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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS II

Walter Schempp

Pregented by G. de B. Robinson, F.R.S.C.

In the present paper we adopt the same point of view as in

its first part [3]}: Motivated by the analogy of the radar uncer-
tainty principle with the Heisenberg uncertainty principle

of quantum mechanics, we shall use harmonic analysis on the

real Heisenberg nilpotent group A(R) for studying the radar

cross- and autoambiguity functions. An important rGle will

be played by the property of the linear Schrédinger representation
of A(B) of being square-integrable modulo the center % of A(R),
i.e., by the Stone-von Neumann-Segal theorem. Among the specific
waveforms dealt with in radar synthesis, one of the most extensive-
ly treated single signal forms is the monochromatic Gaussian
pulse. One reason for this fact is that the area of the "uncertain-
ty ellipse'" which plays an important rSle in the discussion

of the resolution of signals and the measurement of signal
parameters, takes its largest value for the single Gaussian

pulse. Since the radar autoambiguity function of the Gaussian
signal has likewise a Gaussian shape, another important advantage
is the absence of subsidiary peaks from its Wigner-Woodward
relief (= ambiguity surface). This property is important because
it much reduces the risk of large errors in measuring the epoch
and the frequency of the Gaussian signal. However, Klauder

[1] and Wilcox [8] among other authors have emphasized that

there exists an instructive generalization of the Gaussian

signal, to wit, the Hermite-Weber waveforms. These signals

have an oscillatory amplitude modulation of their radar carrier
frequency, i.e., the real envelope of the Hermite-Weber signals
changes signs before finally decreasing exponentially to zero.

The radar autoambiguity function of the Hermite-Weber signals
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may be expressed in terms of the Laguerre-Weber functions.

In this case, the Wigner-Woodward reliefs have circular ridges
around the central peak whose heights decrease from the center
(0,0) of the time-frequency plane. Between them there are circular
contour lines on which the autoambiguity function vanishes.

For further details, see the paper by Klauder [1] cited above.

- Our approach to the radar cross- and autoambiguity functions

of the Hermite-Weber waveforms via nilpotent harmonic analysis

is based on the complex wave model V or Bargmann-Fock-Segal

model by which A(R) is made to act on a certain complex Hilbert
space F(C) of entire holomorphic functions on the plane €.

This alternate realization of the linear Schrddinger representa-
tion of A(R) reveals itself to be more convenient for our purposes
than the analog model T (= microparticle model) on the complex
Hilbert space L2 (E'\ ) (W'= Lebesgue measure of B") since the
complex wave model of A(R) provides a very effective operational
approach to the Hermite-Weber functions.

L. _The Radar Crossambiguity Function

Whenever it is necessary to resolve two narrowband signals

in the presence of white Gaussian noise, the performance of

the receiver depends upon the crosscorrelation of the two signals
involved. Therefore, the notion of crosscorrelation function

is of great 1mportance in information theory. - Given any pair
(r,g)e 12 (B,'). ) s L2 (B; '\) of envelopes, the radar crossambiguity
function H(f,g;.) on R2 is defined according to the prescription

H(f,g;v) = H(f,g;x,y) =J f(t+1/2x)§(t—1/2x)e2"1tyd\1(t)

where v=(x,y)e B2, The standardization Ifl]l = gl = 1 is custo-
mary. In the case f=g, the radar autoambiguity function H(f,f;.)
on R2 arises which will be denoted by H(f;.) as in the first
part [3].

Recall that the real Heisenberg nilpotent group A(R) may be
realized as the real manifold R20m with group multiplication
law
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(vy:24)(vy,25) = (v1+v2,zl+zz+1/28(v1,v2))

where the symplectic form (= nondegenerate, skew symmetric,
R-bilinear form) B on the plane Bz is defined by the exterior
product

B(vy,vy) = BU(x,,¥,),(X,5,¥5)) = VAV, = X3¥,-y; X,
(basic presentation of A(R)). Observe that Haar measure of
A(R) may be identified with Lebesgue measure »C and that the
center % of X(R) is isomorphic to B; see [4] and [5] . The
analog model (U;La(m;ﬁ)) of the linear Schrddinger representation
which is a mod £ square-integrable irreducible unitary linear
representation of A(B) is defined for (v,z)e B20R as follows:

T(v,z)£(t)=U(x,y,z)f(t)=exp aui(z+ty+1/ xy)f(t+x) (teR)

Let (v, z)»cu(f,g,v z)=(U(v,z)f|gdet denote the coefficient
function of U relative to the pair (f,g)e L (B; ‘\ )xL (B; ‘>~)

In the case f=g, let cU(f f....)-cU(f..,.) be as in part I.
Observe that cU(f,g,., .) is a continuous and bounded complex-valu-
ed function on A(R) which belongs to L (K(R)/Z ')\ ) and satisfies

H(f,g;v) = cg(f,g;v,0)

for all pairs v=(x,y)€ RZ; cf. Theorem 1 of part I [3]. Since

U admits formal degree 1, the well-known properties of the
coefficient functions of square-integrable representations
modulo the center (cf. Moore-Wolf [2] ) combined with some
standard facts about the unitary dual of the two-step nilpotent
Lie group K(l!) imply the following result:

Theorem 1. Let arbitrary elements f,f',g,g' of Lz(m;').l) be
given. Then the identity
HOE,g;v)H(E,g' s v)AN(v) = <£IE'5<g g™
RZ
holds 1n 12 (E '\ ). If (f )mio is a Hilbert basis of the space
L (R,\) then the double sequence (H( n..)) 20,n20 is a -
Hilbert basis of L2 (IR .’>~ ).

The preceding formula includes as a special case the identity
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s [H(E;v) [2a%8(v) = £ °
RZ

(cf., Corollary 1 of Theorem 1 of part I), which can be geometrical-
ly interpreted as radar uncertainty principle or "law of conserva-
tion of ambiguity". For additional properties of the radar
crossambiguity functions, the reader is referred to the paper

by Titlebaum [7].

2. The Complex Wave Model

Identify R2 with the complex plane € by assigning the complex
numbers v = x+iy and V = x-iy to the pair (x,y)€ Bz. Actually,

C may be viewed in the light of Kirillov theory as the complexi-
fied orbit associated with the linear Schrodinger representation
of X(R) in the dual of the Lie algebra of A(R) under the coadjoint
action. Denote by r.the measure on € which admits density v a~e

e-!ME with respect to ')~2. Then the monomials Mm(v) -—Vﬁ-ivm

(m20) form a Hilbert basis of the closed sutspace F(C) of LZ(E;PJ
consisting of the entire holomorphic functions on € which are
squere-integrable with respect to the measure vﬂ For (v,z) €

CxRB and fe€ F(€) define

Viv,z)f(w) = exp 21(12—1/4Ivlz-l/EVw)f(w+v) (weC).

