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REMARKS ON THE HOMOTOPY TYPE OF GROUPS OF GAUGE TRANSFORMATIONS

Peter Booth, Philip Heath, Chris Morgan and Renzo Piccinini

Presentecd by P. Ribenboim F.R.S.C.

1.Generalities and Statements of Results - Let (E,p,B;G) be a principal G-

bundle where B and E are k-spaces [3]. We denote by G (or G(p)) the

group of gauge transformations of p, i.e., the group of all bundle automor-
pﬁisms of p, and by é the subgroup of G consisting of all base-point pre-
serving gauge transformations. We study the homotopy type (notation: ~ ) and
homotopy groups of G and 6! using only properties of fibrations and their
cross-sections. In what follows M(X,Y) (resp. M(X,Y;f)) shall denote the
space of all maps from X into Y (resp. the path component of M(X,Y) con-
taining a map f : X + Y); if we deal with based spaces and based maps, the
analogous function spaces will be denoted by M, (X,Y) and M,(X,Y;f), res-
pectively. We use BG and k : B + BG to denote the classifying space of G
and the classifying map for p, respectively.

Theorem 1 - G ~ GM(B,BG;k) and G n oM,(B,BG;k) (cf.[1,Prop.2.4]).
Theorem 2 - If BG is an H-group, G ~ M(B,G) and G' ~ M, (B,G).

Theorem 3 - If B is an H-cogroup, G1 ~ M,(B,G). Furthermore, if G is n-
connected, nj( G) 2 nj(M,(B,G)), j < n. (This generalizes the second part
of [7,Theorem 5].)

Theorem 4 - If G is (n-1)-connected and dim B = m.< 2n then, for every 0.
£ jzmaml, m(6) z ";(M(B,G)) and w,( 6y ¥ 75 (M, (8,6)).

Theorem 5 (Bencivenga-Booth) - If (E,p,B;G1 X ... % Gn) is a principal (G1
X L.. X Gn)-bundle, there exist principal Gi-bundles (Xi,qi.B;Gi), i=1,
.++,m, such that G(p) » G(q;) x ... x G(a,) and G](P) ~ G](ql)x ee X
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Gl(qn). (Bundles with groups of this type are discussed in [2].)

2.0utline of Proofs - Let (Y,q,A;G) and (Z,r,B;G) be principal G-bundles

and let (Y+Z = (W) MG(Ya'Zb) , Q+T , A x B) be the functional fibra-
(a,b)e AxB

tion of [4,page 108]; we recall that MG(Ya’zb) is the set of all right G-

homeomorphisms from the fibre Ya of q over a into the fibre Zb of r

over b, and that qs«r takes a map f : Ya - Zb to the pair (a,b). Denote

by qe;T the composite of qer with the projection on the ith—factor, i=1,

2; in addition, for a principal G-bundle (E,p,B;G) let (pp) be the fi -

bration obtained by restriction of p«p to the diagonal of B x B. As a con-

sequence of the exponential law [3,Theorem 1] we obtain:

Proposition 6 - There is a homeomorphism between G (resp. Gl) and the space

sec(pp) (resp. sec,(pp)) of all cross-sections (resp. based cross-sections)

to (pp).

Corollary 7 - There is a fibration (G ,mp,G; G]) where wp consists of

the composite of the evaluation G -+ MG(G,G) and the usual homeomorphism

Mg(6,6) 2.

Let (EG.pG,BG;G) be Milnor's Universal G-bundle and b ¢ B fixed;
the fibre of P+p; over b is homeomorphic to G.EG; this space is, in turn
homeomorphic to EG (see [4,page 180]). It follows that P* PG is a homoto-
py equivalence and therefore, so is the map (p'lps)B : M(B,E+RG) -+ M(B,B)
)B

We conclude that the fibre sec P*,Pg of (P'IPG is contractible. Consi-

der the map ¢ : sec P* P * M(B,BG;k) defined by ¢(s) = P*,Pg ° S- Double
pull-back arguments show that ¢ is induced from (p-pG]B : M(B,E+EG) -+ M(B,
B x BG) and hence, ¢ is a fibration with fibre G (there is a based version

of that result with Gl replacing G as fibre). We now apply the y-operation

of [5] to the fibrations ¢ and ¢, to show that 3 : M(B,BG;k) ~Gand 3,

PR RS Lo
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M,(B,BG;k) ~ Gl. We acknowledge the influence of D.H.Gottlieb's work on
the ideas we just explained.

To prove Theorems 2 and 3 we first observe that if BG is an H-gr-
oup (e.g. a loop space), both M(B,BG) and M,(B,BG) are H-groups and if B
is an H-cogroup (e.g. a suspension) then M,(B,BG) is also an H-group; fur -
thermore, under those circumstances, the path-components of M(B,BG) (or of
M,(B,BG)) all have the same homotopy type. Now, Theorem 1 and a double ap-
plication of the exponential law establish Theorem 2 and the first part of
Theorem 3. The last part of Theorem 3 is obtained using Corollary 7.

The proof of Theorem 4 uses the fact that the adjoint s : BG -+ QSBG
of the identity map on SBG is a (2n+1)-equivalence and if dim B = m < 2n
the induced map s, : oM(B,BG;k) -+ oM(B,SBG;k) is a (2n-m)-equivalence.

Finally, we make some observations about Theorem 5. Since any princi-
pal (G] X ... % Gn)-bundle is induced from the Universal (Gl X ,.. % Gn) -
bundle Py % ... % Py it follows that the former one is, to within a (61 x
ies X Gn)-isomorphism, a pull-back of a principal Gl-bundle q, over B, a
principal G,-bundle q, over B, etc.. It is now easy to see that the spa-
ces in question have the same homotopy type, for G(p) ~ M(B, iﬁl Bi 3 k)

=

n n
s n (B,Bi;ki) ~ I G(qi) , where each ki is the composition of the
= j=1

i=1
n

classifying map for p,i.e., k: B =+ 1 B; with the corresponding pro-
i=1

jection onto Bi. We wish to note that the homotopy equivalence G(p) ~ G(ql)

S G(qn) is actually given by the rule (f],...,fn) - fl X ... % fn
where fi € G(qi), i=1,...,n, is a homotopy equivalence (the same rule de-
termines the homotopy in the based case).

3.Examples - We give some computations concerning G .

(i) Consider the case of a principal U-bundle (U = infinite unitary
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group) over a sphere Sr, r > 1. Using Theorem 2, Bott periodicity and the
fact that M(S™,U) U x M.(Sr,U) [6,Theorem 2.2] we see that ni(G ) is
isomorphic to: a) 0, if r = even, i = even; b) Z® Z, if r = even,i = odd;
c) Z, if r = odd.
(ii) Let p be a principal SU(2) x SU(2) x U(1)-bundle over B (see
[2])). It follows from Theorem S that G(p) » G(ql) x G(qz) x G(qs), where q,
» q, are principal SU(2)-bundles and G is a pricipal U(1)-bundle. It is
a known result that if G is abelian and q is a principal G-bundle over B,
G(q) ~ M(B,G); an easy proof of this result using our method involves noticing
that (qq) is a principal G-bundle with a cross-section. lence, in our ex-
ample, G(qs) ~ M(B,U(1)). If "B has the homotopy type of a 3-manifold, q;
and q, are trivial and G(p) ~ M(B,SU(2) x SU(2) x U(1)). If B is a 4-
manifold, Theorem 4 shows that ni( G(p)) ¥ ni(M(B.SU(Z) x SU(2) x U(Q1)), i=
0,1.
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FUNCTIONS OF TWO VARIABLES AND MATRICES

INVOLVING FACTORIZATIONS

F. N.ouman
Presented by J. Acadl F.R.S.C.

Abstract. We give a survey of results concerning characterization

of functions and matrices that can be decomposed in the forms

n
h(x,t) = kzlfk(x)gk(t), and

n
(aij) = (kzlbk(x)ck(J)) .

