(z~ —a)yk+r W(t,z)(e © -e © )dt.
o o

Since Re z>M, Re ck<0, Re dk<0, the last integral in (7) exists and
ot dkt .
rw(t,z)(e -e )dt:att(w(t,z))(-ak)-utt(w(t,z))(-dk).
o

Obviously OkEH(ﬂM) , and
w gi (z)
g

ok(z+1)—¢k(z)=L(\b(t, 3+1)-y(t,z) }Hk(t)duja e‘stﬂk(t)dtz'-i:(i!k(t))|'z)= —k(;)- .

Now we define
(8) o(z)= | o, (z)= | {(z- %)yk'roft(w(t,z))(-ck)-utt(w(t,z))(-dk)).
k=1 k=1

In our hypotheses on (ck) and (dk}, we can apply Theorem 33.4, p. 226 in [1],

to obtain
tim t-c ol (y(t,2)) (e, ) 1=timl-d, & (y(t,2)) (~d, )1=a- 3 |,
el i R % z
so .3 .3
b, (y(t,8)) (e, )5- —2 +a(cl—k) and of, (y(t,3)) (~d) )= —d,ki +o(d’—k) , as ket

3 3
[(a= vt (W(8,8)) (e )= L (u(t,2)) (-4, ) | <
3 3 1 1 1 1
slz= gl Ingl#la= 3101 2= = = #o(g)t0(0)|
A1 2l e 3; o Tl
hence, by (iv), the series in (8B) is absolutely uniformely convergent on every

compact subset of ﬂM, thus OEH(QM).Moreover

e ——————— i gt
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i 9%(2) _ qi(z)

o(z+1)—o(z)=k£1(ok(3+1)-ok(z) ):k R oak

This completes the proof.
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THE BERGMAN-GILBERT OPERATOR AS A TRANSMUTATION

Robert Carroll

Pregented by FP.V. Atkinson, F.R.S.C.

Abstract: We give a spectral characterization of the Bergman-Gilbert operator via

Mellin transforms which displays it in the context of general transmutation theory.

Introduction. We consider (*) Au + F(rz)u = 0 in R and refer to the formula

1
1%} u@) = h@) +J ™6 (r, 1-02)h o) do
0

as the Bergman-Gilbert integral operator. It was obtained by Gilbert as a "method
of ascent" (G does not depend on n) and maps harmonic functions h onto solutions of
(*) (cf. [3;4;5]). It is not surprising that it should have transmutational features
(cf. [1] for transmutation) and in the course of studying certain singular inverse
problems (cf. [2]) it became desirable to spell out this connection. The result is

indicated here.

Framework. We recall that B: P + Q is a transmutation if BP = QB acting on
suitable objects and we write here P = rzD2 + (n-1)rD with Q = P + rzF(rz). Since

r2A = P + Q2 with © independent of r we see that a transmutation B: P + Q in the radial

variables automatically induces a transmutation B: rzA -> rzA + rzl’. Transmutations
can be characterized in various ways and in general will be given as integral opera-
tors with distribution kernels in the form Bf(r) = (g(r,p),f(p)?. The kernels B can
be represented as spectral integrals using eigenfunctions of P and Q and for radial
operators P= (llrz)l’ for exam-ple such expressions for 8 have a particularly nice form
in terms of "spherical functions". The present situation is somewhat more complicated

and we bypass the spectral analysis as such be representing the kermels as inverse

Mellin type transforms directly (in which the spectral theory is implicit).
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Results. One changes variables in (1) and writes u = h + ¢ pn—3lz(r,p),h(p,-))
(distribution bracket) where ﬁ(r,p) = K(r,p)Y(r-p) with Y the Heavyside function.
The differential equation satisfied by G in (1) leads to a differential equation for
K when p < r with a jump discontinuity K(r,r) = - f:!-’(oz)pdp/rn-z at p = r. This
is all embodied in the distribution context (from which the desired jump arises
naturally) and one shows that (Qr - P:){pn-ai(r,p).} = -rzF(rz)G(r-p) where P: is
the formal adjoint defined by P*v = (rzv)" =~ (n-1)(zxy)'. One determines then that
(1) represents a transmutation which we write as u = ﬁ{h) = (E(r,o).h(o,')). Then
writing B{p°} = (pg(r,o),po_l) = M{pB(r,0)}(0) (Mellin transform p + o) we will have
QrE = P:E and choosing ‘d‘ig(r) (= ES(r) with T = ~g-n+2) to be the solution of the
eigenvalue equation Q¥ = g(o+n-2)¢ with Eg(r)r-o +1as -+ 0we have (note Pp* =

1(1'-0-n-2);:|‘r = u(c+n-2)pt)

Theorem. The "extended" Bergman-Gilbert kernel E(r,p) is characterized by the

gpectral formula

(2) B(r,0) = lel J n-o_l\ig(r)do = Fli I P ES(r)dt

where the integral involves suitable contours c-iw =+ ctiw,

Examples. The various formulas indicated are calculated explicitly for n = 3
and F(rz) . (which is a typical example from scattering theory) and comparison to
other transmutations is made via spectral integrals. Thus in particular in (2)
52&) = !i"(k.O)z-;sJM(z) (z = kr) where V= 2°+;’k-°l"(a+3/2). One knows also from
[33435] that K(r,p) = ~k(o/r)"%J {kr(1-p/1) 1}/ (1-p/r)" and thus M{pK(r,p)} =

—k-‘:'(kr)_lilw_:’/2 u+5s(kr) where £ (v s8) represents the Lommel function.
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LOCALLY CARTESIAN CLOSED CATEGORIES AND TYPE THEORY

R.A.G.Seely

Presented by J. Lambek, F.R.S.C.

Abstract A modified version ML of Martin-Lof's type theory is
presented which characterises the categorical structure of a

locally cartesian closed category.

0. Introduction It is known that for much of the mathematics of
topos theory, it is in fact sufficient to use a category C whose
slice categories C/A are cartesian closed, where the notion of "A-
indexed family" is represented by morphisms B + A of C. It has
also been conjectured that the logic of such categories is given
by Martin-Lof's type theory. The purpose of this note is to

make this precise.

1., Definitions The type theory sketched here is based on Martin-
Lof's, as given in [1], [2]. We present the definition informally

for the sake of brevity.

Definition 11: An ML theory is given by type-function constants
and term-function constants, which induce sets of types and terms
(of given types), satisfying the following conditions. We write

t € T to mean t is a term of type T, b[x] to represent all free
occurrences of x in b, and blal for the substitution of a for x in
b, where appropriate.

Type formation rules: (i) I is a type .

(ii) If a,b € A, then I(a,b) is a type.
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(iii) If A is a type, and if for x ¢ A B[x] is a type, x not

occurring in the type of any free variable of B, then Z xeA B{x]

and TT xea B[x] are types. (If B does not depend on x, these are
written AxB, A>B respectively.)

Term formation rules: * e¢ ]. For each type A, there are (countably .

many) free variables x ¢ A.

