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ANALYTIC ITERATION AND POWER ROOTS 

Ludwig Reich and Arnold R. Krâuter 

Presented by J. Aczél, F.R.S.C. 

In our papers [5] and [6] we considered the connection 

between the existence of a sequence of roots of a formally 

biholomorphic mapping F and the analytic iterability of F 

under different points of view. In [2] the first author 

r.ioreover investigated the possibility of replacing the 

fractional iterates (i.e. roots) by rational iterates in the 

case of shrinking biholomorphic mappings. This suggests to 

look for analogous results for formally biholomorphic mappings. 

This is the object of the present paper. Instead of "rational 

iterates" we shall speak of "power roots". (For the notation 

we refer to [5].) 

Theorem 1. Suppositions : 

(a) Let T € T and X = (A.,...,Xn) be an arbitrary but 

fixed choice of the logarithms of the eigenvalues of lin(F). 
P.« Ajj 

(b) Let (F •' • ' ) . . , be a sequence of power roots of F with 
q q 3«N p./q. 

l-l] < [-l±i], a u c h that lin(F ^ D) has the eigenvalues 
pj pj+l J p. J p. 
exp(-J- Xj) ,...,exp(-l Xn) for all j « N. 

(c) For all j £ K and for all m t H U D , let R. denote the 

set 
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R(m) := (n(3,n.) e ^ : f i x . = ? 6 ^ A + 

3 k q j k v=l v "îj v 

+ 21iin^'m )(B), B £ Nj, 2 £ |B| s m , 

k° l,...,n) . 

Then we assume that p.. divides q.n'^'m, (B) for all 

n^'m)(B) £ R] m ) . 
(d) For all m £ N\{1) and for all j £ T(ra) (where T(m) 

has the same meaning as in the proof of Theorem 1 in [5]) the 

following assumption holds: If the m-jet of W(j,ro)~1F ^W(j,m) 

has at most smooth additional monomials with respect to A then 

the same holds for W(j,ra)~1FW(j,ra) . 
pi/q-i P-i+l^i+l 

(e) Let F J J and F J •L J * commute for all j £ N. 

Assertion: Then there exists an analytic iteration of F with 

respect to A. 

The proof is quite similar to that of Theorem 1 in 15]. 

However, to apply the methods used there it was necessary to 

assume the additional conditions (c) and (d), respectively. 

An analogous theorem can be formulated for Theorem 3 in [5]. 

Remark 1. Theorem 1 in [5] is contained in Theorem 1 above. 

Considering the circumstances in the case of a single power 

root Pp'q of F, we can only deduce the iterability of Fp: 

Theorem 2. Suppositions: 

(a) as in Theorem 1. 

(b) There exists a power root Fp'<3 of F with respect to 

(exp(£ A1),...,exp(2 x^)) for £ > M(A) where M(A) £ H 
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denotes a constant depending only on A such that the set R 

(defined as in Theorem 1 in [6]) is bounded by M(A), i.e. 

|nkl| < M(A) for all n,^ £ Rg. 

(c) Let R. denote the set 

R1 ;= (ra^B) £ S : | Xk = J ^ | Xv + 2.irak(B) , 

B £ NQ, |6| i 2; k=l,...,n) . 

Then assume that p divides Qnk(B) for all rak(B) £ R,. 

Assertion; Then there exists an analytic iteration of Fp with 

respect to pA. 

Proof. The condition \nkl\ < M(A) for all nk £ R 

yields (together with (c)) that all monomials additional to 

exp(E Xk) are at the same time smooth monomials additional to 

exp(Xk) with respect to A. But these are also smooth monomials 

additional to exp(pXk) with respect to pA and vice versa. 

By assumption there exists a q-th root Fp'q of Fp. Now, 

by [4], Fp is conjugate to a normal form N : x-* N(x) = 

Jx + îUx) such that in Slk(x) at most monomials additional to 

exp(E Xk) occur. According to what we have mentioned above, N 

has therefore at most smooth additional monomials with respect 

to pA. This implies (see [3], p. 219) the existence of an 

analytic iteration of Fp with respect to pA. D 

Remark 2. Theorem 1 in 16) is contained in Theorem 2 above. 

Remark 3. In connection with Theorem 2 a result by D.c. 

Lewis Jr. in [1] is worth noting: 

Let P e r . Then there always exists an exponent p E N 
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such that Fp is analytically iterable with respect to a 

suitable choice of logarithms of the eigenvalues of lin(F ), À. 

An elegant proof of this result, using methods from the theory 

of normal forms, has been obtained recently by J. Schwaiger. 
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CONGRUENCE PROPERTIES OF THE SOLUTIONS 

OFPELIfe EQUATION 

Jasbir Singh Chahal 
Presented by J.B.H. Chalk, F.R.S.C. 

Every known s o l u t i o n o f the congruence subgroup problem (cf. [1] G [2]) 

depends on some deep r e s u l t s from class f i e l d theory. We give here an 

elementary proof in the case of the torus T defined by P e l l ' s equation 

2 2 
x - my = 1 , f l) 

where m is a square-free integer. In fact, we prove a stronger result 

than any known so far. The problem is interesting only when m > 0. 

The multiplication in T is given by 

Cx.yMxVy') = (xx' • myy', xy' * x'y). (2) 

Let T(J) n T n Z x 3 and for an integer N |l 0 , l e t 

T(N) = {g E T(2) | g 5 e(mod N)) , 

where e •» (1,0) is the Identity of the group T(2), We prove the following 

THEOREM. Let T be a subgroup of T(?) with finite index [T(3) : T]. Then 

P contains a subgroup T(N) for some N > 0, 

Moreover, if we put 

i(r) = inf{[r : T(N)] | T(N) e r), 

then 
def 

i(T) = sup{i(r) | [T(2) : I) < »} = 1 or 2. 

Proof. It Is well known that T(2) is a free group generated by a single 

element, namely the smallest positive solution (Xj.y^ of (1). Since x ,y 

and a are all positive, it is obvious from (2) that 
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(3) 

For n E Î, let (x ,y ) = (x , ,y , ) n . Then for i = 0, 1 and 0 < j < n, wo see 

that 

( ] S , i + rW ^C1'0) ̂ " n 5 * w 

If 1 » 0, this is obvious by (3). Let i " I. Then 

(x ,,y i) = (x y. + mx.y , x y. + x.y ) n+j"n+j' v n j J'n n'j yn 

i (1,0) (mod yn) 

Implies that y | x y.. But x and y are coprime. Therefore y I y,, con-

tradicting (3) again. Now we put N = y , where n = [T(l) : F]. If 

x S l(mod N), then by (4), F = T(N), Otherwise 
n 

t^n'^ '= CV0) 

S (1,0) (mod N), 

By (4) again, F contains T(N) as a subgroup of index 2. 

Remark. For an algebraic group G defined over a number field k, one can 

define i(G) as above. It would be intersting to know, whan'is i(G) finite. 
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Ci: A d?A3IIITY TrSOR^! 

Liszlo Szilrelyhidi 

Presented by J. AazSl, F.R.S.C. 

A5JÏHACT: '..'e give a sl.:-le proof for a generalization 

of £ stability theorem of 2aker concerning tie cosine 

equation. 

John A. baker in CJ proves the followinc- stability 

property of the cosine equation: if C is en Abelian 

group and f: G—»G is a complex valued function with 

the property, that the function (x,y)—>f(:c+y)+f(x-y) 

-2f(x)f(y) is bounded then either f is "ooundc-d or 

f(:<+y)+f(x-y)=2f(x)f(y) holds for all x.y in G. 

In this rote we extend and greatly simplify tills result. 