In the case when h is sufficiently often differentiable we get

a characterization and construction of fk and 9 from h in
terms of partial and ordinary differential equations. Without
regularity conditions on the function h and for matrices, we
give a characterization and even explicit formulas for evaluating
fk’ 9y and bk(i), ck(j). These formulas are suitable for
computer computations, because the values of fk(x), qk(t), as
well as bk(i), ck(j) can be evaluated parallelly for different
(x,t), and (i,j) by pointwise multiplications only. Moreover, if
h is continuous or of the class Cd on IxJ, then the same kind
of regularity holds for fk on I and gy on J for all k=1,...,n.
So we also have explicit formulas for solutions of the partial and
ordinary differential equations mentioned above. On the other
hand, the set of all functions fronlnq, admitting such factoriz-
ation for any fixed n, does not provide a good approximation

in Lz.
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l. We write
1 h ht htt 3T htm
Dm(h) P hx hxt hxtt S s hxtm
hxm hxmt hxmtt e hxmtm
ity
for a function h of x and t with continuous ———=— =h ., . on

2 alxade X't
IxJcR° 1i,j s m. (Here I and J are unions of intervals.)

Theorem 1. A function h : I x J » R, having continuous deriva-

tives h i35 for i,j s n, can be written in the form
xt

n
(1) hix,t) = } £ (x)g (£) on I xJ
k=1
with £, « C(I), g, ¢ C"(J) (k=1,2,...,n) and
') det (féj)(xn # 0 for xeI and det (ga(y» # 0 for yeJ

if and only if
(2) det D (h) = 0 and det D _;(h) #0 on I xJ.

If the assumptions (2) are satisfied, then there exist fk e c™(1)

and 9y € c™(J) (k=1,...,n) such that (1) and (1') are satisfied and

all decompositions of h of the form

n
hix,t) = [ E (x)g, (t)
k=1 XK

are exactly those for which

s z T
(fl,...,fn) = (fl,...,fn)-c , and
(@yreeerBy) = (9yseeesgp)eCt
where C is an arbitrary n by n regular constant matrix, CT and
1

c” being its transpose and inverse, respectively.

Remark 1. If det Dn_l(h) # 0 for each (x,t) ¢ I x J, then

the functions fk and 9y in (1) can be constructed from an h

satisfying (2) as solutions of two ordinary linear differential

equations with coefficients determined by h. For det Dn_l(h) {0,
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see Theorem 3 and Remark 5 below.

2. Theorem 2. A matrix H = (Hij)’ i=l,...,r, j=1,...,8, can be

written in the form
E
(3) (H;.) = ( } F (i)G, (5))
ij k=1 k k

with n independent vectors Fl(i),...,Fn(i), and n independent

vectors Gl(j),...,Gn(j), if and only if

rank h = n, n < min(r,s) .
If this assumption is satisfied, then all decompositions of H in
the form
? - -
(H;,) = ( } F ()G, (7))
ij k=1 k k
are exactly those where F = F+C, G = c-l-G, C being a regular

real n by n matrix

F

(Fy) = (F (1)), F = (Fy) = (F (D),

[2]]
[{

Gyy) = G (D), G = (G5 := (G () .

Remark 2. If the linear independence of Fk and Gk is not

supposed, then rank H < n < min(x,s).

Remark 3. If the assumption of Theorem 2 is satisfied, then all
decompositions (3) can be constructed from H in the following

way. Reindex H so that

H*  H*.M
H=
P-H* P.H*-M

where H* is any of the regular n by n submatrices of H. Let
C be an arbitrary regular n by n matrix. Then

H*.C
F := ) and G := (cl,cl.m) .
P.H*.C
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3. Theorem 3. Let I and J be arbitrary subsets. A

function h : I x J + R can be written in the form (1) with
linearly independent fk and 9y if and only if the maximum of the
rank of the matrices (h(xi,cj)), i=l,...,r, 3=1,...,8, is n when
Xg € I, tj ¢ J, r and s being arbitrary integers. If, in addition,

I and J are intervals, h ¢ C3(IxJ), d 2 0, then £, e C2(I)

k
and 9y € Cd(J) for all k=1,...,n.

Remark 4. If the assumption of Theorem 3 is satisfied, then all
decompositions (1) can be constructed from h in the following
manner. Let

h(xl,tl),...,h(xl.tn)
H* := -

h(xn,tl) R rh(xnltn)

be any (but fixed) regular n by n matrix, and C be an arbitrary

regular n by n matrix. Then, for all x ¢ I, t ¢ J,

(fl(x),...,fn(x)) = (h(x,tl),...,h(x,tn))-c, and

(t) h(x,,t)
(4) 91 — 1’
=c gl ... .
g, (t) hx,t)

Remark 5. The formula (4) gives in a constructive way functions

f and 9 in terms of which solutions h of the nonlinear

k
partial differential equation det Dn(h) = 0 can be decomposed
in the sense of (1) without the necessity of solving linear

differential equations as mentioned in Remark 1.

4. We write & = (a,B)x(y,8) < Rz, the cases a = -=, B = =,
y = -», and § = » are not excluded. Let L2 = {k:a+R, Q‘k2<~).

For a fixed positive integer n, let
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n
Pn = {hEﬂ'-lzf hix,t) = kZlfk(X)gk(t)} .

Theorem 4. For every positive integer N, and every positive e,

there exists k ¢ L2 such that

1| k=h|l > e
Xey

for all h ¢ PN'

The proofs of the above results will be published in [1] and [2].
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L-FUNCTIONS OF ARITHMETIC ORDERS

Colin J. Bushnell & Irving Reiner (*)

Presented by P. Ribenboim F.R.S5.C.

Let A denote a 2-order in a finite dimensional semisimple Q-algebra A.
We consider L-functions LA(M,s,w) which are generalisations of the classical
L-functions in algebraic number theory, and which are closely related to
L. Solomon's zeta-functions (see our earlier work [1]).

In discussing left ideals M of A, we shall always restrict our
attention to ideals of finite index (A:M). The genus of M, denoted by g(M),
consists of all left A-lattices X such that, for each rational prime p,
Xp = MP as Ap-lattices. (The subscript p indicates p-adic completion, not
localisation.) For X, Y € g(M), we say that X is stably isomorphic to Y
if X0 M = YOM Ilet [x] denote the stable isomorphism class of X. These
stable classes, for X § g(M), form a finite abelian group Cl(M), called the
genus group (or class group) of M, with addition given by [X] + [x'] = [x1],

wvhere X8 X' = X" @ M,

(*) The research for this paper was performed while the second author was a
Senior Visiting Research Fellow at King's College, London, partially supported
by the Science Research' Council. He wishes to acknowledge this support, and
also the hospitality of King's College.
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Let 8 be a complex variable. Given a left ideal M of A and a character
¥ of C1(M), we define
Ly(Mys,9) = E v[X] (Ax)73, Re(s) > 1,
where X ranges over all left ideals of A of finite index (A:X), subject to the
condition X € g(M). The series converges and defines a holomorphic function
of s for Re(s) > 1.
Our first main result is:

THEOREM 1:  The function L,(M,s,¥) can be analytically continued to a meromorphic

function on the whole s-plane.
The proof is based on the following ideas: we view y as a character

of the idele group J(A) of A, and write ¢ = wp, where for each rational prime p,

i
P
. x - 3
VJP is a character of Ap » the group of units of Ap. For Re(s) > 1, there is an

Euler product

L,(M,s,¥) = m L, (M,s,p.)
Ail ey ’
= App p

(product over rational prime numbers p) where

- - -8
Ly (Ms9) = ) vp(x) (Aem )75,
P x
Here, x ranges over the orbits of {Mp:l\p)nApx under the left action of Aut, (Mp),
P

where
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(Mp:Ap} = xe Ap: Mpx c Ap).

For almost all primer p, Ap is a maximal order in Ap, and one can then
evaluate the local factor LAP(MP,S.WP) explicitly, in the same manner as in
proving K.Hey's formula for the zeta-function of a maximal order (see [1],
formula (16)). At each exceptional prime p for which Ap is not maximel, we
may generalise the arguments of [2], §5.2, end [1], Theorem 1, to show that
LAp(Mp,s,wp) is a product of functions derived from classical L-functions,
multiplied by a polynomial function fp(s) € I:[p-a]. Theorem 1 then follows
readily from known results on continuation of these classical L-functions.

