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Suhhash .T. Bhatt 
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» 
Abstracts A pseudo-complete symmetric loca l ly convex -rlretr-n 

each continuous hermitlnn funct ional on which Is a difference 

of two p o s i t i v e funct ionals i s a GB -a lgebra . Conve-sly, e 

loca l ly convex GB -algebra admits a l a rges t loca l ly convex 

GB*-topology with respect t o which the pos i t ive cone Is normal, 

and hence such a decomposition i s a v a i l a b l e . 

DBFINITION (.Z.Z'J, C 7 3 ) « Let A b e a l o c a l l y convex elpebr? 
with i d e n t i t y 1 and with a continuous involution x —»x . Let 

t be I t s topology. Let fâ(t) be the co l l ec t ion of a l l B C A 

such tha t B I s absolute ly convex, B5'1 C B i B = B, 1 e B rnd 

closed and bounded. Then A Is ca l led a GB -algebra if 

* v - 1 

(i) A is symmetric in the sense that for each x 6 A, (1 + x x) 

exists and Is bounded. (An element a 6 A is bounded if for some 

A > 0, ^(A-'a^Jn = 1,2, } is bounded. The set of all bounded 
elements of A is denoted by (A, t ) o or Ao.) 

(il) the collection fe*(t) has a greatest member B0 under Inclu-

sion, called the unit ball of A, 

(ill) the *subalgebra A(Bo) s ^ A ^ l A G C , x e B 0 j - is complete 

with the Minkowski functional ||. ||B of Bo as a norm. (If turns 
o 
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out ^a, Theorem 2.6J that (A(B ), ||.|| ) Is a B*-algebra.) 
o 

The r e s u l t s in [ I s J , £7 2 a n d L 1 2 3 ind ica te tha t a 

SB -algebra i s a well-behaved topological analogue of a B -a lgebra . 

We .?1BI to (ilscuss the GB -analogues of Grothendleck's dual 

chpracterlzsti .cn of B -a lgebras f 8 j and i t s converse 

Qe, Corollary a .6 .4 J . The paner l ^ l l ^ contains r epu l t s about 

the deccmposition of hermltinn funct ionals as differences of 

oos i t ive funct ionals in tho context of topologica l algebras of 

unbounded opera tors . 

THS05EM 1. Let (A, t ) be a pseudo-complete l oca l l y convex -algebra 
with 1, Assume that 

(a) A i s symmetric 

and (b) every continuous hermitian funct ional on A i s a 

d i t t e rence of two pos i t ive func t iona l s . 
* 

Then A i s a GB -a lgebra . If A i s complete, then in place of ( a ) , 

i t suff ices t o assume 

( a ' ) A i s hermitian ( i . e . for each h = h in A, ( l + if) 

Is bounded). 

Proof ! Let A be the complex l i nea r span of the set P(A) of 
p 

a l l p o s i t i v e f u n c t i o n a l s on A. By ( b ) , t h e d u a l A" = ( A j t ) ' ^ A ; 

and s o t h e w eek t o p o l o g y d " = <f ( A , A ' ) < « ' ( A , A ) = tf£ ( s a y ) . 

L e t P I ( A ) = •£ f G P ( A ) J f ( l ) = l } . Let B 1 = { x 6 A | f ( x * x ) < 1 

f o r a l l f £ P 1 ( A ) } , B o = B j D B * . Then e x a c t l y a s i n 

1_2, Lenuna 5 . 4 J , e a c h o f B 1 and B- i s a b s o l u t e l y c o n v e x ^ b o u n d e d 

http://cterlzsti.cn
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and s a t i s f i e s Bj C B, B* C B*. ' Hence so i s B0 and Bo = B 0 . 

Let B G f b * ( t ) . Pseudo-completeness of A implies tha t the 

*-8ubalgebra A(B) = {* x\ Ae Bf, x C Bf containing 1 i s 

complete under | |x | | B = inf { A > O |x G A B | - . As B = B , 

l | x | l B = l l x * l l B ( x e MB) ) . The remark following £ 4 , js 198 ] 

gives the norm cont inui ty on A(B) of each f e P1(A) with 

| j f | | = f ( l ) = 1. Let x G B. Then x x G B, xx G B. Hence 

f(x*x) < 1, f(xx*) < l ( f 6 P 1 (A)) . Thus x G Bo, B d B o . In 

p a r t i c u l a r , the t - c losu re B0 of Bo i s in ^ ( t ) and so B o C B o . 

I t follows tha t B G fe ( t ) and i s the greates t member of 

*3*(t) . As A Is pseudo-complete, ( A ( B o ) t | | . | | B ) i s complete. 

Thus A I s a GB*-algebra. If A i s complete, then under the greatest 

member condi t ion , the condit ions (a) and (a1) ere known j ^ s H 

to be equiva len t . 

How we take the converse problem. Given a loca l ly convex 

GB -a lgebra A, we construct a l a r g e s t loca l ly convex GB -topology 

on A in which the pos i t i ve cone A* of A i s normal. Then we apply 

QlO, Corollary 3 , p . XZO'J. 

Let (A,t ) be a l oca l l y convex GB*-algebra. Let P(A,t)=^fGP(A) Jf 

I s t -oont inuous \ . For each f G P(A, t ) , the GSS"construction yie lds 

( in genera l , an unbounded) represen ta t ion i^ of A a s : Let 

Nf = ^ x G A|f (x*x) = 0 }• , Xf = A/Nf, a pre-Hilber t space with 

inner product <a + Nf, b + Nf> = f (b a ) . Let Hf be i t s completion. 

Let x f ( a ) ( b + Nf) = ab + Nf (a , b 6 A). The d i rec t sum of these 

r ep re sen ta t ions i s the r ep re sen ta t ion JL with dense domain D t in 
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n Hilbert sp^ce H. defined a s : H. = l ^ H., a Hilbert spree 

direct sum, Dt = •£ z = (z f ) G Ht j£ | j i t f (x)z1. | J2 < » for a l l x G A } 

f-nd n t ( x ) ( z f ) = ( i t f (x)z f ) for x G A, (z-) C, I>t. Then ^ ( A ) i s an 

Op -a l rnbra ^ 9 , S 2 J on D. . The Induced topology t on D̂ . i s 

the topology defined by the semi-norms z —> l |SzJj (S G it.(A)). 

Let 3 bo the col lect ion of a l l bounded subsets of (D. , t ) . Let 

t t ( t ) be the tonology on A defined by the seminorms 

(5K(a) = sup 5 |<jvt(a)z, w>| s , w G M^ where M v a r i e s over G. 

If T denote the Dixon topology Q? , § 6 J on A, we denote 

^,(T) by nO'). 

TFROR'̂  g. The topology T(T) on o l oca l ly convex GB -algebra 

(A, t ) Is the I r rges t l oca l ly convex GB -tocology on A in which 

A Is normal. 

Proof: Ry the f i r s t paragraph of ^ 7 , § 8 J , P(A) = P(A,T). 

As in the oroof of thporem 7.6 of C O » t h e r ep resen ta t ion 
\ , (br ief ly T) i s f a i t h f u l . Hence T(T) i s Hausdorff; and i t is 

inri°dl.^te from [^9, Theorem 3.1 ( i l ) J tha t (A,7t(T)) i s e local ly 

oonvfx -al.Tobra. By £ l l , Prooosit ion 4 . 1 ] ] , A i s s(T)-normal. 

Further since (A, t ) Is ba r r e l l ed £.7, Lemma B.X^, an adaptation 

of £ 9 , Theorem 4 . 1 ^ shows that ic!(A,T) —* (it(A), TTj, ) i s continuous. 

(Hors t _ i s the uniform tocology £[9, § 3 J on n(A) as an 

OD*-al,^obr8 on DT). Hence t(T) < T. This gives ( A , T ) 0 C (A,Tt(T))0 

showing tha t (A, it(T)) i s symnetrlc. 

Since A+ i s sf!1)-normal, £l0. Corollary 3; p . 220 J implies 

that (A, i t ( T ) ) ' c : A P . Conversely, l e t f G P(A). Let (xa) be a 
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net in A such that x a ^ ^ j - > 0 . Then for each z G D ,̂, <s(x a )z l z>-> 0 

Choose z = (z |g G P(A,T) = P(A)) as zg = 1 + Nf i f g = f, zg = 0 

If g ^ f. Then f (xa) = < n f ( x 0 ) z f , z f > = <'T(xa)z, z> - » 0 giving 

the it(T) cont inui ty of f. Shus (A, it(T)) ' = AP. Now l e t Tr = * ( * . * ) . 

t he Mackey topology of the dua l i ty <AIAP>. As (A.d^,) i s s GB -a lge -

Y,rp £ ? , s 8, paragraph 1 and Cojvolary 7.8 J «i1--^ t ' h e seme u n l t 

b a l l B » i t can be shown as in C2» § 5 H t h a t ( A , î ) too i s a 

GB*-algebra whose uni t b a l l i s Bo ]^7, Corollary 7 . 8 ' 3 . Since 

(kficCS))' = AP and T i s the l a rges t local ly convex RB -tonology, 

(S^ < «(T) < T. Now l e t B G p * ( * ( T ) ) . By ClO,§ 3.1 c . 1 3 0 ^ , B i s 

<jl-cl08ed and (^-bounded. Then B G ^*(<^)» and so B C B o e J3 ( " < - ) ) ' 

Thus (A, it(T)) i s a GB -a lgebra . 

Pinal].y, if t ' i s any loca l ly convex GB -tonology on A, then 

t< < T. This gives ^ . ( f ) < ^.(T) = « ( T ) . I f A+ i s t'-rnormal, 

again by remark 1 in L 1 1 » P- 2 2 4 3 ' * ' i " t ' ^ ' 5 e l v i n ' * ' - ' t f" ' )• 

Hence the theorem. 

