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O THE ZEROS OF EXPONENTIAL POLYNWOLTALS
—_—— e A i A S UL NOLLALD

Liszl6 Székelyhidi
Presented by J. Acaél, F.R.S.C.
ABSTRACT: It is proved that the set of zeros of a nonzero

continous exponential polynomial on a locally compact Abelian

group generated by any neighborhood of zero has measure zero.

It is a olassical result that the set of roots of a
complex polynomial of n variables has measure zero (31) . It
is also well knowm ((2)), that the set of zeros of a trigonometric
polynomial on a locally compact connected Abelian group has
measure zero. In this paper we extend these results to
exponential polynomials on some types of locally compact
Abelian groups.

If G is an Abelian group and X is a linear space over
the complex field €, then we use the difference operators
defined on functions f:G-X by

n-k
Dy,.y f00= Z 1) fixeyr. ..ty
6. el g n
for all x,y,,...4n in G. (For keo the sum is fx) ) In

particular we write .
n -3 n nk }
A, oo -g (DA™ fixewy)
-0
for all x,y in G. A function §:G-X is called a polynomial

of degree at most n if

A‘.’"“' 1Ynes {t") =0 .
for all x,yi,.. Y, in G. It is well known ((1)), that each
polynomial f of degree at most n has a representation

§(x) ‘Fn A‘:’ x)
«0
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where A,: Gl‘—vx is a k-additive, symmetric function and
A‘l‘:) is the diagonalization of Ak defined by At)("hAk("u--w’&)
with x«...*w~%x . /Here G=§ and A, is a constant./ Further,
the relation

ALY, Ya)= ﬁ, A,‘"_“Mn )
iz valid for all x,y,,...,yn in q .

A function m:G—C i3 called an exponeatial function,
if it is a homomorphism of G into the multiplicative group
of nonzero complex numbers. A function {:G-X is called an
exponential polynomial if it has a representation

fx)= 2_ m (%) p; (%)
vhere p;:G-»X is a polynomi:l‘ and m;: G»C 1is an exponential

function for each ¢ .

THZOREL 1. Let G be a topological Abelian group which
is zenerated by any neighborhood of zero and let X be a complex

linear space, If a polynomial p: G-X Yvanishes on some nonvoid
open set, then it vanishes everywhere.

PROOF. Let p(n-éo'\‘t’ () for all x in G , where
AL G"—»x is k-gdditi-e and symmetric. It is enough to show
that A,O and we may obviously assume that p vanishes on
some neighborhood U of zero. Let VcU be a neighborhood of
the zero such that xuy,..Yy« are inV implies x+y.+- *+4
is in U , Then
Anlyo )=t By o PO = Z(—|)'""p(x+g.-,+...¢.,,l, -0

180 C... cLp&n
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‘holds for &ll x,Y.,..,y, in V, that is A, vanishes on V" .
Using the multi-additivity of A, and the fact that V" generates

&' we have A,cO and the theorem is proved.

IHEOREM 2. Let G be a locally compact Abelian group
which is generated by sny neighborhood of the zero and let X
be a complex linear space. If a polynomial p:G-X yanishes
on a measurable set of positive measure, then it vanishes
everywhere.

PROOF. Using the notations of the preceding theorem,
there exists a compact set. KcG with AK >0 for which
ptx)=0 For all x in K (2 denotes a fixed Haar-measure on
G). By the theorem of Steinhaus the function
yo>a(Kakyn... n K-ny) is continuous on G and as it
is positive at zero, there exits a neighborhood UcG of zero
such that KaK-yn...nNK-ny is nonvoid for all y in U .
On the other hand

n) a "
A epeig Kypeosgp 5 ()™ ptseky) =0
14

whenever x belongs to KakK-yn...AK-ny , since x: ky
belongs to K («eo0,4,.n), It means that A{','\’ vanishes on U .

Then by the preceding theorem our statement follows.

THEOREL 3. Let G be a topological Abelian group which
is generated by any neighborhood of the zero and let X be a
complex linear space. If an exponential polynonial <:G->X
vanishes on some nonvoid open set, then if vanishes everywhere.
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DPROOT. Let {(x)vgmi(x)p,;(x) for all x in G ,
vhere m;: G- C 1s an exponential function, p.: G-X
is a polynomial t;nd mc#ml. if c¢+4 . Ve prove the theorem
by induction on » . For <4 it vollows from theorem 1
since m;(x)40 for all x in G (iw4,...,n).

Suppose that it is proved for n<k and let n=okes.
Let { vanish on a neighborhood U cq o zero. Let '
pi(nsA‘:.“"()xn gy for x in G, where A;: G'«"—»Y is
M -additive and symmetric and q;:G-X 1is a polynomial
of degree at most ;-4 (¢s4,...,ked) , It is obviously

enough to show that A‘{“lo . Let
kaa
Yix) e p(x)+ LZ“_. m (x) w\‘,(x)'4 Pe (%)
for all * in G , then Y vanishes on U. Let V cU
be a neighborhood of zero with the property that . x*&y
belongs to U whenever x,y is in V (keou, ..., NH)

where N is the degree of p, . Then

kes
N4 N44 “ 4 WH <)
By Yo Ay pox)+ glmt-u)m,m *[(metgmytgr=1) A0+ a,,-.\j(x)]-o

for all x,y in V, where Fiy: G2 X is a polynomial

of degree at most -4 (c=1,..., ket) . It follows that
k"4
q i
3 m,;(x)[(n\(\j)m4(5)"—4)m A‘f‘)(xh q»g',(x)]-°

2
whenever x,y ig in V., as m,¥ m, , there exists an
element y inV such that m,(yImw ™ 44 . Indeed,
otherwise the exponential property of m, and w, with the
fact that V generates G would imply that wm,=m,.
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Substituting this element into the above equation, we have
5 - Ntd
by induction ( My (yd)m, (y) 4-4) A:,A)(“) + q,,_ﬂ(xh‘ 0

for all x in G, As the coefficient of A(f_“) differs from
¢
zero and the degree of %,y 1s at most u,-1 , hence A':J-O

end the theorem is proved.

THEOREM 4. Bet G be a locally compact Abelian group
which is generated by any neighborhood of zero and let X
be_a complex linear sge.ce.. If an exponential polynomisl f{:G-X
vanishes on a measurable set of positive measure, then it
vanishes everywhere.

PROOT. Using the notations of the preceding theorem we
prove the statement by induction on n , and for n-4 it follows
from theorem 2. -

Suppose that it is proved for n¢k and let nokis,

Vle assume that { vanishes on the compact set k <§q of positive
measure. Similarly to the proof of the preceding theorem we
have that Y(x)s0 for all x in K, and let VcG be a
neighborhood of zero for which A (K a K-y A ... nK-wny)>0

there exists an element y in V for which mty) Fmuy) . ,
Let K,<Kan K-y ..o nK- ey , then xsky belongs
to K for all x in K, (keoys,...,m) and

ks

N4 N4 4 ()

A‘j \((g)-As Pa(x) + E "“.(x)m'(x)"[(m‘;(tj)m,(lj) "-4) ‘A(f(‘(x)-r aﬂ,s(x)]=0
(=2 !

whenever y is in V. By the same argument as in theorem 3

for all x in K, , where %y’ G>X is a polynomial of degree
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at most u;-4 (-2, -~-,LH). Hence we have
kea RTTIN TR
'Z:. m 0 [(m tgm, - 4)" " AY oy 4 qeyo)] = O
L.

for all x in K, and by induction 2K,>0 implies

RTINS
(mamoy™=4) A7) + Fy™®d=0  for all x in G . Here

-4
my(4Imy (g~ F 4 and the degree of g,y is at most u,-4 ,

()
hence Al =0, and the theorem is proved.

COROLLARY 5. Let G be a locally compact Abelian group
which is generated by any neighborhood of the zero and let X
be a complex topological linear space. Then the smet of all
zeros of a nonzero continuous exponential polynomial on q

with values in X bas measure zero.

REFERENCES

[1] Djokovié, D.Z., A representation theorem for (X,-1)... (X, 1)
and its applications, Ann. Polon. Math. 22(1969), 189-198.

[2] Eagar, G.A., Rosenblatt, J.M. Difference equations over
lot_sally compact Abeliaﬁ groups, Trans, Amer. Math. Soc.
253 (1979), 257-289. '

[3] Federer, H., Geometric Measure Theory, Springer~Verlag,
Berlin, Heidelberg, New York, 1969. u

Lészlé Székelyhidi

Department of Hsthematic'a

University of Debrecen
H- 4010 Debrecen Pf. 12.

Received March 15, 1982



195
C.R. Math. Rep. Acad. Sci. Canada - Vol. IV, No. 4, August 1982 Aolt

THE GENERAL SYMMETRIC SOLUTION OF A FUNCTIONAL
EQUATION ARISING IN THE MIXED THEORY OF INFORMATION

B. R. Ebanks

Pregented by J. Acaél, F.R.S.C.
Abstract: We find all symmetric solutions of a functional equation
holding for disjoint nonempty sets in a ring of sets. The general
form of all symmetric, branching measures of information both in

the mixed theory of information and on rings of sets are consequences.

1. Let B be a ring of subsets of a given set X, containing, with
any two sets, also their union and difference, thus also their
intersection and the empty set 0. (See [5].) 1In the determination
of all inset information functions of degree a (see Aczé1[1]),

the functional equation

(1) A(xVy,z) + A(x,y)= A(xUz,y) + &(x,2)

arises, for pairwise disjoint x,y,z €B. Because of considerations
involved in the study of information measures of higher dimensions,
Aczel has noted that it would be interesting to investigate inset
information functions of degree a on the open domain (i.e. with
both empty sets and 0 probabilities excluded). In our context, that
means that X,y, and z must be nonempty. We shall find all symmetric
solutions of (1) on D,, where (for n = 1,2,...)

b = {(xl,xz,...,xn)lo # x; €B, x; N xj = 0 for i#j;i,j = 1,2,...,nk

Theorem. A map A: D, +R (R the set of reals) satisfies

(2) A(x,y) + A(xUy,z) = A(x,yU2z) + A(y,2),
(3) A(u,v) = A(v,u)

for all (x,y,z) €Dy and (u,v) € D, if and only if there exists a
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map £: Dl + R such that

(4) Alx,y) = £(x) + £(y) - £(xVUy), (x,y) €D,.

