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A _SEQUENCE OF IRRATIONAL ROTATION ALGEBRAS

by Alexander Kumjian

Pregented by G. de B. Robineon F.R.S.C.
Abstract: A certain AF algebra is shown to be the norm

closure of an increasing sequence of unital subalgebras

each isomorphic to the irrational rotation algebra.

Since the communication of Rieffel's explicit formula
for a non-trivial projection in an irrational rotation
algebra [4], the structure of these algebras has come
under intense study. If 6 € [0,1) is irrational, then
the rotation of the unit circle by exp(2ni8) yields a
free and minimal action of the integers. The cross-
product C*-algebra of this action is denoted Ae and is
called the irrational rotation algebra. This algebra is
simple and has a unique normalized trace which induces a
map Ko(ae) -+ IR. The range of this map is Z + Z 0
[4,5] ‘and the kernel is trivial [6). Pimsner and Voi-
culescu [5] have shown that Ae embeds unitally in an
AF algebra (that is a C*-inductive limit of finite di-

nensional semi-simple algebras):
i: Ae - Be

where Ko(Be) = Z+ Z6 (this is a dimension group [1]

with order inherited from IR) and B has dimension

]
range (0,1] n (Z+Z6) (1]. So, in particular, By is

also simple and has a unique normalized trace.



188 Alexander Kumjian

In this note we exhibit B as the inductive limit of a

[}

sequence of copies of A this will follow from the

]
e
fact that a converse embedding exists. More explicitly

we prove the following:

Theorem: There is a sequence of increasing unital sub-

algebrasg Ay e B0 such that: @
i) Ai o Ae
ii) Be = E_i 5 . «
Proof: There is a unital embedding 3j: Be - Ae [2].
Composing the two embeddings gives ij: Be - Be which
is a unital embedding of Be into itself which leaves

the dimension of projections fixed (since there is a
unigue normalized trace). This means that the induced
map of the K, groups, K, (ij): Ko(Be) - Ko(Be) . is
the identity. Consider a sequence of such embeddings:
54 8; 83
(*) 31——u32—oB3-—0...

where each B, o Be and 843 B1 - Bi+1 is given by the
embedding 1j . The inductive limit B = lim By is an
AF-algebra and so is completely specified by its dimen-
sion group K (B) and its dimension range. But KO(B) =
1im K (By) = Ko(Be) since each map is simply the iden- K
tity, while the dimension range also remains the same

(namely [0,1) n (Z+Z6)) whence B Be W
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By construction each embedding factors through a copy of
Ae s 8say Ai 3+ 8o we have the following commutative

diagram wherein each arrow denotes a unital embedding:

B —_— B — B — B .

\/\/\/\

—_— Az cee

Both sequences have the same inductive limit, whence
1$m Ai ~ Be o
References:

1. Elliott, G. A.; On the Classification of Inductive
Limits of Sequences of Semi-Simple Finite-Dimensional
Algebras, J. Algebra 38 (1976) 29-44.

2. Kumjian, A.; Localizations and Simple C*-Algebras,
Thesis, U. C. Berkeley (1980).

3. Rieffel, M. A.; C*-Algebras Associated with Irra-
tional Rotations, Pacific J. Math. (to appear).

4., Rieffel, M. A.; Irrational Rotation C*-Algebras,
Short Communication at the International Congress of
Mathematicians (1978).

5. Pimsner, M., Voiculescu, D.; Imbedding the Irra-
tional Rotation C*-algebra into an AF Algebra, J.
Operator Theory 4 (1980).

6. Pimsner, M., Voiculescu, D.; Exact Sequences for
K-groups and Ext-groups of Certain Cross-product
C*-Algebras, J. Operator Theory 4 (1980) 93-118.

Kgbenhavns Universitets Matematiske Institut
Universitetsparken 5

2100 Kgbenhavn g

Denmark

Received March 18, 1981



C.R. Hati, Rup. Acad, Sci. Canada - Vol. III (1981) No. 4 191

J.F. Jardine

Presented by P. Ribenboim F.R.S.C.
In an article [8] which appeared in Topology in 1977, Kan and Miller

showed that, 1f k 48 a unique factorization domain, then the homotopy type
of a finite simplicial set K can be recovered from its k-algebra Aol( of
Sullivan-de Rham O-forms. More generally (4], one may associate to each
simplicial set X a pro-k-algebra RX, vhich coincides with on if X is
finite, and from which the entire integral homotopy type of X may be
recovered. In fact, for each unique factorization domain k, the category
pro-l_lk of pro-algebras over k 18 a model for all of integral homotopy theory
in that pro-!k has a closed model structure in the aense of Quillen [10, 11]
in such a way that its homotopy category Ho(pro-}_lk) is contravariantly
equivalent to the homotopy category Ho(S) which is associated to the category
S of simplicial sets. This equivalence is induced by the contravariant
functors A: 55— pt'oogk and ;“: pro-_l% —+ §; these functors are adjoint on
the right.

Let 1nd-ﬂk be the category of pro-representable functors from the
category !k of k-algebras to the set category E. Using the contravariant
equivalence of |>ro-)_1‘t with dind-Aff,, one may construct covariant
functors Rk' s— md-ﬂk and sk: iud-A_ffk —* S, and push the closed

model structure of pro—!k over to Lnd-Aff| to show

Theoxem 1: For any unique factorization domain k, 1nd-A£t is a closed
model category in such a way that Ho(ind-“f ) is equivalent to Ho(S).

This equivalence is induced by S and Rk'

For T in ind-Aff,, define the 1™ homotopy group W (T) of T by
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" 1('r) =q 1(Sk’l'). vhere w 1(sk'r) is the 1"" homotopy group of the geometric
realization of the simplicial set sk'r. These are the groups which determine
the weak equivalences of 1nd-_A£f_k. An attempt has been made to understand
what is measured by these groups im the case where T is an algebraic group
over an algebraically closed field k.

A first result in this direction 1s

Theorem 2: Suppose that G 1s a connected algebraic group which is defined
over an algebraically closed field k of arbitrary characteristic. Then G
is path-connected in the sense that wo(G) is trivial if and only if its group

G(k) of k-rational points 1s generated by unipotent elements.

L4

One may show that the group wo(G) of path ts of a ted algebraic
group G is the group of rational points of a torus which has the same rank as
a maximal torus of the solvable radical R(G).

A next step is to find enough homomorphisms of algebraic groups
w: G — H which are fibrations of mcl-A_ffk in the sense that they induce
fibrations Sku: skG — skl! of simplicial groups. Say that a homomorphism
n 18 surjective if it is surjective on rational points. Then it may be seen
that, if = 18 surjective, then skn 15 a fibration if and only if every
k;scheue homomorphisn A: — H lifts to G, and this for all n > 1, where
A: is affine n-space over k. This 1lifting property is equivalent to the
vanishing of the induced fpgc K-torseur over A:. wvhere K 1is the group-
scheme kernel of w. This observation is the starting point for a number of

calculations. The most useful general result is

Theorem 3: Suppose that k 1s algebraically closed of arbitrary characteristic
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and that m: G — H is a surjective algebraic group homomorphism over k

with multiplicative group-scheme kernel K. Then n 1is a fibrationm.

There is a well-known result which says that, if X 1s an affine k-scheme,
A

and U 18 a connected unipotent algebraic group, then the set HI(X;U) of

.U-torseurs over X is trivial. This, together with Theorem 3 and the usual

exact sequence techniques, may be used to show

Proposition 4: Suppose that G is a connected algebraic group over k.

Then the canonical map G —+ G/R(G) is a fibration.

Llet T be a maximal torus of R(G). Then vo(n(c)) & T(k) and vi(R(G)) = 0
for 1 > 0, so that it is easy to calculate ni(c) in terms of the homotopy
groups of the semi-simple group G/R(G) by daing a long exact sequence.

Suppose now that G 1is a semi-simple algebraic group over k, and
that G1""'°: are its simple algebraic subgroups. The "Smoothness of

centralizers Theorem” (2] may be used together with Theorem 3 to show

Theorem 5: Multiplication in G defines a homomorphism m: Glx...xGr - G

of algebraic groups which is a fibration.