For details, see the forthcoming paper [3]

Let hy, be the number of stable isomorphism classes [MiJ in g(M).

For each [Mi]’ we define a partial zeta-function
Z([]e) = I (a7, Re(s) > 1,
X
vhere X ranges over all left ideals of A such that
XxggM, ana [x] = [4].
The orthogonality relations for characters of a finite abelian group imply at

once that
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- -1
2] = E 717 el RN
the sum extending over all characters ¢ of C1{M). Thus we obtain:

THEOREM 2:  Each partiel zeta-function 2,([M],s) cen be snalytically continued

to the whole s-plane.

Now let A' be a maximal order in the semisimple Q-algebra A, and let

A have t simple coméonents. Define

£y (s) = ] (A:07S, Re(s) > 1,

X

vwhere X ranges over all left ideals of A'. Then ;A,(s) can be expressed as a
product of verious Dedekind zeta-functions, multiplied by known correction
factors for the finitely many rational primes p for which Ap is not split
semisimple. Using standard facts about Dedekind zeta-functions, we deduce
readily that CA,(s) has a pole of order t at s = 1. An easy argument then yields:

THEOREM 3:  Each partial zeta-function Z,( [Mi] ,8) has a pole _{:_1_' order t at s = 1.

In order to determine the leading term in the Laurent expansion of
ZA( [Mi] ,8) in powers of s-1, we begin by setting

. t
e = lim  (s-1)" g,,(s)
o s + l Al £

4]
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a positive constant which can be computed explicitly. By analyzing the behaviour

of the L-functions LA(M,S,W) at 8 = 1, we obtain:

THEOREM 4: Let [M,] be a stable isomorphism class in g(M), vhere M is a left

ideal of A, Let hy, be the number of stable classes in g(M), and set

{M: A} = {x€ A: Mx € A).

Then aliml (s-1)* Z,( [Mi] ,8) = egdy/hy.

Applying the Delange-Ikehara Tauberian theorem, we obtain our second
main result:

THEOREM 5: Let M be a left ideal of A, and [Mi] a stable isomorphism class

in g(M). Then, for positive T tending to infinity, the number of left ideals

X of A satisfying the conditions

(A:x) < T, xegm), [x] = [u],

is asymptotically equal to
t-1
codM T (log T)

hy, {t-1)!
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where t is the number of simple components of A. In particular, the left ideals
of Ain a given genus g(M) are asymptotically uniformly distributed among the

stable isomorphism classes in the genus.

Ve remark finally that if none of the simple components of A is a
totally definite quaternion algebra, then stable isomorphism coincides with

ordinary isomorphism.

REFERENCES
1: Bushnell, C.J. & Reiner,I. Zeta functions of arithmetic orders and
Solomon's conjectures. Math. Zeit. 173 (1980) 135-161.
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3: L-functions of arithmetic orders and stable distribution of ideals.
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PRIME-ELEMENT ALGEBRAS WITH TRANSITIVE
AUTOMORPHISM GROUPS

J. Demetrovics, L. Hanndk and L. R6nyai
Pregsented by G. Gritazer F.R.S.C.

1. Several authors have discussed the problem establishing conditions for the functional
completeness of a finite algebra, Many of these theorems observe that if the automorphism
group of an algebra is a sufficiently large subgroup of the permutation group of the underlying
set, then this algebra is functionally complete. For example, it was known, that the finite algebras
<A,r> and <A, d>,A > 2, where ¢t and d are the discriminator and the dual discriminator
function, reSpectively, are functionally complete. (See H. Werner [12] and E. Fried and A.
Pixley [4].) In these cases aut (%) is the full symmetric group on A.

A generalisation of this result was given in B. Csékény [2); he proved that all but six
homogeneous algebras that is algebras for which Aut (2) is the full symmetric group on A4,
are functonally complete. Analogous results were proved in A. Szendrei and L. Szabé [10]
and P.P. Pélffy, A. Szendrei and L. Szabé [6].

A finite algebra ¥ = <A,F> with triply transitive automorphism group is either functi-
onally complete or equivalent to an affine space over GF(2) ((10).) A finite algebra
U = <A,F> with doubly transitive automorphism group is either functionally complete or
equivalent to an affine space over a finite field ([6)).

The structure of affine spaces or in the terminology of k-valued logic: linear closed classes
is well known. (See J. Bagyinszki and J. Demetrovics [1] and A.Szendrei [11].) Accordingly,
the exceptional algebras are sufficiently described.

We present in this work a similar result for algebras with transitive automorphism groups
under some constraints. For the basic concepts and notations the reader is referred to
G. Gritzer (5] and R. Pdschel and L.A. Kaluznin (7).

2. Our main result is the following:

Theorem. Let ¥ = (A,F) be an algebra; let 4I= p where p is a prime number and
p > 3. Let us assume that Aut (%) is a transitive subgroup of S,. Then r is either func-
tionally complete or it is polynomially equivalent to an affine algebra over GF(p).

NOTE 1. In the two element lattice, the dual disciiminator is an algebraic function (in
fact the median) but this algebra is not functionally complete, since all algebraic functions
are isotone. On the other hand, d is a homogeneous function, hence the restriction
p > 3 is essential.

NOTE 2. It is easily seen that under the conditions of the Theorem Aut () contains a
cycle of lenght p; this we shall denote by J. Of course, the subgroup <J> itself acts

transitively on the set A. To simplify the notation, we shall assume that 4 = {0,1,...,p~ 1}

19
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and J:x - x + | forall xed, where + denotes addition mod p.

The proof of the Theorem uses Rosenberg’s completeness theorem. (1.G. Rosenberg (9]
and R.W. Quackenbush {8).) We show that whenever F preserves none of the linear relati-
onsof A, then F preserves none of the six types of relations in Rosenberg's classification.
The main difficulty is to show that W is simple.

It is well known that for an arbitrary algebra Con (¥) = Con (<A4,F;>) where F, is
the set of all unary algebraic functions of . This lead us to investigate the unary algebraic
functions of 2. A basic tool in the proof of the Theorem is the following

LEMMA 1. Let ¥ = (A,F) bean algebra, let U= p,where p isaprimeand p2 3.
We further assume that not all operations of ¥ are projections and that 3¢ Aut().

Then (at least) one of the following conditions holds:

(@ Fins, + <id,>;

(b) There is an integer k with k ¥ 0 (mod p) and there are elements fig of F,
such that 1 < lim 1< p and g™r= y + k holds for all ye imf.

An easy consequence of Lemma 1 is

LEMMA 2. Under condition (b) of Lemma I, for any keA there isan heF, satisfying

h(y) =y + k forall yeimf.

NOTE 3. 3~ ‘fi\eFl holds for all feF,. Under condition (a) of Lemma 1 this means
that F, NS, is a transitive subgroup of S,. So in both of the above two cases we have a
"large” set of unary algebraic functions.

The following two lemmas facilitate handling central and k-regular relations. (See (7],

[8].) Let 0, denote the set of all finitary operations on A.

LEMMA 3. Let pC A* bea k-ary totally reflexive relation and let k > 3. If
H < 0, and all operations in H are subjective (or constant), then pelnvH implies that
p'e InvH where

P = ey xyay, ... .a_,)ep forall ap,...,a,_,ed)

LEMMA 4. Let Hp,p' beasin Lemma 3.
(i) If p isa non-trivial central relation, then p’ is also central with the same center.

(i) 1If p isa k-regular rclation defined by the equivalence relations ©,,...,©,
then

fe
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Asubset H of 0, iscalled basic if [(f}V H] =0, poigs for all Slupecki functions f.

Forany X 0, the closed class generated by X shall be denoted by [X]. A group
GC S, isa basic group if G is a basic subset of 0,. L Szab6 has conjectured the following
(personal communication):

Let ¥ = <A,F> be a nontrivial finite algebra and let us assume that Aut(9) is a basic
group. Then A is functionally complete.

From our Theorem foilows:

COROLLARY 1. If ¥'= (A,F), U+=p and p isa prime number, then Szabé’s
conjecture holds.