If G is a semigroup, ? is a field and V is a 

linear space of functions defined on G and havinç 

values in ? , then we call V right invariant, if 

f belongs to V implies that the function x-»f(xy) 

belongs to V for every y in G. Similarly, we define 

left invariant spaces, and we call V invariant, li-

lt is rignt and left invariant. 

Our raaln result is the following: 

THSJIvSl. Let G be a group. ? s fielâ and V a 
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Let f.g: G-»? be functions such that f(xyz)=f(xzy) 

holds for all x,y,z in G. If for every y in G the 

function x-»f(xy)+f(xy":l)-2f(x)g(y) belon.-s to V and 

V is riù-.ii: invariant, or for every x in G the func-

tion y-»f(xy)-f(xy"1)-2f(y)g(x) belonrs to V arid V 

iô- left invariant, tnen either f belongs to V or 

5(xy)+g(xy" )=i=;(x)g(y) holds for ever'- x,y in G. 

riiOOF. Let, for x,y in G 

A(x,y)=f(xy)+f(xy'1)-2f(x)g(y) 

and 

B(x,y)=f(xy)-f(xy"1)-2f(i)g(x) . 

Then one can easily check the equations 

A(xy,z)+A(xy"1.z)-A(x,yz)-A(x,yz"1)+2g(z)A(xIy) 

=2f(x)(r(yz)+ç(yz-1)-2g(y)s(z)) 

and 

•j(xy,s;fi(xy"1ls).r«,ys)*is(x,ya"1)-2c:(x)B(7,s) 

=-;f(z)(r(x:-)+?(x:--1)-21-(::)R(y)) 

for all x,y in G, and hence our rtr.tc-̂ ent follows. 
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ÂSKASK. Let G be a froup and f:G-»C a function 

for which f(xyz)=f(xzy) holds for all x,y,2 in G. 

Suppose that for every y in G the function 

x-»f(xy)+f(xy"1)-2f(x)f(y) is bounded, ana here the 

bound can depend on y. Then, choosing V to be the 

linear space of all bounded complex functions on G 

in the above theorem, we get that either f is bounded, 

or it is a solution of the equation f(xy)+f(xy"1)=2f(x)f(y). 

Using the results of [2] , we obtain Baker's result: 

either f is bounded, or it is the even part of an 

exponential. We remark that,by choosing other "function-

properties" Instead of "boundedness" (for instance 

"continuity", "measurability", "integraMlity" 

whenever G is a locally compact topological group), 

we can obtain further interesting results analoguous 

to that of Baker. 

[ij Baker, J.A., The stability of the cosine equation. 

ïroo.Aner.Kath.Soc. SO (13c0), 411-416. 
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THE DETERMINATION OF ïï-WEIGHT BY 

SUBSPACES OF SINGULAR CARDINALITY 

I . Juhâsz and H. Weiss* 

Presented by G. de B, Robinson, F.R.S.C. 

ABSTRACT 

I f K Is a singular cardinal of countable cofinality and X Is a 

Hausdorff topological space of n-welght i K then X has a subspace Y of 

cardinality < « with n-welght a K. The situation for singular cardinals of 

uncountable cofinality Is discussed. The analagous theorem for regular 

cardinals was earlier proven by Hajnal and JuhSsz. 

The weight of a topological space Is determined by Its small subspaces 

[11. Precisely, w(X) < K I f w(Y) < < for all Y s x with |Y| s K. The proof 

appears In the book [2] which we use as a reference for terminology and results 

used below. There I t 1s also noted that a similar result holds for n-welqht 

Instead of weight provided that >: Is a regular cardinal. The situation for 

singular cardinals Is, however, an open problem. 

We show below that the ir-welght situation for a particular topological 

space X and singular cardinal K may, In contrast to the case of weight, depend 

upon the topological properties of X and the cofinality of K. The following 

problem, however, remains open. 

Problem is there a singular cardinal K and a regular topological space X such 

that ii(X) a K but for each subspace Y = X of cardinality s K we have s(Y) < K? 

A (not necessarily regular) topological space having the above property 

will for the purposes of this article be called a K-exatnple, 

E. van Douwen has shown [2] that for every singular cardinal K there is 

a Ti K-example and also gave consistent Tj ic-examples for K with u < cf(K) < K. 

•Research supported by NSERC grant no. A3185 
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Recalling the result of Hajnal and Juhâsz, [ 1 ] , about weight and noting 

that for a T2 space X, w(X) s exp{exp(ii(X))). we easily observe that i f K is a 

strong l imit cardinal, then there is no T2 «-example. 

Our key observation concerning «-examples is the following, 

Lenma I f X is a «-example, then X has an open subspace which Is also a 

«-example and furthermore doesn't contain cf(«) many pairwise disjoint open 

subsets. 

Proof Let U be a maximal pairwise disjoint family of open subsets of a 

«-example X such that for each U e U, ii(U) < «. We must have |U| < « since i f 

|U| a « we could form Y s X such that |Y n U| = 1 for each of « many U c U 

and contradicting that X is a «-example. 
Now note that ii(UU) < « • « = «, Hence it(X-îiÛ) > « and we claim that 

this open set satisfies the lemma. 

Let (« :a<cf(K)) be a sequence of regular cardinals cofinal in « and a 

suppose (V :a<cf(«)) is a pairwise disjoint collection of nonempty open 

subsets of X-0Û. By the maximality of U, for each a < cf{«) we have 

IT(V ) a «, By the result of Hajnal and Juhâsz [ 1 ] , Va is not a «a-example 

so there is Z s V of cardinality s « such that B{Z ) a « . a a a a a 

Z = U{Z :o<cf(«)) contradicts that X Is a «-example, since |Z| s « and a 

i(Z) * «. 

As an immediate consequence we obtain: 

Theorem I f u = cf(«) < « then there Is no T2 «-example. 

We now combine the lemma with some non-trivial results of other authors 

to obtain the following. 

Theorem I f « = « S ^ , then there is no locally compact «-example. 

Proof In defiance of the theorem, let Y be such a «-example. By the lenma 

we have an open X s Y such that c{X) s c f ( « ) . How 

„(X) s iix(X)tiii) 
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by a result of B. 5apirovski [2 ) ; hence iix(X) > «. By another result of 

B, §ap1rovsk1 [21, 

iX(X) s t(X) ; 

hence t(X) > «. Now by a result of A.V. ArchangeVskii [ 2 ] , 

t(X) s s(X) 

and hence s(X) > « and there is a discrete subspace Z of X of cardinality <> 

contradicting that Y 1s a «-example. 

Theorem Assume Martin's Axiom, I f cf(«) = ui and K+ < 2° then there is no 

locally compact T2 «-example. 

Proof Again suppose that Y is such a «-example. By the lemma there is 

an open X s y with c(X) = u. Since X is a «-example s(X) s « so by 

Archangel'skii's result T (X) S «. Therefore T { X ) + < 2". Me now have by 

Martin's Axiom that X is separable (see [3] page 507), This gives the 

required contradiction. 

By R. Jensen's Covering Lenma (see [41 page 356), i f cf(«) = ui 

and 2." < « , then « ^ = «. The Covering Lemma is now known to follow from 

the non-existence of measurable cardinals. This leads to the following 

bizarre result . 

Corollary Assurae Martin's Axiom and c fU) • on. 

Then either (1) there Is a locally compact «-example, 

( i i ) 2W = « + . or 

( i l l ) there Is a measurable cardinal. 
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ON THE SLOW MOTION OF A FLUID COATED 
SPHERE IN AN IMMISCIBLE VISCOUS FLUID 

M.E. O'Neill and K.B. Ranger, F.R.S.C. 

Abstract. The flow of a viscous fluid past a sphere coated 

with an immiscible viscous fluid is considered and an appli-

cation to the translation of a coated sphere in a plane 

interface between immiscible fluids is given. 

