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SCHUR INDICES. SUMS OF SQUARES AND SPLITTING FIELDS

Presented by G. de B. Robinson, F.R.S5.C.

The purpose of this paper is to provide a simple proof of :

Theorem: Let K be a field of characteristic zero such that
-1 is a sum of two squares in K . Let x be a complex ir-
reducible character of a finite group of exponent n . If the
-Sylow 2-subgroup, G(K(e )/K), of the Galois group of K(en)

th

over K is cyclic, where ¢, is a primitive n root of

unity, then the Schur index, mx(x), of x over K is odd.

In [5] Goldschmidt and Isaacs gave a relatively elementary
proof ggmﬁhe above result under the restriction that €y is
in K rather than that -1 is a sum of two squares in K .
The above theorem was conjectured in [5] and proved by Fein in
{3). However Fein's argument relies on some very deep results
from algebraic number theory. In this paper we provide a
proof wsing only properties of Schur algebras and we employ the

Brauer-Witt theorem which is basic to any study of Schur indices.

Before proving the theorem we'provide some comments and a
lemma to set the stage. We let A(x,K) = A denote the simple
component of the group algebra KG corresponding to x, (see
(10, pp. 4-131). We note that by Renard-Schacher [10, p. 92]

if p and q are K-primes above the rational prime q then



302 R.A. Mollin

AQ Kp and A @ Kq have the same index called the q-f£ocal
index of A , denoted inqu » where Kp and K denote the
completion of K at p and q respectively. Henceforth
tensor products shall be assumed to be taken over the center

of the algebra in the left factor. For all relevant information
pertaining to crossed product algebras the reader is referred

to the beautifully written book by Reiner [9]. Furthermore we
shall write Kq for Kq and refer to the decomposition of

q in any abelian extension K/Q rather than that of q since
the decomposition essentially depends on q and not on q .
s(K) will denote the stufe of an algebraic number field K ,
i.e. the minimum number of squares required to represent -l

in K . Finally if m is an integer with m = pat where p
and t are relatively prime then |m|p = p?; i.e. |m|p is
the highest power of the prime p dividing m . Equivalence

in the Brauer group shall be denoted by ~ .

Schur Indices
Lemma 1 ) )

Let K be a field of characteristic zero, which does not
contain /<I . Then &(K) = 2 if and only if A® K~ K in B(K)

where A denotes the ordinary quaternion algebra over Q .

Proof. Since A = (Q(/<I)/Q, -1) then: A ® K = (K(/<I)/K, -1).
Hence A ® K ~ K if and only if s(K) = 2 by (9, Th. (30.4),
p. 260].

Q.E.D.
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Corollany 1
Let K be an algebraic number field with no real infinite
primes, and which does not contain /=1 . Then s(K) = 2 if and

only if IKQ : Qzl > 1 for all Ksprimes o dividing 2 .

Proof. By lemma 1 we have that s(XK) = 2 if and only if

A® K~ K . Since C has no real infinite primes then

invq(A ® K) > 0 if and only if q is a K-prime above 2. However;
ian(AQK) S IKQ : Q2|inv2l\ (mod 1) (see [2]). Thus A®K~K
if and only if |Kq : Q2|2 >1 for all q above 2.

?.L.D.

We note that corollary 1 is (4, Th. 1, p. 310] and [1,
Theorem, p. 20]. Now we are in a position to prove the main
result.

Proo§ of the theonrem

We initiate the theorem as in [3]. Since m(X) = mK(x)(X)
we may assume that K(Xx) = K , and since we have [5] then we
may assume €, is not in K . Ve assume |mx(x)|2 > 1 and ob-

tain a contradiction since we wish to establish that |m(X)|, = 1 -

Let E = Q(cn) N K and let L be the subfield of Q(en)
such that L2E , |L : E[], =1 and late,) : L| = |Q€c) : L, -
Since Q(e ) splits x then ImL(x)l = ImL(x)l2 . If |mL(x)|2 =1
then |mLK(X)|2 = 1 which implies ImK(X)I2 = 1, contradicting

the hypothesis.
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On the other hand, if |m (x)], >4 then ¢, isin L

by [10, Prop. 6.2, p. 89]. Thus is in LK . However,

€y
|LK : L|2 = |K : E|2 =1 . Therefore ¢, is in K, a
contradiction. Hence m;(X) = 2 .

Let A = A(x,L) . By theBrauer-¥Witt theorem A ~ (L(¥)/L,-1)
for a suitable character ¢, (see [3]). If indpA =2 for a
finite prime p then p|n by {10, Th. 9.1, p. 143]. Therefore
we restrict our attention to primes p dividing n . If L
is real then since G(Q(cn)/L) is cyclic we have indpA =1
for all p|n by [11]. Therefofe we may assume that L is
non-real, and so only infinite primes concern us. Suppose
first that p = 3(mod 4). Since 4 divides n by (10, Th. 9.1,
p. 143) and G(Q(e )/L) is cyclic by hypothesis then L(e,)

is the unique quadratic extension of L in L(y). Therefore

L(ep) = L(cu) wnenever :p is not in L . Hence the tame

ramification index of p in L/Q is p-l, and so by (10,
Th. 4,4, p. 43] we have indpA = 1. If p = l(mod 4) then
€, is in Lp . By [51] mLP(x) = 1 and so 1ndpA = 1, The
only remaining prime to consider is 2 . Thus ind,A = 2 since
mL(x) = 2. Now we show A~ A®L .

By [10, Th. 5.14, p. 88] Q,(e)/L, must have non-cyclic
inertia group for some root of unity € . Therefore, if
|n|2 = 2% for a>2 then L = L(/2) and L(gy) = L(cza) .

Thus Qz(cn)/Lz(c“) is unramified.
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Let M be the inertia subfield of 0Ce ) over L at 2.
Since Q(en)/L is cyclic then intermediate fields are linearly
ordered. Therefore L(g,) ¢ M or M L(e,) . But by
{10, Th. 5.11, p. 81] L,(e,)/L, is ramified, so MC L(e,)
which means L = M ; i.e. 2 is totally ramified in Q(sn)/L .

Thus Q(en) = L(gy,) = L(e).

Now A(X, LK) » A® LK by [6, Th. 3.4, p. 473]. Therefore
A(X, LK) » A ® LK. Yet by lemma 1, A ® LK ~ LK, a contradiction.
Q.E.D.

We note that the above proof yields a proof of [7, Th. §,
p.113] and [8, Th. 3], which does not use the deep number theo-

retic results involved in [8].

The author thanks the referee for comments which helped to im-

prove the readability of the paper.
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ON THE OPERATOR EQUATION AX-XB =

., WITH POSSIBLY UNBOUNDED A,B,Q

Tapas Mazumdar

Prcsenzed by I. Halperin, F.R.S5.C.

ne'rnm. The_ existence of a solution X of the equation,

AX)- XB4 =9 ¥ ¢ ¢ V°, ia considered vhere A,B,Q are possibly uabounded
operators in a cosplex Banach space H, and A,B,Q are continuous on thelir
dosmins VA,1%,1® respectively. VA 1s a Hilbert.space algebraically and

_ topologically contained in He V® 1sa separsble pre-Hilbert space spanned
by the eigenvectors of B. A,B are linesr, Q 1s anti-linear. A unique
coutinuous anti-linear solution X P+ A extets f Q behaves like a
H1lbert-Schuidt operator, or if Q bas a ons-dimensional range, under some
suitable conditions on A, provided the relaxed coercivity condition is
satiefied, which is: for all nonsero X, 3 ¢y ¢ V> such thae
laxey - xmagly > &l x|l hllvB for scme constant B > 0. Moreover, the map
Qf’ !q 4s continuous. Examples are given.

1. INTRODUCTION. We will obtain a set of sufficient conditions for existence
and uniqueness of a solution X of the (Lyapunov) equation AX - XB = Q
acting on a suitable space, where A,B,Q are possibly unbounded operators in
a eonplgx Banach space H. In literature ([1,3,4,5] and references therein)
Q has usually be'an a bounded operator. In as much as we are presenting a
different method of approach to the problem, our conditions and hypotheses
are different from those found in the references mentioned. We will first
formulate our results in a finite-dimensional setting, and then we will find
that our sufficient conditions allow for a transition to the infinite-

dimensional situation.

*DEPARTMENT OF MATHEMATICS, WRIGHT STATE UNIVERSITY, DAYION, OHIO 45435
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With complexes € as the field of scalars, let VA be a Hilbert space,
v® and K normed linear spaces with continuous inclusion injection
ok Lee VPCH. Let ae LM, Be L(PK, Boe By ¢e VB,
Qe T(VB,H). Here, for example, L(VA,H) is the space of all continuous
linear maps : (TS H, and T(VB,H) is the space of all continuous anti-
linear maps : V +H. The norms on spaces H,K,VA,VB are denoted by ||
with suffixes H,K,A and B respectively. Let W = T(VB,VA). Our objective
in this paper 1s to present conditions for existence and uniqueness of an

x-xQew such that
A% - XBO = Qo V ¢ € VB, Q)

We define V X e W, the anti-linear map Uyt v® + H and the linear map U
on W by setting Ux(¢) = AX$ - XBO VYV ¢ € VB, and U(X) = Ux.
2. A SUFFICIENT CONDITION. By the relaxed (one-sided) coercivity condition
we will mean

3 a constant B > 0 such that Y nonzero X e U,

2)
3 ¢g e V® sacistying [Axe, - XBoyl, > B || x| legly -

Theorem 2.1. Assume (2) and that H,t‘:.!,t’n are finite-dimensional with

dim U = (dim VB)(dim H). Then Eq (1) has a unique solution XQ e W. More-
wver, lxgll < % lall. :

Proof. Uniqueness is a direct consequence of (2). By finite-
dimensionality, U(X) e T(V®,H). By (2), and definition of morm of U(X),
we have [[u(x)|| >B8 || Xx|| ¥V X $ 0. By finite-dimensionality again, U
is a bijection, and U"" is continuous with | vt I < % - X v

satisfies the conclusions of this theorenm. Q.ER.D.
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To generalize this theorem to infinite-dimensional cases, we assume that
" ® 15 topologically included in H 3
so as to make AX$ - XB$ a continuous function of X from U dinto H;
that
V‘ is a separable inner product space, and 3 an
orthonorual basis B = {b i e N}* of P such that each (%)

bi 18 an eignvector of B belonging to an eigenvalue 11.

Such an assumption is valid, for e.xample, for certain compact operators B.
Let us denote by V: the .Bubspace of v generated by bo'bl""'bn‘
Thus, dim V: = n+l. The subspace of H generated by {Q(bi)l:l = 0,..,n}
is denoted by [Q(bi)]i.:o , and 18 of dimension < n+l. We assume that
Voel

3 VA(n) C v guch that dim (VA(n)) <o,

Al @] = [ab) 1,2, and VA O a1 0.

(5)

Let W(n) = {X restricted to V: | XeW, X(b) =0 V 1> n, X(b,)
e@ V¥V 1<a)= T(V:. A@). 1 every X e W(n) there corresponds
exactly one X € W coinciding with X on V2 but vanishing on

(b |1 > a}.