Let A be a nonempty set and let weS,. The graph of = is defined by:

py= {(x, n(x))xed }

p S A? isa binary relation on A. ). Demetrovics and L. Hanndk in (3] have proved the

following: if 413> 5, then for any seS,, Polp contains continuumly many closed classes.
In other words, in this case there are continuumly many polynoimially non-equivalent algebras
91’= <A,Fu> (B < b) for which ne Aut(w‘) (8 < t). This result and our Theorem imply:

COROLLARY 2. If A isaset, Al = p where p isa prime number and p > 5,
then there are continuumly many pairwise polinomially non-equivalent functionally complete
algebras ?15 = <A.F‘> B<t)

For 41= 3, we were unable to determine the number of different algebras with
Je Aut(a).
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AN INEQUALITY FOR THE LP-NORM RELATED TO UNIFORM CONVEXITY

A. Jakimovski and D.C. Russell

Presented by L.A. Lorech F.R.S.C.

It is well-known that the LP (and lp) spaces are uniformly convex for
1l <p<+ = (seeClarkson [1); and Kéthe [4),pp.355-360). For p > 2
this is a direct consequence of a known elementary inequality (the case
A =3 of (10) below), but for 1 < p < 2 the argument is more involved.
It 1s the purpose of this note to provide an analogous inequality for the
Lp-norm, when 1 < p < 2, which is of interest in its own right and which
leads immediately to the uniform convexity of the space in this case. The
inequality can also be used in one of the proofs of the mean ergodic theorem

(see Garsia [3], p.21).
We prove the following inequality:

THEOREM 1. Llet 1 <p<+w®, 0<X<1, and @ be a measurable subset of R.

Then there is a constant o 0 < LY <+ =, such that V f,g € LP(Q),
» t

e - glpp Cepy fanl el P+l glp" - la-ne + xgnpp jRinddp),
x { [ max(|£[P,]g|Py y22x (01" 40,

where ¢, = Da-01"P for poa 2.

Furnished with this theorem, we have immediately the following

COROLLARY 1. Lp(n) is uniformly convex for 1 < p < + =,

Proof. The result will be true (see K&the [4], p.353) if, whenever (fn),(sn)
are sequences in LP(Q) such that E[fn[] <1, ﬂgnﬂ <1, |i(fn+ gn)l + 1, we
have [f - g} + 0. Let A be the subset of @ for which |fn(t)| > Ign(t)'l,

and Bn = Q\An. Thus
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P Py . P P P P
R T A A AL A PN LR AN LA R
Putting A = 3 in (1) we then have

Do g P < e, gmax 0,27 {444 - Qe elP} +0as n -

We suppose throughout that 0 < A < 1, and define

Fp NG =1 - A+ A|z]P - |1-2 + 2z|P for ze€, 1 <p <+,
,
A simple calculation shows that for p = 2 this reduces to

F A = A0z - 1]%.

LEMMA 1. If 1<p<+= and x> 0, then

-1 -D? wta P ?) < Fy L0 € O-DAA-) oD max(1, 227,

Proof. Fp'x(x)l[x(l-—l)(x-l)zl is a second divided difference of the function
$(t) = tP at the points 1, 1-AAx, x; thus for some £ between 1 and x,
we have (e.g. see [2], p.65)

FP’A(X) (1-2)6(1) - ¢(1-2 + Ax) + Aé(x) 4" ()

7 " 3 - = Hp-1) €272
A(1-2) (x-1) A(1-1) (x-1) 21

Since min(l.xp-z) P Ep_z < max(l,xp-z), the result follows.
LEMMA 2. Let gp(r) = Fp’x(lﬂ-) - Fp,x(l-r), 0 <r <1l. Then
gp(r) <0 for 1<p<2, gz(r) = 0, gp(r) >0 forp> 2.

Proof. By the proof of Lemma 1,
8,00 = +(-1A0-0) PO -5, ler <, < 1cgy <1
LEMMA 3. Let |z-1] =r < 1. Then for 1< p < 2 we have
3p(-1AL-1) £2 )P 2 ¢ ANOREL RN 2 aardirl,

The inequalities are reversed for p 3 2.

{]
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Proof. Note first that for p = 2 we have exactly Fz A(z) = A(l—X)Iz - 1|2,
— ’
while F_,(1) = 0 for every p.

p’A

ie

Suppose that p # 2 and let z=1+re" , 0<r <1. Then

Py NOER RS AL+ re{elp -1+ Areialp
»

a1 - A+ AL+ 2r cosd +r2)FP - (1+ 2hr cosd + AZHIP = F(r,0).
%3?(:,9) = pAr sind [(1+ 2\r cos® + Azrz)ip-1 - (1+ 2r cos® +12)*P_1].

Thus, for a given r, the only possible stationary values of F(r,8) occur
when 6 = eo or when 6 = 61, where

(2) cosd = -¥iH) r,

(3) sing, = O.

Here (2) corresponds to the points =z , ;; where the circles |z - 1] = r
and }z| = |1-X + Az| intersect;and (3) corresponds to points z; =1 *r

where the circle lz - l| = r intersects the real axis. It is now easy to

verify that 2 2 -4 _
p(p=2)A(1-2)r"sin e°-|z°|p for z =z (or zo)

22 -2 -2
(W) S5 Fr0 = pArl(L + Ar)P™¢ = (1 + 0)P7°) for z = L4r
26

-pAr[Q - M__)p—z -a- r)p-2] for z = 1l-r .
Consider the case 1 < p < 2. We see from (4) that 32F/392 is then
negative for z = ER (or ;;) and positive for z = 1 * r. Hence, for
|z -1] = r (and since Foa(2) = FP’A(E) )

Ppa® il - a-ad¥
2

(5)

-1 2
2 2 = 3p E*P < Plzolp- »
A(l-2) r A(l-2) Ar

g where |zo|2 =1-Ar2<£<1. In the opposite direction,

a Foa(2) 2 min [F ,0-0), Foa(#1) 1 = By, (14r) by Lemma 2
& © > #e-DAA-DL?

= #pG-DAQ-N2 ()P since 1 < p < 2.

min[ 1, (1+r)p—2] by Lemma 1



26

A. Jakimovski and D.C. Russell

The combination of (5) and (6) gives the inequality stated in the enunciation. \
In the case p > 2, the signs of 32F/392 in (4) are reversed, and the

inequalities in (5) and (6) are reversed (with max in place of min in (6)).

@

LEMMA 4. Let 1 < p < 2, Then 3 aa 0<a ,<+ =, guch that
»

psA
(7 F . (z)> a ,|z- 1|2 min( 1, |z|p_2) for all zeC .
Psr P,A _—

Proof. Since [1-A + Az|< |1-A + A|z| , we have FP'A(z) 3 FP’)‘(Iz|), with
equality only if 2z > 0. By Lemma 1, FP’A(|zl) > 0, with equality only if
lz] = 1. Hence Fp,x(z) >0 if zeC€, z ¥ 1. Thus, on the compact set
{)z] 1, |z-1] 51}, l’p’x(z)llz-ll2 is positive and continuous, and

hence bounded below by a positive constant. Since, by Lemma 3,
F, 2(2) > #p(-1)2(1-2) 2?2 [2-1)2  for [z-1) < 1,
’

Ja'

P 0<a;l<+w.'suchthac
’ 1]

(8) Foa@ >l fz- 12 for |z] <1,

and (7) reduces to (8) in the case |z| < 1.

If |z| >1 weuse |1/z] <1 in (8) to give
. P -1 PI,-1_ 412 . v P-2y,_,12
Foa@@ = 2l By o Gy 2 e ) 2lPl2™- 1] % = ar ) 2P0 e

= ' [
which is inequality (7) for |z| >1, where we take ap’)‘ min(ap.A 'ﬂp.l-l ).

LEMMA 5. (a) Let 1 < p < 2. Then 3bp 3> 0<b <+ =, such that Va,BE€,
’

Py

@ la - 81? < b ;{0 alP Al8IP- [-a + 28]P} max( [a]*P, ]8> ).
(b) Let p > 2 and demote < , = (3a-017%. Then Vo8¢ c,

10) o - 8% s e {1 ]a[P+ Al8[P- |1-D)a + 28]}

Proof. (a) Let 1 < p < 2. Then (9) is obviously true if a = 0 or if b = 0.