1. Introduction. 

Two phase flow problems involving two immiscible viscous 

fluids are of considerable importance in chemical engineering 

science and one of the most fundamental of these problems 

concerns the motion of a rigid body towards and through the 

interface between two immiscible fluids of arbitrary viscosities. 

The mathematical difficulties encountered in attempting to 

provide an analytical solution are formidable and there has 

recently been renewed interest -in presenting theoretical models 

for those flow situations when the displacement of one fluid 

into the region formerly occupied by the second fluid is small 

and the interface can be regarded as effectively flat. This 

can be achieved by modifying the usual non-slip boundary 

condition on the rigid body so that a degree of slip is permitted. 

This enables a finite force acting on the body to be predicted 

and thus the body can pass across the interface. Such a study 

has recently been carried out by O'Neill, Ranger and Brenner 

(1981) for the case of a sphere moving half submerged through 
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a free surface, and O'Neill and Ranger (1981) have presented a 

generalised theory describing the motion of an axisymmetric 

body which straddles a flat interface between immiscible fluids. 

Another way of circumscribing the difficulties associated 

with the non-slip boundary condition when a sphere moves through 

an interface is to take into account the displaced fluid by 

regarding it as a coating, and in this communication we consider 

the slow flow past such a coated sphere of an immiscible viscous 

fluid. The non-slip condition is applied at the surface of the 

rigid sphere while continuity of velocity and stress components 

apply at the surface of the coating. An application to the 

translation of a coated sphere in an interface is given. 

2. Flow past a coated rigid sphere. 

A rigid sphere of radius Aa (0 < X < 1) is surrounded by 

a concentric coating of fluid of thickness {1-X)a and viscosity 

u . Exterior to the coating an immiscible fluid of viscosity 

Un is streaming with constant speed U in the direction 6 = n 

of a system of spherical polar coordinates (ar, 6, $) with 

pole at the centre of the sphere. 

At the surface r = l of the coating, the normal component 

of velocity vanishes and the tangential components of velocity 

and stress are continuous. In the first instance we shall 

suppose that the rigid sphere r = X is at rest in which case to 

satisfy the non-slip condition, the velocity of the fluid vanishes 

when r = X , The motions of the two immiscible fluids are 

axially symmetric about the axis 6 = 0 and suitable forms for 

the stream functions iK and *. within the fluids of viscosity 
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U, and u0 respectively are 

i|)1 =u(Ar4+Br2+ Cr+ D/r)sin2e , (X < r < l) , 

il». =u(ir2+ Er+ F/r)sin2e , (r ï 1) . 

Application of the boundary conditions leads to the following 

six equations involving the constants A,B,C,D,E,F: 

A + B + C + D = 0 ̂ j + E + F, 

4A + 2B + C-D = 1 + E + F, 

4A - 2B - 2C + 4D = p (-I-2E+4F] , 

AX5 +BX3 +CX2 + D = 0 , 

4AX5 + 2BX3 +CX2 -D = 0 , 

where v =Ua/V, • The solution of these equations is 

[X5-5X3+5X2-ljA 

= -i(X3-X2) +F[2(X3-X2) -y(2X3-3X2+l)] , 

[X5-5X3+5X2-l]B 

1 / , 5 f (XM) - F ^ C X M) -p{2u:,-5u^3)] 

(1) 

(2) 

(3) 

(4) 

(5) 

and 

C = -pF-B , D = UF-A , E = J - F , 

where F = i (2+au)~ with 

a= (4+3X-3X2-4X3)/(2+3X+3X2+2X3) . 

The force act ing on the coated sphere i s F
z k , where 

(6) 

(7) 

(8) 
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and the integrand is evaluated on the surface of the coating 

r= 1 and (aW , if , az) are cylindrical polar coordinates 

related to the spherical polar coordinates in the usual way. 

Substitution of i> leads to 

Fz _ 4 H-au/3 
6iru0Ua 3 I+aii/2 

The function a = 2 when X = 0 and a = 0 when X = 1 . Other 

values are displayed in the table 

X 

0.0 
0.2 
0.4 
0.6 
0.8 
1.0 

a 

2.0000 
1.6257 
1.1723 
0.9444 
0.3312 
0.0000 

When X = 0 , equation (9) gives 

Fz _ l+2u/3 
' 6^y0Ua

 1+V 

which is the well known formula for the force acting on a 

spherical droplet in a uniform stream. When X = I , the right 

hand side of (9) becomes unity, corresponding to Stokes law 

for the force acting on a rigid sphere in a uniform stream. 

Such results can be found in Happel & Brenner (1965). 

Solutions can be similarly constructed if the rigid sphere 

has a non-zero velocity and the surface of the coating has a 

different translational velocity from that of the rigid sphere. 

Of particular Interest among such solutions are those for which 

the tangential stress vanishes on r=l . For instance, if the 



M.E. O'Neill and K.B. Ranger 265 

rigid sphere has an instantaneous velocity KU along the 

z-axis, where 

K= (2X6-3X5+3X-2)/X(2X5-5X2+3) , 

the non-slip condition can be satisfied on r = X together with 

vanishing tangential component of stress and normal component 

of velocity on r = 1 . The solution in the outer fluid phase 

is then just that for flow past a spherical bubble, and the 

stream function is accordingly 

* =|r(r-l)sin2e . (ID 

The flows interior and exterior to the coating are now uncoupled 

and it follows from O'Neill and Ranger (1981) that equation (11) 

is also the stream function in tha exterior flow of two immiscible 

fluids with viscosities Pj and M2 when the coated sphere 

moves parallel to the interface which coincides with an 

azimuthal plane. The force on the coated sphere is then 

F_ k where 
Z "» 

F = 2TiUa(p. + Pj) • 
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ITERATED TILTED ALGEBRAS 

OF TYPES B„ and C n n 

Ibrahim Assem 

Presented by V. Dlab, F.R.S.C. 

Abstract: We classify the iterated tilted algebras of types 

Bn and C in terms of their bounden species. 

Let A be a finite-dimensional algebra (associa-

tive, with an identity) over a commutative field k , 

Throughout, by a module we mean a finite-dimensional right 

module. A module Tfl is called a tilting module (cf. [2], 

[51 or [6]) if: 

(TI) pd TA < 1 , 

(T2) Ext^ (T,T) = 0, 

(T3) there is a short exact sequence 0fAA->-T'->-T|! +0 

with T" , T " direct sums of summands of TR. 

A tilting module T, is called splitting if every 

indecomposable B-module N , where B " End T , is such 

that either NAT = 0 , or Tor!: (N,T) =0. A finite-dimension-

al k-algebra B is iterated tilted (called "generalized 

tilted" in [ID if: 
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1) there exists a sequence of algebras A , A.,... 

A = B with A hereditary, 

2) there exists a sequence of splitting tilting 

modules T*1' (Oiiim - 1) such that End T*1' = A.,..,. A. A. i+1 

B is said to be of type à for a (non-oriented) 

valued graph A, if A is the tensor algebra of an oriented 

valued graph, with a non-oriented underlying graph A (cf. (3)). 

Let I = (F., .M.) < J,T be a k-species, and T(I) 
1 1 3 1,J El 

its tensor algebra (cf. [3], [4]). An ideal R of Til) 
2 

contained in (rad TO:)) will be called a relation ideal. 

