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ON GROUPS WITH PROFIMITB ARITHMETIC 

S.K. Grosser and W.N. Herfort 

Presented by P. Ribenboim, F.R.S.C. 

The well known example by Adian-Novikov [1] invalidates both the 

Burnside conjecture and a conjecture by O.Ju. Schmidt: "There is an 

infinite abelian subgroup in every infinite group". Thus the Schmidt 

conjecture defines a restrictive condition. One is far from knowing 

all groups that satisfy it; it is, however, satisfied (e.g.) for 

locally finite groups (Theorem of Hall-Kulatilaka [16]). For lo-

cally compact [IN]-groups (see [4]) the question reduces to one for 

compact groups. Even for compact groups the general answer is un-

known; in this case, however, the stronger condition that non-tri-

vial elements possess infinite centralizers effects a reduction to 

a problem for pro-p-groups, as follow: If 6 is a compact group in 

which all non-trivial elements have finite oentralizera then G is 

either finite or is a pro p-groups for an odd prime p. (The questi-

on of whether or not an infinite pro-p-group with the above oentra-

lizer-condition actually exists is still open). 

In general, the method of topologizing problems of the discrete 

theory provides additional perspective and allows for the develop-

ment of a more comprehensive theory in which techniques of Lie-

theory and of the discrete theory can profitably be combined. Thus 

the topological versions of finiteness conditions (see especially 

[16, ch. 4]) have given, rise to the rather extensive theory of 

compactness conditions (see [13]). In this sense, one may formalize 

the conditions refered to above as follows: 
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[AF] = class of discrete groups G whose abelian subgroups are 

finite. 

[CP] = class of discrete groups G with finite central izers 

C^x) of the elements x^e. 

[AP] = class of locally compact groups 6 whose closed abelian 

subgroups are compact. 

[OF] = class of locally compact groups G with compact centra-

lizers CG(x) of the elements x4e. 

One has [ OF] c [AP] and [OPj" c [AF]". Let [K] be the class of 

compact groups. The two questions of whether or not [CFjnfK] = 

= [APjn [K] = class of finite groups, are still open [Mc M] ; they 

are indeed closely related to the Burnside-problem for compact 

groups. (See, however, the result quoted above). 

For the formulation of our results we need the classes [IN] and 

[SIN] of locally compact groups G possessing, respectively, a 

compact G-invariant neighborhood of e and a fundamental system of 

such neighborhoods; [H] denotes the class of locally compact groups 

G all of whose irreducible Hilbert space respresentations are fi^ 

nite-dimensional ("Moore-groups" [11],[18] ). 

T h e o r e m 1 Assu,ne GeClNjn[AP]-. Then there is a sequence K-S-I> 

in which K is compact and open, and D is a discrete torsion group 

not possessing any locally cyclic subgroup. If D^[AP] then D con-

tains the weak direct product, over an infinite index set, of 

cyclic groups Cp, for a fixed prime p. 
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For a proof one first employs the structure theorem for [ IN]-

groups. The crucial step in the proof then is to show that locally 

cyclic groups in D would give rise to non-compact closed abelian 

subgroups of 6; this demonstration is accomplished by induction on 

certain families of subgroups. 

Theorem 2 For a Lie-group 6 the following holds: 

GS [AF]" » 6 is compact and G/G € [AP] . 

The proof of (=>) employs the Lie-theory of compact groups to-

gether with the Hall-Kulatilaka-Theorem [ 8] in order to construct 

a subgroup H of G and a sequence T« H-» V, where T is a maximal 

torus of 6 , V is an infinite-dimensional GP(p)-vector space (p a 

prime) and H ,ST£Z(H). Choosing H to be non-compact if 6^ [AF]~ 

one arrives at a contradiction by means of arguments from linear 

algebra applied to the bilinear form (x,y) -» [x,y] on the 6F(p)-

veotor space Vx V. 

Theorem 3 If G 6 [CF]~n [ SIN] then G is either totally disconnected 

or compact. 

Assuming G ^ E one shows that G is compact and, with the help 

of a maximal torus in G , constructs a non-compact closed subgroup 

H with H abelian. Then, since GeTSIN], one can find a non-compact 

Lie-group M, epimorphic image of H, and an element mt (H\E) with 

CM(m) non-compact. Application of a lifting theorem for fixed points 

finally leads to an element x6 (G\E) with Cp(x) non-compact. 
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Theorem 4 If 6€[0F]~n [M] then 6 is either compact or is a finite 

extension of a p-group in [M] (pa prime). 

By Theorem 3, if G is non-compact, it is periodic (i.e., each 

element lies in a compact subgroup). Next one shows that K«G-«A, 

may be assumed, where K is profinite and A is an abelian discrete 

torsion group. In addition one may assume that K has a 6-invariant 

system of e-neighborhoods. If G fails to satisfy the structure 

theorem a contradiction can be derived by means of a series of 

technical lemmas involving profinite group theory (e.g., a profi-

nite version of Glauberman's theorem on the lifting of fixed points, 

and an application of Theorem 1). 

Two examples are given to delimit the scope of the results 

obtained in the paper. 

Example 1 (a nilpotent group of class 2 in [AF]-\ [OF]-) shows 

that the distinction between [AP]" and [OF]" is meaningful. Let 

p be an odd prime, W :=Cp
N, with its natural compact topology, 

V := (Cp ) endowed with the discrete topology, let G:=WxA2(W) 

with the operation 

(v,o Hv' ,a ' ) := (v + v', o +a' +2"1 VA V ). 

Topologize G by the sequence A2(v/) » G -» V, in which A2(W) is 

clearly compact. 

Example 2 (a non-compact p-Moore-group in [CP]") elucidates the 

second part of Theorem 4. Let P := <x1,x2,...> be the free group in 

oountably many variables (x.), and let p be a fixed prime. Prom P 
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one constructs the PD(^0)> *he restricted free pro-p-group in 

countably many variables (see [15]). Let P be the Frattini-

subgroup and let G := F P . This gives rise to the algebraic 

sequence P •* G -» (C ) , by means of which G is topologized 

as a locally compact, non-compact group with P as a compact 

open subgroup. The proof that G possesses the properties re-

quired rests on the fact that in any free pro-p-group the 

centralizers of non-trivial elements are procyclic. 
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GAPS IN THE SPECTRUM OF AN ALMOST PERIODIC SCHRODINGER OPERATOR 

George A. Elliott, F.R.S.C. 

In [1] , [3] , and [4] , the spectrum of the one-diraensional Schrodinger 

operator is shown to be totally disconnected for a dense G, of limit 
0 

periodic potentials. These authors consider the continuous case, i.e., the 

operator 
d2 
— 9 + V(x) on L-flR) , 
dx c 

but i t is pointed out in [5,16] that a similar result holds in the discrete 

case, i .e . , for the operator 

h0 + V on t2(Z) 

where (h,).., = « . ^ + « . + l f j and V.j = V( j )« i j . 

The present note takes a f irst step towards extending this result to the 

class of all almost periodic potentials. Recall that an almost periodic 

function on IR (resp. on Z) is limit periodic precisely when its frequencies 

generate a rank one subgroup of R (resp. a torsion subgroup of IR/Z). In 

general the frequencies form an arbitrary countable subset of IR (resp. K/Z) . 

l-emma 1. Every continuous section of normal elements of a C -algebra 

bundle has continuous spectrum I f either all fibres are nonunltal or I f all 

fibres are unltal and the section of units is continuous. 

Proof. That the spectrum of the normal continuous section a «• a(a) is 

continuous means that for each open set U ç C , the set of a with Sp a(a) ç U 

is open (upper semicontinuity), and the set of a with U n Sp a(o) i* (J is 

open (lower semicontinuity). That these sets of a are open follows by 

continuity of the norm from the following characterizations in the unital and 

nonunital cases respectively: 

Sp x c U <=> ||f(x)-l|| <1 for some f <• Cp^U) 
(resp. 0 e U and this holds with f(0) = 1) , 
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U n Spx t 9 <=> f(x) j( 0 for some f c C00(U) 
(resp. either this holds, or 0 <• U) , 

where x denotes a(a) , and C00(U) denotes the set of continuous functions 

C + C with compact support contained in U . 

Lemma_2. Let G be a subgroup of IR (resp. IR/Z) and let ( a , . ^ , . . . ) 

be a sequence of homomorphisms of G into IR (resp. K/Z) converging pointwise 

to the identity. Denote by A the C*-algebra on L2{IR) (resp. L2(IR/Z)) 

generated by the operators fu(g) where f is in C0(IR) (resp. C(IR/2)) and 

g is in G (here u(g) denotes translation by g). Denote by A^A-, . . . 

the analogous C*-algebras with <i1{G),a2(G).... in place of G . Then there 

is a unique C -algebra bundle over the compact space {1,2,...,«,J with fibres 

A , ^ , . . . ^ such that for each f in C0(IR) (resp. C(IR/Z)) and each g in 

G the section (fu((i1(g)),fu{a2(g)) fu(g)) is continuous. 

Proof. Denote by B the C*-algebra of sections of (A, ^ ^ ^ ,A) 

generated by the sections (f1u{a1(g)),f2u(o2(g)) fu{g)) where g £ G and 

fn * f in C0(1R) (resp. C(IR/Z)) . We must show that each section in B has 

continuous norm. I f b = ^ ,a2 a) is such a section, which we may assume 

to be positive (since ||b||2 =||b*b|| ) , then..by the functional calculus, to 

show upper semicontinuity i t is enough to show that an is small for large n 

i f a = 0 , and to show lower semicontinuity i t is enough to show that a = 0 

i f an = 0 for all n . 

To show upper semicontinuity, consider the C*-algebra B,, generated by 

elements (f, , f 2 . . . . .f)w(g) where g e G and fn - f in C0(IR) (resp. CflR/Z)) . 

with the relations w(g)* = w(-g), w(g1+g2) = w(g1)w(g2) , and 

w(g) ( f 1 . f 2 . . . . . f ) = (f"1 g , f j 2 ( 9 ) , . . . . fg)w{g) , where f9(s) = f(s-g) . 