Assume that a # 0 and b ¥ 0 and substitute z = b/a 1in (7).
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(b) By the monotonicity of the 2P-norm and by H8lder's inequality,
{ A‘h’(l-x)i?lu - 8P + |@@-2)a + xs]"}“"

ra-»le - Bl2 + [(1-A)a + xslz}*

{a- Ve + A|1]2}‘}

= {(1_1)(]"2)/?(1_‘)2/9'“'2 i x(])-2)/1’ leplslz}i
¢ {1-2a}®D/2 14 5P + 1|s|P /P

{@ = 2)]aP + r||P}P .

"~

Proof of Theorem 1. Put a = £f(t), B = g(t) in Lemma 5.
(a) Using (9) when 1 < p < 2, we raise both sides of the inequality to the
power $p and integrate over Q , applying HSlder's inequality to the right

hand side, with dp + 3(2-p) = 1; and this gives us (1) for 1 < p < 2, with
ip -ip
bpa T2

“ PaA

p'A

(b) For p 3 2 we use (10) and integrate directly over Q .
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NON-SPLITTING EXAMPLES FOR NORMALIZED UNITS

IN INTEGRAL GROUP RINGS OF METACYCLIC

FROBENIUS GROUPS

K.W. Roggenkamp * and L. Scott

Presented by G. de B. Robinson F.R.S.C.
Let G be a finite group and V(G) the normalized units (those

which map to 1 under the augmentation) in the integral group ring
ZG. The question has been raised by K. Dennis in 1976 [D] as to
when the natural inclusion G + V(G) is split. This area has been
of considerable activity recently, partly because the group ring
problem is answered very instructively whenever a splitting V(G) -+ G
exists with torsion-free kernel. The most far-reaching splitting
results of this kind have been described by Cliff, Sehgal and Welss
in a recent preprint [CSW], for G containing an abelian normal sub-
group A with G/A abelian of odd order or exponent dividing 4 or 6.
We give here the first examples which show that the map
G + V(G) does not always split. The groups are Gl = 0731 CB’ the
metacyclic Frobenius group of order 73~23, and 62 = °2u11 clO’ also
a metacyclic Frobenius group, of order 2415-2. These examples
suggest that the above results of [CSW] for metabelian groups are
best possible.
The construction is based on the following observations:
Let G = H]C be a metacyclic Frobenius group, H cyclic of prime order
p > 7 and C cyclic of order m > 2, m| (p-1), with generator c¢. We
denote by b +G the kernel of the natural map ZG + ZC and put
Vi(6) = {1+x: x e %) 0 V(o). ’
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Proposition 1: If ¢:V(G) + G splits the inclusion, then ¢ renders

the following diagram commutative

1+ H +G =+ C =1
44 ) 1"
1+ Vu(G) +V(G) » V(C) 1 ,

and Ker ¢' 2(1+y: y ¢ Hh%% n v(o).

The proposition shows that every splitting here must essentially
arise in the form considered in [CSW]. The main tool in the proof
is Bass-Mllnor-Serre's congruence subgroup theorem [BMS], and we are
indebted to H. Bass for pointing out that the kernel of ¢' must con-
tain a congruence subgroup.

Let now p be a primitive m-th root of unity in Fp, the field
with p elements, and let vi:ZC -+ Fp be the representation induced

by ¢ » ui, 1l <1i<m Using the first proposition, one obtains

Proposition 2: There exists a splitting ¢:V(G) + G if and only
if there exists i, 1 < 1 < m, such that for every unit u e V(C),
the product \»i(u)\):‘__,_l(u)_1 has order dividing m in the multipli-

cative group of Fp. (Read 141 = 1 for 1 = m.)

Example I: Let G = G; = C731 Cg. The element

3 4 5 7

u=2+c¢c=-c¢c”~-¢c =-c¢c  +c

of ZCg is a unit, and, if u = 10 in F. ., then for all 1 < 1 < 8,

73
“i(“)v1+1(U)—1 has order 36. Hence by Proposition 2 there cannot

exist a splitting.
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Example II: Let G = G, = Czu11 C,o- Then
u = - 372099 + 114985¢ + 301035¢°
-301035¢3 + 114985¢"+ 37210003
-114985¢® - 301035¢7+ 30103508
+114985¢7
and
v =0¢ - 05 + c9
are units in ZC,,, and if y = 36 in F2H1’ we get the following
list
1 2 3 4 5 6 7 8 9 10
wy (u) 233 | 233 30 1 1 233 30 30 233 30
wy (v) 151 -1 83 (191 53 151 -1 83 191 53

where mi(u) = vi(u)v1+l(u)-1 and similarly for v.

Since |233]| = |30| = 8, |151| = [83]| = 60, |191] = |53] = 120 in

F2U1' this shows that for 02 there cannot exist a splitting.
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ON A THEOREM OF STERLING BERBERIAN

Israel Halperin, F.R.S.C.

In this note x and y denote bounded linear operators in
an arbitrary Banach space, satisfying xy =1 . If either x or
y 1is compact then 1 must be compact, so the space is finite
dimensional and hence yx =1 . Thus, if yx = 1 then for every
linear, compact a : neither x-a nor y-a can be compact.

On the other hand:

Theorem: If yx # 1 then for every bounded, linear, inver-
tible a :

(i) x-a is not compact,

(ii) y-a is not compact.
Note: Berberian's original proof, to appear in Proc. Amer. Math.

Soc., was for the case of a Hilbert space.

Proof. First suppose that the Theorem holds for the case

a =1 . Then for any bounded, linear, invertible a , we have:

a-1 is linear, bounded (by the closed graph theorem); a-lx , Ya

satisfy the hypotheses of the Theorem, so a—1

X-1 is not compact;
since a lx-1 = a l(x-a) , so x-a is not compact. Similarly,
ax , ya-1 satisfy the hypotheses of the Theorem;

ya-l-l = (y-a)a~l ; so v-a is not compact.

Thus, in the proof of the Theorem, we need consider only the

case a=1.

Proof of i). Let Hn denote the closed linear null set of

x® . Clearly M cM €M, ... . We shall show that all M_ are

0 1
different.
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Equality My = M1 would mean that x is (1,1) ; since the

range of x includes the range of xy , i.e. the whole space, it
would follow that 2zx = 1 for some linear operator 2z , hence
2 =2Xy =y, so yx =1 , contradicting the hypotheses. So

M, 2 M

0 1°

Now for any n 2 1 , equality Mn+1 = Mn would imply:

Mn = xyMn c an+1 c an c Mn~1 , 8O Mn = Mn_l H
by repetition we would derive Ml = Mo . which is false.

Now for each n 2 1 , choose a unit vector Vi in Mn such

that an+w I >% for all w in M (in a Hilbert space it

n-1
suffices to choose v, a unit vector in M, and orthogonal to

Mn-l ; in a general linear normed space, use the technique of

F. Riesz: choose any vector u in Mn but not in M let

n-1 '

d = inf]lutw|| for all w in M (then d > 0); choose wy in

n-1

-1
M.y so that |[luw|l < 24, and take v to be | uw, || (utw,))

With these unit vectors v, we have, for all n > m :

Il (x-1)v, - (x-l)vm“ = || v || (with WEXV =XV =V, din Mo g) >k

S0 x-1 cannot be compact.

Proof of ii). Let Mn denote now the range of yn , i.e. the

closed linear null set of 1--ynxn . Then

M, oM, oM, ...

0 1 2

and the type of argument used in the proof of (i) applies again.
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Remark. Sterling Berberian has pointed out that whenever

xy =1 and a is bounded, linear, invertible:

=1 1

x-a = -x(y-a)a- and y-a = -a(x-a-1

)y

so y-a is compact if and only if x--a-1

is compact;. hence
y-a fails to be compact for every bounded, linear, invertible a
if and only if x-a fails to be compact for every such a . Thus

{ii) above is an immediate consequence of (i) above.