CGROLLAHr 3 . Let A be a l oca l l y convex GB -e lgeb r s . 

(a) The following are equivalent 

(1) A* i s T-normal, (11) *(T) = T, ( i l l ) (A,T) i s an Aîf-elge-

b r a . In t h i s case , ic(T) = •,t(A,AP) = T. 

(b) Every ii(T) continuous hermitian functional on A i s a difference 

of two pos i t ive func t iona l s . 

ACKNOWLEDGEMENT. Thanks a re due to Dr. M.H.Vasevada of Vallabh 

Vidyanagar, India and to Dr. P.G.Dixon of Sheffield, U.K. for t he i r 

encouragement. Thanks a re a l so due to the referee for pointing out 

an e r r o r and suggesting a cor rec t argument. 
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RASES OF HyPRRIDENTlTlES OF LATTICES AND SEMILATTICES 

R. Padmanabhan and P. Penner» 

Presented by G. Gratzer, F.R.S.C. 

Abatract. W. Taylor investigated hyperidentities of various well known vari-

eties. In this paper we shall summarize sme results which state whether or 

not the bases of certain subsets of semilattice or lattice hyperidentities 

are finitely based. We also state some structure theorems for certain types 

of algebras satisfying all semilattice hyperidentities. 

1. Tntroductlon. Following W. Taylor 15J we define a hyperidentlty c to be 

formally the same as an identity. However, a variety V is said to satisfy a 

hyperidentlty c, if whenever the operation symbols of e are replaced by 

arbitrary polynomials (of appropriate arity) in the operations of V, then 

the resulting identity holds in V in the usual sense. We shall follow the 

convention that hyperidentities have no nullary operations. By way of an 

example, a proof that 

e: F(0(x,y),x) = G(x.F(y,x)) 

holds In L, the variety of all lattices, consists of a case by case exam-

ination of (F,C) « (x, y, x v y, x A y) 2. For example, if (F.G) = (x, x v 

y), we obtain the lattice Identity x v y s x v y. 

The set of all hyperidentities satisfied by a variety V, will be 

denoted by HtV). We shall let H° (V) be the set of all hyperidentities hold-

ing in V with operation symbols of arity at most m, and H (V) will denote 

'Research of both authors was supported by NSERC of Canada. 
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the set of all hyperidentities of V with at most n dlstlnot variables. The 

hyperidentities of Hm(V) will be said to be m-ary. The set of hyperiden-

tities of V which are of type <mlm,.,.,m> will be denoted by H(V)<m,m,..,m>. 

We thus have H(V)<iii,m,,.. ,a> £ HD(V). To avoid confusing hyperidentites 

with identities, whenever c is being viewed as a hyperidentlty we shall 

underline the function symbols of c. For example, if c is the lattice 

hyperidentlty discussed above we shall write 

c: £(aU.y).x) = fi.(x,£(y,x)). 

In the binary case we often use the infix notation xly rather than £(x,y). 

By a hyperpolynooial we shall mean an expression of the type £.(£.,&) £ 

£Ul(x,y),x). When £ and fi are replaced by polynomials p and q, we shall 

write £(p,q) for the resulting polynomial. For a more comprehensive introd-

uction to hyperidentities we refer the interested reader to W. Taylor 15j. 

Proofs for the results of Sections 2,3 and 4 shall appear in 11], 12] and 

[3] respectively. 

2. Binary semilattice hypHrtdentltlea. Let .X be a distinguished binary 

operation symbol, and let SL denote the variety of all semilattices. We 

define inductively two syntactical transforms for hyperpolynomiala of type 

<2,2...>. 

L Ix) = R,(x) = x for all variables x, 

LX(£*S.) = l x i t ) , 

ix{££a.) = (Ljitnjia^û)). i "«i. 

Rx(£iLa) = (Hx(£))ji(Hx(tt)). Jl << i-
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Thus the transform L, (R.) replaces eaoh occurrence of the operation l. by 

the lef t (right) projection. Thus i f £ = û is a hyperidentlty of type <2>, 

£ = tt i s satified by SL i f f Lx(£) = Lx(tt) ( i . e . , the first variables of £ 

and tt are equal), Rx(£) = " j ^ . and £ = Û is regular ( i . e . , £ and tt have 

the same variables). If J<2> denotes the set of three hyperidentities 

{xXx = xj xl(yXz) = (x^yUz; (sXy)l(zXt) = (x^zU(yU)) we have the follow-

ing lemma: 

l.emigi 2 .1 . The set [<2> i s a basis for H(SL)<2>. 

ThHnrHm 2.2. For an algebra A = <A;X> of type <2> the following are 

equivalent: 

( D A sat i s f ies J<2> as a set of identit ies, with X substituted for }_; 

(2) A i s a Plonka sum of diagonal semigroups (see L4] for the defini-

tion of this concept); 

(3) A c SL v D, where D i s the variety of diagonal semigroups; 

(4) A sat is f ies all semilattice hyperidentities. 

Proof. The proof ut i l i zes the result of J. Plonka (4] and the fact that 

p(x,y) - xXyXx i s a partition function in the sense of J. Plonka (4 ] . 

We now le t J be the following set of hyperidentities: 

X^X = X , 

xXlyXz) = (xXyUz, 

(xXyMzXt) = (xjaz)UyMt). 

£ = û ia a consequence of I will be denoted by £ » A. If we get ̂  = £ we 
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get J<2> as a consequence of I . In Lemma 2.3 we shall use the binary 

operation symbols k and ̂  instead of \ and ju 

Lemma 2.V If £ is a hyperpolynooial consisting of two binary operation 

symbols \ and J,, and if 

LxW-*-v 
Rx(£) = £ k . 

Vari£) = Ix^Xj x n l 1 

X s X "x " ' x . 

Var(L.(£)) > VarlR.(£)) = ((a , .b,) , (a2 ,b2) (ah,!>„)), 

then £ » £ , > . a 1 J ^ b 1 X. a2^p2 X . . . ^ S h ^ l ^ X £ k . 

Theory 2 ,4. J2 is a basis for H2(SL). 

Proof. Since for any seoi la t t ice hyperidentlty £ = tt in the binary opera-

tions \ and 2. we have Lx(£) » Lx(û), R.(£) • R.(tt) and Var(£) = Var(tt). 

Lemma 2.3 implies that [ is a basis for H(SL)<2,2>. Theorem 2.4 oan now be 

proved by inducting on the number of operation symbols X^.Xg.... i ^ i and 
2 

noting that H (SL) is a consequence of H(SL)<2,2,.. .>. 

In order to s ta te another structure theorem we define D<2 2^ to be the 

smallest equational class generated by a l l algebras A = <A; X,«> of type 

<2,2>, where <A; v > is a semilattice and t X , ' j S { x , y, x v y j , the set of 
2 

binary semilattice polynomials, and we let ld(J ) be the set of six identi-
2 

ties obtained by replacing X̂  and ji of J by all possible choices of • and X. 
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Iheermn P,«;. For an algebra A of type <2,2> the following are equivalent: 

( i ) A sat is f ies all semilattice hyperidentities; 

( i i ) A sat is f ies ld ( î 2 ) ; 

( i l l ) A c D ^ g j . 

3. n-ary gamllattice hyperidentities. If we let î<n> be the following set 

of n-ary hyperidentities: 

( i ) f ( x , . . . , x ) = x, 

( i i ) HHXy,.. .xn) ^ ( y , , . . , y n ) , « , , . . .xn_2) 

= £ (£ (x , .y , . x 3 .x M . . . , x n ) . £ ( x 2 , y 2 . y 3 1 . . . y n ) . z , , . . . z n . 2 ) 

( i l l ) fi^x,,..,xn).Wu.u.y,,..iyn.2)-'i• • • ' V ^ 5 

= KHxy,.. ,xn) 1 £ (x 2 .u .y , , . . .yn_2) . 2 , . • • - ^ . a ) 

and f » ï<n>U W ^ x , , , . . ,x ,n) fi^nl'' • •xnn)) " 

a ( £ ( x n , . . . x n l ) £ ( x , n . - - . x n n ) ) i . 

we obtain results analogous to Lemma 2.1, Theorem 2.2 and Theorem 2.4. 

4. H(V) for lattlean and aenllatttleea. 

Theorem 4.1. Let V be the variety of all semilattices or a nontrivial 

variety of lattices. Then for any two integers m and n, there exists a 

hyperidentlty t, such that c holds in V but c is not a consequence of H (V) 

Hn(V). 

Thus, if V is the variety of all semilattices or a nontrivial variety of 
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latt ices , then H(V) Is not f inite ly based. This i s a partial solution to a 

problem of W. Taylor [5, Problem 3 ] . 

Btttacanaaa 
11] R. Padmanabhan and P. Penner, On sane syntactical transforma of binary 

identities, to appear. 

[2] P. Penner, n-ary semilattice hyperidentities, to appear. 

[3] P. Penner, Hyperidentities of latt ices and semilattices, to appear. 

(4] J. Plonka, On a method of construction of abstract algebras, Fund. Hath. 
61 (1967), «3-169. 

(5] W. Taylor, Hyperidentities and bypervarieties, to appear. 
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EXTENSIONS OF AF-ALGEBRAS ARE DETERMINED BY Kg 

Lawrence G. Brown and George A. Elliott 

Presented by P. Ribenboim, F.R.S.C. 

Abstract. An extension of one AF-algebra by another is shown to 
be determined completely (i.e., up to strong equivalence) by the 
corresponding extension of dimension groups with interval. 

Recall that a separable approximately finite-dimensional 

C*-algebra (AF-algebra) is the direct limit of a sequence of 

finite-dimensional C*-algebras ([1; 2.2]). 

