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THE BECKMAN-QUARLES THEOREM IN MINKOWSKI 

SPACE FOR A SPACELIKE SQUARE-DISTANCE 

J.A. Lester 

Presented by P. SaKerk F.R.S.C. 

Abstract: Transformations of Minkowski space which preserve a 

single spacelike square-distance are shown to be Lorentz trans-

formations. 

In 1953, Beckman and Quarles [1] proved that a (possibly 

multivalued) transformation of Euclidean n-space (2<n<») which 

preserves a single non-zero length must be single-valued and a 

Euclidean motion. We give an extension of this theorem to 

Minkowski space. Let ( , ) denote the Minkowskian metric on 

IR , i.e. with respect to some basis of iRn, 

-, , r i i n n (x,y) := l x y - x y 

i=l 

for all x,y e (Rn. 

Theorem: For a fixed p > 0, let T be a (possibly multivalued) 

transformation of V := (lRn,( , )) (3<n<«>) which preserves the 

square-distance p, i.e. to each x e V, T assigns a non-empty 

subset Tx ç v such that for all x,y e V with (x-y,x-y) = p, 

all x £ Tx, y e Ty satisfy (x-y,x-y) = p. Then T is single-

valued (i.e. for all x e V, Tx contains exactly one point) and 

the function f : V ^ V, given by {f(x)} = Tx, is a Lorentz 

transformation (including a translation). 
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Note: The same theorem but with p < 0 has been proved by 

Benz [4], as has the two-dimensional case [3]. 

The multivalued nature of T may be easily removed (see 

[4]) thus we consider below only the single-valued function f. 

Lemma 1: f is l-! 

Qutline of proof: The maximum number of points Pir•••,9^ l n v 

with (Pi-Pj.Pi-Pj) = P - - " f were not 1-1, it would 

map a certain configuration of points into n+1 points 

satisfying this condition. 

Definition 1: A prism is a set of n-1 parallel null lines 

Ll'---'Ln-l such that for i ^ j , all x c L ^ y e L. satisfy 

(x-y,x-y) = p. (A null line is one whose direction vector d 

satisfies (d,d) = 0). 

Any null line in V can be made part of some prism. 

Definition 2: The subsets A1 A ^ of V are equidistant 

if each contains at least 3 points and if for all x c A ^ 

y £ A., i ̂  j, (x-y,x-y) = p. 

The lines of a prism are equidistant, as are their images 

(since f is 1-1). By using well-known geometric properties 

of metric vector spaces equidistant sets may be characterized 

as follows: 

Lenlma 2: All but one of the equidistant sets A1."-'A
n_i m u s t 

be contained in the corresponding lines of some prism 

M ,...,M _ r The remaining set, say A ^ , is contained in 

M n u M" ,, where S , is line parallel to Mn such that all 
n-1 n-i n J-

P 
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a £ M satisfy (a-b,a-b) = 2(n-1)p/(n-2), for all b e M . 
n 

Except for the possibility that one of its lines is split 

into two, then, any prism is mapped into a prism. This problem 

can be removed by considering more than one prism; thus we have 

the following corollary. 

Corollary 1: f maps null lines into null lines. 

By first showing that f preserves the midpoints of line 

segments of 'square-length' 4p, it is easily shown that f maps 

any plane determined by two intersecting null lines into a like 

plane. Sine any line in V is the intersection of two such 

planes, f preserves lines. Known results now show that f is 

linear [6], and is thus a Lorentz transformation ([5], Lemma 3.6). 
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THE STABILITY OF LINEAR FUNCTIONAL EQUATIONS 

Laszlô Székelyhidi 

Presented by J. Aazél F.R.S.C. 

ABSTRACT: We prove a general stability theorem for linear 

functional equations which is used to give all solutions of (1) 

with bounded right hand side. 

In this paper we consider the functional equation 

n+1 
(1) f(x) + J] cif(<,i(x)+ipi(y)) = P(x,y) 

i=l 

and we call 

n+1 
(2) f (x) + E c.fU, {x)+*. (y)) = 0 

i=l 1 :L :L 

the homogeneous equation corresponding to (1). Here x,y are 

elements of an Abelian group G, *. ,1(1. : G ->• G are homomorphisms 

for which the range of '4. is contained in the range of ii. , 

c. is a complex number (i=l,... ,n+l) , and F : G x G - > - C is a 

bounded complex valued function. Our main result is that every 

solution f : G ->- C of (1) is the sum of a bounded solution of 

(1) and a solution of (2). For the proof we use a stability 

theorem ([1], [3], [7]) and also our result can be considered 

as a stability theorem. 

In this paper C denotes the set of complex numbers. If 

G is an Abelian group and P : G + C is a function for which 
n+1 
A . P(x) = 0 holds for every x,t,,...,t , in G, then 

t l ' - - - ' n+1 i n •L 

we call P a polynomial of degree at most n. It is well known 
(see e.g. [2], [4], [5], [6]) that a polynomial on an Abelian 
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group can be expressed as the sum of the diagonalizations of 

multi-additive functions. 

Concerning polynomials on groups see e.g. [2], [4] , [6]. 

First we prove a more general stability theorem: 

THEOREM 1. Let G, iji., ijj. be as above and let 

f,f. : G -î- C be functions, for which the function 

n+1 
(x,y) * f (x) + If. U. (x) + iK (y)) 

i=l 

is bounded. Then f = f. + P where f0 ! G + C is bounded and 

P : G + C is a polvnomial of degree at most n. 

PROOF. Let, for x,y in G, 
n+1 

(3) F(x,y) = f(x) + I fi(*i(x)+*i(y)) 
i=l 

and let t be a fixed element in G. First we choose an element 

s in G such that I(I +1(t) + 'l'n+1(s) = 0. This is possible, 

because the range of ^ 1 is contained in the range of i'n+1-

Then substituting x+t for x and y+s for y in (3) we have 
n+1 

F(x+t,y+s) = f(x+t)+ I f. (*, (x+t)+*. (y+s)) = 
i=l 1 :L 

(4) 
= f(x+t)+{ I f. (*. (x)+*. (y) + *i(t)+*i(s))}+f 1(*n+1(x) + *I1+1(y)) 

1*1. ̂  i 

Subtracting (3) from (4) we have 

n 
(5) F(x+t,y+s)-F(x,y) =A.f(x)+ I A f.C*. (x)+iMy) ) . 

i=l *i(t)+i|)i(s) 

Here the left hand side is bounded. Repeating this argument 
n+1 

we have that the function (x,t1,.. . ,tn+1) •+ * f ( x ) 

^'•••^n+l 
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is bounded and this implies (see [1], [7]) that f = f + p, 

where f0 = G ̂  C is bounded and T P(x) = Q " f o r a l l 

x t <- • ^ v tl' tn+l 
"'^'•••^n+l l n G'- that is, P is a polynomial of degree at 
most n. 

™ B O R E M ^ . Let G, ,., ,. b e ^ s ^ b o v e , o. be a complex 

^ ^ ^ (i=1 n+1' I** F . - G x G . c be a bounded function. 

— F : G ^ C is a solution of (1). then f = ^ + p w h e r e 

f0 : G + c is a bounded solution of (l) and P : G + c is a 

polynomial solution of (2) of degree at most n. 

PROOF. By the preceding theorem we have f = f + p, w h e r e 

f0 : G * C is bounded and P : G ^ c is a polynomial of degree 

at most n. Substituting f0 + p i n t 0 (1, w e g e t 

n+1 
P(X) + I C.P(*. (x)+*. (y)) = 

(6) i=l ;L 1 

n+1 
= F (x,y) - [f0 (x) + J c.f 0 (*. (x) +*. (y) ) ] . 

Here the left hand side is a polynomial in x for all fixed 

y, and the right hand side is bounded. since all bounded 

polynomials are constant, we have 

n+1 
(7) P(x) + .1 CiP(*i(x)+>|,. (y)) = K 

where K is a complex number. Now we have two possibilities. If 

J i 0 ! = -1' t h e n K = 0- Indeed, we can write P (x) = Q(x) + P(0) 

where Q is a polynomial of degree at most n and Q{0) = 0. 

Substituting into (7) we have 

n+1 n + 1 

Q(x)+P(0)+ J ciQ(ti(x)+*i(y)) + ( I c.j.pjo) = K . 
1 ^ i=l 
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that is 
n+1 

Q(x)+ I c.Q(*. (x)+*. (y)) = K . 
i=l 

Let x = y = 0; then we have K = 0. In this case from (6) 

and (7) we see that f- is a bounded solution of (1) and P 

is a polynomial solution of (2) of degree at most n. 
n+1 _, 

If c = ^ c. * -1, then we define Q(x) = P(x) - K(l+c) " 
1 = 1 1 -1 and g0(x) = f0(x) + K(l+c) . From (7) we infer 

n+1 
Q{x)+ I ciQ(l).i(x)+*i(y)) = 

1=1 
, n+1 n+1 . 

= P(x)-K(l+c)~-L+ I c.P(<t. (x)+<f. (y))- I c,K(l+c) 
1=1 :l- :L 1 1=1 1 

n+1 
= P(x)+ I C P U (x)+*, (y))-K = 0 ; 

i=l ^̂  1 

that is, Q is a solution of (2). Of course, Q is a polynomial 

of degree at most n, and f = g. + Q. Finally, from (6) we have 
n+1 

g0(x)+ I cig0(*i(x)+i|ii(y)) = 
1=1 
n+1 

= f0(x)+ I cif0(*i(x)+*i(y))+K = 

n+1 
= F(x,y)-[P(x)+ I c.P(*. (x)+i|). (y))l+K = F(x,y).; 

i=l 1 

that is, g0 is a bounded solution of (1). Hence the theorem is 

proved. 
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PERIODIC SPLINES AND NILPOTENT 

HARMONIC ANALYSIS 

Walter Schempp 

Presented by G.F.D. Duff F.R.S.C. 