Every simple algebraic group is isomorphic to some Chevalley group
Go which comes from a representation p of a simple Lie algebra L that is
defined over the complex numbers. Suppose that ¢ 1s the root system of L
with respect to a fixed maximal toral subalgebra H, that l‘p is the weight
lattice of Py and that l‘l is the abstract weight lattice. Write
n(cp) = l‘lll‘p. Then there 1s a covering map A: G, —* cp, wvhere G° is the

group of universal type for ¢. One uses the Bruhat decomposition for the
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respective groups to prove
Theorem 6: The covering homomorphism A: Gy — Gp is a fibration.

If K 1s the group-scheme kernel of A, then vo(x) - n(cp). mod its
p-primary component if char(k) = p, and 111(1() =0 for 1> 0.

It should also be pointed out that one may show

Theorem 7: Suppose that char(k) = 0. Then every surjective homomorphism of

algebraic groups over k 1s a fibration.

It follows from these results that the homotopy groups of a path-
connected group G over k of arbitrary characteristic coincide with a
direct sum of the homotopy groups of the universal covers of the simple
algebraic subgroups of G/R(G), up to a finite twist in LIg The homotopy
groups of Chevalley groups of universal type are, in turn, strongly related
to various algebraic K-theories of the underlying field k.

It has been known for some time [3], for example, that there are

isomorphisms
) 7, (5,61) 8 K, (k) for 420,

vhere the K~groups are thogse of Quillen and Gl is the infinite gemeral linear
group. One may prove this result by identifying the classifying space nskcl
of the simplicial group skcz. with the space Bcl(k)"'. up to homotopy
equivalence. One uses a spectral sequence which converges to the integral
homology H,(BG;Z) of the classifying space BG of a simplicial group G,
and which has Bl - nq(cp;Z). silnilar techniques show that, provided k

Pyq
contains 1/2, there are isomorphisms



J. F. Jardine 195

) 7, (5,5p) & L (k) for 120,

where Sp 41s the infinite symplectic group, and the _1L-theory is that of
Karoubi (7]. sks1 is the path-component of the identity e of Gl(k) in
skc1. Recall also that slnﬂ(k) is universal of type An and that szn(k)
is universal of type cu. The isomorphisms (1) and (2) hold for much more
general rings k.

If ¢ is a fixed irreducible root system, then "almost all fields"
will be taken to mean the list of fields k for which the Steinberg group
s:°(k) is the universal central extension of co(k) (see [12]). 1In this

context, one may use the spectral sequence referred to above to prove:

Theorem 8: There are isomorphisms ul(SkSIl‘) s nz(sln(k);z) & lz(k) for
all n > 3 and almost all fields k.

Theorem 9: There are isomorphisms vl(SkSPZn) a Ez(szﬂ(k);z) L _lL(k) for
all m> 1 and alwost all fields k such that char(k) ¥ 2.

A slightly different method proves

Theorem 10: There are isomorphisms ’l(skstm) s Bz(szn(k);Z) & Kz(k) for
all m>1 if k- is algebraically closed of arbitrary characteristic.

Theorem 8 was previously obtained by Krusemeyer in the context of unstable
Karoubi-Villamayor K-theory [9]. )
Kz(k) of an algebraically closed field k is usually non~-trivial.

One may use results of Bass and Tate [1] to show

Theorem 11: Suppose that k is an algebraically closed field. Then xz(kj =0
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1f the Kronecker dimension &(k) of k satisfies &(k) < 1. K,(k) 1s a

non-trivial uniquely divisible abelian group if &(k) > 2:

These results are proven in [5]. A detailed account of the fibration

theory for algebraic groups is to appear in [6].

(1)

(2}

(3]

[4]
[s}

(6]
(7)

[8)
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CARDINAL SPLINES AND NILPOTENT HARMONIC ANALYSIS

Walter Schempp

Pregented by P. Scherk F.R.S.C. -

As is well known, the Heisenberg group represents the group-theo-
retic embodiment of the canonical commutation relations of quan-
tum mechanics (cf. Gross [1]). However, apart from quantum mecha-
nics, harmonic analysis on this two-step nilpotent Lie group ad-
mits a variety of different applications. The purpose of the pre-
sent note is to examine two specific applications: (i) the classi-
cal Whittaker-Shannon cardinal 1n€erpolation series (i.e., the
sampling theorem for band-limited signal functions) and (ii) the
Subbotin-Schoenberg theorem concerning the existence and unique-
ness of cardinal spline interpolants. For some applications of
nilpotent harmonic analysis to the theory of periodic spline
functions the reader is referred to the preceding note (3], to the
papers [4], [6], and to the forthcoming monograph [7].

1. The Heisenberg Groups A(R) and A(R)

Let T = IR/Z denote the one-dimensional compact torus group. Thel
(reduced) Heisenberg group A(IR) is formed by the product space
IR x R x T and the law of composition (x1,y1.z1)-(x2,Y2:I2) =
(x1+x2,y1+y2,z1zéez'ix‘yz). Its universal covering group X(R) is
called the real Heisenberg group (Weil [14], Igusa [2]). Obvious-
ly A(IR) is isomorphic to the group of triangular matrices of the
form

1 x z
o 1 vy (x,¥,2 € R)
0 (o] 1

and represents therefore a connected, simply connected; nilpotent
Lie group. The Lie algebras of A(R) and A(R) are the same (de-
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noted by #) and give rise to the canonical commutation relations
of quantum mechanics. Moreover, the exponential map defines a real
analytic diffeomorphism of #4 onto A(R).

2. The Schrddinger Representation

The center of A(R) is formed by the subgroup {(0,0,z)i 2z € IR]
which is isomorphic to IR . Observe that X(IR) is the semidirect
product of the subgroups

N, = {oy2) tyeRr, ze R}, T, = {x,000}x€ r}.

If the one-dimensional irreducible unitary representation
zw«-oez"""izid‘t of the center is induced from N, to A(R) we obtain
according to the Mackey theory an irreducible unitary representa-
tion U of A(R). The action of U on the complex Hilbert space
L:(IR) is given by the rule

Ulx,y,2) £(t) = e (ZHEY) g (eax) (t € R)

and quantum mechanics suggests to call U the Schrddinger repre-
sentation of X(R) (cf. Igusa [2]). In view of the Kirillov
correspondence, U is the prototype of an "essential®" continuous
irreducible unitary representation of R(R) (having 2x as
Planck's constant). The "inessential" continuous irreducible uni-
tary representations of A(IR) are one-dimensional and act trivi-
ally on the center of A(R).

It should be observed that the Heisenberg group K(IR) is also the
semidirect product of the subgroups

T, = {o,y, 0}y e r}, N, = {(x,0,2)} x e R, z € R}.

If the one-dimensional representation zmez'izidc of the center
is induced from N, to %(IR) we obtain by an application of the
Mackey theory an irreducible unitary representation U% of K(R).
According to the uniqueness theorem of Stone-von Neumann-Mackey
UY is unitarily isomorphic to U and we have U% = U o ¢ where the
automorphism o: (x,y,z)wv(y,—x,z-xy) of K(]R) maps the abelian
normal subgroup N.' onto the subgroup Nz.
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Another useful realization of the Schrddinger representation U of
A(IR) can be obtained as follows: The discrete subgroup (lattice)
P = l(x,y,z)} X,¥,2 ¢ 2) satisfies ¢(P) = P. The quotient manifold
P\A(IR) of right cosets mod P is a compact nilmanifold (called the
Heisenbérg manifold) which admits the half-open cube [- %, + %[3
as a fundamental domain. Consider the spectral decomposition
2 ~ - A~

LT (P\A(IR)) N : 2I-IN
of the complex Hilbert space LZ(P\K(IR)) into the bi-infinite se-
quence (HN)N c 7 of closed subspaces which are stable with respect
to the right regular representation 8 of X(IR). Then the restric-
tion 81 = %lﬂl forms an irreducible unitary representation of X(nn
which is unitarily isomorphic to U as well as to UY. Consequently
there exist intertwining operators. In fact, the Fourier contrans-
form ggk(cf. [9]) defines a unitary isomorphism of U onto U and
the Weil-Brezin isomorphism

fmdW(E) (x,y,2) = E f(x+n)e2x1(z+ny)
nez?2

defines a unitary isomorphism of U onto 81. Moreover, the factori-
zation

w'1o¢ow=§'m

holds.

