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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS II 

Walter Schempp 

Presented by G. de B. Robinson, F.R.S.C. 

In the present paper we adopt the same point of view as in 
its first part [3]: Motivated by the analogy of the radar uncer-
tainty principle with the Heisenberg uncertainty principle 
of quantum mechanics, we shall use harmonic analysis on the 
real Heisenberg nilpotent group Ï(B) for studying the radar 
cross- and autoambiguity functions. An important rSle will 
be played by the property of the linear Schrbdinger representation 
of 7i(B) of being square-integrable modulo the center St of A(B), 
i.e., by the Stone-von Neumann-Segal theorem. Among the specific 
waveforms dealt with in radar synthesis, one of the most extensive-
ly treated single signal forms is the monochromatic Gaussian 
pulse. One reason for this fact is that the area of the "uncertain-
ty ellipse" which plays an important role in the discussion 
of the resolution of signals and the measurement of signal 
parameters, takes its largest value for the single Gaussian 
pulse. Since the radar autoambiguity function of the Gaussian 
signal has likewise a Gaussian shape, another important advantage 
is the absence of subsidiary peaks from its Wlgner-Woodward 
relief (= ambiguity surface). This property is important because 
it much reduces the risk of large errors in measuring the epoch 
and the frequency of the Gaussian signal. However, Klauder 
[1] and Wilcox [8] among other authors have emphasized that 
there exists an instructive generalization of the Gaussian 
signal, to wit, the Herraite-Weber waveforms. These signals 
have an oscillatory amplitude modulation of their radar carrier 
frequency, i.e., the real envelope of the Hermite-Weber signals 
changes signs before finally decreasing exponentially to zero. 
The radar autoambiguity function of the Hermite-Weber signals 
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may be expressed in terras of the Laguerre-Weber functions. 
In this case, the Wigner-Woodward reliefs have circular ridges 
around the central peak whose heights decrease from the center 
(0,0) of the time-frequency plane. Between them there are circular 
contour lines on which the autoambiguity function vanishes. 
For further details, see the paper by Klauder [1] cited above. 
- Our approach to the radar cross- and autoambiguity functions 
of the Hermite-Weber waveforms via nilpotent harmonic analysis 
Is based on the complex wave model V or Bargmann-Fock-Segal 
model by which A(I) Is made to act on a certain complex Hilbert 
space F((E) of entire holomorphic functions on the plane Œ. 
This alternate realization of the linear Schrddinger representa-
tion of A(B) reveals itself to be more convenient for our purposes 
than the analog model ÏÏ (= mioroparticle model) on the complex 
Hilbert space L2(a;,\1) C\n= Lebesgue measure of Bn) since the 
complex wave model of A(a) provides a very effective operational 
approach to the Herraite-Weber functions. 

U The Radar Crossamblguity Function 

Whenever it is necessary to resolve two narrowband signals 

In the presence of white Gaussian noise, the performance of 

the receiver depends upon the crosscorrelation of the two signals 

involved. Therefore, the notion of crosscorrelation function 

is of great importance in information theory. - Given any pair 

(i,g)eL ( B ^ J x L (B;'\) of envelopes, the radar crossambiguity 

lunction H(f,g;.) on B is defined according to the prescription 

H(f,g;v) = H(f.gix,y) = J f ( t+V-jX)^ t - 1 / ^ 2 * - 1 ^ ^ t) 
B 

where v=(x,y)6B2. The standardization 0 f II = Ugp = 1 is custo-

mary, in the case f=g, the radar autoambiguity function H(f,f;.) 

on 1 arises which will be denoted by H(f;.) as in the first 

part [3]. 

Recall that the real Heisenberg nilpotent group %(B) may be 

realized as the real manifold B2®B with group multiplication 
law 
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(v1,21)(v2,Z2) = (v1+V2,Z1+22+ /2B(V1,V2)) 

where the symplectic form (= nondegenerate, skew symmetric, 
B-bilinear form) B on the plane B is defined by the exterior 
product 

B(v1,v2) = B((x1,y1),(x2,y2)) = VjAVg = x ^ - y ^ . 

(basic presentation of 7(B)). Observe that Hear measure of 
*" 3 
A(H) may be identified with Lebesgue measure "X and that the 
center & of Ï(B) is isomorphic to B; see £4] and [5] . The 
analog model (tf;L (Bj'V)) of the linear SchrBdinger representation 
which is a mod SL square-integrable irreducible unitary linear 
representation of A(S) is defined for (v,z)eB OB as follows: 
0(v,z)f(t)=U(x,y,z)f(t)=exp aiKz+ty* 1/^ )f ( t+x) (tea) 

Let (v,z)~»cjj(f,g;v,z)=<Cf(v,z)f|g>€li: denote the coefficient 
function of fl relative to the pair (f,g)e L2(B;'^1) v L2(B;'\1). 
In the case f=g, let Cfj(f ,f ; .,. )=ctj(f ; . , . ) be as in part I. 
Observe that cjj(f,g;.,.) is a continuous and bounded complex-valu-
ed function on X(B) which belongs to L (7i(a)/j£ iV) and satisfies 

H(f,g;v) = cCT(f,g;v,0) 

for all pairs v=(x,y)eB ; cf. Theorem 1 of part I [3]. Since 
\J admits formal degree 1, the well-known properties of the 
coefficient functions of square-integrable representations 
modulo the center (cf. Moore-Wolf [2] ) combined with some 
standard facts about the unitary dual of the two-step nilpotent 
Lie group Ï(E) imply the following result: 

2 i 

Theorem 1. Let arbitrary elements f,f',g,g' of L (•;'>») be 
given. Then the identity 

J H(f,g;v)H(f',g';v)d^(v) =<f|f'><g|g'> 
B2 

holds in L2(B2;V2). If (fm)m>n is a Hilbert basis of the space 
O 1 10—w 

L (•:">») then the double sequence (H(fm,f : . ) )>-. »„ is a o o o m n m—u, n—u 
Hilbert basis of L (B ; V ) . 

The preceding formula Includes as a special case the identity 
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\ |H(f;v)|2d1X2(v) = df D 2 
'2 
B* 

(cf. Corollary 1 of Theorem 1 of part I), which can be geometrical-
ly interpreted as radar uncertainty principle or "law of conserva-
tion of ambiguity". For additional properties of the radar 
crossambiguity functions, the reader is referred to the paper 
by Titlebaum I?]. 
2. The Complex Wave Model 

2 
Identify B with the complex plane Œ by assigning the complex 

_ 2 
numbers v = x+ly and v = x-iy to the pair (x.yjeB . Actually, 
Œ may be viewed in the light of Kirillov theory as the complexi-
fied orbit associated with the linear Schrddinger representation 
of ?(B) in the dual of the Lie algebra of S(B) under the coadjoint 
action. Denote by u. the measure on Œ which admits density v ~~» 
e with respect to 'X . Then the monomials "«(v) ^i^i^ 
(ni=0) form a Hilbert basis of the closed sutspace F(C) of L (Œju.) 
consisting of the entire holomorphic functions on Œ which are 
squtre-integrable with respect to the measure u.. For (v,z) e 
ŒxB and f e F(Œ) define 

V(v,z)f(w) = exp 2it(iz-1/4lv|2-1/2vw)f(w+v) (wel). 