Then V forms a mod Z,square-integrable irreducible unitary

linear representation of A(R) on the complex Hilbert space

F(€). The pair (V;F(C)) is called the complex wave model, or
Bargmann-Fock-Segal model of the linear Schrddinger representation
of A(R). Let (wm)mZO denote the sequence of Hermite-Weber func-
tions (= harmonic oscillator wave functions) obtained by orthonor-

2
malization from the sequence of functions (xMe ™** )m30 in the

vector subspace ?(R) of the complex Hilbert space Lz(m;ﬂé);
cf. [6] . 1t is well known that (wm)mZO forms a Hilbert basis
of LZ(R;53). Indeed, the irreducibility of the unitary linear
representation U of X(R) in LZ(B;$3) implies that the sequence
(wm)mlo forms a total family in LZ(B;ﬁs). The C-linear isometry

T of LZ(B;OE) onto F(C) which maps Wm onto M_ for all melN
defines a unitary isomorphy of ¥ onto V, i,e., ToU = VoT. Hence
we have
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Theorem 2. The radar crossambiguity functions relative to
the Hermite-Weber functions (wm)méo satisfy the identities

H(wm,wn;v) = cv(Mm,Mn;v,O) (m20, n20)

for all numbers velC.

It is not difficult to evaluate the right hand side. An explicit
calculation verifies that the functions v~uoH(w w 3v) (mlo n20)
which form a Hilbert basis of L (R ,5.) by Theorem 1, can be
expressed in terms of the products

VMMm_n(V)Ln(m'")(l/zIVI2) (m2n)
where (Ln(“))nz0 denote the Laguerre-Weber functions of order
o . The final expression coincides with a formula established
by Wilcox [8] . This author, however, uses a totally different

method and avoids any group-theoretic reasoning. - In particular,
we obtain for m=n as a special case the following result.

Corollary. Let (Lm)m;o denote the sequence of Laguerre-Weber
functions (of order 0). The radar autoambiguity functions relative
to the Hermite-Weber functions (W )mlo admit the form

HOW 3v) = Lo(1/,1v12)  (m2o)

for all veC.

If we combine our results with Theorem 2 of part I, then we
obtain immediately the following

Theorem 3. The Wigner-Woodward relief H(f;mz) of a function
fel?(B;ﬁ&) with norm Ifll = 1 is invariant under the action
of the orthogonal subgroup 0(2,R) of Sp(1,R) if and only if
there exist a phase factor, i.e., a number €€ of absolute
valuelfl= 1 and an integer m20 such that the identity

(4

holds 5}—a1most everywhere on the real line R.

It follows that the Hermite-Weber waveforms can be characterized
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by the property that the resolution of the target range and
range rate are the same. - Of course, using tensor products,
the preceding results can be adapted to the real Heisenberg
nilpotent group K(Bn), n>»1,
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THE SCHLAFLIAN OF A CRYSTALLOGRAPHIC COXETER GROUP

B. R. Monson

Presented by H.S.M. Coxeter, F.R.S.C.
Abstract

A Coxeter group is crystallographic if and only if the
Schliflian of each distinguished subgroup is a rational integer.

§1. Let G be the Coxeter group with presentation

p "
SEyy eees Ty I(rirj) i3 _ 1, 1si,jsn>

where each Pyj = 1, and each relation with pij = o igs omitted.
For a basis (5;, ” 8y E;) of R® we define on R" a bilinear
form (-,°*) by (5:, E;) = -2 cos "/pij' Thus G is faithfully
represented in GL (R™) where ry is the reflection

rg:¥+%- (%, &), ¥ « =, (1, Chap. v, §4]. The Schliflian
of G is the parameter s(G) = det[(al,ag)]. For any

IcI = {1, 2, ..., n}, G(I) will denote the distinguished
subgroup of G generated by {r; |i e I},

Now G is crystallographic if it leaves invariant some

lattice L spanning ®R". It follows [4, Prop. 1.3] that L
contains a G-invariant root lattice Q(B) generated by a basic

-
system of roots B = {e; = tiaz |1 s i s n}, for certain t; > 0,

. where

- =
cji = tj(dj, di)/ti e 2, (l1si,jsn) (1),
Propogsition. A Coxeter group G is crystallographic if and

only if s(G(I)) ¢ Z for each distinguished subgroup G(I) of G.

145
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Proof. Suppose G is crystallographic and let I c In'

Then s({G(I))

1]

- -
det[(di, dj)] (i, JeI),

det [tjcij/ti] = det [cijl e 2.

Conversely, suppose s(G(I)) ¢ Z for each I < In. We shall
attempt to label each node i of the Coxeter diagram I' for G by
t; > 0 satisfying (1). Now for I = {i,j} we have

4 - (2 cos n/pij)2

= s(G(I)) ¢ Z. Thus either (ci,cj) =0
and nodes i and j are non-adjacent, or 2 cos "/pij= 1, /2, /3, 2
and the branch joining nodes i and j is labelled by
pij =3, 4, 6, =, respectively. In the latter case, condition
(1) implies that the integer t; (2 cos n/pij)/t:j divides
2 . _ :
4 cos "/pij’ so that letting “ij = ti/tj, we obtain “ij or
g3 = 1, Y2, /3, 2 or 1, respectively.

In each connected component of I' we may freely choose one
label, say t; = 1. In labelling the remaining nodes along paths
starting at node 1, an inconsistency is forced only by a circuit,
with nodes i « I = {1, ..., k}, along which a;j053 «+. 0y, 1.
However, by an easy induction, the principal minors of s(G(I))
are integral; and by expansion along any row, the integer
s(G(I)) equals another integer minus 2(2 cos n/plz) e s
(2 cos 7/Pyy). Thus, since an even number of P, j+1'S
must equal 4 (and likewise 6), it is possible to choose
012023 +o0 Oy = 1. Hence, one can indeed choose all ti

satisfying (1), and each rj leaves invariant the lattice Q(B).//
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§2. Algebraic Crystallography and Remarks. The above

arguments are easily generalized by replacing 2 with any
Euclidean subdomain A of IR. For instance, if we wish to
admit 5-fold symmetry, we may take A = Z[t], the ring of
integers in Q(v5), where v = (1 + V/5)/2. Then G fixes a

z[t] - lattice spanning R"if and only if s(G(I)) ¢ 2[t], for
each I ¢ I,. In this case, each P;j € {1, 2,3 4,5 6, 10, =},
and in each circuit of T' the numbers of branches labelled

4, 6, and 10 are even.

The application of the Schlidflian to spherical and
Euclidean Groups is described in [2, pp. 133-141). Our
Proposition is mentioned as an observation in [3], where one
can also find the well known graphical description of
crystallographic groups which underlies the above discussion:

c.f. [1, Chap. v, §4, Exer. 6], [4, p. 17].
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NOTE _ON_THE TAYLOR SERIES AND GROWTH OF MEANS

Earl Bel:kaon1

Presented by L.A. Loreh, F.R.S.C.