Recall from [4] that AF-algebras are determined by KQ , in 

the following sense. For an AF-algebra A , the dimension range 

D(A) is defined to be the set of Murray - von Neumann equivalence 

classes of projections in A , with addition induced by addition 

of orthogonal projections. 

Theorem 0 ([4], Theorem 4.3). Let A and A' be AF-algebras, 

and let 
<P 

D(A) -» D(A') 

be an isomorphism of their dimension ranges. Then tp is induced 

by an isomorphism of C*-algebras 

<P 
A -» A' . 

From Theorem 0, using the lifting and extending theorems of 

[3] (stated in terms of dimension-preserving automorphisms instead 

of derivations; see Theorem 2 below), we deduce the following 
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analogous result for extensions. 

Recall that if A and B are AF-algebras and E is a 

C-algebra extension of B by A , that is, there is a short 

exact sequence of C*-algebra morphisms 0-»B-»E-»A-»0 , then 

by (5; 3.3] and [2], E is AF . 

Theorem 1. Let A and B be AF-algebras, and let E and 

E' be extensions of B by A . Suppose that the corresponding 

extensions of dimension ranges are equivalent, that is, there is 
<f an isomorphism D(E) -• D(E') such that the diagram 

D(B) -• D(E) - D(A) 

U (p+ 1 + 

D(B) -• D(E') -» D(A) 
*P 

is commutative. Then there exists an isomorphism E -» E' inducing 

the isomorphism D(E) * D(E') , such that for some unitary 

multiplier u of B the diagram 

B -. E -. A 

Ad u4- <p' 1 + 

B -. E' -. A 

is commutative. 

Theorem 2 (cf. [3]). Let A and B be AF-algebras and let 

E be an extension of B by A . Then 

(1) any dimension-preserving automorphism of A lifts to a 

dimension-preserving automorphism of E ; 

(ii) any dimension-preserving automorphism of B can be 

expressed as the product of two automorphisms of B , one 

determined by a unitary multiplier of B , and the other 

extending to a dimension-preserving automorphism of E which 

induces the identity in A . 
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Proof. Let E. c E2 c ... be an increasing sequence of 

finite-dimensional sub-C*-algebras of E with union UE dense 

in E , so that by [1; 3.1], UE nB is dense in B . We may 

assume that E is unital and I C E . . Denote the image of En 

in A by E
n : UE is dense in A . 

Ad (1). Let a be a dimension-preserving automorphism of A . 

(In other words, a induces the identity in D(A) .) By [1» proof 

of 2.6], there is a unitary in A close to 1 transforming aUEn 

onto UE . Such a unitary lifts to E , so to lift a to E 

we may assume that a takes UE onto itself, or, in particular, 

passing to a subsequence, that aE c E ... . 

One may now argue very much as for derivations in [3; 2.5]. 

Since o preserves dimension, there is a unitary u +1 £ En+1 

such that ci|E„ = Ad Ù_..|E_ . Choose u , „ unitary in the n n+l n n+1 
preimage of ù„.. in E_.4 . Write E_ = E_e_ + E_g_ where n+i n+1 n n n n^n 

Enen = E n B and e
n
 + 9n

 = 1 • and denote the difference 
en " en-1 by fn ' w h e r e eo = 0 • Set 

f1 +g1u1 = v, , f, +f 2 u 1 +g 2 u 2 = v2,... , 

f1+f2u1 + " - + f n u n - 1 + 9 „ % = vn • 

Then a short computation yields, for p = 1,2, , 

n+1+p n n+1 n 
Therefore the sequence (Ad v ) converges simply to an 

endomorphism of E . Since, moreover, the sequence (vnen' 

converges simply to a unitary multiplier of B , the range of 

this endomorphism contains all of B . Since v - u_ £ B , the 
n n 

endomorphism lifts a . In particular it is surjective modulo B 

and hence surjective. Thus we have a dimension-preserving 
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automorphism of E lifting a . 

Ad (ii). Let e be a dimension-preserving automorphism of 

B . As above, we may modify 8 by an inner automorphism of 

B + C1 in such a way that 8 takes UEn n B onto itself, and then 

assume that 8 (EnnB) c En + 1 n B . Let en, fn, and gn be as 

defined above. 

Since (e ) is an approximate unit for B , and &fn is 

equivalent to f , there is a unitary multiplier v of B 

transforming Bfn into fn for all n . Replacing 8 by 

(Ad v)B , we may suppose that 8 fixes each en . Then as in 

[3; 3.2], since 8 preserves dimension, there is a unitary 

multiplier u of B such that for all n , 31 fnEn
f
n " 

Ad ulf E f . Replacing 6 by (Ad u-1)8 . we may suppose that n n n 
8 acts trivially on f

n
E
n
f
n • 

Now, as in [3f 3.3], define morphisms Bni En -• E by 

BnlVn = BlEnen ' V V n = 1 l M n ' 

One computes easily that Bn+1 extends Bn . using that 8 acts 

trivially on fn+1En+1fn+1 (and that Enen <= En + 1e n + 1 , 

Enfn+1 "= fn+1En+1fn+1 ' and En^n+1 = En+^n+1> ' He n C e t h e 

sequence (8 ) converges simply to an endomorphism of E , say 

8 , agreeing with 8 on UEnen and so on all of B . Since 

the image of Engn in A is equal to En , the endomorphism 

8 of A induced by 8 is equal to the identity on UEn and so 

on all of A . In particular 8 is surjective, and hence as in 

the proof of (1) above, 8 is surjective. Thus we have a 

dimension-preserving automorphism of E extending 8 and 

inducing the identity in A . 

Proof of Theorem 1. By Theorem 0, there is an isomorphism 
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E $ E' inducing D(E) * D(E') . By hypothesis, «plB and «P IB 

preserve dimension, and in particular take the ideal B into 

itself. Thus there exist automorphisms B -» B and A -• A such 

that the diagram 

B -• E -» A 

84 (p4 a+ 

B * B' -» A 

Is commutative. By hypothesis, both 8 and a preserve dimension. 

By Theorem 2 (1), a lifts to a dimension-preserving 

automorphism Y of E . Hence, replacing <p by ipr , we may 

suppose that a is the identity. 

By Theorem 2 (ii) , 8 = (Ad u)B1 - where u is a unitary 

multiplier of B and 8.) extends to a dimension-preserving 

automorphism 6 of E inducing the identity in A . Replacing 

(P by ipô"1 , we have that ip restricts to Ad u in B and 

Induces the identity in A , as desired. 
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FREQUIMCy ANALYSIS BY TOE EAR 

J. Malzan 

Presented by G.F.D. Duff, F.R.S.C. 

WB consider below the problem of determining which frequencies are perceived 

when a periodic vibration of the air is detected by the ear. It is ocmonly be-

lieved that the ear, in its analysis of complex vibrations, performs a Fourier 

analysis into sinusoidal corponents and that, at least with practise, these are 

the perceived frequencies. This view of the function of the ear, called Ohm's Law 

for Bearing, was first advanced by Helmholtz in (2], and has enjoyed great, if not 

universal, acceptance since then. Hehtholtz carried out a large number of exper-

iments (of a necessarily crude kind) which yielded the follodng anomalies: 

(i) Ihere are nany ccnplex vibrations for which significant overtones are 

inaudible. 

(ii) It is often the case that frequencies are perceived which do not arise 

in the Fourier spectrum. 

As an example of the second anomaly we might consider the vibration represented 

by the function 

g(t) = sin(27rt) + R sin (2iTXt + S), X > 1. 

For R not greatly different fron 1 this vibration has a "difference tone", v*ose fre-

quency, f (X), is given by f(X) = |X - n], where n is the integer such that |X - n| <. h. 

Ns have the graph below: 

f(X) 

(îhe dotted line represents a more weakly discerned pitch.) Helmholtz believed that 

perceived pitches which were not present in the Fourier spectrum could be explained by 

distortion or psychology (although the diagram above is difficult to explain en this 
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basis). FOurier oaiponents which, by Ohm's law, should have been audible but were not 

he ascribed to insufficient training, a device which led him to distinguish the "analytic" 

ear (trained as a Fourier analyser by intensifying the otherwise inaudible Fourier ccm-

ponents) from the "synthetic" ear (the kind the rest of us have). 

The axmonly held modem view is still of the ear as a Fourier analyser, but with 

two differenoes fron Helirholtz's tire: First, the failure to "hear out" overtones is 

called masking, and is thought to be related to frequency discrimination (in a critical 

bandwidth). Also, while Helnholtz postulated resonating hairs as the basis for fre-

quency analysis, the nodem view, called place theory, assumes that frequency analysis 

is based on the localization of vibrational activity on the basilar mentorane of the 

inner ear. See [3] for a discussion of this view. 

Another modem, but minority, view (see [1]) has it that perceived frequencies are 

those whose periods arise as the distance between major peaks of the vibration. This 

is sometimes called "peak-picker" theory. The approach below represents a fusion of 

these two points of view, with frequency analysis being performed mainly by the neural 

netvork near the (physical) ear. 

A Nbdel for the Synthetic Ear 

At the heart of any theory of hearing lies the question: Which vibrations are per-

ceived as a single pitch? Let us call such vibrations single. Helirholtz's basic claim 

was that only sinusoids are sinple. We have, hcwaver, the following experimental data: 

(i) A vibration g(t) = sin{ft) + R sin(nft + Y ) , n E Z , n > l , R, f a n d y con-

stants, is shtple according to the approdmate rule that R < 1/n. Otherwise the fre-

quency nf/2Tr can be distinguished. 

(ii) If g(t) is periodic and is such that it is monotonie between its (unique) 

maxirrura and minimum in a period, then g(t) is sinple. 

(ill) If g(t) is sbiple, then so too is Ag(Xt + y) so long as frequencies and anp-

litudes are in the "middle" range of hearing. 

(iv) There are vibrations fron which the fundamental (first Fourier oarçxment) is 
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absent, but are simple nonetheless. 