For a perfect field k, any finite-dimensional basic 

k-algebra can be written as T(E)/R , where E is a k-species, 

and R a relation ideal. Writing .ft. = F.TfElF. and 

• R- = F. RF - , R can be defined by the bimodule eplmorphims 

i p j ' i V i V i V 
The following theorems hold: 

Theorem (1): Let k be a perfect field. A connected 

basic finite-dimensional k-algebra is an iterated tilted 

algebra of type B if an only if it is given by a k-species 

E = (F., .M.) . . T with a relation ideal R = .*. .R. l l J l / J E - l 1 , 3 1 3 
satisfying the following conditions: 

(1) The graph G of E is a tree. 
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(2) There is a vertex i such that F. = F , 
o 

and for all io # 1 , Fi = E , where E and F are two 

skew fields, finite-dimensional over k and such that 

dim FE = 2. Moreover, if jM. * o, iM. = p E for i = i , 

iMj = EEF f 0 r 3 = io ' a n d iMj = EEE o t h e r w i s e : 

(3) The vertex i 0 has at most two neighbours i 

and j , and, if it is so, then 1*1 »j and there is a 
o 

relation on the subspecies 

E E E F . F F E E , E 

given by an epimorphism „E 9„E„ <• E„ , 
E F F E E E 

(4) All relations are of length two, and the only 

relations besides the one in (3) are zero-relations. 

(5) Each vertex of G has at most four neighbours. 

(6) If a vertex i has four neighbours, then G 

contains a full connected subgraph of the form 

h 
I, 

V ^ 4 
with the zero-relations . M. 8 M. and . M, S, M. 

i 2 » * ^ i4 s, « i3 

(7) If a vertex I has three neighbours, then G 

contains a full connected subgraph of one of the forms 
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h h 

i-^- It i3 or iĵ * I + 1 

with the zero-relation . M, 8 .M. . 

Theorem (2); Let k be a perfect field. A connected 

basic finite-dimensional k-algebra is an iterated tilted 

algebra of type C if and only if it ia given by a 

k-species E = (F. , ..M.). . T with a relation ideal i i 3 i/3t"i 
R = i9-i <R-i satisfying the conditions (1), (4), (5), 

i, j 1 3 

(6), (7) of theorem (I) and: 

(2) there is a vertex 1 such that F. = E, and 

for all i T i , F. = F, where E and F are two skew 

fields, finite-dimensional over k , and such that dim -E 

= 2 Moreover, if .M. * 0, ^M. = „E_ for j = i_ 
1 3 1 ] r fc. C 

^H. = EEF for i = io and ^̂ M. = EE E otherwise. 

(3) the vertex i has at most two neighbours 

i and j and, if it is so, then i —r i —>. j and there 
o ^ 

is a relation on the subspecies 

F F V E EEF_F 

defined by an epimorphism FE E 8 E E F + FFF . 

In the course of the proof, yet another characteri-

zation of these algebras is given in terms of their Auslander-
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Reiten graphs. These results constitute a part of the 

author's Ph.D. thesis and will appear in full in Communica-

tions in Algebra. 
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THE HILBERT FUNCTION AND COHEN MACAULAY TYPE 

OF ORDINARY SINGULARITIES 

S.K. Gupta and L.G. Roberts 

Presented by P. Ribenboim, F.R.S.C. 

Abstract. We use Cartesian squares to construct ordinary singular 

points on algebraic curves, and to discuss their Hilbert function 

and Cohen-Macaulay type. 

We construct the co-ordinate ring A of a curve with one 

singular point P by means of a cartesian square 

A > Â 

(1) i 1" 
D ^ > ni=1 k[ti]/t; 

where the horizontal arrows arc inclusions, n is an onto map, 

and A is non-singular. (In general the singular locus of A 

equals Spec D . To ensure that there is only one singular point 

we take Spec D connected.) Full details appear in [3], and will 

be published elsewhere. This paper continues the investigations of 

[2], [S]. 

One of our aims is to describe properties of the singular 

local ring A in terms of the bottom horizonal arrow f of (1). 

To this end let T: [!?_, k[ti] - n?=1 k f ^ ] / ^ be the canonical 

projection, and set T5 = T~ (D) , T = r" (M) , M the maximal 

ideal of D . Clearly Oi,f) depends only on the inclusion f and 

we have 



274 s.K. Gupta and L.G. Roberts 

Theoreci 1. The completion of A at P is isomorphic to the 

completion of IS at T . 

Corollary. The Hilbert function H(i) = din>k(P1/P1+ ) depends 

only on f . 

Theorem 2. If A = k[t] then K^A) S ^(k) 9 (s-l)Ki+1(k) (g Ki+1(P) 

(i<l) where Ki+1(P) = coker(lfi+1(D) - ̂ = 1 ÎJ.^kCtj]/^) . 

If D is homogeneous, and char k = 0 or is sufficiently 

large, then K^P) = Nk and K2(P) = Nft^V where 

N = codirak(nj=,1k[tJ]/t", D) - s + 1 and V is a finite dimensional 

vector space over k . 

Theorem 3. Let r denote Cohen-Macaulay type. Then rCB) = r(A) . 

The loading term of f € D (or 15) is the non-zero graded 

piece of lowest degree. The possible leading terms of a given 

degree form a vector space, which wo can Identify with a subspace 

of k by leaving out the powers of t. . Choose a basis for the 

leading terms of degree one, and write these r basis vectors as 

the rows of an rXs matrix C . Then we have 

Theorem 4. The non-zero columns of C are the tangent directions 

at the non-singular branches of P . P is an ordinary singularity 

if and only if the columns of C represent distinct points in 
r-1 

IP . The reduced tangent cone B of A at P is the sub-
algebra of n^jkC^] generated by the rows of C . 
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We compare properties of A with the corresponding property 

of B . We say that A (or P) is minimal ordinary if A is 

minimal among all those ordinary A c A with the same reduced 

tangent cone, and that A (or P) is homogeneous if D is 

homogeneous. Then we have 

Theorem 5. If A is minimal homogeneous ordinary then 13 is the 

reduced tangent cone of A (at P), so in this case A and its 

reduced tangent cone have the same Hilbert function, and the same 

Cohen-Macaulay type. 

Theorem 6. If A is minimal ordinary (but not necessarily 

homogeneous) and the tangent directions are in generic s-position, 

then A and its reduced tangent cone have the same Hilbert 

function and the same Cohen-Macaulay type. If the tangent 

directions are not in generic s-position, then r(A) need not 

equal r(B) , and the Hilbert functions can differ as well. 

The Cohen-Macaulay part of Theorems 5, 6 answers some 

questions posed in [l]. 

Motivated by [7] p. 40, we give an algorithm for computing 

the Hilbert function H(i) of an ordinary singularity P , and 

discuss when H(i) can decrease. By Theorem 1, 

H(i) = dim, (TV? ) • Furthermore "P1 is homogeneous with j 

graded piece V. . equal to the subspace of k t c I^-T^C*, J 

(t=(t:.,. ..,t )) spanned by monomials of degree > i (as a 

monomial) and degree j (in t) in some set of homogeneous 
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generators for D . Let b.. » dim. (V. ./v. .- ) . Then 

i j K a. j i+l, J 

?VT S ^ j > i V i j / v i + l f j
 s o "(D " 5:j>i b i j . We arrange the 

numbers b. . in an array 

11 b22 
b12 

b33 
b23 

b13 

b44 
b34 
b24 
b14 

b5S 
b4S 
b3S 
b2S 

blS 

arranged so that columns correspond to dimensions of subspaces of 
s J 

k t ' ^bii = b i i s t h e H i l b ert function of the reduced tangent 

cone of P . ) H(i) is now the diagonal sum beginning with b.. . 