Then V forms a mod it square-integrable irreducible unitary 
linear representation of "KiS) on the complex Hilbert space 
F(Œ). The pair (V;F(Œ)) is called the complex wave model, or 
Bargmann-Fock-Segal model of the linear Schrddinger representation 
of 7(B). Let (W ) >_ denote the sequence of Hermite-Weber func-m m-u 
tlons (= harmonic oscillator wave functions) obtained by orthonor-

2 
malization from the sequence of functions (xnle ^min *n "le 

rt 2 1 
vector subspace y{S) of the complex Hilbert space L (B;V); 
cf. [6] . It is well known that (W ) >_ forms a Hilbert basis p . m m-U 
of L (B;V). Indeed, the irreducibillty of the unitary linear 

** v 2 1 
representation U of A(B) in L (S;\ ) implies that the sequence 

2 1 ( W i s forms a total family in L (B;'*.). The (t-linear isometry 
2 1 — 

T of L (B;V) onto F(ffi) which maps W onto M for all me N 
defines a unitary isotnorphy of îf onto V, i.e., T«tf = VoT. Hence 
we have 
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Theorem 2. The radar crossambiguity functions relative to 
the Hermite-Weber functions (W_)_>_ satisfy the identities 

m m-0 

H(Wm,Wniv) = c7(Mm.Mn;v,0) (m^O, n^O) 

for all numbers vcŒ. 

It is not difficult to evaluate the right hand side. An explicit 
calculation verifies that the functions v-»-»H(W„,W :v) (ra^O.n^O) 

2 2 2 m n 

which form a Hilbert basis of L (1 ;*>?) by Theorem 1, can be 

expressed in terms of the products 

v~-.Mm_n(v)Ln
(m-n)<1/2lv|2) (ra*n) 

where (L ^n>o d e n o t e t h e Laguerre-Weber functions of order 
oc. The final expression coincides with a formula established 
by Wilcox [8] . This author, however, uses a totally different 
method and avoids any group-theoretic reasoning. - In particular, 
we obtain for m=n as a special case the following result. 

Corollary. Let (L ) i0 denote the sequence of Laguerre-Weber 
functions (of order O). The radar autoambiguity functions relative 
to the Hermite-Weber functions (W ) >„ admit the form 

m m-O 
H(Wm:v) = Lm ( 1 /2lvl 2 ) (,I,-0) 

for all ve (C. 

If we combine our results with Theorem 2 of part I, then we 
obtain immediately the following 

2 
Theorem 3. The Wigner-Woodward relief H(f;B ) of a function 
f eL (B;**) with norm Df D = 1 is invariant under the action 
of the orthogonal subgroup 0(2,B) of Sp(1,B) if and only if 
there exist a phase factor, i.e., a number £cŒ of absolute 
value 1(1= 1 and an integer m=0 such that the identity 

f = tw
m 

* m 
holds "X -almost everywhere on the real line B. 

It follows that the Hermite-Weber waveforms can be characterized 
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by the property that the resolution of the target range and 

range rate are the same. - Of course, using tensor products, 

the preceding results can be adapted to the real Heisenberg 

nilpotent group Â(Bn), n > 1. 
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THE SCHLAFLIAN OF A CRYSTALLOGRAPHIO COXETER GROUP 

B. R. Monson 

Presented by H.S.M. Coxeter, F.R.S.C. 
Abstract 

A Coxeter group is crystallographio if and only if the 
Schlaflian of each distinguished subgroup is a rational integer. 

SI. Let G be the Coxeter group with presentation 

<r1, ,.., rn I (rjTj) ̂  = 1, 1 si,j s n> 

where each p.. = 1, and each relation with p^j = » is omitted. 

For a basis {d^, .... d^) of IRn we define on IRn a bilinear 
form (•,•) by (d̂ , d!j) = -2 cos ir/p—. Thus G is faithfully 

represented in GL(lRn) where r, is the reflection 

r^x-x- (x, ê ^ ) ^ , x £ 3Rn, [1, Chap, v, §41. The Schlaflian 

of G is the parameter s(G) = det [ (d^dj) ]. For any 

I c i = {1, 2, ..., n), G(I) will denote the distinguished 

subgroup of G generated by {r, | i e I}. 

Now G is crystallographic if it leaves invariant some 

lattice L spanning IRn. It follows [4, Prop. 1.3] that L 

contains a G-invariant root lattice Q(B) generated by a basic 

system of roots B = {e, = ̂ M^i I 1 ^ i s n), for certain ti > 0, 

where 

Cji = ^ ' ^ j ' ^l,/ti € Z' <lsi'3sn) d). 

Proposition. A Coxeter group G is crystallographic if and 

only if s(G(I)) c Z for each distinguished subgroup G(I) of G. 
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Proof. Suppose G is crystallographic and let I c i . 

Then s(G(I)) = detUd*, d^)! ,(i, je I), 

= det It.c^/t^ = det Ic^] t Z. 

Conversely, suppose s(G(I)) c Z for each I c I . We shall 

attempt to label each node i of the Coxeter diagram V for G by 

t, > 0 satisfying (1). Now for I = {i,j) we have 

4 - (2 cos n/Pj.)2 = s(G(I)) e Z. Thus either (c^c.) = 0 

and nodes i and j are non-adjacent, or 2 cos T/P;.. = 1, /Î, /3, 2 

and the branch joining nodes i and j is labelled by 

p.. = 3, 4, 6, <», respectively. In the latter case, condition 

(1) implies that the integer t. (2 cos v/p.A/t. divides 
2 

4 cos Ti/p. ., so that letting a. . = t./t., we obtain ai. or 

"ii = ^' '^'' ^ ' 2 o r ^' re sPec tively• 

In each connected component of T we may freely choose one 

label, say t, = 1. In labelling the remaining nodes along paths 

starting at node 1, an inconsistency is forced only by a circuit, 

with nodes i i I = (1, .... k}, along which ai2ci23 ''" akl ^ ^' 

However, by an easy induction, the principal minors of s(G(I)) 

are integral; and by expansion along any row, the integer 

s(G(I)) equals another integer minus 2(2 cos " / P T O ••• 

(2 cos /̂Pj-i ) • Thus, since an even number of pi i+i'8 

must equal 4 (and likewise 6), it is possible to choose 

a12a23 '"• "kl = 1" Hence, one can indeed choose all t. 

satisfying (1), and each r. leaves invariant the lattice Q(B).// 
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12, Algebraic Crystallography and Remarks. The above 

arguments are easily generalized by replacing Z with any 

Euclidean subdomain A of IR. For instance, if we wish to 

admit 5-fold symmetry, we may take A = Z[x], the ring of 

integers in Q(/5)/ where x = (1 + /5)/2. Then G fixes a 

Z[xl - lattice spanning m11 if and only if s (G (I) ) <• Z (x], for 

each I c ln. In this case, each p — e{l,2,3, i, 5, 6, 10,<»), 

and in each circuit of r the numbers of branches labelled 

4, 6, and 10 are even. 

The application of the Schlaflian to spherical and 

Euclidean Groups is described in (2, pp. 133-141]. Our 

Proposition is mentioned as an observation in 131, where one 

can also find the well known graphical description of 

crystallographic groups which underlies the above discussion: 

c.f. [1, Chap, v, §4, Exer. 6], [4, p. 17]. 

REFERENCES. 

[1] N. Bourbaki, Groupes et algèbres de Lie, Chap, iv-vi., 

Hermann, Paris, 1968. 

[2] H. S. M. Coxeter, Regular Polytopes (3rd Ed.), Dover, 

New York, 1973. 

[3] N. W. Johnson, The Theory of Uniform Polytopes and 

Honeycombs, University of Toronto, Ph.D. Thesis, Toronto 

1966. 

(4] G. Maxwell, On the Crystallography of Infinite Coxeter 

Groups, Math. Proc. Cambridge Philos. Soc, 82 (1977), 

pp. 13-24. 