3. A First Consequence: The Whittaker-Shannon Cardinal Series

The central basis spline M, of degree O on R (cf. Schoenberg {10])
represents the indicator function of the fundamental domain of the
Heisenberg manifold P\R(IR) with respect to one direction of its
three coordinate axes. An application of the factorization
Wwlogows= ?Ek yields for any function f € Lé([- %, + %]) the
identities (cf. [8])

Foem = 2, Fosm LMYy (y1)ay!
nez7 R



200 Walter Schempp

= ZTf(n)m (x ¢ R)
=« (x-n)

= E dr £(n) sinc (x-n).

ez R

-]
L]
»

=]

On the right hand side of this formula the classical Whittaker-
Shannon cardinal interpolation series occurs (see Young [15])
which plays an important r8le in medical tomography (cf. Schwierz-
Hirer-Wiesent {12]) and in signal theory (sampling theorem for
band-limited signal functions; see, for instance, SplettstdBer
{13]). Since the function g = ?]'Rf on the left hand side can be
characterized by an application of the Paley-Wiener theorem, we
have established by group-theoretic methods the following result
of complex analysis: Any entire holomorphic function g of expo-
nential type é-uwhich vanishes at all the integers is necessari-
ly the trivial function g = O (theorem of Carlson).

4. Schwartz Kernels

Another proof of the cardinal interpolation series which is based
on harmonic analysis on the Heisenberg group A(R) proceeds as
follows: The Garding space of ‘g':vectors of the Schrbdinger repre-
sentation U is the Fréchet space "(IR) of infinitely differentiable
complex-valued functions on IR which are rapidly decreasing at in-
finity. The complex Hilbert space Li(m) on which U acts is em-
bedded continuously into the locally convex topological vector
space l}‘ (IR) of tempered distributions on IR. Thus U admits a
N1-1nvariant cyclic distribution vector (cf. Schwartz [11]) and
the sampling theorem is a consequence of the theory of Schwartz
kernels. Some details of this aspect will be pursued in a forth-
coming paper.

5. A Second Consequence: The Subbotin-Schoenberg Theorem

To be more general, let Mm(m31) denote the m-th convolution power
of M1. Then Mm is the so-called central basis spline of degree

m-1 on IR (cf. Schoenberg [10]) and xw-oMm(x- —;-m) represents the
ordinary (forward) basis spline of degree m-1 on IR with support
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{o,m] (cf. [5]). Let c € 2:’be a given (bounded) bi-infinte se-
quence of interpolation data. An application of the factorization
w'e oows="F, toM . combined with the Calderbn-Spitzer-Widom
characterization of invertible Toeplitz matrices shows that when m
is odd the cardinal interpolation problem for ¢ admits a unique
solution of degree m. In the case when m is even and the knots are
shifted by 1/2, the midpoint cardinal interpolation problem for
the bounded data c also admits a unigue solution of degree m.
(existence and uniqueness theorem of Subbotin-Schoenberg; see
Schoenberg [10]). For details, the reader is referred to the mo-
nograph [7].
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AN ERGODIC THEOREM IN HARMONIC ANALYSIS *

by
J.=M. Belley

Pregented by M. Shinbrot F.R.S.C.

Abstract. Civen a locally compact abelian group G with dual group G*,
we obtaln a space C of functions which includes the conti-nuoua almost
“periodic and the ( not necessarily eonti.mxo?s ) positive definite functions
on G. It is shown that, given a directed aet D and 2 net {LbsbGD} of positive
unifornly bounded linear transformations on C ( with supremum norm ) such
that for all z€G, LG(Q)(z) converges to 1 if £ is the.identity in G*, and to
0 for all other £ in G, then Lb(e)(') converges to a et ( which we
identify by an integral ) which is independent of 2€G. This ergodic theorem
yields a generalization of a result due to J. R. Blum et al. [2] for unitery

representations of G on a Hilbert space.

1. Given a locally compact abelian group G with dual group G*, let AP(G)
be the space of continuous almost periodic functions on G and let M(g) denote
the nean value of g for all g€AP(G). Then the linear span C of all functions
£1G >R for which

inf {M(h-g):1g<f<h; g,h€AP(G)} = O
contains not only AP(G) but also the ( not necessarily continuous ) positive
definite functions on G. A linear transformation L:iC <> C is said to be

i This research was supported by grants from the Natural Sciences and
Engineering Research Council of Canada and the ministry of education of
Québec.
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positive if L(f) is nonnegative for all nonnegative f¢C. Denote by n the
normalized Haar measure on the Borel subsets B(G) of the Bohr compactification
G of G, and let R = {A€B(G) : m(f) = m(A)} ( X and A being the interior and
closure of A in 5. respectively ). It is easy to show that R is an algebra
of sets in G. Consequently, its trace over G: R, = {ANG : A€R} 18 an
algebra of sets contained in the Borel subsets of G. As shown in (1,
proposition 3.10], the function mg on Ry @ven by mG(AﬂG) = m(A) (A€R) 18 a
well defined finitely additive real-valued set function. Furthermore, for
all fec, the integral [\ Gf dnG exists in the sense of Moore-Smith convergence
( see [4, pp- 183-191] or [5, pp. 401-404] ) or equivalently, by the
Dunford-Schwartz method [3, pp 101-125]. From these facts we get the

following ergodic theorenm.

Theorem 1. Given a locally compact abelian group G with dual group G°,
and given a directed set D, let {Léxba)} be a net of positive uniformly
bounded ( in supremum norm ) linear transformations on C for which

0 if £ # identity in G”
Um Lb(i)(z) - {
8 1 if & = identity in G"

for all z€G. Then lim Lé(f)(z) exists and is given by
)
1? Lb(f)(z) = [f dan,
for all f€C and all 2€G; the integral being of the Moore-Smith type.
Example 1. Let G = Z, let D =N ( with usual order ), and let Lt —>¢
(n€D) be the positive uniformly bounded linear transformation given by

L (8)(k) = 1 50" alicsd) (gec)
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for all k€G. Then lim Ln(B)(k) exists and 1s given by
o0

[0 if £ ¥ idontity in G°

Nn Ln(ﬁ)(k) i |
n=>oo 1 if £ = identity in G

and so the following limit exists and is given by

1 n-1 -
Uan 2 o alke)) = fog dug
for all g€C and all 2€G. These transformations are a particular example of
a regular matrix {a.mlj-O._-f_l,:Z.---l n~1,2,3,...} with 8ny 2 > 0 and Ej__“ 3

=1 ( n=1,2,3,.++ ), which 18 strongly regular; i.e. for which

nlgm §mn 'a - Bp(y-1)! 70

These matrices have the property

- {o Af £€(0,2n)
lln T a . "
Ju "nd 1 if t = 0.

To see this note that, by definition, T = 1, while

L]
ymaon nj

it o« ijt on i1t
(1-e )EJ--m 8® " " Bye (a.“‘j - n(J—l))°

for all t€(0,2w), and so

1 - eth) ) x\j |<}: =0 ‘anj " Bn(3-1)!

vhich converges to 0 as n > . Since any E€G* 1s of the form £(3) = '3

( jJ€Z ) for some t€[0,2m), it follows that

0 Af 2 f identity in G°

Ua T - BnyB3) =
3 1 if & = identity in G

and so, by theorem 1, the following limit exists and is given by

nlin tj- s

"rd g(k+3) = Jgg dmg
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for all g€C and all k€G.

Example 2. Lot G = (~»,©), lot D = (0,) ( with usual order ) and let
Lyc - € ( T€D ) be the uniformly bounded linear transformations given by

Ly(8)(t) = L Joe(t+a) ao (ec)
for all t€G. Then

0 if £ ¢ identity in G*
in IQT g)(t) =
T—>00 ( )( ) {]

Af £ = identity in G"

and so lim hr(g)(t) exists and is given by
To>e

T
%1_;":}‘% g(t+s) ds = [.g dng

for all g€C and all t€G.