The numbers bij. are most easily computed in the generic case 

b i j - in*lCiy s - S^i b^) (if l>i set b ^ = 0 ), ( c ^ = 

number of monomials of degree i as monomials, and degree J 

in t in a set of homogeneous generators for IS ). This i s an 

inductive definition going down each column. We prove that the 

generic case exists, and that a generic singularity i s ordinary 

so long as there are at least two generators of degree one. We 

have 

Example 7. Let generic P be constructed with s = 21 from D 

which has 3 homogeneous generators of degree 1 (in t ) , and one 

generator of degree 2 (in t ) and n > 5 (in the original 

cartesian square). Then U i s generated by the same homogeneous 

generators and our array i s 
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3 6 10 IS 21 

1 3 6 

so that H(l) = 4 , H(2) = 9 , H(3) = 16 , H(4) - IS , 

H(i) « 21 for i > S • Thus it is possible to have an ordinary 

singularity with H(l) - 4 , and a Hilbert function with a 

temporary decrease. This improves on examples If, Ig in [4], 

which give a decrease when H(l) = S or 6 . In fact, if we 

make s large enough we can get as many intervals of decrease 

as we wish. Thus 

Example 8. Let s = 274 • Suppose there are 3 generators of 

degree I and one generator of degree 2 . Then the Hilbert 

function is 4, 10, 20, 35, 56, 84, 116, 145, 164, 202, 199, 

232, 229, 226, 256, 256, 2S5, 254, 253, 252, 253, 274 (then 

remaining at 274). This has three separate intervals of decrease, 

generated by the first three rows of the array. 

Similar examples can be given with H(l) > S . We have 

been unable to characterize the Hilbert functions that arise in 

this way (although the conditions described in [8] Theorem 2.2 are 

clearly necessary). Nor have we been able to find an example with 

H(l) = 3 and a Hilbert function that has a decrease. However 

we prove 

Theorem 9. Let P be homogeneous ordinary (but not necessarily 

generic) such that H(l) = 3 . Then the Hilbert function of P 
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can never decrease . 
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IDENTIFYING A RATIONAL FUNCTION 

J.P. Glass*, J.H. Loxton and A.J. van der Poorten* 

Presented by P. Ribenbiom, F.R.S.C. 

Abstract. Me discuss a remarkable result concerning rational 

functions which implies that, up to obvious ambiguities, one may 

recognise a rational function from any infinite subset of Its 

Taylor coefficients. 

1. Let y f.X be the Taylor expansion of a rational function 
hsO n 

r(X)/s(X) defined over a field K of characteristic zero; thus 

r,s in IK[x]. We shall suppose that the degree of r is less 

than that of s. Without loss of generality we may write 
n . 

s(X) = 1 - ^ s,.XJ, s *0, whence the sequence (fh) satisfies j = 1 J n 

a linear homogeneous recurrence relation of order n with constant 

coefficients in K: 

fh+n " slfh+n-l + s2 fh +n-2 + ••• + V h ' h s 0 -

Then the initial values fo>f i • • • • «̂ n.i of the reaurrenoe (f|1) 

are given by r(X) by way of 

n-1 n-i t j > . 

(X) • I fj - ï ^U.AV 

We may factor s(X) over DC, an algebraic closure of K, to 

obtain 

!(X) " JT (l -a,x| 
n(i) 

*This work was partly supported by ARGC Grant No. B7915731R. 
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with distinct Oj anl of respective roultiplici ties 

n(l) n ^ ' ) , so Jn(1)"n. Hence 

r(X)/s(X) - ( T a u d - ^ X ) ^ - ^ j j i . ^ (h^Il)a1
hXh 

where the a^X) are polynomials of degree at most n(1)-l 

respectively. Thus we have 

fh - Ia1(h)a1
h. h-0.1.2 

a generalised power sum. Fixing branches of the logarithms log â  

we see that the recurrence (fh) 1s given by the exponential 

polynomial 

f(z) = Y a^z) exp (z logc^) 

at the non-negative integers. Should we wish to drop the condition 

on the degrees of r and s we need only add a polynomial term 

ag(z). All this is well known. We mention It to set notation. 

2. We wish to discuss the matter of identifying the rational function 

r(X)/s{X) given only an Infinite subset of its Taylor coefficients 

fh presented in any order. Plainly this is hopeless If any quotient 

a^/Oj, i ̂ J Is a root of unity, or Indeed if an a. Is a root of 

unity. In the former case the recurrence (fh) will collapse to 

a recurrence of lower order on arithmetic subprogressions (dh+r); 

in the latter case we risk always 'recognising' a constant multiple 

of (1-X)"1 - ̂ X or some such similar Irritation. In either 

case the recurrence (fh) Is said to be degenerate, and we may say 
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the same of the associated rational function. Incidentally, the 

concept of 'degeneracy' is not contrived for the present purpose; 

see for example [2]. Next, let f^||,+r° 9h• h1 1 0* 1- 2---. 'or 

Integers d > 0 , r 2 0. Then the power series y ghX again 
hiC n 

represents a rational function. We note that, in the natation 

used above, we have: 

9(z) 0 y a1 (dz+r) o ^ exp (z log a1 ) . 

We will say that two rational functions I k^X and I 9(,X are 

similar if both are related to a nondegenerate rational function 

J f.X in the manner that the exponential polynomial g(z) is 

related to f(z) as described. Again it is plain that we cannot 

hope to distinguish amongst similar rational functions. On the 

other hand we note that such functions really are 'very similar'. 

This said, it is remarkable that a recent result [1] of ours 

implies that any infinite subset of the Taylor coefficients of a 

nondegenerate rational function identifies the similarity class of 

that function. It may be more straightforward to rephrase this 

claim: let Z fhX and J g. X represent dissimilar nondegenerate 

rational functions; arite F = {f^ : h=0,1,2,...} and 

G • jg • h = 0,1,2,. .. }. Then the set-theoretic intersection F n G 

has finite cardinality. We remind the reader that the underlying 

field is to have characteristic zero. 

3. Let (fh) be a nondegenerate recurrence and let m be a map 

of some infinite subset S of the non-negative integers Into the 

non-negative integers. There need be no a priori condition on m 

other than that it be injective. Set f ^ ^ g f l » ) for h In S. 

We show In [l] that if (gh) is again a recurrence then for h > H , 
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say, thus from a certain point on, m(h) Is linear in h. The 

reader will readily see that this result Implies the assertions 

made above. By supposing, as we may, that m Is defined on all 

of m u (0) and has only finitely many fixed points the title of 

[1] is justified: one sees that a nondegenerate recurrence has 

finite total multiplicity. At most finitely many values appear more 

than once In the sequence (fh); and any given value appears at 

most finitely many tines. This last fact Is the celebrated 

theorem of Skolem-Hahler-Lech-Mahler; see the survey [2]. 

4. The following Is a loose sketch of our proof. Suppose first 

that ^ ( h j - g h for all h "0.1,2,... . In brief, we show that 

for each of infinitely many primes p we lose little generality 

in supposing that we have fsH(t) <> g(t) for p-adic exponential 

polynomials f and g defined cn the disk Dp c Qp of those t 

so that ord t > -1 + 1/p-l. For each Integer r, 0 s r < p - l . 

we have such H which, In effect, coincide with n on Infinitely 

many Integers of the shape h(p-l)+r. Now, supposing that (fh) 

is non-degenerate, we can conclude that H Is a p-adic power 

series converging in 0 . The upshot Is that we nay obtain finite 

sets of primes P so that the product 

TT P1"-1 

peP 

Is as large as we wish and so that the maps H : h I—• m(h(p-II + r), 

for h>H(P), can be continued to p-adic power series converging in 

D.. With the more limited original data we can only prove these 

claims for at least one r corresponding to each p. The product 

becomes 

TTP1 / ( p- I ) 2. 
pep 
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and of course is greater than 1. By an extra assumption, which 

we describe below, and a straightforward argument involving only 

well known and frequently used ideas. It follows In either case 

that M is an exponential polynomial defined over a; thus an 

entire function: But now consideration of f<>H(z) °  g(z) near 

infinity implies that M is linear, as claimed. 

