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QM THE ZEROS OF ECTONEKTIAI. POLMKHIIALS 

Ldszld Székelyfaldi 

Presented by J. AozSl, F.R.S.C. 

ABSIRACT: It is proved that the set of zeros of a nonzero 

continous exponential polynomial on a locally compact Abelian 

group generated by any neighborhood of zero has measure zero. 

It is a classical result that the sot of roots of a 

complex polynomial of n variables has measure zero (C3]) . It 

is also well known (t23)f that the set of zeros of a trigonometric 

polynomial on a locally compact connected Abelian group has 

measure zero. In this paper we extend these results to 

exponential polynomials on some types of locally compact 

Abelian groups. •" 

If Q is an Abelian group and X is a linear space over 

the complex field C, than we use the difference operators 

defined on functions -f-Q-»X by 

for all x.y, y, in ^. (For V-o the sum Is -foo .) In 

particular we write 

lc-o 

for all x,y in <5 . A function •f-̂ -'X is called a polynomial 

of degree at most n if 

N a,,."^-0 
for a l l ».«*,... , 3 w In Ç . It i s well known (CI]), that each 
polynomial -f of degree at most n has a representation 

kïo 
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le i 
where Au: Q -»X i s a U-add i t ive , synmetric funct ion and 

(U> (k) 

Au is the diagonalization of A u defined b y A ^ M ' A u C * - , • • • , * « ) 

with x,«...-ifi,-x . /Here Q 0 »^ and A 0 is a constant./ further, 

the relation 

Kl*, -,*)•+,_ &*,...*, fw 
la valid for ail *,H.,...,3»i in Q . 

A function i»>:Q-»C ia called an exponential function, 

if it is a homomorphism of <5 into the multiplicative group 

of nonzero complex numbers. A function -f :Q-»X is called an 

exponential polynomial if it has a representation 

•f (") = .!>" ny-Wp^w 

where w-. Q-»X is a polynomial and mi: Q-fC is an exponential 

function for each i . 

ZHSORBLI 1. Let ^ be a topological Abelian group which 

is generated by any neighborhood of zero and let X be a complex 

linear space. If a polynomial p-. (5-»X vanishes on some nonvoid 

open set, then it vanishes everywhere. 

n Ai 

PROOF. Let pf^-Z Ak 00 for all x in Éf , where 

At ; Q^-iX is l<-additi-e and synmetrio. It is enough to show 

that An'O and we may obviously assume that p vanishes on 

some neighborhood U of zero. Let VcU be a neighborhood of 

the zero such that x.y,,...,̂  are in V implies x+jj,'-- •> 

is in u . Then 

<*•;<...<CkCn 
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holds for all x, y , yR in V , that is A„ vanishes on V" . 

Using the multi-additivity of A„ and the fact that V" generates 

Q" we have An»0 and the theorem is proved. 

THEOREM 2. Let Q be a locally compact Abelian group 

which ia generated by any neighborhood of the zero and let K 

be a complex linear space» If a polynomial p.̂ -»x, vanishes 

on a measurable set of positive meaaure. then it vanishes 

everywhere. 

PROOF. Using the notations of the preceding theorem, 

there exists a compact set kLcCj with 3 K > o for which 

ptiO'O for all x in K (> denotes a fixed Haar-mcasure on 

S). By the theorem of Steinhaus the function 

y-» 3 (K/\ K-y ̂  ••• n (C-ny) is continuous on Q and as it 

is positive at zero, there exits a neighborhood UcÇ of zero 

such that K /i k -<j i ... A K- ny ia nonvoid for all y In. V- , 

On the other hand 

k>o 

whenever x belongs to K A K-y 1 ••-/Ik-mj , since xtliy 

belongs to K (K-.©,.,...,«"). It means that A" vanishes on U . 

Then by the preceding theorem our statement follows. 

THEOREM 3. Let & be a topological Abelian group which 

ia generated by any neighborhood of the zero and let X be a 

complex linear apace. If an exponential polynonial •̂"̂ -•X 

vanishes on some nonvoid open set, then it vaniahes everywhere. 
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PROOr. Let {(x^è'V'OPcOO for ail x in Q , 

where in;: Q->£ is an exponential function, p,.-•• Q-»X 

is a polynomial and nr̂ +m.. if c*^" . V/e prove the theorem 

by induction on « . For «-•< it follows from theorem 1 

since nil(x)^o for all x in q (£•<,...,«). 

Suppose that it is proved for ntlt and let n = !<+<. 

Let f vanish on a neighborhood U c (q of zero. Let 

pi(x) = A<f'(x)i-cj,l.(x) for x in G t where Ac •• Q^Uy is 

v̂- -additive and symmetric and ^ : ̂  -»)( is a polynomial 

of degree at most /i,-< (C-i,..., U-K) . it is obviously 

enough to show that A j ' ^ O . Let 

LP(x) = p, (x)+ ^ 2 •>li<x1m<̂ x)", p̂  (X) 

for all > in Q , then V vanishes on U . Let V c U 

be a neighborhood of zero with the property that, x+ty 

belongs to U whenever x,y is in V (lc « ©,<, ...; w+i) 

where N ia the degree of p, . Then 

A, f t x ) - ^ p,(x)+ Zwi'Ow<CK)",(I(rn<:(ï)m,tyr-l}''+'Ay'''(x)+%„(x)]-Ci 

for all x.y in V , where «fĉ  : Q -» X is a polynomial 

of degree at most .̂-̂  (C-l,.... U o . It follows that 

^ mc (X)[](wv(y) m^y)"4- <) *' A^'W + (̂ ylx)] - O 

whenever x f ̂ is ia V/ . Aa m , ^ ^ , there exists an 

element «j in V such that ln4.(̂ )̂'»><(y)", =f H . indeed, 

otherwise the exponential property of "̂  and *x with the 

fact that V generates Q would imply that w,-/*^. 
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Substituting this element into the above equation, we have 

by induction ( m̂ (̂ J)w<(lJ)•<-1)y*, A^Cx) + e^^M» 0 

for all x in «î . As the coefficient of k^f differs from 

zero and the degree of cy^ ia at most f^-i , hence A^1 - o 

and the theorem is proved. 

THEOREM 4. Jet G be a locally compact Abelian group 

which is generated by any neighborhood of zero and let X 

be a complex linear space. If an exponential polynomial |:Q-»X 

vanishes on a measurable set of positive meaaure, then it 

vanishes everywhere. 

PROOF. Using the notations of the preceding theorem we 

prove the statement by induction on n , and for n-i it follows 

from theorem 2. 

Suppose that it ia proved for n*l< and let n-U-i. 

V/e assume that -f vanishes on the compact set ^ ̂  ̂  of positive 

measure. Similarly to the proof of the preceding theorem we 

have that WxVO for all x in K , and let V c Q be a 

neighborhood of zero for which ^(K.A K-y ^ ••• /> k-(M40ij)> o 

whenever y ia in V . By the same argument aa in theorem 3 

there exists an element »j in V for which «My) + «My) . 

Let K, - K /1 K-y A ... nkL- fw+Oy , then xAy belongs 

to k1 for all x in k, ct«o,/;... .un) and 

W+.4 k M , K»* 

Ay Vf>0-ZL p,Cx) + ^ m(:(x)tt,1Cxj-4[Cmc(y)*,(y)-^W'Vf''(x)+cVl. (x)3=0 

for a l l x in k, , ^rfiere cy,..̂ : (5-»X i s a polynomial of degree 
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at most /Bl-4 C-*-» .••,••• 0 . Hence we have 
lui rtH 
Z *»'l('<)[(inc(y)m,(y)",-.i) * A^Cx) + ̂ (x)] - O 

for all x. in k, and by induction 3k,>0 Implies 

C^tyhMy)--^*'A^OO* W ^ ' O for all x in G • Here 

^(yim^y) f ̂  ^ d the degree of c^^ is at most ^^ , 

hence A% « O , and the theorem is proved. 

COROLLARY 5. Let Gj be a locstlly compact Abelian group 

which ia generated by any neighborhood of the zero and let X 

be a complex topological linear apace. Then the set of all 

zeros of a nonzero continuous exponential polynomial on G 

with values in X has meaaure zero. 
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THE GENERAL SYMMETRIC SOLUTION OF A FUNCTIONAL 
EQUATION ARISING IN THE MIXED THEORY OF INFORMATION 

B. R. Ebanks 

Presented by J. Aazél, F.R.S.C. 

Abstract! We find all symmetric solutions of a functional equation 

holding for disjoint nonempty sets in a ring of sets. The general 

form of all symmetric, branching measures of information both in 

the mixed theory of information and on rings of sets are consequences. 

1. Let B be a ring of subsets of a given set X, containing, with 

any two sets, also their union and difference, thus also their 

intersection and the empty set 0. (See [5].) In the determination 

of all inset information functions of degree a (see Aczél[l]), 

the functional equation 

(1) A(xUy,z) + Mx,y)= A(xUz/y) + A(x,z) 

arises, for pairwise disjoint x.y.zEB. Because of considerations 

involved in the study of information measures of higher dimensions, 

Aczel has noted that it would be interesting to investigate inset 

information functions of degree a on the open domain (i.e. with 

both empty sets and 0 probabilities excluded). In our context, that 

means that x,y, and z must be nonempty. We shall find all symmetric 

solutions of (1) on D-, where (for n = 1,2,...) 

Dn = f<x1,x2,...,xn) \0 fl xi£B, xi n Xj = 0 for i ^ j; i#j = 1,2,...,n}. 

Theorem. A map A: D , * R (R the set of reals) satisfies 

(2) A(x,y) + A(xUy,z) = A(x,y U z) + A(y,z), 

(3) A(u,v) = A(v,u) 

for all (x,y,z) £ D 3 and (u,v) e D 2 if and only if there exists a 
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map f; D, + R such that 

(4) Mx,y ) = f(x) + f(y) - f ( x U y ) , (x,y)6D2. 

For any (3) symmetric A,(1) is equivalent to (2). Thus the 

theorem states that (4) is the general symmetric solution of (1). 

The proof will be given in section 2. Our first objective is to 

extend A to the algebra generated by B. Let n = U { x | x e B } c X 

and B' = { X ' I X ê B } , where x' = n^x. The following two observations 

are made without proof. 

Lemma 1. A = B U B' is an algebra of subsets of Q. Moreover, for 

all x,yeA, x U y e B i f x.yEB, otherwise x U y £ B'. 