Next, let H(n) be a subspace of H such that Q) e Hm) vi<n, \3
neN, and dim H(n) = din V*(n). Define, v ne N, A, e L), Hm),
B, € LV, K),q, € T(V, H(n)) by settiog A v = Av, Bu = Bu and
Gb) =ab) ¥ 1<a. Notethar B[VE1C V3 (by (4)), and
e ll s fiall ¥ =.

The following results now follow from the assumptions (2) - (5).

4 For convenience we take N to be the set {0,1,2,3,...}.
4} This condition may trivially hold for certain surjections A.



310 Tapas Mazumdar

Lemma 2.2. For all nonzero Y e W(n), 3 oy © V: such that

la, Y&y - YB ¢yl > % Ivll 16yl for some constant M >'1 independent of n.

Proof. Let X e (! be such that X(u) = Y(u) Vv ue V:. and X(bi) = 0
V i>n. Letdy = )j | OPy» G5 ¢ G satisty (2). By Nikol'skii's theorem

n
([2]), 2 a constant M > 1 such that. | I ab I - S Mléy|p. Using (4), e
2 < séo "3 318 = T%xlp
obtain the lemma with ¢ = jZo “jbj' Q.E.D.

Corollary 2.3. There exists a unique Yn e W(n) such that
M
AYS-YBo=Q @ v éell Moreover, Iy lls Bl < Fllall

Theorem 2.4. Assume that Q satisfies the regularity hypothesis,
12 |Q(bi)|H <ot. Then 3 a unique solution xQ e W of Eq (1). Moreover, the
eN
map Qe )(Q is continuous, the space of the Q's having the topology of T.'(V H).

Proof. Uniqueness follows readily from (2). So we go on to prove existence.
vV neN, with Y given by Corollary 2.3, define x el by
X ;) = Y (b)) visn, X () =0 v:l>n. If ¢ = 2 uibiell, oeC
wohave [xply = |3 G opfy <ol | appyfs < @ llg)l - w lel, for

some constant M > 1. Hence.

. I li< ™ lally no . ©

Also, V ¢ e VB. we have AX ¢ -X B¢ a Qnda. In pariii:ular, by uniqueness of
solution in the finite-dimensional case we have X @ X 1¢ be V 1 So,
(xn'xn-l)bi =0 yifn>0, and (x x l)b = x b . (¢2)

Bither Xb =0 in which case |Xb |, < a/elamy) |y, or else, X b ¥ 0.

¢ Such conditions are satisfied by Hilbert-Schmidt operators.
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n
that IA(xn-xn_l)¢°-'<xn-xn_1)n¢°IH > B|(X X _1)¢,|,- Therefore, by (7),

Then X, =Xy #0 Gy 7)), ands0, by @, 3 4= a6 ¥ such

a, #0, and BIxD |, < IA(xn.xn-l)bn.(xn-xn-l)sbnlﬁ = l“nbn'xn“nlﬂ ®
law) |- Clearly, BIX b, I, < lﬂobo-xcnbol = latb,) Iu' Hence V neH we have,

2.0, <% la®)ly ¥ 1<n. ®

Let ¥ be the set of all finite linear combinations of the Xn'a.
¥ 1s a sub-space of U, and can be turned into a pre-Hilbert space by
[}
defining the imner product (((.,.))) by (((¥,2))) = zo (¥, 2(b)),.
. 1

a
If Y= Bjxj e KBJ e C, then the nornm in ¥ 1is given by |[JY ||| =

n n 2 2 14
I zsjl Ixnbil ) ]. Moreover, || Y|| < |llt]l] V Y e 3 where | ¥
=0 = 4=t A ®

is the norm of Y in W; indeed, V ¢ = Z yjb e VB, yj e C, straight-

. =0
forward calculation shows that [¥¢ I: < 1||Y|||2|¢|§. Therefore, the closure
Hof X in Il +lll-topology is a Hilbert space, and is a subset of W.

- -]
From (8), V neN, mxn ”lz < Lz I IQ(bi) "2‘. Hence, a subsequence
B° 1i=0
of (X} » denoted again by {X_} , converges weakly in ¥, and
“nel %hel
therefore, weakly in W, to some xQ e W (actually, XQ ed. By (6),

||xQ|| s%zllqll 8o that the map Q * X, 1is continuous. Also, we have
X6 - X Bo converging wesily tn H to AX0 - X860 V ¢ e v®. on the

other w. 1f ¢‘=Jgoyjbj e VB, e‘C. then AX - X80 =
i ) ' (3 ) -

AY | v, ]-v3|5vb,| = by corortary 2.3 [ ],,.

nn[j,ojj] nnL,ou) y Comottery 2.5 L, iPs

n
q[jzoyjbj] +Q) 1in H as n -+, . Q.E.D.

2
Remark 2.5. The hypothesis, E. IQ(bi)l < o, in the statement of
1 H

Theorem 2.4 may be repiaced by the hypothesis, “Q has one-dimensional
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range", and we still get the existence of a unique solution of Eq (1).

3. AN EXAMPLE. Let H = L2([0,2n]; €C) with orthonormal basis {ai):go
7

where -ao(t) - (2'!!)_li » 8y (8) = 7Y ain at, a, (€) = @ ° cos nt.
Let WA= H, I = the identity operator : A H, A=cI where ¢ isa
constant so that ¢ + n? $#0 V neN. Define

bp=(1+12+1‘+16)“‘ a,forp=2ior2i-1 ¥V tel.

Let VP be the space of all finite linear combinations of the b 's over €, with

the imner product structure of the Sobolev space 3. The sequence (b’.}“° "
-
forns an orthonormal basis for V®. Let B : VB + K be defined by B¢ = 1¢"
(= the second derivative of ¢), K being the Sobolev space Hl . Theorem
2.4 allows us to deduce that the equation, cX¢ - X¢" =Qp V ¢ e VB, has a
unique 8olution X € T(VB. VA), wherein for Q : VBl e may take the map
‘defined by (@) (w,) = I:ﬂ K(wy,0,)8 " (w))dw,, Ko 12 ([0,27] x [0,21); €)
being a suitable kernel. All the hypotheses in the statement of Theorem
2.4 can be shown to be valid. Note that B and Q are unbounded operators
in H,
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FLOR TYPE REPRESENTATIONS FOR MATRICES SATISFYING 25 = At

Melvyn W. Jeter and W. C. Pye
Presented by P. Ribenboim, F.R.S.C.
In [3]) (also [2] ), Flor generalized Docb's description of stochastic

idempotent matrices to the r gative idempotent matrices., Flor's character-

ization has become well known and is a useful too when working with nonnega-
tive matrices. Banerjee and Nagase [1] and Styan [5] have independently estab-
lished that A is idempotent if and only if AZ = A> and rank A = tr A. Khatri
[4] extended that result to show that A is idempotent whenever aS = At. for
different positive integers s and t, and rank A = tr A. In this study we have
derived Flor type representations for nonnegative matrices that satisfd AS = At
for different positive integers s and t.

In this study matrices that satisfy as = At. where s <t, are called (s,t)-
potent. Notice that a (1,2)-potent matrix is simply an idempotent matrix. The
index, k, of A is the smallest positive integer for which rank Ak+1 = rank Ak-
Clearly, s > k whenever A is (s,t)-potent. In fact whenever t is minimal,i.e.,
t is the smallest positive integer for which A% = At, it can be shown, using
the Jordan canonical representation for A, that A is also (u,v)-potent if and
only if t-s|v—u and v>u > index A. Moreover, v = u + j(t - s) where, j is a
positive integer. Also working with the Jordan canonical representation for
A it can be established that A is (s, + n)-potent if and only if tr A" = rank
Ak (The condition tr A" = rank Ak fcrces all the positive eigenvalues of A
to satisfy[A"| = 1). Moreover, the smallest pair (s,t) of positive integers
for which A% = A% is (k, k + n). Actually, when tr A"} = rank A, where m > 2,
then A is m-potent (i.e.,(l,m)-potent).

Let [m,n) denote the least common multiple of m and n. If A = diag

AMS 1970 subject classifications. Primary 15A21, 15a48
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[Al, .. .,nd], where for each i, A is an (s,ti)-pOCent matrix with t; mini-
mal, then a straightforward argument shows that A is an (s,t)-potent matrix

- S, « . ot -s5],

with t minimal if and only if t - s = [t d

The nonnegative idempotent matrices, which Flor characterized, necessarily
had an index of 1. Hence, Flor's representation was for the matrix Ak as well
as the matrix A, where k = index A = 1. As noted earlier, an (s,t)-potent ma-
trix does not necessarily have an index of 1. Moreover, an (s,t)-potent ma-
trix A can be regarded as a (k, k+n) -potent matrix, where k = index A and n is
the smallest positive integer for which rank Ak =tr a". oOur ultimate goal in

this paper is to provide related Flor type representations for both A and Ak.

Group the row indices of A into four sets according to whether the ith
row and column are both nonzero, the ith row is zero and the ith column is
nonzero, the ith row is nonzero and the ith column is zero, and both the ith

row and column are zero. Then A is cogredient to

‘B c 0 0

.

0 0 0 0

D E 0 o

lo 0 0 0 .
- o

Theorem Let A be a nonnegative (k,k + n) -potent. matrix such that B does
not have any zero rows or columns. Then there exist permutation matrices Q

and P such that

.
fa Y 0o o
Qhe - 0 o o ol
X 2 (o] Oi
0 0 o o:!

_2.-
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and > gktn-ly [ )
PTAkP = 0 0 0 0 ,

xJk+n-1 xka-ZY ° °

0 4 0 5}

where J = diag (Jl, T— Jd] , each Ji is a nonncgative irreducible (k.kﬂ\i)'
potent matrix with n, minimal,n = Inl, .. ..nd), and X, Y, and 2 are arbitrary
nonnegative matrices of the appropriate size. Moreover, each Jl; is cogredient to
a matrix having one of the following forms:

(1) aBT, where a and Bare positive column vectors and B'ra =1,

T
(2) o o8] o . . .0
0 T ‘
o uzﬁz # w & O
.
i T
0 0 o . . .o_8
a8 o 0. . .0
mm

where thea i and Bi are positive column vectors for which (BT 02) (8'563) . =
T
(B, @;) =1,
(3) diag Im, . . ., M] , where each matrix M, has the form found in (1)
or (2).
Flor's representation for nonnegative idempotents is obtained as a corollary

when n = k = 1. Also, when n and k are relatively prime a simpler representation

is possible.

N
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PRODUCTS EPr PARTITIONED MATRICES

AR. Meenakshi*
Pregented by H. Schwerdtfeger, F.R.S.C.

Abstract: This paper gives necessary and sufficient conditions for product
of EPr partitioned matrices to be EPr. All matrices considered here are
complex matrices. For A, let A* denote the conjugate tranpose of A.
Let A* denote the Moore-Penrose inverse of A [4]. A is called EP if
N(A) = N(A*) or equivalently R(A) = R(A*) where N(A) and R(A) are
the null space and range space of A respectively, [6]. A is EPr if

A is EP and rk(A) = r, where rk(A) denotes the rank of A.