5. The additional requirement is that m must not grow too fast. 

Specifically, for all large integers h, ra(h) should be less than 

the h-th power of the relevant product displayed above. In the 

event these conditions are implied by weak growth hypotheses for 

nondegenerate recurrences defined over an algebraic number field. 

In the present situation appropriate specialisation loses no 

generality and we may presume that the parameters defining f belong 

to an algebraic number field L. Set A °  max la^), and note 

that we may suppose that a],...,ani have no common (Ideal) factor 

since otherwise m already satisfies the required growth conditions. 

Much more than we need, namely the growth hypotheses for non-

degenerate recurrences defined over an algebraic number field (see 

[2]) can be shown [3] to follow from the results of Schtnidt-

Schlickewei: for all large Integers h (and all prime ideals p 

of IL ). 

|f(h)| > A ( 1 * e ) h and o r d p f ( h ) < « h . 

By virtue of the p-adic inequalities we may suppose the ai 

are integers of IL since otherwise, once again, m already 

satisfies our requirements. Then, if necessary after taking, as we 

may, a new embedding of IL in t, we can suppose A a l . Moreover 

A = l is excluded because f is nondegenerate so the a^ are not 
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roots of unity. Thus A > 1 and then the lower bound for |f(h)| 

amply implies the required upper bounds for m(h). 
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VON NEUMANN'S COORDINATIZATION THEOREM 

Israel Halperin, F.R.S.C. 

1. Notation and equivalence of lattice inequalities 

L denotes a complemented, modular lattice with homogeneous 

basis a^ ,... , ajj , N i4[2, Part II, Def. 3.1] ; 

A-* = a. v. . . v a. ; ab means a A b ; a ̂  b means a v b if ab = 0 ; 

L..îfb£L:b*a.=a. va.). If R is a ring and m s N , 
Di l 3 i r ^ 

then R (ra) denotes the right R-module 

( (a. ,..., a„) : all a. t R and a. = 0 for ra < i s N) ; 

(o, ,..., a 1 is an abbreviation for '•i ni' 
(o, ,...,a , 0 ,..., 0) € RN(ni) ; RN H RN (N) ; L (RN (m) ) denotes v 1 m 

the set of finitely generated submodules of R (m) , ordered 

by inclusion. 

A lattice inequality: Ea sFb implies Ea vc sFb vc^ 

and by modularity, this implies E(avc) SF(bvc) hence 

Es F if c s E s a v c , c s F s b v c ; so, if such c exists, 

Chen Ea sFb is equivalent to E s F . 

2. Von Neumann's theorem In each Lji(j?'i) . addition 

and multiplication can be defined so that: 

(2.1) The L.. become regular rings with unit, isomorphic 

to a common regular ring R (2, Part II, Theorem 9.2). 

(2.2) For each j the sublattice (bcL:bsa.) is isomorphic 

to L(K) , the lattice of principal right ideals of R 

(2, Part II, Theorem 9.2]. 

(2.3) L is isomorphic to L(R ) (2, Part II, Theorem 14.1]. 

3. Outline of von Neumann's proof 

(3.1) Choose C ^ ^ S J S N so that c. 1 * a . = c , « a = a. * a. 

set cji = (Cj! "CiJ (a-j v a j for all 1 ̂  i ?* j. 
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(3.2) Cal l a family a 5 [ a ^ c L ^ : i ^ j ) an L-number i f 

( a j i v c j k ) f a k V a i ^ = a k i a n d ( a j i v c i k H a j > ' a k ) = a j k . 
Note: For every b £ t.., there i s a unique a with 

a . . =b [2, Part I I , Lemma 6 . 1 ] . 

(3 .3) Let R denote the s e t of L-numbers with operat ions : 

( a + B ) ^ " (oejk v ( B ^ v a k ) (a j v c . k ) H a j v a J 

( a e ) j . = ( < x j k v B k i ) ( a j v a i ) . 

(3.4) For each a « R and 1 i j SN , define the reach of 

o into a. : 

air = (aj. va.)a. (does not depend on 1 , i^j) . 

13.5) Prove: ay = B has a solucion y if and only if 

s!r) sa.(r) (holds for all j if for some j) 

[2, Part II, Lemma 9.4]. 
(r) 

(3.6) Prove : For each b s a. : b = G : for some idempotent 

BCK [2, Part II, Theorem 9.3]. 

(3.7) Deduce: Parts (2.1), (2.2) of the theorem hold [2, Part 

II, Theorem 9.2]. 
(3.8) Prove: For I s m s N there exists an isomorphism m 

i|im : (b c I : b sAm) -• L(RN(ra)) with •, e I(I e.. .c #N . 

Note: *., establishes Part (2.3) of the theorem. N 
The outstanding difficulty in von Neumann's proof is 

to establish the 6 . 

m 

4. Von Neumann's strategy to prove (3.8) 

(4 .1) Cal l b an m-eleraent i f (1) m = l and b s a. , 

or ( i i ) 2 s m £ N and b •>A™-1 sAm . 

(4 .2) For each ra-element b def ine ij>(b) , an element of 
/• N \ L [R (ra)J , as f o l l o w s : 

( i ) I f b s a j ^ de f ine (ji tb) = ( e , 0 , . . . , 0)R w i t h e 
(r) idempotent and e^ = b . 
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(ii) If2smsN define <(> (b) = (-0̂ ,..., -"„,_!< e) R with 

e idempotent and e^r) = (A"1-1 v b)am , with 0^ e R 

and (ai)im=(bvbvAi-1vai+1v...vam_1)(aivara) and 

m ra 
Note: 1Mb) is determined uniquely by b though e ,E, 

and the a. may noc be; also, ou = cue . 
M 

(4.3) For each xeL and decomposicion ) t = Vi =i xi w i t h xi 

an i-element, (such decomposicions exist for all x^ 

assign to x the submodule • (xjj +...+ • (xN) . 
(4.4) Prove: the set (* (x^ +...+ • (xm) : x s A™) = L (R (ra) ) . 

(4 .5) Prove: For decomposit ions x = v ' i = i x i ' ^~i=l^i : 

s y if and only if I i= 1
 lKxi' s I i = i * ( y i > • 

m 

x 

Note: (4.5) implies that ^(x) EI i = 1*' xi' h a s t h e 

same value for all decompositions of x ; then (4.4)m , 

(4.5) establish (3.8) . m m 

Von Neumann established (4.4)II| without difficulty 

[2, Pare II, Theorem 11.2]; (4.5)1 follows immediately from 

(3.5), (3.6). But von Neumann's proof of (4.5)m, 2srasN 

(2, Part II, pages 163-208], is a virtuoso demonscracion of 

machemacical technique. 

5. A new proof of (4.5)m, 2 sra SN . We shall give a 

direcc laccice calculacion for che case m = 2 , and, by a 

simple cechnical device, reduce che case m co che case m-1 

when 3 s m s N . 

We require che following propercies of L-numbers. 

(5.1) (a-e)jk= («ji v (ak ̂ B^) (aj vcik>)(aj va,,.) [1, (2.3)] 

hence 

(5.2) (a-B)]r) = («ji vBji)aj . 

(5.3) ( O + B Y ) ^ » (Yjk v «"ji vak)(6ki vaj))(aj vaĵ ) [1,(5.2)]. 
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6. Proof of (4.5), . We assume x1 s a, , y, s a. , x, * a. s a. v a. , 

y, * a. s a, va. and we need to prove: 

(6.1) x 1 v x 2 s y 1 v y 2 if and only if tCx^ + <>(x2) i 4 ^ ) + «(y2) . 

Because of modularity we need consider only the case 

x:l = 0 , lti(x1) =0 (use (4.5)1) . 