2. Given a locally compact abelian group G, let {stzGG} be a unitary
representation of G on a Hilbert space H with inner product (.,.). For any
given x€H, the complex-valued function g -> (sz.x) on G is easily shown to
be positive definite. So, by polarisation ( aee [5, p. 322] ), given x,y€H,
the complex-valued function & —> (sz.y) on G, 1ies in C. Furthermore, we

have the following:

Theorem 2. Given a locally compact abelian group G and given a unitary
representation {U,12€G} of G on a Hilbert space H, the integral J'G(sz,y) le(s)

exists in the of Moore-Smith rgence and is equal to (Px,y) for
all x,y€H; where P is the orthogonal projection of H onto the space
{ x€H 1 U x = x for all g€C}.
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We can now apply theorea 1 to theorem 2 to obtain:

Theorem 3. Given a unitary operator U on a Hilbert space H, and given
a sequence {nk:k-1,2,3....} of integers for which
0 if z =1, gf)

1 n M {
lin = 2 -
noeo B k"1 1 if gel

then
1e L n ok - (Px
n.;o“zk'l (U'kx,y) = (Px,y)

for all x,y€H; where P 1s the orthogonal projection of H onto {x€H:Ux=x}.

These two theorems generalige results obtained by Blum et al. [2] in
that 1) the unitary representation need not be strongly continuous or have
pure point spectrum ( which emounts to assuming that the complex-valued
function ¢ = (sz,y) on G lies in AP(G) ), and i1) to obtain (Px,y) in the
form of an integral, the complex-valued function ¢ => (U zx.y) on G need not

be extended to a complex-valued Mction on G.

References
[1] J.-H. Belley and P. Morales, A generalization of Wiener's criteria for

the continuity of a Borel measure, Studia Math. ( to appear ).

[2] J. R. Blunm, B. Eisenberg and L. S. Hahn, Ergodic theory and the measure
of sets in the Bohr group, Acta Sci. Math. 34 (1973), 17-24.

[3} N. Dunford and T. J. Schwartz, Linear Operators, Part I, Interscience,
New York, 1958.

[4] P. C. Rosenbloom, Quelques classes de problimes extrémaux, Bull. Soc..
Math. France 80 (1952), 183-215. '



208 J.-M. Belley

[5] A. Taylor, Introduction to functional analysis, Wiley, New York, 1958

Département de Mathématiques,
Université de Sherbrooke, Quebec, Canada.

Received June 3, 1981



209
C.R. Math. Rep. Acad. Sci. Canada - Vol. III (1981) No. 4

ON ELLIPTIC DIFFERENTIAL EQUATIONS WITH SMALL PARAMETER

M.I. Friedlin

Presented by Israel Halperin, F.R.S.C.

Let D be a bounded domain in an r-dimensional space Rr"
with a smooth boundary aD. We consider the Dirichlet problem

b < . 2. € r s €
@) 1St = e[l g ald (29 @ 4 § plag(
25,31 axtax?  isl ax
1§ aid 32 (x) au® (x)
+35 1 (x) 5%l + 2 sl
23,51 axtax) axt
= (:Ll-rLo)ue(x) =0 for x ¢ D,

lim uf(x) = Vix,) for x, € 3D.
x+x°

Here € is a small positive parameter. The coefficients of the
operators Lo and L1 are assumed to be smooth enough, e.g.
twice continuously differentiable, defined for x ¢ ®*. The

operator L

r
, is assumed to be elliptic: § aij(x)kixj
i,3=1

2 a ): Ai for some a>0. The form [ Aij(x)xikj is assumed
i=1 i,j=1

non-negative (all Aij may vanish identically; in that case,
problem (1) reduces to a known problem for elliptic equations
with small parameter in high derivatives (1], [2]).

If IA j(x)kixj $ 0, new effects occur in the behavior of
u-, as € + 0, and these are treated in the present paper.

In the simplest case: lim ut = u, exists, u, does not
depend on the perturbation t::: L, and u, is a solution of

the problem L,u,(x) = 0, xeD, with appropriate boundary con-
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ditions. If the Aij vanish identically, then these assertions
hold whenever Levinson's conditions [l1] are fulfilled: the
characteristics of the first order operator Ly s starting from
any xeD, arrive at 9D in a sufficiently correct way, e.g.

by crossing the boundary at a non-zero angle. The limit function

u, is a solution of the degenerate problem

Louy(x) = 0, x € D, lim uj(x) = ¥(x), x, € 3D
x+x°

where 3D is that part of the boundary through which the
characteristics leave the domain D.

To study problem (1) in the general case, we introduce a
family of the Markov processes (xz ,P:) depending on a parameter
€ 20 [3]). Trajectories of these processes are defined by the

stochastic differential equations

€ _ € 1 £ 2 € €
(2) ax; = eo, (X )AW, + 0 (X ) AW, + (eb(xy) + B(x.))dt,

: are independent Wiener processes in rY; 01(X)'

0,(x) are r xr-matrices, ai(x) = (aij(x)], ag(x) = (Aij(x)),

where wé ' W

b(x) = (b (x),..., bB5(x)), B(x) = (B (x),..., BE(x)).

In the general case the trajectories of the process (x: ,Pi)
play the role of characteristics. If the Aij vanish identically
then for €=0 equations (2) become the characteristics equations
of the operator Lo a izl Bi(X);:T. We denote t° =inf{t:x:.#b , €20,
x €D, Then we shall say that generalized Levinson's conditions

are satisfied, if:

1. lim Pg{ro >t} = 0 uniformly in x ¢ D,

troo

2, 3D = Fl v F2 v Ts, T,

i n Fj =@ for 1 =3 and

r r
L aean ongm =0, § Bleon e <-8 <o
1:j=1 i=1

for x eT,
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ij r i .
AT (x)n, (x)n;(x) = 0 B (x)n,(x) >8>0 for xeTl
1,§=1 17 ! 151 i N
b
i3 >8>0 £ r
i,§=1 a™ (x)ng (x)ny(x) > 8 or xefl,,

where (ni(x)] are direction cosines of the outward normal. Each
of the sets r1 and I‘2 is assumed to coincide with the closure
of the set of its points interior with respect to 3D.

If Lo is the first order operator, then these conditions are
converted into classic Levinson's conditions. 1In order for condi-
tion 1 to be fulfilled it is sufficient, e.g. for at least one co-
efficient of the operator Lo to be nonzero in the set D u 9D.

Let A designate an infinitesimal operator of a Markov pro-
cess (ig ,53) in D v 9D derived from (xg ,Pg) by stopping
at the first exit time 0% from the domain D. If the generalized

Levinson conditions hold, the following problem

(3) Au.(x) =0, limu,.(x) = p(x.), x. e T, v T
(o] x__xo 0 0 (4] 2 3

has a unique solution [4]. The solution of this problem is
naturally referred to as a generalized solution of the Dirichlet

problem for the equation Lju(x) = 0 in D (see [4]).

THEOREM 1. Suppose that the generalized Levinson conditions hold

and that the boundary function is H8lder continuous. Then for any

closed domain GecDu 3D which is a positive distance from I‘1 .

one can find C, k > 0 such that

(4) sup |u€(x) -u, (x)| < ce¥,
xeG
where u, is a solution of problem (3).

The proof of this theorem uses a representation of a solution
of problem (1) in the form of the functional integral ue(x)

= Exw[er] and direct examination of trajectories of equation
3
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(2) as € + O.

If L, is the first order operator, then for sufficiently
smooth data of the problem, the difference u® (x) -uo(x) is of
the order ¢ and one can write for it the next terms of the
asymptotic expansion. In general, this is not the case. The
bound presented by Theorem 1 cannot be improved in the class of
all equations of the foregoing type.

EXAMPLE. Let D = {(x,y) e R?: |x|<1, |y| <1} and let D be
a domain in the plane R? with infinitely differentiable boundary,
symmetric with respect to the x-axis, and such that
DecDec {(x,y) eR?: x| <1}. Let us consider the Dirichlet problem
in D :

Leus(x,y) = ;-Aug + 9; a:—“:- + By%u?e- + Y%ux—e =0, (x,y) € D,
(5) *

ue(x,y) = y2 for (x,y) e aD.