For any (3) symmetric A, (1) is equivalent to (2). Thus the
theorem states that (4) is the general symmetric solution of (1).
The proof will be given in section 2. Our first objective is to
extend A to the algebra generated by B. Let @ = U{x|x€B}cX
and B' = {x'|x€B}, where x' = 9~x. The following two observations

are made without proof.

Lemma 1. A = BUB' is an algebra of subsets of Q@. Moreover, for

all x,y€A, x U ye€B if x,y € B, otherwise xUy€B"'.

Lemma 2. If Q€ B, then A = B. Otherwise, BNB' = 0, and at most

one of x,y is in B' if xny = 0 (x,y €A).

Now, let S = {(xl,xz,...,xn)|0 # x; €A, xinxj = 0 for
i#3; i,3=1,2,...yn}, n=1,2,..., and define & on s, by
- _ A(x,y) , if x,y€B
(5) A(x,y) = B(y,x) = {0 , if x¢B, xUy=9Q .
Ay, (xUy)*'), if x¢B, xUygQ

Lemma 3. % : S, + R defined by (5) satisfies
(2") B(x,y) + B(xVy,z) = B(x,yVUz) + B(y,z),
3') 8(u,v) = &(v,u)

for all (x,y,z) € S3 and (u,v) € SZ'

Proof: (3') follows immediately from (5). We proceed to prove (2').
If Q€B, then (x,y,z) € Dy by Lemma 2, and (2') is just (2). .

Suppose 2 €B. If (x,y,z) € D3, then (2') is just (2), so suppose
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that at least one of x,y,z is in B'. By Lemma 2, exactly one of

X,y,z is in B'.

Case 1. Suppose z€B'. If xUyUz =Q, then by (5), (3), and Lemma 1,

B(x,y) + B(xVUy,z) = A(x,y) = 8(y,x) = A(y,(zVUy)') =B(y,z) +B(x,y VU z).
If xUyUz5 Q, then by (5), (3), (2), and Lemma 1,

#
K(X'Y) + -A_(x Uy,z)

A(x,y) + A(xVUy,(xUyuz)')

= Aly,x) + A(yUx,(yUxUz)') = A(y,xU(yuUxUz)') + Alx,(yuxuz)')
= Aly,(yUz)') + A(x,(xUyU2)') = B(y,z) + B(x,yVUz).

(Note that x,y,z are disjoint by definition of S3.)

Cases 2, 3. Suppose Y€EB' or x€B'. The proofs in these cases are

similar to that in case 1.

2. Proof of Theorem: By Lemma 3, A can be extended to a map &

on S, satisfying (2') and (3'). Now, define a real-valued map K
on all finite partitions (xl,...,xn} of Q@ into disjoint nonempty
events x; €A by K({Q}) = an arbitrary real number and
(6) K({xyreenrx }) = K({x; UxyyXq,... ,xn})+_A'(x1,x2)
for all (xl,...,xn) €8, such that U X = 2 (n=2,3,...). (2') and
(3') guarantee exactly that K is well-defined, i.e. that

K({Xy,... ,xn)) = K((xp(l) re e r¥p(n) i3]
for all (xl,...,xn) €s, and all permutations p on {1,..,n},
n=2,3....By a result of Davidson and Ng [2] , then

n
(7) K((x reees X }) = & f£(x;)
1 n i=1 i

in terms of a map £: A ~ {0}+R. By (5), (6), (7), we have (4).

Corollary 1. A map K: D +R (n = 1,2,3,...) satisfies
R(XyreoerX)) = KX UXyrXareeork) + 8(xy,%,)

and, for all permutations p on {1,2,...,n},

K(xl,...,xn) = K(xp(l)"“'xp(n))
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if and only if there exists a map f£: D; > R such that
n n n

K(x,,...,x ) = I £(x.) + K(
1ttel g i

3. Our theorem also applies to the characterization of branching,

Uux,) - £(UVv x).

=1 + i=1 %

symmetric inset entropies. Here, however, we do not restrict our-
selves to the open domain, but consider entropies on Bn x I‘n, where

Bn = {(xy,..00%) |x; €B, X Nxy = 0 for i # j; i,3 = 1,2,...,n}

and T = ((pl,...,pn)| Ip; = 1 py 2 0, i =1,2...,n}.

Corollary 2. A map I: En x T +R (n=1,2,3,...) is branching,

XqyreeoeX X, U X,,%0,...,X: X. X
1 1 n)_ g 1 2'73 “n + 8 1’72 ,
PyseessPy Py * PpePge-cePy PPy

and symmetric, (for all permutations 7 on {1,...,n})

L (xl,...,xn) . I(xn(l) RERNT S,
Pyre--rPy Pr(1) ¢e+1Pr(n)

if and only if there exists a map u: B x [0,1]+ R such that, with

Y(x) = (] - v (x,1),

XyrooorXy n n
(8) 1 = I pix,,p.) + y[ U X, i
i'%i i
Pyre«erPy i=1 =1

Proof: Symmetry and branching imply that A satisfies

X, X Ko X
(9) 1’72 = A 2’71 s
Py 1Py Py/Py
Xy X X, Ux,,x X, %X, UX X X
(10) A 1’72 + A 1 2’73 = A 1’72 3 + A 2'73
pl'pZ P1+92:P3 P1192+P3 92193

for all (x;,%,,%3) € 53 and p,,P,sP3 2 0 with p; + py + py < 1. By
Lemma 4.2 in [4 ), (10) has general solution

(11 a(*Y) = n(x,y) + fi(x,p) + fily,@ - fi(xvy,p + q) + 5("”’) '
p.q) p.q
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where n: D, + R satisfies (2) and @ is antisymmetric and bi-additive,

2
i.e.
L[ %y y.x _[xVUy,z x:2 fy.2z
(12) v = = Y ¢ ¥ = Y + Y .
P.q q,p p+q,r D,r q.r

The purpose of what follows is to essentially eliminate the n and

¥ terms. Divide n into symmetric and antisymmetric parts

(3 Sty = B[nxy) + ny@ ], Ay = sy o]

so that n = S + A. Since S satisfies (2) and (3), our Theorem gives
(14) S(x,y) = £(x) + £(y) - £f(xUVy),

as long as x and y are nonempty. But with y = 0, (2) for S yields
S(x,0) = S(0,z) for all disjoint x,z € B. Thus, defining £(0) to be

this common value, we have (14) on 52.

Furthermore, A is antisymmetric, hence the map ¢y defined by

X,y ~ (XY
(1s) w( )= w( ) + Alx,y)
P.q P.q

is also antisymmetric. Now (11), (13), (14), and (15) give

X,y XY
A( ) = u(x,p) + uly,q - u(xuy,p+aq) + ¢ ( ) ’
P q P.q

where u(x,p) - fi(x,p) + £(x). But the (9) symmetry of A implies

that ¢ is also symmetric. Thus ¢ = 0, and

X,y
A ( ) = u(x,p) + u(y,q) - u(xvy,p + q).
P.q

Therefore, by the branching property, I has representation (8) with
y(x) = I(?) - u(x,1). The converse is easily checked.

Remarks. Corollary 2 is an improvement on Theorem 1.1 in [3].
(See Remark 1.2 in [3)] .) A desirable further improvement would
be a corresponding result for branching, symmetric maps on the open

-] o
domain D x T , where T = {(pl,...,pn)lzpi =1; p;>0,i=1,2,...,n}.
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ASYMPTOTIC ESTIMATION OF THE COEFFICIENTS
OF THE CONTINUED FRACTION REPRESENTING THE BINET FUNCTION

1

J. Cizek and E.R. Vrscay
Presented by G.F.D. Duff, F.R.S.C.

Abstract: The continued fraction for the Binet function is studied
with the use of the quotient-difference formalism. Two conjectures based
on extensive numerical evidence are formulated. The most important result
is that for large n the coefficients in the continued fraction expansion

of the Binet function appear to be asymptotically equal to %%-nz.

The Binet function which plays an important role both in mathematics

and theoretical physics is defined as [1]
J(z) = log r(z) - (z - %) log z+ 2z~ % log 2n . 1)

There exist several integral expressions for this function and its asymptotic

series in powers of z'.l is in all respects very well known [2]. Knowledge

201

of the continued fraction expansion for J(z) is, on the other hand, very scarce.

In fact, until very recently only seven coefficients in the expansion2

a
J(2) =I—l| +[a—§| + ... (2)

were known [2,3]. Now Char [4] has calculated the first 41 coefficients by means

of the algebraic manipulation system MACSYMA. The structure of coefficients in

—
This research was supported by grants from the Natural Sciences and Engineering
Research Council of Canada.

2The indexing of the continued fraction cocefficients a, in this paper follows

the scheme of References 1 and 3, where Y denotes the first coefficient of
expansion (2).
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(2) seems to be very complicated, as already mentioned by Stieltjes in his
classic paper [5] and confirmed by Henrici [1].