Now che inequalicy iMx2) s M y ^ +*(y2) is equivalent, in 

turn, co each of: 

(6.2) (-oi1(x2) ,e(x2)) = (e(y1) .OJBĵ  + (-a1(y2) ,e(y2))B2 for some 

S1,02eR 

(6.3) e(y2)e(x2) =e(x2) and (c^ (y2)e(x2) - a ^ x ^ e ^ ) j^r)s 

.s(e(y1)jir) 

(6.4) (aj^ v x 2 ) a 2 s (aj^ v y 2 ) a 2 and, (use ( 5 . 2 ) ) , 

( ( a 1 ( x 2 ) e ( x 2 ) J 1 3 v ( a 1 ( y 2 ) e ( x 2 ) ) 1 3 ) a 1 s y 1 

(6.5) (1) a
1

V x
2

s a ; L v y 2 and 

(11) (o1(x
2)e(x2)]13Sy1v((ai(y2)e(x2))13 . 

The inequalicy (6.5) (ii) is equivalent to each of: 

(6.6) ((o1(x2))12 v (e(x2)y (a1 va3) ̂  v Ha^yj]^ v (e(x2))23 

(6.7) (a1(x2))12 v (e(x2))23) ̂  va3 v (e(x2))23) * yi v [c^(y2))^ v (e{x2)}23 

(6.8) [a1(x2))12(a1 v (a3 v (e (x2))23)a2) S y 1 v [a^yj]^ 

(6.9) [a1(x2))12(a1 v ̂  v (e(x^)^ iy^ v ( a ^ ) ) ^ 

(6.10) (a1(x2))12(a1 vx2) S y 1 v {.a^y^)^ . 

Now (6.5) (1) and (6.10) together are equivalent to: 
(6.11) x2 ̂  vy2 

which e s t a b l i s h e s ( 6 . 1 ) , i . e . (4 .5) . 

7. Proof of ( 4 . 5 ) ^ assuming (4 .5 ) ^ . 3 s m s N . 

We assume x̂ ^ SA m - 1 , y 1 S A m - 1 , x 2 •Am"1 sAm , y » A
m - l SA1" 
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and we need to prove: x, vx sy^ vy if and only if 

i)im_1(x,) +i))(x2) S'i'n,.!'!'!' + l Ky2' where 4 . is the isomorphism 

on A m - determined by if (existing since (4.5) , is assumed 

to hold), We may assume that x. = y,(= z , say), so we need 

to prove: 

(7.1) z v x 2 s z v y 2 if and only if ^ ^ ( z ) + if (x2) s ̂ ^ ( z ) + <My2). 

We recall thac [2, Pare II, Lemma 13.2] states: if a s b 

Chen every x can be expressed as (xva)(xvc) for some c 

wich a * c = b . Repeaced applicacion of chis Lemma shows chat 

our z can be expressed as z'^ A z ' 2 1 A...*z m where, for 

each j : z'^ va. =Aln"1 for some i . Ic is clearly sufficienc 

co escablish (7.1) wieh z replaced by z ^ ; j =1,...,ra; 

chus, in (7.1) we may assurae chac z v SLi -S^1 for some i <m . 

«m-l 
Consider first che case chac i = l , i.e. z v a1 = A 
— in-2 . . ^m—2 ,, .m—2 

Set z = zA and chose zm_1 so that ^ . i * A = z v A ; 
in face, z _, may be chosen so thac 

4(z ,)= (-8,0 ,..., 0,1,0 ,..., 0)R wich 6e R and 1 in the 
m—i 

(m-l)sc place. 

see ÏÏ - (x2 v zm_x) (A"1"2 v a j , y2 = (y, v z ^ ) (A1""2 v a j . 

Then XjA1""1 = 0 = y2Am"1 ; z v J2 = z v x2 ; z v 7 2 = z v y2 and so 

the inequalicy: z vx 2 sz vy2 can be expressed as: 

z v x2 s z v y2 . 

If *lx
2) = (-61 -Sm-2 ' " V l •f)R and 

*(y2) = ("«l '•••'-am-2 '"ara-l'e^R Zhen < U S e t 5-3>)! 

*(x2) = (-Si-PO,,,.! - -S2 -Bln.2 , 0,f )K and 

i|i(y2) = {-^-BOm-i ' -«2 ' • • • ' - a
r a _ 2 ' 0 ' e ) R ' s o t h e inequalicy: 

6 , (z) +*(x,) s<|im , (z) +i|>(y,> can be expressed as: 
Tni—1 ^ «I~J. * 

V l * 2 ' + * t 3 '2 ) S*ra-l(z) + * ( y2 ) (use: ("B'0 0'1)(clia-l"Bo-l) 
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wich 1 in che (m-I)se place, as in * _1(z)) • Thus we need 

only prove (7.1) wich z,x2,y2 replaced by z,x2,y2 

respectively; then we may even replace z by z . 

Now apply (4.5)m_1 with â^ ,..., am_2 , am in place of 

al '•••'am-2 'am-l ' rePlacing («i %.].)« '•(RN(m-1)) 

by (ai '• • •' am_2'0<cxra_i) £ L(RN(m)) . The equivalence (7.1) 

follows for che case zva i =A ,1 = 1. A similar argumene 

applies if i ?! 1 (exact statement of induction is essential) . 

This proves (4.5) , hence von Neumann's theorem, ra 

8. Suppleraencary remark 

Call a^ ,..., â j , N23 a Desarguesian basis for L if 

(i) â^ is perspective co some b. s a, for is2 with 

b, = b_ = a. , and 

(ii) ajaj = a3 [a2 v aĵ ) = 0 and â ^ v... v aN = 1 , and 

(iii) the formulae (3.3) make R a regular ring if, in che 

definicion of L-number, i,j are restriccod co {1,2,3} . 

Then a. ,i >3 can be altered so chac {a, ,...,a„} becomes i I N 

an independent basis for L and, wieh minor changes, the 

proof of von Neumann's theorem holds; che condition (iii) can 

be replaced by cereain Desarguesian-cype laccice condicions 

[K.D. Fryer and Israel Halperin, Acca Math. Szeged, XVII(1956), 

pages 203-249; Bjarni Jonsson, Trans. Amer. Math. Soc. 97(1960), 64-94' 

The proof is simplified when, in che definicion of L-

number che i,j are furcher reserioeed co j <i , buc chen 

the use of eN
r ) in (4.2) above and (e(x)J21 in (6.9) above, 

must be (and can be) adjusted. 

References 1. K.D. Fryer & I. Halperin, Can. J. Math. 7(1955), 432-444 
2. John von Neumann, Continuous GeometrY- Princeton U. Press, 19 

Rec'd. Aug. M, 1981 Dept. of Mathematics, University of Toron 
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HOMOGENEOUS BASES IN COMPLEMENTED MODULAR LATTICES 

Donald Bures, F.R.S.C. 

We give a simple class of examples of irreducible complemented 

modular lattices with homogeneous bases a.,a,,...a and 

bl'b2''"bn S U C h t h a t '0»ail is n o t isomorphic to [O.b,] . 

This phenomenon is, of course, impossible in a continuous geometry 

[3], or indeed in any lattice with a reasonable dimension function. 

We obtain also, for a fixed integer n , examples of lattices which 

possess homogeneous bases of degree ro if and only if m and n 

are relatively prime. 

In more detail, we construct a family H(n,k) of non-isomor-

phic lattices indexed on integers n and k with 0 s k < n . 

