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COMPACTNESS PROPERTIES OF
OPERATOR COSINE FUNCTIONS

Dieter Lutz

Presented by J. Aczél, F.R.S.C.

We study properties of operator valued solu-
tions C of d'Alembert's functional equa-

tion with compact infinitesimal generator.

In this note an operator cosine function on X is meant to
be a strongly continuocus function C defined on IR with values
in B(X) , the algebra of bounded linear operators on a complex

Banach space X fulfilling

C(t+s) + C(t-s8) = 2 C(t) C(s), s,teR ,
(1)
c(o) =1 .

The infinitesimal generator A of C is the closed and densely
defined operator given by
(2) Ax := C"(O)x ,
whenever the right side makes sense.

If C is an operator cosine function there are constants
M,w > O with .

3 Hewi < m-e¥t | rem .

Then for z€IR with 2z >w we have z2 €p(A) ( = the resol-

vent set of A , the spectrum of A 1is denoted by o(aA) ,

> and the resolvent operator by R(z,A)) and

o
(4)  zR(z%,a) = [ e"%t c(e)ar .
(=]
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It is the aim of the present note to give a proof of the

following theorem

Theorem 1: Let A denote the infinitesimal generator of the
operator cosine function C on X with

witl

HC(E) Il < M -e tem .

Then

i) A 1is compact
- ii) zzk(zz,A) -I 1is compact for every z >Ww
- iii) zZR(zz,A) -I 1is compact for some Z>W

» iv) C(t) -I 1is compact for every t >0 .

Proof:

1) =» 1i) is valid for every A €B(X) by [1), Th. 5.7.1.
ii) = iii) is obviocus.
iii) =» 1iv): Let zzR(zz,A) -I be compact for some 2z >w .

Then, by (2], 2.14, for every x €X we have the identity

t
(5) C(t)x-x = A [ (t-s) C(s)xds .
o

Omitting the argument x €X and using R(z2,A) = z°R(z?,A) -I
we get
2,,.2 2,2 t
z°R(z“,A) (C(t) -I) = z°R(z°,A) A [ (t-s) C(s) ds
o

t
= 22(2%R(22,A) -I) [ (t-s) C(s) ds .
[o]

Thus, we have the representation
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c(t) -1 = - (22R(z%,a) -I) (C(t) -T) +

t
+ 22 (22R(z2,8) -1) | (t-s) C(s)ds .
[

t
s(t) := [ (t-s) C(s)ds is a bounded linear operator with
o
M t2 wt
lse)ll ¢ =—5—e s

Thus, C(t) - I is compact.

We strongly guess that iv) implies i) but up to now we have
not succeeded in proving this to be true. Obviously iv) implies
i) under the additional requirement of C being continuous in
the operator norm topology on B(X) since in this case A 1is

bounded and
2
Ina - i (Cc(t) -1)Il -0
t
for t -0 . In Theorem 2, we obtain a slightly stronger version
of this almost trivial converse.

Theorem 2: Let C be continuous in the norm topology on B(X)
and let C(t) -I be compact for some t >0 with [IC(s) -Ill<1

for s €lo,t] . Then A is also compact.

Proof: We have

2 t
I1-5 J (t-s) c(s)as - 1]|

t® o

2 ¢ '
= |15 J (e-s) (C(s) -Drds

t% o
< 2. sup llicis) -1l - G
- ? sefo,t] z

t
so s(t) := [ (t-s) C(s)ds is continuously invertible and using
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(4) we see that
a=st) (et -1)

is compact.

[1] Hille,E.; Phillips,R.S: Functional analysis and semi-groups.
Providence,R.I.: American Mathematical Society (1957).
[2] Sova,M.: Cosine operator functions. Rozprawy matematyczne 49.

Warszawa (1966).
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INFORMATION FUNCTIONS ON OPEN DOMAIN. III.

J. Aczél F.R.S.C.

Abstract. An (n-place) information function of degree

a = (al,...,un) is a real valued solution of the equation

n

a - X
(1) £0x) + (1-x)%E(5L) = £(y) + (1-y)* £(355)  on D]

(the fundamental equation of information), where
2) Dg s {(x,y) |x,y,x+yc]0,2("} ,

1= (,1,...,1), addition (subtraction), multiplication (division)
of vectors are done coordinatewise and so are powers
(al,az,...,u ) e, a a

2% = (zl,zz,...,zn) nog zllzzz...znn .

Previously ([2-7], equation (1) was supposed to hold also at
some boundary points of Dg which has made the solution much
easier (even so the results have been restricted to n<4), but
has excluded some cases important for application (including
those to be determined in this paper) or the domains were
complicated. - C.T. Ng [10] has resolved (1) on (2) completely
except when o« = (1,0,...,0) or (0,1,...,0) or ...(0,...,0,1). 1In
this paper we settle these exceptional cases, so that (1) is now

completely solved on (2).

l. We will write n = l4m, s = (s,ul,...,um) = (s,u) ctc.
and we may confine ourselves to a = (1,0,...,0). So (1) goes
over into

() flsou+-s)f (g R = f(E V1=t £,

(s,t)(Do, (u,v)ang .
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Keeping (u,v)zbz fixed for the time being, (3) becomes a special

case (ul=l) of the equation

b | t %1 s
1) f1(8)+(1—8) fz‘I:E’ = fa(t)+(1-t) fd(I:E)' (s.t)cb°

solved recently by Gy. Maksa [9]. He has found, among others,
that, for a,=1,

51(3) = sl(s)+(1-s)t(l-s)+a15+b1,
fy(8) = sz(a)+(1-s)z(1-s)+a3s+b3 .
where ¢t is an arbitrary solution of

(S) t(st) = t(s)+2(t) (s,te])O,1[).