There exists a homomorphism of B,, onto B , since the sections defining B 

also satisfy the relations. The quotient of B̂  by the closed two-sided ideal 

generated by the elements ( f ^ , . . .,o) where fn - 0 is the crossed product 
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of C((1R) (resp. C(IR/Z)) by G . This ideal maps into sections in B with 

zero component in A , thus defining a map of the crossed product onto A . 

But by uniqueness, A also is the crossed product, so this map is injective. 

In particular, i f b = (a, ,a2 a) e B and a = 0 then b is in the image 

of the above ideal of BB , and therefore a is small for large n . 

To show lower semicontinuity consider the canonical densely defined faithful 

lower semi continuous traces t . , ^ T on A , ^ A extending Lebesgue 

measure on C0(IR) (resp. C(IR/Z)) . Thus, T(fu(g)) is the integral of f i f 

g =0 and is zero otherwise. Since a_(g) •*• 9 for all g we have 

Tn(a ) •* T(a) whenever b = (a, .a,,,.. ,a) belongs to the dense subalgebra F 

of B of finite sums of sections (f1u(a1(g)),f2u(o2(g)),.. . ,fu(g)) where all 

f have support in some fixed compact set. We must show that i f b = (a , ,a - , . . 

. . ,a) <• B and a = 0 for all n then a = 0. Note first that for any 

b c B and c = (d. ,d2 , . . . ,d) e F , Tn(d a d ) * T(dad ) . Indeed, i f b e F 

this convergence holds by direct computation as remarked above. Since also 
* * * * * 

Tn(d d ) -»• T(dd ) the positive functionals d.T.d,, d2T2d2,..,d td are 

uniformly bounded, and hence the convergence holds for any b e B . In 

particular, i f b = (0,0, . . . .a) e B then for any c = (d, , d 2 , . . . ,d) e F , 
T-(d„a d_) = 0 for all n , so T(dad ) = 0 , dad = 0 ; i t follows that n1 n n n' * ' 
a = 0 . 

Lemroa 3. Let B be a C -algebra, let v be a selfadjoint multiplier of 

B , and let h be a selfadjoint operator affiliated with the enveloping von 

Neumann algebra of B such that (h+i) belongs to B . Then also h+v is 

selfadjoint and (h+v+i)" belongs to B . 

Proof. I t is immediate that h+v is selfadjoint. Hence i t is sufficient 

to consider the case that ||v|| < 1 ; repeated application of this case yields 

the general case. I f ||v|| < 1 , we have ||(h+i) v|| < 1 since 

||(h+i)" || < 1 , and hence, with b = (h t i ) "^ « B , 
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(h+v+iT1 = ( l + b r V i T 1 = (i:;(-b)n)(h+i)"1
 e B . 

Theorem. Let G be a countable subgroup of IR (resp. K/Z) and let 

(cyc^, . . . ) be a sequence of homomorphisms of G into IR (resp. IR/Z) 

converging pointwise to the identity. Let V be a real-valued almost periodic 

function on K (resp. Z) with frequencies in G , so that V has the 

Fourier series z^ ag exp 2iTigt . Then for each n = 1.2, . . . the Fourier 

series EgeG ag exp 2ïïian(g)t represents a real-valued almost periodic 

function Vn on F (resp. Z) , and i f Hn denotes the one-dimensional 

Schrodinger operator in L2(R) (resp. i2(Z)) with potential Vn , and H 

that with V , then the spectrum of Hn approaches the spectrum of H . 

Proof. Since V is almost periodic and the dual G of the discrete 

group G is compact, there is a function V on G such that V is equal 

to V composed with the map IR -• G (resp. Z + G) dual to the given map G - IR 

(resp. G-IR/Z) (see [2] , page 428). Then Vn is just ï composed with the 

map IR -* G (resp. 2 -*• G) dual to the map a . 

Denoting H by H() in the case that V = 0 , we may view (H^+i)"1 as 

an element of ^(R) (resp. C(IR/Z)) . i f at the same time we view V as 

belonging to the C -algebra generated by {u(g)|g€G) , and V to the 
* n 

C -algebra generated by {u(an(g))|g£G} . Then v = (V1,V2,.. . ,V) is a self-

adjoint multiplier of the C -algebra B of continuous sections of the C*-algebra 

bundle of Lemma 2, and with h denoting (HC,H9, . . . ,H,) , (h+1)"1 belongs to B . 

Applying Lema 3 with this B , v , and h yields 

((H1+i)'1.(H2+i)"1 (H+i)"1) = (h+v+i)"1 e B . 

The conclusion of the Theorem follows by Lernna 1. 
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ON A GENERALIZATION OF GflMMA PUWCTIQWAL EQUATION. 

C. B o r e l l i For t ! - I . PenyO 

Presented by J. Aosêl, F.R.S.C. 

ABSTRACT- The general holomorphie solution is given of the functional equation 

f(B+l)=Q(z)f(z), if Q(z)=P(z)/R<z), where P and R are entire functions of genus 1. 

1.- Several generalizations of the Euler functional equation f(z+l)=zf(s) have 

been studied ( see the book of M. Kuczma [3]). 

In the present paper we consider the functional equation 

«D f(z+l)=Q(z)f(z) 

where 

and we determine, under suitable hypotheses on o& and c^, its holomorphie solu-

tions such that f(zo)=l for some so.Thls con be done by using the Laplace tran-

sformation and specifying the procedure described in C2] . 

2.- Let aa={ztC: Re a>a). aaR, and let GaUtaJ be a given function without ze-

ros in aa, where flfiy is the set of all functions holomorphie In Si . 

Differentiating equation (1) ( sOty we see that If jfeflCO ; Is a solution of 

(1) without zeros in (J , then f is also a solution of the functional equation 

(2) OsilL = 2^1+ £1*1, z6a. 
f(z+l) 0(s) f(z) a 

THEOREM 1- Given zg-na, let fSH(aa) be a solution of (2) such that f(z )=1. 

Any other holomorphie solution of (2) taking the value 1 at s , has the form 
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(3) 

C B o r e l l i F o r t i and I . Fenyô 

rz 
h(z)={ exp F(0 dz )-f(z) , 

' z 

where F is an arbitrary function in H(a ) , periodic of period 1. 

PROOF- Obviously i f h has the form (3) then i t i s a solution of <2) and h(z )=1 
o 

conversely, l e t teffCsy, h(zo}=l, be a solution of (2). Then we get 

(4) h'(z+l) _ f'(z+l) 
Mz+l) f!z+l) 

h(zl 

h'(z) f'(z) 
h(z) f(z) 

=0, 

and, putting K(z}= ^ ^ , (4) becomes 

K'lz+l) _ K'(z) = 

K(s+1) K(z) 
0. 

K'(z} 
Hence F(z)- j ^ - is holomorphie In na and FCs+I^FCsJ.Since K(zo)=l, we obtain 

K(z)=exp f F(0 di, , i . e . h(z)=f(z)exp f Ff^) dc . 

If feH(!ia) i s a solution of equation (2), by Integrating and taking the expo-
nent ia ls , we have 

f{z+2)=aG(z)f(s), sen , 

for some constant a£C-{0).So, in general, f i s not a solution of (1), never-

theless we can get a solution of (1) by taking 

h(. 'z)=f(z)exp \ FU) dt, , ze.aa , 

where KtHtUj, periodic of period 1, I s such that 
rs +1 

exp 
rZ +1 

0 FU) dt= 1 . 
'z a 

Thus the knowledge of a particular solution of (2) suffleles to find the solu-

tions of (1). 
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3.- In this section we shall find a particular solution of (2), when the given 

function Is 

TT *'0k V 1 1 

By section 2, this solves equation (1) considering Q Instead of 0. 

We assume that the complex numbers a. and d, satisfy the following conditions: 

(i) for every k. Re Oj.<0, Re dj<0; 

1 . (11) I — i - s <», I 
èi \ok\2 k=i \dkr 

(ill) there exists 8, CKe<ir/2, such that \arg(-ck)\ie, \arg(-dk)\iS, for every ki 
00 

<iv) Î lYtl<- • 
k=l K 

We s e t M= max ( sup Re ofe , sup Re d^ ) , so QeBCa^. 

In the sequel. If i(ift,3), IxR, 3tC, i s a function of two variables, we shall 

denote with dC (ii(t,z)}(3)the Laplace transform of i|> as function of t, calcu-

lated In 8. 

THEOREM 2- Consider the functional equation (2) with Q defined by (5) instead 

of G; assume that conditions (i)-(iv) hold and fix z&au .The function 

f(z)=exp I «(z> dz , zeaH , 
'so 

where 
3 ~ 

and 

*(z)=(z- | ) I yk + l {oâtWt,z))(-ck)-cet(^(t,z))(-dk)) 

-t -at , 
t(t,z)= ^ S__ , t#), ^(0.z)=z- | , 

i-e 
is a solution of (2), holomorphie in n , for which f(z )=1 holds. 

PROOF- We must only prove that t(z+l)-*(z)= S—5- . 
Q(z) 
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z-ok ykz 
Let gk(z)= e , then 

z-dk 

3kU) 1 1 
(6) - 5 — =Yk+ -^ ^- . 

^(s) z-ck z-dk 

If we take the Inverse Laplace transform of (6), we have 
Hk(t)=-£' 

c.t d.t 
^k-S+e K -eK . 

where S is the Dirac distribution.We now set 

(7) V^J *<t,z)Hk(t)dt=(z- -2hk+r 4>(t,z)(e k -ek )dt. 

Since Re z>M, Re ofc<0. Re dfc<0, the l a s t Integral in (7) exis ts and 

E c t à, "t 
*(t,z)(e k -ek )dt=<lt(^(t,z))(-ck)-j£tWt.z))(-dk}. 

Obviously QjCUtnJ, and 

*k(z+2)-tk<z)=j Wt,a*l}-t(t.z)}Bk(t)dt=r e~'tHk(t)dt=£(Bk<t)}iz)=^^r . 

Now we define 

(8) •fs-'= I 'l>k<z)= Ï Uz- lhk+£t(*(t,z))(-ok)-it(*(t,z)}(-dk)). 