Abstract:

Let £ be analytic on D, the unit disc |z| <1 in the complex plane €.
For 1 < p <=, we denote the corresponding means of £ by
Hp(r,f) - "f('em)“LP(m' where T 1is the unit circle with normalized Lebesgue
measure. We describe a method for determining the growth rate of Hp(r.f')
in terms of the growth rate in HP-norm of a certain sequence of “weighted"
blocks from the Maclaurin's series of f (for 1 < p < ® the "weightings"
can be dispensed with). This leads to a new characterization by Taylor co-
efficients of Bloch functions and of the analytic functions Lipschitz or smooth
on the boundary. The method employed admits a large class of weightings,
provides a direct link with trigonometric approximation, and affords a con-

venient viewpoint for fractional differentiation.

1. Main results on growth rates. We denote by R, Z, and 2+ the real line,
the set of integers, and the set of positive integers, respectively. The “p

norm is denoted by "“p

(1.1) Definition. Let F denote the class of all functions ¢ on R such
that ¢ >0, ¢(0) = 1, ¢ vanishes on R\(- %, 1), and the restriction of ¢

to [- %, 1] 1is absolutely continuous, with @' € Lz[- %, 1].

@
(1.2) Theorem. Let ¢ €F. If 1<p<w -1<y<om, and £(z) = annz“
n

1is analytic on D, then the following are equivalent:

l’me work of the author was supported by an NSF grant.



150 E. Berkson

(1) W (r.E) = ot/(1-ny'*Y,

-y & k k|
(1) o= sup NI oG- Dazll <o
N epz k=1 N k lP

+

For ¢ €F, y € (~1,+») there are positive constants co and c¢ v such that
’

whenever f and p are as in the hypotheses and (1) and (ii) hold, then

co < sup (I.-t:)]'..-Y Hp(r,f') < C¢ YG P
>

® “o0<r<1

]
(1.3) Theorem. Suppose £(z) = I a z" is analyticon D, 1 <p <=,
n=0

¢ €F, and T € R. Then

_ My 2 -1 k
s, = sup N |l T o0 ~Dazl <=
! nezt k=l e e

8, = sup N “21:_‘ zkll <o
A Bl

If thi < < d
1f 8 is the case, then W, nf1 S 82 2 Q¢.'ﬂ,psl' where w%'ﬂ and OG,T\,P
are positive constants depending only on their subscripts.

@
(1.4) Theorem. Let ¢ €F. If 1<p<w®, y€ER, B €ER and f(z)-zoanzn
o

4is analytic on D, then the following are equivalent:

@ T et t e = omh,
k=1 P

an || 3 e l-neba ) = o ™).
k=1 P

@
(1.5) Corollary. 1f ¢ €F, 1<p<w, a>0, and £(z) = Eo anz“ is
n

analytic on D, then Mp(r,f) = 0((1-r)"% 1f and only if

Il T ot-1ya 25| = o® .
k=l P
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2. Comments on the proofs. In obtaining the results of §l, repeated use is

made of the following lemma due to Robert Kaufman (private communication),

based in part on the Poisson summation formula.

(2.1) Lemma. Let f: R — € be absolutely continuous on each compact interval,

2 . .2 @ k0
f €L°R), and f' € L"R). Then kE f(k)e is the Fourier series of a
Bed

function G €Ll(ID and

]1/2

-1/2 ’
el , <2 2rhel, el ,
L (M L™ @) L™ @)
The proofs of Theorems (1.2) and (l.3) require extensive, technically involved
estimates. In this brief note, we confine ourselves to highly condensed

accounts of the main ideas.

Proof of Theorem (1.2). To see that (i1i) implies (i) a positive integer M
sufficiently large for certain explicit requirements is first chosen. One

® -
then defines g(x) = I o(x + oM 1) for x €R, and
n=-c

hj(x) = ¢(M log x - jM'l)/g(M log x) for x>0, § € Z. 1In particular,
-4 = ' -2 -1
£ h,(x) =1, h, >0 for all j, and h (x) = O unless ilog x - JM | <M.
jo—w 3 3= 3
@« -
Since E kakr:kej"ke = ¥ kakrkh (k)elke, the demonstration reduces to
k=l jo-o kel ]

b4 k. ike ]
estimating, for fixed j, “ z kakr h,(k)e Il . Use of Bernstein's
ksl i LPm

inequality for trigonometric polynomials gives a further reduction to con-
-

sideration of || T a rkh (k)eiken . The terminating series in this last
k=1 K LPm

ike

® -
expression can be treated as the convolution of I ¢(kle-l)ake and
k=1

another trigonometric polynomial Pj with suitable Fourier coefficients, the

positive integer N‘1 being chosen so that |log N-1 - jH-zl < M-l. Lengthy

calculations in conjunction with Lemma (2.1) provide a suitable estimate for
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IIPj“ 1 to complete this half of the proof. To show that (1) implies (ii)
L™ (D

-1 e -1 ike
let L L -N", and vrite T @(kN -l)ake as the convolution of
k=1
©
kzl kakr:e"ke and a suitable trigonometric polynomial. The norm of the

latter in Ll('ﬂ) can then be estimated by Lemma (2.1).

< ® proceeds from

Proof of Theorem (1.3). The proof that s, < @ {implies

1 )

an application of Stefkin's theorem [5 Chapter XV, Theorem (4.14)]. To show

11’

that s, < o implies 8, < », one first notes that by Lemma (2.1)

1

«
Ty T SUP T sat-nyet*d) L. <= Representation of
N € 2+ k=l L™ (M

M -1 %0 ™
3 (kN -l)ake (M,N positive integers) as the convolution of T ae
kaM k=M

with ¥ S(kN"
k=1

ik

2M
L1)e'*® shows that “kEM ¢(kN-l-l.)akzkllp < -r¢ezM“. Suitable

choices for M and N in this last inequality lead to the desired result.

Proof of Theorem (1.4). Take z = em. For the series in (i) (resp., (i1))

Lemma (2.1) provides a corresponding trigonometric polynomial of suitable norm

in Ll(ﬂ) whose convolution with the series is the series in (ii) (resp., (1)).

3. Applications
(a) Analytic functions on D which are Lipschitz or smooth on . Such

functions are characterized by growth conditions on the means of their first or
second derivative, respectively (see [4, Theorem 13] and [3, Chapter 5]). The
results of §l make it possible to characterize such functions in terms of
weighted blocks from their Maclaurin's series. For instance, the following

theorem results.