But fl(s) = f(s,u), £3(s) = f(s,v) so that, letting u, v vary

again,
(6) £(s,u) - st(s)+(1-8) ¢ (1-8)+a(u)s+b(u), (sc)Q,1[, uc)o,1 (™.

We substitute (6) into (3) and get, after cancellations
(apply (5)),

a(u)s+b(u)+a(155) t4b (155) (1-8) = a(v)t+b(v)+a (fio) s+b(120) (1-0).

Comparison of the coefficients of s and of the terms independent

of 8 and t yields

u v
L alu) = a(pZgh+birg).
v u
(7,) blu)+bizl) = b(v)+b (L)

[(u,v)eD]) or, with A(u) := a(u)+b(u), p := u/(1-v), q := l-v
A(pq) = A(p)+b(l-q)  (p,qc]0,1(™.
The general solution of this equation (cf. {1)) is given by

A(u) = L(u)+c, b(l-q) = L(q)
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with arbitrary constant ¢ and L. an arbitrary solution of

(8) L(uv) = L{u)+L(v) tu,velo, 1 ™.

In view of the definition of A and of (6) we get
(9} b(u) = L(l-u),
) a(u) = L(u)-L(l-u)+c,
(10) f(s,u) = g2 (s)+(1-s) L (1-s) +sL(u) +(1-s) L(1-u) +cs
(se10,1(, ucl0,11™

2. All functions of the form (10) with (5) and (8) satisfy .

(3). So we have proved the following

Theorem. The general solution of (3) [cf. (2)] is given by

(10) where c is an arbitrary real constant and ¢, L are arbitrary

real valued solutions of (5) and (8).

Note. The gencral solution of (8) is given ([8]) by
m
(11) L(u) = L{uj,eeepu) = 1 £lug),
i=1
where 11""’tm satisfy (5). If f is measurable in s and u, then
(cf. (31) '

(12) f(s,ul....,um) = as log s + a(l-s)log(l-s) +
m
+ ] a. (s log uj+(1-s)log(1-uj))+cs
=1

is the general solution of (3) with arbitrary constant
c,a,al,...,am.
Equation (3) has originated [with f(x,u)=12(l-x,x;1-u,U)]

from the recursive property of information measures
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{13) I, (PysPyrPysecerPyidy edysdyrecsqy) =

Ik"l (Pl+p2 1931 “ee :Pqul"'qz IQ3I ceo aqk) +
Py P 9 9

+ I
(P12 53, By p, 8,70, Ay
( ) E E
q; = (Qgy0000.9; ), q;5°0, P;>0 p; = q;: =1
i il im 5 RS AR I S &

and from the partial symmetry 13(p1,pzlp3;ql.q2.q3) =
13(pl.p3.pzqu,q3,qz). Equations (13), (10) and (11) lead to

k m
(14) I (PyreeesPyiGyresesqy) = ilei[t(pihjgll-j(qij)]+c(1-pl)

whrre ¢ is an arbitrary constant and L,Ll,...,zm are arbitrary

solutions of (5). If I2 is measurable then, from (12) and (13),

k m
(15) I (PyseeesPyiQyreesrqy) = iElpi(a log pi+jzlajlog 934 +
+ c(l-pl)
with arbitrary constant a,al,...,am,c. If Ik is also symmetric,

then ¢ = 0 in (14) and (15).

Remarks: By using the general solution of (4) given in (9]
and methods from [4], we could also obtain in a similar way
several results subsumed in [10). - Since the only nontrivial
multiplicative and additive functions from ]0,1[n to R are the
projections, the above theorem takes also care of the only case
not settled by Theorem G in ([10].

On the other hand, we could use the solution (91) given in
[10]1, of (72), substitute it into (71) and obtain (92) directly

as in [S5). This gives a second proof of the Theorem.
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AN OSCILLATION CRITERION FOR SECOND ORDER SELF-ADJOINT
DIFFERENTIAL SYSTEMS

by

Angelo B. Mingarelli
Pregented by F.V. Atkinson, F.R.S.C.

The purpose of this note is to provide a partial answer to a
conjectured oscillation criterion for the self-adjoint ordinary

differential equation
y" + Q(t)y = 0 tel0,=) 1)

for a vector y where Q(t) = Q*(t) is a real symmetric nxn matrix
defined and continuous on [0,»). This basic assumption on Q will
be assumed hereafter. The collection of all nxn real symmetric
matrices will be denoted by S. The distinct points a,b will be
said to be (mutually) conjugate with respect to (1) if there exists
a nontrivial solution y of (1) vanishing at a and b. The equation
(1) will be called disconjugate on a real interval J if the latter
fails to contain two points which are mutually conjugate with
respect to (1). Finally equation (1) will be termed oscillatory

at » if for every a > 0 there exists b > a such that (1) is not

disconjugate on [a,b]. It will be non-oscillatory otherwise.

In the following discussion the symbols AI(A), tr (A) will

denote the maximum eigenvalue and the trace of A respectively.