University of New Brunswick 
P.O. Box 4400 Received March 23, 1982 
Fredericton, N.B. E3B 5A3 
Canada 



149 

C R . M a t h . R e p . A c a d . S c i . Canada - V o l . I V , N o . 3 , J u n e 1 9 8 2 J u i n 

NOTE ON THE TAYLOR SERIES AND GROWTH OF MEANS 

Earl Berkson 

Presented by L.A. Loroh, F.R.S.C. 

Abstract; 

Let f be analytic on D, the unit disc |z | < 1 In the complex plane C. 

For 1 < p < •», we denote the corresponding means of f by 

M(r,f) = ||f(re )|| , where IT Is the unit circle with normalized Lebesgue 
p Lpai) 

measure. He describe a method for determining the growth rate of H (r,£') 

in terms of the growth rate in Hp-norn of a certain sequence of "weighted" 

blocks from the Maclaurln's series of f (for l < p < m the "weightings" 

can be dispensed with). This leads to a new characterization by Taylor co-

efficients of Bloch functions and of the analytic functions Llpschltz or smooth 

on the boundary. The method employed admits a large class of weightings, 

provides a direct link with trigonometric approximation, and affords a con-

venient viewpoint for fractional differentiation. 

1. Main results on growth rates. We denote by K, Z, and zz the real line, 

the set of Integers, and the set of positive integers, respectively. The Hp 

norm is denoted by ||-|| . 

(1.1) Definition. Let F denote the class of all functions 0 on IR such 

that 0 > 0, 0(0) = 1, 0 vanishes on ]R\(- ̂ , 1), and the restriction of 0 
1 2 1 

to [- j , 1] is absolutely continuous, with 0' € L [- •=•, 1]. 

(1.2) Theorem. Let 0 € F. If 1 < p < », -1 < y < oo, and £(z) = E a zn 

n=0 n 

is analytic on D, then the following are equivalent ; 

The work of the author was supported by an NSF grant. 
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(1) Mp(r,f') •> 0 ( l / ( l - r ) l + Y ) , 

( i l ) o s sup ^ N"Y|| l 0 è - l)Vk\\B < «>• 
N € Z + k-l N K P 

For 0 6 F, Y € (-1,+"°) there are positive constants c and C such that 

whenever f and p are as in the hypotheses and (1) and (11) hold, then 

c o < sup (l-r)1"1"7 M ( r , f ' ) < C <J . 
v 0 < r < l p , T 

OB _ 

(1.3) Theorem. Suppose £(z) = Z a z is analytic on D, 1 < p < «>, 
n=0 n 

0 € F, and I) 6 ]R. Then 

s s sup N"11 H Z 0(kN"1-l)i zk|| < -
1 N € Z"1" k=l R p 

if and only If 

,, 2N . 
s H sup N-11 H Z i zKll < - . 
•̂  N 6 Z + k=N K P 

If this Is the case, then ^ f l 5 ^ - O0,Tl,p8l' ^ ^ V u ^ ^ O0.T1.P 

are positive constants depending only on their subscripts. 

(1.4) Theorem. Let 0 € F. If 1 < p < ", Y 6m, 8 €» and f(z) = Z a z 
— - - n=0 n 

is analytic on D, then the following are equivalent : 

(1) HE 0(kN"1-l)a zk|l = 0(NY), 
k"l v 

( i i ) | | 1 0(kN-1-l)kPa zkl| =0(N Y f p ) . 
k=l H 

•• n 
(1.5) Corollary. If 0 € F, 1 < p < =, a > O, and £(z) - S a z is 

— — — - • — - - JJOQ n 

analytic on D, then M (r,f) = 0((l-r)"0) if and only if 

H T. 0(lcN-1-l)a zk|| - CO»") . 
k=l p 
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2. Comments on the proofs. In obtaining the results of §1, repeated use is 

made of the following lemma due to Robert Kaufman (private communication), 

based in part on the Poisson sunmatlon formula. 

(Z.l) Lemma. Let f ; E - C b£ absolutely continuous on each compact Interval. 

f 6L0R),and f 6 L (R). Then Z f(k)e Is the Fourier series of a 
ks-» 

function G € L HI) and 

llGll , < 2 " - l / 2 [ W 2 lifl! 2 ] 1 / 2 • 
L a n L OR) L OR) 

The proofs of Theorems (1.2) and (1.3) require extensive, technically involved 

estimates. In this brief note, we confine ourselves to highly condensed 

accounts of the main Ideas. 

Proof of Theorem (1.2). To see that (11) implies (1) a positive Integer M 

sufficiently large for certain explicit requirements is first chosen. One 
00 -1 

then defines g(x) " Z 0(x + nM ) for x CK, and 
na_a, 

h.(x) = 0(M log x - JM"l)/g(M log x) for x > 0 , J É E . In p a r t i c u l a r , 
oe - 2 1 - I 
Z h . ( x ) s 1, h , > 0 for a l l J , and h (x) = 0 unless . log x - JM ( < M . 

JS.03 J J J 
CD t, |1.Q » CO |_ IkS 

Since Z ka. r e = Z Z ka. rTi,(k)e 0, the demonstration reduces to 
k=l k j=-<» k=l " J 

estimating, for fixed J, || S ka. rkh,(k)elkei| . Use of Bernstein's 

k=l R J Lpar) 
inequality for trigonometric polynomials gives a further reduction to con-

sideration of H Î a.r1^ (k)e || . The terminating series In this last 

k=l R •' LP0D 
oo _ i Ik 9 

expression can be treated as the convolution of Z 0(kN, -l)a.e and 
k=l J * 

another trigonometric polynomial P, with suitable Fourier coefficients, the 

-2 -1 
positive integer N. being chosen so that [log N. - JM ] < M . Lengthy 

calculations in conjunction with Lemma (2.1) provide a suitable estimate for 
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HP,H to complete this half of the proof. To show that (1) implies (11) 
J LlOD 

1 ^ "1 Ik6 
let r., = 1 - N , and viite Z 0(kN -l)a. e as the convolution of 

N k-l K 

Z ka, rke and a suitable trigonometric polynomial. The norm of the 
k=l k N 

latter In I, CH) can then be estimated by Lemma (2.1). 

Proof of Theorem (1.3). The proof that s. < => implies s, < » proceeds from 

an application of Steckln's theorem [5.., Chapter XV, Theorem (4.14)]. To show 

that s, < «o implies s, < <=, one first notes that by Lemma (2.1) 

T . H sup || Z 0(kN"1-l)elk8|| < •». Representation of 
* N € Z + k=l L 1 ^ 

2M ... 2M l k e 
y. 0(kN" -l)a1e (M,N positive integers) as the convolution of Z a.e 

k=M k
 2 M k=*< K 

with Z 0(kN"l-l)ei k e shows that 1| Z 0(kN"l-l)a. zk|l < x^s-M11. Suitable 
k«»l k=M K P w * 

choices for M and N in this last inequality lead to the desired result. 