The Heisenberg groups are remarkably little known objects con-
sidering their wide range of applications in pure as well as in 
applied mathematics (cf. Howe [3]). It is the purpose of the pre-
sent note to expose various applications of nilpotent harmonic 
analysis to the theory of periodic spline functions. These in-
clude an application of the finite Heisenberg group to periodic 
spline interpolants and a treatment of the theory of attenuation 
factors of practical Fourier analysis from the viewpoint of har-
monic analysis on the Heisenberg manifold (which is a compact nil-
manifold) . The final topic is a Fourier analytic viewpoint to-
wards the classical Whittaker-Shannon cardinal series. 

1. Group Theoretic Aspects of Splines 

The (periodic and cardlhal) spline interpolants with respect to 
"regular" knot sequences may be treated by means of harmonic 
analysis ([4], [5], [6]). The table displayed below summarizes 
some of the various spline interpolants, their underlying groups 
and the associated linear transforms that have been dealt with 
from the viewpoint towards harmonic analysis. It should be ob-
served that the group theoretic approach to periodic and cardinal 
splines gives rise to a comprehensive theory which is a deside-
ratum of I.J. Schoenberg. 
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{(n,m,p) £ A(IR)\n,m,p e 2}. Construct the compact Heisenberg 
manifold P\Â(IR), the complex Hilbert space L (P\A) with respect 
to the natural probability measure on P\Â(IR) and the primary de-
composition (orthogonal direct sum) 

L2(P\Â) = ê H (P) 
N e a 

associated with the right regular representation 5 of A(3E) in the 
Hilbert space L2(PNA). The multiplicity of S on HN(P) is INI when 
N4=0. Let y denote the natural left action of the Heisenberg group 

2 ** A(2'/N2') mod N on L (PNA) . Then the orthogonal sum 

HH(P) = fB Y(n,0,1) (H (P)) (Nit) 
N OSnSN-1 ' 

is a decomposition of H (P) into isotypic components for 6 where 
H n(P) denotes the image of H,(P) under the linear mapping 
ip : L2(P\Â) -» L2(P\Â) induced by the automorphism (x,y,z)'~»{x,Ny,Nz) 
of Â ( m ) . Notice that H1 (P) is unltarily isomorphic to the stan-
dard Hilbert space L2(IR ) by the Weil-Brezin isomorphism W (Aus-
lander [1]) . 

Definition. Let h e n 0(P) be a fixed function on the compact 

Heisenberg manifold PNA(IR). The complex numbers 

x = NUj. » W)_1(ho)(n) (n 6 3) 

are called the attenuation factors associated with ho. 

Let a denote the automorphism of MIR) associated with the skew-
symmetric matrix (_°  + Q ) £ SL2(a) such that a(P) = P and 
s e G. (IRjNa') the fundamental cardinal spline interpolant 
of degree 2r-1 (ril). Define the function 

ho = '"N 0 CI"1 °  W ) ts2r-1>-

Then we have ho £ HN 0(P) n (|2r"2 (P\Â) . The Weil factorization 
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r o w = T ^ for the Fourier-Plancherel transform 
T j u d S ] , [7]) combined with the Schoenberg interpolation formula 
([9]/ [10]) yields the following result (cf. [7]): 

Theorem 3. The attenuation factors associated with h^ admit 
the form o 

G2r-1<S) 
(n e t) 

where G, denotes the meromorphic function z -~»2_I, ( 2 ) k + 1 

~. r- r* z+m m e 3 
(^) K + I - kS0. 

The case of several attenuation factors can be treated in the same 
vein. See the forthcoming second part of the paper [7]. 

4. The Whittaker-Shannon Series 

According to the theorem of Stone-von Neumann-Segal there exists 
up to unitary equivalence, a unique unitary representation U of 
the reduced Heisenberg group A(IR) with the identity on its center 
as central character. This unitary representation (which is called 
Schrodinger representation of A(IR)) is square integrable. It can 
be proved that the Stone-von Neumann-Segal theorem and the classi-
cal Plancherel theorem are equivalent (Howe [3]). Therefore the 
sampling theorem which covers the classical Whittaker-Shannon car-
dinal series can be established via nilpotent harmonic analysis. 
This will be the topic of a forthcoming paper. 

References 

1. Auslander, L.: Lecture notes on nil-theta functions. CBMS 
Regional Conference Series in Mathematics, No. 34, Provi-
dence, R.I.: American Mathematical Society 1977 



Walter Schemp 

2. Auslander, L., Tollmleri, R.: Is computing with the finite 

Fourier transform pure or applied mathematics? Bull. Amer. 

Math. Soc. (New Series) 2» 847-897 (1979) 

3. Howe, R.: On the role of the Heisenberg group in harmonic 
analysis. Bull. Amer. Math. Soc. (New Series) 3, 821-843 (1980) 

4. Schempp, W.: Contour integral representation of cardinal , 
spline functions. C.R. Math. Rep. Acad. Sci. Canada ^ 165-
170 (1980) 

5. Schempp, W.: Approximation und Transformationsmethoden III. 
In: Approximation and functional analysis. P.L. Butzer, 
E. Gorlich, B. Sz.-Nagy editors. ISNM, Vol. 60. Basel-
Boston-Stuttgart: Birkhauser-Verlag 1981 

6. Schempp, W.: Complex contour integral representation of 
cardinal spline functions (to appear) 

7. Schempp, W.: Attenuation factors and nilpotent harmonic 

analysis I (to appear) 

8. Schempp, W., Dreseler, B.: Einfuhrung in die harmonlsche 

Analyse. Stuttgart: Teubner 19 80 

9. Schoenberg, I.J.: Cardinal interpolation and spline 

functions. J. Approx. 2, 167-206 (1969) 

10. Schoenberg, I.J.: Cardinal Interpolation and spline 
functions: II. Interpolation of data of power growth. 
J. Approx. Theory 6, 404-420 (1972) 

Lehrstuhl fiir Mathematik I, 
Universltat Siegen, 
HolderllnstraSe 3, 
D-5900 Siegen 21, W. Germany 

Received January 21, 1981 



C. R. M a t h . R e p . A c a d . S c i . Canada - V o l . I I I (1981) No. 2 

COMPLEXES EQUIL IBRES DU P L A N PRQJECTIF 

R o b e r t BANTEGNIE 

Pvesented by H.S.M. Coxeter F.R.S.C. 

0. Je les détermine tous. En par t i cu l i e r , on obtient à une Isomorphie près un 
seul complexe f i n i équi l ibré non str ictement sur les sommets dér ivé du rhom-
bicosidodécaèdre parabi tourné et deux complexes duaux équi l ibrés non s t r i c -
tement sur les côtés dér ivés du 1° pseudoicosidodécaèdre bichapeauté et de 
son dual. 

1. Surfaces compactes connexes. Soi t 2 une te l le surface de caractér is t ique 
X, G un complexe f i n i de S , S, $, 3 l'ensemble des sommets, des côtés, des 
faces de C. On suppose ^ 3 I a valence v l^) d'un élément cr de §• ou de 3*. Deux 
côtés de C sont adjacents et forment un angle s ' i l s appartiennent à une même 
face et ont un sommet commun . G est l 'ensemble des angles de C. Le 
cycle, le pseudocycle, la contr ibut ion d'un élément de S, fS , 3 est déf in i 
comme pour les complexes pol yédr aux plans (Ç l ] , [ 2 ] , [ 3 ] ) . Par exemple, 
pour S E S commun aux faces F , . . . . . F numérotées en tournant autour de 

1 r 
S de valences f , . , . , f , (f , . . . , f ) modulo toutes les permutations de [ 1, r ] 
est le pseudocycle de S, modulo les permutations c i r cu la i res et le r enve rse -
ment son cvcle. sa contr ibut ion étant c (S) = 1 - ( r /2 )^S^ l / f , ; s i E€ ^ d 'ex t ré -
mités S . , S de valences s . , s est commun à F , F de valences f . , f le 
symbole (s , s ; f , f ) modulo les permutations sur les 4 le t t res est le 
pseudocycle de E, modulo les permutations sur les 2 premières et les 2 der -
n ières son cycle, sa contr ibut ion étant c (E) - ( l / s J + ( i / s J + ( l / f ^ -K l / f )- 1 ; 
c (S) — 1 - r /6 , c (E) ^ l /3 * Introduisons cycle, pseudocycle et contr ibut ion 
pour un angle. Pour CL€ G , S et F a sont le sommet et la face de et, 
V v ( F a ^ v ( S a V s o n c y c l e ' ( y t F a ^ v ( S a V o u ( v t s a ^ v t F a O s o n P s e u d o c v c l e i 
c(a) = ( l / v ( F a ) ) + 0 / v ( S a ) / - 1/2 sa contr ibut ion. Pour S € &, c(S) = E c(a) ; 

S a = S 

pour F € ^ j c(F) = I. c(a). " E u i e r " se t radui t par E c(a)= E c(S) = 
Fa = F aea ses 

T c(F) = t c(E) = X ( I ) (Lebesgue [ 5 ] et Ore [ ? ] ont considéré X = 2) . 
F S S E ê * * * * * « 
Soit sur Z , C un complexe dual de C j S j <S j ï? j G l'ensemble des sommets, * * » 
des cotes, des faces, des angles de C . i_e dual de a.6 G est a 6 G tel que 
S s e F a et S a 6 F ». C est dual de C et a de a , v(S ) = v(^F » ) , 

a '" <*• * a « * 
v(F[1) , c(a ) = c(a.). S i E € 5 est comme ci-dessus et S , S les -/s ») 
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sommets de C* éléments de F , , F 2 , le dual de E est E 6 <S ^ d'extrémités S , 

et S * ; E est dual de E* c(E) = c(E*) . Pour SS S le dual S est l a f a c e de 

C* avec Se S* ; s i F £ 3 le dual F est le sommet de C avec F € F ; S est 

dual de S* , F de F , c(S) = c(S ), c(F) = c(F ). 