Here o, B,y are positive constants. It is easily seen that the
generalized Levinson conditions are fulfilled. Therefore, by

Theorem 1, a solution of problem (5) converges to a generalized

solution of the problem

2 .2
a® 3%u Ju du
—_ 2° + By——o +yv=2=0, (x,y) € D,
2 9x Yy Ix
(6)
uo(x.y) = y2 as € + 0.
(X:Y)EaD

Let Xo be the first eigenvalue of the problem

2 52
@ dvly 4 (&) o vix),  x e (-1,1),  v(-1) =v(l) =0.
2 dx dx
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One can show that for any u > ;% there is a C > 0 such that
[u®(0,0) -u, (0,00 ] > ce® for sufficiently small €. This implies the
impossibility of expanding ue(x,y) in preassigned powers of the
small parameter. One can prove that, given k < 1 A 7%, then
|ue(x,y)-u°(x,y)| < c:k, i.e., the lower bound cited in this
example cannot be improved.

Now we state conditions which ensure the existence of the
first k terms of asymptotic expansion into integer powers of

small parameter. We put

u(Lo , D) = =1lim sup % 1n Pi{ro > t},
t+o xeD

.
a2atd (5
axgéxl

3,
K = sup [Zr K
xR ;4,5,k,2=1,...,x

We will introduce the recursive sequence Bk 2
’

2

By,m = (2m-1)mr’k? + 2mrk, m=1,2,... ,

= 2
Bk,m = Bl,m + Bk-l,km + 4m“ , k>1.

THEOREM 2. Assume that the coefficients of the operators L

1
and L0 are infinitely differentiable, D = rl 1] PB (see the

generalized Levinson conditions), where P1 and F3 are closed

(r-1)-dimensional manifolds of class c”, and let ¢ be an

infinitelf differentiable function on 3D. If a(L0 + D) > B, ax
’

then

k.

uﬁx)=u°m)+w1m)+u-+eukM)+owH, €+ 0,

where u, is a solution of problem (3), and ug 1<sisk,

are defined successively by the equations:
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(7) Loy, (x) = Lug_y(x), x e D; uy (x) 0.

xera =
Each of problems (7) for 1 s i s k has a unique (classic)
solution.

The proof of Theorem 2 relies on bounds presented in [4]) and
{5]. Presumably, a sequence growing not so fast can be taken in

place of Bk m’ if one evaluates the bounds more thoroughly.
’

REMARK. If the operator Lo is replaced by io = Lo - c(x), 5,
c(x) 2 ¢ > 0, where c(x) is an infinitely differentiable .
3¢ (x) X
function, I___I_| s K, then, in the hypotheses of Theorem 2,
ax /

a.(L0 , D) may be replaced by a(Lo ,D) + ¢ For the operator

L

0"
0’ the requirement in the generalized Levinson condition, to

leave the domain uniformly fast, may be dropped.
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AN ASYMPTOTIC FORMULA FOR THE NUMBER OF

SOLUTIONS OF A QUADRATIC DIOPHANTINE EQUATION

J.H.H. Chalk, F.R.S.C.

1. Introduction* The number 4S of solutions of the diagonal

quadratic diophantine equation

(1) px2+x2) - ax2+x?) =a, (az0,p>0, q>0)

with xz + xg s hz/p and (for technical convenience) Xy X,
2

both even, x§+ X, prime to a, is given by the formula
2 s=13% Ixw - I xte) .
4p(x:+x§)-qu=a,(u,a)=l 4b(xi+x§)-qpu=a,(go,a)=l
2,2 2 2,.2
4p(x1+x2)sh dp(x1+x2)sh
where r(n) = 4 % x(d) and x(d) is the non-principal

din
character, mod 4. 1In a previous note [l1], I stated without

proof the following theorem:

THEOREM. Suppose (p,g) =1, p>0, g>0, q odd, (2pg,a) =1

and 0 = |a| = o(h?) a8 h+eo. Then, for any ¢6>0 and

hz/p >> (p«;)3 as pq -+,

1468

2 1y 2 )
(3 s - %%W(p.q.a) <<y [h fop=h g "] lal®
where

= $(a) =2
(4) w(p.,q,a) = Ha(l)nq(l)qulal(1):2pq|a|(2)
and
(5) Ly()= I xtmn™!, g (2)= "2, B = § xtdu(@a?;

A 1§n<w ' A 1£n<w A daja
(n,A)=1 (n,2a)=1

- .
See [1] for the background to this problem and for notation.
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¢(n) , u(n) being respectively the Euler totient function and the

Mobius function.

A short proof, following the lines of Hooley's method, is
supplied in Lemmas 2, 3 and 4. In preparation for these, we de-
fine

(6) k = (h?-a)q’?,

so that, by hypothesis, k > 0 for all sufficiently large h,

and note that
(7 0 <u=po= q-1[4p(xi+x:)- a) s atm?-a) =k
holds for the summation condition in (2). Thus, we may split

the sum S into three such sums (as in the elementary Dirichlet

divisor problem), where S = s1 + 52 - s3 and

(8) s, = 1 ¢ Sy =1 ¢ Sy = I .
pskk oskk pskk,uskk

Alternative expressions for these sums are given in (1l),' (12)
and (15), respectively. As explained in [1], the main tool is a
revised version of Smith's theorem on the circle problem in
arithmetic progressions:
2,
*I1f (b,m)= (e,m)= (c,b)=1, m<< X then, for any 6 > 0,
| T 1+68
(9) ] r(n) - I % M(b,m) <<, (X7*m %) lbld,

nsX, (n,b)=1 ¢
cnzb (mod m)

. =3 L]
(10) where M(b,m) = ¢(b)b Hm(l)ﬂb(l)-

2. Certain elementary estimates are required for Lemmas 3 and 4;

these are given without proof in Lemma 1:
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LEMMA 1. (i) ) x(p)H_ (1) << H_(1)d(Agq)log N, as N=+=
_ PN qp q =
(p,2a)=1
-1 -1
ii - 2 .
(ii) pzN X(PYoT THG (1) = Ho (1)L (1)8p,(2)
(p,2R)=1 << Hq(l)d(A)N-llogN as N+,
LEMMA 2. s, =8, .
Proof: Observe that 51 and 52 can be written as repeated
sums involving congruential conditions. Thus
def.
ay s, = L xto) = 1 x(o) I 1
4p0dd)apo=a, (po,a)=1  psk® 4p(x2+x3) Za(mod qp)
4p (D) sh?, o<kt (bs2pa)=l  dplaihcl)sh?, (x24x2,2) =1
def.
(12) s, = I xte) = ] L xte)
4p(xf+x§)-qpo=a, (po,a)=1 ask’® 4p(x§+x§)-qpo=a, (p,a)=1
ap(x2+x2) sn’ ,osk (0,2pa)=1 ap (24ad) s’
= -xtap I x(o) 11
X 2,2, . 2, .2
osk 4p(x1+x2)-a(md qo), (x1+x1.a)=l '
(c,2pa)=1 4p(xf+x§) <h?

since -(o0,a) = (gpo, a) = [4p(x§+ xg), a] = (xi+ xg , a) by the
hypotheses of the theorem. Since, also, -gpo = a(mod 4) and
(p,a) =1, we have x(p) = -x(ag)x(o) . But, for a solution

of (1), with p replaced by 4p, to exist, we have
xta) = x(-q(x2+x2)) = x(-a»
or x(aqg) = -1. Thus s, = S,

3. Lemma 3. For any 6 >0, a-= O(hz) and hz/P >> (P‘!)3 as

pg *+ ®@¢

2 1y -z .y 1+
s, - &= X wip.g,a) << [h ‘P Ya "] la]®

1 42 pa
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Proof: By (11),

s, = I x(p) { r(n)

psk nsX, (n,b)=1
(p,2pa)=1 cnzb(mod m)

where m=gqgp, x=h2/4p, c=4p, b=a. Since (x§+ xg ,a)=1,
(a,4p) =1 we have (b,m)=1; also (c,m)=(4p,qgp)=1, (c,b)
= (4p,a) =1. Now, for the hypothesis m<< xz's concerning (9),
we note that

ms=gp << (h2/4p)l/’ = le’
holds when qk;’ << (h2/p) % or when h?/p>> (pq)3 and a = o(h?).
Thus (9) holds in the form

2 2 146
h 2/p)” - &
@ Trm - § g Mae << [/p7 @] fal.
n<x, (n,b)=1 4 4P3P e s
cnsb (mod m)
Hence
2 -
8 - ’lz b I x(p) 0" *M(a,qp) <<s B .
4" pq
psk
(p,2pa)=1
where ,
N, - o 148 -‘(1+6)
i By= (2 e e Clal® 6
psk
1
LY. _y 1146 = (1-8)
<< [h'!p % q ’s] Iald X

W L2 _ 1+46
<< [kl‘h 'p "q ;’] Ial"s
o 11, 8. 1+6
<<g [h p" " q ,"] |a|6 S
On using the formula (10) for M(a, qp), where (a rgQp) =1,
then Lemma 1(ii) with N = k" + A=pa, and noting that
IRV -%
h 1 << h Ve P % q 5,

&

if h%/p >> (pq)?
pa)
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(cf. (19)), we obtain the required estimate.