Each is an atomic irreducible complemented modular lattice. We can 

label the projectivity classes by the ordinary dimension and 

codimension functions plus a Z -valued function r . Hence the 

elements of infinite dimension and codimension form n distinct 

projectivity classes: at the same time if x and y are such 

elements then x is projective to y-i £ y , so the Schroeder-

Bernstein-like lemma for perspectivity fails. In each case we 

are able to compute explicitly the number of inequivalent 

homogeneous bases of any given degree m , 

Each M(n,k) has homogeneous bases of arbitrarily large 

degree, in particular »4 , so it can be co-ordinatized by a 

regular ring R(n,k) , This family of non-isomorphic rings 

resembles the examples given by Goodearl [2: p.65]. We obtain 

the apparently stronger result: 

Min(R(n,k)) - R(n,km) for all integers m i l , 

where the product km is reduced mod n . In particular this means 
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that for a fixed integer n > 1 , there exists a ring R which 

can be written as nxn matrices over n non-isomorphic regular 

rings. 

The contents of this note are arranged as follows; SI is a 

statement of the results as theorems 1-5; 5 2 describes the 

construction of the M(n,k) ; 53 is a sequence of lemmas which can 

be proved by the reader using the simplest methods (except for 

lemma 13, which is a simple consequence of the co-ordinatization 

theorem), and which yield the theorems of 51 . 

It is a pleasure for me to acknowledge my indebtedness to 

Israel Halperin for his many contributions to the writing of this 

paper. 

51 Statement of results. 

k and n are integers with 0 s k < n . The L(n) and 

M(n,k) are complemented modular lattices which are irreducible 

and atomic. b(k) is an element of L(n) and H(n,k) = [0,b(k)], 

the lattice of all elements x of L(n) with x <_ b(k) . Because 

M(n,k) is atomic, dim and codim can be defined in the usual way. 

r is a function from M(n,k) to Z which is additive on 

disjoint elements. 

Note that we say x is an ra-part of M to mean that x 

belongs to a homogeneous basis for M of degree m , that is that 

there exists an independent family a,,a2,...,am of mutually 

perspective elements of M with x = aĵ  and 1 = a.ua2u — ua^ 

We follow the notations of [1] or [3]. 

THEOREM 1. L = L(n) has the following properties: 

1. dim b(k) = codim b(k) = +- r(b{k)) = k 

2. (0,b(0)] is isomorphic to L and b(0) is an m-part of 
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L for all integers m > 1 . 

3. For k / 0 , (0,b(k)] is not isomorphic to L ; b(k) is 

an m-part of L if and only if n divides mk . 

4. L has inequivalent homogeneous bases of degree m (le. 

there exist x and y both m-parts of L with [0,x) not 

isomorphic to [0,y]) if and only if (m,n) / 1 . 

5. Suppose that x and y are in L . Then the following 

conditions are equivalent: 

(i) x K y (i.e. x=Xj~x2~...~xn=y) 

(11) dirax = dimy , codimx = codimy and r(x) = r(y) . 

(ill) There exists an isomorphism $ of L onto itself 

such that ^x = y . 

If, in addition, dimx = dimy = codimx = codimy = - , the above 

conditions are equivalent to: 

(iv) (0,x] is isomorphic to [0,y] . 

THEOREM 2. M = M(n,k) has the following properties: 

1. There exists an m-part of M if and only if (m,n) 

divides k . 

2. There exists an ra-part x of M such that [0,x] is 

isomorphic to H if and only if n divides (m-l)k . 

3. There exists an ra-part x of M such that [0,x] is 

isomorphic to M(n,s) if and only if ms = k (mod n) . 

4. Property 5 of theorem 1 holds as stated. 

THEOREM 3. Let p be a prime. 

1. If m is a multiple of p , Mp) has p inequivalent 

homogeneous bases of degree ra . If p doesn't divide m then 

all homogeneous bases of degree m are equivalent. 

2. Let 0 < k < p . Then M(p,k) has a homogeneous basis 
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of degree m if and only if p doesn't divide ra . All 

homogeneous bases of degree m are equivalent: x is an m-part 

if and only if x s b(m k) where m" k is calculated in Z . 

THEOREM 4. M(n,k) isomorphic to M(n',k') implies n = n' 

and k = k' . 

THEOREM 5. Suppose that K is a fixed field. For all Integers 

n and k with 0 £ k < n there exists a regular ring R(n,k) 

such that: 

1. R(n,k) isomorphic to R(n',k') implies n = n' and 

k = k' . 

2. Fix n > 1 and write S(k) for R(n,k) and R for 

S(0) . Then the S(k) are a family of n non-isomorphic regular 

rings with the properties; 

Mn(S(k)) a R 

Mm(R) « R Mm(S(k)) a S{km) for all integers ra > 1 

Here the multiplication km is carried out mod n , M (S) 

denotes the mxm matrix ring of S , and « denotes ring isomorphism. 

3. The centre of R(n,k) is K . 

5 2 Construction of L, M, a, b 

Suppose that n is an integer >1 and that K is a field. 

Let V be a vector space of countably infinite dimension over R , 

and let Kn denote the vector space of dimension n over K 

with basis if^,^, , . ,<fn . Let L = L(n) be the set of subspaces 

E of VBK" of the form 

B => MoKn + F 

where M is a subspace of V and F is a finite-dimensional 

subspace of VeKn . Evidently P can be taken with Fn(McKn) = 0 ; 
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under that condition E uniquely determines the dimension of 

P modulo n . Define r s I + 2 by; 

r(E) •= dim F (mod n) 

where F n (MeKn) = (0). 

Let v, be a fixed subspace of V with Infinite dimension 

and codimension, and let 4 be a fixed vector in V independent 

of V. . Then define a = b(0) and b(k) for 0 < k < n by: 

a = b(0) = V^k" 

b(k) = V ^ K " + |iH»tt1,»2,...tk] . 

5 3 Outline of Proof 

LEMMA 1. Suppose F, M, N are subspaces of a vector space with 

MnN = (0) and F finite-dimensional. Then Mn(N+F) is finite-

dimensional. 

LEMMA 2. If E. and E, are in L then EinE2 is in I. 

LEMMA 3. Every E in L can be written as 

E = MeKn + F 

where F c N8Kn , H n N = (0) and dimN < » 

LEMMA 4. L is a complemented modular lattice, the lattice opera-

tions being intersection and addition of subspaces. 

LEMMA 5. Suppose that E, and E2 are in L : 

(i) If EJ^EJ = (0) then r(E1+E2) = r(E1) + r(E2) 

(ii) If Eĵ  ~ E2 then r(B1) = r(E2) . 

LEMMA 6. a is an m-part of L for all integers m > 1 and [0,a] 

is isomorphic to L . 

LEMMA 7. Let b • b(n,k) . Then r(b) = k . b is an m-part of 

L if and only if n divides mk . 

LEMMA 8. The lattice M = iU(n,k) = [0,bl has an m-part if and 

only if (m,n) divides k . 
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LEMMA 9. For k ^ 0 , M(n,k) does not have an n-part. 

LEMMA 10. For k ^ 0 , H(n,k) is not isomorphic to L . 

LEMMA 11. Let x in Un) satisfy dimx = codimx = « and let 

k = r(x) . Then: 

(i) x s b(n,k) 

(11) There exists an isomorphism * of L onto itself such 

that *(x) = b(n,k) . 

LEMMA 12. If « is an isomorphism of L(n) onto itself then 

r(*(x)) = r(x) for all x in l(n) . 

LEMMA 13. Suppose that x and y are m-parts of l(n) and that 

[0,x) is isomorphic to [0,y] . Then there exists an isomorphism 

* of L onto itself such that *(x) = y . 

LEMMA 14. M(n,k) isomorphic to M(n,k') implies k = k' . 

LEMMA 15. Suppose that x and y are in L(n) , that dimx = 

dimy = codimx = codimy = » , and that [0,x] is isomorphic to 

[0,y] . Then r(x) = r(y) . 
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