(3.1) Theorem. Let ¢ €F, and let £(z) = goanz" be analytic in D.
n

Then £ is continuous on |z| £ 1 and £(el® € A, Aif and orly if

@
I\k;::1 saa”t-na, M = ooh.
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(b) Best approximation by trigonometric polynomials. If f € LP(ID,
1<p<ao (resp., f €C(), for each positive integer N we write B“'p(f)
(resp., EN'G(E)) for the distance in Lp(m (resp., C(M)) from the subspace
of trigonometric polynomials of degree at most N. Let {VN]:=1 denote
de la Vallée Poussin's kernel. Thus Vy = 2y, - Ky ;. where {KN];’EO
is the Pejér kernel (see, e.g., [SI’ page 115). Let T: R =R be defined as
follows: T(x) = 2x +1 for x € [-1/2,0], T(x) =1 - x for x € [0,1], and
T(x) = 0 for x €R\[-1/2,1]. Obviously T €F. A straightforward computation
shows that for N2 1, k20, Uy (k) - Vy(k) = T(k() '-1), where ¥,
denotes the Fourier transform of VN‘ By combining this last fagct (and basic
properties of de la Vallée Poussin's kernel) with the results in §l and those
mentioned in 3(a) above, one obtains, with comparative ease, the analytic
versions of standard facts relating Lipschitz or smooth behavior to best
approximation by trigonometric polynomials ([2, Theorem 2.4.1]). For example,

the following theorem ensues.

(3.2) Theorem. Let £ be continuous on |z| <1 and analytic on D. Then

£e'® €A, if and only 15 B _(£(c'®) = 0r”h).

(c) Fractional differentiation. For £(z) = ; anzn analytic on D
e n=0
and g >0, let E(B)(z) a ¥ naanzn. Thus £(8) is (essentially) the Weyl
n=1
fractional derivative of £ of order B. The preceding results discussed in

this note facilitate considerations involving fractional differentiation. For
instance the following basic result of Hardy and Littlewood is an obvious con-

sequence of Theorem (1.4) and Corollary (1.5).

(3.3) Theorem. 1f f is amalyticon D, 1<p<®, >0 and B >0, then
M, (5. 6) = 0((1-r)"% 1if and enly if Hp(r,f(B)) = 0((1-r)"%B),
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(d) Bloch functions. For the case Yy =0, p = @, Theorem (1.2) provides
a new characterization of Bloch functions in terms of Taylor coefficients (for
a treatment of Bloch functions see [1]). This approach unifies various facts
about Bloch functions,.

A full account of the circle of ideas discussed in this note will be

given in a forthcoming paper by the author.
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SUR _UN SYSTEME D'INLQUATIONS FONUTIONNVLILS

Peter Volkmann

Presented by J. Aecsél, F.R.S.C.

Résumé. Désignons par N,Ii les ensembles des nombres
naturels (> 1) et réels, respectivement. l.e théoréme suivant

sera démontré.

Théoréme. Soit g:B),oo) —_ El,oc) une fonction continue,
croissante (donc injective mais non nécessairement surjective),
de sorte que
(1) g(o) = o0, g(1) = 1.

Si la fonction f:R —> R satisfait aux inéquations

(2) f(x+y)> £(x) + £(y) (x,y€r),
(3) (e(Ix1))> elle(x)]) (x€R)
et & la condition

(4) 1£(1) =1,

alors f(x) = x.

I. Remarques. 1. Soit n€EN , n2 2 . Considérons les
équations fonctionnelles
(5) f(x+y) = £1(x) + 2(y) (x,y €R),
(6) 1(x") = 2(x)" (x€R).
Selon J.Aczél /2/ (voir aussi P.M.Vasié et R.I.Lu&ié /4/) la
solution de (4),(5),(6) est f(x) = x ; si n = 2k (keN), cela
résulte déja d'un théorédme classique de Darboux (voir J.aczél
[17, p.45). On peut se demander, si ce résultat subsiste, si 1'on
remplace les signes d'égalité de (5),(6) par le signe > . lour
n = 2k la réponse est affirmative: 11 suffit de choisir

glt) = t2€  dans le théoréme plus haut. lour n = 2k+1 1la
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réponse est négative: la fonction
x (x>0)
f(x) =
x -1 (xgo0)

satisfait aux conditions (2),(4) et aux inéquations
{C e I (0 _ (x€P,kEN).
2, 81 g(t) = 12 , 1'inéquation (3) est de la forme
(1) 1(x®) > 1(x)? (x €R),

et d'aprés le théoréme plus haut, f(x) = x est la solution de
(2),(4),(7). 1ci la condition (4) est indispensable, car les
fonctions

{ ax (x>0)
f(x) =
bx (xg0)

(ot b°¢ aghg1) satisfont aux inéquations (2),(7). 11 est
intéressunt de comparer ce fait avec un résultat de M, r¥dulescu
/3/, selon lequel la solution du systéme des inéquations fonc-
tionnelles (2) et

fixy) > f(x)f(y) (x,yeR)
est donnée par les fonctions f(x) = x et f(x) =2 0 (voir

aussi /5/),

11. Démonstration du théoréme. 1. Soit x>0 . un peut

écrire
X =ny,
od negN et Ogy<i . De plus,
y = a&(t)
avec un t>0 . En tenant compte de (2),(3), 11 résulte que

f(x) = £(ny) > nf(y) = nf(g(t)) > ng(le(t)]) >0 .
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on a donc f(x)3 0 pour x>0. De ce fait et de 1'inéquation
(2) on obtient facilement que f:R —> R est une fonction
monotone non-décroissante, f£(0) = 0 et
(8) f(-x) s -f(x) (x€R).
2, Les formules (1),(3),(4) entrainent
g(1) =1 = £(1) = 1(g(1)) = f(gll-1])) > gllf(-1)]) ,
dton
I#(-1)l < 1.
D'autre part, f(-1) € -1 (d'aprés (4),(8)), donc
1(-1) = -1,
De cette formule et de (2),(8) on obtient pour ngN
f(n) § -f(-n) = -f(n(-1)) § -nf(-1) = n .
D'autre part, f(n) > nf(1) = n (d'aprés (2),(4)), donc
(9) f(n) =n (n€N).
3. Solent p,q€N . les formules (2),(9) entrainent

p=1(p) = 2(ad) > at(D) ,
donc t(E) g % . Grice 4 la monotonie de la fonction f il en
résulte

2(x) € x (x>0).
De 12 on obtient pour x réel, arbitraire (en tenant compte de
(3))

e(lx|) > r(g(ix|)) > &} r(x)]) ,

ce qui entraine

(10) |£(x)} < | x| (xen).
4, bour établir la relation désirée
f(x) = X (XER).

considérons d'ahord le cas x = - E , o8 p,g€N . les formules
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(2),(8),(9) entrainent
af(- B) < 2(a(- B)) = 1(-p) g -1(p) = -p ,

donc f(- g) < - g , d'od aveec (10)

-By-_P
( q) g "
Grdce & 1a monotonie de f il en résulte
(11) £(x) = x (x<0).

Soit finalement x>0 . Il existe né€N de sorte que X - n
< 0 . Les formules (2),(9),(11) entrainent

f(x)> f(x - n) + f(n) = (x -n) + n=x ,
et 4 1'aide de (10) on obtient f(x) = x .
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ON LINEARLY COMPACT COMMUTATIVE REGULAR RINGS

Young L. Park and J.W. Lorimer

Presented by P. Scherk, F.R.S.C.