Lemma 4. For any >0, a=o(q%h) as h+=, h%/p>> (pq)’ as

pq + =,
11, - - 146
S, << [h % p g ""] |ail® .
Proof: .
(15) s, = I x(p) = § x(o) 11

apiind)-gpoma, (po,a)=l sk 4p(xlaxd) zamodap) , (45,00 =1
4p(xf+x§)sh2,psk”,ask" (p,2pa)=1 4p(x§m§)min(h2,a+qpk”)

where (o0,a) = (xi+ xg , a), as remarked in the proof of Lemma 2.
For op s k”
i e
(16) a+qpk®*sa+qgk=nh
and so
(17) s, = I xt(p) I r(n)
psk nsX, (n,b)=1
(p,2pa)=1 cnzb(modm)
with
(18) m=qgp, x=(a+qpkl’)/4p, c=4p, b =a.
Since (xi+x§ ,a) =1, (a, 4p) =1, we see that (b,m)

= (a, gp) = 1; also (c,m) = (4p,gp) =1, (c,b) = (4p, a) = 1.
2
For the remaining hypothesis m << x 7 concerning (9), it

suffices to prove that, with a = o(ql’h) s

3, y,
2 = O _a _90 .%
m (gp) << X 7P ap k* << X

and this is certainly satisfied for all o s k” and
h2/p >> (pq)® . Hence, by (9) and (18),
X ) _L1146
) r(n)-}[é"—‘!&}u(a, ap) <<6[(h2/p) (ap) ”] lal®,
nsx, (n,b)=1
cnsb(mod m)

on using (16). Thus, from (17) and (14),
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. 3
syl | 1w, w|+5| 1 RCELY )| + 5
psk psk
(p,2pa)=1 (p,2pa)=1

”
a = k
«lluw| i L |+ mw| 1 xemg, ) | + =,
psk <!
(ps2pa)=1 (p,2pa)=1

- L
(8 e () 1, "—ua(naqu)d(zm log k + E,

lal
<< 5 By (B (1) 3

L
b

on using Lemma 1(i) and (ii). By (14), S, << E as required,

3 1
since
Ji[. k’! k’i h 1 h ~") 1, 2, .3
(19) <<3—=—<<-;;—;;<[—;;] o wy b g M g%
Pq Pa P P (pq)’ p

when hz/p >> (qu and
1. 1 1

H_(1)H_(1)L (271 << | I;‘s ;6( Ial)zs-l«( a)®
a q pa a q pq Pq v

o P B
1

s () - (3 a1’

(307" e

1 1
L
H, (1)H_ (1)d(28) log k << lal®* ¢
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ROOTS AND ANALYTIC ITERATION OF

FORMALLY BIHOLOMORPHIC MAPPINGS

Ludwig Reich and Arnold R. Krauter

Presented by J. Acsél F.R.S.C.

The first author has shown in [2] and (3] that there is a
close relation between the existence of roots of a shrinking
biholomorphic mapping and the analytic iterability of this
mapping (for these and further definitions cf. [1]-[4], and the
bibliography mentioned there). More exactly he investigated,
under what conditions the existence of a sequence of roots implies
the existence of an analytic iteration (the converse is trivially
true). That nontrivial conditions can be expected follows from
an example given by J. Tritthart in [6] where he constructed a
non-iterable mapping with roots of arbitrarily high orders. The
present note deals with generalizations of the results in [2) and
[3] for arbitrary formally biholomorphic mappings. First we
make some remarks on the notation. Let T denote the group
of formally biholomorphic mappings F : x> F(x) = Ax + B(x),

x = Hxysee.x)s A= LR € GL (@), g0 ¢ @lxDT

ord P(x) = 2, with the eomposition ° of formal power series
as group operation (we write FG instead of FoG for F, G ).
By definition, ™ := (B(x) ¢ (C[x])™: ord P(x) > m}; for
Px), Gx) ¢ (CIx])® we define F(x) = G(x) mod 1™ iff

F(x) - G(x) ¢ r‘m). If an r-th root of F, Fl/F

(m) 1/r

, is congruent

mod T to a normal form, we call F a "normal form

mod r™*. (The term "normal form" used here is slightly more
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general than that in [1].) |

Theorem 1. Suppositions: }
(a) Let Fel' and A = (Al,...,xn) be an arbitrary but fixed
choice of the logarithms of the eigenvalues of 1lin(F).

1/r
(b) Let (F j)jeN be a sequence of roots of F with

1/r
< rj+1’ such that lin(F j) has the eigenvalues

3
exp(E- A, ues exp(X 1) for all jen.
J l/rj Jl/rj+1
(c) Let F and F commute for all jedN.

Assertion: Then there exists an analytic iteration of F

with respect to A.

Proof. Assumption (b) implies, for arbitrary meN\{l}, the

existence of a lower bound T(m) € No, such that for all j1 > T(m)

1/rj 1/r.

1

J
lF -8 of F 1 is already smooth

each normal form Nj = §
1

mod r(m) with respect to A. Now, repeated application of (c)

(c£. [5), p. 76) yields that, for arbitrary j2 > jl'

1/x
My = s”ip 23 4s also smooth mod T
2 .
Furthermore we choose j2 so large that each normal form of
1/r ‘
2 (m+1)
F is smooth mod T with respect to A. According to

(m)  yith respect to A.

a lemma in the theory of normal forms there exists a transform-
: - - -
ation le € T with le(x) Ex + (l)s(x), ord(l)a(x) 2m+ 1,
o 1/x
bringing M. to a normal form N, = olg™lp 2gm.. By the
32 32 9 3

definition of jz, N. is smooth mod r(m+1) with respect to A,

32
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3 =i )
and this holds for N 2. les 1FSTj too. Continuing in
1 1

iz
this way we get a sequence of transformations (ST, ... T, )
i jk kelN
converging to a U ¢ T, due to the particular form of the Tj ’
k

such that N = U-IPU is a smooth normal form with respect to A.

Then the assertion follows with [4], p. 219. u]

As a very important special case of Theorem 1 we mention

the following

Corollary. Theorem 1 holds in particular for consecutive
roots (i.e. rj = 8) e sj, sj € N\{1} for all 3j e N) without
the supposition (c).

In the following theorems the condition (c) in Theorem 1

will be varied and weakened, respectively.

Theorem 2. Suppositions:

(a), (b) as in Theorem 1.

(c) Let T—l(lin(Fl/rj))T be of "canonical structure” with
respect to A for all J € N, where T ¢ GLn(c) denotes a
suitable transformation of 1lin(F) to the Jordan normal form.
(@) Por all k ¢ N the following holds: If G, €T, with

1/rk
lin(G(k)) = lin(F ), satisfies the congruence

l:k (mk) %
F(x) = (G(k)(x)) mod T for sufficiently large
m € N\{1}, then the mk-jet of G(k) can be continued to an

rk-th root of F.

Asgertion: Then there exists an analytic iteration of F with.

respect to A.

In (c) the term "canonical structure” refers to a certain
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block structure of the matrix depending only on A.

Theorem 3. Suppositions:

(a), (b) as in Theorem 1.