(TT1) 1f tlx] ¢ B[x], where x ¢ A does not occur in the type of
any free variable of t, then X xeAt[x] ¢ Tl xea BOx].

(TE) 1f £ e TTxea B[x], a ¢ A, then f(a) ¢ B[al.

(ZI) 1If ac A, b e B[al, then <a,b> ¢ & xeh B[x].

(ZE) If c € X xeA Blx1, then T (c) ¢ A, m'(c) € BI®(c)].

(=I) If a e¢ A, then r(a) ¢ I(a,a).

(=E) If a,b € A, c € I(a,b), 4 ¢ cla,a,r(a)], then

s(d)la,b,c] € cla,b,c].

Substitution instances of type (term)-function constants are types
(terms respectively).

Equality rules (notation as above):

(7T red) A xeAt(x](a) = tl[al. (Mexp) £ = AxeAf(x).

(Z red) wm(<a,b>) = a, W(<a,b>) = b. (Z exp) c = <T(c), W(c)>.
(=red) s(d)[a,a,r(a)] = 4 (=exp) If fla,b,c) ¢ cla,b,c]
then f = s(fla,a,r(a)])[a,b,c].

(lrule) If t e€ | then t = ».

(Irule) If alx), b[x] ¢ A, t[x]) ¢ 1(alx),blx])), for x € X not
occurring in the type of any free variable of a, b, A, t, then

alx] = bl{x] and tlx] = r(alx1). .

Definition 12: A locally cartesian closed category (lcc) is a

category C with finite limits such that for any object A of C, the
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slice category C/A is cartesian closed.
2, From ML to lcc Given an ML theory M, we define a category
C(M), whose objects are closed types of M, and morphisms A + B

are closed terms of type A > B.

Theorem 21: C(M) is locally cartesian closed.

Sketch of the proof: Finite limits are constructed in the evident
way: for example, the pullback of t € A®B along s € C3B is given
by Z xehz.yec I(t(x),s(y)) with projections to A and C. Similarly
BA is just A>B. Finally, to see C(M) is lcc, we define two C(M)-

indexed categories, P, and P A C-indexed category P consists of,

1 2°
for each object A of C, a category P(A), and for each morphism
f:A » B of C, a functor f*:P(B) + P(A). Here, gl(A) is the
category of types B[x], x € A, and terms t[x] ¢ B[x] > clx]; £* is
defined by substitution. P,(A) = c(M)/A, with f* defined by
pullback. Two C-indexed categories are equivalent, gl o 32’ if

there are equivalences P, (A) « B,(a) which commute with the f*'s.

Lemma 22: 51 e 22 ; furthermore, 21 is a hyperdoctrine.
The main idea of the proof of the lemma is to associate with a term
f ¢ B> A the type f_l(x) ndeycB ax,£(y)) in B, (A), and inversely,
with a type B[x] of gl(Af, the projection term ¥ €L xeAB[x] > A.

A C-indexed category P is a hyperdoctrine if each P(A) is car?esian
closed, if each f* has adjoints I - f* - T, and if £* preserves
exponents. In the case of C with finite limits, P given by P(A) =

c/A, C is lcc iff P is a hyperdoctrine. In [3], [4] it is shown
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that the category of hyperdoctrines is equivalent to the category

of theories in first order logic. Since M, and so P is essen-

-1’

tially a theory in first order logic, gl is a hyperdoctrine. Lemma 22

completes the proof of Theorem 21, since 52 is a hyperdoctrine.

3. From lcc to ML Given an lcc C, we define an ML theory M(C)
using the fact that C defines a hyperdoctrine (with BP(A) = C/A)
and hence a theory T(C) in first order logic: briefly, we take
predicates of T(C) (i.e. morphisms of €) as the types of M(C), and
proofs in T(C) (i.e. morphisms of slice categories C/A) as the
terms of M(C). The proof that this defines an ML theory follows
closely the proof that T(C) is a first order theory, as in [3] or

[4]. Note that the closed types and terms of M(C) are the objects

and morphisms of p(]) ¥ c.

4. Equivalences From the preceeding remark, C o g(ﬂ(g)). It is
not difficult to show that M > M(C(M)), in a suitable sense.
If ML is the category of ML theories, and LCC the category of

lcc categories, then:
Theorem: ML « LCC .

5. Remark The details of these results were presented in the
McGill Categorical Logic Seminar, and are available (from the
author) as a publication (with the same title as this note) in the

McGill lecture notes series.
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SCALES

Y. HELLEGOUARCH

Presented lz'y' J.‘FI.'I{. f:‘HaZk_. P.R,S,C.

1) Abstract

Itis awellknown fact [1] that a "discrepancy” divides the musicians capable
of pure intonation from those tied to tempered instruments. The aim of this
work is to develop arithmetical concepts for a common understanding.

M will denote the set of "musical notes" produced by a certain instrument.
With each M will be given a group T isomorphic to # operating faith-
fully and transitively on M, which we will call a chromatic scale.

Each time T will be considered to be imbedded in R' as a set, and we
will always assume that 2€T. The index [T:< 2>] will be called the num-
ber of degrees of T, and the orbits of M under the action of <2> will
be called the names of the musical notes.

We will now proceed to give an abstract definition of T, which will pro-

duce historical scales [2] like a rabbit from a hat.

2) Construction of scales

Let us consider the sequence ¥ of the subgroups of the multiplicative
group Q+ which are generated by the successive prime numbers :

Y :<2,35, <2,3,5>, <2,3,5,75, etc...
All the groups in S are dense in ®* (Rronecker's theorem) in the usual

topology.

2.1) Commas associated to a subgroup GE€ :f

To avoid cumbersome notations, we will take G = <2,3,5> as a fairly

general specimen of a group in t.
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Definition .- 2%3Y5% is a "comma" in <2,3,5> iff :
1) (’hy:z) # (0,0,0) ¥

L} 1 1
2) [log 2* 3¥ 5% | < |log 2* 37 5%| implies

[x'|1og 2 + |y'|log 3 + |2'|10g 5 > |x[log 2 + |yflog 3 + |z{log 5

The following criterion is often useful.

a+l

‘”' €G and GEJ, then s

Criterion .- Consider a+:] with a€N. If

a comma in G.

Results .-

a) The commas in <2,3> are :

2.3 2° 3 2°3° 2
: | ’ ’ » 9 e
™2 73 -2—5 3 2l9 3101 2§
and their inverses.
b) Those in <2,3,5> are :
2322 5 32 25 4 52 g
» J ] ) » Y HEY TRy Ty ses
DT I 3 b

and their inverses.

c) In the case of <2,3,5,7> we can say that the following numbers and their

inverses are commas :

2 22 23 7 25 3.5 3.7 2232 2 8 34 4252
1" 3° 5 2.3 2277 . 5.7’2z3' 327’255’ 25

s etc ...
.7

2.2) Quotient groups

To fix ideas, take again G = <2,3,5> and consider two elements r and r'
in G ; we will use the following elementary result to study the quotient

group G/<r,r' >° *

Theorem .-

L] L]
1) Let us write r = 2% 38 57, r'a2® 38" 5 ang =a"x+B8"y+y"z

N< X
< ™R
- ™R
-« = -
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Then G/< +> is isomorphic to 7 iff the greatest common divisor of

T,T

u"

» B, ¥" is equal to 1. "
2) Let us consider s = 22 3P 5%¢q.