Proof of Theorem (1.4). Take z = e 1 6 . For the series in (i) (resp., (11)) 

Lemma (2.1) provides a corresponding trigonometric polynomial of suitable norm 

in L 01) whose convolution with the series is the series In (11) (resp., (1)). 

i. Applications 

(a) Analytic functions on D which are Llpschltz or smooth on IT. Such 

functions are characterized by growth conditions on the means of their first or 

second derivative, respectively (see [4, Theorem 13] and [3, Chapter 5]). The 

results of §1 make it possible to characterize such functions in terms of 

weighted blocks from their Maclaurln's series. For instance, the following 

theorem results. 

oo n 

(3.1) Theorem. Let 0 6 F, and let f(z) = Z a z be analytic in D. n=0 n 

Then f is continuous on | z | < l and f ( e 1 ' ) 6 / ^ If and only if 

.,-1 ,v ki, „ „ , - l . 1 1 ^ 0(kN_l-l)akzK|l<i> o 0(N"1). 
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(b) Best approximation by trigonometric polynomials. If f € L (ID, 

1 < p < m (resp., f € COD)» for each positive integer N we write Ejj (f) 

(resp., E, „,(£)) for the distance in LP(n) (resp., COD) from the subspace 

of trigonometric polynomials of degree at most N. Let [VN1HO1 ^oote 

de la Vallée Foussin's kernel. Thus V " ZK^., - Ku.i» "here {Ku^oo 

is the Fejér kernel (see, e.g., [5 , page lis|l Let T: B -m be defined as 

follows: T(x) - 2x + 1 for x 6 [-1/2,0], T(x) = 1 - x for x 6 [0,1], and 

T(x) = 0 for x €m\[-l/2,l]. Obviously T 6 F. A straightforward computation 

shows that for N > I, k > 0, V ^ k ) - V (k) = T(k(2N)'1-l), where VN 

denotes the Fourier transform of V . By combining this last fact (and basic 

properties of de la Vallée Foussin's kernel) with the results in §1 and those 

mentioned in 3(a) above, one obtains, with comparative ease, the analytic 

versions of standard facts relating Llpschltz or smooth behavior to best 

approximation by trigonometric polynomials ([2, Theorem 2.4.1]). For example, 

the following theorem ensues. 

(3.2) theorem. Let f be continuous on |z| < 1 and analytic on D. Then 

f(ele) 6 A» if and only if Ej, ̂ ( c 1 9 ) ) = OOI*1). 

• n 
(c) Fractional differentiation. For f(z) ̂  £ a z analytic on D 

and B > 0, let £"'(«) " Z n^a zn. Thus f<W i8 (essentially) the Veyl 
n° l n 

fractional derivative of f of order p. The preceding results discussed in 

this note facilitate considerations involving fractional differentiation. For 

Instance the following basic result of Hardy and Llttlewood is an obvious con-

sequence of Theorem (1.4) and Corollary (l.S). 

(3.3) Theorem. It f Is analytic on D, l ^ p ^ " » , a > 0 and P > 0. then 

Mp(r.f) - 0((l-r)"a) ifandonl^lf M (r,f(P)) = 0((l-r)*a"e). 
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(d) Bloch functions. For the case Y = 0, p °  °>, Theorem (1.2) provides 

a new characterization of Bloch functions in terms of Taylor coefficients (for 

a treatment of Bloch functions see [1]). This approach unifies various facts 

about Bloch functions, 

A full account of the circle of ideas discussed In this note will be 

given in a forthcoming paper by the author. 
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SUR UK SYSTKNR D'IKl.WATIl'NS KONT-TIOXNTLI l.S 

P e t e r Volkmann 

Presented by J. Aesêl, F.R.S.C. 

Résumé. Dés ignons par N,I.' l e s ensembles des nombres 

n a t u r e l s ( > l ) e t r é e l s , r e s p e c t i v e m e n t . I.e théorème s u i v a n t 

s e r a démontré . 

Théorème. S o i t g: [ o . o o ) — > O 1 ' 0 0 ) u u e f o n c t i o n c o n t i n u e , 

c r o i s s a n t e (donc i n j e c t i v e mais non nécessa irenjent s u r j e c t i v e ) , 

de s o r t e que 

( 1 ) g ( 0 ) = 0 , g ( l ) = 1. 

Si la fonction f:K — > R satisfait aux inéquations 

(2) f(x+y)> t(x) + f(y) (x.yelî), 

(3) f(g(|x|))^ g(|f(x)|) (xgn) 

et à la condition 

{t) f(l) = 1. 

alors f(x) s x. 

I. Remarques. 1. Soit nÊN , n^ 2 . Considérons les 

équations fonctionnelles 

(5) fU+y) = f(x) + f(y) (x.yçR), 

(6) f(xn) = f(x)n (x6R). 

Selon J.Aczél /2/ (voir aussi l'.M.Vasié et n.l.l.uSié /k/) la 

solution de (4),(5),(6) est f(x) = x ; si n s 2k (kgN), cela 

résulte déjà d'un théorème classique de Uarboux (voir J.Aczél 

/l/, p.45). On peut se demander, si ce résultat subsiste, si l'on 

remplace les signes d'égalité de (5),(6) par le signe ^ . lour 

n = 2k la réponse est affirmative: Il suffit de choisir 
2k g( t) = t dans le théorème plus haut, iour n = 'Jk+1 la 
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réponse est négative: la fonction 

f x (x>0) 

x - 1 (xçO) 

satisfait aux conditions (2),(4) et aux inéquations 

r(x2,Ml)è. f(x) 2 k + 1 (xgP.kgN). 

2. Si g(t) s t2 , l'inéquation (3) est de la forme 

(7) f(x2)à f(x)2 (x6R), 

et d'après le théorème plus haut, f(x) = x est la solution de 

(2),(4),(7). Ici la condition (4) est indispensable, car les 

fonctions 

f(x) 
f ax (x^O) 

\ bx (x<o) 

(où b'^-açh^i) satisfont aux inéquations (2),(7). Il est 

intéresuunt de comparer ce fail avec un résultat de M.I'Sduloscu 

/>/, selon lequel la solution du système des inéquations fonc-

tionnelles (2) et 

f(xy) ̂  f(x)f(y) (x.ygR) 

est donnée par les fonctions f(x) = x et f(x) a 0 (voir 

aussi /5/), 

II. Démonstration du théorème. 1. Soit x^O . on peut 

écrire 

x = ny , 

où ncN et 0« y< 1 . De plus, 

y = g(t) 

avec un tào , F.n tenant compte de (2),(3), il résulte que 

f(x) = f(ny) ̂  nf(y) = nf(g(t)) à ng(|f(t)| ) à 0 . 
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On a donc f(x)^0 pour x^O. De ce fait et de l'inéquation 

(2) on obtient facilement que f:U * R est une fonction 

monotone non-décroissante, f(o) s o et 

(8) f(-x) « -f(x) (xÊR). 

2. Les formules (l),(3),(4) entraînent 

g(l) al m f(l) = f(g(l)) u f(g(|-l|)) ̂  g(|f(-l)l) . 

d'où 

|f(-l)l « 1 . 

D'autre part, f(-l)«î -1 (d'après (4),(8)), donc 

f(-l) = -1 . 

De cette formule et de (2),(8) on obtient pour nÇN 

f(n) ç -f(-n) = -f(n(-l>) «• -nf(-l) = n . 

D'autre part, f(n)> nf(i) B n (d'après (2), (4)), donc 

(9) f(n) = n (nÇN). 

3. Soient p,qCN . Les formules (2) ,(9) entraînent 

P = f(p) = f(q£) > qf(£) , 

donc f(-|) ^ -2 . Gr&ce à la monotonie de la fonction f il en 

résulte 

f(x) < x (xàO). 

De là on obtient pour x réel, arbitraire (en tenant compte de 

(3)) 

g(|x|)è f(g(|x|))^ g(|f(x)|) , 

oe qui entraine 

(10) |f(x)| «: Ixj (X6U). 

4. lour établir la relation désirée 

f(x) B x (xCH), 

considérons d'abord l e cas x = - •£ , où p , q e N . l e s formules 
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(2),(8),(9) entraînent 

qf(- £) «; f(q(- £)) = f(-p) ̂  -f(p) = -p , 

donc f(-£)<$_ £ , flioù avec (10) 

'(-§)-- ̂  • 
(irâce à la monotonie de f 11 en résulte 

(11) f(x) = x (x<0). 