1. It is known (cf.; e.g. [3, p. 388 theorem 10.23) that whenever
(1) is disconjugate on [a,») there exists a nontrivial prepared
(cf. [1, p 991) solution of the associated differential matrix
system

Y" + Q(t)Y =0 (2)
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such that Y(t) is non-singular in '(a,®). 'In this case
Vi) s Yoy te (a2 (3
will be symmetric and Vz(t) 2 0 (ie. Vz(t) is non-negative definite).
conjecture (cf. [4]). The criterion
t .
lim A, [ Q(s)ds} = = (4)
toreo 0
implies (1) is oscillatory.

It should be mentioned here that the criterion

t
lim tr { é Q(s)ds} = = (5)

Lo

does indeed imply that (1) is oscillatory, (c£f.[(1, Pp. 1011).
However (4) is, in general, weaker than (5). We refer the reader
to the papers [41 , [5] , [6] for other discussions and results
pertaining to the conjecture. In particular it is known that
whenever Q(t) 2 0 the conjecture is verified. On the other hand
if Q(t) = Q is a constant matrix then (4) is equivalent to

AI(A) > 0 and this, in turn, implies (1) is oscillatory (ef.,[51).

2. The following result is obtained.

Theorem 1. Let Q(t) satisfy the originally stated hypotheses and

assume further that

t s
lim inf % f tr{ [ Q(x)dx}ds > - (6)
0 0

t + =
Then (4) implies (1) is oscillatory.
It is not known, in general, whether (6) may be waived or not.
For example if Q(t) = Q is a constant matrix (6) will be satisfied

whenever tr Q 2 0. On the other hand

(g
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1 .t s
lim inf + [ tr { é Q(x)dx}ds = -w N
0

t » o

(a4

will hold whenever tr Q < 0, Q a constant matrix. The conjecture
would be completely verified if thcorem 1 had a counterpart with
(6) replaced by (7).

The proof of theorem 1 depends upon the formulation of matrix

analogs of some non-oscillation theorems of Hartman [2] .

Lemma 1. With Q(t) satisfying the usual conditions assume that (1)
is non-oscillatory at =, ([This means that there exists a > 0 such

that (1) is disconjugate on [a,=)].
Then a necessary and sufficient condition that
t o2
Liml| [ v¥(s)ds|| < = (8)
to+

for every nontrivial prepared solution Y(t) of (2) such that

det Y(t) # 0, t ¢ (a,»), is that

t S
lim $ / tr { [Q(x)dx} ds = C (9)
to 1] 0

exists and is finite.

As in [2] the proof of lemma 1 will show that (9) can be

relaxed to (6). We will refer the reader to [2] for details.
The necessity part of lemma 1 can be strengthened as follows.

Corollary 1. A necessary condition that (8) should hold is that

t + o>

t S
lim-inf L [ g{ [ Q(x)dx} ds > -= (10)
to o

for every positive linear functional g: S + R .
A linear functional g: S + R will be positive if g(A) > 0

whenever A > 0.



290
A.B. Mingarelli

Lemma 2. Suppose that (1) is non-oscillatory at « , and let

. V(t) be as in lemma 1. Then (4) will imply that

t 2
lim A, { [ Vi(s)ds} = = (11)

Tt

which is equivalent to the negation of (8).

The proof of theorem 1 can now be reconstructed as it proceeds
by assuming the contrary and ending with a contradiction by apply-

ing lemma 2 and noting that (6) implies (8) via lemma 1.
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A NUTE ON FINITELY PRESENTED LATTICLS

by

G. Gratzer, F.R.S.C. and A.P. Huhn

Abstract: A new proof is given of a theorem of h.
Freese and J. B. Nation, namely, that the group of automorphisms
of a finitely presented lattice is finite. 1he proof is based on
the Structure Theorem of Finitely Presented Lattices of G.

Gratzer, A. F. Huhn, snd H. Lakser.

1. Intrcduction. Solving Problem 12 of [2] (repeated
as Problem 34 of [31), R. Freese and J. B. Nation in [1] obtained

the following reéult:

Thecrem. The automorphism group of a finitely presented

lattice is finite.
It should be pointed out that for moaular lattices the

situation is ditferent, see [5].

YThe research of both zuthors was supported by the N.S.E.R.C. of

Canzda.
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The key to this theorem is Lemma 1 of [1], asserting
that for any finitely presented lattice L and to any element
d ¢ L there exists a homomorphism f of L onto a finite lat-
tice B such that f"(f(d)) = {d}. A homomorphic image with a
similar property has been associated with any finitely presented
lattice in G. Gratzer, A. P. Huhn, and H. Lakser [4] in a very
natural way and this homomorphic image can also be used to prove

the Theorem. Our aim is to present this alternative proof.

It is interesting to compare the finite lattices con-
structed in [1) and in this note. For instance, if L 1is the
free lattice on four generators and d is a free generator, then
the finite lattice of [1] is the free distributive lattice on
four generators while our construction yields a (four-generated)

subdirect product of two copies of 2".

2. Proof of the Theorem. We need the following two

lemmas about free lattices over partial lattices. Our Lemma 1
takes the place of Lemma 1 of [1]. Observe, that our Lemma 1 is

very much easier, in fact, almost a triviality.