* G .
Then the coset of 8 is a generator of I<r,r'> iff

a"a + 8" + y'c = 1

2.3) Euler's principle

We must now imbed the group G’<r,r' > in R" and our problem is to choose

for each coset of G modulo <r,r'> a representative in Q’. As these cosets
are (generally) dense subsets in m*'. this choice is by no means an obvious one.
To make this choice we will use the following remark from L. Euler (free trams-
lation) : "hearing is used to perceive as a simple fraction all the fractions
which are near to it".

Let % be an irreducible fraction, %E Q‘; we recall that the "height" of

f is the number h(%) = gup (r,s), then we will make Euler's remark precise

in choosing in each coset an element of minimal height (which is unique in

practice).

3) Results

The following table gives the three scales corresponding to the quotient

groups :
<2-3> /<!‘>’ <2'3’5>/<r,r'>' <2’3'S'7>/<r,r',r">
312 34 32 52
with r -2—19- , ' -;z-—s-, = 25'7 which are commas in <2,3>, °

<2,3,5> and <2,3,5,7> 'respectively.
The first scale is similar (if not identical) to Pythagoras', the second
to Zarlino's and I will call the last ome the “Zarlino A" scale.

Other scales are described in [3] and [4].
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First sixty degrees of the scales of Pythagoras, Zarlino and Zarlino A

Y. Hellegouarch

n n n
Q o (= = T o . (= (2] La) vy
& 2*3 ] 2_5 < & ~ 4 o ~ ~ ~
L] Lo} n n
o o o | . . o n .
- "™ o « R N N B R I A N W = )
i i . .
o~ o~
e~ ~ ~
@ |o Jo |'m ~hn o |~ o~ ~ © o | ™ «”
- | o~ e bl ™ Ly L] n N . i U2l |
wn o™ - <
o~ o~
~ [ o e ~ 2 kn o~ ~ | e ™ ™
- 2_3 2_3 2_3 ™ ....2~3 5_3 5_3 n « L ™
0 |3 [N o | m ™ ) -3 - ~ «~
- 3_2 NN | e - ~ ~ ~ 5[2—/43 ) n
] Lo} ) ™ e}
A o B A V- P 7 n N N | e " . . ?
- |~ e o~ ool . o n e o) ™
~ ~ ~ ~ ~
BN e~ ~ o
< NN N N N e < o [~ i 1] < fo {n o) ™
T ] VT Y XY AN A ) L G e P -~ n [ -l ofen
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| e n 0
@ |on fn |n [ 1 a |o je ln b AR e | O | [©
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~ o~
~ o o n o R e h ]
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~ ~
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4) Some consequences

Let us mention only two developments.
The first one is to give a meaning to the common ground on which tempered
and pure instrumentalists agree, and this can be done using the concept of
isomorphism between two scales having the same number of degrees.

The second one is to define, in a natural way, the dissonance between two
notes in a scale.

The application d : (x,y) +—+1log h(%) is a distance on Q+ [5]. So one
€

is led to define the dissonance of the interval 3 in the scale T = H by :

8p(x,y) = d(xH, yH)

and the psychological signifiance of this notion remains to be explored ...
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SOME RADIUS OF CONVEXITY PROBLEMS

Khalida Inayat Noor

Presented by N.S. Mendelsohn, F.R.S.C.

ABSTRACT.

Let S be the class of functions which are analytic and univalent in the
unit disc E = {z:|zkl} and which are normalized by the conditions £(0)=0,
£'(0)=1. Let K be the class of close-to-convex functions. The relationship of
K with its variuos subclasses and some radius of convexity problems are studied.

Let K denote the class of functions analytic and univalent in E = {z:|Z1},
*
satisfying £(0)=0, £'(0)=1 and which are close-to-convex in E[4]. Let C and S
denote the subclasses of K, consisting of functions which are convex and

starlike in E respectively. The condition

”"
Re{%;-+ 1} 50, for [z|<1

is necessary and sufficient for f to be univalent and convex in E, whereas
f is starlike in E if and only if

A
Re Egrgi) >0 for |z|<1 .
*
It is well-known that S and C are connected by the basic property
*
feC if and only if zf'eS (1)

*
Noor and Thomas[2] and Noor[3] have introduced and studied a new class C
of close-to-convex functions which is a natural analogue of the class C in terms

of the property defined in (1), that is

*
feC if and only if zf'ekK (2)

*
A function feC if f is analytic in E with £(0)=0, £'(0)=1, and there

exists a function geC such that for zeE,

re{{25(2))y o for |4<1. (3)

g'(2)
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feC* 1s called a quasi-convex function. Form (2) and (1), we can write

*
¢ —>—

L

¢ —>—

R—eb—

vhere the arrows indicate the set inclusion. Previously no relationship between
the classes C* and S‘r was known, but Aloboudi[l] has shown recently that there
is a function which is in C* but not in S*, and also Koebe function es* are
shown not belonging to C*.

We shall discuss the relationship of the class K of close-to-convex
functions with its various subclasses. The class K is a subclass of S of
univalent functions[4) and Kryzyz[5] has shown that radius of close-to-convexity
of every function in S is greater than or equal to Tg» .80<:°< .81, In this

paper, we prove the following results.

THEOREM 1 .

Let feC® in E. Then f maps |2 <4/2-5 onto a convex domain and this result
is sharp.
PROOF:

It has shown by Lewandowski[6] that the exact radius R such that the image
of |zJ]<R by feK in E is a starshaped domain (with respect to the origin) is
R = 4/2 - 5. So we see that from this result and the fact that fec* if and only
if 2zf'eK implies that the exact radius for which zf' maps the unit disc onto
a gtarshaped domain is R = 4y2 - 5. Hence f maps Lkb/2-5 onto a convex
domain.

Furthermore, Lewandowski's method yields the existence of an extremal
function which maps E onto the w-plane cut along a half-line not passing
through the origin. Consequently we deduce that the result is sharp.

; |
It is shown[2] that if fec*. then Re -2—2%2-)2-) > 0, geC and zcE. We now

prove the following result.

THEOREM 2

Let £:£(z2) = z+a z2+ 4eesvseesscsess be analytic in E and

gl = 3% boa®  cswwwess fip e Tn Bo IF B EE 00
g:8(z 2 nvex in E. e

. \J
Re jz_;'_%%)_ > 0 for |z|<1/3.