1. Introduction:

[1] contains answers to the following questions: (1) If A
and B are EPr matrices when is AB an EPr matrix? (2) When is a
matrix of rank r a product of EPr matrices? Here we have extended these
results to partitioned matrices. We give necessary and sufficient conditions
for the product of two EPr partitioned matrices to be EPr and for the
reverse order law to hold for the generalized inverse of the product of
matrices. We have also given general conditions under which a matrix can be
expressed as product of EPr matrices, which includes as a special case the
results found in [1].

Throughout this paper, we are concerned with n X n matrices M

partitioned in the form

A B
1) M= with rk(M) = rk(A) = r,
cC D

*

Current addressg Department of Pure Mathematics, University of Waterloo,
Waterloo, Ontario, Canada. Work partially suppoted by the NSERC of
Canada Grant #A7183.
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where A is k Xk and D is (n-k)x(n-k). By corollary in [2] it follows
that M of the form (1) satisfies the following:

(2) N(A) < N(C), - N(A*) < N(B*) and D = CA'B.

In the sequel, we make use of the following result obtained in [3] regarding

a partitioned matrix to be EP.

Result 1: Let M be a partitioned matrix of the form (1). Then M is

an EP_ matrix if and only if A is EF, and cat = (a*p)*

Lemma 1: If M is an }E.Pr matrix of the form (1), then there exists a
k x (n-k) matrix X such that

A AX
(3) M= and A is EP..
X*A X*A

Proof: Since M is of the form (1) it satisfies (2). Hence there is an
(n-k) x k matrix Y and a k x (n-k) matrix X such that C = YA and
B = AX (p.21, [5]). Since M is EPr. by Result 1, A is !-:Pr (equivalently
MY = A%A) and cA' = (A'B)*. Therefore YAA' = (A*AX)* = x*a'A = x*an*;
from which it follows that YA = X*A. Thus D = CA+B = (YA)A*(AX) = X*AX.

Hence M is of the form (3).

2. Product of F‘Pr Matrices:

We extend the result found in [1] in the following Theorem.
A B F G
Theorem 1: Let M = and L =

be EPr matrices both
]

H K

of the form (1) and ML beofrank r. ‘Then the following are equivalent:
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(1) M is EP,
(i) AF is EP_ and cat = u'

(i) AF s P and A*s = 1’

Proot: Since M and L arc of the form (1), by Lemma 1 there eaist

h x (n-k) matrices X and Y such that

A AX T I L 5
He IX'A xeax| 2nd "'l_v*p Y*RY
Now,
AzE AZIY

M, =

X*ALE  X*AZFY

Clearly, N(AZF) < N(X*AZF); N(AZF)* ¢ N(AZFY)*

of AZF in ML is zero, hence by Theorem 1 in [2],

Thus ML is also of the form (1). By Resalt 1,

and

@) ' = @'mr and ot = ('o)e.

R(AZF) ¢ R(A); R(AZF)* c R(F*) = R(F) and rk(AZF) = rk{(A}

llence,
s) R(AZF) = R(A); R(AZF)* = R(F).

This implies,

6) azF) (AzF)’ = Aa*;  azh) taze) =

Now the proof runs as follows:

I , whoere Z = | + XY*,

rk(AZF) = rk(ML)

119

and the Schur couploement

r.

HY
r
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ML is EP_ = AZF is EP, and X*(AZF)(AZF)® = [(AZF)"(AZF) Y]*
(By Result 1).

= R(AZF) = R(AZF)* and X*AA* o y*FF* (By 6).

R(A) = R(F) and CA' = HF® (By (5) and from the forms

of M and L).
©AF is EP_ and CA' = HF' (By Theorem 3 in [1]).

= AF is EP_ and A'B = F'G (By (4)).

Hence the Theorem

Theorem 2. Let M and L be EPr matrices as stated in Theorem 1, and
+ 4 +* ¢

rk(M) = r. Then (M)* = L'M = (AF)* = F*A* and CA® = HF* = (AR)® = F'A

and A'B = F'G.

Proof. Since rk(ML) = r, wusing Theorems 4 and 5 in {1} and Theorem 1,
we have,
M) = LM . ML is EP
«AF is EP_ and CA" = HF
« (AR)* = F'A* and CA® = WF*
« (AF)* = F'A* and A'B = F'G.

This proves the Theorem.

Remark 1: IF A and F are nonsingular, then Theorem 2 reduces to

1 1

o)’ = L' =A™ = HF! = A28 2 FlG. Theorem 2 fails if we relax

the condition on the rank of ML. (refer to the example under Theorem 5 in [1].)

3. Factorization:
We give conditions under which a matrix can be expressed as product

of EPr matrices.
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Lemma 2: Let M be a matrix of the form (1) and A be EPr. Then M is

a product of EPr matrices.

Proof: Since M is of the form (1), it satisfies (2), hence there exists X
and Y such that C = YA, B =AX and D = CA'B = YAX. Consider the matrices.

Mt Aty A0 A'A A’
S= % . » L= and T = + + *
YAA YAA Y* 00 X*A'A  X*A AX
By Result 1, S, Land T are EPr. Also M = SLT. Thus M is expressed

as a product of EPr matrices.

Theorem 3. If M is of rank r and has a principal submatrix that is EP .,

then M is a product of EPr matrices.

Proof: Let A bea k x k principal submatrix of M and A be EP!_.
Then there exists a permutation matrix P such that M = PMP.r ] [é g]

where A is EPr. By Lemma 2, M is a product of EPr matrices; and by

Lemma 3, in [1], M is also a product of EPr matrices. Hence the Theorem.

Corollary 1: If M isa P, matrix, then M is a product of EPr matrices.
(Theorem 7 in [1].)

Proof: This is immediate from Theorem 3 and the definition of a Pr matrix.

Acknowledgement: The author wishes to thank Pl. Kannappan for his help in

preparation of the manuscript and suggestions.
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NON-ISOMORPHIC C*-ALGEBRAS WITH ISOMORPHIC n by n MATRIX RINGS
Donald Bures, F.R.S.C.

Abstract:

We construct a family B(n,k) of non-isomorphic C*-algebras
indexed on pairs of integers k,n with 0 sk<n . Their matrix
algebras, up to isomorphism, are given by the formula Mm(B(n.k))
= B(n,km) , the product km being reduced mod n . In particular,
the algebra A(n) =B(n,0) is isomorphic to all matrix rings over
it, and, at the same time, can be expressed as the n by n matrices
over n non-isomorphic C*-algebras.

B(n,k) has a large supply of projections, but it is not clear
whether or not they form a lattice. There does, however, exist a
subset P(n,k) uniformly dense in the projectionsof B(n,k) and
such that P(n,k) is an irreducible atomic lattice generating
B(n,k) . B{n,k) is not separable: in fact B(n,k)/K is the
Calkin algebra. We are able to explicitly calculate the equivalence
classes of projections under unitary equivalence, labelling them
by the dimension and codimension functions (derived from the atoms)
and, in addition, a function r onto Zn . In the language of
K-theory, KO(B(n,k)) can be identified with 2., and if the
identification is specified by [e] = 1 for atomic projections

e , then [1] =k .

General remarks: The construction closely resembles that of [1]

or [2, p. 65). Extra difficulties are presented by the projections
of B(n,k) probably not forming a lattice, by the P(n,k) not
being canonically determined by the B(n,k) , and finally by the
P(n,k) failing to be modular. We are, nevertheless, able to treat

the set of projections geometrically by introducing the notion of
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“special perspectivity", written below B;p' . The projections
of the B(n,k) are actually non-isomorphic as partially ordered

sets, but we omit the proof of this.

The construction:

Let H be a Hilbert space of countably infinite dimension.
Fix a subspace H' of H of infinite dimension and codimension
and a vector ' independent of H' . Let Hn be a Hilbert space
of dimension n with basis ¢1'°2""'°n . Denote by K the

compact operators on H ® Hn , and define, on H ® Hn H

A(n) =K + L(H) o1l
e(n,k)

priv'] @ prié¢),é5,-..,8 ) + pr(a') ol
e(n,k)A(n)e(n,k) .

B(n,k)

Outline of the results:

THEOREM 1. A(n) is uniformly closed, and is therefore a C*-algebra.

DEFINITION 1. Let P(n) be the set of projections e in A(n)
which can be written in the form e = pel + e; , where p is a
projection in L(H) and e is a finite dimensional projection in
L(n ®H ) . For e in P(n) define r(e) in 2, to be the

dimension of e mod n .

THEOREM 2. Every projection in A(n) can be uniformly approximated
by projections in P(n) . If e and f are in P(n) and if
llef]l < 1, then

r(euf) = r(e) + r(f) .



Donald Bures 325

DEFINITION 2. Suppose that e and £ are projections in A(n) :
1. enf means there exists a unitary u such that e = ufu*
2. A projection g in A(n) will be called a special complement
for e if |leg|l <1 and [l(1-e)(1-g)ll < 1 .
3. e a;p. f means that there exists a projection g in A(nf

which is a special complement for both e and £ .

LEMMA. If e and f are projections in A(n), |le-£]| < 1 implies
both e ~ £ [4, p.206] and e S$:P+ f with common special complement

l-e .

COROLLARY. If e and £ are in P(n) then |le-£]l < 1 implies
r(e) = r(f) .

DEFINITION 3. For a projection e in A(n) define r(e) = r(£f)

for £ in P(n) with |[le-£] < % s

THEOREM 3. Suppose that e and £ are projections in A(n):
1. If e is a special complement for £ then r(e) + r(f) =0
2. If e 8:Pf then r(e) = r(f) .
3. If ef =0 then r(e+f) = r(e) + r(f) .

THEOREM 4. If e is a projection in A(n) of infinite dimension

and codimension and with k=r(e) , then e~e(n,k) .

THEOREM 5. Let e be a projection in A(n) of infinite dimension
and codimension. Then r(e) = 0 if and only if there exist proj-
ections‘ €1,€9s0000€) in A(n) such that e s;p. ej for all

n
i,j , and e = J;_,e; -
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THEOREM 6. If ¢ is an automorphism of A(n) then r(¢(e)) = rle)

for all projections e of A(n) .

THEOREM 7. Suppose that e is a projection of A(n) of infinite
dimension and codimension. Then the following are equivalent:

1. r(e) =k

2. e~el(n,k)

3. eA(n)e is isomorphic to B(n,k) .