Lemma 2. If SÎ € B, then A = B. Otherwise, B n B' = 0, and at most 

one o f x , y i s i n B ' i f x n y = 0 (x.yeA). 

Now, let SQ = { (x1,x2,...,xn) |0 j' Xĵ  £ A, xi n x. = 0 for 

i ¥ j; i/j = l,2,...,n}, n = 1,2,..., and define A on Sj by 

(5) Â(x,y) = Â(y,x) 
A(x,y) , i f x , y e B 
0 , i f x U B , x U y = fi 
A ( y , ( x U y ) , ) . i f xf[B, x U y p î î 

Lemma 3. A : S, •* R defined by (5) satisfies 

(2') Â(x,y) + Â ( x U y , z ) = Â(x,y U z) + ï(y,z) , 

(3') Â(u,v) = Â(v,u) 

for ail (x,y,z) E S, and (u,v) £ S,. 

Proof; (3') follows immediately from (5). We proceed to prove 12'). 

If H E B , then (x,y,z). € D3 by Lemma 2, and (2') is just (2). . 

Suppose n ^ B . If (x,y,z) £ D 3, then (2') is just (2), so suppose 
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that at least one of x,y,z is in B'. By Lemma 2, exactly one of 

x,y,z is in B'. 

Case 1. Suppose zEB'. I f x U y U z = n , then by (5) , (3) , and Lemma 1, 

Â(x,y) + Â(xU y,z) = A(x,y) = A(y,x) = û(y,(zUy) •) =ï(y,z) +Â(x,y U z). 

If x U y U z c n , then by (5), (3), (2), and Lemma 1, 

Â(x,y) + Â(xU y,z) = A(x,y) + A(x U y, (x U y U z) •) 

= A(y,x) + A(y U x, (y U xU z) ') = A(y,x U (y U x U z) ') + A(x, (y » x U z) ') 

= A(y, (y U z) •) + A(x, (xUy U z) ') = Â(y,z) + Â(x,y U z). 

(Note that x,y,z are disjoint by definition of s,.) 

Cases 2, 3. Suppose y £ B' or x £ B'. The proofs in these cases are 

similar to that in case 1. 

2. Proof of Theorem; By Lemma 3, A can be extended to a map A 

on S 2 satisfying (2') and (3'). Now, define a real-valued map K 

on all finite partitions {x^,...,xn} of n into disjoint nonempty 

events x. £ A by K({n}) = an arbitrary real number and 

(6) K({x1,...,xn}) = K((x1 U x2,x3,...,xn}) + Â(x1,x2) 

for a l l (x , , . . . , x ) £S„ such t h a t U x. = !i (n = 2 , 3 , . . . ) . (2 ' ) and i n n i 
(3 ' ) guarantee e x a c t l y t h a t K i s w e l l - d e f i n e d , i . e . t h a t 

K ( { x l V = K<{xp(l) X9M}) 

for all (x.,...^ ) ES and all permutations p on {l,..,n}, 

n = 2,3, .By a result of Davidson and Ng [ 2] , then 
n 

(7) K({x1,...,x }) = E f(x.) 1 n 1=1 :L 

in terms of a map f ; A ^ {0}*R. By (5), (6), (7), we have (4). 

Corollary 1. A map K: D + R (n = 1,2,3, — ) satisfies 

K(x1, ,xn) = K(x1Ux2,x3,...,xn) + A(x1,x2) 

and, for all permutations p on {1,2,...,n}, 

K(x1,...,xn) = K(xp ( 1 ),...,xp ( n )) 
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if and only if there exists a map f; D, * R such that 
n n n 

K(x,,...,xJ = Z f(x.) + K( U x.) - f( U x.). 
1 n i=l 1 i=l 1 i=l 1 

3. Our theorem also applies to the characterization of branching, 

symmetric inset entropies. Here, however, we do not restrict our-

selves to the open domain, but consider entropies on Dn x rn, where 

D„ = {(x, ,...,x ) |x. EB, x, nx. = 0 for i ? j; i,j = l,2,...,n) n i n i i j 

and rn = {(p1,...,pn) | lpi = 1; pi > 0, i = l,2...,n}. 

Corollary 2. A map I:D xr-t-R (n= 1,2,3,...) is branching. 

I / x l xn\ J51! U X2'x3 x n \ + A / X l ' X 2 \ 
\Pl Pn/ \p l + p 2 ' p 3 p n / \ P 1 ' P 2 / 

and symmetric, ( for a l l permutations v on { 1 , . . . , n } ) 

1 / x l " - - ' x n \ j / ^ d ) XTi(n) \ 

\ p l p n / \ P I T ( 1 ) PT.(n) / 

if and only if there exists a map y: B x [o,l]-<- R such that, with 

Y(x) = I(x) - v (x#l), 1' 
n 

(8) l l 1 " j = Ï u(x.,p.) + Y( U x.) 
\,pl *n) - 1 W ' 

Proof; Symmetry and branching imply that A satisfies 

P i - P , 

(9) 

(10) A " ' + A " ' - = A 
/ x 1 , x 2 U x 3 \ A / X 2 ' X 3 \ 

\ p l ' p 2 + p 3 / \ p 2 ' p 3 / 

for a l l ( x 1 , x 2 ( x 3 ) E 5 3 and P l , p 2 , p 3 > 0 w i t h P j + P 2 + P 3 < 1 . By 

Lemma 4 .2 in [ 4 ] , (10) has genera l s o l u t i o n 

(11) û ( X ; y ) = n (x ,y ) + P(x ,p) + ù ( y , q ) - M ( x U y , p + q) + ï>{p'tq) • 
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(12) f 
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R satisfies (2) and iji is antisymmetric and bi-additive, 

'y,x> /xUy,z\ ./x,z\ -/y'z\ 

\p + q,r/ V^'V \q'r/ 

The purpose of what follows is to essentially eliminate the n and 

ij) terms. Divide n into symmetric and antisyimnetric parts 

(13) s(x,y) = îsTnCx^) + n(yrx)], A(x,y) = is[n(x,y) - n(y,x)J , 

so that n = S + A. Since S satisfies (2) and (3), our Theorem gives 

(14) S(x,y) = f(x) + f(y) - f(xUy), 

as long as x and y are nonempty. But with y = 0, (2) for S yields 

S(x,0) = S(0,z) for all disjoint x,z £ B. Thus, defining f(0) to be 

this common value, we have (14) on D2. 

Furthermore, A is antisymmetric, hence the map t); defined by 

(15) *( I = * I ) + A(x,y) 
\p,q' \p.q' 

is also antisymmetric. Now (11), (13), (14), and (15) give 
/x,ys /x'y\ 

A ) = y(x,p) + u{y,q) - p(xUy,p + q) + iM I , 
\p,q/ ^p-q/ 

where lJ(x,p) = îi(x,p) + f(x). But the (9) symmetry of A implies 

that i|) is also synunetric. Thus ^ s 0, and 
/ x ' y \ 

A 1 J = M ( X , P ) + M { y . q ) - y ( x u y , p + q ) • 

\p,q/ 

Therefore, by the branching property, I has representation (8) with 

Y(x) = I(?) - IJ(X,1). The converse is easily checked. 

Remarks. Corollary 2 is an improvement on Theorem I.I in [3] . 

(See Remark 1.2 in [3] .) A desirable further improvement would 

be a corresponding result for branching, symmetric maps on the open 

domain D x r , where r = {(p,,...,P_)\Zp, = 1 ; Pj > 0, i = l,2,...,n}. n n n A n x J. 
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ASYMPTOTIC ESTIMATION OF THE COEFFICIENTS 

OF THE CONTINUED FRACTION REPRESENTING THE BINET FUNCTION1 

J. Cizek and E.R. Vrscay 

Presented by G.F.D. Duff, F.R.S.C. 

Abstract: The continued fraction for the Binet function is studied 

with the use of the quotient-difference formalism. Two conjectures based 

on extensive numerical evidence are formulated. The most Important result 

is that for large n the coefficients In the continued fraction expansion 
1 2 of the Binet function appear to be asymptotically equal to yg n . 

The Binet function which plays an important role both in mathematics 

and theoretical physics is defined as [1] 

J(z) = log r(z) - (z - ̂ ) log z + z - j log Zn . (1) 

There exist several integral expressions for this function and its asymptotic 

series In powers of z is in all respects very well known [2]. Knowledge 

of the continued fraction expansion for J(z) is, on the other hand, very scarce. 
2 

In fact, until very recently only seven coefficients in the expansion 

•W3^1+rtl + -" (2) 

were known [2,3]. Now Char [4] has calculated the first 41 coefficients by means 

of the algebraic manipulation system MACSYHA. The structure of coefficients in 

^his research was supported by grants from the Natural Sciences and Engineering 
Research Council of Canada. 

2The indexing of the continued fraction coefficients an in this paper follows 
the scheme of References 1 and 3. where a, denotes the first coefficient of 
expansion (2). 
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(2) seems to be very complicated, as already mentioned by St iel t jes in his 

classic paper [5] and confirmed by Henrici [ 1 ] . 

In order to elucidate the nature of the an i t Is very instructive 

to study the function 

' .-4zt 
^ = j | f 5 i î r t d t (3' 

0 

which is closely related to J(z) . The continued fraction representation 
for K(z) is well known [6], 

« * • & & & • • • • (4) 

where b, = yg- and for n ï 1 

WTë"2- (5) 

In order to study the relation of J(z) and K(z) le t us introduce 

the following two functions and their asymptotic expansions 

f(u) = J=J{/ÎD = I -fa (6) 

g(u) = - L K ( ^ ) = ! - ^ (7) 
/u n=0 u 

From (2) and (4) the continued fraction expansions for f(u) and g(u) may 

be given as 

b,, b . b . ( g ) 
g ( U , = ^ + ^ . . . • 

The series coefficients c and d In (6) and (7) are given by 
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U - (2n4&l) ' ldnl=T2jr • HO) +2)(2n+l) ' ^n1 " 12 ^2n 

where B, and E, represent the Bernoulli and Euler numbers respectively [3]. 

The asymptotic expressions for the series coefficients cn and dn are thus 

dominated by the term (2n)! . 