1. Introduction. In this paper we shall consider rings with

unity and all modules will be left unitary modules. Furthermore
all topological spaces are Hausdorff.
A topological module whose open submodules form a fundamental

system of neighbourhoods of zero is called linearly topologized.

By a linear variety in a module M, we shall mean a coset of
a submodule of M. A linearly topologized R-module M is

linearly compact if every collection of closed linear varieties

in M with the finite intersection property has a non-void
intersection. For the basic properties of linearly topologized
modules, the reader is referred to [4] and [(7]. LTM denotes
the category of linear topologized modules and continuous homo-
morphisms.

In [5, Theorem 6] we have the following result: A commu-
tative ring is von Neumann regular if and only if every simple
R-module is injective. 1In this note we present a topological
version of this result for linearly compact commutative rings
(3.2).

We shall require the following technical lemma.

1.1 Lemma. Let R be a linearly topologized ring. If every

linearly compact simple (equivalently discrete simple) R-module
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is projective (injective) in LTM, then for any a=z0 in R,

there exists a clopen maximal ideal M in R not containing a.

Proof: First we assume that every linearly compact simple
R-module is projective. Let 0 # a in R. Then the set of
open ideals in R not containing a is not empty and contains
a maximal element M. Since every open ideal is closed, we
conclude that M is clopen ideal. Now, let (M, a) be the
ideal generated by a and M. Then both M and (M, a) are
clopen, and (M, a)/M is a simple ring. Thus (M, a)/M is a
linearly compact simple submodule of R/M. Also we note that
the ring R/M is a linearly topologized discrete module. Since
(M, a)/M is a simple R-module, we can put (M, a)/M = Ra where
a=a+M. Now define g: R/M+Ra by g(f) =ra. To show
that g is well-defined, let r, ., ¢ R with ;1 = ;2.
) = (r,-r,)a=0. But (r,-r,)a

Then
—
r -r, cM. Thus g(r 6 -r
1 2
=ra-ryas=s g(rl) - g(rz). Hence g(rl) = g(r2). Since R/M
is discrete, it follows that the epimorphism g is continuous.
Ra is projective by assumption. Therefore there exists a
continuous monomorphism « : RA + R/M such that
R/M = c((M,a)/M) ® Ker(g). Thus there exist ideas L and K
in R such that «((M,a)/M) = L/M and Ker(g) = K/M. Since
k((M,a)/M) = (0), we have M = L. By the maximality of M,
ac¢L; and so Mc (M,a) ¢ L.

Since L/M is simple, it follows that L/M = (M,a)/M.

Hence R/M = (M,a)/M ® K/M. Note a ¢ K/M; and thus a ¢ K.
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Since M c K, the maximality of M implies that K =M. It
follows that R/M is simple, and hence that M is a maximal
ideal in R.

Now we assume every linearly compact simple R-module is
injective. Then, as in the argument above we can show that there
exists an open maximal ideal M in R not containing a = 0.
Choose M as in the previous situation. Then (M,a)/M is a
direct summand of R/M and so R/M is simple. This concludes

the proof.

2. OM-semisimple rings. A linearly topologized ring is OM-semi-

simple if the intersection of all its open maximal ideals is (0).
It is known that every semisimple linearly compact ring is
OM-semisimple ([6]). As an immediate consequence of 1.1 we

obtain

2.1 Proposition. In LTM, a linearly topologized ring R where

every linearly compact simple R-module is projective (injective),

is OM-semisimple.

2.2 Theorem. Let R be a linearly topologized OM-semisimple

ring. Then R is linearly compact iff it is injective in LTM.

Proof: Let R be injective and {Ma} be the set of all clopen
maximal ideals in R. Then l?Ma = (0). Define a mapping

K: R~ IIR/Mu by k(a) =a, where a is defined in such a way
a
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that afa) = a + M. Since the projection Py * nR/M“ - R/Mu
is continuous for each a, Kk is a continuous monomorphism.
The injectivity of R implies that there exists a continuous
epimorphism g : gR/Ma + R. Note that R/Ma is linearly
compact for each o . By (7, propositions 1 and 2] R is

linearly compact. The converse follows from [6, Theorem 1].

3. Linearly compact commutative von Neumann regular rings. A

commutative ring R is von Neumann regular if aR = a’R for

all a in R ([2]).

3.1 Proposition. A linearly topologized commutative von Neumann

regular ring is OM-semisimple.

Proof: As noted earlier a simple module over a regular ring is
injective in the algebraic sense. Let a e R\{0}. Then the

set of all open ideals in R not containing a contains a

maximal clopen ideal P not containing a, and (P,a)/P is

a direct summand of R/P. It follows that R/P is simple and ;

So R is OM-semisimple.
We may now state our main result.

3.2 Theorem. Let R be a linearly compact commutative ring.

Then the following statements are equivalent in LTM.
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(a) R is von Neumann regular.

{(b) Every linearly compact R-module is injective.

(c) Every linearly compact R-module is projective.

(d) Every linearly compact simple R-module is injective.

(e) Every linearly compact simple R-module is projective.

Proof: Since a regular ring is semisimple ([2)) Theorem 1l of

[6] shows that (a) => (b) and (c). By 2.1 each of (d) and (e)
implies that R is OM-semisimple and hence semisimple. Thus,
(d) <=> (e). To complete the proof it suffices to show that

(e) => (a).

Let acR\{0). Since R is OM-semisimple, there exists a

clopen maximal ideal M in R such that a ¢ M. Moreover (e)
implies that the simple module R/M is algebraically flat (see
[2], page 83 and page 133).

Hence a’R ® R/M is a subring of aR ® R/M. But R/M is
a field, and hence it follows that o = (aR ® R/M)/(azR ® R/M)
= (aR/a2R) ® R/M. Thus aR = a2R, and so R is von Neumann
regular.

Combining [6, Theorem 1] and 3.1 with the theorem above we

obtain

Corollary. A linearly compact commutative ring is von Neumann

regular if and only if it is semisimple.
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3.1, 2.2 and the theorem above imply

Corollary. A linearly topologized commutative von Neumann

regular ring is linearly compact iff it is injective.
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_LZ-ESTIMATES FOR VARIATIONAL INEQUALITIES
M. ASLAM NOOR

Presented by P. Ribenboim, F.R.S.C.

ABSTRACT.
For the finite element approximation of the solution of variational

inequalities, we derive the Lz-error estimates,

1. INTRODUCTION.

Variational inequalities are now fundamental in studying the
obstacle and unilateral problems arising in engineering and mathe-
matical sciences. Finite element techniques are being applied for
obtaining numerical solutions of variational inequalities. Using
piecewigse linear elements, Falk[4]), Mosco and Strang[8]}, Brezzi,
Hager and Raviart[2]); and Noor[10,11,12), have shown the O(h) con-
vergence in the energy norm.