C est équ i l ib ré (resp. str ictement équi l ibré) sur les angles, les sommets, les 
côtés, les faces quand le pseudocycle ( resp. cycle) d'un angle, . . . est tou-
jours le même. L a contr ibut ion c d'un angle, . . . est a lors toujours I a même. 
On a c l x l - X (2) où X désigne G, S, « ou 3 . C est équi l ibré (resp. s t r i c t e -
ment) sur les sommets, resp. les faces, resp. les côtés ss l C est équi l ibré 
( resp. str ictement) sur les faces, resp. les sommets, resp. les côtés. De 
plus s i C est équi l ibré sur les angles, i l l 'est str ictement ; cela a l ieu ss i 
C* est s t r ic tement équ i l ib ré sur les angles et on a | Si v (S) = 1 3l v(F) = | G] = 
2 1<S1. C est a lo rs str ic tement équ i l ib ré sur les sommets, sur les faces et 
sur les côtés. Les équations c > 0 (3) et c = 0 ont un nombre f i n i de pseudo-
cycles solut ions, c < 0 un nombre i n f i n i . Pour %> 0 , (2) a un nombre f i n i de 
complexes solut ions, pour X = 0 un nombre i n f i n i . 

On suppose X > O. Comme X= 1, 2 et que, sauf pour les angles, j ' a i examiné 
( [ 2 ] , [ 3 ] ) X = 2 reste X = 1 . Notons que sur la sphère S 2 de centre 0 (X = 2) 
les str ic tement équi l ibrés sur les angles sont les polygones régu l i e rs sphé-

r iques. _ _ 
D'autre par t , s i S est un recouvrement de E , C le relèvement de C sur E 
C est équ i l ib ré (resp. str ictement) sur les angles, . . . , ss i C l 'est. 

2. P lan pro jec t i f rée l P 2 (on le représente par les points d'un disque de R 
dont on a ident i f ié les points de la f r on t i è re diamétralement opposés). On 
raisonne souvent à isomorphie près . S 2 est recouvrement universel de P 2 ; 
s i un complexe Cl de P 2 est équ i l ib ré ( resp. str ictement) sur les angles, . . . 
son relèvement C sur S 2 est équ i l ib ré sur les angles, . . . et admet 0 comme 
centre de symétr ie ; de plus un tel complexe de S 2 donne un complexe de P 2 

ayant les mêmes propr ié tés d 'équi l ibrage par ident i f ica t ion de 2 points d ia -
métralement opposés. 

On dit d'un complexe C de S 2 qu ' i l est sym. s ' i l admet une réa l isa t ion à cen-

t re de symétr ie (nécessairement 0). 

» Cas des angles. Sur S 2 les C possibles sont (3 , 3} , { 3 , 4 } , ( 4 , 3 ) , { 3 , 5 } , 
{ 5 , 3 } , { 3 ,3 } n'est pas sym. et on obtient { 4 , 3 } ' et son dual { 3 , 4 } ' le cube 
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et l 'octaèdre pro jec t i f s , { 5, 3} ' et son dual { 3 , 5 } ' le dodécaèdre et l ' i cosa-
èdre p ro jec t i f s . I ls forment la col lection i t ' . 

* Cas des sommets (et des faces). Pour les sommets Ci g a i e s t solut ion ; s i 
C'? &< employant les notations de [ 4 ] et ut i l isant [ 2 ] on voit a) s i C est 
str ictement équi l ibré , c'est un des 13 polyèdres archimédiens, le polyèdre 
(M) de M i l l e r , un n-pr isme (n^S) ou un n-ant ipr isme (nS4) g) S i c est équi-
l ibré non str ictement l 'or thobicupola t r iangu la i re ou pentagonal ou l 'un des 
4 rhombicosidodécaèdres tourné, parabi tourné, métabitourné, t r i tourné. Or 
pour a) des 13 archimédiens seul 10 sont sym. : 

[p, {j?}, t ( 3 , 4 } , 1 ( 4 , 3 } , 1 ( 3 , 5 ) , t { 5 , 3 ) , r { J , r { ^ , t { ^ } , t { ^ . ( M ) ne 
l'est pas, le n-pr isme est sym. ss i n pa i r , le n-ant ipr isme ss i n impair ; 
pour g) les 2 orthobicupola ne sont pas sym. et des rhombicosidodécaèdres 
seul le parabi tourné est sym. II existe donc un seul complexe équi l ibré non 
str ictement sur les sommets le rhombicosidodécaèdre tourné pro ject i f . On 
le t rouve en 1b ; on a représenté en l a i e rhombicosidodécaèdre pro ject i f 
str ictement équ i l ib ré . Pour ces 2 complexes 1 8| = 30, | iS| = 60, | 3 | = 3 1 . 
On obtient les équi l ibrés sur les faces par dual i té. On a représenté en 2b le 
seul équi l ibré non str ictement l 'hexacontaèdre quadrangul a i re tourné p ro -
jec t i f et en 2a le str ictement équi l ibré qu'est l 'hexacontaèdre quadrangul a i -
re pro ject i f . Pour ces 2 complexes on a 1 S| = 3 ), | ( ï | = 6 0 , | 3 | = 3 0 . 

* Cas des côtés. C ' 6 » ' est solut ion. Pour C ' ^ B ' a) s i C est str ictement équi-
l i b ré c'est { 4 ) , { 5 ) ou leurs duaux p ) s i C n'est pas str ictement équi l ibré 
c'est à la duali té près l 'un des 4 polygones décr i ts p. 187 de [ 3 ] et notés là 
(a), (S), (Y), (6) ou l 'un des 4 pseudoicosidodécaèdres tournés. Des pseudo-
icosidodécaèdres seul le 1° 2-chapeauté est sym. (a), (8), (Y), (5) ne le sont 
pas. On obtient donc comme seuls équi l ibrés non str ictement sur les côtés 
le pseudoicosidodécaèdre chapeauté et son dual le pseudoicosidodécaèdre 
rhombohédral creusé pro jec t i fs . On les trouve en 3b et 3b . En 3a et 3a 
sont les str ictement équi l ibrés que sont l ' icosidodécaèdre et son dual le t r i -
contaèdre rhombohédral p ro jec t i fs . 

Icosidodécaèdre pro jec t i f 
Pseudoicosidodécaèdre chapeauté 
pro ject i f 

T r icontaèdre rhombohédral p ro jec t i f 
Pseudotr icontaèdre rhombohédral 
creusé pro jec t i f 

|s| 
15 

16 

16 

15 

l«l 
30 

30 

30 

30 

\3\ 

16 

15 

15 

16 
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l b 

Rhombicosidodécaèdre 

2a 

Rhombicosidodécaèdre tourne 

2b 

Hexacontaèdre quadrangul a i re Hexacontaèdre quadrangul a i re tourné 

Notons que les résul ta ts de [ 2 ] , [ 3 ] ont été annoncés (parmi d'autres) sem-
b l e - t - i l par T. S. Motzkin dans [ 6 ] . On y t rouve le seul polyèdre convexe 
faiblement équ i l i b résu r les côtés ( c ' es t -à -d i re tel que la contr ibut ion de cha-
que côté est la même) non équ i l ib ré . Cet autodual est formé de deux 6 -py ra -
mides, l 'unetronquée, l 'ay t re non ayant une face commune. Il a 24 côtés de 
contr ibut ion l / l 2 , 6 de chacun des cycles (6, 4 ; 3, 3), (3, 3 ; 6, 4), (4, 4 ; 4, 3), 
(4, 3 ; 4, 4), 13 sommets et 13 faces. Comme i l n'est pas sym. i l n 'existe pas 
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3b I I 

I c o s i d o d é c a è d r e e t P s e u d o i c o s i d o d é c a è d r e c h a p e a u t é 

son dua l e t so n dua l 
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PRIME IDliALH LN POLYNOMIAL RINGS 

m, F.R.S.C. A. Bouvier , M. Contessa and P. Ribenboi 

We s tudy r e l a t i o n s between Spee(A) and Spec(A[x]) 

where A i s a commutative r i n g (not n e c e s s a r i l y n o e t h e r i a n ) . 

The p roofs of t h e s e r e s u l t s wi l l appear e l sewhere . 

1. I f D i s a domain, K i t s f i e l d of q u o t i e n t s , 

feK[X] , t he D-content of f is t h e D-fracl lona l idea l 

CD(1) g e n e r a i e d by t h e c o e f f i c i e n t s of f . 