In our hypotheses on (o^) and (dj,), we can apply Theorem 33.4, p. 226 in CI], 

to obtain 

lim l-Ojpt (^<t,z))(-a.)-i=Hml-d.!Éj^(t.z))(-cL)-i=z-I , k-t-hx, ^ ^ "• tj.t™ K t K 2 fc~- * r K k-~~ 

3 
z~ -a a6t(if(t,z))(-ck)=- — i - +o(-L) and dSJ¥t,z))(-d.)=- -^L- +o(±-) , as k^-. 

ck ak * k dk dk 

\<*-j>i1+'i't(¥t,*))(-ok)-'£tWt,z})(-dk)\* 

hence, by (Iv), the series in (8) is absolutely uniformely convergent on every 

compact subset of i^, thus V*H(aJ .Moreover 
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- " 9l(^ 0 . / , i 
«z+v-tcz^U^z+v-^zn^ ^ j - 1 ^ -

This completes the proof. 

REFERENCES 

CD DOETSCH, c.-.Introduction to the Theory and Application of the Laplace 

Transformation, Springer-Verlag, Berlin-Heidelberg-New York, 1974. 

C2] FENYO, l.-.The solution of a functional equation by Laplace transformation, 

Generalized Functions and Operational Calculus, Varna, 1975, 97-100. 

[3] KUCZMA, K.-.Functional Equations in a single variable, PWN-Pollsh S c i e n t i f i c 

Publ i shers , Warszawa, 1968. 

Unlvers l ta J e g l i Studi d l Hilano 

I s t l t u t o Matematico "F. Enriques" 

v ia C. S a l d i n i , 50 

1-20133 HILANO, ITALY. 

R e c e i v e d J u n e 2 8 , 1 9 8 2 



267 

C.R. M a t h . R e p . A c a d . S c i . Canada - V o l . IV , N o . 5 , O c t o b e r 1 9 8 2 O c t o b r e 

THE BERGMAN-GILBERT OPERATOR AS A TRANSMUTATION 

Robert Carroll 

Presented by P.V. Atkinson, F.R.S.C. 

Abstract: He give a spectral characterization of the Bergman-Gilbert operator via 

Hellln transforms which displays i t in the context of general transmutation theory. 

Introduction. We consider (*) Au + F(r )u =• 0 in R and refer to the formula 

u(x) - h(î) + j on"1G(r,l-o2)h(xo2)do (1) 
'0 

as the Bergman-Gilbert integral operator. It was obtained by Gilbert as a "method 

of ascent" (G does not depend on n) and maps harmonic functions h onto solutions of 

(*) (cf. [3;4;5]). It is not surprising that It should have transmutational features 

(cf, [1] for transmutation) and In the course of studying certain singular Inverse 

problems (cf. (2)) It became desirable to spell out this connection. The result is 

indicated here. 

Framework. We recall that B: P * q is a transmutation If BP = QB acting on 

2 2 2 2 
suitable objects and we write here P = r D + (n-l)rD with Q = P + r F(r ). Since 
2 
r A = P + n with n Independent of r we see that a transmutation B: P •* Q in the radial 

2 2 2 variables automatically induces a transmutation B: r A - t r A + rF. Transmutations 

can be characterized in various ways and in general will be given as Integral opera-

tors with distribution kernels in the form Bf(r) = < B(r,p),f(p)>. The kernels B can 

be represented as spectral integrals using elgenfunctlons of P and Q and for radial 

2 operators F = (1/r )P for example such expressions for B have a particularly nice form 

in terms of "spherical functions". The present situation is somewhat more complicated 

and we bypass the spectral analysis as such be representing the kernels as Inverse 

Hellln type transforms directly (in which the spectral theory is implicit). 
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n—3 v 
Results. One changes variables In (1) and writes u = h + <p ~ K(r,p),h(p,-) ) 

(distribution bracket) where K(r,p) = K(r,p)Y(r-p) with Y the Heavyslde function. 

The differential equation satisfied by G in (1) leads to a differential equation for 

r 2 n—2 
K when p < r with a jump discontinuity K(r,r) = -lj / F(p )pdp/r at p = r. This 

0 

Is all embodied In the distribution context (from which the desired jump arises 

A n—1V 7 7 A 
naturally) and one shows that (Q - P ){p ~ K(r,p)} = -r F(r )«(r-p) where P is 

* 2 

the formal adjoint defined by P ̂  = (r v)" - (n-l)(iv)'. One determines then that 

(1) represents a transmutation which we write as u = B{h) = <6(r,p),h(p, •)>. Then 

writing B{p0') = <pS(r,p),p0~ > = M{p6(r,p)}(a) (Mellin transform p -• o) we will have 

Q B • P B and choosing *!!(r) (= ill M with T = -a-n+2) to be the solution of the 

eigenvalue equation Cfl> = a(o+n-2W with î nr)r~0 -» 1 as r -» 0 we have (note PpT = 
a 

T(T+n-2)pT = o(o+n-2)pT) 

Theorem. The "extended" Bergman-Gilbert kernel B(r,p) i s character ized by the 

spectra l formula 

(2) B(r.p) = ^ J p-<'-1^(r)d0 - J L J pn-3pT ^ ( r ) d t 

where the Integral Involves suitable contours c-l>» -• c+1». 

Examples. The various formulas indicated are calculated explicitly for n = 3 

2 2 
and F(r ) = k (which Is a typical example from scattering theory) and comparison to 

other transmutations is made via spectral Integrals. Thus in particular In (2) 

*g(r) • *(k,o)z"^Ja4. (z) (z = kr) where * = 2a+4V0r((ri-3/2). One knows also from 

[ 3:4:5 1 that K(r,p) = -!sk(p/r),sJ1{kr(l-p/r),ï)/(l-p/r),ï and thus M{pK(r,p)) = 

-k (kr) £-1.3/2 a+*5^kr^ v ' h e r e ' ^ a ) r e p r e s e n t s the Lommel funct ion . 
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LOCALLY CARTESIAN CLOSED CATEGORIES AND TYPE THEORY 

R.A.G.Seely 

Presented by J. Lambek, F.R.S.C. 

Abstract A modified version ML of Hartin-Lof's type theory is 

presented which characterises the categorical structure of a 

locally cartesian closed category. 

0. Introduction It is known that for much of the mathematics of 

topos theory, It Is In fact sufficient to use a category C whose 

slice categories C/A are cartesian closed, where the notion of "A-

indexed family" is represented by morphlsns B -» A of C. It has 

also been conjectured that the logic of such categories Is given 

by Hartin-Lof's type theory. The purpose of this note is to 

make this precise. 

1. Definitions The type theory sketched here is based on Hartin-

Lof's, as given in [1], [2]. We present the definition Informally 

for the sake of brevity. 

Definition 11; An HL theory is given by type-function constants 

and terra-function constants, which Induce sets of types and terms 

(of given types), satisfying the following conditions. We write 

t e T to mean t is a term of type T, b[x] to represent all free 

occurrences of x In b, and b[a] for the substitution of a for x In 

b, where appropriate. 

Type formation rules; (1) / is a type . 

(11) If a,b c A, then I(a,b) is a type. 
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(111) If A is a type, and if for x « A, B[x] Is a type, x not 

occurring In the type of any free variable of B, then £ x«A BCx] 

and TT xcA BCx] are types. (If B does not depend on x, these are 

written A * B , A^B respectively.) 

Term formation rules; * c I. For each type A, there are (countably 

many) free variables x c A. 

(TT1) If tCx] c B[x], where x e A does not occur in the type of 

any free variable of t, then Xx£At[x] c T T X E A B C X ] . 

(TTE) If f £ T T X E A B[x], a £ A, then f(a) £ BCa]. 

(£ I) If a £ A, b £ B[a], then <a,b> £ E x£A B[x]. 

(£ E) If c £ Z x«A B[xD, then TC (c) £ A, Tt'(c) £ B[Tr(c)D. 

( = 1) If a £ A, then r(a) E I(a,a). 

(=E) If a,b £ A, c e I(a,b), d £ cCa,a,r(a)J, then 

s(d)[a,b,c] £ cCa,b,c]. 

Substitution instances of type (term)-function constants are types 

(terms respectively). 

Equality rules (notation as above): 

(IT red) Xx£At[x](a) = tCa]. (IT exp) f =Xx£Af(x). 

(£ red) it(<a,b>) = a,1l'(<a,b>) = b. IZ exp) c = < n (c) , lt'(c) >. 

(=red) s(d)[a,a,r(a>] = d {=exp) If f[a,b,c] £ cCa,b,c] 

then f = s(fCa,a,r(a)])[a,brc]. 

(Irule) If t £ ) then t = ». 

(Irule) If a[x], b[x] £ A, t[x] £ I(a[x],b[x]), for x £ X not 

occurring in the type of any free variable of a, b. A, t, then 

a[x] = bCx] and t[x] = r{aCx]). 

Definition 12 : A locally cartesian closed category (Ice) Is a 

category C with finite limits such that for any object A of C, the 
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slice category c/A is cartesian closed. 

2. From HL to Ice Given an ML theory M, we define a category 

C(H), whose objects are closed types of H, and morphisms A -*- B 

are closed terms of type A 3 B. 

Theorem 21: Ç(M) is locally cartesian closed. 

Sketch of the proof: Finite limits are constructed in the evident 

way: for example, the pullbaok of t £ A=B along s £ CSB is given 

by Z x£A£ y£C I(t(x),s(y)) with projections to A and C. Similarly 

BA is just A=B. Finally, to see C(M) is lee, we define two C(M)-

Indexed categories, P, and P . A C-lndexed category P_ consists of, 

for each object A of C, a category P̂ (A) , and for each morphism 

f:A •* B OC Ç, a functor f*:P(B) •• P (A) . Here, P.1(A) is the 

category of types B[x], x £ A, and terms t[x] £ BCX] = C[x]( f* is 

defined by substitution. P2(A) = ç(H)/A, with f* defined by 

pullbaok. Two c-lndexed categories are equivalent, P^ " P2, if 

there are equivalences PjU) « P,2 (A) which commute with the f*'s. 

Lemma 22; P, '» £.- ; furthermore, P, is a hyperdoctrlne. 

The main idea of the proof of the lemma is to associate with a term 

f £ B = A the type f"1(x) =df £ yeB Bx, f (y) ) In P^CA), and inversely, 

with a type B[x] of P., (A) , the projection term 1te2Ix£ABCx] = A. 