Lemma 1. Let P be a finite partial lattice and let
L = F(P) be the free lattice generated by P. Then there exists
a congruence relation @ of L such that L/e is finite, and,

for all p e P, we have (ple = {pl.

!
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Proof. For x e L, let x, = (x]a F and x° =[x} F.
Then the relation
x ey iff Xp = ¥p ana xP = yP
was showr in [4] to be a congruence relztion of L. Since there
are only finitely many choices for xp and xP, the lattice L/e
is finite. [PJe consists of all x e L with xp = xP, hence

tple = {p}.

Lemna 2 (see, e.g., [1], [4])). Let P = {pl,...,pml
ana Q = (qI,...,qn) be partizl lattices, and let F(P) and
F(Q) be the free lattices generated by P and &, respectively.
Then F(P) and F(Q) are isomorphic if and only if there exist
polynomials uq(x1,x2,...,xm), qQ € Q, and vp(yI'yZ""’yn)’

p € P, satisfying the following conditions:

(1) the mapping q =+ uq(p1,p2,...,pm), q € Q, embeds G
into F(P);

(2) the mapping p ~ vp(ql,qz,...,qn), p € P, embeds P
into F(Q);

(3) v (uq1(p1,...,pm),...,uqn(p1,...,pm)) p holds in

p

F(P) for all p e P;

(4) uq(vpl(q1....,qn),...,vpm(q1,...,qn)) q holds in

F(Q) for all q € Q.

An isomorphism of F(P) cnto F(Q) is the extension of
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* the mapping of (2) to F(P). (This isomorphism will be denoted
by g.) Its inverse is the extension of the mapping of (1) to
F(Q).

Now we are ready to prove Theorem 1. We shall work in
the lattice L = F(P) of Lemma 1, where P = (p1,...,pm]. by
Lemma 2, the automorphisms of F(P), that is, isomorphisms of
F(P) onto F(P) are in a one-to-one correspondence with pairs

<{uq | q ¢ P}, (vp | p e P>
where the uq and the vp are polynomials over F satisfying
conditions (1) to (4) with P = Q. We have to show now that the
number of such pairs is finite (where two polynomials are con-
sidered equal iff they induce the same function over P). L/6 |is
finite, therefore, there exists a positive integer Kk such that,
for any [x]e, [y1]e,...,[ym]e ¢ L/e, if [x])e =
u([y1]0,...,[ym]8) for some polynomial w, then there is a
polynomial w' of rank s k such that [xle = w'(ly,le,
[y2]B,....[ym]e). Assume that <(uq | q ¢ P}, (vp | pe P}> is
as described above. Frem (4), it follows that

uq(vpl([q1la,...,[qmle),...,vpm([q1ls,...,[qm]e)) = Lqle.

Thus one can choose polynomials uq', q e Q, of rank < k with

uq'(vpl([q1]e....,[qm]e)....,vpm([qlle,....[qmle)) = (qle. By

Lemma 1, [q1]e q consists of q only, thus

uq-(vp1(q1,...,qm),...,vpm(q1,...,qm)) = q, that is, (4) holds
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with the uq' in place of the uq. Now letL g be as defined
in Lemma z. Then

uq'(p1,...,pm) = uqv(g(vp1(q1,...,qm),...,vpm(q1,...,qm)) z

g(uq'(v

p1(q1,...,qm),...,vp (ql,...,qm))) = g(q), which proves
m

(1) for uq'. (3) can be proved similarly and (2) dces not refer
to the u_. Using the same argument once again for the vp, we
conclude that the automorphisms of L are in a one-to-one
correspondence with those pairs <{uq' | ¢ € P}, {up' | peP}>
satisfying (1) to (4) where the uq' and the vp' are of rank

< k. Obviously, there are only finitely many such pairs,

completing the proof of the Theorem.

Finally, we note that there are two more results in [1]:
the isomorphism problem for lattices is solvable; the generalized
word problem for lattices is solvable. Both these results cen be

proved using the alternative approach discussed above.
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POLYNOMIALS WITH D (RESP. As) AS GALOIS GROUP

5

C.U. Jensen and N. Yui
Presented by P. Ribenboim, F.R.S.C.

1. Shafarevich [4] has shown that any finite solvable
group G can be realized as a Galois group over the rational
number field Q. The actual realization, however, is a non-
trivial problem, even for groups of small order. In this paper
we consider the case G = 05 (the dihedral group of order 10).
In [2) it is shown by class field theory that any imaginary
quadratic field admits an infinite number of distinct embeddings
in normal fields having D5 as their Galois group. The (class
field theoretic) proof is not useful to derive explicit numerical
examples. It is therefore of interest to establish necessary
and sufficient conditions for a monic quintic polynomial over @
to have D, as Galois group over @. As a byproduct of the
theory developed for Dg, Ag (the alternating group of order 60)
can also be realized. We obtain a parametric family of quintic
polynomials with dihedral Galois group. The detailed and

generalized version of this work will appear in [2].

2. Let £(x) be a monic polynomial of degree n > 1
over @ with integral coefficients. We denote by Df the
discriminant of £(x) and by Gal(f) the Galois group of the
splitting field of f£(x) over @. Assume that £(x) is
irreducible over Q. Then Gal(f) 4is isomorphic to a
transitive subgroup of S, (the symmetric group of degree n).