Notes on proofs:
Theorem 1 can be demonstrated by taking w to be a contraction
(see [5), for example) of L(HeH,) onto L(H) o 1: it suffices
to take w(x) =quu—1du with integration over the unitary group
of lol(H) . Then x is in A(n) exactly when w(x) -x |is
compact.
To prove the first statement of theorem 2 we use gseveral facts:
1. If x* = x and x2 - x is compact, then x = e + k for
a projection e and a compact k (see [3], for example).
2. If e - f is compact and € > 0 , then there exist
finite projections e; s e and f; < f such that Il(e-ef-(f-fl)||<e.
3. £ finite-dimensional in L(H @ H ) implies fsfol
with f finite-dimensional in L(H) .
The second statement of theorem 2 is an easy consequence of
the fact that, for projections e and f onto subspaces M and
N, |lef]l < 1 implies that M+N 4is closed and MaN={0}.
To prove theorem 3 we note that, if e is a special complement
for £, then choosing e and fl close enough to e and f and
in P(n) , we have

e, and fl are special complements. Hence

theorem 2 shows r(el) +r(e2) =0. 2.follows immediately. For 3. direct
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calculation shows that if e, — e and £ — f then e, v £, e+f.

In proving theorem 4, because of the lemma, we may assume €
is in P(n) . Then we write e =p®l + e, with dime, = £n +k
and e, s e ®1 with e, finite-dimensional in L(H) . Then on
(EI ® 1)H there is a unitary uy such that ulelu; is of the
form p; ®1 + priy] ® pri¢,,é,,...,4,1 . Then evidently u; + (l—el)ul

= u, is a unitary in A(n) , and letting u = (vel)u, for a
suitable unitary in L(H) we have ueu* = e(n,k) .

To prove theorem 5, suppose first that r(e) = 0 . Then by
theorem 4 there exists a unitary u in A(n) such that ueu* =
e(n,0) . Directly from the definition we see that e(n,0) =
chl pi ®1l where such pi has infinite dimension and codimension.

It is easy to confirm that pi S.p- p% in L(H) . Setting n
P; = u*(pi ®1l)u , we easily confirm that p; s-P-. pj and e = Ii=1pi .
This converse part of theorem 5 follows from theorem 3.

In proving theorem 6, we note first that r(¢(e)) = 0 if and
only if r(e) = 0 . This follows from theorem 5 for e of infinite
dimension and codimension. If e is finite dimensional r(e) =
dime (mod n) , which is preserved by ¢ because ¢ takes atoms
to atoms. If e has finite codimension r(e) = -r(l1-e) , by
theorem 3. Thus in all cases, r(¢(e)) = 0 if and only if r(e) = 0.
Now every e can be written as e +a; +...+a where the a; are
atoms, r(el) =0 and r{(e) = k . Then r(9(e1)) =0 so r(é(e)) =k.

In theorem 7, 1 = 2 is theorem 4, and 2 = 3 is evident.

Suppose than that eA(n)e is isomorphic to B{(n,k) . By theorem
4, eA(n)e is isomorphic to B(n,k') where k' = rke) . We can
see directly that both e(n,k) and e(n,k') can be extended to

systems of n by n matrix units for A(n) . Hence the isomorphism
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of B(n,k) onto B(n,k') extends to an automorphism ¢ of A(n)
such that ¢(e(n,k)) = ¢(e(n,k')) . Then theorem 6 shows that
k = k' =1xle) .

The matrix algebras of the B(n,k) can now be computed
directly within A(n) . n is determined by the algebra B(n,k)
as the number of equivalence classes of projections with infinite

dimension and codimension.
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A SYSTEMATIC NOTATION FOR THE COXETER GRAPH

H.S.M. Coxeter, F.R.S.C.
To Heinrich Heesch for hie 7S5th birthday

Consider a trivalent graph whose 28 vertices are denoted
by the (g) unordered pairs of 8 symbols consisting of « and the
residues

0, 1, 2, 3, 4,5, 6 . (mod 7).
while its 42 edges are determined by the following two rules:

For every arithmetic progression a, B, Y (mod 7), ay
is joined to B», and for every arithmetic progression a, B, Y.

§ (mod 7), aB is joined to Y§ .

These incidences are evidently preserved when we add 1
(or any other residue) to all the residues involved (including
6+1=0and »+ 1= «) and when we multiply them by any non-
zero residue (including -1, which is 6). By an apparent miracle,
the incidences are preserved also by reciprocation (replacing
©w, 0,1, 2, 3, 4, 5, 6 " by 0, », 1, 4, 5, 2, 3, 6). For instance,
the vertex 01 is joined to 23, 56, 4=, and the ‘'reciprocal'
vertex lo is joined to 45, 36, 02. We see in this manner that
the automorphism group of the graph is (or at least includes)
PGL(2, 7), the group of linear fractional transformations of

determinant #1 in the field GF[7]; of order 336.

By drawing the graph as in Figure 1 or 2, with three
heptagons joined to seven 'extra' vertices f=, we recognize it
to be the one which Tutte (4] ascribed to me. Tutte proved that

it is, like the Peterson graph [2, p. 14 ], both non-Hamiltonian
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and 3-regular. Non-Hamiltonian means that there is no closed
28-route visiting all the vertices; 3-regular means that the
automorphism group is transitive on the open 3-routes (such as
AB, BC, CD) but not on the 4-routes (such as AB, BC, CD, DE).
Since the order of the automorphism group of an s-regular
trivalent graph is 2% times the number of edges [ 3, p. 111 1,
the group in the present case must have order

23 42 = 336,

which makes it precisely PGL(2, 7).

This 'Coxeter graph' was discovered independently by
J.H. Conway and R.M. Foster. It was studied in detail by Norman
Biggs [ 1 ), who proved that it shares with the Petersen graph, but
with no other trivalent graph, the following three properties:

Its automorphism group acts primitively on the vertices
and transitively on the pairs of vertices at each particular dis-

tance apart, and it is non-Hamiltonian.

Like the Petersen graph, the Coxeter graph ‘'only just'

fails to be Hamiltonian: although it admits no closed route visiting

all the vertices, there is an open route doing so, for instance,

03 5= 12 06 45 1= 36 04 2= 56 34 0= 16 35

02 46 13 05 24 3= 15 26 4= 01 23 6~ 14 25.

For many other properties, see 'My graph' in a forthecoming

issue of the Proceedings of the London Mathematical Society.
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Figure 1l: The Coxeter graph as drawn by Heinrich Heesch
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Figure 2: The Coxeter graph as drawn by Milan Randié
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ON_PLANES OF CLASS I6

Peter Scherk, F.R.S.C.

Let Ol denote an affine plane of the Lenz-Barlotti
class I6. It possesses a parallel pencil m, with a bijection
X p~=>7(x) of m, onto the set of the other parallel pencils.
This associates with every point YIx the line hY en(x) through
Y. For every xem,, the group of the affinities with the axis x
and the pencil of traces 7m(x) is linearly transitive. There are
no other linearly transitive groups of axial affinities, dilations,

or translations; cf.[2;p.32].

It is essentially known that (] possesses a translation
T parallel to m, and characterized by the relation
(1) AIhy <=> BIh, = h,T if a # B.
It corresponds to the unit element 1 of the ternary coordinate
ring of {j. By [3; Theorem E]l, we have either 1+1=0 or 1+1+1=0.
The relation (1) permits a simple geometric construction of T.
The following results can also be proved geometrically: (i)t lies
in the centre of the collineation group of ¥. (ii) ordr = 2 or 3.
(iii) Suppose T is involutory. Then the order of every axial
affinity is 1 or = or an odd prime. If ordr = 3, every axial
affinity has the order 1,2, or «; cf. [3; Theorem 2.13]1. The
proof of (iii) is based on (iv): Suppose the subplane ﬁgof Cb
co.ntains the points A,At and the line hA. Then eitherz'belongs

to the class 16 or it is desarguesian. In the latter case, we have
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either ordxm ord T =2 or orddy =4 and ord * =2 or orddr = ora T

=3; cf. [3; Theorem DJ.

Let a be an axial affinity; a?#1. Denote the axis of «
by {«»]. Furthermore let

orda orda< «

p= if
0 orda = ®

and let Fp denote the prime field of characteristic p. Then there
is a group G(a) = {un | ne Fp) of affinities with the axis (=]
which is mapped isomorphically onto the additive group of Fp by

o > n; a=1, al=a. Next let [=] # [0] €T, and put [n] = [0l

For every neF; let 8" denote the affinity with the axis [0] which
maps [«=] onto (n-1]; §%=1. Then n > &" maps Fp isomorphically onto
G(8) = (" |ner}. The two groups G(a) and G(3) are connected by
the identities 3 i 1
(2) a T sFa" =6 T aF & (reF}).
Let G = G(a,8) denote the group generated by o and 8. Formula (2)
readily implies that G is perfect.

If orda = p is finite, - thus ord G = p, - then we can

map G isomorphically onto SL(2,p) through

11) (10)
a =1y 1/, § "l 1/,

The kernel of the induced homomorphism of G onto PSL(2,p), i.e. the

centre of G, consists of the identity and an involutory translation
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(G acts on the set

{f=1} v {Cal] nst) cm,
precisely in the way PSL(2,p) acts on the projective line Fpu{ﬂ}
over Pp). It is possible to construct a finite configuration which
is transformed by G into itself.

If orde is infinite, there still exists a natural homo-
morphism of G onto PSL(2,Q). Its kernel is the centre of G and
non-trivial. On account of (2), G is a homomorphic image of the
Steinberg group St(2,Q). But nothing more is known at present about

the location of G between St(2,Q) and PSL(2,Q); cf.[l; p.82].
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CUBATURE, QUADRATURE, AND GROUP ACTIONS

Walter Schempp

Pregentad by G. de B. Robinson, F.R.S.C.

The notion of t-design is well established in combinatorics.
Replacing the "discrete" sphere by the compact Euclidean unit
sphere sn_1 of nln(nQZ) and the action of the symmetric group

by the action of the special orthogonal group SO(n,IR), the no-
tion of spherical t-design in r" emerges. Since spherical t-de-
signs allow to measure certain regularity properties of finite sub-
sets X of S _,, this notion has computational besides theoretical
significance. In particular, spherical t-designs are useful for
the explicit construction of cubature formulae for surface inte-
grals over Sn-1 by averaging over X (Section 1). The purpose of
the present note is to deal mainly with the one-dimensional case
(n=1). It will be shown that in this case the action of the real
Heisenberg group Z(R) gives rise to a trapezoidal rule for im-
proper integrals [8]. The error of this gquadrature formula will be
represented by a complex contour integral with noncompact integra-
tion path (Section 2).