Solt finalement x^ 0 . Il existe nfN de sorte que x - n 

< 0 . Les formules (2),(9),(il) entraînent 

f(x)> f(x - n) + f(n) = (x - n) + n = x , 

et à l'aide de (10) on obtient f(x) B X . 
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ON LINEARLY COMPACT COMMUTATIVE REGULAR RINGS 

Young L. Park and J.W. Lorimer 

Presented by P. Saherk, F.R.S.C. 

1. Introduction. In this paper we shall consider rings with 

unity and all modules will bo left unitary modules. Furthermore 

all topological spaces are Hausdorff. 

A topological module whose open submodules form a fundamental 

system of neighbourhoods of zero is called linearly topologized. 

By a linear variety in a module M , we shall mean a coset of 

a submodule of M . A linearly topologized R-module M is 

linearly compact if every collection of closed linear varieties 

in M with the finite intersection property has a non-void 

intersection. For the basic properties of linearly topologized 

modules, the reader is referred to [4] and [7]. LTM denotes 

the category of linear topologized modules and continuous homo-

morphisms. 

In [5, Theorem 6] we have the following result: A commu-

tative ring is von Neumann regular if and only if every simple 

R-module is injective. In this note we present a topological 

version of this result for linearly compact commutative rings 

(3.2). 

We shall require the following technical lemma. 

1.1 Lemma. Let R be a linearly topologized ring. If every 

linearly compact simple (equivalently discrete simple) R-module 



160 Y.L. Park and J.W. Lorimer 

is projective (injective) in LTM , then for any a * 0 in R, 

there exists a clopen maximal ideal M in R not containing a . 

Proof: First we assume that every linearly compact simple 

R-raodule is projective. Let 0 « a in R . Then the set of 

open ideals in R not containing a is not empty and contains 

a maximal element M . Since every open ideal is closed, we 

conclude that M is clopen ideal. Now, let (M , a) be the 

ideal generated by a and M . Then both M and (M , a) are 

clopen, and (M , a)/M is a simple ring. Thus (M , a)/M is a 

linearly compact simple submodule of R/M . Also we note that 

the ring R/M is a linearly topologized discrete module. Since 

(M , a)/M is a simple R-module, we can put (M , a)/M = Ra where 

a = a + M . Now define g ; R/M + Ra by g<r) = ra . To show 

that g is well-defined, let r , r e R with r = r„ . Then 

r1 - r2 c M . Thus g(r1 - r2) = ix1 - r2)â = 0 . But (r1 - r2)â 

= rjâ - r2â = gCrj) - g(r2). Hence gCfj) = g(r2). Since R/M 

is discrete, it follows that the epimorphism g is continuous. 

Ra is projective by assumption. Therefore there exists a 

continuous monomorphism < : Ra ->• R/M such that 

R/M = <((M,a)/M) 9 Ker(g). Thus there exist ideas L and K 

in R such that K((M,a)/M) = L/M and Ker(g) = K/M . Since 

K((M,a)/M) » (0), we have M « L. By the maximality of M, 

a c L ; and so M c (M,a) c L . 

Since L/M is simple, it follows that L/M = (M^J/M . 

Hence R/M = (M,a)/M @ K/M . Note a ^ K/M ; and thus a ^ K . 
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Since M c K , the maximality of M implies that K = M . It 

follows that R/M is simple, and hence that M is a maximal 

ideal in R . 

Now we assume every linearly compact simple R-module is 

injective. Then, as in the argument above we can show that there 

exists an open maximal ideal M in R not containing a « 0 . 

Choose M as in the previous situation. Then (M,a)/M is a 

direct summand of R/M and so R/M is simple. This concludes 

the proof. 

2. OM-semisimple rings. A linearly topologized ring is OM-semi-

simple if the intersection of all its open maximal ideals is (0) . 

It is known that every semisimple linearly compact ring is 

OM-semisimple ([6]). As an immediate consequence of 1.1 we 

obtain 

2.1 Proposition. In LTM, a linearly topologized ring R where 

every linearly compact simple R-module is projective (injective), 

is OM-semisimple. 

2.2 Theorem. Let R be a linearly topologized OM-semisimple 

ring. Then R is linearly compact iff it is injective in LTM . 

Proof: Let R be injective and JM } be the set of all clopen 

maximal ideals in R. Then H M = (0). Define a mapping 

K : R •»• IIR/M by K (a) = a , where a is defined in such a way 
a a 
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that a (a) = a + Ma . Since the projection p : IIR/M * R/M 

is continuous for each a , < is a continuous monomorphism. 

The injectivity of R implies that there exists a continuous 

epimorphism g : IIR/M -• R . Note that R/M is linearly 
a a a 

compact for each a . By (7, propositions 1 and 2) R is 

linearly compact. The converse follows from [6, Theorem 1]. 

3. Linearly compact commutative von Neumann regular rings. A 

commutative ring R is von Neumann regular if aR = a R for 

all a in R ([2]). 

3.1 Proposition. A linearly topologized commutative von Neumann 

regular ring is OM-semisimple. 

Proof; As noted earlier a simple module over a regular ring is 

injective in the algebraic sense. Let a « R\{0} . Then the 

set of all open ideals in R not containing a contains a 

maximal clopen ideal P not containing a , and (P,a)/P is 

a direct summand of R/P . It follows that R/P is simple and 

so R is OM-semisimple. 

We may now state our main result. 

3.2 Theorem. Let R be a linearly compact commutative ring. 

Then the following statements are equivalent in LTM . 
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(a) R is von Neumann regular. 

(b) Every linearly compact R-module is injective. 

(c) Every linearly compact R-module is projective. 

(d) Every linearly compact simple R-module is injective. 

(e) Every linearly compact simple R-module is projective. 

Proof : Since a regular ring is semisimple ([2]) Theorem 1 of 

[6] shows that (a) => (b) and (c). By 2.1 each of (d) and (e) 

implies that R is OM-semisimple and hence semisimple. Thus, 

(d) <=> (e). To complete the proof it suffices to show that 

(e) => (a) . 

Let acR\(0). Since R is OM-semisimple, there exists a 

clopen maximal ideal M in R such that a 1 M . Moreover (e) 

implies that the simple module R/M is algebraically flat (see 

(2), page 83 and page 133). 

Hence a2R » R/M is a subring of aR 8 R/M . But R/M is 

a field, and hence it follows that o = (aR ® R/M)/(a R 8 R/M) 

= (aR/a2R) 8 R/M . Thus aR = a2R , and so R is von Neumann 

regular. 

Combining [6, Theorem 1] and 3.1 with the theorem above we 

obtain 

Corollary. A linearly compact commutative ring is von Neumann 

regular if and only if it is semisimple. 
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3.1, 2.2 and the theorem above imply 

Corollary. A linearly topologized commutative von Neumann 

regular ring is linearly compact iff it is injective. 
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L::-ESTIMATES FOR VARIATIONAL INEQUALITIES 

M. ASLAM NOOR 

Presented by P. Ribenboim. F.R.S.C. 

ABSTRACT. 
For the finite element approximation of the solution of variational 

inequalities, we derive the L -error estimates. 

1. INTRODUCTION. 

Variational inequalities are now fundamental In studying the 
obstacle and unilateral problems arising in engineering and mathe-
matical sciences. Finite element techniques are being applied for 
obtaining numerical solutions of variational Inequalities. Using 
plecewlse linear elements, Falk[4], Mosco and Strang[8], Brezzl, 
Hager and Ravlart[2]; and Noor[10,11,12], have shown the 0(h) con-
vergence In the energy norm. 