>0, for zecE, then
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’
Also, 1if Re -zi—(z(%) >0, geC, 2€E, then f maps [z| <1/3 onto a convex

domain.
PROOF:
We can write, for zcE and geC,
2£'(z) = g(z)h(z), Re h(z)> 0.
Hence
(z£'(z)) _ & g(z) ..,
g7 (2) @)+ gt
from which it follows that
(z£'(z))" " _ 18(2) .
Re Sy 2 Reh(z) Ig.(z)h (2)] %)
1]
Since g is convex in E, so we have Re _z_gﬁ) > 1/2 for zeE and consequently

. -
Re Eg-(—:%)z(lﬂzh 1, see(8].
This implies that

(z) 2

Ig'(z)' x T+ zl (5)

Also it is known[7) that [h'(2)| < (2Reh(z))/(1-|z|?) (6
From (4), (5) and (6), we get

2Reh(z)
1-|z|?
= Reh(z) [(1-3]z|)/(1-|2])]

A 1
Hence Re %—l >0 for |z|< 1/3.

Re (ZE:(:;)' > Reh(z) -

t4
8 Q+Tzp

:
We now prove that if Re z;(:;)> 0, geC and zeE, then f maps |z]|<1/3

onto a convex domain. For 2¢E, we have

(z£'(2))' = g'(z)h(z) + g(z)h'(2), Re h(z)> 0,
from which it follows that

(z£'(2))' 28'(z) _jzh'(2), 1 _ _2|al
el 2 M Sm e P T T
= (1-3|z|)/1-|z|?)

Al ]
Hence Re -(%%l >0 for |z|<1/3, and this gives the required result.
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THEOREM 3. , \ ,

Let ges” and Re %(%?- >0, for zEE. Then Re (-:—f-(g—)-’— >0 for |z|< 2-v3.
This result is sharp.
PROOF:

For z€E, we have zf'(z) = g(z)h(z), Re h(z) >0, from which it follows that

L2£'(2))" h(z) + 24%%3“'(’)

g'(z)
Thus
Re GLUED' > oy Lzl 2lel
ks -|z]  1-]2]?
Hence Re ;f(z; >0 for |z|<2- V3,

The function £(z)= g(z) = z/(l—z)2 shows that this result is sharp.
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS IV

Walter Schempp
Presented by G.F.D. Duff, F.R.S5.C.

The prototype among the infinite dimensional irreducible
unitary linear representatxons (U Lxe!l\*O of the real Heisenberg
nilpotent group A(R" ), n= 1, which may be constructed for instance
by Kirillov theory is the linear Schrodinger representation
ﬁ. It can be singled out by normalizing Planck's constant,
that is to say by putting™=1. One of the most important proper-
ties of the irreducible unitary representation U is that it
belongs to the discrete series of A(R"). Let Z denote the
(one-dimensional) center of A(R™"). According to the Stone-von
Neumann-Segal theorem, ﬁ forms an isomorphism of the complex
convolution algebra Q(K(R“)/z) to the algebra of all kernel
operators on the complex Schwartz space Q(R“) with kernel
in ?(Rnx R"). By transposition, a vector subspace ? (X(R™)/2)
of the complex vector space Q (A(R™)/2) of all tempered distri-
butions on A(R™) mod Z acts on ?(A(R )/Z) by right and left
convolution, i.e., g(x(Rn)/Z) is equipped with the structure
of a q 2(A(R )/Z)-bimodule. In particular, the unitary symplectic
Fourier transform of the functions in Q(A(R )/2) is given
by right convolution with the constant function EEE:§ 2(A(Rn)/z).

It is the purpose of the present part of this series
of papers [4-6] to establish Titlebaum's identity for the
symplectic Fourier transform of radar crossambiguity functions
within the framework of nilpotent harmonic analysis. As a
special case, an analogue of Moyal's identity for the mixed
Wigner distribution of quantum mechanics obtains.
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1. Q—Multipliers on A(R™)

Let Q(X(R“)). the Schwartz space of the real Heisenberg
nilpotent group K(Rn), to be the usual vector space over the
field C of all complex-valued infinitely differentiable functions
on R2n+1 rapidly decreasing at infinity under its canonical
locally convex vector space topology. As is well known, its
topological antidual 9'(K(Rn)), the complex vector space of
all tempered distributions on K(Rn), is too large to be an
algebra under convolution. Following Corwin [1], we say that
a tempered distribution Te§'(A(R")) is a right $-multiplier
on A(RM) if feT ey(K(Rn)) whenever fe?(Z(Rn)) and that T
is a left Q-multiplier if T'feg(Z(Rn)) whenever f(-:',P(K(Rn)).
Of course, Teng(Rn)) is called an g-multiplier on A(R™)
if it is both a left and a right §-multiplier.

The set Q-Z(K(R")) of all g-multipliers on K(Rn) forms
a complex vector space. More precisely, we have the linear
embeddings

Y &) — §,&r") — § E&r").

The elements Te'?'z(X(Rn)) are exactly the finite sums of

terms of the form Du where for an arbitrary number keN, p
denotes a measure on A(R") so that the measure (1+I(x,y,z)|2)ku
is finite on A(R") and D denotes a bi-invariant linear differen-
tial operator. This characterization implies that Q'Z(K(Rn))
forms a complex algebra under convolution. In particular,
§(A(R™)) is a @'Z(X(Rn))-bimodule.

2. The Symplectic Fourier Transform

Let 4 denote the Lie algebra of K(Rn). Then we have the
direct sum decomposition

N =Vez

where V = log R? o log R" is a vector subspace of 4 which
is isomorphic to the space R" @ R, If we put
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X = (log X,,log xz)eV and Y = (log ¥,.log yz)ev then the
bracket operation of 4 induces on V a symplectic (= nondegenerate
alternating bilinear) form B: Vx V— R given by

B(X,Y) = [X,Y] = (leyl) - <xylyyd.

Following a recent paper by Howe [3] we shall call exp V the
isotropic cross-section to Z in A(R"). Since the linear mapping
between complex Schwartz spaces

s: ’?(K(Rn)/Z)—"?(V)
which is given by
s: £fme(V 5 Xmf(exp X))

is an isomorphism, by transport of structure we may consider
Q(V) to be a complex algebra under the convolution product
on Q(Z(R")/z). Indeed, define for functions g, and g, in Q(V)
the convolution product

8 § 8 = S<S'1(g1) * s'l(gz))

and observe that any element of K(Rn) can be written in the
form
(exP x’z) = (eXP xto)'(ololz)

where X € V, z € Z. Then the group law in K(Rn) takes the
form

1
(?xp Xy124). (exp xa,z2)=(exp(X1+X2),zl+22+§B(xl,X2))
(basic presentation of the real Heisenberg nilpotent group

A(R")). Let §(K(R")/z) be identified with the complex vector
space

{re§(RR™)Ir((exp X,2))=eZ*125((exp X,0)), XeV, zeZ}.