In this paper, using the unilateral approximation result of
Mosco and Strang{8] and the well-known Aubin-Nitsche trick(3], we
obtain the error estimates for the finite element approximation of

a class of variational inequalities in the L,-norm, which are of

order hz. Using a different approach, Johnso:[7) and Berger and
Falk[1l] have obtained the rate of convergence for the numerical
solution of parabolic variational inequalities in the L2-norm. The
nonlinear obstacle problem and approximation is considered in

Section 2. The Lz—error estimates are derived in Section 3.

2. OBSTACLE PROBLEM AND APPROXIMATION.

For simplicity, we consider the nonlinear obstacle problem of
finding ueM such that

(1) (Tu v-u) >0, for all veM,
3
where (Tu,v) = 1“1 a gx——ﬁ% v -{veﬁo, v>y on D}, a closed
closed convex subset o 0, see[6], DC.R is a convex polygonal

domain with boundary S, D = DUS its closure, and Y 1s a given function
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in 2N K2, see Glowinski[6].

T:e problem (1) arises in the study of permanent compressible irrotational
flow. Here (u+d) is the stream function of the motion. It is assumed that the
flow 1is subsonic . For the complete mathematical formulation, see[5].

The space H:(D) = Hk

u €Hk, k a positive integer, we have the norm

Hol? | b I?

LZ(D)

is taken to be the usual Sobolev space, where for

The space of functions from Hk, which in generalized sense satisfies the
homogeneous boundary conditions on S, is denoted by H:. The spaces Hk and H:
2. w;(D) for simplicity.

It has been shown in [5] that the operator T is strongly monotone and

are Hilbert spaces. Let H

Lipschitz continuous from Hé into H-l, being the dual space of Hé. so there
does exist a unique solution of problem (1), see Noor[9].
We consider Shc.Hé, a subspace of continuous piecewise linear functions
on the triangulation of the polygonal domain D vanishing on its boundary S. Let
Wh be the interpolant of § such that wh agrees at all the vertices of the
triangulation. For our purpose, it is enough to choose the finite dimensional
convex subset Mh = SA\{vht wh only at the vertices of the triangulations}, as
in Berger and Falk[l]. For other choices of convex subsets, see [2,4, 11,12].
The approximate solution u, is defined as that function from a given finite

dimensional convex subset Hh which satisfies

= >
(2) (Tu,vp-u) >0 for all v, M.
Concerning the regularity of the solution ueM satisfying (1), we assume the
following hypothesis, see[1l1].

(A) : {For ¢euér\uz, ueM satisfying (1) also lies in HZL

We also need the following results.

Theorem 1 [8].

Suppose that U >0 in the polygon D and that U lies in Hél\ﬂz. Then there
exists a Vh in Sh such that
([§Vhf U in D
and

- lhp < calbll,
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Theorem 2 [10].

If u and u, are the solutions of (1) and (2) respectively and hypothesis(A)
holds, then

b = wylh 5 = OCh)

3_._1’.-2-ERR)R ESTIMATE.

In this section, using the unilateral approximation result of Mosco and
Strang and Aubin-Nitsche trick, we derive the error estimates for the finite
element approximation of variational inequalities in the Lz-norm. We would also
like to point out that these are only partial results under the assumption that
the solution of an auxiliary problem is smooth enough.

We now state and prove the main result of this paper.

Theorem 3. 2
If u and u, are solutions of (1) and (3) respectively, and hypothesis (A)
holds, then

(3 Ku-u Ny oy = O3,
and 2
- )
%) [Ku-u Y| L, = 0(h%),
where
(u-uhf = Sup{u-uh,O), (u-uh)- = Inf{u—uh.o).
Proof:

In order to prove (3), we consider for

(5) w = (u-uh)+

the problem

y<0 oneE, yeﬂé

(Ty, z-y) > (w,z-y), for all z<0 on E, zellé
and E 1s a set of points in D where u = Y. This set is known as contact set.

(6)

The solution y of (6) exists and yerD_E), with

R Ibll p_g< Clilh., (o)
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and by the maximum principle, we have ¥20 on D, hence y » 0 on E. Thus, by
theorem 1, there exists ;‘hesh satisfying Oﬂh <y in D, with 'yh = 0 on E,
such that

® b3 lh,p-g< chllyll, p g
Since Q‘h = 0 on E, we have (Tu.?h) = 0 and Vp oy, ?hEHh implies that

(Tuh’;'h)z 0. Thus we have

(¢)) (Tu-’l‘uh,?h): 0.
Moreover, we know that u-uhj OOnE, z= y+u-uh_<_ 0 on E, from which,we get

(10) (w,Tu=Tw,) < (y,Tu-Tup)
From (9) and (10), we obtain

@, Tu=Tuy) < (3=, Tu-Tu,)

which implies that

2
el bl b,
< Ch"(u-uh)‘" L - u-u.h"1 e by (7) and(8).
From (11) and theorem 2, we obtain the requited estimate (3).
In order to prove (4), we solve with w -(u-u.h)- , the problem

1
y>0 on Eh' yEHO

12) 1
(Ty,z-y) > (w,z-y), for all z>0 on Eh, zsﬁo.

and is a set of points in D where u =y,
u

The solution of (12) exists and belongs to H%D-%) » with

a» Il pp < L .

By the maximum ptinciple, y<0 on D, hence y = on E‘h Thus from theorem 1,
there exists yheSh satisfying 0<yh<y in D with yh-o on Eh such that
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P5ul <

N a "
Since Y = 0 on Eh' we have (Tuh.gfh) = 0, and from yh_<_0, v= u-thM. ic
follows that (Tu.?h)j 0. Thus we obtain

(15) (Tu-Tu,,%,) < O.

We also know that u-uhz 0 on Eh’ and z = yhu-u > 0 on F‘h' from which it
follows that

(16) (w,Tu-Tuh) < (y,'l'u-'!‘uh).
From (15) and (16), we obtain

~
W, Tu=Tup) < (y-yp,Tu-Tu ),
which implies that

2

S R S VR SN

Thus from (13), (14), (17) and theorem 2, the required estimate (4) follows.
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AN ISOMORPHISM BETWEEN THE HALIMSKIT
AND PAULOWICH FUNDAMENTAL GROUPS

D.G. Paulowich
2

Presentcd by K. Murasupi, F.R.S.C.

For each Hausdorff space (X,xo) , let nR(X,xo) denote the HalimskiY
fundamental group defined for the family R of all compact segments [2,
pp. 75-87]. In this note nR(X,xo) is shown to be isomorphic to the
author's fundamental group A(X,xo) , as defined in [6, §4]. This simpli-
fies the computation of nR(x,xo) . We note that the homology theory in
(2, Theorem II.6, p. 74] is defined for the family of all segments (not

just the compact segments, as a misprint in MR57#4118 states).