A C-indexed category £ is a hvperdoctrine if each P(A) Is cartesian 

closed. If each f* has adjoints Zf H f* H lTf, and if f* preserves 

exponents. In the case of £ with finite limits, P given by P(A) = 

C/A, C Is lee iff £ is a hyperdoctrlne. In [3], [4] it is shown 
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that the category of hyperdoctrines is equivalent to the category 

of theories in first order logic. Since H, and so P , is essen-

tially a theory in first order logic, p^ is a hyperdoctrlne. Lemma 22 

completes the proof of Theorem 21, since P2 is a hyperdoctrlne. 

3- From Ice to ML Given an lee C, we define an HL theory M(C) 

using the fact that Ç defines a hyperdoctrlne (with P(A) - C/A) 

and hence a theory T(C) in first order logic: briefly, we take 

predicates of T(C) (i.e. morphisms of Ç) as the types of M(c), and 

proofs In T(Ç) (i.e. morphisms of slice categories C/A) as the 

terms of H(ç). The proof that this defines an ML theory follows 

closely the proof that T(C) is a first order theory, as in [3] or 

[4). Note that the closed types and terms of M(Ç) are the objects 

and morphisms of P(I) 3 c. 

4. Equivalences From the preceeding remark, ç =• £(M(C) ) . It is 

not difficult to show that M » M(£(M)), in a suitable sense. 

If ML is the category of ML theories, and LCC the category of 

lec categories, then: 

Theorem: ML <» LCC . 

5. Remark The details of these results were presented in the 

MeGlll Categorical Logic Seminar, and are available (from the 

author) as a publication (with the same title as this note) In the 

MeGlll lecture notes series. 
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SCALES 

Y . HELLEGOUARCH 

Presented Sy-J.K.H. CHalk, ?,R,S,C, 

1) Abstract 

It is a well known fact [1] that a "discrepancy" divides the musicians capable 

of pure intonation from those tied to tempered instruments. The aim of this 

work is to develop arithmetical concepts for a common understanding. 

H will denote the set of "musical notes" produced by a certain instrument. 

With each M will be given a group T isomorphic to V operating faith-

fully and transitively on M, which we will call a chromatic scale. 

Each time T will be considered to be imbedded in (R+ as a set, and we 

will always assume that 2ET. The index [T : < 2>] will be called the num-

ber of degrees of T, and the orbits of M under the action of <2> will 

be called the names of Che musical notes. 

We will now proceed to give an abstract definition of T, which will pro-

duce historical scales [2] like a rabbit from a hat. 

2) Construction of scales 

Let us consider the sequence îf of the subgroups of the multiplicative 

group Q which are generated by the successive prime numbers : 

f : <2,3>, <2,3,5>, <2,3,S,7>, etc... 

All the groups in J are dense in K* (Kronecker's theorem) in the usual 

topology. 

2.1) Coamaa associated to a subgroup G C J 

To avoid cumbersome notations, we will take G = <2,3,S> as a fairly 

general specimen of a group in J . 
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Definition . - 2X 3y 5Z i s a "comma" in < 2 , 3 , 5 > iff : 

O (x,y,z) i (0,0,0) 

2) |log 2X'3y'5Z'| < |log 2X 3y SZ| implies 

Ix'llog 2 + ly'llog 3 + Iz'llog 5 > |x|log 2 + |y|log 3 + |zjlog 5 

The following criterion is often useful. 

Criterion .- Consider -Si-with aEN. If -Sîi € G and G e ^ , then SîL i£ a a ' a 
a comma in G. 

Results .-

a) The commas in < 2,3 > are : 

2 3 22 32 28 312 2 6 5 353 

T' 2' 3 • ^5* -£' ^19' p5T' ̂ 54 ' 

and their inverses. 

b) Those in <2,3,5> are 

1 3 1_ 5 1 ' 7' 3 * TT* ,3 
32 2.5 24 

3 -'•:> 2J.3 2*.5 
and their inverses. 

c) In the case of <2,3,5,7> we can say that the following numbers and their 

inverses are commas 

2 22 2.3 7 
1' 3 ' 5 ' 2.3! 

2.5 3.5 3.7 22.32 2 2 3 .S'' 
2.7' 2 • 5 7 * "ï » "J » ~S » s 2''.5 *•' 2*.3 3^.7 2*.5 25.7 

2.2) Quotient groups 

To fix ideas, take again G - <2,3,5> and consider two elements r and r' 

in G ; we will use the following elementary result to study the quotient 

•«r.r' >" group / 

Theorem .-

I) Let us write r = 2°  3B 5Y, r' -201' 3S' SY' and 
x a a' 
y B B' 
2 Y Y* 

"x+ B"y + Y"Z 
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Q 

Then J< . ̂  is isomorphic to V iff the greatest common divisor of 

a", 6", Y" is equal to 1. 

2) Let us consider s « 2 3 5 CG. 
n 

Then the coset of s is a generator of /- , > iff 

a"a + B"b + Y"C - I 

2,3) Euler's principle 
G + 

We must now imbed the group /< , ̂  in IR and our problem is to choose 

for each coset of G modulo <r,r'> a representative in I) . As these cosets 

are (generally) dense subsets in IR , this choice is by no means an obvious one. 

To make this choice we will use the following remark from L. Euler (free trans-

lation) : "hearing is used to perceive as a simple fraction all the fractions 

which are near to it". 

Let - be an irreducible fraction, — E Q ; we recall that the "height" of 

— is the number h(—) - sup (r,s), then we will make Euler's remark precise 

in choosing in each coset an element of minimal height (which is unique in 

practice). 

3) Results 

The following table gives the three scales corresponding to the quotient 

groups : 

< 2 , 3 > / < r > . <2.3,5>/< r ( r, >, <2.3.5,7>/<rtr.ir,1> 

312 34 32 S2 

with r --^rQ . '' = " T — . *" °  e which are commas in <2,3>, 
2, , 2 .5 2 .7 

<2,3,5> and <2,3,5,7> respectively. 

The first scale is similar (if not identical) to Pythagoras', the second 

to Zarlino's and I will call the last one the "Zarlino A" scale. 

Other scales are described in [3] and [4], 



First sixty degrees of the scales of Pythagoras, Zarlino and Zarlino A |0 
oo 

0 

1 

1 

1 

1 

28 

2" 
3.5 

3.5 

1 •'•' 

2 

3^ 

2 3 

3 2 

2 3 

31 

3 

2 i 

7 
2.3 
5 

2.3 
5 

4 

3^ 7 
5 

5 

2 2 

5 

2 2 

T 
2 2 

3 

21 

3 

6 

3b 

7 
5.31 

2' 

7 
5 

7 

3 
2 

3 
2 

3 
2 

8 

2 7 

7 
2* 
5 

2J 

T 

9 

33 

7 
5 
3 

5 
3 

10 

/ ? 
2i 

7 
2* 

II 

35 

7 
3.5 

2 3 

3.5 
23 

12 

2 

2 

2 

13 

29 

2 5 

3.5 

3.5 
7 

14 

3 2 

2 2 

3 2 

7 
3* 

7 

15 

2* 

7 
2^.3 
5 

22.3 
5 

16 

3" 7 
5 
2 

5 
2 

17 

2 3 

T 
2 3 

3 

2 5 

3 

18 

36 

7 
5.32 

2* 

2.7 
5 

19 

3 

3 

3 

20 

2 è 

7 
S 
5 

24 

5 

1 

| 

1 

21 

3i 

7 
2.5 
3 

2.5 
3 

22 

2J 

7 
2.31 

5 

2.32 

5 

23 

3' 

7 
3.5 

2 2 

3.5 

2* 

24 

22 

22 

22 

25 

2io 

2 b 

3.5 

2.3.5 
7 

26 

32 

2 

3 2 

T 
3 2 

T 

27 

2' 

7 
23.3 
5 

23.3 
5 

28 

34 

7 
5 

5 

29 

24 

2* 

T 
24 

T 

30 

36 

2 7 

5.32 

2 3 

22.7 
5 

31 

2.3 

2.3 

2.3 

32 

2* 

7 
2 5 

5 

25 

T 

33 

33 

7 
22.5 
5 

2^.5 
5 

34 

2 6 

7 
22.32 

5 

22.32 

5 

35 

35 

7 
3.5 
2 

3.5 
2 

36 

23 

23 

23 

37 

2 " 

~7 
5 2 

T 
5 2 

3 

38 

32 

32 

32 

39 

2 8 

7 
2*.3 
5 

24,3 
5 

40 

2.5 

2.5 

2.5 

1 

I 

1 

41 

2J 

3 

2:• 

T 
2 i 

T 

42 

3** 7 
5.32 

2 2 

5.32 

2 2 

43 

22.3 

22.3 

22.3 

44 

2 i o 
3 4 

2 6 

T 
2 6 

5 

45 

3J 

2 

33 

2 

33 

2 

46 

2; 

3 2 

2 3.32 

5 

23.32 

5 

47 

31> 

2 A 

3.5 

3.5 

48 

24 

2* 

24 

49 

2n 
35 

5.33 

23 

22.7 
5 

50 

2.32 

2.32 

2.32 

51 

2** 

33 

25.3 
5 

25.3 
5 

52 

3* 

2 2 

22.5 

22.5 

53 

3 

2 6 

T 
26 

54 

36 

7 
5.32 

2 

5.32 

2 

55 

23.3 

23.3 

23.3 

56 

2 1 1 

3 4 

52 

52 

57 

33 

33 

33 

58 

2(t 

7 
24.32 

5 

2 4.3 2 

5 

59 

35 

7 
2.3.5. 

2.3.5. 

60 

25 

„s 
2 

,5 
2 
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4) Some consequences 

Let us mention only two developments. 

The first one is to give a meaning to the common ground on which tempered 

and pure instrumentalists agree, and this can be done using the concept of 

isomorphism between two scales having the same number of degrees. 

The second one is to define, in a natural way, the dissonance between two 

notes in a scale. 

The application d : (x,y) I—• log h A is a distance on Q [5]. So one 

x G 

is led to define the dissonance of the interval — in the scale T = /„ by : 

ST(x,y) - d(xH, yH) 

and the psychological signiflance of this notion remains to be explored ... 
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SOME RADIUS OF mNVFXITY PROBLEMS 

Khalida Inayat Noor 

Preeented by N.S. Mendeleohn, F.R.S.C. 