In order to elucidate the nature of the a, it is very instructive
to study the function

1 e-4zt
Kz~ 3 I cosh ¢ 9 (3)
b .
which is closely related to J(z) . The continued fraction representation

for K(z) is well known [6],

K(z)=|b—l|+f—§|+'b—:z”+... , (4)

where b] = %5 and for n 21

bps1 76 " - (5)

In order to study the relation of J(z) and K(z) 1let us introduce

the following two functions and their asymptotic expansions

o C

1 n
flu) = L a(v) = 6
(u) e (/) nZO uFT (6)
o(u) = L k(@) = ] I (7
u n=0 ™!

From (2) and (4) the continued fraction expansions for f(u) and g(u) may

f(u)=r—3’|+|i1a+|a—3'+... (8)
g(u)=F—;|'J+F%J+,bJ3+... . (9)

The series coefficients < and d_ in (6) and (7) are given by

be given as
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legl = 1—ﬂ—7|32“*2| gl = g (10)
n 2n#2)(2n+1) nt 12 ,2n >

where B\j and Ej represent the Bernoulli and Euler numbers respectively [3].
The asymptotic expressions for the series coefficients L and dn are thus
dominated by the term (2n)!

We shall be using the quotient-difference (QD) formalism [1] to learn
about the properties of f(u) from g(u) . The QD scheme associates a unique
Stieltjes-type continued fraction of the form (8) or (9) to a given formal
power series, subject to some restrictions on the series. The elements of the

relevant QD schemes will be denoted as follows:

f(u) QD scheme: g(u) QD scheme:
0 0
9 "
0 0
4 f
1 0 1 0
q q r r
1 2 1 2 (1)
1 1
& i
2 .
q . 2
1T "

The first elements of each column in each QD array, (q?, e?. qg, -
and (r?, f?. rg, ...} , form the sequences of coefficients 2, and bn of
the continued fraction representations in (8) and (9). The QD arrays are built
up in a triangular fashion from their first columns, as illustrated in (11), by
means of a set of well-defined "rhombus rules® [1]. The elements ("initial

values") in the first columns are given by

n_ 1 o ldpy] . (12)

W ® 1 n
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From the well-known expressions for the Bernoulli and Euler numbers in terms of

factorial and, respectively, Riemann and Lerch functions (3] it can easily be

shown that
liny, =1 , (13)
B
where
_.n,n
‘yﬂ = q]/r] . (14)

Having in mind the properties of the Riemann and Lerch functions it is not
surprising that the ratio Yn is converging to the value 1 very quickly. To
illustrate this rapid convergence, the following values are given here:

Yo = 0.533333, = 0.914286, ¥y = 0.983607, Y5 = 0.999810, Y0 © 1.000000

This means that the first column of the QD scheme for f(u) is very closely
related to the scheme for g(u) . Since the first column of entries completely
determines the entire QD array we can expect the arrays corresponding to f(u)

and g(u) to be quite closely related. In fact, these two QD schemes appear to be

"jnterwoven”. This interesting and important property is formulated in
Conjecture 1: lqal < Irzl and |e:| > lf:l, nz0, k21 . (15)

This conjecture was verified by numerical calculations of the QD triangles
(1BM quadruple precision) which permitted the calculation of the continued

fraction coefficients A and b36 respectively. We have the observed set of

relations:
0.033333 = ) =a, <b, = I = 0.062500
=0 = - -
0.253303 = €] =ay >by = f? = 0.250000
0.525606 = q) =3, <b, = r) = 0.562500
: - (16)
72.355941 = e?7 = g5 > by = f?7 = 72.250000
0

76.424655 = q?s = a36 <bgg= PMg*= 76.562500
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The a, sequence can be seen to oscillate around the bn sequence defined
expressly by (5). Numerical analysis of the differences between a and bn

suggests that the asymptotic behaviour of the a is as follows:

Conjecture 2: a = b, + Ry (17)
where Rn is of the order n .

This asymptotic information is very useful both for theoretical and
practical reasons. There exist different methods for the estimation of the
convergence of a continued fraction. Henrici has presented three such methods
[1]. With a knowledge of the coefficients a of the continued fraction, a
much better estimate may be made as compared to that estimate obtained from the
methods based on the knowledge of the series coefficients c, or dn s
respectively. We have found such an estimate but have postponed its publication
until exact proofs of Conjectures 1 and 2 are presented.

Let us finally mention that we are also studying other power series
expansions whose coefficients a are dominated by the term (2n)! . Series
of this type are of special interest because by Carleman's condition 1,2]

their continued fraction representations "lie on the borderline of convergence®.
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INFORMATION_FUNCTIONS ON OPEN DOMAIN IV

PL. Kannappan#*
Presented by J. Aczél, F.R.S.C.

Abstract. We consider functional equations on open domain similar to the

fundamental equation of information treated in [4,1,3]. We determine the

general solution of the multiplace functional equation

m f(x,y)+(1-x)"g(ﬁ.r"y)=h(u.v)+(|-ufu'—fa,71_'7) on o™
for (x,u) €D, (y,v)ed" (B is a fixed real), where

(2) Dn((r.s)lr,s,r+s<I=]0,l[}.'

without any assumptions on the real valued functions f,g,h and k.

THEOREM. The general solutions f,g,h,k: In” +R(reals)(xel, yel™)

of equation (1) for (x,u) eD, (y,v)eD" are given by

(£(x,y) = £, (10092, (x)48, (1-y) 4 (1) 44

9(x,y) =2, (l-x)-£3(l-x)+£3(x)+nI (I-y)-H3(|-y)+H3(y)+B'A+C

(i) {h(x,y)=l.|(I-x)+£z(l-x)-l3(l-x)+£3(x)<m‘(I-Y)"‘Hz(l'v). if 8=0;
-H3(1-y)+H;(y)+8

k(x,y) =2, (l-x)-ls(l-x)+£2(x)+ﬂl (l-y)-n3(l-v)+nz(y)+c

fix,y) = S(x,y)+ax+cl+c2-a

(i) 49(x.v) = S(x,y)+(b#by=c)-c;)x+ab, if B=1;

h(x,y) = S(x,y)+(by-c;)x+c,

k(x,y) = $(x,y) +b x+c,=by,

#Research partially supported by a NSERC of Canada grant.
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f(x,y) =€ (B)d(x)+ax8+a2(l-x) B+a3

alx,y) = -s(!S)d(:i)+b‘xs+bz(l-x)B-a2

(iit) if B#0,I.

h{x,y) = -¢ (B)d(x)*b1x8+b3(l-x) B+.'a3
k(x,y) = E(B)d(x)+a|x8+b2(l-x)8-b3

Here ¢(2) =1, e(B) =0 if B#2, A,8,C,a,a;,b;,c; are constants and I;I,Hi,d

satisfy

(3) £(xu) = £(x) +£(v) (x,ue )0,1[)

(4) M(yv) = M(y) +M(v) (y,vel™
d(x+u) = d{x) +d(u)

(5)

d(xu) = xd(u) +ud(x) (x,ueR)(a real derivation)
respectively, and §(x,y) = x, (x)+(1-x)2) (1=x)+x#, (y)+(1-x)M, (1-y) .
Remark 1. In the proof we make use of the solution [2] of
) FO+01-x) 56 (L) = )+ (-0 k(2D on I

and of the linear independence of ll(x), I_z(l-x). 1, of  x£(x), (1=-x)&(1-x),
x, 1 and of 1, x5, (1-x)2(1-x) (B4 0,1) (£,2,,8 #0 satisfy (3)).

Proof: Case 1: B=0. Then (1) becomes

(7) f(x.y)'*'g(-l':—x,lva)=h(u,v)+k(-l—’_(;,%\7) on o™,

The proof is by induction. Solution (i) can be rewritten as
£(E) =L(1-E)+M(E)+A

g(€) =L(1-E)-N(1-E)+N(E) +B-A+C

h(E) = L(1-£)+M(1-E)-N(1-E)+N(E)+B

k(E) = L(1-E)-N(1-E)+H(E)+C

("



P.L. Kannappan 209

for €='(x,y)€I"+l where L,M,N are solutions of (4) on I""’| and A,B,C

are arbitrary constants. For fixed y,vel”, (7) becomes, with F(x)=f(x,y),
6(x) =g, ), H(X) =h(x,v), K(x)=k(x,75),
F(x)+6 (75 = H{u)+K(755)
e. (6) with B=0, so that [2] gives for xeI,

F(x) = flx,y) = £, (1-x)+£, (x)+a

- 6(x) = g(x,75) = £, (1-x)-2, (1-x)+£; (x) +b-a+c
H(x)ﬂh(x,v)ﬂll(l-x)-i-l (I-x)-l (|-x)+£ (x)+b

K(x)ﬂk(x,‘ — k(x. ) l (l-x)+£ (I-x)+£ (x)+c

where the solutions -Ci of (3) and the ‘constants' a,b,c may depend upon
y and v. Using the linear independence of L‘(l-x), Zz(x), 1 (Remark 1),

from the forms of f,g,h,k given by (8) we have
(9) 2,(x,y,v) =my(x,y), aly,v) =aly)

(£,-£5) (1=x,y,¥) = my(1-x,755)

(10) v L
25(x,y,v) =y (x,75), (brave) (y,v) = (7))
an £5(x,y,v) =mg(x,v), bly,v) =b(v)
(2,-£5) (1-x,y,v) = mg (1-x,75),
(12)

£,(x,y,v) = '“7("'T!'\7) . ely,v) =ch)

where the ml's for fixed y,v are solutions of (3).
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From (9) and (12), mz(x,y) = m7(x.1¥79. The left side is independent

of v, so m, and m7 are independent of the second variable, i.e.

functions of x only. Hence 22(x.y.v) depends only upon x. Similarly,

from (10), (11) £, and from (10), (12) ZI- 2 thus also Zl depend

3 3’

only upon x. Now, from (9) to (12),

(13) b(V)+C(T!7)=a(y)+e(ﬁ) on D",

Then by the induction hypothesis (i'). we have

aly) =M, (1-y)+4,(y)+A
e(y) =M (1-y)-H (1-y)+M, (y)+B-A+E
(14) 3 3

bly) =M (l-y)+H2(I-y)-H3(l-v)+M3(v)+B

cly) = M, (l-y)-H3(|-y)+Hz(v)+E

on I", where the Mi's satisfy (4) and A,B,E are constants so that

f,g.,h,k indeed have the form given by (i).