In fact, we have
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THEOREM A. Let p be a prime not dividing Dg. Then

the degrees of the irreducible factors of f£(x) mod p form a

partition of n which is the cycle type of a permutation in
Gal(f) . Conversely, if an element of Gal(f) is expressed

as the product of r cycles of length 1! kz,..., zr with
T

I 2i= n, then the set
i=1 ”

piD., £(x) mod p= N £, (x)

f f —_ 3=1 i 1

M(£1,12,..., zr)= 1 p:prime [
where f,(x) € Fplx] with

deg f1= !Li

has positive density.

3. Let f(x) be a monic quintic polynomial over @
with integral coefficients. We assume that £(x) 1is irreducible
over @ and that D¢ is a perfect square. Then there are
three possibilities for Gal(f), namely, Gal(f) = As, D5 or
Zg (the cyclic group of order 5). Then we have as special

cases of THEOREM A the following
PROPOSITION B.

ML) 0 D, B £ 0 (D) and ]

5 = M(11,12,...,1r) = @ for any other
partition (11,12,...,£r) of n ]

Gal(f)

n
0

MO, 70 G, M1,2,2) # 0 ()

2
M(5) # @ (5) and M(L,/RosreesL) =@
Gal(f) 5 -_ 1772 "*r

n
o
!
-t

for any other partition (11.22,...,2r)

of n :
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M(1,1,1,1,1) £ 8 (gg), M(1,2,2) £ 8 (),

m1,1,3) =06 (H, ms) 79 ) and

Gal(f) = Ag =

M(21,l2,...,2r) = @ for any other
partition (24,85,...,%) of n :
(The numbers in the brackets indicate the corresponding densities.)

4, Here we give a practical method of realizing D5 (resp.

As) as a Galois group over Q.

THEOREM C. Let f(x) be a monic quintic polynomial over

Q. Assume that Gal(f) ¢ Zs. Then necessary and sufficient

conditions for Gal(f) T D5 (resp. As) are the following:

(1) £(x) is irreducible over Q.

(2) The discriminant Df is a perfect square.

(3) The polynomial P, (x) = | l {x-(ai+uj)} € Qlx]
1<i<j<5s

has distinct zeros_and decomposes into the product of two

irredicible guintic polynomials over @ (xesp. P1o(x) is

irreducible over @). Here {a,} is the set of zeros of
f(x) (in ©).
REMARKS. (a) A geometric interpretation of the condition
(3) is given as follows. We make use of the fact that Dy
is the symmetry group of the regular pentagon.

We identify the points on the plane with the

¥4

zeros {ui} of f£(x) and the sums {ui+aJ a,

151<j§5} with the lines uiuj . Now D5
acts intransitively on the set of (3) =10

lines with 2 orbits, both of length 5.,

with multiplicity 2.
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While Ay acts transitively on this set of 10 lines.

(b) If f£(x) = x>+ ax +b € Q[x], then £(x) has at
most three real zeros and only one if a > 0. Consequently,
Gal(f) cannot be isomorphic to Zg. The condition (2)
implies that Gal(f) € AS' and hence £(x) can have only one
real zero. In this case, the polynomial‘ P1o(x) can be

expressed as

6 5

Pyplx) = x10- 3ax5- 11bx 2

- 4a2x2 + 4abx - b € zZ[a,b}([x] .

5. Now we confine ourselves to the trinomials of the
Bring-Jerrard form : £(x) = x5 + ax + b € Q[x]. Using the
criterion for solvability by radicals given by Weber [5] p.676,
we have

THEOREM D. Let £(x) = x° + ax + b € QIx). Then

necessary and sufficient conditions for Gal(f) = D5 (resp. As)

are given as follows:

(1) £(x) is irreducible over Q.

(2) The discriminant D = 44a5+55b4 is perfect square.

(3) The coefficients a and b are of the form (resp.

are not of the form):

4 5
a = 3125 Au s b=

-1 (02-6r+25) (r-1)4 (A2-62+25)

3125 Ap

with A, ne @ 2 #1 ; u# 0.

- The polynomial £(x) in THEOREM D with dihedral Galois
group can be considered as a generic polynomial over Q@(x) with

a parameter A . Hence we have obtained

s\
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THEOREM E. There exists a parametric family of quintic

pelynomials of the Bring-Jerrard form with Galois group D5.

(The detailed study of this parametric family has been

carried out in Roland, Yui and Zagier [3].)

6. Here we give some examples of polynomials with Galois

group Dg (resp. As)

£ix) Pe | M| ¥ Py o (%) Gal(f)
5 6.3,2 12 (x2-5%3-10x2+30x-36)
x°=5x+12 (28532 -5 |-12 g X T0x) b
5 x(x7+5%°+10x“+10x+4) 5
9 2 5 12300 2 o
CHitxeaa | 219207 |11 | 4 e See gl | g
: (% +11x"+22x“+22x+44)
5 9.3,2 8 (x3+10x3+20x2+64)
%xO+20x+32 (2753 s| % g Fon PO Dy
x(x"=10x"=20x“+40x-16)
10_,,..6 5 2 _
x5+20x+T6 (2853)2 X =60x -176x"-1600x A5
+1280x~-256
10 6 5 2
x5+95x+76 (2553192)2 x =-285x -836x"-36100x AS

+28880x-5776

7. Let f£(x) =x° +ax +b € 0[x]. Assume that f£(x)

is irreducible over @. Let L = Qlal/(f(a))

be the field defined by f£f(x) and let N be
its normal closure (the splitting field of f£(x)
over Q). If Gal(f) T Dg, then N contains Q(v’ﬂ

a uniquely determined imaginary quadratic field
e(v=a). In fact, we have
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THEOREM F. The quadratic fields contained in the splitt-
———

ing fields of the first three polynomials listed in 6 are

Q(V=T0), @(v=2) and @(V-5). In these cases the above splitt-

ing fields are ring class fields, but not Hilbert (absolute)

class fields over the corresponding imaginary quadratic fields.