ABSTRACT. 
Let S be the class of functions which are analytic and univalent in the 

unit disc E = {z:|z)<l} and which are normalized by the conditions f(0)° 0, 
f'(0)=l. Let K be the class of close-to-convex functions. The relationship of 
K with its variuos subclasses and some radius of convexity problems are studied. 

Let K denote the class of functions analytic and univalent in E = {z:|z|<l), 

satisfying f(0)"0, f'(0)°l and which are close-to-convex in E[4]. Let C and S 

denote the subclasses of K, consisting of functions which are convex and 

starlike in E respectively. The condition 

Re{2f"(z) + 1 } > 0 - for |z|<l 

Is necessary and sufficient for f to be univalent and convex in E, whereas 

f is starlike in E If and only if 

R e ' 5 fW ) > 0 f o r I 2 ! * 1 • 
It is well-known that S and C are connected by the basic property 

ftC if and only if zf'eS* (1) 

Noor and Thomas[2] and Noor[3] have introduced and studied a new class C 

of close-to-convex functions which is a natural analogue of the class C in terms 

of the property defined in (1), that is 

feC* if and only if zf'cK (2) 

A function feC if f is analytic in E with f(0)=0, f'(0)=l, and there 

exists a function geC such that for ZEE, 

Re{i5r|fF} >0' for H<1. (3) 
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feC is called a quasi-convex function. Form (2) and (1), we can write 

where the arrows indicate the set inclusion. Previously no relationship between 

the classes C and S was known, but Aloboudi[l] has shown recently that there 

Is a function which is in C but not in S , and also Koebe function eS are 
* shown not belonging to C . 

We shall discuss the relationship of the class K of close-to-convex 

functions with its various subclasses. The class K is a subclass of S of 

univalent functions[4] and Kryzyz[5] has shown that radius of close-to-convexity 

of every function in S Is greater than or equal to r0, .80 < r0 < .81. In this 

paper, we prove the following results. 

THEOREM 1 . ̂  

Let feC in E. Then f maps |zj <4/2-5 onto a convex domain and this result 

is sharp. 

PROOF! 

It has shown by Lewandowski[6] that the exact radius R such chat the image 

of |z|<R by fgK in E is a starshaped domain (with respect to the origin) is 

R " 4/2 - 5. So we see that from this result and the fact that fEC if and only 

if zf'eK implies that the exact radius for which zf maps Che unie disc onco 

a starshaped domain is R = 4/2 - 5. Hence f maps lz\eh/2-5 onto a convex 

domain. 

Furthermore, Lewandowski's method yields the existence of an extremal 

function which maps E onto the w-plane cut along a half-line not passing 

through Che origin. Consequendy we deduce Chat the result is sharp. 

It is shown[2] that if feC , then Re ( y > 0, geC and zeE. We now 

prove the following result. 

Let f:f(z) " z+a.z + be analytic in E and 

8!8U) - z + b2z + be convex in E. If Re , ? > 0, for zeE, then 

R e fc/.'W'» o for |zl<l/3. 
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Also, if Re |Z 1'f >0, geC, zeE, then f maps |z| < 1/3 onto a convex 

domain. 

We can write, for zeE and geC, 

zf'(z) - g(z)h(z). Re h(z)> 0. 

Hence 

M^Ii' . h(z)+4*1 h.(!!)> s'M g (z) g 
from which it follows that 

Re kpffi-' > Reh(z) - l ^ h ' C z ) ! (4) 

ZR'(Z) , Since g is convex in E, so we have Re "- • > 1/2 for zeE and consequently glz; 

Re'2gîïf)-(1+M>'1' see[8]. 
This implies Chat 

Also it is known(7) that \t\'(z)\ < (2Réh(z))/(l-|z|2) (6) 

From (4), (5) and (6), we get 

8*(z) - (l+|z|) ^ ^ ^ 

- Reh(z)[(l-3|z|)/(l-|z|)] 

Hence Re ^ 2 f w 2 ^ ' >0 for |z|< 1/3. g (z) ' ' 

We now prove that if Re Z . f > 0, geC and zeE, Chen f maps |z| < 1/3 

onco a convex domain. For zeE, we have 

(zf'Cz))' - g,(z)h(z) + gCzjh'Cz). Re h(z)> 0, 

from which it follows that 

f'(z) - g(z) I h(z) 1 - ^ ! ^ ^ j , 

- (l-3|z|)/(l-|z|2) 

Hence Re 'z
f, !z:' >0 for |z| < 1/3 , and this gives the required result. 
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THEOREM 3. 
Let ges* and Re z f ' f f i >0, for zeE. Then Re ( z f ^ z ) ) ' > 0 for U|< 2- /3 . gvz; g (zj 

This result i s sharp. 

PROOF: 
For zeE, we have zf ' (z) • g(z)h(z). Re h(z) > 0, from which i t follows that 

g'U) h W S'(z) U J 

Thus 
R e M ^ i i ^ Reh(z)(l- ill^I ^ M ,. 

8 ( z ) " l - | z | l - | z | J 

Hence Re ̂ z f ^ z ^ ' > 0 for Izl < 2- A. g (z) ' ' 
9 

The function f(z)"" gCz) = z/(l-z) shows that this result is sharp. 
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS IV 

Walter Schempp 

Presented by G.F.D. Duff, F.R.S.C. 

The prototype among the Infinite dimensional irreducible 
unitary linear representations (\) ^ i 0 of the real Heisenberg 
nilpotent group A(R ), n=l, which may be constructed for instance 
by Klrillov theory is the linear Sohrbdinger representation 
U. It can be singled out by normalizing Planck's constant, 
that is to say by putting >. =1. One of the most important proper-
ties of the irreducible unitary representation U is that it 
belongs to the discrete series of A(Rn). Let Z denote the 
(one-dimensional) center of À(Rn). According to the Stone-von 
Neumann-Segal theorem, U forms an isomorphism of the complex 
convolution algebra !F(À(Rn)/Z) to the algebra of all kernel 
operators on the complex Schwartz space ^(R") with kernel 
in y(R nxR n). By transposition, a vector subspace !?'2(X{Rn)/Z) 
of the complex vector space >f'(Â(Rn)/Z) of all tempered distri-
butions on A(Rn) mod Z acts on ^(À(Rn)/Z) by right and left 
convolution, i.e., !j(A(Rn)/Z) is equipped with the structure 
of a |y'2(À(Rn)/Z)-bimodule. In particular, the unitary symplectic 
Fourier transform of the functions in ,j'(A(Rn)/Z) is given 
by right convolution with the constant function — e if'2(Â(Bn)/Z). 

It is the purpose of the present part of this series 
of papers [4-6] to establish Titlebaum's identity for the 
symplectic Fourier transform of radar crossamblguity functions 
within the framework of nilpotent harmonic analysis. As a 
special case, an analogue of Moyal's Identity for the mixed 
Wigner distribution of quantum mechanics obtains. 
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1. j-Multipliers on A(Rn) 

Let ï(A(Rn)), the Schwartz space of the real Heisenberg 
nilpotent group A(R ), to be the usual vector space over the 
field C of all complex-valued infinitely differentiable functions 
on R n + rapidly decreasing at infinity under its canonical 
locally convex vector space topology. As is well known, its 
topological antidual J'(A(Rn)), the complex vector space of 
all tempered distributions on A(Rn), Is too large to be an 
algebra under convolution. Following Corwin [l], we say that 
a tempered distribution Te§'{A{Rn)) is a right "f-multiplier 
on A(Rn) if fTeJP(A(Rn)) whenever f e^(X(Rn)) and that T 
is a left ̂ -multiplier if T»f e!?(A(Rn) ) whenever fG^(A(Rn)). 
Of course, T€l?'(A(Rn)) is called an ̂ -multiplier on A(Rn) 
if it is both a left and a right «^-multiplier. 

The set ^'2(A{Rn)) of all ^-multipliers on A(Rn) forms 
a complex vector space. More precisely, we have the linear 
embeddings 

J(A(Rn)) • f 2(A(Rn))C • f(A(Rn)). 

The elements T e <J'2(A(Rn) ) are exactly the finite sums of 
terms of the form Dii where for an arbitrary number keN, \i 
denotes a measure on Â(Rn) so that the measure ( 1+1 (x,y ,z) 12)k)i 
is finite on ^(R") and D denotes a bi-invarlant linear differen-
tial operator. This characterization implies that i?';)(A(Rn)) 
forms a complex algebra under convolution. In particular, 
l?(A(Rn)) is a f 2(A(Rn))-bimodule. 

2. The Symplectic Fourier Transform 

Let M, denote the Lie algebra of A(Rn). Then we have the 
direct sum decomposition 

-M. = V © Z 

where V = log Rn 9 log Rn is a vector subspace of * which 
is isomorphic to the space Hn S Rn. If we put 
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X = (log x^log x2)cV and Y = (log y^log y2)eV then the 
bracket operation o f * induces on V a symplectic (= nondegenerate 
alternating bilinear) form B: V x V—«R given by 

B(X,Y) = [X.Y] - <x2ly1> -<x1ly2>. 

Following a recent paper by Howe [3] we shall call exp V the 
isotropic cross-section to Z in A(Rn). Since the linear mapping 
between complex Schwartz spaces 

s: !?(Â(Rn)/Z) —l?(V) 

which is given by 

s: f ~-*(V s X~^f(exp X)) 

is an isomorphism, by transport of structure we may consider 

V) to be a complex algebra under the convolution product 
on ?(A(Rn)/Z). Indeed, define for functions gĵ  and g2 in (f(V) 
the convolution product 

gl B g2 = s^3"1^!) * s"1(g2)) 

and observe that any element of Â(Rn) can be written in the 
form 

(exp X,z) = (exp X,0).(0,0,z) 

where X e V, z c Z. Then the group law in A(Rn) takes the 
form 

(exp X1,z1).(exp X2 ,z2) = (exp(X1+X2) ,Z1+Z2+-|B(X1 ,X2) ) 

(basic presentation of the real Heisenberg nilpotent group 
A{Rn)). Let $(A(Rn)/Z) be identified with the complex vector 
space 

{f€^(A(Rn))|f((exP X,z))=e2,tlzf((exp X.O)), XcV, z e Z ) . 