P r o p o s i t i o n 1 . Let P be a prime i d e a l of A , Â = A/P , 

K t h e f i e l d of q u o t i e n t s of Â , f eA[x ] \P [x ] , f = f mod P[x] 

deg ( f ) > 1 . 

1) I f (P, f ) i s a prime ideal then ? i,s i r r e d u c i b l e over À . 
2 ) I f ? i s i r r e d u c i b l e over Â and ( C - ( f ) r

: c - ( f ) r + 1 ) c A 

f o r every r ^ 1 , t hen ( P , f ) is a prime i d e a l . 

3) The number of prime i d e a l s Q of A[x] such t h a t 

Q n A = P i s a t l e a s t #(Â)xW0 . 

The p s e u d o - r a d i c a l of PeSpec(A) , i s t h e i d e a l 1 = PsRadCP) 

equal t o t h e i n t e r s e c t i o n of a l l prime i d e a l s P' of A 

p r o p e r l y c o n t a i n i n g P . 

P r o p o s i t i o n 2. Let P tS P ec(A) , I -PsRadO' ) , Â=A/P, ï = A / l , 

f t A [ x ] , f^f mud P[X], deg( f ) > 1, ^ t mod l [ x ] . 
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1) I f (P j f ) i s a prime i d e a l of A[X] and t' i s a u n i t 

in ^[X] then ( P, f ) i s a maximal i d e a l . 

2) The number of maximal i d e a l s M of A[x] such t h a t 

M 0 A = P i s a t l e a s t ^ ( l / P ) . 

3) I f P i s not maximal and P ^ I then ^ ( l / P ) > X . 

A prime i d e a l P of A i s a Goldman i d e a l ( G - i d e a l ) 

i f t h e r e e x i s t s a maximal i d e a l M of A[x] such t h a t 

M fl A[X] = P . Let Gold(A) denote t h e s e t of Goldman i d e a l s 

of A . 

We a r e a b l e t o g ive s imple p roofs of v a r i o u s known r e s u l t s , 

among which t h e fol lowing; one, due t o Gilmer [ 2 ] : 

P r o p o s i t i o n 3• I f PCSpor(A) t h e fo l lowing s t a t e m e n t s a r c 

e q u i v a l e n t : 

a } t h e r e e x i s t s aCA\ I1 such t h a t V i s a maximal i d e a l of 

A not conta i n i n g a . 

b) P e PsRad(P) 

c: ) P i s a G—ideal. 

As a consequence : 

Propos i t ioJ t 4- Gold{A) ~- Spcc(A) i f and only i f every prime 

i d e a l P of A i s s t r i e t l y conta ined i n i t s pseudo-ra d i c a l . 

In p a r t i c u l a r , i f Spec(A) is t o t a l L y ordered by i n c l u s i o n 

we o b t a i n r e s u l t s of P icave t 1.4 J , I 'ontana & Maroscia [ l ] 

and Ramaswamy & Vlswanathan LSJ • 
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Proposition 5- In any ring A we have the impl ieations 

(1) - (2) - (3) between the following statements: 

1) every descending chain of radical ideals is finite , 

2) Gold(A) - Spoc(A) . 

3) every descending chain of prime i d e a l s i s f i n i t e 

If IVSpee(A) let , U(P) be t h e family of prime i d e a l s 

I" of A such t h a t I" 3 PsRad(Pj . 

The fo l lowin g i s a g e n e r a l i z a t i o n of a r e s u l t of P icave t 

[ 4 ] : 

P r o p o s i t i o n 0. Let A ^ . . . , ^ be p a i r w i s c incomparable 

v a l u a t i o n domains wi th f i e l d of q u o t i e n t s K , l e t 

A = A1 fl . . . n An . The fo l lowing s t a t e m e n t s a r e e q u i v a l e n t : 

a ) fo r every 1 = ! , . . . , „ , Gold(A.) S p o c U . ) , 

b) i f IVSpecOV) , P „ot maximal, the , , U(P) i s i n d u c t i v e 

by d e c r e a s i n g i n c l u s i o n . 

c) Gold(A) - Spoc(A) . 

Co ro l l a ry 1. with t h e same n o t a t i o n s , t h e fo l l owing s t a t e m e n t s 

a r e e q u i v a l e n t : 

1) every a scend ing cha in of Spec(A) i s w e l l - o r d e r e d . 

2) f o r every 1 =. l , . . . , n , every a scend ing cha in of 

Spec(A.) i s w e l l - o r d e r e d . 
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2. PeSpcc(A) is a g. c.d. prime if A A/P is a g. c.d. 

domain. With the notations of propositions 1 and 2: 

Proposition ", Let P be a g.c.d. prime of A . 

1} If ftA[x]\P[x] , deg(f}>l, thon {P, f ) i s a prime ideal 

(resp, a maximal ideal) if and only if f is irreducible over 

A (resp. , and T = f modl[Xj i s a unit of % — A/l) . 

2) If Q i s a prime ideal (resp. a maximal ideal) of A[x] 

and fi 0 A = P then Q = P[x] or Q - ( P, f ) where 

feA[X]\P[x] , deg(f)>1 j f i s irreducible over Â (resp. , 

and f i s a unit of ^ ). 

3) the number of prime ideals (resp. maximal ideals) Q of 

A[X] such that Q fl A = P is equal to ^(Â) x H0 (resp. 

# ( I / P ) x H0) . 

Let P be a prime ideal of a g. c.d. domain A . P i s 

g.c.d.-closed when : if a,b £ P then each gcd(a, b) belongs 

to P . (see Sheldon [6] ) . 

Proposition 8. Let P ^ -̂i C P' be prime ideals of A , 

A — A/P . Assume that P is a g. c.d. prime and that 

pi = p i / p i s g. c.d.-closed. If Q £ Spec(A[x] ) , Q H A = P. 

and Q1 c P'CX] then Q1 - P̂ Ĉx] . 

Corollary 1. If P c P' are prime ideals of A , if 

Â = A/P i s a Be'zout domain, if Q G Spec(A[x]) Q D A =P , 
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and Q c I " [ x ] then Q Pj'xj . 

A i s a S-domain whenever if P t Spoe(A) has h e i g h t 

1 t h e n P[x] has a l s o h e i g h t 1 . 

A i s a -strong M-ri„g when A/P i s a S-domain f o r 

every P t Spee(A) . 

Co ro l l a ry 2. 1} I f A i s a g. c .d . domain t h e n A i s a 

S-domain. 

2 ) I f A i s a Be'zout r i n g then A i s a s t r o n g S - r i n g . 

A c t u a l l y , J . L. Mott has communicated in a l e t t e r t h a t , 

in f a c t , i f A i s a Prufer domain then A[X . . . , X ] i s a 

s t r o n g S-domain. The proof of our weaker r e s u l t i s much 

s i m p l e r . 

A i s a r e s i d u a l l y Bezout r i n g when A/P i s a Bezout 

domain, fo r every . P t Spec(A) . 

C o r o l l a r y 3. Let A be a r e s i d u a l l y Be'zout r i n g , l e t 

P E Spec(A). 

1) I f Q t Spec(A[x] ) , t hen Q r, P[x] i f and only i f 

Q - P ' [X] when P' Ê Spee(A) , P' ç P , 

2) I f P has he igh t m then P[xJ has h e i g h t m . 
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ON CHAINS OF PRIME IDEALS IN POLYNOMIAL RINGS 

A. Bouvier, M. Contessa and P. Ribenboim, F.R.S.C. 

We indicate some results about chains in Spee(A[x]), 

where A is a commutative ring (not necessarily noetherian). 

We also give some results on the noetherian type of A[x] 

1. A prime ideal P of a ring A is a g.e.d. prime if A/P 

is a g.c.d. domain. P is a g.c.d. closed prime ideal when-

ever a, b Ê P then gcd(a,b) £ P (see Sheldon [4]). 

Proposition 1. Let P1 e P2 c P3 be g.c.d. prime ideals of 

A such that P3 = P3/Pi i s a g.c.d. c l o s e d p r i n l e i d e a l o f 

Â = A/P^^ . Let Q1 c Q3 be prime ideals of A[X] such that 

% n A = ^ , e3 0 A = P^ . Then there exists a prime ideal 

Q of A[X] such that Q <= Q a Q and Q n A = P 
± 2 3 ^2 2 

In particular, the conclusion holds if one assumes only 

that Â (or A) is a Bezout domain. 

Let P d P' be prime ideals of A . A is catenary (of 

length s) bgtween p and P' when there exists a maximal 

chain of prime ideals between P and P' of length s , and 

any two such chains have the same length. 

A is catenary when for any prime ideals P c P' it is 

catenary between P and P' . 
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P r o p o s i t i o n 2. Let A be c a t e n a r y of l e n g t h s between 

t h e prime i d e a l s P c P' . Assume t h a t P i s a g . c . d . prime 

and t h a t P' = P ' / P i s a g. c. d . - c l o s e d prime of A = A/P . 

Let Q c Q' be prime i d e a l s of A[x] such t h a t Q fl A = P , 

Q' 0 A = P' . Then: 

1) i f Q' = P ' [X] or Q ^ P[X] t h e n A[X] i s c a t e n a r y of 

l e n g t h s between Q and Q' . 

2) i f Q' f4 P ' [X] and Q = P[X] t h e n A[x] i s c a t e n a r y of 

l e n g t h s+1 between Q and Q' . 