In this paper, using the unilateral approximation result of 
Mosco and Strang(8] and the well-known Aubin-Nltsche trlck(3], we 
obtain the error estimates for the finite element approximation of 
a class of variational inequalities In the L -nor™, which are of 

2 
order h . Using a different approach, Johnson[7] and Berger and 
Falk[l] have obtained the rate of convergence for the numerical 

solution of parabolic variational inequalities In the L,-norm. The 

nonlinear obstacle problem and approximation is considered In 

Section 2. The L -error estimates are derived in Section 3. 

2. OBSTACLE PROBLEM AND APPROXIMATION. 

For simplicity, we consider the nonlinear obstacle problem of 
finding ueH such that 

(1) (Tu,v-u)^0, for all veM, 

where (Tu.v) = i|1 i [?ii!± .̂ ̂  dD . M -{venj; V>I|. on D). a closed 

closed convex subset of HJ, see [6], DCR is a convex polygonal 

domain with boundary S, 5 = DOS its closure, and i|( is a given function 
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in nirvH2, see Clowlnskl[61 . 

The problem (1) a r i s e s in the study of pernonent compressible i r r o t a t i o n a l 
flow. Here (irhf) i s the stream function of the motion. I t i s assumed that the 
flow Is subsonic . For the complete mathematical formulation, s e e [ 5 ] . 

k k 
The space W (D) = H i s taken to be the usual Sobolev space , where for 

u£H , k a p o s i t i v e Integer , we have the norm 

2 -&J^lf k.D P"^ L,(D) 
k The space of functions from H , which In generalized sense satisfies the 

homogeneous boundary conditions on S, is denoted by H-. The spaces H and Hj' 

are Hilbert spaces. Let H2 = W2(D) for simplicity. 

It has been shown In |5] that the operator T is strongly monotone and 

Llpschltz continuous from H- into H~ , being the dual space of H;:, so there 

does exist a unique solution of problem (1), see Noor[9]. 

We consider S C_ H , a subspace of continuous plecewlse linear functions 

on the triangulation of the polygonal domain D vanishing on its boundary S. Let 

\ be the interpolant of i() such that il», agrees at all the vertices of the 

triangulation. For our purpose, it Is enough to choose the finite dimensional 

convex subset Mh = Shri{vh> i|)h only at the vertices of the triangulations), as 

in Berger and Falk[l]. For other choices of convex subsets, see [2,4, 11,12]. 

The approximate solution u Is defined as that function from a given finite 

dimensional convex subset H. which satisfies 

(2) (Ti^.Vj^) > 0 for all ^ E M j . 

Concerning the regularity of the solution ueM satisfying (1) , we assume the 

following hypothesis, see[ll]. 

(A) : {For (l-eHjnH2, ueM satisfying (1) also lies in H2). 

We also need the following results. 

Theorem 1 [81. 

Suppose that U ̂ 0 in the polygon D and that U lies in H^rtH2. Then there 

exists a V in S. such that 

0£Vh< U in D 

and 
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Theorem 2 [10]. 

If u and Uĵ  are the solutions of (1) and (2) respectively and hypothesis (A) 

holds, then 

Ik - "hlju, • o(h) 

3. I^-ERROR ESTIMA3E. 

In this section, using the unilateral approximation result of Mosco and 

Strang and Aubin-Nltsche trick, we derive the error estimates for the finite 

element approximation of variational Inequalities in the L,-norm. He would also 

like to point out that these are only partial results under the assumption that 

the solution of an auxiliary problem is smooth enough. 

We now state and prove the main result of this paper. 

Theoran 3. , 

If u and uh are solutions of (1) and (3) respectively, and hypothesis (A) 

holds, then 

(3> K U - V V ( D ) -"X"2). 
and z 

w I I ^ V I M D ) • 0 < h 2 > -
where 

<"-",,) - Suphj-Uj^O), (u-i^)" - InfCu-i^.O). 

Proof; 

In order to prove (3), we consider for 

(5) w - (u-i^f 

the problem 

(6) l ' 1 0 0l,E' ^ O 
T(Ty,z-y) > (w,z-y), for all z<0 on E, ZEHJ 

and E is a set of points in D where u = 1(1. This set Is known as contact set. 

The solution y of (6) exists and yeH?. _., with 

<7> H^CIML( D) 
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and by the maximum principle, we have y^O on D, hence y • 0 on E. Thus, by 
theorem 1, there exists yt.ES. satisfying 0$. <y in D, with î'. - 0 on E, 
such that 

(8> l ^ h l L D - E l ^ ly lk .D-E 

Since J1. •• 0 on E, we have (Tu,?1. ) • 0 and v
h " % + yfl

ctih iœplles that 

(Tuh,yh)> 0. Thus we have 

(9) (Tu-Tu^)^ 0. 

Moreover, we know that U-IL^ 0 on E, z ~ y+u-u,^ 0 on E, from which,we get 

(10) (w.Tu-Tu.) <_ (y.Tu-Tu.) 

From (9) and (10), we obtain 

(w^u-TUj^ < (y-yh.Tu-Tuh) 

which implies that 

(ID '"- ™2 

< Chlku-i^)4!! ||u-uh|| by (7) and(8). 
L 2 ( D ) 1,D-E 

From (11) and theorem 2, we obtain the required estimate (3). 

In order to prove (4), we solve with w •(u-u. )~ , the problem 

fy >0 on Eh, yenj 

1(Ty,z-y) > {w,z-y), 
(12) ^ 1 

for all z^O on E., zeHa, 

and E is a set of points In D where u. •4'. 
2 

The solution of (12) exists and belongs to H,n _ . , with 

(13) wi.^- n2m. 
By the maximum principle, y£0 on D, hence y 3 on E.. Thus from theorem 1, 

there exists yh E S. satisfying 0£y. £ y in D with y.-O on E. such that 

http://yt.ES
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(14) 

• i 

H4..V "K^ 
Since yh • 0 on i^, we have (Tu. ,50 •» 0, and from y h10, v° u-y.EM. it 

follows that (Tu,^)^ 0. Thus we obtain 

^ (IS) (Tu-Tuh,yh) < 0. 

We also know that u-i^i 0 on Eh, and z » y+u-u. > 0 on E., from which 1c 

follows that 

(16) (w^u-Ti^) < (y^u-Ti^). 

From (IS) and (16), we obtain 

(w^u-Ti^) < (y-^.Tu-Tt^), 

which Implies that 

Thus from (13), (14), (17) and theorem 2, the required estimate (4) follows. 
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AN ISOMORPHISM BETWEEN THE HALIHSKII 
AND PAULOWICH FUNDAMENTAL GROUPS 

D.G. Paulowich 
Prasentrd bj K. W K ï M . ' I I . I f , r.H.S.C. 

For each Hausdorff space (X,x0) , l e t irR(X,x0) denote the Halimski' 

fundamental group defined for the family R of al l compact segments [2, 

pp. 75-87]. In this note iiR(X,x ) is shown to be isomorphic to the 

author's fundamental group X(X,x ) , as defined in [6, 54]. This simpli-

fies the computation of itR(X,x ) . We note that the homology theory in 

[2, Theorem I I . 6 , p. 74] is defined for the family of a l l segments (not 

just the compact segments, as a misprint in MR57^4118 states). 

Let a be a fixed in f in i te cardinal and let x0 c X , where X is a 

fixed Hausdorff space such that, for each compact Y c X , weight(Y) < a . 

Let A = [a,b] be a compact segment (called an arc in [ 5 ] , [6]) with 

non-cutpoints a and b . A function f: A —* X is called a ma£ i f f 

is continuous and f (a) = f(b) = x0 . Maps f ,g : A — X are said to be 

homotopic i f there exist both a compact segment C = [c,d] and a con-

tinuous function h: AxC — X such that, for each s e A and t c C , 

(1) h(a . t ) = x0 = h(b.t) 

(2) h(s.c) = f (s) and h(s,d) = g(s) . 