(For the last assertion, cf. [1].)

8. We give a necessary condition for a normal extension

over @ to have dihedral Galois group.

THEOREM G. Let p s 1 (mod 4) be a prime and assume that

P is reqular (i.e, p does not divide the class number of the

pth cyclotomic field). If N is a normal extension of @ with

Galois group Dpn' n € N, then the discriminant of N over @

is not a power of p.

REFERENCES

[1] C.U. Jensen, Remark on a characterization of certain ring
class fields by their absolute Galois group, Proc. Amer.
Math. Soc. Vol. 14, No.5 (1963) 738-741.

[2] c.U. Jensen and N. Yui, Polynomials with Dp as Galois
group, Preprint (1980).

[3] G. Roland, N. Yui and D. Zagier, A parametric family of
quintic polynomials with Galois group DS' Preprint (1980).

[4]) 1I. shafarevich, Constructions of fields of algebraic numbers
with given solvable Galois group, Izv. Akad. Nauk. SSSR,

Ser. Mat. 18 (1954) 525-578.

[5) H. Weber, Lehrbuch der Algebra, Chelsea, New York.

C.U. Jensen : Matematisk Institut, Kgbenhavns Universitet
Universitetsparken 5, 2100, Kgbenhavn @, Denmark

N. Yui : Fachbereich Mathematik, Universitit des Saarlandes
D-6600, saarbriicken, West Germany

Received October 17, 1980

-

I~




v

303

C. R. Math. Rep. Acad. Sci. Canada - Vol. II (1980) No. 6

ON THE SECOND COMMUTATOR SUBGROUP OF PGLZ(Z)

Wan Zhe-xian and Wu Xiao-lung

Pregented by H.S.M. Cozeter, F.R.S.C.

Let GLZ(Z) denote the group formed by all 2 x 2 invertible
matrices over the ring 2 of rational integers. Clearly the center of
GL,(3) is {£(} ). Denote the factor group of GL,(2Z) modulo its
center by PGLZ(Z) and denote the commutator subgroup of PGLZ(Z)
by PGLZ(Z)'. It is known (cf. [1}, §7.2, pp. 85-86) that (1) PGLZ(Z)

is generated by the following three elements

.01 _ .11 _ 10
S=2 ) T=%g)) and T=2(_]) ,

with defining relations
sf=f=usf=urf=(P =1,

where I denotes the identity element of PGLZ(Z). and (2) PGLZ(Z)'

is generated by the following two elements

U=2J] and v=210)

with defining relations

v=var.

Denote the commutator subgroup of PGLZ(Z)' by PGLZ(Z)". The
purpose of the present note is to prove that PGLZ(Z)" is a free

group generated by four elements and the factor group
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—

PGLZ(Z)'/PGLZ(Z)" is an abelian group of order 9 and type (3, 3). ?

Theorem 1. PGLZ(Z)'IPGLZ(Z)" is an abelian group of order 9

Y -

and of type (3, 3).
Proof. Let

H={Xe PGLZ(Z)'Ithe sum of exponents of U in
the product expression of X in U and
V = the sum of exponents of V in the product
expression of X = 0 (mod 3))}.

Since all relations in U and V are consequences of UEl = V3 =1,

H is well-defined. Since conjugation does not alter both the sum of
exponents of U and the sum of exponents of V in the product
expression of an element of PGLZ(Z)', H is a normal subgroup of

PGLZ(Z)'. There are exactly 9 cosets of H in PGLZ(Z)'. namely

v?v?4, uvvH, U%H, UV®H, UVH, UH, V?H, VH, H ,

thus PGLZ(Z)' : H=9 and PGLZ(Z)’/H is an abelian group of order 9
and type (3, 3).

Obviously PGLZ(Z)" < H. We are going to prove that
H QPGLZ(Z)“. Let X be an arbitrary element of H. Since 03 = V3 =1,
we can assume that every exponent of U and V in the product
expression of X in U and V is 1 or 2. Clearly, such an expression

of X is necessarily unique. We may denote the sum of its exponents by

n(X). Let

o~
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H = (Xe H|n(X) = m} .

It is obvious that m = O(mod 3). Thus we may write m = 3k. We have
H= U;:=0 H3k' We use induction on k to prove that HSkC PGLZ(Z)“
for k=0, 1, 2, ... o

For k =0, Hj = {1} c PGLZ(Z)".

For k =1, H3 is an empty set.

Consider the case k = 2. Without loss of generality, we can
assume that the first factor occurring in X € H6 is U (the case that
the first factor is V can be treated similarly). Thus X has the

following seven possibilities:

| = uWAuY X, = utvuv?
X, = uviulv x, = uvu?v?
Xg = UVUVUV = X, X;'%,
X, = uvluvu = x,x7!
Xg= uvuviy = qu?.
xl. Xz, X3. x4 are commutators, thus they belong to PGLZ(Z)".