C o r o l l a r y 1. I f A i s a Bezout domain and every chain of 

prime i d e a l s i s f i n i t e then A[x] i s c a t e n a r y . 

See a l s o Bouvier , Burq and Germain [ 2 ] . Mott communicated 

in a l e t t e r t h a t i f A i s a P ru fe r domain t h e n A ^ , . . . , X^] 

i s c a t e n a r y . 

2 . Let A be a r i n g s a t i s f y i n g t h e c o n d i t i o n 

(WOC) Every a scend ing chain C of prime i d e a l s i s w e l l - o r d e r e d 

The l e n g t h -t(C) i s t h e o r d i n a l number of t h e w e l l - o r d e r e d 

s e t C . I f P C Spec (A) t h e r e e x i s t s t h e supremum of -t(C) 

for a l l cha in s C (wi th l a s t member equal C); i t i s c a l l e d 

t h e h e i g h t of P denoted by h t ( P ) . The h e i g h t of A , 

denoted by h t (A) , i s t h e supremum of h t ( P ) , fo r a l l 

P e Spec{A) . 
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Proposition 3. Let A be a ring satisfying the condition 

(WOC). Then: 

1) A[X] s a t i s f i e s (WOC). 

2) I f P € Spec(A) then h t ( P ) < h t { P [ x ] ) . 

I f moreover A i s a s t r o n g S - r i n g (see [ l ] ) t h e n ; 

3) I f P £ Spee(A) then h t ( P ) = h t ( P [ X ] ) ; i f 

Q 6 Spec(A[x] ) , Q n A = P , Q / P[ X] then h t (Q) = h t ( P ) + 1 

4) h t (A[x ] ) = ht(A) + 1 . 

5) i f a < ht(A) + 1 , a not a l i m i t o r d i n a l , and i f ht(A) 

i s not a l i m i t o r d i n a l (when a = ht (A) + 1 ) t h e n t h e r e 

e x i s t i n f i n i t e l y many prime i d e a l s Q of A[x] such t h a t 

h t (Q) = a . 

6) i f a < h t (A) + 1 , a l i m i t o r d i n a l , i f t h e r e e x i s t s 

Q £ Spec(A[x]) such t h a t h t (Q) = a , t h en Q = (Q n A)[x] . 

Co ro l l a ry 1. Let A be a s t r o n g S - r ing , s a t i s f y i n g c o n d i t i o n 

(WOC). Assume t h a t any s e t of p a i r w i s e incomparable prime 

i d e a l s of A i s f i n i t e . Then i f a < ht (A) , a not a l i m i t 

o r d i n a l , t h e r e e x i s t i n f i n i t e l y many maximal i d e a l s Q of 

A[X] such t h a t h t (Q) = a . 

The p r o p o s i t i o n and t h e coro l lary a r e a p p l i c a b l e t o the 

r i n g A = A n . . . fl A where n > 1 and each A. i s a 
1 n ^ • — i 

v a l u a t i o n domain wi th f i e l d of q u o t i e n t s K , and Spec(A,) 

i s w e l l - o r d e r e d (by i n c r e a s i n g i n c l u s i o n ) . 
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THE NOTION OF TORSION AND SECOND FUNDAMENTAL TENSOR REVISITED 

Presented by K.B. Ranger F.R.S.C. 

Abstract ; For a fixed C -imme rsion i of a simply connected 

C^manifold M into IR" and any t E C (M,GL(n)) the point-

wise formed composition f-di , an «"-valued one-form, is 

considered. Associated with it are natural connections V(i,.f) 

and (a Levi-Civita connection) V(i,f) on M . We answer the 

following questions: When is f-di=aj for some immersion 

j . M ^ iRn ? when is V ( i , f ) =V ( i , f ) ? When is a connection V 

on M of the form V (l,f) ? In this context the notions of 

torsion and second fundamental tensor play a central role. 

1. Levi-Civita connections associated with Immersions: 

Let M be a simply connected C -manifold of dimension m , TM 

its tangent bundle, 1 : M ^ K" a fixed C immersion and <,> 

a fixed scalar product on Rn . Call the main part of the 

tangent map Ti of i by di . 

Denote by L(MxRn ,TM) the vector bundle on M of which the 

fibre over p E M consists of L(En,T M) , the vector space 

of all linear maps from p n into T M. Let, furthermore 

PCI) : M > L (Mx |Rn rTM) be the C -section for which 

dl-Pd) (p) : IR̂  i, diT M is the orthogonal projection for 

each p £ M . The dot means the polntwise formed composition. 

On the Grassmanian G(m,n) we have the canonical m-plane 

bundle Ç of m planes in tRn . The tangential representation 
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o f M i n G (m • n ) a s s i g n s t o a n y p 6 M t h e m - p l e i n e d i T M , 
P 

The map i is of class C . Call T] the bundle over G(m,n) 

of n - m planes in fR for which G (m f n) XfR splits ortho-

gonally into 5 © "H . Given j in the homotopy class [i] 

of 1 , the bundles TM © i*p and TM © j *ri are dif f eoraorphic 

Thus there exists a C -map f : M > GL(n) , which satisfies 

1) di = dj 

Moreover, f maps the normal bundle V(i) of i into the 

normal bundle V(j) of j . Consulf [H] for the study of 

homotopy classes of immersions. C -vector fields on M are 

denoted by X,Y,Z etc. The Levi-Civita connection VCj) of 

the metric j*</> on M has the form 

2) V(j)xY = V{i)xY + P(i) -f"1 -df (X) -diY 

for any two X,Y . Here V(i) is the Levi-Civita connection 

of i*<,> . By P(i)-f~ -df(X)-diY(p) we mean 

P(i)(p)of" (p)odf (p) (xCp) ) (diY (p) ) for any p £ M . As the 

torsion of V(j} we obtain 

3) P (i) •f"1- (df (X) -diY - df(Y)-dix) 

which is zero. 

2. Forms with coefficients in EndR z_ 

Denote by EndlR the vector space of all endomorphisms of tR 

Let f : M > EndR. be a C -map . Associated with it we con-

sider the IR -valued form f-di / mapping any tangent vector 

w of M to f (p) (diw ) , Using a basis in IR and the 

Poincaré Lemma we find a C -map j for which 
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f-dl=dj iff for any two X,ï 

4) 6 ( f - d i ) ( X , ï ) = 0 

Here 5 ( f • d i ) ( X , Y ) : = d(f.diY)(X) - a(f-diy)Cï) - f.di[x,Y] . Thus 

5) e(f.-di) (X,Y) = df(X)-dlï - af(ï)-diX . 

If f(M) c: GL(n) , then j is an immersion. Define a connection 

V(i,f) by setting 

6) V(i,f)xY = V(i)xY + P(i) -f'^df (X) -dlY . 

As its torsion we obtain; 

7) T(i,f)(X,Y) = P(i) - f " 1 - (df (X) -dlY - df(Y)-aiX) . 

Given X and Y we furthermore introduce 

S(i,f) (X,Y) (p) : = (d(diY) (x) (p) + f" -df (X) •diY(p)) 

for any p £ M . Here 1. means the component in v(l) . 
1. 

Since d(ûiY)(X) ^ is symmetric in X and Y , we observe, 

that S(i,f) is symmetric iff 
1. ' ' 

8) (f-1- (df (X) -diY - df(Y)-diX)) :L = O . 

In summarizing we state: 

Proposition 1: For any C -map f : M 3-GL(n) and a fixed 

Immersion i : M '* U11 the following are equivalent: 

. n 
(i) f «di -• dj for some immersion ] : M ^ IR 

(11) 6(f-di) = O 

(ill) T(i,f) = 0 and S(i,f) is symmetric. 

3. Metric properties of V(iff) : 

Let f E CCO(M,GL(n)) . Denote by P(i,f) 

C^-section for which f - di • P ( i , f ) (p) : IR 

L (M*IR ',TM) the 

f • dl (T M) c IR 
P 
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is the orthogonal projection (with respect to <,>) for each 

p £ M. Obviously P(i,L) = P(i), where l assignes to each 

p £ M the value id £ GL(n) . One easily verifies: 

- i t - 1 t 
9) P(i,f) = F(i)-f • f -dl-Pd)- f 

and P(i,f) = P (i) . f ~ In case f(V{i)) c ker P(i,f) . Here tf 

denotes the pointwise formed adjoint of f with respect to <,> . 

We obtain a new connection on M by setting; 

10) V(i,f)xY = P(i,f ) -dtf-diY) (X) 

for any two X,Y . This connection decomposes into 

1 
U ) 7(i,f)xY = V(1)XY + P(i,f) -df (X) -diY + P(i,f) .f. Cd(diY) (X)) 

The torsion T(i,f) of 7(1,f) is given by 

12) T(i,f)(X,Y) = P (i,f) -OU-di) (X,Y) 

Denote by m.(f) the Riemannian metric on M assigning to any 

X,Y the C -function < f-dix , f-dlY > . The second fundamental 

tensor S(i,f)(x,Y) is given by (L - f • di • P ( i , f ) ) ( d ( f • diY ) (X) ) . 

This tensor corresponds to 0 in [G] . We immediately obtain: 

Proposition 2: V(i,f) is the Levi-Civita connection of m.(f) 

iff T(i,f) = O . Moreover, V(i,f) and 7(1,f) agree if 

f(V(l)) cz ker p(i,f) . In case f(V(i))<= ker P(i,f) and 

ô(f'di) = 0 then V(i,f) = V(i,f) = V(j) for some immersion 

j : M ?• Iv . Conversely, given an immersion j £ [i], then dj-f-di 

for some f £ C (M,GL(n)) with f(V(i)) cz ker P(j) and 

7(1,f) = V(j) . 