We shall be using the quotient-difference (QD) formalism [1] to learn 

about the properties of f(u) from g(u) . The QD scheme associates a unique 

Stieltjes-type continued fraction of the form (8) or (9) to a given formal 

power series, subject to some restrictions on the series. The elements of the 

relevant QD schemes will be denoted as follows: 

f(u) QD scheme: q(u) OP scheme: 

"? 
'? 

*] 
"2 

q2 

1 

^ 

^ 

t 

f? 

A 
', 

i (11) 

The first elements of each column in each QD array, (q^ ^. flg' •••) 

and {r9, f?, r?, ...) . form the sequences of coefficients an and bn of 

the continued fraction representations in (8) and (9). The QD arrays are built 

up In a triangular fashion from their first columns, as illustrated in (11), by 

means of a set of well-defined "rhombus rules" [1]. The elements ("initial 

values") in the first columns are given by 

n K+li rn=ii!i]l • (12) 
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From the well-known expressions for the Bernoulli and Euler numbers in terms of 

factorial and, respectively, Riemann and Lerch functions [3] i t can easily be 

shown that 

limy = 1 , (13) 

n*" 

where 

yn = q X . (14) 
Having in mind the properties of the Riemann and Lerch functions i t is not 

surprising that the ratio yn is converging to the value 1 very quickly. To 

illustrate this rapid convergence, the following values are given here: 

y0 = 0.533333. y1 = 0.914286, yz = 0.983607, y5 = 0.999810. y10 = 1.000000 . 

This means that the f i rst column of the QD scheme for f(u) is very closely 

related to the scheme for g(u) . Since the f irst column of entries completely 

determines the entire QD array we can expect the arrays corresponding to f(u) 

and g(u) to be quite closely related. In fact, these two QD schemes appear to be 

"interwoven". This interesting and important property is formulated in 

Conjecture 1: lq£| < |rjj| and lejjl > lf£| . n a 0. k a 1 . (15) 

This conjecture was verified by numerical calculations of the QD triangles 

(IBM quadruple precision) which permitted the calculation of the continued 

fraction coefficients a3g and b~6 respectively. We have the observed set of 

relations: 

0.033333 

0.253303 

0.525606 

72.355941 

76.424655 

= q? = a 2 
= e? = a 3 
- 4 - 4 

B e Î7 " a35 

= 118 = a36 

<b 2 = 

> b 3 = 

<b 4 = 

> b 35 = 

< b 36 = 

r!J - 0.062500 

f° = 0.250000 

r° = 0.562500 

f ° 7 = 72.250000 

r ° 8 = 76.562500 

(16) 
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The a sequence can be seen to oscillate around the b sequence defined 

expressly by (5). Numerical analysis of the differences between an and bn 

suggests that the asymptotic behaviour of the an is as follows: 

Conjecture 2: a
n = bn + Rn (17) 

where R is of the order n . 

This asymptotic information is very useful both for theoretical and 

practical reasons. There exist different methods for the estimation of the 

convergence of a continued fraction. Henrici has presented three such methods 

II]. With a knowledge of the coefficients an of the continued fraction, a 

much better estimate may be made as compared to that estimate obtained from the 

methods based on the knowledge of the series coefficients cn or dn , 

respectively. We have found such an estimate but have postponed its publication 

until exact proofs of Conjectures 1 and 2 are presented. 

Let us finally mention that we are also studying other power series 

expansions whose coefficients an are dominated by the term (2n)! . Series 

of this type are of special Interest because by Carleman's condition 11,2] 

their continued fraction representations "lie on the borderline of convergence". 
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INFORMATION FUNCTIONS ON OPEN DOMAIN IV 

P.L. Kannappan* 

Presented by J. Aczél, F.R.S.C. 
Abstract. We consider functional equations on open domain similar to the 

fundamental equation of Information treated In Ci,!,}]. We determine the 

general solution of the multiplace functional equation 

(1) f(x.y)i-(l-x)eg(-jir,T^) = h(u,v)+(l-ulPk(-ji;,1X7) on Dn+I 

for (x,u)eD, (y,v) e Dn (6 is a fixed real), where 

207 

(2) 0={(r,s)|r,s,r+s£l=]0,l[}, 

without any assumptions on the real valued functions f,g,h and k. 

THEOREM. The general solutions f,g,h,k: l"*'-"-«(reals) (x c I, y e l") 

of equation (1) for (x,u) e 0, (y,v) e D are given by 

f(x,y)=i1(l-x)+£2(x)+M)(l-y)+M2(y)+A 

g(x,y) =£,(l-x)-i3(l-x)+£3(x)+HI(l-y)-H3(l-y)+MJ(y)+B-A+C 

(i) ̂ h(x,y)=£1(l-x)+£2(l-x)-£3(l-x)+i3(x)+M)(l-y)+M2(l-y) if 6=0; 

-M3(l-y)+M3(y)+B 

k(x,y)=£|(l-x)-£3(l-x)+i2(x)+MI(l-y)-M3(l-y)+M2(y)+C 

(ii) 

f(x,y) =S(x,y)+ax+c|+c2-a 

g(x,y) = S(x,y)+(b|+b2-c|-c2)x+a-b] 

h(x,y) = S(x,y)+(b2-c1)x+c1 

k(x,y) = S(x,y)+b]x+c2-b1, 

if 6° l; 

«Research par t ia l l y supported by a NSERC of Canada grant. 
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f (x ,y)=€(B)d(x)+axB+a2( l -x) 6+a3 

g (x ,y )=- £ (S)d(x)+b,x S +b 2 (1-x) 6 -a 2 

( H I ) • R S , f 6 ' 0 • , • 

h(x,y) = -£(B)d(x)+b1xB+b3(l-x)p+a3 

k(x.y) = £(B)d(x)+a)xe+b2( l -x)B-b3 

Here £(2) = 1, e ( 8 ) = 0 I f 6i«2. A ,8 ,0 ,8 ,8 , .b , , 0 , are constants and £ , , « . , * 

satisfy 

(3) £ (xu )=£ (x )+Z (u) ( x , u « 1 0 , l [ ) 

(4) H(yv)=M(y)+H(v) ( y , v e l n ) 

d(x+u) = d{x) +d(u) 

d(xu) = xd(u)+ud(x) (x ,u€R) (a real derivation) 

respectively, and S(x,y) = x£1 (x )+( l -x )£ 1 ( l ^ + x H , (y )+ ( l -x )H ] (1 -y ) . 

Remark I . In the proof we make use of the solution [2] of 

(6) F(x)+( l -x)BG(- j^) = H(u) + ( l-u)eK(-j^r) on I 

and of the linear Independence of .£, (x), £2(l-x), I, of x£(x), (l-xU(l-x), 

x, 1 and of 1, x6, (l-x)£(l-x)(6i'0,l) {ty^.ttiO satisfy (3)). 

Proof : Case 1 : B = 0. Then (1) becomes 

(7) f(x.y)+g(T^.T^7)»h(u,v)+k(1iI.^7) on 0n+l. 

The proof Is by Induction. Solution (1) can be rewritten as 

fU)=L(l-Ç)+M(Ç)+A 

, g(Ç) = L(l-Ç)-N(l-Ç)+N(Ç)+B-A+C 
(1 ) 

h(Ç) = L(I-Ç)+H(t-Ç)-N(l-Ç)+N(Ç)+B 

k(Ç) = L(l-Ç)-N(l-C)+H(Ç)+C 

(5) 
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for Ç = ( x , y ) c ^ n + , where L,M,N are solutions of d ) on I n + and A,B,C 

are arbitrary constants. For fixed y , V £ l , (7) becomes, with F(x) = f ( x , y ) , 

6 ( x ) - g ( x , T ^ 7 ) , H ( x ) = h ( x , v ) , K ( x ) - k ( x , T ^ ) , 

F (x)+G( T ^) -H(u) + K( - f ^ r ) 

I.e. (6) with B-0, so that [2] gives for xcl, 

F(x) = f(x,y)-i)(l-x)+£2(x)+a 

G(x) =g(x,-j^) -41(l-x)-£2(l-x)+£3(x)+b-a+c 

H(x) = h(x,v)-it(l-x)+£2(l-x)-£3(l-x)+£3(x)+b 

K(x) = k(x,T^) - k(x,T47)-£I(l-x)+£3(l-x)+£2(x)+c 

where the solutions I. of (3) and the 'constants' a,b,c may depend upon 

y and v. Using the linear Independence of ijd-x), -^(x), 1 (Remark I), 

from the forms of f,g,h,k given by (8) we have 

(8) 

(9) 

(10) 

(11) 

(12) 

£2(x,y,v) "m2(x,y), a(y,v)° a(y) 

(Z,-^) (l-x,y,v) = m3(l-x,-f^), 

£3(x.v,v)-in4(x,T^), (b-a+c)(y,v) = e(1^r) 

£3(x,y,v) ••n5(x,v), b(y,v) = b(v) 

U)-£3)(l-x,y,v)-nl6(l-x,f^), 

£2(x,y,v)=in7(x,T^), c(y,v) = c(f^) 

where the m,'s for fixed y,v are solutions of (3). 
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From (9) and (12), m.(x,y) •• m7(x,y^—). The left side is Independent 

of v, so m. and m are independent of the second variable, t.e. 

functions of x only. Hence Z,(x,y,v) depends only upon x. Similarly, 

from (10), (11) t, and from (10), (12) •2,-^,, thus also £, depend 

only upon x. Now, from (9) to (12), 

(13) b(v)+c(Tï7)=a(y)+e(T^) on Dn. 

Then by the induction hypothesis ( I ) , we have 

O'O 

a(y) =M)(l-y)+H2(y)+A 

e(y) =M)(l-y)-«3(l-y)+M3(y)+B-A+E 

b(y) =M|( l -y)+H2( l -y) -M3( l -y)+M3(y)+B 

c(y) =M| ( l -y) -H3( l -y)+M2(y)+E 

on In, where the M.'s satisfy CO and A,B,E are constants so that 

f,g,h,k Indeed have the form given by (i). 

Case 2. 6" I. For fixed y.vel", (1) is of the form (6). From [2], 

F(x) - f (x,y) =x£(x) + (l-x)£(l-x)+c|x+c2 

G(x) = g(x,-p-) = x^(x) + ( l-x)£(l-x)+c x+c. 
(15) < V ' 

H(x) =h(x,v) =x£(x) + {l-x)£(l-x)+c5x+c(l+c2-c5+c3 
K(x) -k(x,j^-) = x£(x) + (l-x)«(l-x) + (c1-c(()x+c5-c3 

where t and c. may depend upon y and v. 