(v) No vibration can be simple at two different frequencies. (Ibis, of course, 

is a logical requirement rather than an experimental datum.) 

It does not seem to be possible to find a criterion for shtple vibrations in terms 

of Fourier coefficients (ignoring phase) which satisfies (i) - (v). One solution in-

volves instead the follcMing construct: 

Definition. For a function g(t), periodic of period 1, define, for each positive integer 

n, the nth part of g(t) as 

* n ' « = ï ï | = 1 9 ' t + S'-
CD 

Note that i f g(t) = T R,, sin (2Trkt + y.) then 
k=l K K 

ao 

g n ( t ) = l=1
 Rnk 3 i l 1 ( 2 , ' k n t + W • 

That is, g (t) is the "part" of g(t) which is periodic of period 1/n. Similarly if 

g(t) has period other than 1. We can now present the criterion for slirplicity. 

Criterion. A periodic function g(t), representing a vibration, is sinple if, and only if, 

n(raax - min) g (t) i (max - min) g(t) for all n e Z . 

•Jus criterion can be shown to satisfy (i) - (v) above. T!» nth part analysis can 

be seen as a crude Fourier analysis, while the dependence on peak values in the taking 

of naxima and minima above is suggestive of the "peak-picker" analysis mentioned above. 

Now let g(t) be a periodic function which is not necessarily sinple, of period 1. 

The rth part, g (t), of g(t) is defined by averaging, in units of 1/r over, if necessary, 

several periods of g(t). (Here we take r rational.) We shall say that ga(t) masks 

gr(t) if 

(max - min) g_(t) < min ( | , 1) (max - min) g_(t). 



24 J. Malzan 

This theory predicts that the frequency r is audible if and only if gr(t) ia not 

masked by sans g (t), s ̂  t. This definition is corpatible with our definition of 

sinple tone. It inplies that if g{t) has minimum period I then the frequency l/l is 

discerned, but no frequency smaller than l/l is discerned. This definition also ex-

plains the "difference" tone perceived with g(t) = sin (2Tit) + R sin (2imt + y) men-

tioned above, without recourse to distortion. 

It is worth remarking, at this point, on an experiment that is a particular favorite 

of the "peak-picker" school. It nioely illustrates difficulties encountered by the 

Fourier analysts, the peak-pidcers and the theory presented here. 

Consider the vibration represented by 

b 
g{t) =\ oos({n+€)2iTft) 

n=a 

where G is small, and b < 12 (say), and b-a > 3 and the frequency f is in the middle of 

the audible range. With E = 0 all theories have a plausible case to make: What must be 

explained is sinply that the frequency f is strongly perceived, though not in the 

Fourier spectrum. Disciples of Helnholtz can point to distortion, and the Fourier com-

ponents of 9k(t), kEZ + , while "peak-pickers" can point to the obvious peaks that g(t) 

possesses at tines 1/f. From the point of view presented on the paper, it can be men-

tioned that the "fth part" of g(t) is large enough not to be masked and the perception 

of this frequency is again predicted. 

ProblaiB arise, however, when E ?< 0. The experimental evidence is that, for E 

small, tie frequency f (1 + ^5 . ) is strongly perceived. There is no obvious explan-

ation for this in terms of Fourier analysis, since this frequency does not arise even 

in distorted Btiurier spectra, which containing only frequencies of the form f (m + Ek), 

m, k s Z. 

Peak-pickers are vindicated by this experiment since the identity 
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g(t)=cos((^|=i +e)t) r^att^it] 
^ L sin^) J 

shews that g(t) has maxima and minima appropriately spaced for the perception of the 
2e 

frequency f (1+ ^..i ), provided that successive positive peaks are conpared only to 

positive peaks (when they exist) and similarly for negative peaks. The peak-pickers 

are, however, weak on the subject of other perceived frequencies (and there are others 

in this experiment), and fail to explain them properly. 

In using the theory presented here care must be taken in oonputing the part 

of g(t) which produces the desired frequency. Calculated strictly (that is, 

over time 1/E) it is zero. However, it should be remanbered that the sensory 

system is limited to time spans of a very few periods and responds accordingly. 

Thus the appropriate part of g(t) is significant and predictably audible. 

This theory is also suggestive of a physical model of hearing; While we might 

suppose that localization on the basilar membrane contributes a certain focussing 

effect in the discrimination of pitch, it seems likely that the real wsrk of pitch 

discrimination takes place in the neural pathways close to the physical ear. For 

while neural networks that perform Fourier anaiytiis are diliicuix u: i.rtuyiiie, neural 

netvrorks that extract nth parts are very sinple indeed, relying only on tine delay. 

In fact, it seems as if neurons and their associated dendrites have exactly the prop-

erties required for this role, since the velocity of pulses along dentrites is very 

nearly constant, while the neurons themselves are capable of the addition and sub-

traction required to for nth parts, and to provide masking for inproved frequency 

discrimination. 
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REGULAR SOLUTIONS OF NON LINEAR VOLTERRA INTEGRODIFFERENTIAL 
EQUATIONS 

EUGENIO SINESTRARI 
Presented by G. de B. Robinson, F.R.S.C. 

1. A b s t r a c t r e s u l t s . 
Let E and F be Banach spaces with norm 1 •' and H ••p respec-

t i v e l y such t h a t F C+ E . We want t o study the a b s t r a c t non l i n -
e a r V o l t e r r a i n t e g r o d i f f e r e n t i a l equation: 

f u ' ( t ) = f ( t , u ( t ) ) + J g ( t , s , u ( t ) , u ( s ) ) d s , t > 0 
(1) \ 

u(0) = x 
where f and g satisfy the following assumptions: 
(Fl) (t,x) •* f(t,x) is continuous from ]R+« F to E and its par-
tial Frêchet derivative fx(t,x) = A(t,x) is continuous from 
IR. x F to 1(F,E). In addition for each (t,x) ; 

A(t, x) s (F2) A(t,x) generates an analytic semigroup s -•• e In E 
with domain D A ( t x) = F a n â t h e graph norm of D A ( t ( X ) is equiva-
lent to I-Up. 
(F3) for each T > 0 and <p S C(0,T(E) the function 

u(s) = [ eA ( t' x ) (3"8,)<î>(8')ds'o < s < T belongs ta.CU),,T;F) ; 

hence 1? i s the unique f u n c t i o n u S C(0,T;F) n c 1 (0 ,T)E) which 
v e r i f i e s : u ' ( s ) = A ( t , x ) u ( s ) + » (s) for 0 < s <T and u(0) = 0 . 
(G) g i s cont inuous from ( ( t , s , x , x ' ) , Q<3<t<«>; x s x ' E F ) t o 
E and g i v e n x 0 e F and T > 0 there e x i s t p (x 0 ,T) and K(x0,T) 
such t h a t O g ( t , s , x 1 , x ^ ) - g ( t , s , x 2 , x ^ ) l < K(x0 ,T) ( l x 1 - Xjlp + 
+ Ix ' -x jHp) for 0 < s £ t £ T and x ^ x ^ X j . x ^ e B F ( x o , p (xo,T)) , 
the c l o s e d b a l l in F wi th c e n t e r in x 0 and radius p(xC ) ,T) . 

This problem in the c o m p l e t e ly non l i n e a r case and in a 
g e n e r a l Banach space does not seem to have been p r e v i o u s l y s t u d i e d . 

It Is known that property (F3) for an (unbounded) generator A of an analytic 
semigroup in a general Banach space does not hold: but as we shall see i t 
i s valid when the oporator A Is considered in a suitable intermediate space 
between D. and E. A 
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although non linear Integrodifferential equations of parabolic 
type (see (F2)) in a general Banach space are investigated in 
[2,3,5,6]. In (4) we studied this problem when f is linear with 
respect to u and when g does not depend on u(t). Our main result 
is the following: 

Theorem 1.1. Let (F1)-(F3) and (G) hold. Given x e F there is a 
unique solution u e c(0,T;F) nc1{0,T;E) of (1) with suitable 
T > 0. Moreover u depends continuously on x; more precisely: 
given x e F there exist 6 = 6(x ) and T = T(x ) such that if o o o 
x e BF ( xo' 4 ) then there is a function u(t,x) from I0,T) xBp(x ,6) 
such that u(./x) verifies (1) in (0,Tl and x -» u(-,x) is contin 
uous from BF(xo/«) to C(0,T;F). If in addition f and g verify the 
condition: 
(H) i f 0 < t 0 < t 1 and w e c ( t o , t 1 ; F ) , where the f u n c t i o n 
I: (t^ooJxF -* E defined as 

î ( t , x ) = f ( t , x ) + j 1 g(t,s,x,w(s) ) ds 

verifies (F1)-(F3) for each (t,x) 6 [t.^lx F^ 
then for each x e F there exist a unique maximally defined solu-
tion of (1) . 

These results are obtained by using a linearization tech-
nique and the maximal regularity property stated in (F3). We 
will show how the assumptions (F1)-(F3), (G) and (H) can be 
verified in some examples. 

2. Applications. 

We will study the non linear parabolic integrodifferential 
2 

equation in IR : 
I (t 

u (t,x) =(p(t,u (t,x))+ K(t,s,u (t,x),u (s,x))ds 
(2.1)' ' xx xx 

u(0,x) =uo(x), u(t,0) =8(t,1) =0; 0 <x <A, 0 < _ t £ T . 