We write [ f ] for the set of a l l maps which are homotopic to f . 

Haps f , : A, —- X and f , : A2 —» X are said to be equivalent i f 

there exist a compact segment A and order preserving continuous 

surjections g, : A —<• A. and g j : A —>-Ao such that ( f i o g , ) is 

homotopic to ( f g o g , ) . This is an equivalence relation [2 , pp. 77-80]. 

We write { f , } for the class of a l l maps which are equivalent to f, . 

HaHmski' defines the fundamental group nR(X,x ) on the class of a l l 
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equivalence classes of maps from compact segments to X . The following 

lemra proves that !iR(X,x0) Is a set In the sense of [3, Appendix]. 

LEMMA. For each compact segment A and each map f : A —<• X , 

there exist a compact segment A2 , with weightUJ s o , and a map 
f 2 : A2 ""' 't w ^ c h 1s equivalent to f . 

PROOF. Consider the monotone-light factorization f » ( f . o f j 

and let A2 = ^(A) . Then we1ght(A2) s a , by [7], and fg Is 

equivalent to f . 

For any Hausdorff space Z we define the character of Z to be 

the least cardinal B such that, for each x c Z , the neighborhood 

system of the point x has a base of cardinality s S . I f C Is 

compact Hausdorff and Y Is a Hausdorff space with infinite weight, 

then the proof of [1 , Proposition 3.4] shows that character(Y ) s 
P 

welght(Y) , where Y Is the space of all continuous functions from 

C to Y , equipped with the compact-open topology. Thus I f K Is a . 
r conpact subspace of X , then character(K) s a . 

A compact segment B is said to be flexible I f each compact 

segment C c B admits an order preserving continuous surjectlon 

g: C —• B and there also exists an order reversing homeomorphlsm 

h: B — B . We choose a flexible compact segment B which admits 

order preserving continuous surjections onto all compact segments 

of character at most a . Such a segment B exists and may be 

chosen to have cardinality at most 2 , by [6, §2] and [4, Theorem 

1.19]. We define A(X.x0) to be the set of homotopy classes [ f ] , 
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where f : B - • X is any map, together with the multiplication defined 

In [6. S3 and 14]. 

THEOREM. The function sending each homotopy class [ f ] to the 

equivalence class ( f ) is an isomorphism from X(X,x0) onto irR(X,x0) . 

PROOF. By the LEMMA, each equivalence class in TrR(X,x0) contains 

a map f2: A2 - » X , where weight(A2) s a . He choose an order preserving 

continuous surjection h: B - • A2 and le t f » ( f 2 o h ) . Then 

{f} • {f2) . 

Now suppose f 1 . f 2 : B — X are maps such that { ^ J = { f 2 } . Then 

there exist a compact segment A and order preserving continuous surjec-

tions g ^ g ^ A — B such that [ ^ o g , ] equals [ f 2 o g 2 ] . Let 

g: A —» B be any order preserving continuous surjection. One can easily 

prove that [ f , o g] equals [ f 2 o g ] . The proof of [6, Theorem 4.5] 

shows that [ f ^ equals [ f 2 ] . Thus we have a bijection between 

X(X,x0) and TrR(X,x0) . The theorem follows upon examining the group • 

structures defined in [6] and [ 2 ] . 

REMARK. The preceding proof shows that 7rR(X,x ) could also be 

defined by using the class of a l l compact segments of cardinality at 

most 201 . This answers [2 , Problem I I . 2 , p. 86] for the family of a l l 

compact segments. 
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ALE XANDROV-TYPE TRANSFORMATIONS ON 

EINSTEIN'S CYLINDER UNIVERSE 

J . A . L e s t e r 
Preaented by J. Aozél, F.R.S.C. 

A theorem of A.D. Alexandrov [1] s t a t e s t ha t b l j ee t ions of 

Minkowski spacetlme which preserve pa i r s of events connected by 

unref lec ted l igh t s igna ls are e s s e n t i a l l y Lorentz transformations. 

The purpose of t h i s note i s to obtain the corresponding transforma-

t ions for E i n s t e i n ' s cy l inder universe . These may in fact be some-

what pa tho log ica l . 

E i n s t e i n ' s cyl inder universe Ĉ  can be rea l i zed as the set 

of po in ts ( t . r ) : » ( t . w . x . y . z ) « m5 on the cyl inder r-'r = 1 

("•" denotes the usual dot product on K ) with the l ine element 

ds 2 = -dt2+dr«dr (see [ 2 ] ) . In terms of a parameter T . I t s 

geodesies have the form 

r(T) = cos(uT)a+sln(uT)b, t = otx+B (1) 

2 2 -» -̂  U 
for constants u,a,B (o +(D ï 0) and orthonormal a,b « 1R . The 
separation between two points (tj^r-^.Ct^rj) « C^ (obtained by 

2 
Integrating ds along a geodesic Joining them) is -(t^tj) + 

+ {cos"1(rk1-rl)}2, and is zero iff the geodesic is null, i.e. iff 

o = +(j in (1). Null geodesies represent light signals; thus 

events (t-.r,) and (t2,r_) are connected by an unreflected 

light signal iff 

COs(t1-t2) = T ] / ^ (2) 
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The transformations preserving all separations on C have 

the form (t,r) •• (+t+a,Ar) for some constant a and îxJ) 

orthogonal matrix A. Let f: C^ •• C^ be a bijection preserving 

(2) on Cj, in both directions. We determine below all such. f's. 

Lemma: Define the equivalence relation 5 on Cjj by (t.,^) = 

(.t2,'r2) iff for all (t,r) e C^ 

cos(t-t1) = PTj iff cos(t-t2) = r'r2. 

Then the equivalence classes of = are the subsets 

[(t.^r)]^ {(t+kM-l)1*^); k an integer). 

Proof: If (t1.'r1),(t2,'r'2) c [(t.r)], then clearly (t-p^) ï 

Ctj.'rL). Assume that (t1,r1) = (t2,'r2). For some u c ]R, 

r. T , = cos tii, so for t:= t,+a) and r:= r2, cos(t-t1) = r'r^. 

Then cos(t1-t2±(u ) = r 2 T 2 = 1, so for some in tegers m, n, 

t -t2+ii) = 2mii and t 1 - t 2 -u) = 2mi. Set k:= m-n; then t 1 - t 2 = kn 

and ID = (k+2n)Ti. Since ui i s the angle between r , and r 2 , 

r^ = ( - 1 ) ^ , thus (tj^.î^) e [ ( t ^ - ^ ) ] . D 

Although f maps equivalence classes onto each other, arbi-

trary permutations within equivalence classes also preserve (2). 

We can thus only determine the effect of f on these classes, not 

on each individual point. 

The space C is, as described below, a covering space for 

conformai Minkowski space M,, (see [3] and [1] for details about 

Hj.; the relevant points follow). The points of Mq may be 
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coordlnat lzed by homogeneous ô- tuples R<I(W,X,Y,Z,U,V) « ffi 

( supersc r ip t " t " denotes " t ranspose") sa t i s fy ing R GR = 0, 

where G:= d i a g { l > l > l l l , - l > - l } . Points Rn.Rg « M̂  have zero 

separat ion i f f R, GR2 = 0, and b l j ee t ions of Mjj preserving 

such p a i r s of points ( in both d i r e c t i o n s ) must have the form 

R ••• TR for some 6*6 matrix T sa t i s fy ing T 'GT = 0 (a d i rec t 

corol lary of the main r e s u l t of [ 1 ] ) . 