1. Spherical t-Designs in mR" and cubature

Let o denote the surface measure of the compact Euclidean unit
sphere s _, = {x € IRn‘nxn = 1}, n22. A non-empty finite subset X
of sn_1 is called a spherical t-design in R™ if the approximation
of the (standardized) surface integral

! !
f(x)de(x)
c(sn_1 )

sﬂ-'l
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by the average cubature formula

;'l—x Z £ (x)

x€ X

is exact for all homogeneous polynomials f in n variables of de-
gree kit; see Delsarte-Goethals-Seidel [2], Goethals-Seidel [4],
[5], and the survey article [7]. Identify the unit sphere S, _,
with the compact homogeneous manifold SO(n-1 ,JR)\SO(n,R). The
central point of the harmonic analysis of the compact Gelfand pair
(s0(n,R),S0(n-1,R)) (cf. [11])is the Hilbert space decomposi-
tion

A
L2(Sn_1;c) = X 2 N ‘Rk
such that any class 1 representation of so(n,IR) is realizable
on a vector space 'R of harmonic homogeneous polynomials of de-
gree k on r" (solid spherical harmonics) and that the degree k of
homogeneity of these polynomials is determined by the highest
weight vector of the representation. The finite dimensional Hil-
bert spaces ‘R admit as their reproducing kernels the zonal sphe-
rical harmon:l.cs Pkc L (sO0(n-1,R )\SO(n,R)/SO(n-1,R)) which may
be identified, up to a real constant factor, with the Gegenbauer
polynomials (in the case n=2 with the éebyﬁev polynomials of the
first kind) of degree k. These facts of the large compact sub-
groups theory combined with some matrix techniques allow an expli-
cit construction of spherical t-designs in R " (n22).

Example. In the case n=3, the 12 vertices of the icosahedron, and

the 20 vertices of the dodecahedron, provide a spherical 5-design
3

in R-.

In the case n=1, we shall consider the action of the real Heisen-
berg group and the compact Heisenberg manifold instead of the
action of the special orthogonal group sOo(n,IR) and the compact

Euclidean sphere S _,.
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2. The Heisenberg Group A(IR) and Quadrature

As is well known, there is an intimate relationship between the
Heisenberg uncertainty principle and the real Heisenberg group
A(R). The group A(R) is formed by the triangular matrices

(o] 1 y = (x,Y,2) € 1R3

and admits the Schrddinger representation

Ut (X,y,2) ~eaU(X,y,2) £(t) = %L (Z¥EY) £y

on the complex Hilbert space Lz(m) as an irreducible unitary re-
presentation. The central part of the harmonic analysis on A(R)
is the Stone-von Neumann-Mackey theorem (or uniqueness of the re-
presentation of the canonical Heisenberg commutation relations)
[9]. According to this fundamental result, the Schr8dinger repre-
sentation U of A(R) in Lz(m) is, up to unitary isomorphy, the
only irreduzible unitary linear representation of X(IR) such that

u((0,0,z)) = z.id 2 (z e R).
L°(R)

As a consequence, the automorphism T: (x,y,z) ~ (y,~X,2-xy) gives
rise to a second realization U® = Uet of the Schrbdinger represen-
tation U of A(IR). The Fourier cotransform ‘?’m is a unitary iso-
morphism of U onto UY. On the other hand, if we introduce the dis-
crete cocompact T -stable subgroup

P = {(errz) ‘ X:,¥:2 € 2} = 231

the compact Heisenberg manifold P\X(IR) can be considered as an
analog of the compact unit sphere Sn—1 in Section 1. The Hilbert

space decomposition into a sequence (HN)N c 2 of primary subspaces

L2(P\A(R)) = H

n

N
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gives rise to a third realization 31 of the Schrbdinger represen-
tation U by restricting the right regular representation $ of
A(R) to the irreducible subspace

27"iz'f(x,y,z) , e R}.

Hy = {f € L2(\E(R)) | £(x,y,242') = e
(n this case, the Weil-Brezin isomorphism W: f awe ((%,y,2) ~~e

z f(x+n)e2"i(2+ny)) defines a unitary isomorphism of U onto 8‘1
ne 2
and we have the following factorization of the intertwining opera-

tors involved:

W-1o ToW-= C;'m i
An application of this identity to the central basis spline M1 of
degree O furnishes the Whittaker-Shannon cardinal interpolation
series. It follows by the classical Paley-Wiener theorem and term-
wise integration that the trapezoidal rule with respect to the
step width h » O for improper integrals over the real line IR, i.e.,

s g(x)dx = h Z g (nh)

R ne 7

(cf. Engels [3], Chap. 7) is valid for all entire holomorphic func-
tions g such that g|R € Lz(]R) and the estimate

lg(z)] 2 ce®!Im zI/h (& q)

holds for some constant C > O.

In the case when g satisfies less restrictive conditions, the tra-
pezoidal rule admits a quadrature error which can be represented
by a complex contour integral with noncompact integration path.
Suppose that g denotes a holomorphic function in the open horizon-
tal strip {z e €}IIm z| ¢ b} of width 2b > O such that

b
lim |g(x+iy)l dy = O,
IX|—+c0 1A%
and that both the boundary integrals lim lg(x+iy)| dx exist.

y—+bt+ R
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Denote the sum of these limits by Nb(g). An application of the
Cauchy residue theorem furnishes the complex contour integral re-
presentation of the guadrature error

~xb/h it /h —imt/h
E _e (t+ib)e’ _g(t-ible
Sg""d"'hne L U= 5 e BI /R~ Sint(e-TB /M o
R R

and the error bound (see, for instance, Stenger [12]):

o~b/h
S sk Rb/RT Mb'9 -

[T

ls g(x)dx-h ): g(nh)|
R nea2a

Thus, if glIR converges rapidly to zero as |x|—+ e (for instance,
if g decreases exponentially), the trapezoidal rule admits a high
degree of accuracy in approximating the improper integral Lkg(x)dX-

For interesting applications of the finite Heisenberg group, the
reader is referred to the stimulating paper by Auslander-Tolimieri
(1]. Also see [9], [10]. A systematic use of complex contour inte-
gral representations with noncompact integration path provides the
monograph (6].
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ON A MODIFICATION OF THE MELLIN-STIELTJES TRANSFORM.

Eugene Lukacs

Pregsented by J. Aczél, F.R.S5.C.

Let F be a distribution function, then M(s) =I x5dF (x)
0
is called the Mellin-Stieltjes transform of F. This transform

exists for all values of the complex variable s on some strip
D= {s: alsRe ssaz}

where o, >0.0,> 0. This strip contains the imaginary axis and
may reduce to this axis. Let Fl and F2 be two distribution

functions and let

Fylz) =f Fy (2)aF, (x) .

The distribution function Fq has then the Mellin-Stieltjes

transform
Mg (s) =M, (s)M,(s)

with the strip of convergence D=-Dl n 02 where Dj is the strip
of Fj (3=1,2).

The following two theorems are proven.

Theorem 1. Let K be a function of the complex variable s

and the real variable x which satisfies the following conditions:

(1) K is bounded and measurable for all x>0 and all s

which belong to a vertical strip ? which contains the
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imaginary axis and which may reduce to this axis.
(II) K(s;x) #0 for all x.
(I11) Fy and F, are two distribution functions such ‘

that F, (x) =F,(x) =0 for x<0 and that

JOK(S:x)dF(x) = IOK(s;x)dFl (x) on(s;x)di‘z (x).

iA(s), where x>0 and where A(s) is real

Then K(s8j;x) =x
for all seD.

For the proof of Theorem 1 we introduce the functions
£
y by

£5(0) =jox<s;x)cmj(x). (3=0,1,2)

and conclude easily that
fo(s) = fl(s) fz(s) .
We can then derive the functional equation
K(s;€,6,) =K(87E))K(83E,)

for the kernel K(s;x). 1Its solution yields the statement of
Theorem 1.

The next result deals with the set ? of distribution
functions F such that F(x)=0 for x<0. Let 8 be a
complex variable and let Fe? and consider a mapping

a(s;F). The functions produced by this mapping form a set F.
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The mapping a is said to be bounded if all functions fe¢F
are uniformly bounded. The mapping o is said to be linear
if a(srpF1+qP2)=pa(s;E‘1) +qu(s;F2) for all p>0,g>0,p+gq=1
and all Fy,Fye D.

We say that a sequence {Fn} of distribution functions
converges weakly to a distribution function F if the sequence

converges to F in all continuity points of F. We write then

im P_=F.
kin o7
Theorem 2. Let a(S;F) be a bounded linear mapping of the

set D onto the set F. 'Suppose that

(I)  the relations F,eD, F,eD, Fg(x)= Iorl (BarF, (u)
imply that a(8;Fy) =a(s;F;)a(siFy),
(I1) a(s;F) #0 for all Fe?D,
(III) a_j;l;! Fn=F if, and only if,

lim u(s;Fn) =a(s;F) .

n+o

Then a(s;F) =I°xu(s)di‘(x) for all FeD. Here A is a real
valued functionoof s.

In proving Theorem 2, one considers first the case where
the distribution functions F; and F, are suitably chosen
degenerate distributions so that Fo is also degenerate.

In the next step simple discrete distributions with a

finite number of salti are studied and the corresponding
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a(s;Fy) is determined. Then a finite, but not necessarily
discrete, distribution which is defined on a finite interval
is considered and the corresponding a(s;F) is derived.
Transition to a limit leads then to the proof of the general
statement of Theorem 2.

The Catholic University of America

Washington, DC 20064
U.S.A.

Received October 23, 1981
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A NEW FOCUS AND DIRECTRIX THEOREM FOR CONICS

Richard Laatsch

Pregented by H.S.M. Coxeter, F.R.S.C.

The projections of the sections of a cone into a plane through the vertex
of the cone and perpendicular to the axis of the cone yield a pleasingly
simple, and apparently previously unnoticed, description of their foci, direc-
trices, and eccentricities.

Let K be a right circular cone with vertex V and axis z. Let = be the
plane through V perpendicular to z. Let ¢ (the sectioning plane) be a plane
which misses V and is neither parallel nor perpendicular to z. Then S=K no
is a classical conic section (ellipse, parabola, or hyperbola) and the projec-
tion S' of S parallel to z into the plane n is a conic of the same kind as S.

Theorem. The focus of S' is V, the vertex of the cone; the direc-
trix corresponding to V is the line d = n n o; and the eccentricity of
S' is the ratio between the slope of o and the slope of a ruling of the
cone K — both slopes taken relative to m.

The author's original proof of this theorem was analytic (computational).
However, Howard Eves of Lubec, Maine, U.S.A., has produced the brief synthetic
proof which is given below. It captures the essence of the result in a single
line.

Proof. Referring to Figure 1, let P' be any point of S' and let P in §
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Figure 1

be the inverse projection of P'. Then

VP' _VP'  PP'

VP' _ VP' _ PP! _tana
pp' ~ PP'  DP'

=cot B8 ¢+ tan a = tan B

= ¢', a constant.

Although Figure 1 is for the case a < 8 (an ellipse), the proof is unchanged
if a = 8 (a parabola) or a > B (an hyperbola).
There is, of course, an elegant nineteenth century theory of the focus
and directrix of the (unprojected) conic section S —due to G. P. Dandelin «
(1, 27-29; 2, 331) — vhich involves inscribing spheres in K. The relative

simplicity of the theory presented here for S' suggests that the context of
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the projections, or "shadows," of conic sections in the plane 7 is also an

appropriate one for considering the ellipse, parabola, and hyperbola.
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ON THE PI CHARACTER OF ULTPAFILTERS

Murray Bell and Kenneth Runen’

Preaented by G.F.D. Duff, F.R.S.C.

Abstract

If the continuum, ¢, is regular, then there is a point in BM\N whose
n-character equals c. However, it is consistent that c is singular and every
point in @AN/N has n-character o).