Using the linear independence of x£(x), (l-x)£(l-x), x and 1 

(Remark 1), (15) shows that t is independent of y and v and then 
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(16) 

(17) 

(18) 

(19) 

(20) 

C|(y,v) = c , (y ) (say) , c2(y,v) = c 2 (y ) , 

c3 (y ,v) = c3(-j7^), c i / y . v ) - c ^ - p ^ ) , c ( y , v ) = c 5 ( v ) , 

c1(y)-c1((-5^7) = B ' ( T ^ ) ( s a v ) , 

c 5 ( v ) - c 3 ( - ^ 7 ) = C ' ( -^ 7 ) (say) , 

( c l l +c 3 ) ( - f ^ )+c 2 (y ) -c 5 (v ) -A ' (v ) (say ) on Dn. 

Now (17) is of the form (13). By ( I * ) , since H | +M 2 = 0 = M3, 

c 1 ( y ) = M i , ( i - y ) - « i ) ( v ) + d , . c | l ( t ) = - M i ( ( l - t ) + d 2 

B , (y )=H | | ( l -y ) -H 1 ( (y )+d 3 

on In where M^ (the old H,) satisfies (1|) and d1,d2,d3 are constants. 

Since (18) and (19) are also of the form (13), by (14), we obtain 

(21) 

(22) 

c5(v)=M5(l-v)-M5(v)+dv c3(t)=H5(I-t)-M5(t)+d5 

C'U) =-M5(l-t)+d6 

c2(y)=M6(l-y)+d7, (c3+Cj1)(t)=M6(t)+d8 

(c5+Al)(v)=M6(v)+d9 

where Mç, M, satisfy CO and the d's are constants. 

Considering c3, c,, in (20), (22), we have M ^ M ^ - H j . By (19). 

A'(v) = -Mil(l-v)+dg-dft. So (15), (20), (21), (22) give (11). 

Case 3. Bi'O,!. Take first 6°  2. Here again, for fixed y,v«I , (1) is 

a special case of (6) (6 = 2), so that from [2], we get 

F(x)-f(x,y)=d(x)+a|xe+a2{l-x)B+a3 

(23) 
G(x) = g(x,-j^) --d(x)+b1xB+ai((l-x)B-a2 

H(x) =h(x,v) = -d(x)+b)xB+b2(l-x)B+a3 

K(x) =k(x,T^) -d(x)+a|xB+a|((l-x)B-b2 
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where d (satisfying (5)) and the 'constants' a.,b, depend upon y,v. 

As before, using Remark I, from (23) we conclude first that d is 

independent of y,v. The argument reducing a. (which occurs in f as a 

function of y and In k as a function of y/l-v) to a constant (Independent 

of y,v) Is the same as in case 1. Similarly, it can be shown that a2,a,)a.,b ,b 

are also constants, proving (III) if 6 = 2. A similar argument that (III) holds 

also If et0,\,2. 0 

Remark 2. Note that the solutions in the cases Si*0,1 depend only upon the 

first variable x. This is related to the special form of the factors (l-x) 
p 

and (l-u) In the second and fourth terms of (1), which depend only on the 
n+1 Sk 

variables in the first place. If the factors are of the form n (l-x.) , etc. 
k=l 

then the solutions may depend also upon the other variables. 

I express my sincere thanks to Professor J. Aczél for his helpful remarks 

during the preparation of this paper. 

References 

1. J. Aczél, Information functions on open domain. III. C.R. Math. Rep. Acad. 
Acad. Sci. Canada, 2 (1980), 281-287. 

2. Gy. Haksa, Solution on the open triangle of the generalized fundamental 
equations of information with four unknown functions. Utilitas Hath. 

3. Gy. Haksa and C.T. Ng, The fundamental equation of Information on open 
domain. Publ. Hath. Debrecen. 

1). C.T. Ng, Information functions on open domains, I and II. C.R. Math. 
Rep. Acad. Sci. Canada 2 (1980), 119-123 and 155-158. 

Department of Pure Mathematics 
University of Waterloo 
Waterloo, Ontario Canada N2L 3G1 

Received May 1, 1982 



213 
C.R. Math. Rep. Acad. Sci. Canada - Vol. IV, No. 4, August 1982 Août 

STRONGLY NONLINEAR VARIATIONAL INEQUALITIES 

M. ASLAM NOOR 

Presented by P. Ribenboim, F.R.S.C, 

The existence and uniqueness of the solution of a class of strongly nonlin-
ear variational Inequalities is considered. An iterative scheme Is given to 
obtain the approximate solution of the variational inequalities. 

Variational inequalicies are now fundamental in the study of nonlinear 

problems having some extra constraint conditions in the study of fluid dynamics, 

plasma physics, chemical reactor theory and many other branches of mathematical 

and engineering sciences, see Duvaut and Llons[2], Glowlnski, Lions and 

Tremoliers(3] and Noor[7]. In this paper, we consider the problem of strongly 

nonlinear variational inequalities in a Hilbert space. An iterative method is 

given to find the approximate solution of variational inequalities. It is also 

shown that the approximate solution obtained by the iterative scheme converges 

strongly In the Hilbert space to the exact solution. 

To be more precise, let H be a real Hilbert space with its dual H', whose 

Inner product and norm are denoted by (.,.) and |{. || respectively. The pairing 

between feH' and uEH Is denoted by <.,.>. Let M be a closed non-empty convex 

subset of H. We consider the problem of finding the minimum of the nonlinear 

functional I[v], defined by 

I[v) = L(v) - F(v), for all veH. (1) 

Many mathematical and engineering science problems either arise or can be 

reformulated in this form. Here one seeks to minimize the functional I(v] over 

a whole space or on a convex sec M in H. It is well known [3,6,7] that if F 

Is a linear continuous functional on H, then Che element ueM wchich minimizes 

I[v] on M is given 

<L'(u),v-u> >_ <F,v-u>, for all VEH, (2) 
where L'(u) Is the Frechet differencial of the nonlinear functional L at 

uEM. For a Frechet differentiable nonlinear functional F, it was shown [10] 

that the minimum of I(v] on M can be characterized by the inequality 
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<L'(u),v-u> > <r,(u),v-u>, for ail veM. (3) 

Recently Toscano and Hacerl [12] and Mlersemann[S] have shown that the 

problem of elastic beams under unilateral constraints can be formulated in the 

form of Inequality (3). Such type of Inequalities are known as strongly non-

linear variational Inequalities. The main motivation of this paper ia to show 

that under certain conditions there does exist a unique solution of a more 

general variational inequality of which (3) is a special case. 

Let us consider the following problem: 

PROBLEM 1, F*iid UEM iuch that 

<Tu,v-u> > <A|ul,u-u>, io*. att vcM [4] 

K'/IMC T and A ate nontineati opziatoiA. 

For M = H, the problem 1 Is equivalent to finding ucH such that 

<Tu,v> = <A(u),v>, for all vEH, 

a case considered and studied by Noor[9] and Schechter, Shapiro and Snow[13] 

in a real Hilbert space and Banaeh spaces respectively. 

Also note that if A(u) is Independent of u, that is A(u)= f (say), then 

problem 1 is equivalent to finding uEM such that 

<Tu,v-u> > <f,v-u>, for all vEH. 

This class of variational inequalities was considered and studied by Browder[l]. 

First of all, we define some notions. 

DEFINITIONS. An operator T:M > H' is called 

(I) Strongly Monotone, if there exists a constant P> 0 such that 

<Tu-Tv,u-v> > p|lu-v|r, for all u,vEM 

(II) Antlnonotone , If 

<Tu-Tv,u-v> <_ 0, for all u,vEM. 

(ill) Lipschitz continuous, if there exists a constant p > 0 such Chat 

||ru-Tv|| < w||u-v||, for all U.VEM. 
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We a l s o def ine A, a cannonical isomorphism from H' onto H, by 

<f, v> - ( A f , v ) , for a l l fcH", VEH. (5) 
We make the fo l lowing hypothes i s . 
CONDITION HI. , L 

We assume t h a t Y ^ , w h e r e -y i s t h e L i p s c h i t z c o n s t a n t o f t h e 
nonlinear operator A and p Is the strongly monotonlclty constant of T. 

We now s t a t e and prove the main r e s u l t . 
THEOREM 1 , L e t T b e a strongly monotone Lipschi tz continous operator and 
A be a Lipschi tz continuous antimonotone operator. I f condit ion H ho lds , then 
there e x i s t s a unique s o l u t i o n UEM such that (4) h o l d s . 

He need the fo l lowing r e s u l t s . 
LEMMA 1 . Let Ç be a number such that 0<Ç< 2 ( p - Y ) / ( p 2 - Y î ) and ÇY< 1- Then 
there e x i s t s a 6 with 0<6 < 1 such that 

IIXu^-^Cuj) || < e j i ^ - u j l . for a l l U j ^ e H, 

where p i s the L ipsch i tz constant of T and for UEH, (MujEH1 i s defined by 

<(ji(u),v> = (u,v)-Ç<Tu,v> + Ç<A(u) ,v> for a l l VEH. (6) 
I t can be proved by using the technique of N o o r [ 8 , l l ] . 

I gWMfl 9 ! [ 6 . 8 ] . Let M be a convex subset of H. Then, given ZEH, we have x =PMz, 

i f and only i f 

XEM : (x-z ,y-x^> 0 , for a l l ycM, 

where P i s a projec t ion of H Into M. 

LEI-WA^: [61. PH i s nonexpanslve, i . e . , ||PMu-PHv||<||u-v||, for a l l U,VEH. 

Using the technique of Lions-Stampacchia[4] and Noor[8] , we now prove the 

theorem 1. 

PROOF OF THEOREM 1 . 

( a ) . UNIQUENESS, see Noor [ 8 ] . 

(b) EXISTENCE. For a f ixed Ç as in lemma 1 and uEH, def ine ^ M E H * by ( 6 ) . 

By lemma 2 , there e x i s t s a unique WEM such that 

(w,v-w) > <i)i(u),v-w>, for a l l VEM 

and w ia g iven by 

w = PJJAIKU) = Tu 
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which def ines a map from H into M. 
Now for a l l U J I U . E H , 

IJTu^TUjH = H PMA((i(u1)-PMA1(.(u2)|| < l l A ^ ) - A(u 2 ) | | , s e e [ 6 ] . 