Then we obtain explicitly 
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g1 * g2(X)=j g1(Y)g2(X-Y)e*1B(Y'X)dY 

=j g1(X-Y)g2(Y)e*iB(X'Y)dY 

for gjeï(V), j e U , 2 } . In particular, the unitary symplectic 
Fourier transform g of gc^(V) is given by right convolution 
with the constant function -i- e ^'-(V), i.e., we have 

V 3 X - ^ 2 - n | g(Y)e,tiB(Y'X)dY = g « 2-n(X)=2-n » g(-X 
•'V n n 

by the skew symmetry of the bilinear form B. Similarly, the 

unitary symplectic Fourier cotransform is given by left convo-

lution with — and both transforms may be extended uniquely 

to involutlve automorphisms of the complex Hilbert space L!(V), 

3. Titlebaum's Identity 

Let (fj)i<j<4 be any four functions belonging to the 
complex Schwartz space y(Rn) and observe that the corresponding 
radar crossamblguity functions are related to the coefficient 
functions of the linear Sohrbdinger representation îï of A(Rn) 
according to the identity 

H(fJ,fk:.) = Cfi{tytk-A.,0)), 

J, k eil,...,4); cf. [5]. We shall consider the functions 
H(fj,fk;.) as elements of the complex Hilbert space LI{V). 
A few exercises in the yoga of computation rules for the coeffi-
cient functions of linear representations which are square 
integrable modulo the center yields for all X c V , YcV: 

(H(f1,f2,. -Y).H(f3,f4;. +Y)) , 1_(_2X) = 
B 2 

^(fj.fgjX-YKH^.f^X+Y). 
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The preceding identity expresses the unitary symplectic Fourier 
transform at the point -2X (or the unitary symplectic Fourier 
cotransform at the point 2X) of the "twisted" product of radar 
crossamblguity functions as a twisted product of such ambiguity 
functions. In the case n = 1, Titlebaum's identity arises 
(cf. Titlebaum [8] and Helstrom [2]). 

Titlebaum's identity as displayed above includes, for 

Y = O, Sussman's result [?] for the symplectic Fourier transform 
of products of radar crossamblguity functions, and for X = 

Y = 0, an analogue of Moyal's identity for the mixed Wigner 

phase-space quaslprobablllty distribution functions which 
are the Euclidean Fourier trsinsforms of the radar crossamblguity 
functions (cf. Theorem 1 of [5]). 
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ISOMETRY GROUPS. FIXED POINTS AND CONFORHAL TRANSFORMATIONS 

J.B. Wilker 

Presented by B.S.M. Coxeter, F.R.S.C. 

Abstract 

Every finite group of HObius transformations is conjugate 
to a group of orthogonal transformations. 

Let Sn={xcRn+1 : 1x11=1) denote the n-sphere in Rn+1; 

M , the group of conformai (=Môbius) transformations of S ; and 

0 , the group of isometries (=orthogonal transformations) of 

S ". These groups are closely related: the group M is generated 

by inversions in arbitrary (n-D-spheres and any MObius trans-

formation can be written as the product of at most n+2 such 

inversions; the subgroup 0 ..̂ M is venerated by inversions in 

great (n-l)-spheres and any orthogonal transformation can be 

written as the product of at most n+1 inversions in great (n-D-

spheres. In [3] it is shown, among other results, that if a 

MObius transformation g:Sn>-Sn has finite period then there is an 

inversion Y :Sn->Sn such That the conjugate transformation Y0gY0 

is an orthogonal transformation. The main purpose of this note 

is to generalize this result to the following 

Theorem. Let GcM be a finite group of MBbius transformations 

of the n-sphere. Then there is an inversion Y which conjugates 

G to a group Y GY C 0 +-1 of orthogonal transformations. 
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In ([3] pp. 22-24) there is a proof of this theorem for 

the case n=2 where complex numbers can be used as coordinates. 

The present proof involves the natural extension of the action 

of G to the ball Hn+1={xERn+1: lxll<l). This ball serves as a 

Poincaré model of hyperbolic (n+l)-space and G acts on it by 

isometries of the hyperbolic geometry ([2],[•»]). Accordingly 

we are interested in the action of a finite group of isometries 

on a metric space. The key lemma, which may be of some indepen-

dent interest, applies to groups which possess a bounded orbit 

and not just to finite groups. 

Lemma: Let X be a metric space in which closed balls are 

compact and Property M, which is defined below, is satisfied. 

Then every group of isometries of X which possesses a bounded 

orbit also possesses an orbit of length 1 i.e. a point which is 

fixed by al] the transformations in the group. 

The sphere S has the property that closed balls are compact 

and every group of isometries possesses bounded orbits. Never-

theless the full group 0n + x or the group of order 2 generated 

by the antipodal map serve to show that there are isometry groups 

which do not possess an crbit of length 1. Some additional 

hypothesis on the space X is required for the validity of the 

Lemma and our Property M is convenient because it is easy to 

verify in Euclidean and hyperbolic space. 

Property M: Let r>0 and let P, Q, Q» be points of X satis-

fying d(P,Q)sr and d(P,Q,)sr. Then there is a point M=M(Q,Q,,r) 

and a number ii=a(Q,Q',r) with Osa<l such that d(P,M)sar. 
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In Euclidean and hyperbolic space the point M can be taken 

to be the midpoint of QQ' and the value of o depends only on r 

and the number d=isd(Q,Ql )sr. To verify Property M we note that 

d(P,M) is maximal when QQ1 is a chord of the sphere of radius r 

centred at P. In this situation we can apply the appropriate 

version of "Pythagoris* Theorem" to the right angle triangle 

HPQ in order to compute a. The Euclidean value is a=/l-(d/r)z 

and the hyperbolic value is osr^cosh-1 (coshr/coshd). 

The proof of the Lemma is motivated by the proof of an 

analogous result. If a group of affine transformations G acting 

on an affine space X has a finite orbit then the centre of gravity 

of that orbit provides a common fixed point for the transforma-

tions in G([l] p. IM). 

Proof of the Lemma. Let G={gi:icl) be a group of isometries 

acting on the metric space X and let np={Pi=P ^icl) be a bounded 

orbit. Let B(P.,r) be the closed ball with centre P̂^ and radius 

r. By taking r>diameter !!„ we can guarantee that 

B(r) = n B(P.,r)*0. 
i d :L 

The set B(r) is invariant under the action of G because if geG 

B(r)g = n B(P.,r)e = n B(P.g,r) = n B(P.,r) = B(r). 
i d l id x j d J 

Let r =inf{r:B(r)*0}. We show that B(r )*(J. If r. is a 
O u J 
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sequence of numbers which strictly decreases to r then for any 

30(1,2,3,...) B(r.)«0. If Q.eB(r.) then Q.cB(Pi,r.) hence 

Q.EB(P1,ri). Since the closed balls in X are compact there is a 

point Q and a subsequence, which we take to be Q. itself, such 

that QJ-»Q0. For each i d , d(Q. ,Pi)sr. hence d(Q0,Pi)sro and 

therefore Q eB(r ). o o 

To complete the proof of the Lemma we use Property M of X 

to show that B(r )={Q } so that Q serves as a common fixed point 

for the elements in G. If there is a point Q'*Q0 in B ^ r o' ^en 

for each i d , d(P. ,Q )sr and d(P.,Q )sr . It follows that 1 0 O l'^O o 
there is a point M0=M(Q ,Q',r ) and a number o =a{Q ,Q ,ro)<l 

such that dCr.,M )Sa r . This means that M_EB(O r ) and since 1' o o o 0 0 0 
»„r <r_ we have a contradiction to the definition r =inf (r:B(r)*l5}. 0 0 0 o 

Proof of the Theorem. Each inversion Y:Sn-«-Sn extends to an 

inversion or reflection r:IRn+ U{».)-HRn + 1U{«) which acts as a re-

flection on the hyperbolic (n+l)-spaee Hn . If G is a group of 

MObius transformations acting on S then each transformation in 

G can be factored into inversions and thus extended to an isometry 
n+,' • • 

of H . If the group G is finite then the Lemma applies to its 

action on Hn to produce a fixed point P0EHn . Let ro be the 

hyperbolic reflection which interchanges P with the point 0=0 

at the "centre" of the model. The hyperbolic isometries in the 

conjugate group •" Gr fix 0 and therefore act as Euclidean 

isometries on lRn . If Y is the restriction of r to Sn then 
o o 

by restricting all the transformations to S we see that Y 0 con-

jugates the MObius group G to a group of orthogonal transforma-

tions Y 0 G Y 0 . 
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THK CHAKACTta UEMàHATOitS OF S0(2k) AMD S0(2Jttl) 

Konald C. King and Nahld G.I. Kl-Staarkauay 

Presented by G.de B. Robinson, F.R.S.C. 

Abstract A combinatorial method of writing down the character generators 
of S0(2k) and S0(2ictl) i s described. 

1. Introduction 

Character generators of the groups SU{n)[ •] and Sp(2ic)[3] have 

been established through the application of certain general results concern-

ing partially ordered sets to the problem of enumerating arrays in the i'ora 

of ïoung tableaux whicn specify tne characters of these groups. The combin-

atorial description of group characters is nere extended to the remaining 

classical groups S0(2K) and SU(,&+1) and thereby the character generators 

of these groups are obtained. 

2. Irreducible characters of i30(2k) 

ciach irreducible representation CA^ of S0(2JO is labelled by 

means of its highest weight vector A= (Ai.Aj A ) witn Ajj, Aj 

i'"ik. ,Z\\, \ where A. lor i " 1,^,...,& are either all integers or all 

half odd integers [ 4 ̂  . The cnaracter in the representation A of an eleuent 

of S0(2k) in the class labelled by £ = ( «i ,«2 9 ) takes the form 

X tA l(l) • I ri^1 exp(i w.jt) . (1) 

w — 

The multiplicities rt of the weights w may be determined through the use 

of Schur function methods £21 or ^e use oi ïoung tableaux and their gener-

alisations [23 . 