§0. Introduction. If X is a topological space, p€¢ X, and B is a
family of non-empty open subsets of X, then B is called a local n-base at p
iff for all open U containing p, there isa Be B with BCU., B is a
local base at p iff in addition each Be B contains p. The n-character of
p in X, ax(p,X) is the least cardinality of a local n-base at p, whereas
the character x(p,X), is the least cardinality of a local base at p. Clearly
ux(p,X) < X(p,X).

We now restrict our attention to the space N = BMN, where N is the

space of non-negative integers, w, with the discrete topology, and BN is its

Cech compactification. For p € N., we gset x(p) = x(p,n') and ny(p) = ﬁx(p,N').

(Note that x(p,BN) = x(p,N'). whereas nx(p,BN) = w.) It is easily seen that
w, £ nx(p) < x(p) < ¢,

where ¢ = 2, Thus, problems regarding these cardinal functions only arise in

the absence of the Continuum Hypothesis.

*
Research supported by NSF Grant MCS-7900824.
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By a well-known theorem of Pospisil (see [P), or Exercise All, p. 289, of [Kl]),
there must be a p ¢ N* whose character equals ¢. 1In §1, we show that if ¢ is
regular, the same result holds also for m-character. However, in §2, we show by a

forcing argument that it is consistent with c= ww that every point in N* has

1 .
n-character Wy We also remark in §2 that related questions about x and wy are
already answered by known forcing arguments.

Throughout, we identify N with the set of non-principal ultrafilters on u. h

If A,BCuw, A c's means that A\B is finite. If U is a non-principal ultra-
filter on w and B is a family of infinite subsets of w, we call B a local
n-bage for U if vAe UaBe B(BC'A); B is a local base iff in addition

BC U, If we define mx(U) to be the least cardinality of a local n-base and
x(U) to be the least cardinality of a local base, it is easily seen that these
functions agree with our previous topological definitions when we regard U as a

point in N,

§1. Points of large n-character. We construct our ultrafilters with the aid

of a matrix of sets.

1.1. Lemma. There are sets Au Cw, for a,B < ¢, such that

8

a) For each «a, if 81 # 82, then Aaﬁl n Auﬁz is finite, and
b) For each n < w and G)reeesB, Bl,...,Bn < c with the LTS :
distinct, A n,...na is infinite.
u181. uan

Proof. Such a matrix is embedded in the more complicated matrix of [K2].

For a direct proof, let

I={n,f):new and fe P(n)P(")) '

and, for X,¥ Cw, let
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Ay = {{n,£) € I: £(Xn) = y"n} .

Then |I| = w, and the A for X,Y e P(w), have the desired properties as a

xyl
matrix of subsets of I. DO
For any infinite cardinal «x, cf(x) denotes its cofinality; then «x is

regular iff x = cf(x). The first result stated in the abstract is now immediate

from:

1.2. Theorem. There is a non-principal ultrafilter U on w with

ax () > cf(c).

Proof. Let the AaB be as in Lemma 1.1, and let DE'

the infinite subsets of w. For each a and £, 1.1l(a) implies that there is at

for £ < ¢, enumerate

*
C
most one B8 such that D€ AuB'

1.1(b) implies that there is a non-principal ultrafilter U

so we may choose an f(a) < ¢ such that for all

*
£2a, DE ¢ Au,f(tx)'

on w with each Au,f(u) e U. 1f B is a m-base for U, write B = (DE : £Ee 8},

where |B| = |s|. For each a, there isa £ e S such that D c B, £(a)"

by our choice of f(a), this £ must be greater than a. Thus, S is unbounded in

and,

c, so |sj > cf(c). O

§2. Points of small n-character. We assume familiarity with finite support

iterated forcing constructions, such as occur in the proof of consistency of MA + 7CH;
see, e.g., [J] or [Kl]. We use letters such as P or Q to denote partial orders,
with the < always understood. Thus, P C Q is always taken to imply that the un-
mentioned partial orders of P and @ agree on . The notion P Cc @ (P is
completely oont;ained in @) is a strengthening of PC Q (see p.218 of [Kl)) which
has the following interpretation in terms of models. Let M be a countable transitive

model (c.t.m.) for 2FC, and suppose P, § € M with P Cc @®; let G be Q-generic
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over M; then GN P is P -generic over M and MIGNE] C MIG], 1In terms of i
complete Boolean algebras (which we do not use here), P Cc @ holds iff the ,
inclusion of P into @ defines a complete injective homomorphism from the i

completion of P into the completion of @. s

2.1. Lemma. Let M be a c.t.m. for 2ZFC + GCH, Then in M, there is a
sequence of partial orders, (:l’lx ra< u;') such that within M: .
a) Each P, has the c.c.c.,
b) Each h?n| =W,
) If a<Rf then P C, Py,

d) If y is a limit, then P = U P ,
Y w
a<y

and, whenever G is Pw -generic over M,
1

e) Por each a < MA and ¢ =u hold in M(GP 1.

1’ +1 a+l

Proof. The Pu are constructed in M via a finite support iteration, which
we identify with an ascending chain under Cc (see Chapter VI1I, §5 of [K1l]). At
limits we take unions, which preserves (a)=-(d), and Po is an arbitrary countable

partial order. Given Pu ¥ Pu# is isomorphic to Pﬂ‘ n, where =n i8 a Pn-name

1

for a partial order. To describe #, set P =P  and x = By (b), .

+1°
whenever G is P -generic over M, 2(': = ¢ holds in MI[G], so there is, in M[G],

a c.c.c. @ such that
|glex ana 1 11||-Q(W\ and c=x),

where ”-Q refers to forcing over MI[G] with @. G was arbitrary, so there is a

P -name, 1n, such that

ﬂ-r (jol=¢ ana 1 "',, (MA and c=k)) ,
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where "-IP refers to forcing over M with P. We may take |dom(m)| = k, which

will ensure that (a)-(e) hold for P m}

2.2. Theorem. If 2FC is consistent, so is ZFC plus c=u, plus
1

Vp € N.(ux(p)wl) =

Proof. Let M and the Pa be as in Lemma 2.1, set P = Pw , and let G
1
be P -generic over M. It is easily seen that c = w, holds in M[G). Now, in
- 1
MIG), £ix a non-principal ultrafilter U on w; we shall produce, in MI[G], a

local n-base of size w -

Let T€m be a P-name such that U= Tge We may assume that

1=U{(o}xho=o¢ dom(t)} ,

where, for each o, A, is an antichain in ® and 1| (o0 C &) (see p. 208 of
[K1]). Since P has the c.c.c. in M, each Aa is countable in M, and hence

in MI[G). Likewise, we may assume that for each o ¢ dom(1),
o = U{{n} xE:: ne wl,

where Bz is a countable antichain in P.

Now, for each a < wH let

1'
o
uu = (GGWn(BnCIPa) and dpe d\:ll’u (a,p) € 1)} .

Then U e M[GOP ],
a a

U=vu :a<all,

M
(Ua 3 a<u1)e M(G] .

Also, for each a, IUul <o

+1 holds in H[G’WP“] (since c -,

in M[e"P

u+1” ’

+1
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so in H[ml:”z! (and hence also in M([G]),

*
axCo(x] =w and vre U (xC ¥))

(since M[ml’a+2] satisfies MA and c=w

ar2)

Murray Bell and Kenneth Kunen ‘

Thus, in M[G], there is a sequence i

of infinite subsets of w such that ’

Y, !

u o

Some related questions on X and ®x are easily answered by well-known forcing

(X :a<uw
a
ux c'
Va < Wy VY € u(xu
whence (xq 1 a < ml} is a local n-base for
arguments. For example, the statement

Vp € N. (mx (p) =

does not simply follow from c=uw,
1
the extension will satisfy

since

a model of GCH,
*
vp € N (mx(p) =

Also, if one wishes only to have some points

Wys € can be anything; any M has a c.c.c.

wl)
if one adds w, Cohen generic sets to
1
c=uw , plus
“1
c) .

with w-character (and even character)

extension with the same ¢ satisfying

dp € N'(x(p) = “’1)

(see Exercise Al0, p. 289, of (Kl]).
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ON SOME PROPERTIES OF PM-RINGS AND MP-RINGS

i. CONTLSSA

Presented by P. Ribenboim, F.R.S.C.

All rings are commutative with unit and the proofs will

appear elsewhere. Goal of this liote is a further investigation

on the rings in the title.

§1
Definition 1.1 A ring A is said to be a pm-ning (or a
ring with the (PM)-property) if one of the following equiva-
lent conditions holds:

1. Every prime ideal is contained in a unique maximal
ideal.

2. (PM)-property: M mea 3 a,. €A sucii that

(l-am)(1-bm') = 0 , m' = 1l-m (see [7], [81).
Propostion 1.2 An wliraproduct oy pm-nings 48 a pm-ning.
Special cases of pm-rings

1. Soft rings.

Definition 1.3 A 404¢ (or more)-2ing is one with Jacobson

radical zero and maximal spectrum T, (see [51, [13D).
Proposition 1.4 An uliraprodu:t of scft aings 48 o scft xding.
2. (TB)-rings.

For any ring A , let B(A) (or simply B ) denote the
boolean algebra of idempotent elements of A . The map ¢ :
Max(A) =+ Spec(B(A)) , M » MaB(A) , is always continuous,
surjective and closed (see [1]).

Definition 1.5 A ring A is said to be fcpofouically bootean

(briefly, a (TB)-ring) if either the above map ¢ is
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injective (i.e., a homeomorphism) or the following property
is satisfied:

(TB)-property: 4 Py €y MAM'S yda, b, c,d, e ¢ A,

e2=u , such that (l-am)(l-bm')=0 ,
l-am = ce and 1l-bm' = de' where e':l-e.

(see [7]).
Proposition 1.6 The (TB)-propenty transfens to ultraprodu:t.
3. Complete (.B)-rings.

vefinition 1.7 /. (TB)-ring whose boolean algebra of
idempotent elements is complete is said to be a complete
(TB)-ning. (see [12]).

Definition 1.8 / topological space is said to be extaemally
discumnected if .. closure of every open subset is an open
subset (see 19., 1h).

Lemma 1.9 A buvtean afgel:a B 48 complete 4§ and only 4§
the topological space S cc (B) 4is extremally disconnected
(see [10]).

Lemma 1.10 A closed subspace of an erxtrematly disconnecied
space need not be extrematly disconnccted itsetf isee [91,
1H:5).

vemma 1.11 Let B = @ BA » where cveny By, 48 a compfete
Ach

bvolean algebra. Let U be an ultra gilter over A and fLet

a,, denote the ideal of B associated to {t. 1§ £fhe closed

u

subspuce VCa;) of Spec(B) 44 not extrematly disconnecteu,
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then the ultraprciuct B = v/ay 48 not complete.