1 I l t l (u1)-*(u2) | | i e l l u j - U j H , by lemma 1. 

Since 8 < 1. Tu i s a contract ion and has a f ixed point Tu=u, which belongs to 
M, a closed convex s e t and s a t i s f i e s i 

(u ,v-u) > <(ti(u),v-u> = (u,v-u)-Ç<Tu,v-u> + Ç<A(u),v-u>. 
Thus for Ç > 0, ' 

<Tu,v-u> > <A(u),v-u>, for all VEM, 

showing that u is a unique solution of problem 1. 

1. It is obvious that for Tu= L'(u), and A(u)=F'(u), the existence of a unique 

solution of a variational inequality (3) follows under the assumptions of 

theorem 1. 

ii. If A Is Independent of u, that is A(u)=f, (say), then Lipschitz's constant 

Y is zero and lemma 1 reduces to a result of Noor[7] and Ç Is a number 

0 < Ç < 2p/ 2 . Consequently theorem 1 is exactly the same as one proved by 

Browder[l] and Noor[7]. 

ill. If T is a bilinear form and A(u) is Independent of u, then theorem 1 reduces 

to the result of Lions and Stampacchla[4], 

iv. For M = H, the problem 1 Is equivalent to finding UEH such that 

À 
< Tu.v > = < A(u),v>, for all VEH, I 

a problem considered by Noor[9] and its various special cases. 

The problem of finding the approximate solution of variational inequalities 

Is not an easy one. Due to the presence of the constraint, the approximate 

solution is no longer the projection of the exact solution as in the absence of 

constraints. In this section, we show that the approximate solution can be 

obtained by an Iterative scheme. The convergence of the approximate solution to 

the exact solution Is also proved. 
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THEOREM 2 , The funct ion ueM i s a s o l u t i o n of (4) i f and only i f uEM 
s a t i s f i e s t h e r e l a t i o n 

u • P„(u-a(Tu-A(u)), for ail vEM, (7) 
M 

where P̂ . le the projection of H into H and Ç is a positive constant. 

PROOF. Suppose that uEM satisfies (A). Then by (5) this Is equivalent to 

finding ueM such that 

(A(Tu-A(u)),v-u) > 0, for all veM. 

Now by invoking lemma 2 and for some constant Ç>0, the problem of finding ueM 

satisfying (4) is equivalent to finding ueM such that 

u = PM(u-Wru-A(u)). 

which is the required result. 

Theorem 2 enables us to find the solution ueM satisfying (A) by the 

following iterative scheme. 

V l ^ PM(un-5A(Tun-A(V)' ^ 
for some positive constant 

We now prove the strong convergence of the approximate solution to the 

exact solution. 

THEOREM 3• Let u and u , be solutions of (4) and (8) respectively. If the 

condition M holds, then 

u ,, > u strongly in H, 
n+1 

for 0<Ç< 2(p-Y)/(u2-Y2) and Y? < 1 ' «here p is the Lipschitz constant of T. 

PROOF. By theorem 2, we know that ueM satisfying (4) is also a solution of (7) 

and conversely. Thus from (7) and (8), we obtain 

IK*rull " lfH(veA(TvA(un))-pM(u-ÇA<Tu-A(u) ) |1 

< ||u -u-£A(Tu -Tu) +ÇA(A(u )-A(u))|| , see(7]. 
— n n n 

< ||un-u-ÇACTun-Tu) || + Ç||A(un)-A(u)| | . 

Now fo l lowing the technique of Noor [8 ] , we immediately have 

Ik+i-ull I9| |u-u| | , 
where 6 - /<1+Ç'p -2Çp) + yÇ < 1 for 0 <Ç < 2 ( p ^ ) / ( j i -y ) and Ç f < l . Thus i t 
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follows from the above relation that u , does converge strongly to u, the 

solution of (4), from the fixed point theorem. We also note that theorem 3 shows 

the existence of a unique solution of problem 1. 

From theorem 3, we get a natural algorithm to compute the solution as follows; 

i. u e M is given. 

U- Vl n W ^ V ^ n " ' 
where Ç is required to satisfy the condition 0<Ç<2(p-Y)/(UZ-Y2) and yZ< 1. 
REMARK 2. 

A different class of variational inequalities known as quasl-variational ineq-

ualities has been considered in (2al. Furthermore, the fixed point iterations 

suggested in (2a,p.79] and (lb) are only suitable for nonlinear quasi-varlatlonal 

inequalities. For difference and comparison of these two classes, see[la]. 
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RADAH RECEPTION AND NILPOTENT HARMONIC ANALYSIS III 

Walter Schempp 

Presented by P. Soherk, F.R.S.C. 

Let fcLî(Rn) denote the pulse envelope of a modulated 

signal. Suppose that the signal has unit energy, i.e., that f 

admits L'-norm ||f|| = 1. Then the radar autoambigulty function 

H(f;.,.) with respect to f in the sense of Woodward is defined by 

the formula 

H(f;x,y) = f(t+
1/2x)?(t-1/2x)e2,li<y|t>dt 

Rn 

for all pairs (x,y)cRn ® Rn. This form of the radar autoambigulty 
function shows that H(f;.,.) is obtained by correlating the signal 
of envelope f with its time-translated and Doppler-shifted 
version; that is, H(f;.,.) is the correlation function on Rn œ Rn 

in delay and Doppler. In theoretical optics, H is known as the 
indeterminacy or spread function. Observe that the double Fourier 
transform of H(f;.,.) is the Wigner quaslprobablllty distribution 
function of a non-relativistic quantum-mechanical system with 
phase space Hn ffl Rn corresponding to the wavefunction feL!(R ). 
As we have seen in the first part [4] of this series of papers, 
the Wigner-Woodward relief (or radar ambiguity surface) admits 
symplectic symmetry. Indeed, let f'eL^R") denote another 
envelope of L'-norm Df'II = 1 snd suppose that there exists for any 
pair of vectors (x,y)eRn 9 Rn a pair (x' ,y,)eRn ® Rn such that 

H(f;x,y) = H(f,;x'.y') 

holds. Then there are a unitary operator T of LJ(Rn) which is 

unique up to multiple by the scalar operator Ç«idi'(Rn)• where 

JcT> and a (unique) symplectic linear automorphism 9 e Sp(n,R) 
such that the identities 

(x,y) = ffU'.y'), f = T(f') 
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hold. This solves the synthesis problem for radar autoambigulty 

functions with respect to signals of envelope f€L'(R ) and 

represents the correct statement of Theorem 2 of [4] (see Theorem 

3 of [l]). The signal transformation T has the following 

group-theoretical meaning. Consider the symplectic group Sp(n,R) 

as a subgroup of the automorphism group of the real Heisenberg 

nilpotent group Â(Rn) in the natural way. Then the automorph-

isms o-c Sp{n,R) leave the center of ?(Rn) pointwise fixed. Define 

the action 

where U denotes the Sohrbdinger representation of A(Rn). Then T is 
an Intertwining operator of tT and CT', i.e., we have 

î1» ÏÏoT = C". 

Since an application of the notion of Langrangian subspace (or, 
equivalently, of the notion of polarization) enables us to compute 
the unitary isomorphism T explicitly in terms of partial Fourier 
transforms, we are in a position to determine for a given radar 
ambiguity surface all the "admissible" pulse envelopes feL2(R ) 
in the associated autoambigulty function H(f;.,.), This procedure 
shows again the crucial rôle played by symplectic geometry in the 
field of radar synthesis. 

1. Polarizations 

To begin with, we shall recall some basic facts of harmonic 
analysis on nilpotent Lie groups having discrete series. Let (V,B) 
denote a symplectic vector space of dimension 2n, i.e., a vector 
space over the field R equipped with a nondegenerate alternating 
bilinear form B. Then the symplectic group Sp(V,B) is formed by 
all linear automorphisms of V which preserve B cl\'v. 

Let E denote an element + 0 of R and suppose that the 
(2n+l)-dimenslonal real vector space •H. = V ® RE is endowed with 
the structure of a Heisenberg algebra with center RE in the 



W. Schempp 221 

natural way. Then we have [X,Y] = B(X,Y)E for all pairs 
(X,Y)eVKV. Let^C"** be the R-linear form such that <E,'\> = 1 
and denote by BveAJ*. the extension of B to M. defined by B^X.Y) 
= <[X,Y],*>>>. Then a subalgebra l. of M. is called a polarization 
of -W associated with "V if 1» forms a totally isotropic vector 
subspace of-M. with respect to B^ of maximal dimension n+1. 

Let N denote the simply connected Heisenberg group of 

dimension 2n+l associated with the Lie algebra y, . Then the 

exponential mapping exp:*—•N forms a diffeomorphism and Sp(V,B) 

acts on 4V and also on N by automorphisms. 

Define the function £ : N — • T by £(exp X) = e x ' where 

X e-w and introduce the induced representation 

U. = ind ( eIexp \ ) . 
> exp \ tN 

Then U, forms an irreducible unitary linear representation of N 

which acts on the complex Hilbert space I t . . Notice that (U /K ) 

belongs to the discrete series of N. 

Consider a pair (1,,W) of polarizations of-M. associated with 
the same linear form "Vc*,* we have defined above. According to the 
Stone-von Neumann-Segal theorem, the unitary linear representa-
tions U. and U, of N acting on the complex Hilbert spaces *, 

•1 *2 1 

and It. , respectively, are unitarily isomorphic. Let ^2 i * 0 

2 ' 
denote a positive measure on exp 1-2/exp ̂  O \2 which is invariant 

under the action of exp \ 2 and standardized such that the linear 

integral operator (partial Fourier transform) given by 

f~-»(N3x~— J f(xl)t(l)d|ili2(l)) 

explg/expl^n t2 

may be extended to a unitary linear mapping T. . : « < — • « , . 
>2, ̂ l 1 2 

Then T. - forms a unitary isomorphism of U . onto U. (cf. Lion 
îgVi >1 •2 

[3]). In'particular, for any polarization \ of * associated with 

\ e -W* and any symplectic automorphism oeSp(V,B) the vector 
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subspace X2 = er iX-,) of K forms a polarization of W associated 
with "V . For any fe*, define f" = f» w 1 :N 3X <—• f (o-"1x). Then it 

is easy to see that f <~* f^ maps % onto Tt, unitarily. 