To apply the preceding results, let us introduce the Banach space 
of little holder continuous functions on [0,1] with parameter 
6 6 10,Ks 
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he(0,1) = {u: (0,1) -IR, lim sup l"(t)-u(3) | = 0 ) ) im sup 
-0 |t-sl <f, ,0 

*uih*(0 D = S UP l"(t)| -t-sup(lu(t>""(3)l; t,s e [0,1], t*5). 
n iu,i) Q ^ ^ |t-s|e 

If we choose 6 € JO,-^ and define: 

E = {ueh2e(o,i), u(0) =u(i) =0), iiuiL = iiua. 2e,n ^ 
E n* (u,l) 

F = (uec2(o,i), u"eh29(0,i), u(0) = u"(0) =u(i) =u"(i) =o), 
Bu IF = Bu"co(0,1)+"U"'h2e(0,1) 
u(t) =u(t, • ) , f (t,v) (x) =9(t,v"(x)) , g(t,s,v,w) (x)=K(t,s,v" (x) .w'̂ x)) 

then the abstract version of (2.1) in the space E is given by 
(1.1). An application of theorem 1.1 gives the following result: 
Theorem 2.1. Let us suppose that: 

(1) i(>(t,x), <px(t,x) and fxxU,x) are continuous frem IR+*]R to 
IR, 

(ii) <p(t,0) = 0 and <px(t,x) > 0, 
(ill) JUt.s^x") and its first and second partial derivatives 

with respect to x and x' are continuous from 
((t.s.x.x1) ,0£s£t<«>; x,x' <= K) to K, 

(iv) K(t,s,0,0) = 0 and Kx{t,8,X,x') > 0. 
Then given uo e F, there is T > 0 and a unique real function 
u(t,x) defined in [0,T] x [0,1) such that t •* u(t,-) belongs to 
C(0,T;F) n c (0,T;E) and satisfies (2.1). In addition t - u(t,-) 
can be uniquely extended as a solution in a maximal time-interval. 

The proof is based on the fact that Au = u" generates an 
analytic semigroup in the space X = (u G co(0,1), u(0) =u(1) =0} 
with sup-norm and if 6 € ]0,h, E is Isomorphic to D, (0), the 

* A 
continuous interpolation space between D. and E (see [1]) and in 
this space the maximal regularity property (F3) holds. 
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THE CURVATURE TENSOR OF LORENTZ MANIFOLDS 

WITH SPIN STRUCTURE - PART I 

W.H. Greub and H.R. Petry 

Presented by H.S.M. Coxeter, F.R.S.C. 

Abstract; Let M be a Lorentz manifold which admits a spin 

structure and denote the spin-bundle by Ç (see sec. 6). Then 

there is a unique linear connection V in Ç which induces the 

Levi-Civita connection in the tangent bundle of M and the 

curvature tensor of M can be expressed explicitly in terms of 

the curvature for the connection in Ç . 

1. Antilinear transformations. Let Œ be a 2-dimensional 
2 

complex vector space. An antilinear transformation of Œ is a 

linear transformation of the underlying real vector space such 

that — . ^ /r „ //-^ 

The antilinear transformatior\,*of C2 form a complex vector space 

of dimension 4, denoted by A . 

Now fix a nonzero skew symmetric complex bilinear function E. 

Then every antilinear transformation a determines a second anti-

linear transformation a* by the relation 

It will be called the adjoint of a . It follows from the 

definition that 
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X -rr- >K 

d-

4) tii^t/Sj^Ji l<*u/9*) 
Next we define the adjoint of a complex linear transforma-

tion (J by the equation 

or equivalently, by 

Thus ((>* = -i), if and only if ™.tr ifi = 0 . 

Proposition: Suppose that $ is complex linear and that a , 8 

are antilinear. Then 

Introduce a (complex) inner product in the space A by 

setting 

It satisfies the relation 

C*ÇfM*>fO 
2. Selfadjoint antilinear transformations. An antilinear trans-

formation a will be called selfadjoint, if a* = C&. 

These transformation form a real vector space of dimension 4 

denoted by S . The inner product in A restricts to a (real) 
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relations hold, there is a unique connection V in Ç such 

that Ve = 0 and such that the induced connection coincides with D. 

4. The curvature forms. Again let V be a linear connection in 

Ç such that Ve = 0 and denote its curvature form by R, . It 

is a 2-forra on M with values in the bundle whose fibre at x 

consists of the complex linear transformations of Fx . Since 

Ve = 0 it follows that for any two vector fields X , Ï 

or equivalently 

(3) ^{K.yj*^.-^*^]* 
Let R denote the curvature form of the induced connection 

in Ç A , 

# ( i , yj** Rs (x, y)**- o<cZ3 (xSJ^ *• <=• ^ i ^ 

R determines via the metric gA the covariant curvature form 

Using relations (2), (1) and (3) we obtain the formula 

(4) 2A {t^^,/i)'i[é.i1iA{tJy)o v.^hZi^fxy).£*/! 

which expresses R. in terms of R, . 

5. The bundle Ç_ . Next consider the vector bundle Çs whose 

fibre at x is the space of selfadjoint antilinear transformations 

of F . It is a real vector bundle of rank 4 and the metric g. 
x " 

restricts to a Lorentz metric gs in ?„ (cf. sec 2). Let V 

be the connection defined in sec 3. Since 
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inner product in S which is of type (+,-,-,-). Thus it makes S 

unto a Minkowski space. 

Finally observe that every antilinear map a can be uniquely 

decomposed in the form 

oi =- al/ -t- fcijt oo, i ofj^ e^S , 

Hence A can be regarded as the complexification of the real 

vector space S . 

3. The bundle ga. Let Ç be an orientable complex vector 

bundle of rank 2 over a smooth manifold M . Denote its fibre 

at x by F . Since Ç is orientable, there exists a smooth 

function e which assigns to every point x e M a skew symmetric 

complex bilinear function e (x) in F such that e (x) j^O , 

x e M . We shall call e a (complex) orientation of g . 

Now consider the bundle Ç, whose fibre at x is the space 

of antilinear transformations of Fx . It is a complex vector 

bundle of rank 4 over M . The inner product defined in sec. 1 

defines a (complex) inner product g. in Ç. , 

(2) ^/^rJ-^/V, T*J / c-s-r ^AoSt-
Next, let V be a linear connection in Ç such that e is 

parallel, Ve = 0 (such connections always exist). 

The induced connection V in ÇA is given by 

t ^ 06 - Vj(0 06 — 0< o Vx OC fr ̂ c J^ « 

Theorem I; The induced connection satisfies the relations 

Conversely, if D is a linear connection in Ç such that these 
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it restricts to a linear connection in Çg . Its covariant 

curvature form Rs is just the restriction of R, to A 
Çs . Thus, 

(4) yields the formula 

** (x.t*. tj -- ^-^fc (*,n**.''/2) 

6. Lorentz manifolds with a spin structure. Let M be a Lorentz 

manifold with tangent bundle T M . A spin structure on M consists of 

an orientable complex rank 2 bundle Ç over M (called the spin-

bundle) and a strong bundle isomorphism I" from the complexified 

tangent bundle T M onto the bundle eA which preserves the 

complex inner products (the inner product in T M is defined by 

glx 8 X , u » Y) = Avjg(X , Y) where g is the Lorentz inner 

product in T ) . 

Now consider the Levi-Civita connection VM in T M and let 

V„ be the induced connection in •?„ . It determines via F a 
M n 

linear connection D in g which satisfies the conditions in 

Theorem I. Hence there is a unique connection V in Ç inducing 

D and such that Ve Let R, denote its curvature form. 

and Theorem II; The covariant curvature forms Rĵ  

connections V., and V„ are given respectively by 
PO M M 

«M for the 
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and 

/?* (*' ̂  hj KJ-- VeJt(% (* 'I' r(x'J " rt^j 

The ultimate intention is to give new solutions of Einstein's 

vacuum field equations. 

Dept. of Mathematics Institut fuer theoretische 
University of Toronto Kernphysik 
Toronto, Ontario Nussallee 14 
M5S 1A1 Bonn, W. Germany 

Received December 11, 1981 
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BOUNDS ON PARTICI^ MOTIONS FOR THE NAVIER - STOKES 

EQUftTICNS IN THREE SPACE DIMENSIONS 

G. F. D. Duff, F.R.S.C. 

Abstract: Bounds are given for particle distances travelled in three dimensional 

fluid motion. 

1. Introduction. The highly developed mathematical theory of the Navier-Stokes 

equations in three space dimensions serves as a foundation for much of classical 

hydrodynamics as veil as a starting point for more general theories of the 

Boltznan equation in statistical mschanics. The theory is also noted for the 

problem of the existence of singular, "turbulent" or non-unique solutions first 

noted by Leray (8) in the case of R . To establish raore direct links among these 

theories it is useful to enphasize wherever possible a physical inusrprotfltion of 

the analytical properties of solutions, especially of singular solutions whenever 

they may exist. Here we present two results on boundedness of particle or fluid 

elemsnt motions: the total distance travelled is bounded for all time in regions 

with a positive lowest Dirichlet eigenvalue. For other regions satisfying a veak 

cone condition (2), the distance travelled in tine T is bounded by CT4 (log T ) . 

An initial velocity distribution with finite energy is assu'iod, with :xvo '•.«."y 

forces subsequently. The bounds are valid in the presence of singular solutions, 

and have application to problems involving strange attractors. The case where 

certain body forces are present in a periodic rectangular solid has been treated 

in (4). 

2. Tte initial value problem. Let ïîCR be a region in which solutions are defined 

for the Navier-Stokes equations. 

-. Ui 3u. 
3 1 U 1 ?D 

FT + ^ 3 ^ =-9£7 +u '1Ui' ^ i ' 2 ^ 



38 G.F.D. Duff 

where u. = u. (x,t) and x = (x^ Xj, x 3 ) . We assume fi satisfies a cone condition 

so that certain embedding theorems apply (1,2). The boundary conditions are 

u. = u. (x,t) = 0, x e 32. Under fairly general conditions, solutions for 

0 i t < » have been stown to exist by Leray (7), E. Hopf (5) and Ladyzhenskafya (6) • 

Such solutions are arooth except on a singular set confined to a countable set of 

time instants ending before a fixed finite time, while its space dimension is at 

most two (8). 