Case 2. B=1. For fixed y,velI", (1) is of the form (6). From (2],

F(x) = f(x,y) =xl(x)'r(l-x)l(I-x)«*«:lmc2

G(x) = g(X.T\_'—) =xg(x)+(1-x)2( l-x)+c3x+ck
(15) Y
H(x) = h(x,v) = x€(x)+(1-x)&( |-x)+c5x+ck+c2-c5+c3

K(x) = k(x.T!T,-) = xl(x)+(l--x)£(l-x)"-(‘:I't'-,‘)xﬂ'-s-c3

where £ and c; may depend upon y and v.
Using the linear independence of xg(x), (1-x)&(1-x), x and 1

(Remark 1), (15) shows that £ is independent of y and v and then

R e
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¢ (y,v) =c (y)(say), cy(yv) =c,ly),

(16)
sy mes (75, ey, =75, clyiv) =cglv),
Oon e (e, (55 =8 (7)) (say),
(18) eg(v)-e5 (75 = ¢ (7)) (say),
(19) (eytey) (F5)*e, (Y -cg(v) =A (V) (say) on 0"
Now (17) is of the form (13). By (14), since H|+H2=0=N3.
i) ey (y) =1, (1-y) -1, (y)+d,, ¢, (t) = H,(1-t)+d,

B'(y) = HQ(I‘Y)'".'(Y)""‘S

on I" where My .(the old "I) satisfies (4) and dl,dz.cl3 are constants.

Since (18) and (19) are also of the form (13), by (14), we obtain

cs(v) = Ms(l-v)-Ms(v)+d“, c3(t) = "5( l-t)-Ms(t)+d5

(21)
c'(t) =-Ms(l-:)+d6

(22 ¢, (y) = Mg (1-y)+d,, (c3+c“) (t) =M (t)+dg
(cg*A )(v) ='l16(v)'rd9

where M Mg satisfy (4) and the d's are constants.

S’
Considering €3s €y in (20), (22), we have H,‘=H5=-H6. sy (19),

A'(v)=-M‘.(l-v)+d9-dh. so (15), (20), (21), (22) give (ii).

Case 3. B#0,1. Take first B=2. Here again, for fixed yovelI, (1) is

a special case of (6) (B=2), so that from [2], we get

F(x) = f(x,y) = d(x)+a|x8+a2(l-x) B+a3

2 6(x) = glx, 75 = ~d(x)sbxPra, (1-x-a,
23
H(x) = h(x,v) = -d(x)+b]x8+b2(l-x) B-b-a3

K(x) = k(x,—l-!-‘;) = d(x)+a'x8+ah(l-x) B-l:o2
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where d (satisfying (5)) and the ‘constants' ai’bi depend upon y,v.
As before, using Remark 1, from (23) we conclude first that d is
independent of y,v. The argument reducing a, (which occurs in f as a

function of y and in k as a function of y/l-v) to a constant (independent

of y,v) is the same as in case |. Similarly, it can be shown that' az.az.al‘,b',b2

are also constants, proving (iii) if B=2. A similar argument that (iii) holds

also if B#0,1,2. ]

Remark 2. Note that the solutions in the cases B#¥0,! depend only upon the
first variable x. This is related to the special form of the factors (I-x)8

and (l-u)B in the second and fourth terms of (1), which depend only on the
n+l 8

variables in the first place. |f the factors are of the form I (I-xk) k. etc.

k=1
then the solutions may depend also upon the other variables.

| express my sincere thanks to Professor J.- Aczél for his helpful remarks

during the preparation of this paper.
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STRONGLY NONLINEAR VARIATIONAL INEQUALITIES

M. Asram Noor

Presented by P. Ribenboim, F.R.S.C.

The eiiatence and uniqueness of the solution of a class of strongly nonlin-
ear variational inequalities is considered. An iterative scheme is given to
obtain the approximate solution of the variational inequalities.

Variational inequalities are now fundamental in the study of nonlinear
problems having some extra constraint conditions in the study of fluid dynamics,
plasma physics, chemical reactor theory and many other branches of mathematical
and engineering sciences, see Duvaut and Lions[2], Glowinski, Lions and
Tremoliers(3) and Noor[7]). In this paper, we consider the problem of strongly
nonlinear variational inequalities in a Hilbert space. An iterative method is
given to find the approximate solution of variational inequalities. It is also
shown that the approximate solution obtained by the iterative scheme converges
strongly in the Hilbert space to the exact solution.

To be more precise, let H be a real Hilbert space with its dual H', whose
inner product and norm are denoted by (.,.) and ".II respectively. The pairing
between feH' and ueH is denoted by <.,.>. Let M be a closed non-empty convex
subset of H. We consider the problem of finding the minimum of the nonlinear

functional I[v], defined by

Ifv] = L(v) - F(v), for all veH. (1)

Many mathematical and engineering science problems either arise or can be
reformulated in this form. Here one seeks to minimize the functional I[v] over
a whole space or on a convex set M in H, It is well known [3,6,7] that if F
is a linear continuous functional on H, then the element ueM wchich minimizes

I[v] on M is given

<L’ (u) ,v-u> >  <F,v-u>, for all wveM, (2)
where L'(u) is the Frechet differential of the nonlinear functional L at

u€M. For a Frechet differentiable nonlinear functional F, it was shown [10]
that the minimum of I[v] on M can be characterized by the inequality



214 M. A. Noor

<L'(u),v-u> > <F'(u),v-u>, for all veM. (3)

Recently Toscano and Maceri [12]) and Miersemann[5] have shown that the
problem of elastic beams under unilateral constraints can be formulated in the
form of inequality (3). Such type of inequalities are known as strongly non-
linear variational inequalities. The main motivation of this paper is to show
that under certain conditions there does exist a unique solution of a more
general variational inequality of which (3) is a special case.

Let us consider the following problem:
PROBLEM1, Find ueM such that

<Tu,v-u> > <Alu],v-u>, fon all veM (4)
where T and A arne nonbinear operatons.

For M = H, the problem 1 is equivalent to finding ueH such that

<Tu,v> = <A(u),v>, for all veH,
a case considered and studied by Noor[9] and Schechter, Shapiro and Snow([13)
in a real Hilbert space and Banach spaces respectively.
Also note that if A(u) is independent of u, that is A(u)= f (say), then
problem 1 is equivalent to finding ueM such that

<Tu,v-u> > <f,v-u>, for all veM.

This class of variational inequalities was considered and studied by Browder([l].

First of all, we define some notionms.

DEFINITIONS, An operator T:M————> H' is called
(1) Strongly Monotone, if there exists a constant p> 0 such that

<Tu-Tv,u-v> > OIh‘VIF. for all u,veM
(11) Antimonotone , if

<Tu-Tv,u-v> < 0, for all u,veM.

(111) Lipschitz continuous, if there exists a constant y > 0 such that

fru-tv|l < ulh-vll, for all u,veM.
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We algso define A, a cannonical isomorphism from H' onto H, by

<f, v> = (Af,v), for all feH', veH. (5)
We make the following hypothesis.

L]
We assume that Y<p , where Y is the Lipschitz constant of the
nonlinear operator A and p is the strongly monotonicity constant of T.

We now state and prove the main result.

THEOREM 1, Let T be a strongly monotone Lipschitz continous operator and

A be a Lipschitz continuous antimonotone operator. If condition N holds, then

there exists a unique solution ueM such that (4) holds.

We need the following results.
LEMMA 1, Let £ be a number such that 0<g< 2(p~y)/(u2-y2) and &< 1. Then
there exists a © with 0<6<1 such that

lb(“l)"’(uz) 1< ell ul-u2“’ for all u;,uye H,
where p is the Lipschitz constant of T and for ueH, ¢(u)eH' is defined by

<¢p(u) ,v> = (u,v)-E<Tu,v> + E<A(u),v> for all veH. (6)
PROOF: It can be proved by using the technique of Noor[8,11].

LEMMA 2:[6,8]. Let M be a convex subset of H. Then, given zeH, we have x =P\yZ»
if and only if

xeM :  (x-z,y-x)> 0, for all yeM,
where PM is a projection of H into M.

LEMA 3¢ [6]. P, is nonexpansive, i.e., IF'Hu—PMVIElh—v", for all u,veH.

Using the technique of Lions-Stampacchia(4] and Noor[8], we now prove the

theorem 1.

PROOF OF THEOREM 1.
(a). UNIQUENESS. see Noor [8].
(b) EXISTENCE. For a fixed £ as in lemma 1 and ueH, define ¢{u)eH' by (6).
By lemma 2, there exists a unique weM such that
(w,v-w) > <¢p(u) ,v-w>, for all veM
and w 1is given by
w = PHA¢(u) = Tu
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which defines a map from H into M.

Now for all ul,uzeH,

||Tu1-Tu2“ I pMAuul)-PMM(uz)ll < M- Aw)ll, seel6].
[bCup-ocull < 6ly-u,ll, by lemma 1.

Since 6 < 1. Tu is a contraction and has a fixed point Tu=u, which belongs to

A

M, a closed convex set and satisfies Y

(uv-u) > <¢(u),v-u> = (u,v-u)-E<Tu,v-u> + E<A(u),v-u>.
Thus for §£>0, ]

<Tu,v-u> > <A(u),v-u>, for all veM,

showing that u is a unique solution of problem 1.