97 

E. Binz 

4 . Which connections on M are of the form V t ^ f ) ? 

Assume first that V(i,f) satisfies (6) . Define 5(f" -df) in 

analogy to ô(f-dl) . Then 

13) ôd" 1-df) (x,Y) = - [f"1-df(X) , f" •af(Y)] 

for any two X.Y . Here the brackets denote the commutator. 

Given next any C -connection V on M and a fixed Immersion 

i : M ?• (Rn , there is a L(TM,TM) - valued one-form F of 

class C such that 

V X Y = V < i ) X Y + p ( x ) ^ 

for any two X,Y on M . Since f -df is EndlR - valued, 

we let F be an EndlR -valued one-form such that 

F(X) -diY = dl-F(X) - Y . 

Clearly P (1) • F (X) • diY = P(X)-Y .The equation 

F = f"1-df 

yields the total differential equation df = f-F , of which the 

integrability condition in Frobenius's theorem [D] reads as; 

14) 6F(X,Y) = - tF(X),F(Y)] 

for any X,y . Replace [F(X),F(Y)] by F A F (X,Y) . The 

equation (14) relates immeditately to R = O in [G] . Thus 

we have ; 

Proposition 3: Given a connection V . If di • (V-Vd)) allows t 

extension F to an EndR - valued one-form on M , then 

V =7(1) + P (1) -f- 1 -df 

holds iff 6F = - F A F . 
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In conclusion let us remark that the curvature R(i,f) of 

7(1,f) depends only on the first derivative of f . 
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AN APPLICATION OF HOOLEY'S METHOD FOR COUNTING 

SOLUTIONS OF A DIOPHANTINE EQUATION 

J.H.H. Chalk F.R.C.S. 

1. Introduction. Consider the diophantine equation 

(1) P ( x l + x 2 ) ~ q < x 3 + V = a ' 

where p > 0 , q > 0 and a * 0 are elements of Z and suppose 

that it has at least one solution with xi e Z (1< i < 4) . Our 

object is to produce an upper bound h = h(p,q,a) for which (1) has 

such a solution with p U ^ + x^) s h2 . For the special case p = a = l , 

I [1] showed that one could take h2(l,q,l) = q E, for any E > 0 

and all q sufficiently large. A similar estimate for the general 

case may be obtained by the circle method of Hardy-Llttlewood (cf. 

[2]), but the resulting bound is poor. Some years ago, C. Hooley 

showed me how his method could be applied to (1) and indicated the 

expected result, (it was surprisingly good). So far as I know, this 

programme has not been carried out in detail and, on looking at it 

again recently, I noticed some technical obstacles. In particular, 

I was unable to apply the theory of congruences in restricted resi-

systems as developed by Vinogradov, - Mordell and others (cf. [3], 

for references). However, an effective alternative is the following 

version* of Theorem 9 in the article of R.A. Smith [4] on the circle 

problem in arithmetic progressions. 
2/ 

"If (b,m)=(c,m) = (c,b) =1, m << X 3 and r(n) denotes the 

number of representations of n as a Sum of two squares of integers, 

* The Vinogradov symbol "<<" is used in place of the equivalent big 
"0"-symbol; an attached suffix indicating dependence upon it in 
the implied constant. 
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then, for any 5 > 0, 

(2) I r(n) - J ^ M (b,m) « ^ (X^m'* 3) 1 4 

n<X, (n,b)=l 4 ln û 

en = b (mod m) 
where 
(3) M(b,m) = ^ - Hm(l)Hb(l) , 
and 
(4) H. (n) = V x(d)c,(n)d-1 ; 

d[« 

X(n) being the non-principal character, mod 4, c-,(n) f?ie 

Ramanujan function and f|>(n) tfee Euler totient function." 

In (1), we may suppose, without loss of generality, that 

(p,q) = 1 and that aq is odd, since otherwise we can divide out 

any common factors in p and q and a power of 2 can be removed 

from both sides of the equation by an obvious change in the variables 

It will be convenient, though not essential, to limit the size of a. 

These assumptions are listed as follows: 

(5) Hypotheses (p,q) = 1, P > 0 , q > 0 , q odd, (2pq,a) = 1 

and 0 * |a| = o(h ) as h -»• •». 

Our starting point is a formula for the number 4S of solutions of 
2 2 . 2 2 (1) with x„ , x„ both even, x„ + x, prime to a and with x̂  + x„ 1 2 3 4 r 1 2 

2 
bounded by h /4p : 

(6) s = k l r(y) = I X(P) 
4p(x +x2)-qp=a, (y,a)=l 4p(x^+x^)-qpa=a, (pa,a)=l, 

4p(x2+x2)<h2 4p(x2+x2)<h2 

where r(n) = 4 T xfd). We shall, in fact, prove, for any £ > 0, 
djn 

that S > 0, if 

(7) h2/p y>c (pq)3+e|a|£ 
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and pq is sufficiently large; thereby establishing the, existence 

of a solution of (1) with x2 + x2 <<E (pq)3+e|a|£ . As we shall 

see, this is a direct consequence of the asymptotic formula for 

S stated in our main theorem . 

2 3 
THEOREM. For any 6 > 0 and h /p >> (pg) as pq + œ, 

(8) S - |^W(p,q,a) « 6 [h ^ p""' q--]^la| 0 , 

where 

(9) W(p,q,a) =iM.Ha(l)Hq(l)Lpq|a|(l) ^ ^ W * 

and 

(10) L,(l) = I X(n)n"1 , ç (2) = I n " 2 , 
A l<n<o0

 A l<n«» 
(n,A)=l (n,2A)=l 

H,(l) = I x(â)u{d)d~1 . 
A dTA 

Since 

(ID H,(1) = n (i- X(P)P ) 
a P|A 

(12) L,(l) = n (I-X(P)P ^ and ÇA(2) 1 = } d " ? 2) 
A pfA P|2A 

it is clear that W(p,q,a) > 0. Moreover, by elementary estimates 

for (Ma), H A ( 1), La(i) r Ç A ( 2 ) ' w e h a v e 

(13) W(p,q,a) >>5 (pqla|)_ , say. 

Hence, if 6 is sufficiently small compared with e > 0 , the 

ma in term Tr/8 h /pq W(p,q,a) dominates the error term on the 

right of (8) if h is chosen large enough to satisfy (7) 

to be published later. 
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Remarks. H. Iwaniec has informed me that the estimate (7) can also 

be obtained by sieve methods. Moreover, with the aid of an 

additional hypothesis, as yet unproved, he can obtain using sieve 

methods the improved bound 

2-fF i i T + e 
(14) (PC) + (q|a|) 3 

in place of (7). 

On a recent visit to Toronto, E. Bombieri pointed out to me 

that if rn(n) denotes the number of integer solutions 

(x1 , x2 , xg , x^) of 

Q(x) = I a.x. = n , n H a. * 0 
l<i<4 :L 1 V l<i<4 1 

satisfying |a.x.| < N (1< i < 4) then the "expected" estimate 

(15) r.ln) « N 1 + E | n a. \ ' k 

u fc 1<1<4 x 

under the additional hypothesis |n[ ^ N, IT a . | < < N , has 
l<i<4 1 

not been established. I note that some such result should be 

amenable by Hooley's method using a more general form of Smith's 

theorem in which the function r(n) in (2) is replaced by r_(n) 
2 c the number of representations of n by the form f = Ax + By 

(A > 0, B > 0) . As we require only an upper bound in (15) , an 

important technical simplification is achieved by replacing rf(n) 

in turn by the number I|J (n) of representations of n by a set 

of forms f. (l - i <h(D)) of determinant D = AB, representing 

the h(D) classes of inequlvalent primitive forms. 

* cf., C. Hooley, J. reine angew. Math., 303/4(1978), 21-50 
(Hypothesis R* with S- = 0 on p. 44) . 
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BOCHNER'S THEOREM AND THE EXISTENCE OF INVARIANT SET FUNCTIONS1 

ty 

J . -M. Belley 

Presented by M. Shinbvot F.R.S.C. 

Abst rac t . He provide a r e s u l t which c o n s t i t u t e s a so lu t ion t o the 

general moment problem for f i n i t e l y add i t i v e se t funct ions and then show 

I t s usefulness i n e s t a b l i s h i n g the ex i s tence of f i n i t e l y a d d i t i v e set 

func t ions which are i n v a r i a n t under c e r t a i n t rans format ions . 