Consequently, x5. x6 and X7 also belong to PGLZ(Z)". Thus
H,c PGLZ(Z)“.

Now we assume k > 3 and H3k' c PGLZ(Z)“ for every k' < k.
Let X be any element of H3k' If we can prove that there exist Y and
Z € H with the properties n(Y) < n(X), n(2) < n(X) such that X = YZ,
then by induction hypothesis we have Y, Z € PGLZ(Z)", and consequently
Xe PGLZ(Z)". We assume the first factor occurring in X is U (the
case that the first factor is V can be treated similarly). Define 2(X)

and m(X) to be the sum of exponents of U and the sum of exponents
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of V in the product expression of X in U, V respectively (of course,
we assume the exponents of U and V are either 1 or 2). Obviously,
we have 1(X) + m(X) = n(X) = 3k. Write X = X,X,, where n(X,) = 6,
n(X,) = 3k-6, then (¢(X,), m(X,)) = (3, 3), (4, 2) or (2, 9). We
distinguish these three cases.

i) 2(X,)

) 2(X,))
or X, =Y,UV. If X;=Y,U, then X =YUX, = (Y,V)(V2UX,), and

n

m(xl) = 3. We may take Y = xl, Z = xz.
=4, m(X,) = 2. Then we have necessarily X, =Y,U

we may take Y=YV.Z=VZUXZ. If X, =Y,UV, then

1
Vz. Z= VUVXZ.

1 1

X = (¥,V5)(VUVX,), and we may take ¥ = ')

iii) !.(Xl) =2, m(xz) = 4. Then we have necessarily X, = Y.V,

1 1

thus X = (YIU)(UZVXZ). and we may take Y =Y.U, Z = UZVXZ.

1
Therefore we have proved H3kc PGLZ(Z)".
ar
Consequently, H =), Hy & PGL,(2)", thus H = PGL,(2)"

and PGLZ(Z)'IPGLZ(Z)“ is an abelian group of order 9 and type (3, 3).

Corollary. PGLZ(Z)" consists of those elements of PGLZ(Z)‘
such that the sums of exponents of both U and V in their product

expressions are both =-0(mod 3).

Theorem 2. PGLZ(Z)’ is a free non-abelian group generated by

four independent elements.

Proof. By the proof of the above theorem, we know that
PGLZ(Z)“ is generated by the following eight elements

x, = vy ¥, = vauivu
x, = utvuv? Y, = vauvu?
Xy = uviuy v, = vutviy
X, = uvu? v, = vuvil,
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1 1

» Yy = X,7, Y3 =X,
is generated by Xl. xz. x3 and X4. We want to prove that any

& e 1
Since Y1 = xl

. ¥y = X, we know that PGL,(2)"
relation of xl, xz. X3 and x4 is trivial, i.e., is a consequence of

relations of the form

=1 _ -1 - -
xixi =1 or Xixl-I i=1,2 3 49 .

Suppose there is a relation

e
LI X%=1i €Q, 23 4,e€(sl),r=1,23, ....,n (R

o
1 n
We call n the length of (R). We use induction on n to prove that (R)
is trivial.
Since XI!=I(i=1,2 3, 4), there is no relation of length 1.
Assume the length of (R) is 2. Then we have X:;Z = (Xfl)-l.
We necessarily have i2 = il’ e, = -e,. Thus (R) is trivial. !
20 x3 and X4
length < n is trivial. If there is an s (1 < s < n) such that

Now assume n > 2 and every relation in Xl, X of

_ e e
i T xis+1 , then xisx.s*l =1 and (R) becomes

s ‘s+l

e e e e
xi1 xis'lxls*z cexM=1
1 s-1 “s+2 n

which is a relation of length n-2 and thus is trivial by induction

hypothesis. Hence (R) is trivial, too. Thus without loss of generality
-e
2 X r+l

r r+l
i, j» ke (1, 2, 3, 4} with i =k, in the simplest product expression of
=1
X’
of xi, the last two factors coincide with the last two factors of X. or

i

e,
we can assume that xi' »i=1, 2, ..., n-1, But for any

xixj or xix the first two factors coincide with the first two factors
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'Xl—(l, and the middle four factors cannot be wholly cancelled out. Thus,

if we substitute the product expression of every X in U, V into (R),

1
6 o

then (R) becomes

s, t

ulvl .. =1 (R
or

s, t

vigl .. =1 .

We consider the first case only, since the second case can be treated

similarly. Since every relation in U, V is a consequence of

3 3

U™ = V™ =1, in the left-hand of (R'), the first two factors must be the

inverses of the last two factors correspondingly, i.e., (R') is of the form

3-t

s, t 3-s
uivl .. v 1

1y 11 .
3-s 1 e,
L™ , then X,

3-s b | -e e -e, n
V l‘U : is necessari.ly X 1. i.e., Xin = x1 1. Thus cancelling
1 n 1
out X 1 and X n’ we obtain

1 n

1 (R) starts with X, 1. "'y Iy ending with

which is trivial by induction hypothesis. Hence (R) is also trivial.
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A REMARK ON STRIPS, I

Peter Scherk, F.R.S.C.