Hie initial condition is ^ (x,0) = ui 0 (x), where | |u0| l2 < '"• - Here we 

use the Lebesque p-norm for 3^vectors, given by 

l|u||P= f T lu. (x)|pdV, p > l . 
P J 1=1 1 

For p = <» the maxiimin norm is used. 

3. Motions of fluid elements or "particles". let xi = x^x.g.t) be the position at 

time t of the fluid element which at time t = 0 was situated at (XJQ) c Jî. Thus 

dx. 
-gr = u.te.ft), while if s denotes distance moved, ve have 

ft 
s = s(x.0,t) = |u(xln(T),T) |dT . 

S = max s < max|u(T)| dt = I |u( ,T) 11 dt . 
xj 0 '0 JO 

To estimate the maximum norm we use an inequality of the type (1,2,4) 

ess. maxlul = 1 |u| 1„ i C 1 |u| l ^ | |Vu| 1 ^ < c j M l ^ 1 |ûul l ^ . Here Vu 

denotes the gradient and Au the laplacian of the vector function u. Such Inequalities 

hold for vector functions u satisfying the boundary conditian, or being in the closure 

in a suitable space of functions of caipact support in 0 . 

Then we have 

Theorem I. Particle dlsfrannpn s travelled for 0 < t <. T satisfy 

s < C T ' (logd-rt?)) , T-»" 

and are essentially uniformly bounded for every finite time interval. 

Hence 



Set f (t) = (1+t)"1 so that 

fT ||Au(T)||2àT (T 1 | UU V U | | 2 

0 ( d + T ) " 1 * ||VU(T)1|^2 

((1-»T)":L+ llVud)!^) '0 
||Vu(T)||2 àx 

a *• 

1 + T 
1 + (1-W) 11 Vu (T) ||2 

+ K [ ||Vu(T)||2 dl 

Then 
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BieoranlI. If « has positive lowest eigenvalue ^ > 0 all particle 

distances travelled s are essentially uniformly bounded for all time. 

4. Bounds for the derivative noms. We erploy the known inequality (4,7,9,10) 

Iç ||Vu||2+ «i|Au||2 <K||Vu||^ 

and let f (t) denote a positive non-increasing function en 0 i t < •• 

!L.(f(t)+||Vu(t)||2) + v||Au||2 

- atllVuH2* vjlûull2 <K||Vu||| 

< K||VU||2 (f(t) 4 ||VU|12)2 

Dividing by the factors containing f(t), ve find 

- %- (f (t) + I |Vu| I2)"1 4 V | M I
|
2

 u K l < Kl 1VU| |2 

at 2 (f(t) + U v u H p 

and upon integration we obtain 

(f(o, + ||vu(0)||2,-1+v(T_l!^^iax 
0 (fU) + liTucDil^r 

< (f(T) + i J V u m l l 2 ) " 1 + K | | | V u ( T ) | | 2 dx . 

< K, + T < Kj 
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since the improper integral on the right side is known to converge. 

Following (4) we next observe that by Holder's inequality 

T Vs fT , ,, l l 2V> M û u W l l ^ d t 

|OI|AU||2 d t - f ^ ^ H M t . ! ^ ) (-i , , 1 ^ , , . , 

f fT i , , ,,2 )2/' ( fT l l ^ ( t ) i | 2 d t y, 
. (fo^+llVu,t)||2)dt) [ f o - ^ — ^ [ 

The first factor is less than (log (1+T) + K-f5 vAiile the second factor is 

already known. Thus we obtain 

J | |Au(t) \\p dt < (log(1+T) + K ^ 3 (I^+T/5 

V 3/ 
i Ai'''(log(1+T)r 

for T sufficiently large. 

We may now quote the special case rn=l, p=q=6, n=3, 6=̂ 5 of (2,p718, Theorem 4), 

see also (4), namely 

l|ulL<K||ullg/2 ||Aul|g/2 iKjllVullJ4 ilAull^ 

ty Sobolev's inequality. Hence 

fT 
Smax i f I H L d t < K [ | |Vu| 1^ | |Au| | ^ dt 

Jo Jo 

.KJfnvu,,2^)1" [ J
f >Hi?H , / t 

< K3 T1' (log(1+T))'5 

Ihis completes the proof of Theorem 1. 

5. Proof of Theorem 2. The preceding basic estimate with f (t) = 0 can be written 

. . l|Auft)||2 , , 

- gr 1 1 ' 1 1 ^ I ' l + v ; rà i K| |Vu(t) ' '2 
dt 2 ||Vu(t)||* Z 
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Since by (6, p21) we have the Rayleigh - Ritz type estimate (3) 

2 

0 < X < 
l|ûu(t),l2 

I l'u(t) | |2 

we may conclude that w(t) = | |Vu(t) | \~2 satisfies - ^ - > v ^ w(t) - ç ^ f _ 

Since the right side is an increasing function of w(t) > 0, it follows that w(t) 

daninates the solution y(t) of 

ST = v Xl y(t) ym 
2 

vdûch has the sane initial value say at t = tn . with z(t) = y(t) WG have 

^ = wvX, z{t) - 2K so that 
at 1 

z(t) = z(t0)e2vXl(t-t0) - ̂  (e2vXl<t-t0)-1, . 

Thus i f z (t J •> K/vX1 we have 

z(t) > (z(t0) - ^ - ) e2 u Xl ( t - t 0 ) , t > t 0 

We must therefore show that z(t0) = y(t0)2 = ||Vu(t0)|l^4 can be made 

arbitrarily large by the choice of t.. Since however the integral j | |Vu(t0) i i . ':-
2 ' 0 A 

converges, it follows that | |Vu{t0) | \2 takes arbitrarily aiiall values. We iray 
y 

therefore choose to so that z(t0) > -r— . 

Then we find | |Vu(t) | \~2 = w(t) > y(t) > z!5(t) > AevXl ̂ " V ' t > t0 , 

so that, finally, I N ( t ) 112 < B e ^ l ' ^ o ' / 2 , t > t0 . 

Wiile it is probable that the second derivative norm | |Au(t) j L also decreases 

exponentially, the polynomial bound found earlier for the integral of its 2/3 

power is new enough to yield our result, by the following 

rT 
lama. Let g(t) > 0, g(t) e L{0,T) for T > 0 and let G{T) = g(t)dt < KT3, a - 0 

r - 'O ' 
Then the integral e-^ g(t) dt is absolutely convergent for y > 0. 

Jo 
The proof uses only integration by parts and is omitted. 
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NOW 

I |u(t) | |œ dt i K | | |Vu{t) | \£ | |Au(t) | l2
/j dt 

'o \ 
< K3|T e^l^-V/2 ||Au(t)||̂ dt 

< K3 ( f̂  e^l^-V dt)^ ( f^ e-^'l'^O» WmVU* dt f 

by Holder's inequality and the preceding estimate for | |Vu(t) | L . We can now apply 
2/ 

the Lemma with g(t) = | |Au(t) | Ij3 in view of the result in Section 4 above. The 

absolute convergence as T -• «> follows, and ccnpletes t)ie proof of Theorem II. 
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RADAR RECEPTION AND NILPOTENT HARMONIC ANALYSIS I 

Walter Schempp 

Presented by G.F.D. Duff, F.R.S.C. 

One of the fundamental tenets of quantum mechanics which has far 
reaching consequences is the Heisenberg uncertainty principle. The 
term "quantum mechanics" stands here for the quantum-mechanical 
description, at a given Instant of time, of a (finite) number of 
non-relativistic particles moving in the configuration space IR 
and having IR" © IRn as their phase space. According to this prin-
ciple, not all the physical quantities observed in any realizable 
experiment can be determined simultaneously with an arbitrarily 
high accuracy. Even under ideal experimental conditions, an increase 
in the measurement accuracy of one variable can be achieved only 
at the expense of decreasing the measurement accuracy of the com-
plementary ("conjugate") non-coramutating variable. 

It is fascinating to see that also in the macro-world there is a si-
milar phenomenon, to wit, the uncertainty principle for radar mea-
surements. Radar observations can be interpreted as an experiment 
for determining the target range and range rate at a given time. The 
improvement of the range accuracy results in the worsening of the 
range rate accuracy, and vice versa. A rigorous statement of the ra-
dar uncertainty principle can be formulated by means of the signal 
autocorrelation function H on IRn » 3Rn for combined time delays and 
(Doppler) frequency shifts associated with the transmitted and re-
flected signal waveforms. The autocorrelation function H is more 
commonly known as the radar autoambigulty function. Its "sharpness" 
in a given direction is of great importance to the measurement accu-
racy of the target parameters. - It is the purpose of the present 
paper and of its forthcoming second part to indicate that the (re-
duced) Heisenberg nilpotent group A(IR ) and its linear represen-
tation theory which are important Ingredients of quantum mechanics 
govern also the properties of the radar autoambigulty function H. A 
central rôle in these investigations will be played by the Stone-
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von Neumann-Segal theorem which states that the SchrSdinger repre-

sentation is up to unitary isomorphy the unique irreducible unita-

ry linear representation 0 of A(IRn) with the Identity as central 

character, and that the representation U is strictly square-inte-

grable. 