1. In t h i s paper , X w i l l denote a compact Hausdorff space. Given an 

a lgebra A of subsets of a s e t S dense i n X, we s h a l l wr i te C(S,A) fo r the 

c l a s s of a l l complex-valued funct ions on S which can be uniformly 

approximated by A-raeasurable s t ep func t ions , and wr i t e I „ fo r the Ind i ca to r 

funct ion of the se t E c: X. Let C(x) be the space, with supremum norm, 

c o n s i s t i n g of a l l continuous complex-valued func t ions on X. A f i n i t e l y 

add i t ive se t funct ion Xik -> £ w i l l be said t o be r e g u l a r on A i f , given € > 0 

and E € A, t h e r e e x i s t cons tan t s a ,b > 0 and r ea l -va lued funct ions f . g ( C(x) 

such t h a t the s e t s K=(x € S : r (x ) < a) and V=(x f S:g(x) < b) have the p r o p e r t i e s 

l ) K,V € A, 11) K <= E c V, i l l ) |XKV\K) < € where |X| i s the t o t a l v a r i a t i o n 

of X. A l i n e a r func t iona l L!C(x) ^> £ with norm J L || i s sa id t o be nonnegative 

i f L(f) > 0 for a l l nonnegative f 6 C(X). The fol lowing usefu l analogue of t h e 

'T'his research was supported by g r an t s from the Natural Sciences and Engineer ing 

Research Council of Canada and the min is t ry of education of Quebec. 
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Rlesz r e p r e s e n t a t i o n theorem i n the context of f i n i t e l y add i t i ve se t funct ions 

can be deduced from Corol la ry 2-9 and Remark 2.8 i n Cl .p- 2 7 l l . 

Lemma. Let S be a dense subset of a compact Hausdorff space X and l e t 

L;C(x) ->£ be a bounded l i n e a r f u n c t i o n a l . There e x i s t s an a lgebra A of Borel 

s e t s i n S such t h a t f |„ f C(S,A) for a l l f £ C(x) , and t h e r e e x i s t s a r e g u l a r 

bounded f i n i t e l y add i t i ve s e t funct ion XiA -î> £ such t h a t /gfj^dX e x i s t s in 

the sense of Moore-Smith convergence ( see [ 5 , PP- kol-kOk^) and i s equal to 

L(f) fo r a l l f e C(x) . Moreover, [|L |1 - IX1(S) and X I s nonnegative whenever 

L I s . 

Example 1 , When S = ( l , 2 , 3, • • • ) o r (0,oo), t h e lemma can be used t o show 

the ex i s t ence cf an a lgebra of (Borel) subse t s of S on which i s defined a 

r e g u l a r nonnegative f i n i t e l y add i t i ve se t funct ion X for which X(S) - 1 and 

t h e I n t e g r a l / «z dX(s) e x i s t s i n the sense of Moore-Smith convergence and i s 

equal t o 0 fo r a l l « i n t h e closed un i t d i sk i n £, except f o r z=l where i t i s 

equal t o 1. 

2. Given a semigroup G with commutative opera t ion w r i t t e n a d d i t i v e l y , 

we consider a family TT=(TI IZ f G) of continuous func t ions TI :X -*• £ (z ? G) 

fo r which TI (x) = n (x)n (x) for a l l x ( X and a l l u ,v e G. We wr i t e F (x) 

f o r the space c o n s i s t i n g of a l l f i n i t e l i n e a r combinations of elements in ", 

and wr i te F (X) fo r i t s supremum norm c losure i n C(x) . Now, given f Ç F (X), 
TT IT 

We shall write E „,f(z)TT (x) for f, where the complex coefficient f(z) 

vanishes for all but at most finitely many z Ç G. We say that the function 

piG -5> £ Is positive definite with respect to TI if I f.(,f(z)p(z) > 0 for all 

nonnegative f € F (X). Let M(s) denote the family of tuples (X,A) where A 
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i s an a lgebra of Borel s e t s i n S such t h a t fi s ? C(S,A) for each f f C(x) l 

and X i s a bounded r e g u l a r f i n i t e l y add i t ive complex-valued se t function 

on A. The above lemma permits us t o obtain the fol lowing so lu t ion to the 

general moment problem for f i n i t e l y add i t ive se t funct ions (see [ 3 , pp. 310, 

311"] and the footnote on p . 379 in [ 2 l ) . 

Theorem 1. Suppose t h a t i ) G i s a commutative semigroup, i i ) S I s a 

dense subset of a compact Hausdorff space X, and i i i ) TT=(TT IZ P G) i s a 

family of funct ions T 'X -> £ which are l i n e a r l y independent i n C(X) and 

for which ' \ , + v ( x ) = T (X)TTV(X) fo r a l l x f X and a l l u ,v 6 G. Then the 

function piG -*• E i s p o s i t i v e d e f i n i t e with r e spec t to n i f and only i f t he re 

i s a t u p l e ( X , A ) € M(S) for which X I s nonnegative and 

p(z) - X s i z ( s ) dX(s) (z f G), 

where the I n t e g r a l e x i s t s i n the sense of Moore-Smith convergence. 

Example 2. Let G be the m u l t i p l i c a t i v e semigroup cons i s t i ng of the 

closed un i t d i sk i n £ and l e t TT be t h a t family of complex-valued funct ions 
k TT defined on the p o s i t i v e I n t e g e r s by TI (k) = z (z f G). By means of 

theorem 1 and example 1, i t can be shown t h a t the d iscont inuous funct ion 

p:G -?> £ given by 

r l i f z -1 
PU) - ] 

t 0 otherwise 

i s p o s i t i v e d e f i n i t e with respec t to TT. 

3- The following i s a consequence of theorem 1. 
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Theorem 2. Given an arbitrary locally compact abelian group S, there 

exists a tuple (XS,A_) € M(S) with the following properties. 

1) s+E € A and XS(E) = Xs(s+E) for all E € A and all s 6 S (i.e. 

(XS,AS) is translation invariant). 

Z) X- is nonnegative and X (S) = 1. 

3) Given any two locally compact abelian groups G and H, and any (not 

ssarily continuous) surject 

Xr(T'1E) = XU(E) for all E € A 

necessarily continuous) surjective homomorphism TsG -> H, then T" E f AG and 

Exaaple J. When G = B (n > 0), theorem 2 says that k„ is closed and X„ 

is invariant under invertlble affine transformations. So we have a result 

analogous to that of Myclelckl in [4, p. 3I7I for a larger class of 

operators (i.e. operators that include the similarities of G) and a smaller 

algebra of sets. Furthermore, 

J- f dX = lim m V 

for a l l f € C(G,An), where the I n t e g r a l on the l e f t e x i s t s i n the sense of G 

Moore-Smith convergence, while those on the r i g h t axe taken In the sense of 

Lebesgue over b a l l s B cIR with volume ]B| . 
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Abstract. We prove by an explicit example that the 

following system of functional equations for d : R x R ->• R 

d(x+y,Y) = d(x,y); d(x,y) = d(y,x) (x,yeR) 

has solutions which are not Identically constant. If continuity 

is assumed, then the system above has no solutions other than 

constant functions. 

1. We start by considering the following functional equation 

g(x+2y) - 2g(x+Y) + g (x) = 0 (x,yeR) . 

This is equivalent to 

(1) g(x+2y) - g(x+y) - g(y) = g(x+y) - g(x) - g (y) . 

If we define 

d(x,y) = g(x+y) - g(x) - g(y) (x,yeR) 

and observe that d is symmetric with respect to its variables, 

then d : R x R + R is a solution of the following system of 

functional equations 

(2) d(x+y,Y) = d(x,y); d(x,y) = d(y,x) (x,ysR) 

We know (see [1]) that the most general solution of (1) has 

the form g (x) = c + f(x) (xsR), where c is an arbitrary 

constant and f an arbitrary additive function. By this v 
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fact d(x,y) = -c, i.e. d is a constant function. 

On account of this situation the following question arises 

in a natural way. Is there a non-constant function d which 

satisfies (2)? 

Certainly, if a non-constant solution d of (2) exists, 

then it does not yield a solution g of (1). This means, in view, 

of the definition of d, that such a non-constant solution of (2) 

is not in the range of the Cauchy functional operator. 

2. A simple example shows that there exist solutions of (2) 

which are not identically constant functions. Such a solution 

can be found for example as follows: Let H be a Hamel basis of 

the reals over the rationals Q and H c H an arbitrary proper 

subset of H. Furthermore, let S = V(H ,Q, + , •) be thj subspace 

of reals generated by H . We define the function h : R ->- R by 

!

1 if X e S 0 • 
0 if x i S 

' o 

Then the function d(x,y) = h(x)h(y) (x,yeR) is obviously non-

constant and fulfils conditions (2). 

3. If we suppose continuity, the situation will be quite 

different. 

Theorem. Under the assumption of continuity, the system 

(2) has only constant solutions. 

Proof. We put into (2) x = 0 and write x for y 

(3) d(x,0) = d(0,x) = d(x,x) (xcR) . 

Equation (2) implies 
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d{nx,x)-= d( (n-x)x+x,x) = d((n-l)x,x) 

and so we get by induction 

(4) d(nx,x) = d(x,nx) = d(x,x) (n=l,2 ,3,. . . ) 

Substituting x/n for x, we can write 

(5) d(x,x/n) = d(x/n,x) = d(x/n,x/n) . 

If we take the limit as n •* » we get by continuity 

d(x,0) = d(0,x) = d(0,0) = K 

(constant) and on account of (4) and (3) 

(6) d(nx,x) = d(x,nx> = d(x,x) = d(x,0) = K 

for every real x. After putting x/n in place of x, we 

get also 

d(x,x/n) = d(x/n,x) = K 

This last relation means that d is equal to the constant K 

along the lines y = x/n (n=l,2,3,. . . ) . 

Let us now consider the straight line y = rx with 

r e Q n [0,1]. We will show that d(x,rx) = K for every x e R. 

Let r = m/n with 0 < m < n and t = x/n. We have 

d(x,rx) = d(nt,mt). If n E Hj^ (mod m) then by (2) 

d(nt,mt) = d(n1t+kmt,mt) = d (n̂ t̂t (k-l)mt,mt) = ... = 

= d(n t,mt) with 0 < n;L < m . 