Let o be a fixed infinite cardinal and let Xy € X , where X is a
fixed Hausdorff space such that, for each compact Y < X , weight(Y) <a .
Let A = [a,b] be a compact segment (called an arc in [5], [6]) with
non-cutpoints a and b . A function f: A— X is called a map if f

is continuous and f(a) = f(b) = x Maps f,g: A — X are said to be

o -
homotopic if there exist both a compact segment C = [c,d] and a con-
tinuous function h: AxC — X such that, for each s ¢ A and t ¢ C,
(1) h(a,t) = Xy = h(b,t)
(2) h(s,c)

We write [f] for the set of all maps which are homotopic to f .

f(s) and h(s,d) = g(s) .

Maps f‘: A] — X and f2: Az — X are said to be equivalent if

there exist a compact segment A and order preserving continuous

surjections g;: A — A] and g,: A — A, such that (f1° g]) is
homotopic to (fzo 92) . This is an equivalence relation [2, pp. 77-80].
We write (f]} for the class of all maps which are equivalent to f] §

Halimskii defines the fundamental group nR(X,xo) on the class of all




172 D.G. Paulowich

equivalence classes of maps from compact segments to X . The following

tenma proves that =R(X,x)) is a set in the sense of [3, Appendix].

LEMMA. For each compact segment A and each map f: A— X,
there exist a compact segment Ay » with weight(Az) sa, and a map

fat Az —+ X which is equivalent to f .

PROOF. Consider the monotone-light factorization f = (f'zo f])
and let A, = f](A) . Then weight(A)) s o , by (7], and fy is
equivalent to f .

For any Hausdorff space Z we define the character of Z to be
the least cardinal B8 such that, for each x ¢ Z , the neighborhood
system of the point x has a base of cardinality sg . If C is
compact Hausdorff and Y 1{s a Hausdorff space with infinite weight,
then the proof of, [1, Proposition 3.4] shows that character(Yc) <
weight(Y) , where YC is the space of all continuous functions from
C to Y, equipped with the compact-open topology. Thus if K isa .

c

compact subspace of X~ , then character(K) s a .

A compact segment B 1is said to be flexible if each compact
segment C < B admits an order preserving continuous surjection
g: C— B and there also exists an order reversing. homeomorphism
h: B—B . We choose a flexible compact segment B which admits
order preserving continuous surjections onto all compact segments
of character at most « . Such a segment B exists and may be
chosen to have cardinality at most 226 , by [6, 52] and [4, Theorem
1.19]. We define A(x.xo) to be the set of homotopy classes [f] ,
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where f: B — X is any map, together with the multiplication defined
in [6, §3 and §4].

THEOREM. The function sending each homotopy class [f] to the
equivalence class (f} 1is an isomorphism from lA(X,xo) onto nR(x.xo) g
PROOF. By the LEMMA, each equivalence class in nR(X,xo) contains
a map fZ: A2 — X , where weight(Az) s a . We choose an order preserving
continuous surjection h: B — Ry and let f = (fyoh) . Then
{f} = {f,} .

Now suppose fl’fz: B — X are maps such that ”1) = {fz) . Then
there exist a compact segment A and order preserving continuous surjec-
tions 91s95: A — B such that [fl°gI] equals [f2°gz] . Llet
g: A— B be any order preserving continuous surjection. One can easily
prove that [f] 09] equals [fzog] . The proof of [6, Theorem 4.5]
shows that [f1] equals [fz] . Thus we have a bijection between
A(X.xo) and er(x.xo) . The theorem follows upon examining the group -
structures defined in [6] and [2].

REMARK. The preceding proof shows that rrR(x,xo) could also be
defined by using the class of all compact segments of cardinality at
most 2* . This answers [2, Problem I1.2, p. 86] for the family of all
compact segments.
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ALEXANDROV-TYPE TRANSFORMATIONS ON

EINSTEIN'S CYLINDER UNIVERSE

J.A. Lester
Pregented by J. Acsél, F.R.S.C.

A theorem of A.D. Alexandrov [1] states that bijections of
Minkowski spacetime which preserve pairs of events connected by
unreflected light signals are essentially Lorentz transformations.
The purpose of this note is to obtain the corresponding transforma-
g}ons for Einstein's cylinder universe. These may in fact be some-
what pathological.

Einstein's cylinder universe Cu can be realized as the set
of points (t,P):= (t,w,X,y,2) ¢ R’ on the eylinder TF =1
("e" denotes the usual dot product on Amq) with the line element

2

as? = -dat?+d?d? (see [2]). In terms of a parameter T, its

geodesics have the form

Y S S
(1) = cos(wt)a+sin(wt)b, t = at+B (1)
KN
for constants w,a,B (a2+w2 # 0) and orthonormal E,b € mu. The

separation between two points (tl,?l),(tz,ﬁa) € Cy (obtained by
integrating ds along a geodesic joining them) is —(tl-t2)2+
+(cos'l(?1-53)}2, and is zero iff the geodesic is null, i.e. iff
a = +w in (1). Null geodesics represent light signals; thus

-
events (tl,rl) and (tZ’EZ) are connected by an unreflected

light signal iff

-
cos(tl-ta) =TT, (2)

175
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The transformations preserving all separations on CU have
the form (t;?) > (1t+u,ﬁ?) for some constant a and U4x4
orthogonal matrix A. Let f: C, - C, be a bijection preserving

(2) on €y 1in both directions. We determine below all such f's.

Lemma: Define the equivalence relation = on Cu by (tl,?l) =

A
(tz,rz) iff for all (t,?5 € Cy

S -
cus(t-tl) = rery ifrf cos(t-tz) = rer,.
Then the equivalence classes of = are the subsets

[(t,P)]:= ((t+kﬂ,(-l)K?); k an integerl}.

Proof: If (tl,'r‘l),(nz,?\z) ¢ [(t,M]1, then clearly (tl,"r""l) z

KN @ o ‘

(tz,rz). Assume that (tl,rl) = (t2,r2). For some ® ¢ R,
=S - . Y D
T °r, = cOS w, SO for t:= titw and T:i=T,, cos(t-cl) =TTy,

L |
Then cos(tl—t tw) = ryrr, = 1, so for some integers m, n,

2

tl-t2+m = 2mm  and tl—tz-m = 2nw, Set k:= m-n; then tl't2 = km
pEN S
and w = (k+2n)n. Since w 1is the angle between ry and Ty,

-
T, = (DM, thus  (5,7)) € [(£,,7,)]. O

Although f maps equivalence classes onto each other, arbi-
trary permutations within equivalence classes also preserve (2).
We can thus only determine the effect of f on these classes, not
on each individual point.

The space CN is, as described below, a covering space for
conformal Minkowskl space ﬁu (see [3] and [4] for details about

ﬁu; the relevant points follow). The points of ﬁn may be
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coordinatized by homogeneous 6-tuples R«(W,X,Y,Z,U,V)t € m5

(superscript "t" denotes "transpose") satisfying RtGR = 0,
where G:= diag{1,1,1,1,-1,-1}. Points Ry,R, ¢ My have zero
separation iff thGR2 =0, aﬁd bijections of ﬁu preserving
such pairs of points (in both directions) must have the form

R+ TR for some 6%6 matrix T satisfying 6T = ¢ (a direct
corollary of the main result of [4]).