1. The Analog Model 

Let l - m/» denote the compact circle group. The underlying mani-
fold of the reduced Heisenberg group A(]Rn) is given by the pro-
duct manifold nRn x IRnx T and the multiplication law on A(lRn) 
is defined by 

2x1(x-l y2) 
('cl.y1.?1)-(x2,y2,t2) = (x1+x2,y1+y2,e ?l?2) * 

The universal covering group S(IRn) of the connected, two-step nil-
potent Lie group A Cm") is called the real Heisenberg nilpotent 
group. The center X of S(lRn) which lies over the compact center 1 
of ?L(]Rn) is one-dimensional over IR and the quotient group A(lRn)/2 
is isomorphic to the phase space lRn e IR11 = IR . If X is identi-
fied to IR , then the commutator operation induces a symplectic form 
B on X{iRn)/Jt. Using this form, the real Heisenberg nilpotent group 
S(lRn) may be realized as m 6 IR with group multiplication law 

( v 1 , Z i ) . { v 2 , Z 2 ) = • ( V J + V ^ Z J + Z J * ^ ( V j ^ V ^ ) , 

where B is given by 

B ( vl' v2 ) = B<<xl'yi)'(x2'y2)) = (xlly2)~(yl'x2)' 

From this presentation of S(lRn) it becomes obvious that the sym-
plectic group of the space 3R n defined by 

Sp(n,3R) = (g e GL(2n,m)JB(gv,gw) = B(v,w) for (v,w) e IR2nx3R2n} 

acts on A(IR ) as a group of automorphisms, preserving IR n in the 
direct sum decomposition IR n a m and leaving the center % point-
wise fixed; cf. Rallis-Schiffmann [1] or the monograph [4]. Accor-
ding to the Stone-von Neumann-Segal theorem there is (up to unita-
ry isomorphy) a unique Irreducible faithful unitary linear repre-
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sentation U of the reduced Heisenberg group A(IRn) with the identi-

ty of ï as central character, and this representation is strictly 

square-integrable. Lifting U to the real Heisenberg group X(1R ) 

yields an irreducible unitary linear representation ff of S(IR ) 

which is square-integrable mod X and admits the Schwartz-Bruhat sub-

space J(3Rn) of L2(nRn) as its space of ̂ "vectors. The realization 

of H on ^ ( K " ) takes the form 

2xi(z+(t|y)+ i(x|y)) 
tf(x,y,z)f (t) = e ' f(t+x) (t e 3R ). 

In information theory, (B;L2(mn)) will be called the analog model 

of the SchrSdinger representation of ï(IRn). For the digital model 

of the SchrBdinger representation, see [4] and [5]. 

2. The Radar Autoambiquity Function 

To see the applicabilities of nilpotent harmonic analysis to the 
mathematical theory of radar reception, consider a transmitted sig-
nal waveform s of total input signal energy B s 11 =• !• Specifically 
we shall suppose that s has the form of a pulsed signal 

s: I R n
3 t—f(t)e2'li<"|t) 

admitting a (standardized) t̂ 00 envelope f on IRn that is rapidly de-
creasing at infinity, i.e., f G !?(IRn), d f D = lr and a carrier 
frequency ca e IRn. For instance, the pulse with Gaussian envelope 
la a frequently encountered signal in radar analysis. The signal 
autocorrelation function for combined target ranges (time delays) 
and range rates (Doppler frequency shifts) associated with the 
waveform s is defined on lRn e IRn according to the prescription 

H(f;x,y) ( f(t+ix)f(t-|x)e2»i<tly)dt. 

Since in radar analysis H(£;.,.) is an efficient tool to discrimi-

nate moving targets, a more commonly known term is radar autoambi-

gulty function (cf. Woodward [6]). 

Theorem 1. Let A(lRn) 3 (x^z)"-» ojf(f ;x,y,z) e Œ denote the 
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coefficient function of the analog model (ÎF;L (IR )) relative to 

the standardized pulse envelope f e if ( m " ) . Then the signal auto-

correlation function H(fj.,.) satisfies the identity 

H(f;x,y) = cjj(f;x,y,0) 

for all target ranges x c 3Rn and range rates y e 3R . I n parti-

cular, H(f;.,.) is a mod X square-integrable function of positive 

type on the real Heisenberg nilpotent group X(3R n). 

Notice that the function H(f;.,.) does not need to be of positive 

type on IR11 S m n . 

Corollary 1. For all standardized pulse envelopes f c ï(3Rn) the 

associated signal autocorrelation function H(f;.,.) satisfies the 

conditions 

(I) sup _ |H(f;x,y)| =H(f;0,0) = 1 , 
(x,y) e IR • » 

and 

(II) | |H(f;x,y)|2dxdy = 1. 

IRn m n 

If we observe that the automorphism 

T ; (x,y,z)—•(y,-x,z) 

of Â(m n) which leaves the center X pointwise fixed gives rise to 
the mod ï square-integrable irreducible unitary linear representa-
tion UT = 5 O T of A(IRn) in L2(IRn) and that the Fourier cotrans-
form ^ defines a unitary isomorphism of U onto U , i.e.. 

Hi" _ 

^ R " m n 

then Theorem 1 Implies the following 

Corollary 2. Let f e sP(mn) be given. Then the identity 
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H(f;x,y) = H( T „f;y,-x) 

lRn 

holds for all pairs (x,y) e lRn ® IRn. 

It should be noticed that the radar autoambigulty function H has an 

important counterpart in the statistical theory of quantum mechanics. 

Indeed, its Fourier transform T , H is the Wigner phase-space quasi-

probability distribution function (cf. Wigner [7]). 

3. Invariants of the Wigner-Woodward Relief 

In view of the importance of the signal autocorrelation function 

H(f;.,.) for the discrimination of targets which are moving relative 

to the radar and separated by target range and range rate, the fol-

lowing problem in radar analysis arises: Given the Wigner-Woodward 

relief H(f;]Rn,]Rn) of a standardized pulse envelope f e ydR ), 

determine its energy preserving linear invariants, i.e., the energy 

preserving linear mappings u that transform the set H(f;3R ,1R ) on-

to itself. A solution of this problem is given by the following 

theorem. 

Theorem 2. Let the functions f c lP(3Rn) and f e $mn) satisfy 

the standardizations fl f 0 = D f' H = L There exists for any pair 

of vectors (x,y ) e IRn e IRn a pair (x',y') e IRn e lRn such that 

H(f;x,y) = H(f';x',y') 

if and only if there are a complex number ?« T and a (unique) au-

tomorphism u e Sp(n,IR) of the real Heisenberg nilpotent group 

A(IRn) such that the identities 

f = ̂ f', (x,y) = u(x',y') 

hold. 

The proof of the preceding theorem depends upon an extension of the 

covering map Mp(n,m)—•Sp(n,IR). Theorem 2 includes as a special 

case the uniqueness results established by Stutt [6] and the trans-

formation rule for the radar ambiguity functions established by 

Reis [21. For a detailed exposition the reader is referred to [51. 
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This paper includes also an approach to the Whittaker-Shannon 

sampling theorem for band-limited signal functions which is based 

on the digital model for the SchrBdinger representation of the real 

Heisenberg nilpotent group A(3Rn) (cf. [3]). 
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SÂHDOR'S THEOREM ON POLYNOMIAL CONGRUENCES 

AMD HENSEL'S LEMMA 

J.H.H. Chalk, F.R.S.C. and R.A. Smith 

1. Introduction. Let 

(1) £(X) = a 0 ( X - t 1 ) e i ( X - t 2 ) e 2 . . . (X -CJ " e Z^Xl. 

where a * 0 , deg f (X) ï 2 and ^ (1 S 1 s m) are the distinct zeros ot 

£ In some algebraic closure of the p-adlc field Q . Then K = qp(C1, tj. • • • .5,,,) 

is a finite separable extension of Q and we denote by ordp the unique 

extension of the p-adic valuation on Q to K , normalized with 

(2) or dpP •• 1 • 

We denote by 0 = {a e K : ord o > 0) = z the extended ring of integers. If 

(3) V(f,pC') = {xmodp" : f(x) H 0 (mod p01) } 

and N(f,pa) - card V(f,pa) , the best known upper bound for N(f,p ) , up to 

1980 when Loxton and Smith t21 secured an improvement, was due to Sandor 

(I 31, pp.15-16) who proved that 

Sord D 
(4) N(f,p0) ï m p P , ( D > = 0 , o > ordpD) , 

where D Is the discriminant of f(X) . Both results are stated for poly-

nomials f(X) defined over Z but are readily adapted to work over Z . 

In (21, the role of the discriminant Is replaced by that of a suitably defined 

global different of f(X) . For our purpose, it is convenient to state and 

prove the results in terms ot a local different* /^(f) of f(X) ; namely 

J^f) Is a generator of the fractional ideal 

(5) n • . " • 
l£l<m 

(e.) 
where f. is the Taylor coefficient f (Ç^/e^. Since 0 Is a principal 

Ideal domain, we have I = i*(f)0 , where X t ) e 0 (cf. Lemma 1, Corollary), 

* Note that ord ^"(f) < h ord D (cf. [2], (4)). 
P - p 
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and so 

(6) ord ,&(t) = ord SXOO " max ord 1,0 = max ord f . 
P P l<l<n p i l£i<n p ' 

For conciseness, we shall use the following notation: 

S, = ord f, , 5 = max 6, " ord ^"(f) , e = max e . 
P i l<l<m l p l£i<in I 

Our principal aim Is to give a simple direct proof of the tollowing: 

THEOREM 

i-y. u,c 'l\ * o-(a-6)/e 
(7) N(f,p ) < m p 

Tills Is the estimate In [2], with 5 replaced by the p-adlc order of the global 

different and with their restriction "a > &" deleted. The key idea tor the 

proof is a new version (lemma 1) of Hensel's lemma. If the latter Is stated in 

the form 

(8) a E V(t,pa) , a > 2ord f'(a) => 

3 I (l<l<m) such that ord (Ç,-a) > n - ord f'(a) 

p i — p 

Llifn, for the case e B 1 , the restriction u > 2 ord f'(a) is dropped and 

f'(a) is replaced by ^(f) , in the new version. Moreover, it Implies Hensel's 
li-mnui since ord f'(a) < ord JS(.l) , (cf. Lemma 2). In the course of this work, 

P - P 

we examined Sandor's proof of (4) and found that his argument could be expressed 

in terms of S(,f) rather than the discriminant. In fact. If e = 1 (1<1<B) It 

gave tho same bound as in the Theorem, but as It depended upon an application of 

Hensel's lemma there was a restriction on a of the type In (8). For completeness, 

we state his result and Indicate the modification to his proof in S3. The usual 

proof ot Hensel's lemma utilizes Newton's process of successive approximation and 

requires some condition on a of the type In (8) (see e.g. [1], pp.72-74, for a 

weaker restriction on a ) . These combine to produce an element 6 in Z with 

ord (6-a) >a- ord t'(a) , which, by the construction satisfies f(6) = 0. Thus 
0 = Ç. for some 1 (l<.l<ra) and It follows that a e V(f,p ) , a > 2 ord f'(a) 

implies that f(X) is reducible in Q [X], or equivalently, N(f,pa) = 0 if f(X) 

a, 
. rt ? J nrn . 