If n. = 0, the statement is proved. For the case n 1 > 0 let 

us consider m = n- (mod n,) and we get 

d(n1t,mt) = d(mt,n1t) = d(n2t,n1t), 0 < n2 < n̂ ^ . 

We proceed as before and after a finite number of steps 
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we conclude 

a(x,rx) = d(0,n1t) = K for every x e R . 

This implies, again by continuity, that d(x,ax) - K for 

all x ê R and 0 < a < 1. Considering the symmetry of d, 

d(ax,x) = K also holds, which means that d is equal to the 

constant K along any straight line y = bx for all 

non-negative b, from which follows that d(x,y) = K for all 

x and y with xy > 0. 

d(x,-y) = d(x-y,-y) = d(x-2y,-y) = ... = d(x-ky,-y) 

(k=0,l,2,...) 

and if k is large enough, x - ky < 0, and so for such k the 

relation d(x-ky,-y) = K (x>0,y>0) holds. Therefore d(x,-y) = K 

is valid for all non-negative x and y. This completes the 

proof. 
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THE INDIVIDUAL ERGODIC THEOREM 

FOR LAMPERTI CONTRACTIONS 

James H. Olsen* 

Presented by M. Akaoglu F.R.S.C. 

1. Introduction. In what follows we assume p fixed, 1< p< 00. 

Let T be a contraction of L (X,F,JJ) (|| T|| < 1) . If T takes 

functions with disjoint supports to functions of disjoint 

supports, we say that T is Lamperti. In this paper we prove 

that if {k.}._ is a uniform sequence (see Section 2 for 

definition) and T is a Lamperti contraction of L , then 
, n k. 

lim — ][ T :L f (x) exists and is finite almost everywhere for 
n->"» 1=1 
every f e L (X,F,y) . 

2. Uniform Sequences. We begin with describing the construction 

of a uniform sequence given in 12]. Let fi be a compact metric 

space, B the collection of Borel subsets of n , and (ji a 

homeomorphlsm of i2 such that {<!>}, n a positive integer, is an 

equicontlnuous set of mappings. The system (£1,$) is then 

called uniformly L-stable. We assume that ÇI possesses a dense 

orbit, and it then follows (see [2]) that there exists a (f in-

variant probability measure on (f!,B) which we denote by v , 

such that for any w € £2 , and any continuous function f on fl , 

-, n-1 , 
fdv = 11m - \ f ((() (w)) . 

n ^ k=0 

Such a system will be called strictly L-stable. 

* Research supported in part by NSERC Grant No. A3974. 
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If Y e B and y e J2 , we define the i entry time 

k^tYrY) of y into Y recursively as 

k1<Y,Y) = min{i > 1 : iĵ y e Y } 

^(yrY) = min{j > ki_1(y,Y) : ^y e Y] 

allowing Infinity as a value. 

Definition: A sequence fk.}" of natural numbers will be 
1 1=1 

called uniform if there exist: 

1) a strictly L-stable system (a,B,v,-4i) 

2) a Y £ B such that v (Y) > 0 = v O Y ) 

and 3) a point y £ J2 such that k. = k.(y,y) for each i > l . 

The (n,B,v,ij)) , Y and y in the above definition will be 

called the apparatus connected with the uniform sequence 

1 i i=l 

3. Lamperti operators. Recall that a Lamperti operator is one 

that separates supports. We will use the following characteri-

zation of Lamperti operators (see [3]). 

Theorem 3.1: T: L (X,F,y) * L (X,F,y), where (X,F,p) is a 

Lebesgue space, is Lamperti if and only if there exists an L 

function g and a non-singular point transformation T such 

that 

Tf(x) = g(x)f(Tx) . 

T is non-singular if P ( T A ) = 0 if and only if y(A) = 0 . 

The fact that (X,F,y) is a Lebesgue space implies that the set 

transformation mentioned in [2] induces the point transformation 

T . 

Finally, we will need the ergodic theorem for Lamperti 
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contractions [3]. 

Theorem 3.2: Let T be a Lamperti contraction of L (X,F,y) , 
, n-1 

p fixed, 1 < p < "o . Then lim - £ T f(x) exists and is 
n-w n k=0 

finite a.e. for all f e L (X,F,u) . 

4. Main Result. We now state and prove our main result. The 

theorem is stated in the case (X,F,y) is a Lebesgue space to 

avoid technical difficulties, but is easily extended. 

Theorem 4.1: Let T be a Lamperti contraction of L (X,F,y) , 

p fixed, 1 < p < •» , {k, ) a uniform sequence, and (X,F,y) 
1 1=1 

, n k. 
a Lebesgue space. Then lim - I T 1f(x) exists and is finite 

n-*-» i=l 
a.e. 

Proof: Let X1 e F , y (X ) < •» , (î2,B,v,(t>) , y and Y be the 

apparatus connected with the uniform sequence. Define the 

operator T' on (Xxfl, F X B , yxv = v') by T'(f-g) 

= Tf-go<t) whenever f e L (x,F,y) and g £ L (n,B,v) . We note 

that T' is Lamperti since if Tf(x) = g(x)f(Tx) , T'(f(x,y)] 

= g(x) f (TX , (t)y) . Put 

, n-1 , . 
S(x) = lim sup i I TKf (x)lv(4.K(y)} • 

n n k=0 Y 

1 n--'- k k 
s(x) = lim inf - [ TKf(x)lv(ti (y) . 

n n k=0 Y 

We wish to show S(x) = s(x) a.e., or equivalently 

[S(X) - s(x)]dy = 0 . 

Let £ > 0 . As in the proof of Theorem 1 of [2], choose 

open subsets Y1 , Y2 and W of n such that 
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1) Y 1 c y c Y 2 

2) V(Y 2- Y1) < e 

3) y £ W 

4) for w e W and n > 0 , 

Put 

1 U'w) S lv(* y) ^ l v (<rw) . 
1 I 2 

g (x,w) = f (x)l (w) 
II 

g2(x,w) = f(x)ly (w) 

Now from Theorem 3.2 we have 

n-1 
I 

n " k=0 
1 n 7 i k 

gi(x,w) = lim „ ^ T , Si^'W' 

exists and is finite a.e. 

We now note that 

. n - 1 , , n - 1 , 
lim inf i I TKf (x) lvi)iK(y) - lim inf $- I TKf(x)lv 0k(w) 

n n k=a n n k=0 ï i 

n-1 
lim inf i I Tkf (x) (lv<(.k(y) - 1 Y ^M] 

k=0 

|s(x) - i 1 | s lim inf i jj |Tkf (x) | [lY*k (y) - 1 Y <t)k(w) ) 

n-1 
= lim i I |Tkf | (lY*k(y) - 1 Y <fk(w); 

for a.e. w e W and is finite a.e. x £ X since 

l i m i n î |Tkf|i 4.k(y) 
n-» k=0 ï 

= I ^ H ^ 1 l T l k l f | i Y * k (y ) 
n*» n k=o Y 
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exists by the result of [4] and 

lim i I |Tkf| (x)lY <(.k(w) 
n-»,co k = o i 

exists and is finite a.e. by applying Akcoglu's ergodic theorem 

11] • 

S i m i l a r l y , ] i - S (x) | < l im i I | Tkf | ( l ((.k (w) - 1 •f1'(y) ] 
1 n k=0 2 

Now we have 

[ (S(x) - s(x))dy = - i j r - f (s (x) -s(x) ]< 
J x

 v ^ v , , JX xw 

v(W) ^ v 

Idv 
•1 :W ^ 

|S(x) - s (x) | d v ' 

| s ( x ) - i 2 + i 2 - ^ + 5 1 - s (x) | d v ' 

^ W l x = < W
( | S ( X > ' i 2 i + l i 2 ' i l ! + l 9 i - s ( x ) | d v ) 

1 

1 - f f | 5 5 | d v ' + [ l i m | n i ( 1 Y •"(w) - 1 <j.k(y) 
V ( W ' U X xw 2 :l •lX1xW n n k=0 ï 2 

+ ly<t.k(y) - l Y 4>k(w))dv'j 

n -1 
+ 1 l im i I | T k f | ( l ( * k ( w ) - l * k (w)) ldv l 

JX1XW n " k=0 ^ ï 2 1 ' ' 

1):L/qv(Y2- y^v (w) 

£ ^ l f l l p ^ x i ' 1 / q v ( Y 2 - Y i ' v ( w ) 

by applying the argument of the Theorem of (4) to the operator 

|T| and the function |f| -
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Therefore, [ S (x) - s(x)dv' < 2E|| f || y (x) 1 / q and 
JX1 

S(x) = s(x> a.e. on X , and since X is c-finite, we have 

i n _ l k k 
s(X) = lim j l TKf(x)lY(c(>K(y)] 

n k=0 

exists and is finite a.e. However, 

lim i J f (Tkx)lY(<tk(y)] = lim i j X{i:k.,n} T ^ (x) 
n k=0 n 1=1 i 

and in [2], it is shown that lim -n——î ;—rr exists. Hence 
n |{i:ki <n>| 

, n-1 k. . n k. 
lim - I T f(x) = lim , , . „ ^—pr - T Xr • ^ ,. i T ^ (x) 
n n k=0 n l U : K i £ n } l n k=0 ^^k.^n) 

exists and is finite a.e. This concludes the proof of the 

theorem. 
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