Department of Mathematics
University of Toronto
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INVERSIVE GEOMETRY AND CERTAIN CHAINS OF CIRCLES

J.B. Wilker

Presented by 1.S.M. Coxeter F.R.S.C.
n+l
Let } be the unit sphere J x;2=1 in R
i=1
hyperplane X.,41°0 augmented by a single point at =. Useful co-

n+l and let N be the

ordinates for the points and caps of } and for the points, n-balls
and halfspaces of I can be introduced as follows. Full details
are given in [8].

Let C be a cap on ] with centre ce] and angular radius
0<6<n. Then a point x of ] belongs to C iff x-.c2cosé or, equi-
valently, iff (Ax,2)#*((csco)c, cot8) 20 where A>0 and U*V is the
Lorentz inner product U1V1+U2V2+...+Un+an+1—Un+2Vn+2. With this
motivation we assign positive homogeneous coordinates X satis-
fying X*X=0 and Xn+2>0 to the points of ] and coordinates C
satisfying C*C=1 to the caps of [. With these coordinates the
point X belongs to the cap C iff X%C20. Inversion in the (n-1)-
sphere which bounds the complementary caps C and -C is represented
by the linear transformation U+U-2(C*U)C where U may be either a
point or a cap. Tne M8bius group generated by all inversions
is equal to the orthochroneous Lorentz group consisting of all

n+2

linear transformations of R which preserve the inner product

U*V and the sign of U on the cone U*U=0.

n+2
If we map N to ] by stereographic projection we find that
the points, n-balls and halfspaces of Nl are described by the

following (n+2)-vectors:

37
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point x = (xl,xz,...,xn) (2%, 0x02-1, Dxl2+1)
point « (o, 1 - 1 )
halfspace xenzd [Inl=1] (n, d , 4d )
proper n-ball lx-alsr f%(Za, lall2-1-r2, lal2+1-p2)
improper n-ball lIx-alar %%(Za, lal2-1-r2, Mal2+1-r2),

Note that the curvature of the boundary of an "n-ball" in 0 is
given by C*E:% (positive for proper n-balls, negative for
improper n-balls and 0 for halfspaces) where E=z=(0,...0,-1,-1).
Similarly the size of a cap on | is given by C%*S=zcot® where
$=(0,...0,0,-1)., Moreover, if we construct a Poincaré model of
hyperbolic n-space in an n-ball or halfspace H then it can be
shown that the size of a hyperbolic "n-ball" is given by
C*H=tcothp,t1l,+tanhg or 0 depending on whether C names a proper
n-ball of radius p, a region bounded by a horosphere, a region
bounded by an equidistant surface a distance B above its hyper-
plane, a halfspace or, for negative values, the complement of
such a region.

Let me sketch one recent application of these coordinates
to a rather well known configuration. Soddy's hexlet [4] con-
sists of three mutually tangent balls in Euclidean 3-space and
a chain of successively tangent balls each tangent to the
original three. The surprising feature of this chain is that,
no matter where it is started, it closes to a ring with the
sixth ball. The proof of this is easy once one realizes that
the hexlet belongs to inversive geometry and can be transformed
by a suitable inversion to a very simple Euclidean canonical

form. In [7] we used this canonical form to write down a vector
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equation which describes the hexlet from the point of view of
inversive geometry. Because this equation is linear it applies
equally well when the hexlet is in general position. The in-
versive models of the classical geometries show that hexlets
exist in 3-dimensional spherical and hyperbolic geometry as well
as Euclidean. Moreover scalar equations describing the size of
the balls in the Euclidean, spherical and hyperbolic figures
can be derived by taking the inner product of our vector equa-
tion with the vector E,S or H indexing the model in question.

In this note we shall apply the approach described above to
certain chains of circles. René Descartes [2] derived the

n
formula (_z € =2 ciz for the curvatures (with suitable sign

conventio:;§ of fot;lmutually tangent circles in the Euclidean
plane. Jacob Steiner ([5] p. 274) put this in the form
ey=eyteateg+2/e e, 7663736, and H.S.M. Coxeter [1] recognized
§=/eje,teze3e3e, as the curvature of the circle through the
points of contact of the first 3 circles. In [6] we wrote ¢,=a,
€27B,€3%Ygs€4 =y and used inversion in the point of contact of
a and 8 [here we use Greek letters for the name of the circle
as well as its curvature] to prove the generalized Descartes
circle formula yn=y°+2n6+n2(a+s) for the curvature of the nth
circle in a chain of successively tangent circles each tangent
to a and 8. A

We can now extend the meaning of this formula. In the first
instance it should really be regarded as a vector equation des-

cribing a figure of "disks" in an inversively invariant way.

This equation can be verified by checking it for the canonical
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configuration in which a is the halfplane y21, g is the halfplane
ys-1, § is the halfplane x2l, vy is the proper disk x2+y2s1
and Vi is the proper disk (x-2n)2+y2<1., Because the formula is
linear, it applies even when the figure is in general position.
Moreover scalar equations (of exactly the same form) describing
the size of the‘aisks”in Euclidean spherical and hyperbolic
figures can be obtained by taking the scalar product of our
vector equation with E,S or H respectively. A final benefit of
this approach is that the sign convention for curvatures is
dictated by considering "disks" instead of "circles". In this
connection, notice that a and 8 are tangent but not overlapping,
the chain ... YopsYoga¥gaY sY, «ee lies in the complement of
aug and § contains y;.

Recently M.D. Fox [3] has used elementary methods like those
in [2] to further generalize the Descartes circle formula in
its Euclidean context to the case when a and 8 are not tangent
but either (i) intersecting or (ii) disjoint. 1In case (i) he
considers separately (a) the canonical form in which a and 8 are
straight lines (b) the case when a is a chord of the circle B8
and (c¢) the case when a and B are intersecting circles. In case
(ii) he considers separately (d) the canonical form in which a
and B are concentric circles and then the other cases when both
are circles and (e) the case in which a is a line not intersecting
the circle 8.

By applying the methods used earlier in this paper it is pos-
sible to obtain the vector formulae for case (i) and case (ii)

and then to specialize these vector formulae first to Eucidean,
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spherical and hyperbolic scalar equations and then to the various
particular instances of these in the three geometries.

In the intersecting case we obtain
Y, ® (cosh 2nA)yp+(sinh 2na)(csch A)é+(sinh nA)2(coth 8)2(a+8)

where a%*g=-cos ¢ and sinh A=tan ¢/2. The chain lies in the com-
plement of ouf in a lune with vertex angle ¢; 6 is the "disk"
perpendicular to a,B8 and Yo which contains y;.

In the non-intersecting case we obtain

Y, = (cos 2n¢)y +(sin 2ny)(esc ¥)8+(sinny)2(cot ¢)2(a+B)

where a®*B=-cosh A and sin y=tanh A/2. The chain lies in the com-
plement of aug in an annulus; A is the inversive distance between
the boundaries of a and 83 & is the “disk" perpendicular to a,8
and T, which contains Yy

These new formulae are dual to one another and in the limit
¥,4+0 they both tend to the original generalized Descartes circle

formula y_=y_ +2né6+n2(a+8) where a®g=-1.
n Yo
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A CONJECTURE ON COHEN-MACAULAY TYPE

Leslie G. Roberts
Presented by P. Ribenboim FP.R.S.C.
We discuss the Cohen-Macaulay type of the coordinate ring

of s 1lines through the origin in A“+1(k).

1. Introduction. Let R be the co-ordinate ring of s distinct
straight lines in An+1(k) = Spec k[xo,...,xn], all passing

through the origin (k a field). Let R be the integral

closure of R . Then R cf =7T§=1k[Tj] , where k[Tj] is

the coordinate ring of the j':h line. The ring R is graded (in

a manner compatible with the grading on R) so we can write

R=28 i:ORi where Ry =k and R; 1is contained in the
s-dimensional iR graded piece of R. If i is sufficiently large
then dimkRi = s . A more detailed discussion of the embedding

Rc R can be found in [1]52 or [5]s2. This note is motivated by [1]

to which we refer for the definition of Cohen-Macaulay type.