P 
0\ 



J . H . H . Chalk and R .A. S m i t h 

Is Irreducible over Q . 
P 

2. LEMMA 1. Let f(X) = a„(X-Ç1) l(\-C.) 2 . . . (X-f, ) '" G Z [X] and 0 1 2 m p 

x c K. By a s u i t a b l e permutation ot C . • • • - • C > 

(9) ord (x-C.) • max ord (x-f ) . 
P l ^ l l " P 

Then 

(10) ord f(x) - e . ord (x- f , . ) < ord f . 
P 1 p 1 p i 

Proof. We prove f i r s t l y that i t 

(11) ord (x-Ç,) = ord (Ç.-C.) for some j with 2 < j < m 
p i p 1 j 

then ord (x-t"̂ ) - ord (x-Ç ) and x-f^ = ".(Çi-^) . where «rd u 

(12) ord (u.+ 1) - 0. 
P J 

This is immediate, since 

ord (x-O = ord ((u.+im.-C.)] 
P j P j 1 j 

= ord (u,+l) + ord (f.,-f„) 
P J P 1 J 

< ord (x-f,) = ord (f,,-f.) , 
- p i P 1 J 

by (9). Now, if (11) holds tor some J with 2 < j < m . then 

ord (x- t . ) = ord (u.+lHC.-C.) - ord (C.-f.,) 
P I P J I J p i . i 

by (12); but it it is false for that value of j , then 

ord (x-Ç.) = ord [(x-f,,) + (C.-C,)! 
P j P 1 ! J 

•= min[ord (x-f..),ord (C.-C,)! 
P 1 P 1 J 

< ord (f,.-f,,) . 
P 1 J 

Hence, in either case. 
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ord f (x) - e. ord (x-Ç.) = I e ord (x-Ç ) + ord a 
P i P i 2 i ) < m 1 P J 

< I e ord (£ -Ç ) + ord a 
2<j<m J P ^ J l" u 

- ord f . 
P 1 

Corollary 
(13) ord £ ( £ ) > 0 . 

For t h i s . I t s u f f i c e s to note that a l l the c o e f f i c i e n t s of the polynomial 

f(X)/(X-Ç ) belong to 0 , by Gauss' lemma, and t h a t , consequently, 

ord f ( x ) / ( x - Ç . ) 1 = ord f (x) - e .ord (x-Ç ) > 0 
p i p 1 P * 

tor all x e 0 . Now pick x = 1 say and permute Ç^ Ç^ so that 

(1-C.) satisfies (9) and the result follows from (10). 

To effect the modification to Sender's proof without disturbing his 

application of Hensel's lemma it suffices to prove that 

ord f'(a) < ord fflf) , for all a e V(f,pC') 
P - P 

In the special case e = 1 . For e > 1 , his argument seems to fail for lack 

of a suitable modification to Hensel's lemma itself. 

LEMMA 2. Let f(X) = an(X-Ç1)(X-e,) ... (X-Ç_) C Z [X] and suppose that 
— U 1 z m p 

f(a) E 0(mod p ), where 

(14) a > 2 ordp^(f) . 

If Ç,,Ç, £ are distinct and permuted so that 
— i z m 
ord (Ç.-a) = max ord (Ç.-a) , then 

P l<j<.m P i 

(15) 0 < ord f'(a) = ord f'U,) < ord^Sif) . 
P P l P 

Proof. On writing f(X) = (X-OhOO say, we have, on differentiating, 

(16) f'(X) = (X-Ç^hMX) + h(X) . 
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Since f(X) e Z [Xl c OCX] , i t fo l lows by a lemma of Gauss on the content of 

polynomials, that h(X) c 0[X] and so a l s o h'(X) e 01X1 . Applying Lemma 1, 

with x » a and e a 1 , we have firstly 

ord h(a) S ord f'U.) p p i 

by definition of h(X) and secondly 

ordpt(a-Ç1)h'(a)] a ordp(a-Ç1) 

ï ord f(a) - ord f'U,) 
P P 1 

>ordpf(Ç1) 

by (14) and (16). Hence 

ord h(a) - ord f'U) < ord f'(C,) , 
P P P 1 

which gives (15). 

3. Sander's Result. This takes the following form upon introducing the different 

ÂKf) with e - 1: 

(17) a > ord ^(f) => N(f .p") < m pordp S(-l> . 

For, on fixing some a e V(f,p ) , we nay arrange, by a suitable permutation of 

Ç.,Ç.,...,C (where now m " deg f(X) ) that ord (Ç -a) = max ord <f,.-a) . 
1 2 m p 1 l<j<m P J 

Then, by Lemma 2, 

(18) ord f'(a) = ord £'(Ç,) < ord ^(f) . 
P P 1 _ P 

Since ord f(a) >. a > 2 ord ^(f) , Hensel's lemma (cf. (8)1 assures the 
P P 

existence of an element 0 E Z for which f(9) = 0 and ord (0-a) >. a - ord t'U). 
P P P 

If we define the sets 

A (6) = (a modp" : ord (a-O) > o - ord f'(a)} a p p 

B (6) = (a modp" : ord (a-6) i. ot - ord ^(f)) , 
a p p 

then Ba(e) D Aa(6) , by (18). Hence 
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(19) card A (9) < card Ba(e) = p P 

As K Is a splitting field for f(X) . 6 = ̂  for s°me 1 and s0 

V(f,pa) <= U *a<ei) c U B
a(V • l<l<m l<i<,n 

Hence, by (19) ord ^ f j 
N(f .p") < m P '' 

4. Proof of the Theorem. Let 

V^f.p01) = (x E V(f,pa) : ord (x-Ç ) = max ord (x-Ç )] 
1 P l l<i<a p J 

and put Ni(f,pC') = card V^f.p") . Then 

(20) N(f.pa) < I N (f.pa) . 
lilim 

By Lemma 1 (with 1 replaced by 1) 

x E V1(f,pa) =t> ordp(x-Ç1) > (a-S1)/ei . 

Hence, if we define 

o-(a-6 J ) /e 1 

W1(a) = (x £ V(f ,pûl) : ordp(x-Ç1) > ( a - i ^ / e ^ 

I 

then V 1 ( f ;p a ) c Wi(a) and so N1(f,pCl) < card W1(a) < p 

Then, by (20) , 

N(f.pa)< I p a -< 0 -V / e l <mpa-(a-6>/ e . 
l<l<m 

REFERENCES 

[11. K. Hensel, "Théorie der Algebraischen Zahlen", (Ber l in , 1908), s . 71. 

[ 2 ] . J, Loxton and R.A. Smith, "On Hua's Estimate for Exponential Sums", 
Jour. London Hath. S o c , ( to appear). 

[31. G. Sandor, "Uber die Anzahl der Losungen e iner Kongruenz", Acta 
Mathematica, 87 (1952), 13-17. 

Dept. of Mathematics 
• U n i v e r s i t y o f Toronto 

Received Januarv 14, 1982 Toronto, Ontario Canada 
M5S 1A1 



MAILING ADDRESSES 

55 

1. S.J. Bhatt 

2. L.G. Brown 

3. J.H.H. Chalk 

4. G.F.D. Duff 

5. G.A. Elliott 

6. W.H. Greub 

7. J. Malzan 

8. R. Padmanabhan 

9. P. Penner 

10. H.R. Petry 

11. W. Schempp 

12. E. Sinestrari 

13. R.A. Smith 

Dept. of Mathematics, Sardur Patel University, 
Vallabh Vidyanagar 388120, Gujarat, India 

Dept. of Mathematics, Purdue University, 
West Lafayette, Indiana 47907, U.S.A. 

Dept. of Mathematics, University of Toronto, 
Toronto, Ontario,Canada M5S 1A1 

Dept. of Mathematics, University of Toronto, 
Toronto, Ontario,Canada M5S 1A1 

Kathematics Institute, Ur.iversitatst-arken 5 , 
2100 Copenhsgen, Denmark. 

Dept. of Mathematics, University of Toronto, 
Toronto, Ontario,Canada M5S 1A1 

Dept. of Mathematics, University of Toronto, 
Toronto, Ontario,Canada M5S 1A1 

Dept. of Mathematics, University of Manitoba, 
Winnipeg, Manitoba,Canada R3T 2N2 

Dept. of Mathematics, University of Manitoba, 
Winnipeg, Manitoba,Canada R3T 2N2 

Institut fuer theoretische Kernphysik, 
Nussallee 14, Bonn, W. Germany 

Lehrstuhl fiir Mathematik I, Universitat Siegen, 
Holderlinstrasze 3, D-5900 Siegen 21, 
W. Germany 

Institute Matematico "Cantelnuovo", 
Université di Roma, 00185, Roma, Italy 

Dept. of Mathematics, University of Toronto, 
Toronto, Ontario,Canada M5S 1A1 