Then we obtain explicitly
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xiB(Y,X
g ;gz(x)=fv g, (V)g,(x-v)e* 1B(Y:X) gy
- gl(x-Y)ga(Y)e’dB(x’Y)dY
\'A
for gJE-Q(V), Je’{l,z}. In particular, the unitary symplectic

Fourier transform g of geﬂ(v) is given by right convolution
with the constant function lﬁ € Q'Z(V), i.e., we have
2

n - - o
8 V D Xewe2 "f g(V)e™BY X gy oy 270(x)=2"" 4 g(-x)
v B B

by the skew symmetry of the bilinear form B. Similarly, the
unitary symplectic Fourier cotransform is given by left convo-
lution with lﬁ and both transforms may be extended uniquely

2

to involutive automorphisms of the complex Hilbert space L2 (V).

3. Titlebaum's Identity

Let (fj)léjéa be any four functions belonging to the
complex Schwartz space Q(Rn) and observe that the corresponding
radar crossambiguity functions are related to the coefficient
functions of the linear Schrodinger representation U of K(Rn)
according to the identity

H(f;j’fk;') = cg(fJ.fk;(-.O))-

3y kef1,...,4}; cf. [5]. We shall consider the functions
H(fJ,fk;.) as elements of the complex Hilbert space L? (V).

A few exercises in the yoga of computation rules for the coeffi-
cient functions of linear representations which are square
integrable modulo the center yields for all X e V, YeV:

(H(E £y, =Y)H(E,, 0,5, +Y)) g;—n(-zx) a

i

an(fl,ra;x-v).ﬁ(fz,r4;x+v).
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The preceding identity expresses the unitary symplectic Fourier
transform at the point -2X (or the unitary symplectic Fourier
cotransform at the point 2X) of the "twisted" product of radar
crossambiguity functions as a twisted product of such ambiguity
functions. In the case n = 1, Titlebaum's identity arises

(cf. Titlebaum [8] and Helstrom [2]).

Titlebaum's identity as displayed above includes, for
Y = 0, Sussman's result [7] for the symplectic Fourier transform
of products of radar crossambiguity functions, and for X =
Y = 0, an analogue of Moyal's identity for the mixed Wigner
phase-space quasiprobability distribution functions which
are the Euclidean Fourier transforms of the radar crossambiguity
functions (cf. Theorem 1 of [5]).
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ISOMETRY GROUPS, FIXED POINTS AND CONFORMAL TRANSFORMATIONS

J.B. Wilker

Presented by H.S.M. Coxeter, F.R.S.C.

Abstract

Every finite group of Mobius transformations is conjugate
to a group of orthogonal transformations.

n+l n+l,
k]

Let S™={X%eR 1xl=1} denote the n-sphere in R

Mn’ the group of conformal (:M3bius) transformations of Sn; and
0 the group of isometries (Zorthogonal transformations) of

n+l?

s¥. These groups are closely related: the group Mn is generated
by inversions in arbitrary (n-1)-spheres and any M8bius trans-
formation can be written as the product of at most n+2 such
inversicens; the subgroup 0n+chn is generated by inversions in
great (n-l)-spheres and any orthogonal transformation can be
written as the pruduct of at most n+l inversions in great (n-1)-
spheres. 1iIn [5] it is shown, among other results, that if a
M8bius transformaticn g:Sn»Sn has finite period then there is an
inver-sionyozsn+sn such that the conjugate transformation Yo8Yo

is an orthogonal transformation. The main purpose of this note

is to generalize this result to the following

Theorem. Let GCMn be a finite group of M8bius transformations

of the n-sphere. Then there is an inversion Yo which conjugates

G to a group yoGyocOn*1 of orthogonal transformations.
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In ([3] pp. 22-24) there is a proof of this theorem for
the case n=2 where complex numbers can be used as coordinates.
The present proof involves the natural extension of the action
of G to the ball H"*l={;cRn+1:|§ﬂ<1}. This ball serves as a
Poincaré model of hyperbolic (n+l)-space and G acts on it by
isometries of the hyperbolic geometry ([2],[4]). Accordingly
we are interested in the action of a finite group of isometries
on a metric space. The key lemma, which may be of some indepen-
dent interest, applies to groups which possess a bounded orbit

and not just to finite groups.

Lemma: Let X be a metric space in which closed balls are

compact and Property M, which is defined below, is satisfied.

Then every group of isometries of X which possesses a bounded

orbit also possesses an orbit of length 1 i.e. a point which is

fixed by all the transformations in the group.

The sphere s™ has the property that closed balls are compact
and every group of isometries possesses bounded orbits. Never-
theless the full group 0n+1 or the group of order 2 generated
by the antipodal map serve to show that there are isometry groups
which do not possess an crbit of length 1. Some additional
hypothesis on the space X is required for the validity of the
Lemma and our Property M is convenient because it is easy to

verify in Euclidean and hyperbolic space.

Property M: Let r>0 and let P, Q, Q' be points of X satis-

fying d(P,Q)sr and d(P,Q')sr. Then there is a point M=M(Q,Q',r)

and a number «=a(Q,Q',r) with 0sa<l such that d(P,M)sar.
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In Euclidean and hyperbolic space the point M can be taken
to be the midpoint of QQ' and the value of o depends only on r
and the number d=%d(Q,Q')sr. To verify Property M we note that
d(P,M) is maximal when QQ' is a chord of the sphere of radius r
centred at P, In this situation we can apply the appropriate
version of "Pythagoris' Theorem" to the right angle triangle
MPQ in order to compute a. The Euclidean value ig a=/1-(d/r)?
and the hyperbolic value is a=r=!cosh™! (coshr/coshd).

The proof of the Lemma is motivated by the proof of an
analogous result. If a group of affine transformations G acting
on an affine space X has a finite orbit then the centre of gravity
of that orbit provides a common fixed point for the transforma-

tions in G([1] p. uu).

Proof of the Lemma. Let G=(gi:icI) be a group of isometries

acting on the metric space X and let QP=(Pi=Pgi:i:I) be a bounded
orbit. Let B(Pi,r) be the closed ball with centre Pi and radius

r. By taking r>diameter “P we can guarantee that

B(r) = N B(Pi,r)xﬂ.
iel

The set B(r) is invariant under the action of G because if geG

B(r)® = nB(p,,r8 = nBpEr) = N B(Py,r) = B(r).
iel iel jel

Let r°=inf(r:B(r)=ﬂ). We show that B(ro)zﬂ. If ”j is a
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sequence of numbers which strictly decreases to ry then for any
jefl,2,3,...} B(rj)=0. If QjcB(rj) then QjcB(Pl,ri) hence
QjcB(Pl,rl). Since the closed balls in X are compact there is a
point Qo and a subsequence, which we take to be Qj itself, such ;
that Qj»Qo. For each iel, d(Qj,Pi)sz‘:.| hence d(Qo,Pi)sr° and
therefore QoeB(ro).
To complete the proof of the Lemma we use Property M of X
to show that B(r°)={00) so that Qo serves as a common fixed point
for the elements in G. If there is a point Q;=Q° in B(ro) then
for each icI, d(P;,Q )sr, and d(P;,Q )sr,. It follows that
there is a point M°=M(Q°,Q;,ro) and a number u°=a(Q°,Qé,P°)<1

such that d(Pi,Mo)Snoro. This means that MocB(uorO) and since

a,r,<r, we have a contradiction to the definition ro=inf(r:B(r)=0).