Theorem 1.12 Let R = a kx y Wrere cach RA 448 a complete
AeA

(TB)-ning. Set B, = B(R,) AeA , and fex B = n B, . Let
A A XeA A
U be an ultra gilten cv v A and Let a. denote the 4Ldeatl

0f B assocdiated to it. Set R ="/~U , B = B/~U and B = &l

1§ the ultna gibter U 48 such that the closed subspacy

Via;) of s cc(B) 48 not extremally disconnected, them ¥

48 a (TB)-ndinyg which 48 nct cemptete.
52.

In this section we introduce a new kird . rings which
aprear "dual" to the ones of §1 by mean. ' tle reverse
topology (see [11]).

Definition 2.1 A ring is said t be an mp-aing it every prine
ideal contains a unique ainimal prime iceal.

Remark 2.2 7The "duality" between the (Fil)-pruperty and tise
(ilP)-property estabiished by means of the reverse topology i
only with respect to the order of prime ideals. In fact, .i

a ring is pm, then its maximal spectrum is comp-ct (sce L31).
but the (MP)-property does not imply thal the minimal specirui
of the ring is compact. Take as a counter-vxampie J(x,R)

the ring of all continucus rcal-valued runctions cn a torulogi-
cal space X which is a. [-space but not basicdally discon-
nected (see [2], [9])).

Propostion 2.3 A direct paciucnt (resp. an uttraprcinet] o}
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neduced mp-nings is a reduced mp-ning.
Remark 2.4 If we drop tie hypothesis that the rings are
reduced, the above result does not hold any more as the

following example shows. .

: - n ,n
A, where A= K[xn’Yn]/(anﬁxn’Yn)

n=1

Example 2.5 Let A = T
and K is a field.
Remark 2.6 Notice that for pm-rings the nilpotent elements
do not have any influence on the result (see [7]), and therefore
A in the above example is a pm-ring.

SEecial_ggée of mp-rings
1. Weak Baer rings

Definition 2.7 A ring is said to be a weak Baexa ring if the
annihilator ideal of every element is principal and generated
by an idempotent element (see [4], [151).
Proposition 2.8 A direct produci (resp. an ultraproduet) of
weak Baex uing' 44 a weak Baer ning.
2. Baer rings
Definition 2.9. A is said to be a Baea aing if the
annihilator ideal of every ideal is principal and generated
Ly an idempotent element (see [12]).

A useful characterization of the above rings is the
following:
Propostion 2.10 A 44 a Baer aing iff it is a weak Baen'

niné whose boolLean algebra o § idempotent elements is complete.

Proposition 2.11 A direct product of Boer rings 4is also a

Baer ading.
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We end the section and the Note with a result "dual® to
that of theorem 1.12.
Theorem 2.12 With all notation as in theonem 1.12, but assume
that every R, 44 a Baer aing. Then R may note not Baen
ring.

We wish to thank Professor P. Ribenboim and Professor

C. Weibel for useful discussions.
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BRAUER GROUPS FOR _KRULL DOMAINS
(D

H. Lee and M., Orzec

Presented by P. Ribenboim, F.R.S.C.

We construct Brauer groups and class groups for suitable cat-
egories of divisorial lattices over a Krull domain or a Krull
scheme, and derive exact sequences linking them. These sequences
give a unified way of recovering diverse results about Brauer
groups of noetherian integrally closed domains, while also exten-

ding these results to a more general setting.

The exposition here is an overview without proofs of work to
appear in [6, 7, 9, 10]). Let R be a Krull domain, K its field
of fractions. Let Z denote the set of height one primes of R,
so that for each p in 2Z, Rp is a D.V.R. For any R-module M
let M denote the intersection of the images of MP in KOpM, p
ranging through 2. Call M divisorial if M = M. Write M@gN
for P, where P = MepN. As noted in 131, MERN has a universal
mapping property vis-a-vis divisorial R-modules L : Let h from
MBN to MBN be the map satisfying h(mén) = 16mén in KEyMOgN.
Given any R-homomorphism £ from MSRN to L, there is a unique
R-homomorphism g from M8N to L such that gh = f.

An R-lattice is a torsion-free R-module M such that M S F
S KegM with F a finitely generated R-module. If M and N
are divisorial R-lattices so are MéRN and HomR(M,N). By the
mapping property of MéRN there exist R-module maps

~

* s -
£ : MBGM EndR(M), g : EndR(M)OREndR(N) + EndR(MSRN).

(I)Reséarch supported by N.S.E.R.C. grant A7202
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In fact, f and g are isomorphisms. This can be shown as fol-
lows: By divisoriality it is sufficient to show fp and g
are isomorphisms for each p in Z. The operation © commutes
with localization. Both Mp and Np are free Rp-modules of fi-
nite rank for p in Z, and for such modules © = O. R

Let D(R) be the category of divisorial R-lattices. Sup-
pose we have a subcategory ¢ of ©D(R) which satisfies:

(Al) Re€C.

(A2) M and N in (¢ implies MéRN and HomR(M,N) are
in c.
The class group Cl(C) 1is defined as the set of isomorphism
classes of modules in ¢ of rank one. The operations are given
by (I}{J} = {IéRJ} and {I}'1 = {I*}. The Brauer group Br(C)
is defined as Az(C)/~ : Az(C) consists of R-algebras A which

have center R, are in ¢ as R-modules, and for which A§RA° -+

EndR(A) is an isomorphism. The relation . 1is given by A ~ B
if A@gEnd (P) = B&Endp(Q) with P and Q in C. Br(C) isa
group with operations [A][B] = [AéRB]. (a1l = [a°).

If C1 c C2 c D(R), where C1 and C2 satisfy axioms (Al)
and (A2) we define a group BCl(Cl.Cz). I1ts elements are equiva-
lence classes M where M in C2 %s such that EndR(M) is
in C1 , and the equivalence relation is given by M ~ N when
MéRP = N§RQ for P and Q in C, . The operations on
BCL(C,,C,) are <M><N> = <M@N> and a>"l = o>, We shall
say C satisfies (A3) if M and MéRN in ¢ and N in ?(R)
implies N is in C. '

Theorem 1. Let CicCy be subcategories of D(R) satis-

fying axioms (Al), (A2) and (A3). Then we have an exact sequence
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1l Cl(cl) - Cl(CZ) -+ BCl(Cl.Cz) - Bl‘(cl) - Bt(Cz).

Let i : R = S be an inclusion of Krull domains. If §
is divisorial as an R-module, the correspondence M -+ S§RM gives
a functor D(i) : D(R) + D(S) (see [13]). It is shown in [10]
that S 1is divisorial over R if and only if i is a Krull
morphism, i.e., it satisfies the condition called (PDE) or (NBU) ,
which says that primes of height one in S contract to primes of
R having height at most one. With this fact one can show that
p( ) 1is a fibered category over the category K of Krull do-
mains and Krull morphisms. In particular ©0(ji) = 0(j)0(i) for
i :R“+S and j : S & T in K. Suppose C( ) 1is a fibered
subcategory of ©¥( ) over K, with axioms (Al) and (A2) valid in
all C(R), R in K. We get that C1(c( )), Br(c( )) are then
functors from K to Ab . If Cl( ) c 02( ) are suitable cat-
egories then BCl(cl( ),6,()) gives a functor as well.

The results above remain valid for a Krull scheme (X.Ox)
and we shall now consider, in that setting, several candidates
for ¢ : 1. D = the divisorial Oy-lattices. 2, let Z c¥Y
X. Py = the ox-lattices locally free on Y. We write P for
Py - 3. Y as in 2. 1y = the Oy-lattices M such that for
each y in Y, My is a direct sum I(y)n for some Ox,y-module
I(y) of rank one. The corresponding notation for C1(C) and
Br(¢) is: 1. Cl(X) and B8((X). 2. PicY(X) and BrY(X) (for
Y = X we write Pic(X) and Br(X)). 3. Cl(X) and Br(TY(X)).
We write BCl(X) for BCl(r,D).

Theorem 2. Let (X.Ox) be a Krull scheme with function
field K, Y a subset of X containing Z.

(a) B(X) -+ Br(K) is one-one; in fact B8(X) = n Br(0

).
xeZ X.x



366 H. Lee and M. Orzech
(b) Br(Iy(X)) =+ ng Br(ox'y) is one-one.

(c) Assume that for each x in X the strict henmselization
of Ox'x is factorial. Then Br(X) + Br(K) is one-one.

(d) There are exact sequences

1 + Pic(X) + Picy(X) ~ BCL(P,Py) =+ Br(X) + Bry(X),

1 + Pic(X) + ClL(X) =+ BCl(X) + Br(X) » Br(K) ,

1 + Pic(X) » CL(X) =+ BCL(P,Iy) + Br(X) - yEY Br(Ox.y).

These results extend and unify work of Auslander [1,2].
Some generalizations are from noetherian normal domains to Krull
schemes, others from the case Y = X to that of any Y as des-
cribed. The result in (c) was obtained cohomologically by Gro-
thendieck [5].

Let C( ) be a fibered subcategory of 0( ) over K. Let
G be a finite (or profinite) group of automorphisms of S, R =

s6

, with R and S Krull domains. We'll call S a C-Galois

extension of R if three conditions hold: 1. The map j from

A(S,G) (the trivial crossed-product) to EndR(S) given by

j(Sua)(t) = go(t) is an isomorphism. 2. S € C(R) (in particular

R+ S is a Krull morphism). 3. If M is in C(S) then M 1is

in C(R). To extend this to Krull schemes X and Y with X = “
¢ we require that Y + X be an affine morphism. Write T*

for the units of T, Br(C(Y/X)) for Kernel(Br(C(X)) -+ Br(C(Y))).

Theorem 3. Let Y » X be a C-Galois extension of Krull
schemes. There is an exact sequence '
1« 1h6, 0y (™ + cLe@) * c1(em® 16, 0, 0™ +
~ Br(c(y/x) » HL(G,CL(D) + B3 (G, 0,(1™).

This theorem specializes to familiar results: to a theorem
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of Auslander and Brumer or Chase and Rosenberg (see [3, Ch. V)
by taking X = Spec(R), ¢ = P; to a theorem of Rim [12] by taking
X = Spec(R), C =D and using (a) of Theorem 2 to substitute
ﬂBr(Sp/Rp) (p in 2) for B(S/R); to a theorem of Lichtenbaum (8]
by taking X a complete, smooth, geometrically connected curve
over k and G = Gal(kslk). The exact sequence of Theorem 3 can
be used to compute Br(X) in special cases. For example, let k
be a field of characteristic zero. If F 1is a non-degenerate n-
ary quadratic form with n at least 5 and X 1is the projective
variety in Pn'l(k) or P"(k) defined by F, then Br(X) = Br(k).
The Brauer groups we have constructed are examples of Brauer
groups of monoidal categories as constructed by Frvhlich and Wall
[4] and by Pareigis [11]. Our considerations about Krull schemes
and morphisms are what is necessary to show that we are indeed in

the context developed by these authors.

REFERENCES

1. B. Auslander, The Brauer group of a ringed space, J. of

Algebra 4 (1966), 220-273.