REMARKS,

i. It is obvious that for Tu= L'(u), and A(u)=F'(u), the existence of a unique
solution of a variational inequality (3) follows under the assumptions of
theorem 1.
ii. If A is independent of u, that is A(u)=f, (say), then Lipschitz's constant

Y is zero and lemma 1 reduces to a result of Noor[7] and £ 1is a number
0 < § < 2p/ 2 . Consequently theorem 1 is exactly the same as one proved by
Browder([1] and Noor[7].
iii. If T is a bilinear form and A(u) is independent of u, then theorem 1 reduces
to the result of Lions and Stampacchial4].
iv. For M = H, the problem 1 is equivalent to finding ueH such that

y
< Tu,v > = < A(u),v>, for all veH, l

a problem considered by Noor[9] and its various special cases.
N

The problem of finding the approximate solution of variational inequalities
is not an easy one. Due to the presence of the constraint, the approximate
solution is no longer the projection of the exact solution as in the absence of
constraints. In this section, we show that the approximate solution can be
obtained by an iterative scheme. The convergence of the approximate solution to
the exact solution is also proved.
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THEQREM 2, The function ueM is a solution of (4) if and only if ueM
satisfies the relation

u = PM(u-EA(Tu-A(u)), _ for all veM, (7)
where PH {8 the projection of H into M _and & is a positive constant.

PROOF, Suppose that ueM satisfies (4). Then by (5) this is equivalent to
finding ueM such that

(A(Tu-A(u)),v-u) >0, for all veM.
Now by invoking lemma 2 and for some constant £>0, the problem of finding ueM
satisfying (4) is equivalent to finding u€eM such that

u = PM(u-EI\(Tu-A(u)) ,

which is the required result.

Theorem 2 enables us to find the solution ueM satisfying (4) by the
following iterative scheme.

Uy = Py(UmEA(Tu -ACu D), (8)

for some positive constant .

We now prove the strong convergence of the approximate solution to the

exact solution.
THEOREM 3., Let u and u ., be solutions of (4) and (8) respectively. If the
condition N holds, then

U —_—> u strongly in H,

for 0<E< Z(Q-Y)/(uz-yz) and Yf£<1. where U is the Lipschitz constant of T.

PROOF. By theorem 2, we know that ueM satisfying (4) is also a solution of (7)

and conversely, Thus from (7) and (8), we obtain

[ - ul] = ”PH(un-EA(Tu n-—A(un))-PM(u-EA(Tu-A(u))”
< b u-EA(Tu -Tu) +EA(ACu ) -A) || , seel7].
< lbyu-gA(Te ~To) ||+ EJACu)-AMW ]I

Now following the technique of Noor[8], we immediately have

Tgyg-oll < Ol -ull

where 6 = /(1+§zp -2£p) + YE <1 for 0 < < 2(9-7)/(;1 - ) and £y <1. Thus it
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follows from the above relation that U does converge strongly to u, the
solution of (4), from the fixed point theorem. We also note that theorem 3 shows

the existence of a unique solution of problem 1.

From theorem 3, we get a natural algorithm to compute the solution as follows;

i. Uy € M is given.
ii. U ® PM(un- EA(Tun-A(un)),
where £ is required to satisfy the condition  0<E<2(p-Y)/(u%-y?) and YE< 1.

REMARK 2,
A different class of variational inequalities known as quasi-variational ineg-

uvalities has been considered in [2a]. Furthermore, the fixed point iterations
suggested in [2a,p.79) and (1b) are only suitable for nonlinear quasi-variational

inequalities. For difference and comparison of these two classes, see[la).
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS III

Walter Schempp

Presented by P. Scherk, F.R.S.C.

Let felL?®(R™) denote the pulse envelope of a modulated
signal. Suppose that the signal has unit energy, i.e., that f
admits L?-norm [If]] = 1. Then the radar autoambiguity function
H(f;.,.) with respect to f in the sense of Woodward is defined by
the formula

H(fix,y) = | £(eel/ 0 (61,0024 10y
]"

for all pairs (x,y)el!n © R". This form of the radar autoambiguity
function shows that H(f;.,.) is obtained by correlating the signal
of envelope f with 1its time-translated and Doppler-shifted
version; that is, H(f;.,.) is the correlation function on R" & R"
in delay and Doppler. In theoretical optics, H is known as the
indeterminacy or spread function. Observe that the double Fourier
transform of H(f;.,.) is the Wigner quasiprobability distribution
function of a non-relativistic quantum-mechanical system with
phase space R™ @ R" corresponding to the wavefunction feL? (R"),
As we have seen in the first part [4] of this series of papers,
the Wigner-Woodward relief (or radar ambiguity surface) admits
symplectic symmetry. Indeed, 1let f'elL? (R") denote another
envelope of L?-norm [[£'[| = 1 and suppose that there exists for any
pair of vectors (x.y)eRn ® R" a pair (x' ,¥')eR" & R” such that

H(f;x,y) = H(f';x',y")
holds. Then there are a unitary operator T of L?(R") which is
unique up to multiple by the scalar operator {.1sz(Rn), where
ch, and a (unique) symplectic linear automorphism ¢ € Sp(n,R)

such that the identities

(X.y) = e(xlly')) f = T(f')
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hold. This solves the synthesis problem for radar autoambiguity
functions with respect to signals of envelope feL'(Rn) and
represents the correct statement of Theorem 2 of [4] (see Theorem
3 of [1]). The signal transformation T has the following
group-theoretical meaning. Consider the symplectic group Sp(n,R)
as a subgroup of the automorphism group of the real Heisenberg
nilpotent group K(Rn) in the natural way. Then the automorph-
isms o € Sp(n,R) leave the center of ARM) pointwise fixed. Define
the action

ge. ge-l,

where U denotes the Schrodinger representation of A(R™). Then T is
an intertwining operator of U and U’, i.e., we have

e Tor = U°.

Since an application of the notion of Langrangian subspace (or,
equivalently, of the notion of polarization) enables us to compute
the unitary isomorphism T explicitly in terms of partial Fourier
transforms, we are in a position to determine for a given radar
ambiguity surface all the "admissible" pulse envelopes fel? (Rn)
in the associated autoambiguity function H(f;.,.). This procedure
shows again the crucial rdle played by symplectic geometry in the
field of radar synthesis.

1. Polarizations

To begin with, we shall recall some basic facts of harmonic
analysis on nilpotent Lie groups having discrete series. Let (V,B)
denote a symplectic vector space of dimension 2n, i.e., a vector
space over the field R equipped with a nondegenerate alternating
bilinear form B. Then the symplectic group Sp(V,B) is formed by
all linear automorphisms of V which preserve B € A’V.

Let E denote an element # O of R and suppose that the
(2n+1)-dimensional real vector space 4= V ® RE is endowed with
the structure of a Heisenberg algebra with center RE in the
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natural way. Then we have [X,Y] = B(X,Y)E for all pairs
(X,Y) e VxV. Let N € #* be the R-linear form such that CE, M\ =1
and denote by B, € N4 the extension of B to m defined by B.(X,Y)
= {[X,Y], ™. Then a subalgebra { of m is called a polarization
of M associated with ™ if 4 forms a totally isotropic vector
subspace of # with respect to Buof maximal dimension n+l.

Let N denote the simply connected Heisenberg group of
dimension 2n+1 associated with the Lie algebra 4 . Then the
exponential mapping exp: 4 —=N forms a diffeomorphism and Sp(V,B)
acts on # and also on N by automorphisms.

eri(X,\)

Define the function &:N—+T by ¢€E(exp X) where

X € 4 and introduce the induced representation

U1= ind (elexpt).

exp 4 IN
Then U‘ forms an irreducible unitary linear representation of N
which acts on the complex Hilbert space '11. Notice that (U1 ’.Rt)
belongs to the discrete series of N.

Consider a pair (11, 12) of polarizations of 4 associated with
the same linear form " €s* we have defined above. According to the
Stone-von Neumann-Segal theorem, the unitary linear representa-
tions U11 and U1'2 of N acting on the complex Hilbert spaces 3311

and 'R- , respectively, are unitarily isomorphic. Let u.2 1 $4 0

denote a positive measure on expt /exp1 n 1v which is invariant
under the action of exp 12 and standardized such that the linear
integral operator (partial Fourier transform) given by

fomr (N3 X ~ne s 1‘(x1)£(1)du1 2(1))
’
exp12/expt1n 12
may be extended to a unitary linear mapping T1 1 H '1?.1—':&*
1 1 2

Then '1‘1 forms a unitary isomorphism of U onto U (cf. Lion

t 11 12
[3]). In particular, for any polarization }{ of 4 associated with
"€ M4* and any symplectic automorphism 3eSp(V,B) the vector
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subspace 12 = o (11) of M forms a polarization of # associated
with ™ . For any~1‘¢21 define £% = fo G l:NaxX e f(o 1x). Then it
1

is easy to see that f~f% maps .;et onto '&1 unitarily.
1 2

2. The Radar Synthesis Problem

Let us choose a canonical symplectic basis (P:'_,....Pl,l,o1
o ,Qn) of the real vector space V. Then V can be identified with
the phase space R" @ Rn, Sp(V,B) can be realized as the matrix
group Sp(n,R) and N can be realized as the real Heisenberg
nilpotent group X(R") in its basic presentation. Fix the
polarization

Gl S

of w associated with ™. Then U'» can be realized as the Schrédinger
representation U of A(R") (cf. [4]) and '3?-1 as the complex Hilbert
space L?(R"). In view of Theorem 1 of [4] we obtain the following
result.