2. The Radar Synthesis Problem 

Let us choose a canonical symplectic basis (pi • • • • «Pn^i 
Q ) of the real vector space V. Then V can be identified with 

the phase space Rn 9 Hn, Sp(V,B) can be realized as the matrix 
group Sp(n,R) and N can be realized as the real Heisenberg 
nilpotent group y(Rn) in its basic presentation. Fix the 
polarization 

\ = ® RQ, S RE 
iMn J 

o f * associated wlth\. Then U» can be realized as the SchrBdinger 
representation U of Â(Rn) (cf. [4]) and "K... as the complex Hilbert 
space L2 (R ). In view of Theorem 1 of [4] we obtain the following 
result. 

Theorem. Let the envelopes feL2(Rn) and f ' c L2 (Rn) be given such 

that If II = Of II = 1. Suppose that there exists for any pair of 

vectors (x,y)€Rn 9 Rn a pair (x^y'JeR0 ® Rn such that 

H(f!x,y) = HU'ix'^ 1) 

holds. Then there exists a (unique) symplectic linear automorphism 

<r C Sp(n,R) satisfying 

(x,y) = ffU' .y' ) 

and 

f o 1.1 At"). 

where ÇeT denotes a phase factor. 
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3. Examples 

(1) Consider the symplectic automorphism 

0 ^ 

^ n 0 

e Sp(n,R) 

with respect to a canonical symplectic bas i s of V (I = i d e n t i t y 
mat r ix ) . Then we have T. . ( f ' * ) = T „ f ' for a 1 1 f ' e L2 (Rn) , i . e . , 

H(f;x,y) = ml. T n f ; - y , x ) 
R 

holds for all pairs (x,y)eRn ® Rn (see [4], Corollary 2 of 
Theorem 1). The right hand side expresses the radar autoambigulty 
function in terms of the spectrum T f of the envelope fGL2(R ) 

R 
and an arbitrary phase factor scT. 

(11) In the case n=l we have obviously Sp(l,R) = SL(2,R). 
Suppose that the radar ambiguity surface H(f;R,R) with respect to 
the envelope f e L2(R) is S0(2,R)-lnvariant. Then we may assume f 
= W by the Corollary of Theorem 2 in [5] where W denotes the 
Hermite-Weber function of an arbitrary degree m = 0. We conclude 
by the Theorem that f =C . T . „., (f') = Î •"„, w i t h ? G T for 
all ff cS0(2,R). Thus the radar ambiguity surface Is invariant 
under rotations about the origin of the time-frequency plane and 
therefore secures simultaneously a high resolution in both range 
and range rate of a moving target if and only if the signal is a 
Hermite-Weber waveform whose envelope f is up to a phase factor 
an elgenfunction of the harmonic oscillator. Since the double 
Fourier transform of a radial function belonging to the space 
L2(R2) is also radial, an analogous result holds in single-par-
ticle quantum mechanics for the rotational invariance of the 
Wigner quaslprobablllty distribution function corresponding to a 
wavefunction feL2(R). See Theorem 3 of [5] . Also see the papers 
by Klauder [2] which omits the details of the proofs and Wilcox 
[6] for a different approach to this example. 
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CHARACTEKS OF MOTION GROUPS OVER OF(2) 

J. S. Frame 

Preeented by G.de B. Robinson, F.R.S.C. 

Abstract. Generic degree formulas for characters and lower 

level character values are found for the motion group over GF(2) 

that is a semi-direct product of an abelian translation group by 

an orthogonal group over OF(2). 

1. Introduction. The semi-direct product of an elementary abelian 

"translation group" T of order N •= 2 by an orthogonal group 

0^1(2) = G*f over GF(2), (with c the sign • or -, or the number 1 zn n 
or -1), defines the motion group M^, such that G^ = ^^/^n' W e 

choose the quadratic invariant forms Qn(Z) for G to be 

Q*IZ) Qn(Z) ^ *l * *\* «n^5 (1-1) 

using row vectors Z. We denote by J the direct sum of n transpo-

sition matrices interchanging z?!-! and z2i* Then the matrices M 

of G . satisfy the relations 

« Jn*l"T = Jn+1 or »T ' Jn+1 ^ V l (1-2) 

We then observe that MI is isomorphic with the subgroup M^ of 

index (2N-<r) (N-w) in GJ + 1 , whose matrices stabilize the column 

vector (G2"*1,!)1. These matrices have the factorization 

T A, 
^ C 0 

0 1 0 
A 
A = 

A G O 
0 1 0 
0 0 1. 

(1.3) 
lCMn q 1J 

with A e G , C a 2n x 1 column vector, and q a Q^(C). Hatrlces of 

the isomorphic group H^ are obtained by stripping off the l a s t 

rows and columns of these matrices. The subgroup Tn i s normal. 
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Generic degree formulas are found for all the absolutely ir-

reducible complex (AIC) characters of Mn, derived from those 

found for the orthogonal groups [4] • We check that Theorem 3.2 of 

[3] for orthogonal groups also gives the character values of M^ 

on the transposition class t (or C t ) . Formulas for level 1 and 2 

character values on all classes are also found. To obtain values 

for ten associated pairs of level 2 characters, the character 

matrix of MT = S^ is multiplied by two 5-vectors of basic func-

tions to yield ten extended level 2 characters, each including 

a single AIC level 2 character that is positive on class t. 

The central factor group of the Weyl group Eg, isomorphic 

with G^ = 0g(2) has «1 as a subgroup of index (16-I)te+1) = 135. 

This is a monomial group of order 2 81 containing G^ ~ Sg. The 

character tables of KI and Ml displays ' patterns that provided 

the insights for the following observations and theorems, fl] 

2. Degrees and character values on principal classes. Each coset 

T^g. of T** in M^ contains N2 elements lA one or more Mn-cla88es 

Cjx whose class sizes ICĵ l are all multiples of the size |Cĵ l of 

a first listed "principal class" that contains all the conjugates 

in K* of g ^ If e^ has level^ , it has L2 = Z2i times as many con-

jugates in M £ as in G^. Each class of G^ is contained in a prin-

cipal class of M^. All characters of M^" induced by 6n-characters 

vanish on all non-principal classes of M^. 

We distinguish three types of AIC-characters of tÇ. Those of 

type 1 are the characters of the factor group Gn, whose values on 

all «leoentft of the coset tné± are those for ĝ ^ in Gn. Each type 

2 representation of M^ is a monomial representation with a char-
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acterX2^ whose restriction to Gn (given by its values on princi-

pal classes) is the G^-character induced by a character X * of 
it» subgroup Dn = G*n G" of index (N-tf)N/2. Since G^j = Vjcr? . 
where T is the central transposition in Dn, the degree of each 

pair of associated type 2 M^-characters is {X-rtn/Z times the 

known degree of a corresponding G^-character. The sum of squares 

of type 2 degrees is lG^|(N-(r)N/2. 

The remaining AIC characters X3 i of M ' are of type 3- The re-

striction to G ^ o f X 3 j (given by character values on principal 

classes) is the character XM3*induced in G^ by a character X 3 of 

its subgroup M ^ 1 of index (N-O (N/Z+iT). Hence the sum of squares 

of type 3 degrees is 1G£| (N-ff) (N/2+<r), and the sum of squares of 

all AIC degrees is 1G^1(1+H2 -1) •= [<l. All AIC characters are 

accounted for, and their values on principal classes are those of 

induced characters of G^. In particular, the value X^ on the 

transposition class of each AIC character X3 of Mn is given by 

the formula of Theorem 3.2 in [3j. 

Theorem 2.1. The transposition class multiplier for an AIC char-

acter X ̂  of M^ of level / is 
tli. B NlN_<r) ̂ t^l = 1 (fi -<r+ s^H/L, L = 2^, (2.1) 

where s*r denotes the sum of the zeros of the degree polynomial. 

As for G^-characters, we designate an Mn-character by a deg-

ree symbol consisting of a code word for a monic degree polyno-

mial Pj(N), divided by an integer independent of n. The q*h let-

ter in the code word is h,k,g, or i, according as N-2q" , N+2q" , 

both, or neither are factors of PJ(N). A character of M^ and its 

mate in VC have their symbols interchanged by replacing h by k 
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and k by h. Two associated characters of M*f have the same degree 

symbol, except that a bar over the last letter indicates the one 

negative on class C^. Labels and degree symbols for the t-positive 

Mn-characters of levels 0 and 1, and their degrees for tilt and the 

mates in Ml arei 

Label: 1 

Mn-degreei i 

MÎ-degreei 1 

MZ-degreet 1 

h 
hh/6 

7 

15 

B 

ig/3 

20 

20 

r 

hik/6 

14 

6 

b 

hN/2 

28 

36 

c 

hk/2 

35 (2.2) 

2? 

The type 2 characters of level 1 are b and E, while those of 

type 3 are c and c. The character 1+b+c vanishes on non-principal 

classes of Ml, since It is the H -character Induced by 1 in G_. n n * n 
The degree symbol for each G ,-character of level ,?>! becomes 

the degree symbol for the induced Hn-character by prefixing h 

(for M*) or k (for M~), suffixing N, and dividing by 2 Z ^ "1.Simi-

larly, the degree symbol for a character of M*^ (or M".) becomes 

the symbol for a type 3 character of H* (or H~) by replacing an 

initial i by hk (or kh) or an initial h by hg (or k by kg), and 

dividing by 2 2 "1. 

3. Character values for levels 1 and 2. We denote by (<< +tf̂ )/2 

the character of Gn Induced by the 1-character of Gn, and by y"If 

the class function (Independent of n) that counts, as exponent of 

-2, the number of indécomposables over GF(2), in a decomposed ma-

trix similar to a Gn-matrix of the given class, having cube roots 

of unity as eigenvalues in GF(4). Then the t-positive type 1 an-

characters of level 1 are 

3! = U-3'P+2)0/6, s = («K-/ )/3 -1, r - {**lr$+Zt)/6 -1.(3.1) 
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<r <r 

Restriction to M of the level 1 characters 3i and r of G n + 1 

yields respectively the reducible level 1 characters 3i + h and 

r+l+c of M n . where b is of type 2, c of type 3, and 3 1,r and 1 

are type 1 characters having equal values on classes C j ^ and C ^ . 