2. , Central separable algebras which are local-
ly endomorphisms rings of free modules, Proc. Amer. Math. Soc. 30

(1971), 395-404.

3. F.R. DeMeyer and E. Ingraham, Separable Algebras Over
Commutative Rings, Lecture Notes in Math. 181, Springer-Verlag.
Berlin, 1971.

4. A. Frohlich and C.T.C. Wall, Graded monoidal categories,
Composito Math. 28 (1974), 229-285.



368 H. Lee and M. Orzech

5. A. Grothendieck, Le groupe de Brauer, II, in Dix Expo-

sees sur la Cohomologie des Schemas, North-Holland, 1968.

6. H. Lee and M. Orzech, Brauer groups, class groups and

maximal orders for a Krull scheme, preprint.

7., ——————————, Brauer groups and Galois cohomology for a

Krull scheme, preprint.

8. S. Lichtenbaum, Duality theorems for curves over p-adic

fields, Inv. Math. 7 (1969), 120-136.

9. M. Orzech, Brauer groups and class groups for a Krull do-

main, Proceedings of the Antwerp Conference 1981, to appear.

10, ——————, Divisorial modules and Krull morphisms,
Queen's University Mathematical Preprints, No. 1981-12.

11. B. Pareigis, The Brauer group of a monoidal category, in
Brauer Groups, Evanston 1975, Lecture Notes in Math. 549, Sprin-
ger-Verlag, Berlin, 1976.

12. D.S. Rim, An exact sequence in Galois cohomology, Proc.

Amer. Math. Soc. 16 (1965), 837-840.

13, S. Yuan, Reflexive modules and algebra class groups over
Noetherian integrally closed domains, J. of Algebra 32 (1974),
405-417.

Department of Mathematics Department of Mathematics
Ewha Woman's University & Statistics
Seoul, South Korea Queen's University

Kingston, Canada K7L 3N6

Received November 2, 1981



10.

11.

12.

13.

14.

15.

16.

M.

D.

M.

369

MAILING ADDRESSES

Bell

Bures

Contessa

H.S.M. Coxeter

M.W. Jeter

K.

T.

Kunen

Laatsch

Lee

Lukacs

Mazumdar

A.R. Meenakshi

R.A. Mollin

M.

orzech

W.C. Pye

W,

P.

Schempp

Scherk

Dept. of Mathematics, University of Manitoba,
Wwinnipeg, Manitoba, Canada R3T 2N2

Dept. of Mathematics, University of British
Columbia, #121-1984 Mathematics Rd..
Vancouver, B.C., Canada V6T 1lY4

Dept. of Mathematics and Statistics,
Queen's University, Kingston, Ontario
Canada K7L 3N6

Dept. of Mathematics, University of Toronto,
Toronto, Ontario, Canada M5S 1Al

Dept. of Mathematics, University of Southern
Mississippi, Hattiesburg, MS 39406-5045, U.S.A.

Dept. of Mathematics, University of Wwisconsin,
Madison, WI 53706, U.S.A.

Miami University, 123 Bachelor Hall, oxford,
OH 45045, U.S.A.

Dept. of Mathematics, Ewha woman's University,
Seoul, South Korea

The Catholic University of America,
washington, D.C. 20064, U.S.A.

Dept. of Mathematics, Wright State University,
Dayton, Ohio 45435, U.S.A.

Dept. of Mathematics, Annamalai University.
Annamalainagar, 608002, India

Dept. of Mathematics and Statistics,
Queen's University, Kingston, Ontario
Canada K7L 3N6

Dept. of Mathematics,and Statistics,
Queen's University, Kingston, Ontario,
Canada K7L 3N6

Dept. of Mathematics, University of Southern
Mississippi, Hattiesburg, MS 39406-5045, U.S.A.

Lehrstuhl fur Mathematik I, Universitdt Siegen
Hdlderlinstrasse 3, D-5900 Siegen 21,
W. Germany

Dept. of Mathematics, University of Toronto,
Toronto, Ontario, Canada M5S 1Al



370

Aczél, J.

Ahsan, J.

Assem, I.

Aupetit, B.

Bantegnie, R.

Bell, M.

Belley, J.-M.

Belley, J.-M.

Binz, E.

Booth, P.

Bouvier, A.

Bouvier, A.

Brenner, D.

Bures, D.

Bures, D.

Bushnell, J.

Chahal, J.S.

INDEX - VOLUME III

Rational group decision making
generalized: The case of several
unknown functions 139

Some homological characterizations
of regular rings 235

Iterated tilted algebras of types
Bn and Cn 267

on a theorem of S. Berberian and
I. Halperin 229

Complexes équilibres du plan
projectif 75

on the PI character of ultrafilters 351

Bochner's Theorem and the existence

of invariant set functions 105
An ergodic theorem in harmonic

analysis 203
The notion of torsion and second
fundamental tensor revisited 93
Remarks on the homotopy type of

groups of gauge transformations 3
Prime ideals in polynomial rings 8l

on chains of prime ideals in poly-
nomial rings 87

Transformation-parameter/structure
models: Asymptotic conditional dis-

tributions 49
Homogeneous bases in complemented

modular lattices 291
Non-isomorphic C*-algebras with

isomorphic n by n matrix rings 323
L-functions of arithmetic orders 13

Congruence properties of the solutions
of Pell's equation 251



Chalk, J.H.H.

Chalk, J.H.H.

Contessa, M.

Contessa, M.

Contessa, M.

Coxeter, H.S.M.

Demetrovics, J.

Feder, M.
Fenyd, I.

Fraser, D.A.S.

Friedlin, M.I.

Gardner, L.T.

Glass, J.P.
Greub, W.H.

Gupta, S.K.

Halperin, I.
Halperin, I.

Hanndk, L.

An application of Hooley's method for
counting solutions of a Diophantine
equation

An asymptotic formula for the number
of solutions of a quadratic Dio-
phantine equation

Prime ideals in polynomial rings

on chains of prime ideals in polynomial
rings

On some properties of PM-rings and MP-
rings

A systematic notation for the Coxeter
graph

Prime-element algebras with transitive
automorphism groups

An example of local ergodic divergence
on a system of functional equations
Transformation-parameter/structure
models: Asymptotic conditional dis-
tributions

On elliptic differential equations
with small parameter

On a theorem of S. Berberian and
I. Halperin

Identifying a rational function
Pontrjagin classes and Weyl tensors

The Hilbert function and Cohen Macaulay
type of ordinary singularities

on a theorem of Sterling Berberian
Von Neumann's coordinatization theorem

Prime-element :algebras with transitive
automorphism groups

371

99

215

81

87

357

329

19
161
109

49

209

229
279
177

273
33
285

19



372

Heath, P.

Jakimovski, A.

Ibrahim, A.S.

Jardine, J.F.

Jeter, M.W.

Juhész, I.

King, R.C.

Krduter, A.R.

Krduter, A.R.

Krduter, A.R.

Kumjian, A.

Kunen, K.

Laatsch, R.

Lee, H.
Lemaire, C.

Lester, J.A.

Loxton, J.H.

Lukacs, E.

Malzan, J.

Remarks on the homotopy type of groups
of gauge transformations

An inequality for the LP-norm related
to uniform convexity

Some homological characterizations of
regular rings

Algebraic homotopy theory and some
homotopy groups of algebraic groups

Flor type regresentations for matrices
satisfying A" = A

The determination of mw-weight by
subspaces of singular cardinality

The character generator of Sp(2k)

Roots and analytic iteration of for-
mally biholomorphic mappings

Further connections between fractional
and analytic iteration

Analytic iteration and power roots

A sequence of irrational rotation
algebras

on the PI character of ultrafilters

A new focus and directrix theorem for
conics

Brauer groups for Krull domains
R-completions et actions de groupe

The Beckman-Quarles Theorem in Minowski
space for a spacelike square-distance

Identifying a rational function

On a modification of the Mellin-
Stieltjes transform

On symmetry classes of tensors

23

235

191

313

257
149

221

225
247

187
351

347
363
123

59
279

343

. 165



Mazumdar, T.

Mcdunnough, P.

Meenakshi, A.R.

Mingarelli, B.

Mollin, R.A.

Mollin, R.A.

Morgan, C.

Neuman, F.

Olsen, J.H.

0O'Neill, M.E.

Orzech, M.
Paganoni, L.

Piccinini, R.

Pye, W.C.

Ranger, K.B.

Reich, L.

Reich, L.

Reich, L.
Reiner, I.

Ribenboim, P.

On the operator equation AX-XB = Q
with possibly unbounded A,B,Q

Transformation-parameter/structure
models: asymptotic conditional dis-
tributions

Products of EP, partitioned matrices

A limit-point criterion for a three
term recurrence relation

Subgroups of simple algebras and the
zeta function

Schur indices, sums of squares and
splitting fields

Remarks on the homotopy type of groups
of gauge transformations

Functions of two variables and matrices
involving factorizations

The individual ergodic theorem for
Lamperti contractions

On the slow motion of a fluid coated
sphere in an immiscible viscuous fluid

Brauer groups for Krull domains
On a system of functional equations

Remarks on the homotopy type of groups
of gauge transformations

Flor type regreﬁentations for matrices
satisfying A=A

On the slow motion of a fluid coated
sphere in an immiscible viscuous fluid

Roots and analytic iteration of formally
biholomorphic mappings

Further connections between fractional
and analytic iteration

Analytic iteration and power roots
L-functions of arithmetic orders

Prime ideals in polynomial rings

373

49
317

171

133

301

113

261
363
109

221

225
247
13
8l



374

Ribenboim, P.

Roberts, L.G.

Roberts, L.G.

Roggenkamp, K.W.

Ronyai, L.

Russell, D.C.

Schempp, W.

Schempp, W.

Schempp, W.
Scherk, P.

Scott, L.

Snaith, V.
Szekelyhidi, L.

Szekelyhidi, L.

Van der Poorten,

A.J.

Vanstone, J.R.

Wagner, C.

Wilker, B.

Weiss, W.

Wohlhauser, A.

Oon chains of prime ideals in poly-
nomial rings

A conjecture on Cohen-Macaulay type

The Hilbert function and Cohen-Macaulay
type of ordinary singularities

Non-splitting examples for normalized
units in intergral group rings of meta-
cyclic Frobenius groups

Prime-element algebras with transitive
automorphism groups

An inequality for the LP-norm related
to uniform convexity

Periodic splines and nilpotent harmonic
analysis

Cardinal splines and nilpotent harmonic
analysis

Cubature, quadrature and group actions
On planes of class 16

Non-splitting examples for normalized
units in integral group rings of Meta-
cyclic Frobenius groups

A model for equivariant K-theory

The stability of linear functional
equations

On a stability theorem

Identifying a rational function

Tensor concomitants of order zero

Rational group decision making gen-
eralized: The case of several unknown
functions

Inversive geometry and certain chains
of circles

The determination of 7- weight by sub-
spaces of singular cardinality

Les applications analytiques de 1l'espace
qui conservent les angles solides

87
43

273

29
19
23
69

197
337
333

29
143

63
253
279

155

139
37
257

129