Proof of the Theorem. Each inversion Y:S"*Sn extends to an

inversion or reflection r:Rn+1U(~]*Rn+1U(~) which acts as a re-
flection on the hyperbolic (n+l)-space H"‘l. If G is a group of
Mobius transformations acting on s™ then each transformation in

G can be factored into inversions and thus extended to an isometry
of ™. If the group G is finite then the Lemma applies to its
action on H™1 to produce a fixed point PocHn+1. Let T be the
hvperbolic reflection which interchanges Po with the point 0=0

at the "centre" of the model. The hyperbolic isometries in the
conifugate group roGro fix 0 and therefore act as Euclidean

n+1. If Yo is the restriction of Ty to S™ then

isometries on R
by restricting all the transformations to s™ we see that Y, con-
jugates the M8bius group G to a group of orthogonal transforma-

tions yoGyo.
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ZIHk CHARACTER GENFRATORS OF SO(2k) AND SO(2k+1)
Ronald C. King and Nahid G.I. El-Sharkaway
Presented by G.de B. Robinson, F.R.S.C.

Abstract A combinatorial method of writing down the character generators
of SO(2k) and SO(2k+1) is described.

1. Introduction
Character generators of the groups SU(n)[ 6] and Sp(2«) [ 3] bave

been established through the application of certain general results concern=-
ing partially ordered sets to the problem of enumerating arrays in the tora
of Young tableaux whicn specify tne characters ot these groups. The combin=
atorial description of group characters is nere extended to the remaining
classical groups SO(2x) and SO(2«+l) and thereby the character generators

of these groups are obtained.

2. Irreducible characters of $0(2k)

tach irreducible representation [A]l or SO(2«) is labelled by
means of its highest weight vector A= (A1,Az, ... ,;\k) with A1 A
;..o;Ak_lali\k\ where Ai for i = 1,2,..4,%k are either all integers or all
balf odd integers( 4] . The cnaracter in the representation A of an elewent

of S0(2k) in the class labelled by ¢ = (01,02, e , o ) takes the form

X “](g) ) MEA] exp(i weg) . (1)
v 2
The multiplicities H‘E)‘]of the weights w may be determined through the use

of Schur function methods [7] or the use of Youny tableaux and their gener-
alisations [27].

The generalised Young diagram, 1"A » corresponding to )\ consists,
if the components of A are integers, of boxes arranged in left-adjusted rows
of lengths a\uh'-n)k_l-“‘land. if the components of A are half odd integers,



300 R.C. King and N.G.I. El-Sharkaway

of boxes in rows of lengths A-gs A~2s seeshy_y-2,A, ) -4 left-adjusted to

a single column of half boxes of length k. Numberings or arrays,N }‘, are
obtained by inserting positive and negative integers chosen from the set

S = {11,%2, .e. , tk} into the boxes and half boxes of F * in such a way
that : (i) tho entries are non-decreasing from left to right across each

row, (ii) the entries are strictly increasing in magnitude down a coluzn of
half boxes, (iii) the entries are strictly increasing down each column of
boxes, (iv) no entry i or -i ( demoted by i and I respectively) may appear
in any row lower than the ith row, (v) no entry i may appear to the right of
a;l entry I in the ith row unless it also lies inmediately below an entry I,
(vi) if '\k # 0 and no two entries in the first column are of the sawe magnit-
ude then the number of negative entries in that column is even or odd accord-
ing as Ak is positive or negative respectively. The ordering to be used in

applying these rules is defined by I<2<3<2< ¢.. <Ecko
Typical arrays associated with the representations [33217 and

[7/2 3/2 3/2 I72 Y of SO(8) are given by

122 and Iy112
223 3/ 3
14 3/ 3
4 4/

where the symbol / separates entries in nalf boxes from those in boxes.
The multiplicity HE’\] of the weignt w = ("1’"2' ooe "k) is the

sum of contributions 2P arising from each distinct array NA such that

wy =n; - oy for i =21, 2, eee , k (2)

where n, is half the number of entries i in half boxes plus the number of
entries 1 in boxes, and ny is the corresponding number calculated for I.
Tne factor p is the number of pairs of entries i1 and i appearing in tne
(i-1)th and itn rows, respectively, of the first column of the array with

i< k. The arrays illustrated thus each contribute 1 to ﬂfigﬁ)] and
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M(Z—féj g i;g Jﬂlg) respectively.
3. a enera o. 2Kk

Despite the complex nature of the above combinatorial description
of the characters of SO(2k) tney way be generated in a manner analagous to
that already used ror characters of SU(k) and Sp(2k). In this case the rele-
vant shifted Young diaygrams, Zr@-. are those for whicn the row lengtns, lert-
adjusted to a diayonal line, are given by w = (2k-1,2K=3, «ee ,3,1). To
each 4 there corresponds a set of generalised standard snifted Young tableaux

(GSSYT). For example in the case k = 2, @ = (3,1) and the set ot uSSIT is

123 123 123 123
4 /._ i Z_ (3)
124 124 124 124
3 3 3 3

The generalisation exemplified here is tne inclusion of negative as well as
positive entries, but only at the extreme rignt nand end of each row. It is
convenient to specify the signature of the entry at tne end or tne ath row
of the GSSYT n, by na(n) = ] and to define tne parity ot mw by n(m) = nl(n)
(M) .o m(m)e

The character generatin, formula of SO(<k) is tnen

¥ (hx) = :);'{ A} ?‘(nm)/ 11 [a- ?‘(n(“)]} (4)

)€ l(_n
where; T ranges over all GSSYT of shaps m = (2k-1,2¢-3, ees »3,1)3 m = xzs
Kn is the set of those j tor which jtl appears in 1 in a row above one
containing j or ror wnicn j appears in a row of T whilst J¥1 does not appear
in a lower row; n(i) is obtained from m by deleting all entries greater than
i in magnitude. Wanilst @ [ 3,0 specifies tue row lengths of7 and g(i) those
of n(i). it is convenient to introduce E(” where ?ﬁa(i) is ma(i)u if
m e k2041, a{t)= 26-2042 (for 1) and ny(n) = -1 and is a,(4) othervise,

for a = 1,2, eesy k(i) where k(i) is the number of parts of n(“ . Finally
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¥ald)) = (Ko % 0 % @ -+ % w ) (5)
1 2

Be(4)

waere (i) is /2 if 1Y = n and is 1 if 7' f n, wnilst Xku) is A (y)

if k(i)<k and is An(n)k if x(1)=k.
Tne required S0(2k) character generator is then given by
F(a,8) = [ clﬁ ez'\z e €y x g (6)
= A

with @ = (2k-1,2k=3, «se ,3,1) and A = (°1'°l°2' ces s °1°2"'°k)' It is to

be understood that, as indicated, Ak = ¢yCyeesly but tnat A

= -1
i = ©1CpeeeCy 10
ip, -1 i¢, =-i¢, 1i¢, -ip

Tne dependence on @ is determined by X = (e e 01" vee 28 %0 2e Le 1.