To evaluate b and c, we denote by d « ( o r àB, etc.) the class func-

tion for M whose value on C,^ is the difference between the VB.-

lue of * { o r ft ,etc.) on the class C^ of G n + 1 containing C ^ and the 

value on the principal class C ^ of M ^ in the T^-coset with C ^ . 

Theorem 3.1. The level 1 Mn-character3 b of type 2 and c of type 

3 are expressible on all M^-classes by the formulas 

b » dP</6~<rd^/2, c+1 = d«v/6 * (Tip/z {J.Z) 
Setting Of 2(gi) =*(g 2 ), etc., we next introduce four level 2 

class functions of degree 0, derived from b and ci 

0 b = (o+l)El2, - (c+l)b + b ^ 2 3 = (d/î)2/2 - d^/ô (3-3) 

0 = (c+l)12^ - (c+l)b + bf2j-«= (d^)2/2 + d^a/6 - « (3-4) 
fb = d^2 " *h ' fc = ̂ 2 - ̂  (3.5) 

where &| is either Ô2 or 0 according as the class label has an 

even or odd numbers of factors t. 

Theorem 3.2. Generic formulas for the five t-positive type 2 AIC 

Ml-characters of level 2. and their degrees for MÎ are. for<f= li 

(3.6) 

Corresponding M"-characters are obtained with 0"K -1, which inter-

changes h's and k's. The M" degrees are 36,180,180, 324, and 180. 

1 1 1 1 1 ' 

3 - 1 0 1 - 1 

2 2 - 1 0 0 

3 - 1 0 - 1 1 

1 1 1 - 1 - 1 , 

*b«A!' 
* , / 8 
by/3 
(dfbfA 

• v J 

= 

"hkkN/W 

hhkN/16 + b 

hgN/24 

hkhN/16 + b 

hhhNA8 

) 

140 

252 

140 

140 

28 

• 
+ 28 

+ 28 

. 
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Theorem 3.3. Generic formulas for the five t-positiva type 3 AIC 

M̂ -o.haT-antara of level 2. and their degrees for tut are, fqrC= It 

1 1 1 1 1 

3 - 1 0 1 - 1 

2 2 - 1 0 0 

3 - 1 0 - 1 1 

1 1 1 - 1 - 1 

c«C/4l 

* c / 8 

140 + 35* 

315 + 35 

140 + 35 

210 

35 

(3.7) 

hgik/48 + c 

hgk/16 • c 

c//3 = hkg/24 + c 

<rcp/4 hgN/16 

fff/b _hgh/48 

Corresponding «"-characters are obtained with (T «= -1, which inter-

changes h's and k's. The M" degrees are 0, 135. 108, 270, and 135-

The formulas of Theorems 3.2 and 3.3, involving the character 

matrix of M^ = S^, resemble those in [2] for the level 2 orthogo-

nal group characters. Here the known level 1 characters b or c 

must be extracted from some of the level 2 extended characters to 

obtain the level 2 AIC-characters of types 2 and 3. 
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A NEW THEORY OF LINEAR TREND WHICH RESOLVES THE GMR DEBATE 

AND SOLVES THE ERRORS-IN-VARIABLES PROBLEM 

Jon Schnute 
Presented by M. Shinbrot, F.R.S.C. 

ABSTRACT. This paper summarizes a new theory of linear trend for 

bivariate data based on general properties of the error, 

including scale-invariance, symmetry, and normality. The theory 

makes possible an objective resolution of a debate over geometric 

mean regression (GHR), and it provides a method for solving the 

errors-in-variables problem without recourse to information 

outside the sample data. 

INTRODUCTION. The geometric mean regression (GHR) defines a line 

through the centroid of bivariate data with a slope equal in 

magnitude to the ratio of standard deviations for y and x. The 

name derives from the fact that this slope is the geometric mean 

of slopes for the familiar y-on-x and x-on-y regressions. Ricker 

(1973), following Teissier (1948) and others, espoused the use of 

GHR in various aspects of fishery research for several reasons, 

in particular because the slope estimate gives no preference to 

x or y. He soon encountered stiff opposition to this point of 

view. Critics pointed out that, among other things, Ricker 

seemed to ignore a well-known problem in estimating the slope of 

a line when the variables are measured with error: consistent 

likelihood estimates are impossible without extra information 

beyond the data. 
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This paper examines the concept of a linear trend 

through bivariate data by considering the simplest possible 

definitions of error (departure from trend). GHR finds a natural 

place in this new theory as the answer to a reasonable basic 

question. Perhaps even more significantly, the theory gives an 

estimator for the slope of a line in the errors-in-variables 

context which at least meets the criterion of statistical 

consistency without requiring information beyond the data. 

DEFINITIONS. Let Z(X,Y,a) be a scalar random variable determined 

by the random pair (X,Y) and the real number a. Then Z is called 

a linear error if (i) Z depends linearly on X and Y and (ii) Z 

vanishes if and only if (X,Y) lies on the line of slope a through 

the mean of (X,y). Z is continuous if (i) Z depends continuously 

on a for a>0 and (ii) Z(-X,Y,-a) - Z(X,Y,a). Two linear errors 

are equivalent if they differ only by a non-zero multiplicative 

constant independent of {X,Y) and a. A linear error Z is 

scale-invariant if, for any pair (p,q) of non-zero constants, the 

transformations (X,Y) + (pX,qY) and a ••qa/p carry Z to an 

equivalent error. Z is symmetric if the transformations 

(X,Y) +(Y,X) and a+l/a carry Z to an equivalent error. 

Given a random pair (X,Y) and a linear error Z, let 

V{a) represent the variance Var(Z(X,Y,a)l, and let V" be the 

infimum of V(a) over real a. Then, if there exists a unique a' 

such that V U ' ^ V , a* is called the variance-optimal slope for 

(X,Y) and Z. 

A random pair (X,Y) is said to have a trend line of 

slope a" through the mean Et(X,Y)] if there exists a unique 
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slope a", called the trend slope, for which z(X,Y,a") is normal 

for any linear error Z. The problem of finding a consistent 

estimator for a" from a finite sample drawn from (X,Y) is called 

the trend estimation problem. 

The random pair (X,Y) is an N-component blnormal 

mixture if 

(X,Y) " ZWi(Ui,Vi), 

where (Ui,Vi) for i=l,...,N are independent identically 

distributed blnormal random pairs independent of the scalar 

random variables Wj for j=l,...,N. The component means 

EKUi.Vi)] are presumed distinct, and the random weights W< are 

assumed to be constrained by EWi = 1 and EWj.2 = C, where C is a 

constant with Ol/N. The support of the random vector 

(W ,...,W ) is assumed to contain at least N independent 

points in RN. The mixture is uncoupled if (W1,...,WN) 

can take only values with one non-zero component; otherwise it is 

coupled. It is fully coupled if, for each i, Wi vanishes with 

zero probability. It has small errors if Var(01) and Var(V1) 

are small compared to Var(X) and Var(Y), respectively. 

The random pair (X,Y) is a linear scatter if 

(X,Y) = (S,T) + (0,V), where (i) (U,V) is blnormal with mean 

(0,0), (ii) (S,T) is a random pair with a support which is 

confined to a line and contains at least two points, 'iftid 

(iii) (S,T) and (0,V) are independent. The line determined by 

the support of (S,T) is called the scatter line. (X,Y) has small 

errors if var(O) and Var(V) are small compared to Var(X) and 

Var(Y), respectively. The problem of finding a consistent 
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estimator for the slope of the scatter line from a finite sample 

is the errors-in-variables problem. 

THEOREH 1. There is a natural map between real numbers k and 

equivalence classes of continuous scale-invariant linear errors 

Z, where Z(k) is also symmetric if and only if k° 0. Furthermore, 

V'=0 for arbitrary (X,Y) unless -l<.k£l. If Cov(X,Y) is nonzero, 

then the variance-optimal slope a'(k) exits for (X,Y) and 

scale-invariant Z(k), and the slopes a'(-l)f a'(0), and a'd) 

correspond naturally to the x-on-y, geometric mean, and y-on-x 

regression slopes, respectively. 

CORROLLARY. The GHR slope is the sample moment estimate of the 

variance-optimal slope for scale-invariant symmetric linear 

error. 

THEOREH 2. An N-component blnormal mixture has a trend line if 

and only if the component means are colinear. In this case, the 

line of means is the trend line. 

THEOREM 3. If (X,Y) is a linear scatter, then either (X,Y) is 

blnormal or the scatter line is a trend line for (X,Y). 

THEOREM 4. In Theorems 2 and 3, if (X,Y) has a trend line and 

also has small errors, then, to first order terms in small 

variance ratios, 

a'(k) sa" (1 + Ej + e2k), 
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where a' (k) with -l^kO. and a" are the variance-optimal and trend 

slopes, respectively, and e and e2 are small quantities 

independent of k. 

THEOREM 5. The trend estimation problem is solvable and, in 

particular, so is the errors-in-variables problem for a 

non-binormal linear scatter. 

DISCUSSION. Theorem 1 places GMR in a natural context between 

x_on-y and y-on-x regressions. The constant k relates to the 

dimensionality of the error. For the cases k = -1, 0, and 1, the 

units of Z are, essentially, (X], [XY]1/2, and [Y] , 

respectively. Theorems 2 and 3 give examples of random pairs 

with trend lines, and Theorem 4 gives a context in which the 

variance-optimal slope (for any k) is approximately equal to the 

trend slope. 

Theorem 5 is based on an estimator that measures 

normality of error, the trend slope estimate being the one with 

most apparently normal error Z(X,Y,a). Typically, this estimator 

involves skewness and kurtosis measurements, that is, the third 

and fourth order moments of the random pair (X,Y). The textbook 

likelihood slope estimate for the errors-in-variables problem 

involves only moments of order 2, and it isn't difficult to show 

that these moments alone do not carry enough information to 

estimate trend slope. On the other hand, a likelihood approach 

to the linear scatter problem would also give estimates of the 

realizations (s,t) and (u,v) which produce each observed data 

point (x,y). The theory here focuses only on the trend line as a 

whole, without concern for identifying a "true" point on the line 

with each observed data point. The fully coupled N-component 
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colinear mixture distribution affords an example for which, in 

fact, there is no one point on the line corresponding to each 

data point. 

A detailed account of the above work, including proofs 

of theorems and derivations of estimators and their variances, 

appears in Schnute (1982). 
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OH BRMIER CHARACTERS 

B.H. PutCaswamaiah 
Presented by G.de B. Robinson, F.R.S.C. 