(c) For all m ¢ N\{1l} and for all j > T(m) (where T(m)

has the same meaning as in the proof of Theorem 1), there exists
a V(j,m e T, such that V(j,m)-lrl/er(j,m) and

V(j,m)'li‘ r:j”'V(:i,m) are mod ©™  in normal form.

Assertion: Then there exists an analytic iteration of F with

respect to A.
Remark. Theorem 3 implies Theorem 1.
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FURTHER CONNECTIONS BETWEEN

FRACTIONAL AND ANALYTIC ITERATION

Ludwig Reich and Arnold R. Krd#uter

Presented by J. Acszél F.R.5.C.

In [4) we have considered the connection between an infinite
sequence of roots of a formally biholomorphic mapping F and
the analytic iterability of F. Here we shall treat this problem
assuming only the existence of a single root. Moreover we
will study the question when is a given sequence of roots

contained in an analytic iteration. (For notation refer to [4].)

Theorem 1. Suppositions:

(a) let F el and A= (Al,...,xn) be an arbitrary but fixed
choice of the logarithms of the eigenvalues of 1lin(F).

1/s of F with

(b) Suppose that there exists an s-th root F
respect to (exp(% Al),...,exp(% An)) for s ¢ M(A) where

M(A) ¢ N denotes a constant depending only on A such that the
set

n
e . = (k,2) : (k,2) N
R, := (nklez, A I ay ’ xj + 2ming,, o ety

0 581

la® 8| 2 2; k=1,...,m; 2 = 2(k)eN)

is bounded by M(A),. i.e. |n“| < M(A) for all ny, € Rj.
Assertion: Then there exists an analytic iteration of F with

respect to A.

Proof. According to [2] the existence of Plls is

equivalent to the following: F is conjugate to a normal form
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N : x + N(x) = Jx + 9t(x), such that in ‘)’lk(x) at most monomials
additional to exp(% A,) occur. The condition |nkxl < M(A)
for all N, € Ro just implies that each monomial additional

to exp(% Ak) is at the same time a smooth monomial additional
to exp(kk) with respect to A. Therefore N is a smooth
normal form with respect to A. Aapplying [1], p. 219,we get the

assertion. 0O

Remark. Theorem 1 is, in particular, true for shrinking
biholomorphic mappings (i.e. the absolute value of all eigen-

values of 1lin(F) is smaller than 1).

Corollary. Theorem 1 holds in the special case which we

get by replacing (b) by the following assumption:

Suppose that there exists an s-th root Fl/s

of F with respect
to (exp(: Aeeeerexp(E 2 ) for s > M(A) where M(A) ¢ N
is a suitable constant depending only on A. Furthermore

assume that almost all monomials additional to exp(A are

k)
smooth with respect to A for k=1,...,n.

Theorem 2. Suppositions:

(a) as in Theorem 1.

(b) There exists an s-th root Fl/s of F with respect to
(exp(% Al),...,exp(é An)) where s does not divide any

Ny € Ro\(O) (Ro defined as in Theorem 1).

Assertion: Then there exists an analytic iteration of F with

respect to A.

Theorem 3. Suppositions:

(a) as in Theorem 1.
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1/r1-...-r.
(b) Let (F J) be a sequence of consecutive roots

JeN
of F with ry e N\{1} for all j e N.
1/r1-...-r.
(c) Suppose that lin(F 3y belongs to an analytic

iteration of 1lin(F) with respect to A for all j e N.
Assertions: (1) There exists an analytic iteration & of F

with respect to A.

1/r cciavr,
F 1

(2) J ¢ Ffor all j € N.

l/rl-...-r.

Assumption (c) implies that 1lin(F J) has the

1 1
eigenvalues exp(rl_._._r. Al),...,exp(5117777;; A,) - Therefore

all conditions of the Corollary to Theorem 1 in [4] are satisfied
and (1) follows immediately. For the proof of (2) one needs

the following important

Lemma. Suppose that g(j) is a (smooth) analytic iteration

F RS
of F 1 J with respect to ;—7—1—7§—A modulo a parameter
17 'Yy
transformation t & 1 = E—T_E—TE_ for an arbitrary but fixed
170

j e N (for the expression "smooth iteration" cf. [3]). Then

y(j) is a (smooth) analytic iteration of F with respect to

l/rl-...-rj . y(j),

A and F
Theorem 4. Suppositions:
(a) as in Theorem 1.

1/s of F for

(b) Suppose that there exists an s-th root F
s > M(A) where M(A) ¢ N denotes a constant depending only
on A, such that the set Rb defined as in Theorem 1 is bounded

by M(A), i.e. |n < M(A) for all n., € Rj.

kzl 2
(c) lin(FI/s) belongs to an analytic iteration of 1lin(F) with

respect to A.
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’

Assertions: (1) There exists an analytic iteration of F

with respect to A.
2) FY% 7.
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ON A THEOREM OF S. BERBERIAN AND I. HALPERIN

B. Aupetit and L. Terrell Gardner*
Presented by P. G. Rioney F.R.5.C.

In a privately circulated paper, S. Berberian has proved
that for x,y bounded operators c¢n a Hilbert space H , with
xy=1 and yx=1, x-1 (respectively, y-1) cannot be
compact. I. Halperin has extended this, by a geometric argu-
ment, to the case in which H is allowed to be any Banach
space (2). [In the course of his argument, Halperin makes the
following useful and easily verified observation: from the
same hypotheses, it follows more ¢enerally that x-a (res-
pectively, y-a) cannot be compact, if a is any bounded
invertible operator on H . However, our concern is with the
Banach space theorem and a=1].

In this note, we present two successive improvements on
this theorem of Berberian and Halperin, replacing non-compact-
ness of the operator x by stronger, spectral properties of
x , thereby transporting the context of the problem from

operator algebras to general Banach alebras.

§1., First, B. Aupetit, in Québec, obtains an extension of the
theorem as a corollary to the following interesting lemma, which

is a simplification of corollary 2, page 21, in {1].

* Research supported by National Science and Engineering Research
Council of Canada, Grants A7668 and A4006.
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Lemma. Let A be a Banach algebra. Suppose that a,b in A
satisfy a(ab-ba)=0 or (ab-ba)a=0 and suppose that the
spectrum of a has Lebesgue planar measure sero. Then the

epectral radius of ab-ba is zero.

Proof. For instance we suppose that (ab-ba)a=0 , the other
case being proved by a similar argument. If a is invertible
we have ab-ba=0 so the argument is finished. So we suppose

that 0 is in the spectrum of a . We have:

(A-a)b=[b-%(ab-ba)](x-a) for A=0,

1

so (A -a)b(r-a)” =b—%(ab-ba) for A ¢ Sp a. Consequently,

if p denotes the spectral radius:
[Aletb) = [Alp((A-a)b(r-a)"t) =p(Ab- (ab-ba)) for A ¢Sp a.

The function A+ |[A|p(b) is subharmonic on € , while
Vesentini's theorem (see [l1), p.9) says in part that if on a
domain D of ¢, f: D— A is analytic, then Pe f: DR is
subharmonic; so A —>p((Ab- (ab-ba)} is also subharmonic on C.
By hypothesis, these two subharmonic functions agree almost
everywhere on € A; but this implies they are identical (see
for instance the lemma of 6§10, page 64, in ([3]). Taking A=0,
we obtain that plab-ba) =0.



Corollary.
that x,y 1t

have spectra

spectra are

Proof. Let

If Sp x or
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Let A be a Banach algebra with identity. Suppose
n A satisfy xy=1 and yx=zl. Them x and vy
with non zero planar measure. In particular these

not countable.
p=yx=1l. Of course pz=y(xy)x=p. We have

x(xy -yx) =x(1 -p) =x-xp=0

(xy-yx)y=(1-p)ly=y-py=20

Sp y has measure zero, by the lemma we conclude

that the idempotent 1l -p=xy-yx is quasi-nilpotent. But

then

goes to zero

contradictio

§2. Then, b

1/n

la-p™ | Y= 21-p /"

when n goes to infinity. So p=1, which is a

n.

y the most elementary Banach algebra methods, L. T.

Gardner in Toronto proves a stronger result.