162

The denominators in (4) are products of m = K? factors,wnilst the number of
terms in the sum is
= g(zk-l'z"B' eee ol) o & (2 k- K=2 il . (7)
(2k-1)} (2&-2)! ooee (kt1)! ki
4o gxamule: SO(4)
In the case of the group S0(4) k = 2, @ = (3,1) and tarough the use

of (3) the expression (4) takes tne form 3

F3,)@8) = |V -ap)Q-ap 2
g ova-axpa-addd) ¢ oapsa-aga - ahdd) -
o abdd/a - aa - abdd) ¢ abdid/a - apa - abddid)

¢ X /(- - abdidy + abdida - apia - abdd)

+ Aghk /(1 - At E)(L - A%kgli) +A xz:. /(1 - A0 - A%x ]; .

The character yenerator is then obtained in the required foram (6), by setting
-1 i, -ie, 16, -io)
Aj=c)s Ay=c)c,, As=c,c, and X = (e 8 »8 0 e

This particular result may be considerably simplified. Setting

2

A,=BC, 8,°8% and A5=G? along with X = (xz7,v732,12,Y"32°1) yields
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F3,0)@0) = Y- -ha - -ah . (9
Since the character generator of SU(2) takes the form [5,6]

Fo(AK) = /(1 -Aa0)Q - ax7h) | (10)

P\
the result (9) wmerely seves to indicate the well known isomorphism between
S0(4) and SU(2)XSU(2). A similar simplification of (4) occurs in the case
of S0(6) which is isomorphic to SU(4), for whicn the character generator

has been given explicitly (6] .

5. Ihe character generator of SO(2ic+l)

It is straightforward to extend the results to SO(2k+l). Each
irreducible representation is labelled by [A) , as for S0(2k), but now with
no negative parts so that 1\‘30 [4) . As berore,arrays serve to specify
contributions to the weight multiplicities but this tiwe with the entries
chosen from the set S extendea to S0 = (21,22, ... ,%k,0} by the inclusion
of 0. This entry, O, may only appear in a box (not a half box) at the foot of
a column. This rule replaces rule (vi) given for SO(2x), and the ordering
used now is I<1<@<2< ..., <k<k<0O. The entries O make no contribution to the
components of the weight vector which are still defined by (2).

The resulting change in the character generator is such that the
relevant shifted Young diagraums, 28, are those for which m = (2k,2k=2, oo o
4+2), precisely as tor Sp(2k)[3). Now however GSSYT are required with nega-
tive as well as positive entries allowed at the end of each row. The generat-
ing formula is still (4) with 'l"(n('o) defined by (5) but now 'A’k(i) is Ay
for a1l k(1), whilst B ) 1s a Me1 se 0 Me 2k-2av2, olt)s 2k-2ats (for
a>l) and "a(") = -1, and is ma(i) otherwise. The required SO(2k+l) charac-

ter is them given by (6) with m = (2k,2ke2, eee 4452), A = (°1'°l°2' ese
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i¢, =i¢ i¢, -i¢, 1i¢, -i¢
—— °1°2"'°k) and X = (1,8 ke L S— 0 z.e 2.0 l.e By

For k = 1,the simplest case,the GSSYT are just 1 2 and 132 ,so that

Foy@® = Y@ -ax)a - abd) + abid/a - ax)a - akid)

= 3.4 3, -4
= 1/(1 - Alxz)(l - Ay ) (11)
in agreement with (10) when regard is taken of the isomorphism between SO(3)

and SU(2). More generally the denmominators in (4) are products of @ = k(k+l)

factors and the number of terms in the sum is

zk g(21:.2.k-2’.. see s2)

6. Conglusion

The results presented here complete the task of constructing
the character generators of all the classical groups. The procedure used to
pass from the arrays specifying irreducible characters to SSYT and GUSSYIT
via certain partially ordered sets will be discussed in more detail elsewhere,
along the lines suggested by Baclawski [1] .
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A RELATION BETWEER AN AFFINE KILLING VECTOR AND

THE STRAIN TENSOR OF A PSEUID-RIENANNIAN KANIFOLD
Ramesh Sharma

Presented by P.G. Rooney, F.R.S.C.

In [2] Yano has shown that a Killing vector field in
a Kiemannian menifold is an affine Killing vector-field.

IForeover, he has shown that an affine Killing vector-
field in a compact 2nd orientable Riemannian manifold

without boundary is Killing. THE purpose of this paper
is to charascterize an affine XKilling vector-field oI

any pseudo-Riemannian manifold(not necessarily compact)
in terms of its strain tensor. The characterization is

given by

Theorem: The strain tensor correspording to an

affine Killing vector-field in o psendo~Riemannian

manifold(not necessarily compact) is parallel with

respect to the Levi-Civita connexion of the pseudo-hiem-

annian metric.
Proof: Let N be 2 pseudo-Kiemannian manifold

with metric g. Then g induces the Levi-Civita connexion
V on FE. Let X be an affine Killing vector-field on F so
that LXV=0. Now if we set Y?x Y=V(X,Y) then the commutation
of the operator of Lie-derivation LX and Covariant deriva
tion VY is given by
Ly V& Z -Vy Ly 2- VEX.Y]Z

=Ly ( V(Y,2)) - V(Y,LyZ) -v([%,Y1,2)



306 R. Sharma

-~

= (LyV) (Y,2)+ V(LyY,2) +V(Y.LXZ)-V(Y.LXZ) -V(LyY,2)

=(Ly V) (Y,2).
Thus we obtained the fcrmula
(1) Ly VYZ - VYLX'Z= (Lg¥) (Y,2) "V[X.Y]z:
Next , we have
(2)  (Vylyg) (U, V)=Y((Lyg)(U,V))-(1y8) (WU, V)-(1y&) (U, V,V)
=Y(X(g(U,V)))-e(LyU,V)-g(U,1yV))
-X&(VyU,V/ +&(Ly9U,V) + 8(VyU,L;V)
-X &(U, WV) + g(LyU,%V) + &(U,L %V)
==Y(&(U,LyV)) +#( VyU,L;V) + 8(U,LyVV)

+YX) g (U,V) -Y(&(V,LU)) + & (LgU, VyV)
+€(V,LyRU) - X g(VyU,v) - X g(vyV,U)
= - g(U, VyLyV -LyVyV) - g (V, VyL,U-L,V,U)

-(XY -¥X) g(u,v) ,

where we used the fact that g is covariant constant. Using

(1) in (2) we find

(VyLgg) (U, V) = g(U, (LyV)(Y,V))+ & (U, Vg y3V)
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= g (Uv(LxV)(Y,V))'P & (V'(LXV)(Y,U)).