There I s no known s i n g l e method of der ivat ion of orthogonal i ty r e l a t i o n s 

for Irreducible characters which encompasses both the ordinary and Brauer char-

a c t e r s . A l l the known der iva t ions depend on a knowledge of the s tructure theory 

of f i n i t e dimensional a lgebras over complete loca l f i e l d s . For example, see [It]. 

By genera l iz ing the method of ordinary characters g iven In [ 1 ] , we obtain the 

orthogonal i ty r e l a t i o n s for Brauer characters . The method avoids the use of 

s tructure theory o f f i n i t e dimensional algebras over complete f i e l d s . Although 

the r e s u l t s are not new, the method Is be l ieved Co be new. As an a p p l i c a t i o n , a 

r e s u l t of Burnolde-Brauer I s genera l i zed . 

Let G be a group of f i n i t e order g, p be a f ixed p o s i t i v e r a t i o n a l prime, 

G be the s e t of a l l p-regular elements o f G, C = 111, C 2 , . " > C be the 

p-regular conjugate c l a s s e s o f G, 0 . , , C . , , . . . , 0 be the remaining conjugate 
iH-1 n+* s 

c l a s s e s of G, g the number of elements In c > C£(G ) be the algebra o f a l l 

1 2 s 

c l a s s functions from G Into the complex f i e l d K-, Ç , Q ç be the I r -

reducible ordinary characters of G, tp , (p cp be the (abso lu te ly ) i r -

reducible Brauer (modular) characters o f G at the f ixed prime p , * be the 

regular character of G, and KG be the group algebra of G. For any character 

8 , 9 denotes the character g iven by 8 (x ) = 8 ( x ) , for a l l x In G, 

where the bar denotes the complex conjugate . There are severa l equiva lent d e f i n -

i t i o n s of Brauer characters [For example see 2 , 3 ] . We assume that £ and cp 

are the i rreduc ib le t r i v i a l characters of G. These notat ions « i l l be kept f ixed 

throughout t h i s paper. 
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By restricting the domain ( i f necessary), we may assume that an Irreducible 

ordinary character always l i es in Cjt(G ) . The Brauer characters tp are l i n -

early Independent [ 2 ] , and so they form a basis of C£(G ) over K. For any 

prime p, the restriction of £ to G i s a Brauer character of G[2, p. 265]. 

Therefore there are uniquely determined non-negative integers d such that 

(1) C1 = E <•„ «P1: 1 - 1.2 "• 
J=l 1 3 

The Integers d are the decomposition numbers of G at p and the s by n 

matrix D = [•'..J ia t h e decomposition matrix of G at p. Since the Irreducible 

Brauer characters are linearly Independent, the matrix D has rank n. By re-

numbering (If necessary) except Ç , we may assume that Ç ,Ç ,...,( considered 

as members of CX(G ) are linearly Independent. Note that d " 1 and 

d = 0 for all j > 1 . 

Using the decomposition numbers, we define 

(2) Tl1 = E d c J ; 1 - 1 , 2 , . . . , n . 
j=l J 

Then T\ i s an ordinary character. The characters T) considered as memboro 

of CX(G ) are called the projective Indecomposable characters of G at the 

prime p . The Brauer character cp Is a constituent of f) . Indeed by (1) 

and (2) , we have 
I s i n s k 

1 = ?, d i l C • t ( 2 d d ) <p . 
j=l J 1 k=l J=l J 1 Jk 

I S 8 2 
The coefficient of cp i s £ d. .d , . = £ d.. f 0, since the rank of D la n. 

J=l ^ Jl j=l Ji 
Lemma 1. Hlth the above notation 

(3) £ C1^) C1^) = S Ax) ! ) 1 ^ ) : x € G0 
1=1 1=1 
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Proof: 

^ cV) cV) = Ji j i ' i j ^ ^ 
o jii »1(x) J i ^ c l < y ) 

n 1 1 
= S j cp (x ) H (y) • 

Corollary 1. With the above notation 1r(y) = 0 for y € G\G0. 

Proof: This is a consequence of the orthogonality relations for Irreducible 

ordinary characters, (3) and the linear Independence of Irreducible Brauer 

characters. Also see [2]. 

Corollary 2. With the above notation 

^1, 

XçG0 
(4) E Tl*(x) ° S ij^ i 

where 5. , I s Che Kronecker d e l t a . 
1» J 

Proof: By Corol lary 1, £ V (x ) = £ fi (x) and so 
x Ç G0 x Ç G 

£ T^Cx) = £ ^ ( x ) = £ d £ C3 (x) = g d = g 6, . . 
XÇG0 xÇG J=l J 1 x g G 1 > 1 l > 1 

Lemna 2 . I f $ I s the regular (complex) character of 6 , then 

(5) * = ^ z t n1 

where z = ̂ (l) Is the degree of cp for i = 1,2,...,11. 

Proof: By (1), ^(l) = £ d z and so 

n 1 a n 1 s 1 1 
£ z T) = £ (£ d z ) tJ = £ ÇJ(1)C =«• 
1=1 1 j=l 1=1 ] 1 * j=l 

Leima 3. The projective Indécomposable characters form a basis of C£(G ). 

n 1 
Proof: Let £ a T\ = 0 where a € K. By Corollary 1 of Lema 1 and 

equation (2), we have 
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0 " s „ S » , 1) ( x ) C J (x) = £ a £ d £ r k ( x ) r j ( x ) 
X ç G " 1=1 i 1=1 i k=l Kl X€G 

n s 

'til ^ ' i ^ i ^ i c j 

= 8 i l l a i d J l • n 
We can cons ider E a d •» 0 for j = 1,2 n as a system o f n equations 

1=1 l J 1 

in n unknowns a ,a a . By the remark made fo l lowing the d e f i n i t i o n of 

d , the c o e f f i c i e n t matrix of the system i s non-s ingular . Hence a,= a . = . . . = a =0. LJ 1 2 n 

Since T] ,1\ i) are l i n e a r l y Independent, they form a b a s i s of C/(G0) over K. 

Lemma 4 . For any l , j , T) cp i s a l i n e a r combination of Î) ,T) ^ n with 

non-negative ra t iona l Integer c o e f f i c i e n t s . 

Proof: By ( 5 ) , 1) cp I s a c o n s t i t u e n t o f $cp . But {cp = z $ = z ( £ z j \ ) 

and hence 1) cp I s a l i n e a r combination of 1] ,1) 1) wi th non-negative 

r a t i o n a l in teger c o e f f i c i e n t s by Krull-Schmldt theorem [ 4 ] . 

Lemma S. I f T) Is a c o n s t i t u e n t of 1) co , then 1 = j * . 

Proof: By Lemma 4 , there are unique non-negative r a t i o n a l Integers a such 
IjK 

that 
1 j n k 

7 , 0 " k i i " ^ ^ 
where a f 0. By ( 5 ) , 

so that 

1 n 1 1 n n k 
* * " ^ l 't^'- IE1 ( £ z1 . l j k ) , . 

£ *(x" ) cp J (x ' 1 ) = £ ( £ « < a . , . ) g 6 , . 
x f G 0 k=l 1=1 i i i k l ' k 

Hence z = £ z . a^. , . By (3 ) and ( 4 ) , a ^ . , )« 0 and so j = 1 and a =0 
J 1=1 i 1J l . J "J i "-Jl 

for i ^ j * . 

Coro l lary . For each 1, 1) Is a c o n s t i t u e n t of 7) cp w i t h m u l t i p l i c i t y 1. 

[Compare t h i s r e s u l t wi th the r e s u l t In [1 ] on page 137 ] . 



B.M. Puttaswamaiah 241 

THEOREM (orthogonality Relations). If •£ = T)i(x) and cp1 = ( / ( x ) with 

x € C^, then 

(6) n
k

 m* . . . ^ /,x !î i i 

for a l l fc,*. 

Proof: First assume that k ^ i . Then we assert that 

(8) £ T)k(x) / ( x ) = 0 . 
X6C0 

Indeed, write H (x) q^x)=E a. ^ ^'(x) with a, In K and a = 0 
t=l *** Kit k i l 

for W f I. Summing over G , we get 
_ k, . i , . n t 
E Tl (x) cp (x) = £ a £ T)C(X) = 0 , 

xç G" t-2 *tz xç 0° 
so that the result (6) follows in this case. 

n k 
Next by Lemma 2, f • £ & 1) Is the regular character of G, and so 

k=l k 

» ( l ) = g and »(x) = 0 for x ^ 1 . Then 
E *(x) cpi(x"1) = E z. E T)k(x) cpi(x"1) 

x f G 0 k=l k x€G 0 

so that by (8) , we get 

8 S "" ,5 zk S 1'k<5t) <«'i<x"1) + S E ^(x) ^(x"1) 
* k « * xeG" ' xeG" 

" 0 + Z £ / ( X ) <DX(x"1). 
* xgG0 

Hence 

£ B ^'(x^Cx"1) = g 
X ç G 

which proves (6). 

The relation (7) Is a consequence of (6) . 

Since the Irreducible Brauer characters are linearly Independent, there are 

unique Integers c j , such that 

W D1 = Ë c . . J : 1 ) • £ c
1 , < t • t B 1 , 2 n . 

j=l l l 
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The Integers c are the Cartan Invariants of G at the prime p and 

C = [c ] i s the Cartan matrix of 6 at p . Then (1) , (9) and linear 

Independence of Brauer characters yield C = D'D where the dash denotes the 

transpose. Clearly c = c for a l l l , j . Moreover, C Is non-singular. 

If c"1 = ['..)• *«•> (6) <»nd (7) iaP17 t h a t 

Jx^S = C l j * 
and 

n 1 j 

^ W \ = 8 ' i j 

for a l l l , j = l , 2 , . . . , n . 

An application. In [5], Rbblnson raised the question of sharpening the result 

of Burnside on the power of a faithful Irreducible ordinary character. Brauer 

gave a refinement (2, p. 49] of this result. The following result further 

improves this refinement. 

Theorem . Let 8 be an Irreducible ordinary character of G, which takes on r 

distinct values. Then every Irreducible character f of G such Chat Ker 8 < Ker ̂  

is a constituent of 9 for 0 < j < r . 

The proof of this result Is similar to Che one given in [2, p. 49]. 
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