Theorem. Let A be a Banach algebra with identity, and let

x,y in A

satisfy xy=1, yx=zl. Then the spectrum of x

(respectively, of y) contains a netghborhood of 0.

Proof. We n

roles of x

eed only prove the assertion for x, since the

and y are interchanged in the opposed algebra
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Ao, while the spectra do not change; Sp o a=SpA a (aed).
A
It is clear that 0 e¢Sp x. As before, let the idempotent

yx be denoted by p. For A e¢€, we have

(1) (x-Al)y=xy-Ay=1-1y, and
(2) y({x-2Al)=yx-Ay=p-Ay=1-2y.

If 1-ly is invertible, we then have

(1 (x=21) (y(L-ap)"Y) =1, ana
() (v -xy)'l) (x=21) = (1 —xy)'l(y(x- AL} =(1- Ay)'l(p-xy) =1,

So, as above, 0e¢Sp(x-2l), or AeSp x. In particular
this holds if |A|-1 >p(y), the spectral radius of y, or

(A] > p(y) L.

Corollary. (to the proof of the Theorem)
Let A be a Banach algebra with identity, and let x,y,a
in A satisfy
i) a ig invertible in A,
ii) ay=ya,
iii) Xy =a=yx.
Then Sp x ocontains a disk about 0, and y i—s not

quasi-nilpotent,

Remark. It is reasonable to ask whether, on the hypotheses of
the theorem, Sp x must be a disk about 0 , as is clearly' the

case if p(x) + p(y) =1. The answer is negative..
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SOME HOMOLOGICAL CHARACTERIZATIONS OF REGULAR RINGS

J. Ahsan and A.S. Ibrahim

Presented by J. Lambek F.R.S.C.
1. Introduction.

A ring R 1s regular if for each a in R there exists an x in R
such that a = axa. Regular rings were introduced by von Neumann in [26], where
he showed that the set of principal right (left) ideals of such a ring forms a
complemented, modular lattice. von Neumann also used the notion of regular rings
in his study of continuous geometries. Various ring theoretical characterizations
of regular rings can be found in [2]. In 1956 Kaplansky proved that a commutative
ring R 1is regular if and only if each simple R-module is injective (see (23] for
a published proof of this result). Several important homological characteriza-
tions of regular rings have since appeared in the literature. For instance,
Auslander [3] proved that a ring R (commutative or not) is regular if and only
if the weak global dimens:_lon of .R 1is zero: Another well-known result which is
again due to Raplansky [18], states that R is a regular ring if and only if
each finitely generated submodule of a projective right (left) R-module P is
a direct summand of P. Some work in generalizing this result has recently been
done in [1], where it is shown that a commutative ring R 1s regular if and only
if each finitely generated submodule of a finitely generated quasi-projective
R-module is again quasi-projective. Regular rings have also been characterized
in terms of flat modules, by Auslander in his above cited paper. In particular,
Auslander proved that a ring R 1s regular if and only if each right (left)
R-module is flat. In fact, in order to prove that R 1is regular, it is suffi-
cient to assume that each cyclic right (left) R-module is flat. Thus there is
an important cormnection between regular rings and flat modules over such rings.

In some recent publications the concept of flatness itself has been generalized
and also dualized. We refer to a paper of Hill [16] for a gemeralization of
flatness called 'quasi-flatness', and to a paper of Damiano [9] in which a concept
termed 'coflatness', dual to that of flatness has been introduced. The p t
authors have, recently, obtained several characterizations o.f regular rings in

terms of these new notions. The purpose of this report is to give a summary of
their results. After making a preliminary discussion in Section 2, a brief
resume' of the main results is stated successively in Sections 3, 4 and 5.
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2, Preliminaries.

Throughout this report we shall assume that rings are associative and
have identity element. Also, every module is right and unitary. For a fixed
module M over a ring R, ‘the notions of M-injective and M-projective modules,
generalizing the definitions of injective and projective modules respectively,
were defined and studied by Azumaya [4] (see also Anderson and Fuller (2] for
basic facts about these modules). We have used properties of M-injective and
M-projective modules in the proofs of some of our theorems. Also, we need the
definition of M-flat modules which generalizes the notion of flat modules. For
basic facts about flat and M-flat modules, we may again refer to [2]. We also
state the following important characterization of flat modules due to Lambek
[19]. A right R-module M is flat if and only if M* is injective, as a left
R-module where M* = mmz(H, Q/Z). Motivated by this characterization, Hill
[16] introduced the pt of quasi-flat modules. A right R-module M is
quasi-flat in case for every divisible abelian group D, M 1is Hs-flat.
where }ts = Bamz(H, D) 1is a left R-module. In other words, M is quasi-flat
if and only if for every divisible abelian group D, and every left R-submodule
K QKK, the natural map : K gH + HB g M 1is a monomorphism. A right R-module

M 18 'Xg-injective' 1if given f € l-lomR(I, M), I a finitely generated right
ideal of R, there exists g € Homp(R, M) such that gII = f (see Colby [7],
and also [10]). According to Damiano [9], a module M, 1s coflat if and only
i1f it is Xo-injective. Clearly, all injective modules are coflat but not every
coflat module is injective. A finitely generated module HR is finitely pre-
sented in case every exact sequence: .

0O+K~+F+M+0

with P finitely generated and free, the kernel K is also finitely generated.
A module M, is 'FP-injective' in case for every exact sequence

0> KR -+ LR -+ NR + 0
such that NR is finitely presented, the sequence
0 -+ Homp (N, Mp) + Homp (L, M) + Homp (Rp, M)
is exact (see Stenstrom [25])). Every injective module is indeed PP-injective

but the converse may not be true. It may however be noted that every FP-injec-
tive module is right coflat (see Prop. 1.14, p. 354, [9]). On the other hand,
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it 1s not known whether right coflat modules are right FP-injective. Neverthe-
less, if R is a right coherent ring then a right R-wodule is coflat if and only
if it is FP-injective. Recall that a ring R is right coherent if every fi-
nitely generated right ideal of R 1s finitely presented. We also use the
notions of torsionless modules, semiperfect (and perfect rings) and semiheredi-
tary (and hereditary rings). For the definitions of these notions, and their
various properties we refer to Goodearl [15] and Lambek [19].

3. Regular rings characterized by coflat modules.

We have obtained the following characterizations of regular rings in terms
of coflat modules.

Theorem 3.1. Let R be any ring. TFAE:

1. R 1is regular.
2. Each cyclic_righth-mdule is ‘coflat.
3. R 1is semihereditary and RR is coflat.

Theorem 3.2. Let R be any ring. Then each torsionless right R-module
is coflat <=» R 1is regular.

Theorem 3.3. Let R be a selfinjective ring. Then R 1is regular <=
for each essential right ideal E of R, R/E 1s coflat.

A ring R 1s a right QI-ring if every quasi-injective right R-module is
injective (see A.K. Boyle [5]). We generalize this concept and call a ring R
'generalized QI' if each quasi-injective right R-module is coflat.

The following theorem connects generalized QI-rings with regular rings
in the commutative case.

Theorem 3.4. let R be a commutative ring. Then R is generalized
QI <= R 1is regular.

Remark: The above characterization of regular rings is not true in the
non-commutative case (see Cozzens [8] for an example).
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4. Regular rings characterized by quasi-flat modules.
Our main result in this section is stated in the form of the following

theoren.

Theorem 4.1. Let R be a commutative ring. Then R 18 regular <=
each submodule of a quasi-flat module is quasi-flat.

Remark: We do not know whether the above result is also valid in the

non-commutative case.

5. Semihereditary rings characterized by quasi-flat and coflat modules.

Recall that a ring R 15 semihereditary i{f R 1s both right and left
semihereditary. We have obtained the following characterizations of semihere-
ditary rings, using the notions of quasi-flat and coflat modules.

Theorem 5.1. Llet R be any ring. Then R 4s semihereditary <> each
torsionless left and right R-module 18 quasi-flat.

Theorem 5.2. Let R be any ring. Then R is right semihereditary <=o
each homomorphic image of an injective right R-module is coflat.

Theorem 5.3. Let R be any ring. Then R 1s right semihereditary <=o
each sum of injective submodules of an R-module is coflat.
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