The generalised ïoung diagram, ¥ , corresponding to A consists, 

if the components of A are integers, of boxes arranged in left-adjusted rows 

of lengths Ai>A2>**>A. HA I and, if the components of A are half odd Integers, 
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of boxes in rows of lengths A-â, A-â, ....A^j-BtU^-A left-adjusted to 

a single column of half boxes of length k. Muoberlngs or arrays,M \ are 

obtained by inserting positive and negative Integers chosen from the set 

S = {îl,&, ... . ±k } into the boxes and half boxes of F " in such a way 

that : (1) the entries are non-decreasing from left to right across each 

row, (11) the entries are strictly increasing in magnitude down a column of 

half boxes, (ill) the entries are strictly increasing down each column of 

boxes, (iv) no entry i or -1 ( denoted by i and I respectively) may appear 

In any row lower than the 1th row, (v) no entry i may appear to the right of 

an entry I in the 1th row unless it also lies immediately below an entry I, 

(vi) if A / 0 and no two entries in the first column are of the same magnit-

ude then the number of negative entries in that column is even or odd accord-

ing as A k is positive or negative respectively. The ordering to be used in 

applying these rules is defined by I<1<2<2< ... <k<k. 
Typical arrays associated with the representations [3321^ and 

[7/2 3/2 3/2 1723 of 30(8) are given by 

122 and I / I I 5 
5 2 3 2 / 3 
Z 4 3 / 3 
4 4/ 

where the symbol / separates entries in half boxes from those in boxes. 

The multiplicity iT*-1 of the weignt w = (w-.w., ... ,w. ) is the 

sua of contributions 2 P arising from each distinct array H such that 

wi '' ni " nI for i = 1» 2» ••• » ̂  (2) 

where n. is half the number of entries i in half boxes plus the number of 

entries 1 in boxes, and n^ is the corresponding number calculated for !. 

Ine factor y is the number of pairs of entries I and i appearing in the 

(l-l)th and itn rows, respectively, of the first column of the array with 

i< Jc. The arrays illustrated thus each contribute 1 to 'vfnfi? ancl 
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"Mfëxfltt reŝ ctively. 

3. The character venerator of S0(2Jt) 

Despite the complex nature of the above combinatorial description 

of the characters of SO(2k) tney may be generated in a manner analagous to 

that already used for characters of SU(k) and Sp(2k). In this case the rele-

vant shifted ïoung diagrams, Z-, are those for whicn the row lengtna, left-

adjusted to a diagonal line, are given by m = (2k-l,2K-3, ... ,3,1). To 

each Z~ there corresponds a set of generalisea standard snil'ted ïoung tableaux 

(USSÏT). *'or example in the case k = 2, u - (3,1) ana the set of GSSÏT is 

1 2 3 1 2 3 1 2 3 1 2 3 
4 4 4 Z (3, 

1 2 4 1 2 4 1 2 4 1 2 4 
3 3 3 3 

The generalisation exemplified here i s tne inclusion of negative as well as 

positive entries, but only at the extreme rlgnt nand end of each row. I t i s 

convenient to specify the si6nature of the entry at tne end of tne ath row 

of tne GSSÏT n, by n (n) = i l and to define tne parity of it by n(i>) = niOO 

ri2(ii) . . . 11^(1)• 

The character generating formula of âû(2it) is tnen 

*a(A.*) = l \ TT^(i>lJ,>/ TT U . ?(„"),!] (4) 
TI 

where:n ranges over all USSXÏ of shape a - (2k-l,2iC-3 3,1)» m = k ; 

K is the set of those j for which j+1 appears in H in a row above one 

containing j or for whicn j appears in a row of n whilst j+1 does not appear 

in a lower row; n^' is obtained from n by deleting all entries greater than 

i in magnitude. Whilst a ti'fil specifies tne row lengths ofn and m 1 those 

of ir1', it is convenient to introduce a1 where ma is •„ +1 if 

m ^ a 2k-2a+l, m' 1^ 2Jt-2a+2 (for a>l) and n (n) = -1 and is a * otherwise, 
a a-X a u 

for a = 1,2, .... k(i) where k(i) is the number of parts of TT ' . finally 
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Dl 02 Bk(i) 

wnere e(i) is 1/2 if n'1' = n and is 1 if n'1' / n. wnilst î^,^ is Ak/i» 

if k(i)<k and is A . >k if i£(i)=k. 

Ins required SU(2k) character generator is then given by 

Va.*) = l c^ o^ ... c^ xlX\) (6) 
with g = (2k-l,2k-3, ... ,3.1) and A = (c^OjC^,, ... , c1c2...ck). It is to 

be understood that, as indicated, A = 0,0.,.,.c^ but that A . = cic2**,cit.ict • 

i ^ -14^ i*2 -it>2 i*! -i^i 
Ine dependence on £ is determined by X = (e ,e , ... ,e ,a ,e ,e ) 

The denominators in (4) are products of m = k factora>wnilst the number of 

terms in the sua is 

jk g(2k-l,2jc-3. ... .1) = ^ (k
2)t ( j d H (jc.z)! ... n . (7) 

(2k-l)i (2J£-2)1 .... (k+l)I Kl 

4. ^aatdg- a9('/i) 

In the case of the group 30(4) k •= 2, jg °  (3,1) and through the use 

of (3) the expression 14) tases tne form : 

*(3.1,(4.4) - 1 l/d - A ^ d - A^IJ • 

.| 1/(1 - A ^ U - A*X*i*) + A ^ / d - A^4)(l - A | i ^ (8) 

+ A|x*X*/(l - A1X3)(1 - A | ï ^ ) + A*i^*/(1 - AjX^Hl - A*X^*) 

+ Ajji-^/U - A2ï2i1)(l - A*X*Ï*) + A|i^/(1 - A2i(rt1)(l - A|ï*i*) 

+ Aj jX^/ d - A 2 i 2 ï 1 ) ( l - A | ï ^ ) + AgXjjJLjA^l^/d - A ^ / ^ d - A ^ i * ) ^ . 

The character generator i s then obtained in the required form ,(6), by setting 
, 1*2 - i«2 i * ! - i * ! 

A l = c l ' A 2 = c l c 2 ' A 2 = c l 0 2 and ^ = (e ,e ,e ,e ) . 

This particular result may be considerably simplified. Setting 

A^BC, Aj^B2 and A^C2 along with X = (ÏZ*1,ï"1Z,ÏZ,ï"1Z"1) yields 
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F(3>1)(A,X) = 1/(1 - Bï)(l - B ï ' ^ d - CZ)(1 - CZ"1) . (9) 

Since the character generator of SU(2) takes the form t.5>.2l 

F2(A.X) = 1/(1 - AX) (1 - AX"1) , (10) 

the result (9) merely sa-ves to indicate the well known isomorphism between 

80(4) and SU(2)XSU(2). A similar simplification of (4) occurs in the case 

of SO(6) which is isomorphic to SU(4). for which the character generator 

has been given explicitly [6] . 

5. The character generator of S0(2k+1) 

It is straightforward to extend the results to S0(2k+1). Each 

Irreducible representation is labelled by ([Al , as for S0(2k), but now with 

no negative parts so that kiO [̂ 1 . As before,arrays serve to specify 

contributions to the weight multiplicities but this time with the entries 

chosen from the set S extended toSg = (±1,12, ... ,±k,0} by the Inclusion 

of 0. This entry, 0, may only appear in a box (not a half box) at the foot of 

a column. This rule replaces rule (vi) given for S0(2xJ, and the ordering 

used now is I<1<2<2< ... <£<k<û. The entries 0 make no contribution to the 

components of the weight vector which are still defined by (2). 

The resulting change in the character generator is such that the 

relevant shifted ïoung diagrams, Z-, are those for which a = (2k,2k-2, ... , 

4,2), precisely as for Sp(2k)[^. How however GSSÏT are required with nega-

tive as well as positive entries allowed at the end of each row. The generat-

ing formula is still (4) with î'dr1^) defined by (5) but now ïj-^ is A j , ^ 

for all k(i), whilst aj^ is m„(i^+l if m0
tlJ= 2k-2a+2, m^U 2k-2a+4 (for 

a>l) and n (n) = -X, and is o» otherwise. The required SO(2k+l) charac-a a 

ter is then given by (6) with m = {2k,2k-2, ••• ,4»2)l A " ^i»0!^' aa* 
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> „, x -, " k "^k ^ 2 -^2 « 1 "^l , ..., 0,0,...CjJ and X = d,e ,e , ... ,e ,e ,e ,e ). 

For k " l.tho simplest case,the USSÏT are just 1 2 and 1 2 ,so that 

F(2)(â.i) = 1/(1 - A j X ^ d - A*X*) + A*i*/(1 - A1X;L)(1 - A*X*) 

= 1/(1 - A*X*)(1 - A ^ ) (11) 

in agreement with (10) when regard is taken of the isomorphism between S0(3) 

and SU(2). More generally the denominators in (4) are products of a = k(k+l) 

factors and the number of terms in the sum is 

2* g12*'**"2 2 ) = 21C tk(k+l)1l (k-l)i (k-2)l .... 11 • (12) 

(2k)J (2J£-1)I (2k-2)l ... (k*xyi 

b. Conclusion 

The results presented here complete the task of constructing 

the character generators of all the classical groups. The procedure used to 

pass from the arrays specifying irreducible characters to SSïT and USSÏT 

via certain partially ordered sets will be discussed in more detail elsewhere, 

along the lines suggested by Baclawskl [l] • 
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A RELATION BETWEEK AH AFFINE KILLIKG VECTOR AND 

THE STRAIN TENSOR OF A P5EU3P-RIEI.-AKWIAH KAHIKILD 
Ramesh Sharma 

P r e s e n t e d By P.O. Rooney, F.R.S.C. 

In [21 Yano has shown t h a t a K i l l i n g vec to r f i e l d in 
a hiemannian manifold i s an a f f ine K i l l i n g v e c t o r - f i e l d . 