The mapping Ĉ  •* M̂  given by 

( t / r ) + (r^.oos t , s in t ) 1 (3) 

is surjeotive, maps each equivalence class onto a point and maps 

distinct equivalence classes onto distinct points. Moreover, 

since (2) may be rewritten as 

(r^oos tj, sin t1)G("r2,oos t2, sin t 2 ) t = 0, 

f induces through (3) a bijection on M^ satisfying the hypo-

theses of the above mentioned result from [l|]. Thus, up to a 

permutation within equivalence classes, f has the form 

(iscos t, sin t) * AT(r,oos t, sin t) 1 

for some 6x6 matrix T s a t i s fy in g T GT = G and a sca la r 

\ i1 0. A tedious ca lcu la t ion ve r i f i e s tha t a l l such f ' s do 

Indeed preserve ( 2 ) , so we are f in ished . 

I f T has the form 

T:= diag^ 
f foos a, +sln oil 
A, 
[ ^sin a, +cos aj J 
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for a flxi) orthogonal matrix A and constant a, then (again, 

up to permutations within equivalence classes) f has the form 

(t,r) * (it+a.A'r). For the still unconvinced, we exhibit an 

example of a transformation not of this form which still preserves 

(2): for \2:= (/3z + 2 cos t ) 2 + sin2 t, 

(cos t, sin t) •* X (/3z + 2 cos t, sin t) 

r * X~1(w,x,y,2z+/3 cos t). 

One final remark: since the above mentioned result from [1] is 

in fact valid on conformai Minkowski spaces M, of any dimension 

n a 3, the above characterization is valid on any Einstein cylinder 

universe C of dimension n ^ 3. For C2> as for M2, the 

group of separation zero preserving transformations is even larger. 
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THE IDEAL OF FORMS VANISHING AT A 

FINITE SET OF POINTS IN Pn 

A.V. Geramita* P. Maroscia** 

Presented by P. Ribenboim, F.R.S.C. 

Abstract; We study the ideal of forma vanlshlnR at a 

finite aet of distinct points In Pn and seek, In 

general, the least number of Renerators for such an Ideal. 

Introduction: 

Let P P be distinct points of Pn(k) , with n > 2 
i s 

and k an algebraically closed field. Let I - Ij » X ^ 9..,, 

with Ij ^ (0) , be the Ideal generated by all forms In 
d 

k(x„ x ] vanishing simultaneously at P. P0 and let 
o n i s 

v(I) denote the minimal number of generators of I . 

We ace Interested In the following problems which are 

motivated by prior studies In [A), [G], [G-OJ, . IC-0]2 

and [R]. 

Problem (A); Does there exist, for any given n and s , a 

non-empty Zarlskl open set u n 8
C ( P 0 ) 8 8 U c h t h a t ^ 

P - (P, P ) t U and I Is the Ideal of P. P., In 
i s n,s i s 

k[x0 x 1 , then v(I) la a constant Independent of P e 

explicitly computable In terms of n and s 7 

* Supported In part by a grant from N.S.E.R.C. of Canada 
under Grant No. A8A88. 

** Supported by Conolgllo Nnzlonale delle Rlcerche. This 
author would like Co thank the Mathcraatlca and 
Statistics Department of Queen's University, Kingston, 
Ontario for their kind hospitality during the 
preparation of this work. 
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Problem (B); If such an open aet U_ _ exista, can one find 

acme dense subsets of It which are "easily" identifiable in 

a concrete geometric or algebraic way? 

1. In order to discuss our response to these problems we 

recall the following definition. (See also [G-0^, [G-0]2). 

Definition 1; Let P.I...,P8 be distinct points of Pn(k) , I 

the ideal of these points and A - k[xj,,...,x 1/1 - .£_ A. . 

If dlmkA1 - nln(8,(lnn)) for 1 - 0 we aay that P, PB 

are In generic s-posltlon. 

Remarks; 1) The sets of s distinct points In Pn , 

considered as points in ( Pn(k))a , which are in generic 

s-posltlon form a non-empty Zarlskl open aubaet of ( Pn(k)} 

(See (G-0].) . 2) If P1,...,Pa are s distinct points of 

Pn(k) In generic s-posltlon and I «• Ij » Id+1 ©..., with 

I . I1 (0) , la the Ideal generated by the forma in k[x0,...,xn] 

vanishing at P. P then I may always be generated by 

forma of degree < d + 1 . 

An affirmative answer to (A) above la given. In case 

n - 2 , by: 

Theorem 2; For any integer s > 0 , there is a non-empty 

open set, U, „ C ( P2(k))8 , contained In the open set of 
*i s 

all s-tuples of points In generic s-posltlon, with the following 

property: 
If (P, P8) « U2 8 and I - ld » ld+1 »..., with 

Ij ^ (0) , la the Ideal of the points P|,...,Pa In 
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ktxQ.x^Xj] then 

(*) v( l ) - dlrakId + dlmkId + ] - tain (3 d l r o ^ , dlBikId+1) 

2 

Proof; We first observe chat for s points of P In generic 

s-poslclon, the numbers d , dim. Id and dlmkId+. are 

Independent of Che set of s points chosen and easily 

determined by a . The main point of Che proof depends on 
2 

finding at lease one sec of s polnCs of P In genrlc 

s-poslclon for which Che claimed value for v(I) la valid. 

The proof conscruccs such a set for every s and Is Coo 

technical to Include here. The details will appear 
elsewhere. 

3 
Remark: This Cheorem gives an affirmative response In A , 

Co Che conjecture made by L. Robercs In [R]. 

In order to discuss our response to (B) we recall Che 

following definition (See also [G-0]., [G-0],) . 

Definition 3; The points P.,...,P of Pn are said to be in 

uniform position If for every t, 1 .< t .< s , each t element 

subset of <Pp..,P ) , consists of points in generic 

t-posltlon. 

Theorem 4: If P̂  P8 are any a points of P In uniform 

position and I is the Ideal in k[x0,x1,x2] of these points 

then v(I) Is given by (*) In each of the following caaes: 
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1) s - (d22) - 1 . 0 < l < 2 

U ) s - (d22) + 1 . 

Ill) s - 12. (char k - 0) 

Remark; Since the sets of s points In P In uniform 

poaltlon describe a non-empty Zarskl open aubaet of ( P ) 

for any s we have, for the e of thla theorem, a response to 

Question (B) above In these cases. 

We also show that the notion of uniform poaltlon alone 

Is not enough to guarantee a fixed value for v(I) . Thus, we 

atrengthen this notion to that of transversal uniform 

position and are able to extend Theorem 4. for such points, 

to the case a » ( , )-3 • W e a l 8 0 obtain similar results 

In Pn for n > 2 . 

2 . An Important consideration. In obtaining Che results 

above, lathe linear system of hypersurfaeea of least degree 

passing through the given points. We have obtained the 

following result; 

Theorem 5; Let P.,...,P be points of P In uniform 

position and write a - ( W " 1 ^ ) + h , 0 ̂  h < (^"^1° ) . 

n > 2 , d > 2 , Then: 

i) the aet, R , of all reducible hypersurfaeea'of degree 

d through P. P la an algebraic set of 

dimension n-1-h In P , N - ( n )-1 . 
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11) If h .> n , every hypcrsurface of degree d through 

P, P8 la Irreducible. 

This theorem, and variante of It to cases when 

P. P are only assumed to be In generic s-posltlon allow 

us to give a partial answer (In characCerlscic zero) Co Che 

question raised by Abhyankar In [A] about the least degree 

of a nonalngular curve passing through a given finite sec of 
2 

points In P (aa well as Co the obvious extension of 

Abhyankar'a queatlon to hypersurfaeea In Pn.) 
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