Theorem. Let the envelopes fe L (R") and f'e¢ L?(R") be given such
that [fll = [f'|l = 1. Suppose that there exists for any pair of
vectors (x,y)e€ R™ ® R” a pair (x',y')€ R" @ R” such that

H(f;x,y) = H(£';x',y")

holds. Then there exists a (unique) symplectic linear automorphism
o ¢ Sp(n,R) satisfying

(x,y) = e(x',y')
and

f = (T £'9),
¢ 1,01( !

where { €T denotes a phase factor.
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3. Examples
(1) Consider the symplectic automorphism

o = € Sp(n,R)

with respect to a canonical symplectic basis of V (In = identity
matrix). Then we have T (£'°) =F £ for all f'eL?(R™), i.e.,
1’01 Rn

H(f;x,y) = H(L. c5;"f;—y,x)

holds for all pairs (x,y)eR” ® R" (see [4], Corollary 2 of

Theorem 1). The right hand side expresses the radar autoambiguity

function in terms of the spectrum ?nf of the envelope feL’(R")
R

and an arbitrary phase factor LerT.

(ii) In the case n=1 we have obviously Sp(1,R) = SL(2,R).
Suppose that the radar ambiguity surface H(f;R,R) with respect to
the envelope f € L’(R) is SO(2,R)-invariant. Then we may assume f'
= W, by the Corollary of Theorem 2 in [5] where W, denotes the
Hermite-Weber function of an arbitrary degree m ks 0. We conclude
by the Theorem that f = L.T1"1(f") ={.W, with { € T for
all ¢ ¢ SO(2,R). Thus the radar ambiguity surface is invariant
under rotations about the origin of the time-frequency plane and
therefore secures simultaneously a high resolution in both range
and range rate of a moving target if and only if the signal is a
Hermite-Weber waveform whose envelope f is up to a phase factor
an eigenfunction of the harmonic oscillator. Since the double
Fourier transform of a radial function belonging to the space
L?(R?) is also radial, an analogous result holds in single-par-
ticle quantum mechanics for the rotational invariance of the
Wigner quasiprobability distribution function corresponding to a
wavefunction fe€L?(R). See Theorem 3 of [5]. Also see the papers
by Klauder [2] which omits the details of the proofs and Wilcox
[6] for a different approach to this example.
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CHARACTERS OF MOTION GROUPS OVER GF(2)

J. S. Frame
Presented by G.de B. Robinson, F.R.S.C.

Abstract. Generic degree formulas for characters and lower
level character values are found for the motion group over GF(2)
that is a semi-direct product of an abelian translation group by
an orthogonal group over GF(2).

1. Introduction. The semi-direct product of an elementary abelian

2. 22" by an orthogonal group

"translation group" ‘1‘: of order N
Oé';(z) = G: over GF(2), (with O the sign + or -, or the number 1
or -1), defines the motion group M7, such that G‘x’; = M:/T: We
choose the quadratic invariant forms Q‘;(z) for G: to be
n

+ - 2 2 +

Q(2) = g Zoi 1254+ Qp(2) = 2y + 25 + Q. (2) (1.1)
using row vectors Z. We denote by Jn the direct sum of n transpo-

~

sition matrices interchanging z,; , and z,;. Then the matrices M
of G:ﬂ satisfy the relations

~

f o 41
Mg M =3, or M =3 NI,

Val
We then observe that H: is isomorphic with the subgroup M: of

(1.2)

index (2N-0)(N+¢) in ng' whose matrices stabilize the column

vector (oznﬂ.l)T. These matrices have the factorization

1 co A 00O
A A A ~ 2n A
M=TaA, T = V] 10}, A= 0 10 (1.3)
¢l a1 0 01
with A€ G,» C a 2n x 1 column vector, and q = Q:(C). Matrices of

the isomorphic group H: are obtained by stripping off the last
rows and columns of these matrices. The subgroup 'r: is normal.
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Generic degree formulas are found for all the absolutely ir-
reducible complex (AIC) characters of M:. derived from those
found for the orthoéonal groups [4] . We check that Theorem 3.2 of
[3] for orthogonal groups also gives the character values of M:
on the transposition class t (or ct). Formulas for level 1 and 2
character values on all classes are also found. To obtain values
for ten associated pairs of level 2 characters, the character
matrix of M{ z su is multiplied by two 5-vectors of basic func-
tions to yield ten extended level 2 characters, each including
a single AIC level 2 character that is positive on class t.

The central factor group of the Weyl group Eg, isomorphic
with G = 0g(2) has m; as a subgroup of index (16-1)X8+1) = 135.
This is a monomial group of order 268! containing G; v Sg. The
character tables of M; and MS display- ' patterns that provided
the insights for the following observations and theorems. [ 1]

2. Degrees and character values on principal classes. Each coset
T:gi of T: in N: contains N2 elements &n one or more M:-classes

Csp whose class sizes |ci)1 are all multiples of the size Icnl of
a first listed "principal class" that contains all the conjugates
in M7 of g. If g has leveld, it has I = 224
jugates in M: as in G:. Each class of G: is contained in a prin-
cipal class of M:; All characters of u{induced by G:-characters
vanish on all non-principal classes of u:.

We distir;guish three types of AIC-characters of u:. Thoge of

times as many con-

type 1 are the characters of the factor group G:. whose values on

. . e Bk sk O
all-eléeménts of ths coset Tngi are thogse for g; in G:. Each type

2 representation of u: is a monomial representation with a char-
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acterxzj whose restriction to G: (given by its values on princi-
ral classes) is the G;:character induced by a character le of
its subgroup D, = G;(lc; of index (N-¢)N/2. Since G,_, = Dﬂkr>.
where T is the central transposition in Dn' the degree of each
pair of associated type 2 M:-characters is (N-¢)N/2 times the
known degree of a corresponding Gn_l-character. The sum of squares
of type 2 degrees is [Gp[(N-0)N/2.

The remaining AIC characters X3j of H‘ are of type 3. The re-
gtriction to G oi‘X3j (given by character values on principal
classes) is the character XM3*induced in G by a character X Mi of
its subgroup Mg:l of index (N-¢)(N/2+0). Hence the sum of squares
of type 3 degrees is [G:i(N-d)(N/2+17. and the sum of squares of
all AIC degrees is ‘G:l(1+N2 -1) = [M;l. All AIC characters are
accounted for, and their values on principal classes are those of
induced characters of Gf. In particular, the value Xi on the
transposition class of each AIC character Xj of m:.is given by
the formula of Theorem 3.2 in [3].

Theorem 2.1. The transposition class multiplier for an AIC char-
mxj of M‘; of levg}l is
wi = N(N-0) Xi/xf e+ (N-¢+8)NVL, L= A, (2.1)

where " denotes the sum of the zeros of the degree polynomial.

As for G::-characters. we designate an M:-character by a deg-
ree symbol consisting of a code word for a monic degree polyno-
mial Pj(N). divided by an integer independent of n. The qth let-
ter in the code word is h,k,g, or i, according as N-2%~ 1, N+29°1,
both, or neither are factors of Pi‘(N). A character of Mn and its
mate in M; have their symbols interchanged by replacing h by k
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and kx by h. Two associated characters of M: have the same degree
symbol, except that a bar over the last letter indicates the one
negative on class Ci- Labels and degree symbols for the t-positive
M'-characters of levels O and 1, and their degrees for M; and the

mates in M5 are:

.Label: 1 31 8 r b c

M) -degree: i hh/6 ig/3 hik/6  hN/2 hk/2
M;—degree: 1 7 20 14 28 35 (2.2)
Mg-degreez 1 15 20 6 36 27

The type 2 characters of level 1 are b and b, while those of
type 3 are ¢ and ¢. The character 1+b+c vanishes on non-principal
classes of M:. since it is the H;-character induced by 1 in Gg.

The degree symbol for each G -character of 1eve1£>1 becomes

n-1
the degree symbol for the induced Mg'-character by prefixing h
(for M;) or k (for M), suffixing N, and dividing by 22,9 -1, simi-

larly, the degree symbol for a character of M;_l (or M;_l) becomes
the symbol for a type 3 character of M; (or M;) by replacing an
initial i by hk (or kh) or an initial h by hg (or k by kg), and
dividing by 221 -1,

3. Character values for levels 1 and 2. We denote by (o -MTP)/Z
the character of Gn induced by the 1-character of G:. and byir:I”

the class function (independent of n) that counts, as exponent of
-2, the number of indecomposables over GF(2), in a decomposed ma-
trix similar to a G,-matrix of the given class, having cube roots
of unity as eigenvalues in GF(4). Then the t-positive type 1 M:-
characters of level i are

3 = («-va+2y)/6. 8= (xX-%)/3 -1, r= (X+30f +2y)/6 -1.(3.1)
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Restriction to M: of the level 1 characters 31 and r of G: 1
yields respectively the reducible level 1 characters 31+b and
r+l+c of M:. where b is of type 2, ¢ of type 3, and 3,,r and 1
are type 1 characters having equal values on classes cn and Cine
To evaluate b and c, we denote by d« (or dﬁ. etc.) the class func-
tion for M: whose value on Cix is the difference between the va-
lue of d(or?.etc.) on the class C) of G:;i containing Cy and the
value on the principal class G:‘_1 of Mf; in the ﬁ-coset with Ci)\‘
Theorem 3.1. The level 1 M:‘-characters b of e 2 and ¢ of

3 are expressible on all M:-classes by the formulas
b=dk/6~rap/2, c+l = d&/6 +odf /2 (3.2)

Setting O‘Z(gi) = &(gf). etc., we next introduce four level 2

class functions of degree 0, derived from b and c:

g, = (4116121 _ (eayp + b1Z] = (ap)%2 - adys (3.3)
g, = (e+1)02) _ (ce1)b + bl2l (6@ )%/2 + a%p/6 - (3.4)
= af3 - af, f < ap - p -3

where ?5 is either Pz or 0 according as the class label has an
even or odd numbers of factors t.
Theorem 3.2. Generic formulas for the five t-positive type 2 AIC

M;‘-Qnaggggggg of level 2, and their degrees for M; are, ford'= 1:
1 1 1 1 1) fva/ut]  [hxkn/us 1 140 "

3-1 0 1 -1}|gy /8 hhkN/16 + b 252 + 28
2 2-1 0 o[|by/3|= |hgN/2k s 140 (3.6)
3-1 0-1 1 nfl/u hkhN/16 + b 140 + 28
1 1 1< aaflen/u]  |mamvus [ |28

Corresponding hl;-characters are obtained with ¢"= -1, which inter-
changes h's and k's. The MS degrees are 36,180,180, 324, and 180.