Assume that Xo is a non-zero-divisor in R . If k is
infinite this can always be obtained by a co-ordinate change - take
the hyperplane Xo = 0 to be any plane containing none of the
lines. Let M =8 i:lRi and let ann(M/XOR) be the
annihilator of M/XOR in the graded ring R/XOR « Since Xo
is a non-zero-divisor in R , the ring R/XOR is of finite
dimension over k . It is observed in [1]356 that the Cohen;Macaulay
type (C-M type) of R is equal to dim, ann(M/XyR) . The ideal
ann(M/XoR) is a homogeneous ideal of the graded ring RIXOR .
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Let d be the least integer such that dim Ry = s .
(Since Xo is a non-zero-divisor we must then have dim R; = s
for 1 >d.) Then M/XR =@ 3_ R /XR, , where
Rd/XORd_1 $0 . (If i >d we have XORi = Ri+1 so
higher degree components of R/XOR are all zero.) Clearly
RdIXORd-I [ ann(M/XOR) so the problem is to find the lower

degree components of ann(M/XoR).

2. The conjecture. Suppose that the lines are in generic
s-position [1], [4]. This means that dim (R,) = int(a.(i:n)) ,
where (i:n) = (i+n)!1/(i1)(n!) = number of monomials of degree

i 1in the indeterminates xo,...,xn . Then d 1is the smallest
integer for which s 5‘(d;“) . If 1 <i <d then

R, 3 1™ graded piece of k[Xg, .-, X,] and (R/X4R); & ith

graded piece of k[X1,...,Xn]. Thus ann(M/XOR) can have non-zero
components only in degrees d and d-1 . The ring structure of R/XOR
induces a homomorphism 4: (R/XOR)d_1 -+ Hom, ((RIXOR)I'(R/XOR)d) and

the degree d-1 component is equal to ker ¢ . My conjecture is that

if the s lines are "sufficiently generic” then ¢ 1is as injective as
possible (i.e. that dimk ker ¢ = Max(O0, dimk domain ¢ - dimk codomain 4)).

There is no reason to expect dim ker ¢4 to depend only on s .

If n=2 (i.e. the lines are contained in A3(k)) then there
is a simple formula for the conjectured C-M type. We have
Y cs @ owrite s=IH ri, 11 can .
Then dimk(Rd/XORd-l) =1, dimk(Rd—IIXORd-Z) =d , and
dim(RIXOR)1 =2 ., Thus ¢ maps froma d dimensional vector
space to a space of dimension 2i . The conjecture then implies

that dim ker ¢ = Max(0,d-2i) and that the C-M type = i + dimk ker ¢
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= Max (i, d-i) . (This formula was first worked out by C. Weibel).

The coefficients of a matrix for ¢ can be obtained by solving
a system of linear equations. Furthermore the rank of ¢ 1s given
by the non-vanishing of determinants in these coefficients. Thus there
is a Zariski open subset of (Pn)s whose corresponding lines
yield the maximum value of rank ¢ and minimum value of C-M type.
In order to verify my conjecture one need only find one set of points

where ¢ has the conjectured rank.

3. Examples. As far as I know, the conjecture has not been disproved
for any s . The simplest case is s = (d;“) . Then (RIXOR)i = ithgraded
piece of k[Xj,...,Xn] for 1 <i <d and ann(M/XoR) has no non-zero
elements in degree d-1 . This is proposition 12 of [1]. More

generally assume that the s 1lines are in generic s position and

d+n
n )

that s = ( - 2 . Let Ti = ith graded piece of k[X,,...,xn] *

Then (RIXOR)d = Td/V where V 1is a vector space of dimension
X, and (R/XOR)i = 'I‘i for 1 <i <d . The homomorphism 4:
(R/XOR)d_1 - H°mk((R/x0R)l' (R/XOR)d) lifts in a natural way to an

injection ¢: (R/XOR)d_l + Homk((R/XOR)1, Td) , or in the other notation

~

2: Ty * Hom (T{,Ty) . If we (RIXOR)d-1 then ¢(w) = 0 if and only if

¢(w) maps (R/XOR)1 into V . The latter is not possible for A < n since

¢(w) is an injection. This generalizes Proposition 14 of [1] .

The case A = n 1is more difficult. Here I assume that k
is algebraically closed. Let U c (P™)% correspond to 8 points
in generic s-position. Let W be the grassmanian of n

dimensional spaces of forms of degree d in xo.....xn . Using
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the'formula s+n = (d;n) we see that dim W = ns . There

is a morphism #: U + W defined by mapping a set of s

points (in generic s-position) in P" to the n-dimensional

space of polynomials of degree d vanishing on these points. There
is a Zariski open set W'« W such that W' c image s . To see
this consider the d-uple embedding oyt P" . PN , where

H = n+s-1 . A form of degree d 1in Xgse+ X, corresponds

to a hyperplane in PN and an element of LeW corresponds to a
linear subspace 1 of codimension n (dimension s-1) 1in PN .
Let W' be an open set of W such that if L € W' then 1 and
od(P“) intersect transversally in d" distinct points.

(W' exists by a version of Bertini's theorem that can be proved

by ‘modifying the proof of Theorem 8.18 page 179 of [3]. Swan

[6] has an affine version that we could use also. The number of
points is d" since p,(P") has degree d".) Let

F;, (1 <1 <n) be abasis of L ¢ W' . Think of the F;
again as forms of degree d in P? . The hypersurfaces

Fi = 0 1intersect transversally in " points. This implies

that Proj k[Xg,...,X 1/(Fy,...,F ) 1is the product of a"

copies of Spec k , and in particular is a reduced scheme. Thus if
Gf e (F1.....Fn)k[xo,...,xn]6 then for each i there exists

an integer n, such that xiic € (Fyyee0,F) « But

S = k[XO""'xn]/(Fl""'Fn) is Cohen-Macaulay of dimension

one, so the maximal ideal (Xo,...,Xn)S contains a non-zero-
divisor. Thus we conclude that G =0 in S , and that (F',..,Fn)
is a radical ideal of k[xo,...,xn] . If H is a form of

degree d in xo,...,x vanishing on our an points in

n

P" , then H =10 in S, or equivalently H e (F;,...,F )k[Xg,eco,X ] .

Comparing coefficients of degree d we conclude that H e L .
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(A. Broughton suggested that I use this analogue of Noether's
theorem. We appear to essentially have Theorem 255 of "Topics in
Commutative Ring Theory", lecture notes by Kaplansky, U. of Chicago,
1974). This means that L is spanned by the d" intersection
points od(P“) nNL. Some s of these points must span

L . The corresponding s points of P™ are in generic s-
position by Lemma 3.2 of [4] , so L e image v . Let W be

the variety of n dimensional subspaces of Td . The dimension
of ﬁ is [(d;?;l)—n]n . There is a surjective rational

map W - ﬁ given by setting Xy = 0 in a basis for an element

of W . The composition U « W = G is generically surjective.
The dimension of (R/XOR)d_1 is equal

n+d-2
CTa)

$G) (R/XGR), are of dimension (™972).1 ¢ dimW) .

to 8o the elements of W of the form

For each choice of u e U we get a ring R . Of course ¢

is not defined unti} we choose u , but ¢: Td-l - Homk(T1,Td) is
and (R/XOR)d = Td/u(u) . We saw above that one can choose

u ¢ U so that =(u) # o(w)T1 for any w ¢ Td~l . Then

¢ 1is injective. Thus my conjecture holds for A =n . If n = 2

(hence 1 = 2) a different geometric proof will appear in [2].

Here is a table for n = 2 (lines in Az) . The notation is
as above: s = number of lines, d is the smallest integer such
that (%32) > s (recall that dim (R, /XjRs,) =d and
that i = dim(Rd/xORd-l)) » and the conjectured C-M type equals the

sum of the previous two columns. All dimensions are over k .
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]
Q.

dim(Rd/XORd_1) dim ker ¢ conjectured
C-M type

W

- OWENONNHWN =4O W oW

ULV WVIS S S RWWWWINN N -
N WN =N S W N =W N =W N =N
COO0O0O=WOOOONO OO —00 00
AN WWHNNEWNWEWNNWN =N

L R R e Do

The binomial coefficients (2;d) are 3, 6, 10, 15, 21 so the
conjecture has been proved for all s in the above table except 7,

11, 12, 16, 17, 18. The case s =7 is in 6 of [1], I believe I
have given explicit examples to verify the conjecture for s = 11, 12,

so the simplest case where the conjecture is not yet verified is s=16.