But LXV = O.THerefore it follows that VYLxg = 0 which
implies that Lyg is parallel with respect toV. That is,

the strain tensor Lxg of (M, ) along X [1)lis parallel

with respect to V.
Department of lathematics

University of Windsor,

Ontario, N9B 3F4 Canada.
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IDENTIFICATION OF RATIONAL FUNCTIONS: LOST AND REGAINED

A.J. van der Poorten

Pregented by P. Ribenboim, F.R.S.C.

Abstract. We discuss conjectures and results concerning the
Taylor coefficients of rational functions thereby correcting

allegations made in this Journal 3 (1981) 279-84,

1. Apology. In "Identifying a rational function® [1] I
induced two colleagues to join me in purporting that up to
obvious ambiguities one may recognise a rational function from
any infinite subset of its Taylor coefficients. This assertion
is sufficiently vague to be difficult to refute. Unfortunately
we did hazard more explicit claims. One is false, though 'only
Just'. But worse, we sketched a 'proof' and it, so to speak,
does succeed in ‘'proving' all our claims. Thus the proof must

be dangerously defective.

In the event, it turns out that the growth theorems for
recurrence sequences [4], to which we had anyhow made an appeal
in passing, in themselves already suffice to prove as much as

is true in the matter of identifying a rational function.

2. Introduction. Accordingly, this note is organised as

follows: In section 3 I mention a fine conjecture generated by
our original 'proof' and point to a typical counterexample to
our explicit claims. 1In section 4 I explain the delusion that

caused our principal error. In section 5 I show that the
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results of [4] do after all allow us to recover all that we

should have wanted to claim.

3. Common values of recurrence sequences. If thofhxh is a .

rational function then the sequence (fh) satisfies a linear
homogeneous recurrence relation with constant coefficients, and
the terms of the sequence are generalised power sums, or
equivalently, an exponential polynomial evaluated at the non-

negative integers:
o h
fh =: f(h) = 121 a (h) ay

with the a; polynomials. Suppose that ZghXh is rational; so

also (g,) 1is a recurrence sequence.
h

We are interested in the intersection of the sets {f;} and
{gh}. In [1] we falsely imply that if this intersection is
infinite then there are positive integers d,d' so that all but

finitely many of the common elements are complete subrecurrences
(fdh+r) = (gd‘h+r')‘ some r,r' with Osr<d, Osr'<d'.

Were this so we would have had a wonderful generalisation of the
Lech-Mahler theorem (see, for example [2]), which asserts that
any constant sequence (c,c,....) intersects (fh) along complete

subrecurrences.

But our claim is false as is shown by ,

f(x) = 2% g(Y) Y2
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which take their common values at x = h +2h. y = Zh.

We had argued as follows: If f(X) = g(Y) for infinitely
many (X,Y) e z? then a p-adic argument leads us to write (in
effect)

x(h) = £ logey(n) .

Because f,g are exponential polynomials, if one of x,y 1is an
exponential polynomial then both may be supposed to be exponential
polynomials. In [1] we somehow came to claim that both x,y

could be supposed linear which would have been justified if one of
X,y had been known to be linear. I decided that at any rate both
x,y would have to be exponential polynomials, an error that dealt
handily with the threatening counterexample, and which committed
me to what [ now realise to be only a speculation: If f,g are
exponential polynomials and f(X) =g(Y) for infinitely many

(X,Y) ¢ 2° shen thers ave exponential polynomials x(t), y(t) so

that identically fox(t) = goy(t) .

4. Determining a rational function. Suppose f,g are

exponential polynomials and that Yh is in Z (or, more
generally, in a finitely generated subring of a field of
characteristic zero) for all he Ny {0}. But say we are given

only that

f(h) = gey(h), heN

for some suitable subset N of Nu {0}. In [1] we explained
that y may be analytically continued to all of Nu {0} and
suggested that then also y 1is an exponential polynomial on the

grounds that y, is in Z for all h. This is a nonsense, though
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only because there is no reason, in general, why the values ih

obtained by p-adic continuation should relate to the given Yhe
except of course for h in N. For Nu{O\N finite, our

argument is valid.

On the other hand Perelli and Zannier [3] show that when N
meet> every arithmetic progression and hence meets every arithmetic
progression infinitely many times then, for g :tl-*tk, yp an
integer for heN implies y, an integer for helN v{0}. I

believe this to hold for all exponential polynomials g.

Indeed this raises the following question: Suppose that thXh
is a rational function regular at «; so (fh) is a recurrence
sequence; but we know the fh only for h in N. Which subsets
. N completely determine (fh) ? It is easy to see that N must
meet every arithmetic progression for if N does not meet (hd +r)

then the rational function

hd+r
thd+rx

is entirely undetermined by N. Our remarks below go close to
implying that the condition is also sufficient: the data fh
for h in N, where N meets every arithmetic progression,

determine at most one rational function thx" regular at o,

5. Identifying a rational function. A recurrence sequence

(fh) given by
? (h)a,P
f, = a.(h)a,
h j5p 0 i

is said to be nondegenerate if no pairwise quotient ailuj. itd,

nor any of its characteristic roots a;, is a root of unity.
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Suppose f and g are nondegenerate and consider the

diophantine equation
® X L Y
f(Xx) = _):la,i(x)u1 = ‘Zlbi(v)ei = g(Y).
i= 1=

If f(X) = g(Y) for infinitely many (X,Y) e Z?  then Theorem 2
of [4] implies that m=n and, after a reordering of the terms

we have for infinitely many h:

] ]
uid = Bid and ai(hd-kr)uir = bi(hd' +r‘)61-r . (1sism)

for given integers d,d' and integers r(h), r'(h). Thus if two
nondegenerate recurrence sequences have infinitely many common
values then this is accounted for by a virtual identity of their
characteristic roots up to the freedom of choosing d/d', and by
relationships satisfied by the corresponding coefficients. These
relations can yield infinitely many solutions h only if, at the
least, each quotient ai(hd +r)/bi(hd' +r') 1is a power of a
polynomial linear in h. Certainly if the sets {f,} and {g,}
have infinite intergection then there are recurrence sequences

(Xh) and (yh) so that

fx(h) s gy(h) N h:lNu{O} .

The 'counterexample' of section 3 is in fact a typical instance
of x,y nonlinear. In the degenerate case the argument goes
through with only notational change unless both f and g
collapse to polynomials on some arithmetic progressions. The
results of [4] do not deal directly with an equation a(X)=b(Y)

in polynomials a,b.

In summary: excepting degeneracy, a rational function may

indeed be recognised, up to acceptable ambiguities, from an
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infinite subset of its Taylor coefficients presented in any

order. The situation is less straightforward than is implied in

[1] and the proof depends on quite different and considerably

deeper principles.

(1

{2]

(3]

(4]
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