229
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Theorem 3.3. Generic formulas for the five t-positive type 3 AIC
M;-Mcters of level 2, and their degrees for M; are, for s 13

101 1 1 1) [ex/ut] [ngix/us + ¢ [140 + 357

3-1 0 1-1|[g, /8 hgk/16 + ¢ 315 + 35

2 2-1 00 cy/3|= | hkg/24 + c| 4 |140 + 35 (3.7)
3-1 0-1 1) (agch/b hgN/16 210

1 1 1 -1 -1) (e /4| | heh/u8 J | 35

Corresponding M ~-characters are obtained with ¢ = -1.which inter-
changes h's and k's. The HB degrees are 0, 135, 108, 270, and 135.
The formulas of Theorems 3.2 and 3.3, involving the character
matrix of Mi = Sh' resemble those in [2] for the level 2 orthogo-
nal group characters. Here the known level 1 characters b or ¢
must be extracted from some of the level 2 extended characters to

obtain the level 2 AIC-characters of types 2 and 3.
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A NEW THEORY OF LINEAR TREND WHICH RESOLVES THE GMR DEBATE

AND SOLVES THE ERRORS-IN-VARIABLES PROBLEM

Jon Schnute
Presented by M. Shinmbrot, F.R.S.C.
ABSTRACT. This paper summarizes a new theory of linear trend for

bivariate data based on general properties of the error,
including scale-invariance, symmetry, and normality. The theory
makes possible an objective resolution of a debate over geometric
mean regression (GMR), and it provides a method for solving the
errors-in-variables problem without recourse to information

outside the sample data.

INTRODUCTION. The geometric mean regression (GMR) defines a line
through the centroid of bivariate data with a slope equal in
magnitude to the ratio of standard deviations for y and x. The
name d;rives from the fact that this slope is the geometric mean
of slopes for the familiar y-on-x and x-on-y regressions. Ricker
(1973), following Teissier (1948) and others, espoused the use of
GMR in various aspects of fishery research for several reasons,
in particular because the slope estimate gives no preference to

x or y. He soon encountered stiff opposition to this point of
view. Critics pointed out that, among other things, Ricker
seemed to ignore a well-known problem in estimating the slope of
a line when the variables are measured with error: consistent
likelihood estimates are impossible without extra information

beyond the data.
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This paper examines the concept of a linear trend
through bivariate data by considering the simplest possible
definitions of error (departure from trend). GMR finds a natural
place in this new theory as the answer to a reasonable basic
question. Perhaps even more significantly, the theory gives an
estimator for the slope of a line in the errors-in-variables
context which at least meets the criterion of statistical

consistency without requiring information beyond the data.

DEFINITIONS. Let Z(X,Y,a) be a scalar random variable determined
by the random pair (X,Y) and the real number a. Then 2 is called

a linear error if (i) 2 depends linearly on X and Y and (ii) z

vanishes if and only if (X,Y) lies on the line of slope a through
the mean of (X,Y). 2 is continuous if (i) Z depends continuously
on a for a>0 and (ii) Z(-X,Y,-a) = 2(X,Y,a). Two linear errors
are equivalent if they differ only by a non-zero multiplicative
constant independent of (X,Y) and a. A linear error 2 is
scale-invariant if, for any pair (p,q) of non-zero constants, the
transformations (X,Y) * (pX,qY) and a +qa/p carry Z to an
equivalent error. 2 is symmetric if the transformations
(X,Y) +(¥,X) and a +1/a carry 2 to an equivalent error.

Given a random pair (X,Y) and a linear error 2z, let
v(a) represent the variance Vvar[2(X,¥,a)l, and let V' be the
infimum of V(a) over real a. Then, if there exists a unique a'

such that Vv(a')sV', a' is called the variance-optimal slope for

(X,Y) and Z.
A random pair (X,Y) is said to have a trend line of

slope a® through the mean E[(X,Y)] if there exists a unique
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slope a", called the trend slope, for which 2(X,Y,a") is normal
for any linear error %. The problem of finding a consistent
estimator for a" from a finite sample drawn from (X,Y) is called

the trend estimation problem.

The random pair (X,Y¥) is an N-component binormal

mixture if

(X,¥) = LW, (U;,V;),

where (Uj,Vj) for i=1,...,N are independent identically
distributed binormal random pairs independent of the scalar
random variables Wy for j=1,...,N. The component means
E{(Uj,V4)) are presumed distinct, and the random weights Wj are
assumed to be constrained by IWj = 1 and zwiz = C, where C is a
constant with C>1/N. The support of the random vector
(Wl,...,WN) is assumed to contain at least N independent
points in RN. The mixture is uncoupled if (wl,...,wu)
can take only values with one non-zero component; otherwise it is
coupled. It is fully coupled if, for each i, Wi vanishes with
zero probability. It has small errors if Var(U,) and var(V,)
are small compared to Var(X) and Var(Y), respectively.

The random pair (X,Y) is a linear scatter if
(X,Y) = (S,T) + (U,V), where (i) (u,v) is binormal with mean
(0,0), (ii) (s,T) is a random pair with a support which is
confined to a line and contains at least two points, “@nd
(iii) (s,T) and (U,V) are independent. The line determined by
the support of (S,T) is called the scatter linme. (X,Y) has small
errors if var(U) and var(V) are small compared to Var(X) and

var(Y), respectively. The problem of finding a consistent
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estimator for the slope of the scatter line from a finite sample

is the errors-in-variables problem.

THEOREM 1. There is a natural map between real numbers k and
equivalence classes of continuous scale-invariant linear errors
Z, where 2(k) is also symmetric if and only if k=0. Furthermore,
V'=0 for arbitrary (X,Y) unless -1<k<l. If Cov(X,Y) is nonzero,
then the variance-optimal slope a'(k) exits for (X,Y) and
scale-invariant 2(k), and the slopes a‘'(-1), a'(0), and a'(l)
correspond naturally to the x-on-y, geometric mean, and y-on-x

regression slopes, respectively.

CORROLLARY. The GMR slope is the sample moment estimate of the
variance-optimal slope for scale-invariant symmetric linear

error.

THEOREM 2. An N-component binormal mixture has a trend line if
and only if the component means are colinear. In this case, the

line of means is the trend line.

THEOREM 3. If (X,Y) is a linear scatter, then either (X,Y) is

binormal or the scatter line is a trend line for (X,Y).

THEOREM 4. In Theorems 2 and 3, if (X,Y) has a trend line and
also has small errors, then, to first order terms in small

variance ratios,

a'(k) =z a” (1 + € + ezk),



J. Schnute 235

where a'(k) with -1<k<1 and a" are the variance-optimal and trend
slopes, respectively, and 21 and €, are small quantities

independent of k.

THEOREM 5. The trend estimation problem is solvable and, in
particular, so is the errors-in-variables problem for a

non-binormal linear scatter.

DISCUSSION. Theorem 1 places GMR in a natural context between
x-on-y and y-on-x regressions. The constant k relates to the
dimensionality of the error. For the cases k = -1, 0, and 1, the
units of % are, essentially, [X], [XY]I/Z, and (Y],

respectively. Theorems 2 and 3 give examples of random pairs
with trend lines, and Theorem 4 gives a context in which the
variance-optimal slope (for any k) is approximately equal to the
trend slope.

Theorem 5 is based on an estimator that measures
normality of error, the trend slope estimate being the one with
most apparently normal error Z(X,Y,a). Typically, this estimator
involves skewness and kurtosis measurements, that is, the third
and fourth order moments of the random pair (X,Y). The textbook
likelihood slope estimate for the errors-in-variables problem
involves only moments of order 2, and it isn't difficult to show
that these moments alone do not carry enough information to
estimate trend slope. On the other hand, a likelihood approach
to the linear scatter problem would also give estimates of the
realizations (s,t) and (u,v) which produce each observed data
point (x,y). The theory here focuses only on the trend line as a
whole, without concern for identifying a "true" point on the line

with each observed data point. The fully coupled N-component
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colinear mixture distribution affords an example for which, in
fact, there is no one point on the line corresponding to each
data point.