References Received January 22, 1981

[t] A. V. Geramita aRQIF. Orecchia, On the Cohen-Macaulay Type of
8 Lines in A . To appear in the Journal of Algebra.

[2] A. V. Geramita and F. Orecchia, Minimally Generating Ideals
pefining Certain Tangent Cones, in preparation.

[3] R. Hartshore, Algebraic Geometry, Graduate Texts in Mathematics,
Springer-Verlag, New York, 1977.

[{4] F. Orecchia, Points in Generic Position and Conductor of Curves
with Ordinary Singularities, Queen's Mathematical Preprint
1979-26.

[5] L. Roberts, Ordinary Singularities with Decreasing Hilbert
Function, Queen's University Mathematical Preprint
No. 1979-28.

[6] R. G. Swan, A Cancellation theorem for Projective Modules in the
Metastable Range, Inventiones Math. 27, 23-43 (1974).

Dept. of Mathematics & Statistics, Queen's University, Kingston, Ont. K7L 3N6.



C. R. Math. Rep. Acad. Sci. Canada - Vol. III (1981) No. 1 A5

TRANSFORMATION-PARAMETER/STRUCTURAL MODELS:
ASYMPTOTIC CONDITIONAL DISTRIBUTIONS

D. Brenner, D.A.S. Fraser, F.R.S.C., and P. McDunnough

This is a preliminary report on the large sample (asymptotic)
properties of the conditional distributions that arise in the statistical
analysis of transformation-parameter [4]/structural [2,3] models. The
almost-sure convergence of the standardized structural distribution to a
unit normal is derived from a corresponding convergence of the likelihood
function. The statistical literature contains a variety of results on
the limiting nature of the likelihood function but these have focussed
on specific conditional point-estimates, posterior distributions from
proper priors, or the central (local) shape of the likelihood function.
In this report we obtain the almost-sure convergence of the structural
distribution in the context of the location model. The techniques
employed are being extended to handle the general transformation-parameter/
structural model.

TRANSFORMATION-PARAMETER/STRUCTURAL MODELS. The general structural model

has the form: y=0z with 8eG, zVv(S,A,P), where G is a group of measurable
transformations acting exactly on S; foundational support may be found in [1].
With an observed Yor the distribution P is replaced by the conditional
distribution PGY° given the observed orbit Gy,- The corresponding trans-
formation parameter model has the form yN(S,A,Poe-l), 8eG yields the
conditional model G-orbit Gyg.

For a sample yn=(y1, ooy yn) the n-fold independent product is
!n=6§n with 8 in G, EnN(sn, An, Pn), where the transformations act
coordinate-wise. Under regqularity conditions, it is the conditional
G¥n

measure P , Suitably normalized, that converges almost-surely to the unit

normal ¢.
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THE STRUCTURAL DISTRIBUTION. For what follows we specify some general

smoothness assumptions about the underlying structural model. Sl: The
sample space S and the group G are presented as open sets of RN and RL
respectively. S2: The functions 9=9,9, and ¥=9,9,2 are continuously
differentiable in the arguments 9 and 9, in G and z in S. $3: There
is a global cross-section Q and the projection D:S+Q defines an equiva-
riant map [z) by 2=[z]D(2) so that [z] and D(z) are continuously
differentiable.

8ince the asymptotic properties being considered here are
essentially "local" ones, these assumptions can be relaxed so that S and
G can be taken to be differentiable manifolds and Q can define local
cross-sections; the assumptions as stated cover most statistical applications.

Let JN(g.x)=3gx/3x and define JN(z)=JN([z],D(z)); let JL(g,h)=th/8h
and define JL(9)=JL(g,if= this gives (locally) the invariant measures
M(dz)=|3,(2) | laz and w(dg)=|3, (9)| ldg standardized with respect to
Euclidean volume at Q and i respectively, where |A| is the absolute value
of the determinant of A. We make a final assumption S4: The measure P
is given by a density p with respect to M, and p is twice continuously
differentiable.

The marginal density for the orbit Gz, using coordinates on the
cross-section Q is then k(D)=IGp(gD)J(D)u(dg) relative to Euclidean
volume at D orthogonal to GD and J(D)=|A'A|" where A=3gD/3g. The con-
ditional distribution then has density k(D)-lp(gD)J(D) relative to the
(left) haar measure u on G. The structural distribution for 8 given
D is then k(D)_lp(ey)J(D) A([Y])u(DB_l) where A(g)'=|3u(g)/3u(q_l)| is the
modular function of the group. The likelihood function is the equivalence
class L(G:Y)=(CP(9_ly) :ceRt}. We consider the limiting properties of the

normalized likelihood.
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ASYMPTOTIC STRUCTURAL DISTRIBUTION. For a sample of size n from the
structural model satisfying assumptions S1-S4, the compound model satisfies
the same assumptions. Let 8n=5n(!") be a value maximizing the likelihood
function; it is called the maximum likelihood estimate of 6 (MLE(8)).

SS5: gn(!n) is uniquely determined and continuously differentiable. It
follows that gn(fn)=[fn] and Dn(fn)=a;l(§n)§n satisfy S3. wWe are concerned
with the almost-sure limiting normality (non-degenerate) of the normalized
likelihood/structural distribution k;l(Dn)sn(B-lyn)J(Dn) A([!n])u(de-l).

LOCATION MODEL; LIMITING NORMALITY. The location model is obtained with

S = R and G given by the additive group with application to S by translation.
The structural density function with respect to Lebesque measure u(dB-l) is

n n
ﬂn(e) =0 p(y, - GJ/J n ply; - t)dt, and the log-likelihood is
i=1 ‘ i=1

n
zn(e) = 1og(il=11 ply; - 8)).

For the asymptotic behavior of the log-likelihood we record some
mild regularity conditions; derivatives are with respect to 6.

-~ a.s. - Lg¥ a.s.
aL2: 8 (y) 2250 5 £ /2 (B (y ) 2551,

An information function at the maximum likelihood estimate defines the scale

-2 [ 8
o, by o= —ln( n) .

n
" > w
zn(enncn)—zn(en) a.s.
A3: For each T_ >0, sup — — 0
° It]<t 2 (8 )
o n'n
2 a.s.

"
A4,5: 1n(e) is continuous in 6 ; 0 ——> 0

A6: For each € > 0 , there exists a § such that

L8 - 27 (8 )

lim sup -n——"-a—n'—n— <€
n+o |8'-0]<§ 2 (8.)
n n

51
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A7,8: The density p(z) is strictly positive and

11+ep(z) < © for some € > O,

suplz ’

There exists an x, 2 0 and an M 2 0 such that for all x S Xy P(p(z)<x)SMx°.

The structural distribution, standardized by locaticn Bn and scale on.

has density 9,(T) = 0.7 (8 + 10 .

2
THEOREM: Under the assumptions Al - A8 gn(T) converges to (2'")-]'/2e'T /2
with probability one. From Scheffe's theorem [5] it follows that with

probability one the measures Qn defined by

en+120“ .
= w_(6)a
Qn(('rl.‘l‘z!) I~ n
an+110n
converge weakly to the unit normal.

LIMITING LIKELIHOOD AND CONDITIONAL DISTRIBUTIONS. There is a close

connection between the strong limiting form of the likelihood function
structural density and the limiting form of the conditional distribution.
This connection is given in the following theorem; for general notation

the observed information matrix is the negative Hessian

P 32 -1
I (6 ,0)==-——2 (6 06 D) n 5
n n n 392 n nn e=9n

THEOREM: For a sample from a transformation-parameter/structural model
satisfying assumptions S1 - S4, if the structural density function
standardized with respect to location gn (yn) and scale matrix In(an, Dn)-l
converges in probability (almost surely) to the unit normal then the
conditional density for Gn standardized with respect to location 8 and

scale matrix In(e, Dn)-1 converges in probability (almost surely) to the

unit normal.
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This theorem with the results from the preceding section gives the
almost-sure convergence of the conditional distribution for the location

model.
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