The mapping Cu - ﬁu given by
S
(t,r) + (;icos t, sin t)° (3)

is surjective, maps each equivalence class onto a point and maps
distinct equivalence classes onto distinct points. Moreover,

since (2) may be rewritten as
- -
(rl,cos ty, sin tl)G(rZ,cos t5, sin 1:2)t = 0,

f induces through (3) a bijection on ﬁu satisfying the hypo-
theses of the above mentioned result from [4]. Thus, up to a

permutation within equivalence classes, f{ has the form
(T,cos t, sin t)t + AT(r,cos t, sin t)t

for some 6x6 matrix T satisfying TtGT = G and a scalar
A # 0. A tedious calculation verifies that all such f's do
indeed preserve (2), so we are finished.

If T has the form

cos a, ¥sin «
T:= diag{A,

sin a, #cos o
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for a U4x4 orthogonal matrix A and constant a, then (again,
up to permutations within equivalence classes) f has the form
(t;?) + (:t+u,§?). For the still unconvinced, we exhibit an
example of a transformation not of this form which still preserves

(2): for A2:= (/3z + 2 cos t) + sin? t,

(cos t, sint) » A"1(/3z + 2 cos t, sin t)

Y -
T+ A 1(w,x,y,22+/'3' cos t).

One final remark: since the above mentioned result from [4] is
in fact valid on conformal Minkowskl spaces ﬁn of any dimension
n 2 3, the above characterization is valid on any Einstein cylinder
universe Cn of dimension n 2 3. For 02' as for ﬁa, the

group of separation zero preserving transformations 1s even larger.
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THE IDEAL OF FORMS VANISHING AT A
FINITE SET OF POINTS IN P"

A.V. Geramita¥* P. Maroscia**
Presented by P. Ribenboim, F.R.S.C.

Abstract: We study the ideal of forms vanishing at a
finite set of distinct points in P" and seek, in

general, the least number of generators for such an ideal.

Introduction:

Let P1....,P8 be distinct points of Pn(k) , withn >2
and k an algebraically closed field. Let I = Id (] Id+l [ PR
with Id 4 (0) , be the idcal generated by all forms in
k[xo,....xn] vanishing simultaneously at Pl""'Pe and let
v(1) denote the minimal number of generators of I .

We are interested in the following problems which are
motivated by prior studies in [A], [G], [c-ol‘ . [G-O]2
and [R].

Problem (A): Does there exist, for any given n and 8 , &
non-empty Zariski open set v, BC ( Pn)8 such that if

P= (P',...,Pa)z Un.a and 1 is the ideal of Pl""'Pa in
k[xo,....xn] , then v(I) is a constant independent of P and

explicitly computable in terms of n and s ?
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under Grant No. A8488.
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Problem (B): If such an open set nya
gsome dense subsets of it which are “easily” identifiable in

exists, can one find

a concrete geometric or algebralc way?

1. In order to discuss our response to these problems we

recall the following definition. (See also [G-O],. [G-O]z).

Definition 1: Let P,,...,P, be distinct points of P"(k) , I
the ideal of these points and A = k[xo,...,xn]/I - 150 LY
1f dimA, = min(s, (‘2") for 12 0 ve say thar P,,...,P,
are in pgeneric s-position.

Remarks: 1) The sets of s distinct points in P° .
congidered as points in ( P"(k))® , which are in generic
g-position form a non-empty Zariski open subset of ( P"(k))° .
(See [G-O]‘) . 2) 1If Pi""'Pe are s distinct points of
P"(k) in generic s-position and I = ;0 Id+1 0..., with .
1,4 (0) , is the ideal generated by the forms inm k[xo.....xn]
vanishing at P1,....PB then I may always be generated by
forms of degree < d + 1 .
An affirmative answer to (A) above is given, in case

ne2, by:

Theorem 2: For any integer s > 0 , there is a non-empty
open set, U, . C ( Pz(k))a , contained in the open set of
all s-tuples of points in generic s-position, with the following
property:
1£ (P'.....Pa) c Uz’s and 1 = Id e Id+1 ®..., with

Id ¢ (0) , is the ideal of the points PI""’Pa in
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k[xo,x1.xz] then

dim 1

(*) v(1) = dim I, + dim - min (3 dim I, Kk FYRRAE

Kkld+1
Proof: We first observe that for s points of P2 in generic
s-position, the numbers d , dimkld and dimkld+1 are
independent of the set of s points chosen and easily
determined by s . The main point of the proof depends on
finding at least one set of s points of P2 in genric
s-poasition for which the claimed value for v(I) is valid.
The proof constructs such a set for every s and is too
technical to include here. The details will appear

elsewhere.

Remark: This theorem gives an affirmative response in A3 ’
to the conjecture made by L. Roberts in [R].
In order to discuss our response to (B) we recall the

following definition (See also [0-0]1, [G-O]z) v

Definition 3: The points P‘.....Ps of P" are said to be iIn

uniform pogsition i{f for every t, 1 <t <8 , each t element

subset of (P‘....Pe) , consists of points in generic

t-position.

Theorem 4: 1f Pyseee,Py are any s points of p? in uniform

position and I is the ideal in k[xo,x‘,le of these points

then v(I) is given by (*) in each of the following cases:
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) e=(H-1,0c1c2.
1) s= (5 1.

111) 8 = 12. (char k = 0)

Remark: Since the sets of s points in P" in uniform
position describe a non-empty Zarski open subset of ( 1’“)8
for any s we have, for the s of this theorem, a response to
Question (B) above in these cases.

We also show that the notion of uniform position alone
is not enough to guarantee a fixed value for v(I) . Thus, we

strengthen this notion to that of transversal uniform

position and are able to extend Theorem 4, for such points,
to the cagse 8 = (dzz)-.‘i . We also obtain similar results

in P" for n>2.

2 , An important consideration, in obtaining the results
above, isthe linear system of hybersurfacea of least degree
passing through the given points. We have obtained the
following result:

Theorem 5: Let Py,...,B; be points of P" in uniforn
position and write g = ((d;1 Y0y 4 m, 0 <h < ((d-'l‘z-lhl) ,
n>2, d>2, Then:

1) the set, R , of all reducible hypersurfacaes 'of degree
d through PI'""Ps
dimension n-1-h in M s N= (d;n)-i .

is an algebraic set of
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11) 1f h > n , every hypersurface of degree d through
P1""’Pa is irreducible.

This theorem, and variants of it to cases when
; P!""'Pa are only assumed to be in generic s-position allow
us to give a partial anawer (in characteristic zero) to the
question raised by Abhyankar in [A] about the least degree
of a nonsingular curve passing through a given finite set of
points in P2 (as well as to the obvious extension of

Abhyankar's question to hypersurfaces in P".)
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