A detailed account of the above work, including proofs
of theorems and derivations of estimators and their variances,

appears in Schnute (1982).
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ON BRAUER CHARACTERS

B.M. Puttaswamaiah
Presented by G.de B. Robinson, F.R.S.C.
There is no known single method of derivation of orthogonality relations

for irreducible characters which encompasses both the ordinary and Brauer char-
acters. All the known derivations depend on a knowledge of the structure theory
of finite dimensional algebras over complete local fields. For example, see [4].
By generalizing the method of ordinary characters given in [1], we obtain the
orthogonality relations for Brauer characters. The method avoids the use of
structure theory of finite dimensional algebras over complete fields. Although
the results are not new, the method is believed to be new. As an application, a
result of Burnside-Brauer is generalized.

let G be a group of finite order g, p be a fixed positive rational prime,

Go be the set of all p-regular elements of G, C, = 1), ¢

1 ,...,cn be the

2

p-regular conjugate classes of G, 5 ’Cs be the remaining conjugate

Cot1’ Cne2
classes of G, 81 the number of elements in c:l.' CL(GO) be the algebra of all
class functions from Go into the complex field K, gl, cz, S § gs be the ir-
reducible ordinary characters of G, q;l, mz, vesy q)n be the (absolutely) ir-
reducible Brauer (modular) characters of G at the fixed prime p, ¢ be the
regular character of G, and KG be the group algebra of G. For any character

i ix* i* i
8,8 denotes the character given by 6 (x) =9 (x), for all x in G,

where the bar denotes the complex conjugate. There are several equivalent defin-
1

itions of Brauer characters [For example see 2,3]. We assume that { and o

are the irreducible trivial characters of G. These notations will be kept fixed

throughout this paper.
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By restricting the domain (1f necessary), we may assume that an irreducible
ordinary character always lies in cz(c°). The Brauer characters ¢" are lin-
early independent [2], and so they form a basis of cz(c°) over K. For any
prime p, the restriction of ci to G° is a Brauer character of G[2, p. 265].
Therefore there are uniquely determined non-negative integers d 19 such that

i n

(¢9) ¢ =1 d
i=1

i, .
1J€P » i 1,2,.-., 8.

The integers d are the decomposition numbers of G at p and the s by n

i)
matrix D = [dij] is the decomposition matrix of G at p. Since the irreducible
Brauer characters are linearly independent, the matrix D has rank n. By re-

numbering (if necessary) except cl, we may assume that cl,cz,...,;n considered

as members of CI,(GO) are linearly independent. Note that d .. = 1 and

11
dlj =0 forall j>1.
Using the decomposition numbers, we define
i 8 3
(2) M =& dji (o i1=1,2,...,n.

3=1
Then ‘ni is an ordinary character. The characters 1]1 considered as members

of CL(GO) are called the projective indecomposable characters of G at the
prime p. The Brauer character cp" is a constituent of ‘ni. Indeed by (1)
and (2), we have

i n 3 3
I (Z djidjk)q’ .

1 2 a ¢
k j=1 3 kel 3=1

8 8
The coefficient of wi is £ d,.d = 3 d2 ¢ 0, since the rank of D is n.
j=1 3134 4=1 M

Lemma 1. With the above notation

8 i i n i i (-]
3 (; ) = % H G
3) E ¢ x)¢ @ mv(xm ) x¢€
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Proof:

8 i i - 8 n j > 2
PRASEE 121 551 dij 9 (x) ¢ ()

Yoy £ oa
W@ T4, ¢t
3

= T
j=1
£ ol e

= X -

351 @ &

Corollary 1., With the above notation 'ﬂj(y) =0 for y € G\ ¢°.

Proof: This is a consequence of the orthogonality relations for irreducible

ordinary characters, (3) and the linear independence of irreducible Brauer

characters. Also see [2].

Corollary 2. With the above notation

i
“) T N&) =88,
xe G° )
where § 1,9 is the Kronecker delta.
’

Proof: By Corollary 1, I ‘ni(x) = 3 ni(x) and so
x€G° X€G
i i 8 j
T (x) = ¢ x) = £ d z (x) =gd , =g .
o ] geg 1 =1 91 4Ee © 1,1 1.1
Lemma 2. If % is the regular (complex) character of G, then

n i
(5) 3= 131 z, M

where zi = (pi(l) is the degree of cpi for 1 =1,2,...,n.

. 1y 2
Proof: By (1), ¢ (L) jEI dij zj and so

n i ] n 8

Lz =2 (E a,20¢ = £ dod-s

i=1 j=1 i=1 j=1 -

Lemma 3. The projective indeccmposable characters form a basis of cz(c"").
n

Proof: Let 1}21 a, 1\1 = 0 where a, € K. By Corollary 1 of Lemna 1 and

equation (2), we have
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i
0 £, £ a1 de = zl 8 2 dki e ¢ @)

X€ G°
n
d
- kil 85 ey B8y
n

d.. .
. 8 L)% 9y
We can consider 121 ai dji =0 for j=1,2,...,n as a system of n equations

in n unknowns al,sz,... ,an . By the remark made following the definition of

dij s the coefficient matrix of the system is non-singular. Hence a= azu...nanno.

Since nl,nz....,nn are linearly independent, they form a basis of cz(c“) over K.
Lemma 4. For any 1i,j, 'l]icpj is a linear combination of 'nl,nz,...,nn with

non-negative rational integer coefficients.

Proof: By (5), 'n:l'cp‘1 is a constituent of 0(pj . But §q>j nzj &:zj(jzl z, ‘n")
i}

and hence 1 ¢~ is a linear combination of T]l,'nz,... ,'nn with non-negative
rational integer coefficients by Krull-Schmidt theorem [4].
Lemma 5. 1I1f 1]1 is a constituent of nimj, then 1 = j*,

Proof: By Lemma 4, there are unique non-negative rational integers a“k such
that
i] n k
Mo kEI ﬂijk Ui
where a # 0. By (5),

ij1
3 L 1.3 k
do = i}:ﬂl z, M P = E ( 21 z 1jk)n s

so that

-1 3, -1
E i D) = § (z z, 8,,)86
xec® A kel d=1 14T LK

% 0 and soj*=1andai

n
Hence z,.= T 2, a . By (3) and (4), _11‘0

3* 4= 1 i1
for i 4 .

8y%31

*
Corollaxy. For each i, 1]1 is a constituent of 'niwi with multiplicity 1.

[Compare this result with the result in [1] on page 137].
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THEOREM (Orthogonality Relations). If 7. = 0'(x) and 9 =9 (x) vith

x € ck' then
Ry noy g

(6) b)) 31“1"1'“1(,3 and (7)) ¢ “k"’z"“’k.z/gk'
i=1 i=1

for all k,f£.

Proof: First assume that k # 2. Then we assert that

(8) T 1% otx) = 0.
X€ G°

k n
Indeed, write 1 (x) q‘(x)- zl a
ts

t
t'n (x) with akj,t in K and a =0

ke kel

for k # 4. Summing over G°, we get

k 2 n t
Z N e(x) = ¢ a I n=0,
x¢ 6° taz KLE g0

so that the result (6) follows in this case.

n
Next by Lemma 2, § = ¢ 'I']k is the regular character of G, and so

Z
kel Kk
$(1) =g and 3(x) =0 for x# 1. Then

- n -1
 seta™ =2 gz afmetah
x¢ 6° k=l ¥ x¢@
so that by (8), we get

T nk(x) w‘(x-l) +z b n"(x) w‘(x-l)

g8z =T 2z
Lowht K yeeo L xee®
-1
=0+2z % nl(x) o"(x ).
‘xeco

Hence

T, Yoea) = g
xX€G

which proves (6).

The relation (7) is a consequence of (6).

Since the irreducible Brauer characters are linearly independent, there are
unique integers 43 such that

i{i=1,2,...,n.

) T = £ e
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The integers cij are the Cartan invariants of G at the prime p and

C= [c“] is the Cartan matrix of G at p. Then (1), (9) and linear
independence of Brauer characters yield C = D'D where the dash denotes the
transpose. Clearly t::lj = cu for all 1, . Moreover, C 1is non-singular.
gt s [r,,), then (6) and (7) imply that

n i __1 . e
1 B The e 138
and —

£ By q’; ‘Pi = 8Ty

kal
for all 1, =1,2,...,n.
An application. 1In [5], Robinson raised the question of sharpening the result
of Burnside on the power of a faithful irreducible ordinary character. Brauer
gave a refinement (2, p. 49] of this result. The following result further
improves this refinement.
Theorem . Let @ be an irreducible ordinary character of G, which takes on r
distinct values. Then every irreducible character § of G such that Ker § < Ker §
is a constituent of ej for 0<j<r.

The proof of this result is similar to the one given in (2, p. 49].
REFERENCES

1. I.N. Herstein, Noncommutative Rings, The Carus Mathematical Monograph (1968).
2. I.M. Isaacs, Character Theory of Finite Groups, Academic Press, New York (1976).

3. B.M. Puttaswamaiah, Determination of Brauer Characters, Canadian Journal of
Mathematics, 26(1974), 746-752.

4. B.M. Puttaswamaiah and John D. Dixon, Modular Representations of Finite Groups,
Academic Press, New York (1977).

S. G. De B. Robinson, Geometry of group representations, Nagoya Mathematical
Journal, Vol. 27, (1977).

Carleton University
Ottawa, Canada

Received June 30, 1982



10.

J. Cizek

B.R. Ebanks

J.S. Frame

P.L. Kannappan

M.A. Noor

B.M. Puttaswamaiah

W. Schempp

J. Schnute

L. Székelyhidi

E.R. Vrscay

MAILING ADDRESSES

Dept. of Applied Mathematics,
University of Waterloo,
Waterloo, Ontario, Canada N2L 3Gl

Dept. of Mathematics,
Texas Technical University,
Lubbock, Texas 79409, U.S.A.

Dept. of Mathematics,
Michigan State University,
East Lansing, Michigan 48824, U.S.A.

Dept. of Pure Mathematics,
University of Waterloo,
Waterloo, Ontario, Canada N2L 3Gl

Dept. of Mathematics,
King Saud University,
Riyadh, P.0O. Box 2455, Saudi Arabia

Dept. of Mathematics and Statistics,
Carleton University,
Ottawa, Ontario, Canada K1S 5B6

Lehrstuhl fir Math. I,
Universitadt Siegen,
H6lderlinstrasze 3,

D-5900 Siegen, West Germany

Pacific Biological Station,
Nanaimo, British Columbia,
Canada V9R 5K6

Dept. of Mathematics,
University of Debrecen,
H-4010, Debrecen Pf. 12,
Hungary

Dept. of Applied Mathematics,
University of Waterloo,
Waterloo, Ontario, Canada N2L 3Gl

243