Moreover, he has shown t h a t fin a f f ine K i l l i n g v e c t o r -

f i e l d i n a compact and o r i e n t a b l e Rieinannian manifold 

without boundary i s K i l l i n g . THE purpose of t h i s paper 

i s t o c h a r a c t e r i z e an a f f i n e K i l l i n g v e c t o r - f i e l d ol 

any pseudo-Hieœannian i;ianifolà(r.ot n e c e s s a r i l y compact) 

i n terms of i t s s t r a i n t e n s o r . The c h a r a c t e r i z a t i o n i s 

given by 

Theorem; The s t r a i n t e n s o r corresponding to an 

a f f i n e K i l l i n g v e c t o r - f i e l ô in g pse'ido-Riemannian 

manifold(not n e c e s s a r i l y compact) I s p a r a l l e l with 

r e s p e c t t o the Levi -Clv i ta connexion of the pseudo-hiem-
nnnian m e t r i c . 

Proof: l e t K be s pseudo-Eiemannian manifold 

with me t r i c g . Then g induces the Levi -Civ i ta connexion 

V on K. Let X be nn a f f i ne K i l l i n g v e c t o r - f i e l d on I' so 

t h a t LxV=0. Now i f we se t V^ Y=V(X,Y) then t h e confuta t ion 

of t h e o p e r a t o r of L i e - d e r i v a t i o n Lx and Covariant dér iva 

t i o n V y i s given by 

L x V y Z - V y Lx Z - V [ X t y ] Z 

=LX( V ( Ï , Z ) ) - V(Y,LXZ) - ^ ( t X . Y Q . Z ) 
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= ( L X V ) (Y,Z) + V ( L x y , Z ) +V{Y,L X Z)-V(Y,L X Z) - V ( L X Ï , Z ) 

= ( L X V ) ( Y . Z ) . 

Thus we o b t a i n e d t h e formula 

( 1 ) Lx 7YZ - VYLX7= (1^7) (Y,Z) + V | : X j Y : Z ; 

Kext , we have 

( 2 ) ( V Y L x g ) ( U , V ) = Y ( ( L x g ) ( U , V ) ) - ( L x g ) ( V y U , V ) - ( L x g ) ( U , V Y V ) 

= Y ( X ( g ( U , V ) ) ) - g ( L x U , V ) - g ( U , L x V ) ) 

-Xg(V y U,V; 4g(LxVyU,V) + g (V y U,L x V) 

-X g(U,V y V) + g(L x U,V y V) + g(v,i^vYv) 

= - Y ( g ( U , L x V ) ) +g( VyU.l^V) + g (U,L x 7 y VJ 

+(YX) g (U,V) -YCgCV.^U)) + g (LXU, 7 y V ) 

• ^ ( V , ^ ^ ) - X g ( 7 y U , V ) - X g(V y V,U) 

= - g (U , VyLxV -hyV^V) - g (V, Vy^U-LjVyU) 

-(XY -YX) g(U,V) , 

where we used t h e f a c t t h a t g i s c o v a r i a n t c o n s t a n t . Us ing 

( 1 ) i n ( 2 ) we f i n d 

( V y L x g ) ( U , V ) = g ( U , ( L x V ) ( Y 1 V ) ) + g ( " . ^ ^ V ) 

+ g ( V , ( L x 7 ) ( Y , U ) + V j . X ) y ; l U ) - [ X , Y ] g(U,V) 
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= g (U,(LXV)(Y,V))+ g ( V . d ^ V H Y . U ) ) . 

Bu* hyrV = O.THerefore i t fol lows t h a t VyLxg = 0 which 

imp l i e s t h a t I^g i s p a r a l l e l with r e spec t toV . That i s , 

t h e s t r a i n t e n s o r Lyg of (K, ) along X [1] i s p a r a l l e l 

wi th r e spec t t o V. 

Department of Mathematics 

Univers i ty of Windsor, 
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IDENTIFICATION OF RATIONAL FUNCTIONS: LOST AHD REGAINED 

A.J. van der Poorten 

Presented by P. Ribenboim, F.R.S.C. 

Abstract. We discuss conjectures and results concerning the 

Taylor coefficients of rational functions thereby correcting 

allegations made in this Journal 3 (1981) 279-84. 

1. Apology. In "Identifying a rational function" [1] I 

induced two colleagues to join me in purporting that up to 

obvious ambiguities one may recognise a rational function from 

any infinite subset of its Taylor coefficients. This assertion 

is sufficiently vague to be difficult to refute. Unfortunately 

we did hazard more explicit claims. One is false, though 'only 

just'. But worse, we sketched a 'proof and it, so to speak, 

does succeed in 'proving' all our claims. Thus the proof must 

be dangerously defective. 

In the event, it turns out that the growth theorems for 

recurrence sequences [4], to which we had anyhow made an appeal 

in passing, in themselves already suffice to prove as much as 

is true in the matter of identifying a rational function. 

2. Introduction. Accordingly, this note is organised as 

follows: In section 3 I mention a fine conjecture generated by 

our original 'proof and point to a typical counterexample to 

our explicit claims. In section 4 I explain the delusion that 

caused our principal error. In section 5 I show that the 
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results of [4] do after all allow us to recover all that we 

should have wanted to claim. 

3. Common values of recurrence sequences. If T. nf..* is a a '•hau h 

rational function then the sequence ( f ) satisfies a linear 

homogeneous recurrence relation with constant coefficients, and 

the terms of the sequence are generalised power sums, or 

equivalently, an exponential polynomial evaluated at the non-

negative integers: 

fh = = f(h) = I a. (h)a.h 
n i=l ' ' 

with the a.j polynomials. Suppose that ÏQuX is rational; so 

also {gh) is a recurrence sequence. 

We are interested in the intersection of the sets { f } and 

(g h}. In [1] we falsely imply that if this intersection is 

infinite then there are positive integers d ^ ' so that all but 

finitely many of the common elements are complete subrecurrences 

{fdh+r.) = (9dih + r . ) , some r,r' with 0<r<d, 0£r'<d' . 

Were this so we would have had a wonderful generalisation of the 

Lech-Mahler theorem (see, for example [2]), which asserts that 

any constant sequence (c,c ) intersects ( f ) along complete 

subrecurrences. 

But our claim is false as is shown by 

f(x) = 2X g(Y) = Y2Y 
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which take their common values at x = h + 2 , y = 2 . 

We had argued as follows: If f(X) = g(Y) for infinitely 

many ( X . Y j e S then a p-adic argument leads us to write (in 

effect) 

x(h) = f"1og<.y(h) . 

Because f,g are exponential polynomials, if one of x,y is an 

exponential polynomial then both may be supposed to be exponential 

polynomials. In [1] we somehow came to claim that both x,y 

could be supposed linear which would have been justified if one of 

x,y had been known to be linear. I decided that at any rate both 

x,y would have to be exponential polynomials, an error that dealt 

handily with the threatening counterexample, and which committed 

me to what I now realise to be only a speculation: If f,g are 

exponential polynomials and f(X) =g(Y) for infinitely many 

(X,Y) t 2 then there are exponential polynomials x(t), y(t) so 

that identically f»x(t) • g<'y(t) . 

4. Determining a rational function. Suppose f,g are 

exponential polynomials and that yh is in 2 (or, more 

generally, in a finitely generated subring of a field of 

characteristic zero) for all he IHu(0}. But say we are given 

only that 

f(h) = goy(h) . he N 

for some suitable subset N of IN u (0) . In [1] we explained 

that y may be analytically continued to all of IN u {0} and 

suggested that then also y is an exponential polynomial on the 

grounds that yh is in 2 for all h. This is a nonsense, though 
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only because there is no reason, in general, why the values y^ 

obtained by p-adic continuation should relate to the given yh, 

except of course for h in N. For IN u {0}\N finite, our 

argument is valid. 

On the other hand Perelli and Zannier [3] show that when N 

meeti every arithmetic progression and hence meets every arithmetic 
k 

progression infinitely many times then, for g : ti— -1 , yh an 

integer for h c N implies yh an integer for h c IN u {0} . I 

believe this to hold for all exponential polynomials g. 

Indeed this raises the following question: Suppose that ^ ^ X 

is a rational function regular at » ; so ( f ) is a recurrence 

sequence; but we know the f only for h in N. which subsets 

N completely determine ( f ) ? It is easy to see that N must 

meet every arithmetic progression for if N does not meet (hd +r) 

then the rational function 

rf Yhd+r 
iThd+rA 

is entirely undetermined by N. Our remarks below go close to 

implying that the condition is also sufficient: the data f 

for h in N, where N meets every arithmetic progression, 

determine at most one rational function Ifu^ regular at •». 

5. Identifying a rational function. A recurrence sequence 

(fh) given by 

fh = I ^(h)*.' 
i = l 

is said to be nondegenerate if no pairwise quotient a^/a., i ^ j , 

nor any of its characteristic roots a^, is a root of unity. 
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Suppose f and g are nondegenerate and consider the 

diophantine equation 

m » n v 
f(X) = I a^Xja/ = I b.(Y)6.Y = g(Y) . 

i=l 1 1 1=1 1 ' 

If f(X) = g(Y) for infinitely many (X,Y)«ZZ2 then Theorem 2 

of [4] implies that m = n and, after a reordering of the terms 

we have for infinitely many h : 

a .
a = B / and a^hd + rja^ = b^ (hd ' + r ' )Bi , (Isism) 

for given integers d^' and integers r(h), r'(h). Thus if two 

nondegenerate recurrence sequences have infinitely many common 

values then this is accounted for by a virtual identity of their 

characteristic roots up to the freedom of choosing d/d', and by 

relationships satisfied by the corresponding coefficients. These 

relations can yield infinitely many solutions h only if, at the 

least, each quotient a, (hd + r}/!), (hd* + r ' ) is a power of a 

polynomial linear in h. Certainly if the sets {fj,! an^ i^\\i 

have infinite intersection then there are recurrence sequences 

(Xu) and {yh) so that 

fx{h) = 9y(h) > h . W u f O } . 

The 'counterexample' of section 3 is in fact a typical instance 

of x,y nonlinear. In the degenerate case the argument goes 

through with only notational change unless both f and g 

collapse to polynomials on some arithmetic progressions. The 

results of [4] do not deal directly with an equation a(X)=b(Y) 

in polynomials a,b . 

In summary: excepting degeneracy, a rational function may 

Indeed be recognised, up to acceptable ambiguities, from an 
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infinite subset of its Taylor coefficients presented in any 

order. The situation is less straightforward than is implied in 

[1] and the proof depends on quite different and considerably 

deeper principles. 
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