Introduction. 1In a recent paper, Nomizu (3] studied two
m—dimensional manifolds py and v in euclidean n-space E".
He proved that y can be rolled onto v along a given curve
X on u. For this rolling, only v and the m-strip on u
along X seem to be relevant, i.e. the pair consisting of X
and the family of the tangent spaces of p along X. This
leads to the guestion of the rollability of one m-strip onto
another. This turns out to be possible if and only if their
two curves have the same tangential curvature tensors in
corresponding points. Nomizu's theorem is — at least locally —
a corollary of this result. - The case n=3, m=2 ought to
be well known; cf. (1, 78f] and [2, 78].

In this context it is convenient not to use the language
of covariant differentiation and tangential curvature tensors
but to speak of tangential and normal derivatives and the Frenet
matrices of moving frames.

In this note we develop the necessary apparatus on strips.

1.  Strips
1.1 Let V" denote the n-dimensional euclidean vector

n

space. Let lsm<n. An m-strip or strip in E is a family

o = {X(s), T(s)}, s eJ,
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of pairs. Here s ranges through an interval J. The curve

X(s) in E"

is continuously differentiable with respect to its
"arc length s. T = T(s) is an m-space in A depending con-
tinuously on s such that X'(s) ¢ T(s) for all s ¢ J. We

call T(s) the tangent vector space of o at s. The normal

vector space N = N(s) = {x ¢ V" |x 1 T(s)} will also depend

continuously on s.

{;3 The decomposition V' =T @ N determines for each s

two orthogonal projections = v? » T(s) and

t " M)}
vt N(s); thus x = Tk +

w x for every s ¢ J

NT "™N(s) ¢
and every x € vt

N

Suppose the function x(s) from J into vV is

differentiable in J. Then

x(t) - x(s)
Dpx(s) = = x'(s) = lim = = =

T t+s

T{s} t-s

is the tangential derivative of our function at s. Similarly

define DNx(s) = ﬂN&'(S). Thus DTK(S) + DNE(S) = x'(s).

1.3 Suppose the vector function
51(5) = X'(s) € Vn, s € J,
is n-times continuously differentiable and the vectors
m=-1
(1.2) 51 'DT51  eees DT X,y

are linearly independent for every s ¢ J. Then o¢ has a

moving tangential frame, i.e. there is for each s ¢ J an
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orthonormal base
(1.3) x,(8) = X' (8), x,(8)y.0es Xp(8)

of T(s) satisfying the tangential Frenet formulas

J R e e Sl ]

+

T¥m- 1 “*m-2%m-2 “m-1¥m

T*m = -Km-lfm-l

The vectors (1.3) and the scalar functions Kj = zj(s) are
uniquely determined up to their signs. We call the matrix of

the above set of differential equations the tangential Frenet

matrix of o.

Remarks. (i) The tangent spaces X(s) + T(s) < E?
generate for m < % and envelop for m > % a ruled manifold.
Tts intrinsic geometry is determined by the tangential Frenet

matrices of o.

(ii) For every s ¢ J, the tangential Frenet
matrix describes a linear transformation Dy : T(s) + T(s).
Let < ,> denote in these notes the scalar product in V%,

Then DT determines the bilinear form

{ TxT — IR

(x,y) > <DgX ., Y2,
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the tangential curvature tensor of ¢ at s.

2. Normal Frenet Matrices

(A

2.1 Suppose there is an (n-m)-times continuously

differentiable vector function Emt1 such that 5m+1(5) € N(s)

and |§m+1(s)| =1 for all s ¢ J and that the vectors
n-m-1
121} Zme1  OnEmag v ooor Dy ¥y

are always linearly independent. Then x determines an -

m+1
orthonormal — moving normal frame

(2.2) §m+1(5),..., 5m(5)

of o satisfying the normal Frenet formulas

Dy¥mes = “m+1¥m+2

Dy¥m+2 = “*me1¥mi1 “m+2¥m+3

Dy¥pn-1 = “®n-2%n-2 *Kn-1%n
Dy¥p = “®n-1¥p-1 *

The vectors (2.2) form a base of N(s). The matrix of these

equations is a normal Frenet matrix of o.

2.2 For m = n-1, the vector X, is uniquely determined
up to its sign. Let m < n-1.

While the maps N(s) =+ N(s) are independent of

DN(s):

the choice of Zn this is not true of the normal Frenet

+1
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matrices. Suppose both §m+1(s) and ym+1(s) satisfy the
assumptions of 2.1. Let Kot 7 *° 07 Kn and Am+1 £ ey An de-

note the coefficients of the normal Frenet matrices K and A

belonging to . and Yy respectively. Thus

+1 Am+l *

Ky = <Dy Eypg> 0 Ay = DY 0 Y2

_ o _etT o
K = Rlef = <K (CDy¥5 + ¥52) 5, j=m+1,...,n

and A= ({DyY; +¥452)5, jemt1,...,n "

To every s ¢ J there is an orthogonal matrix

a2l P=Tis) = (vg3)5, jome1,...on
1 )
such that x. = Y::¥: . hence y. = Yi:X: f(i=m+1,...,n).
i mi1  13=3 i me1  Ji%I o

Each Yij = <§i ’Xj> is continuously differentiable. As

Yig = <Dy¥; e ¥42 * <X; 0 Py¥y0 e
we obtain

(2.4) I'* = Kr-TA.

2.3 We next verify that every continuous skew-symmetric

matrix function
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0 All1‘|'1

T O
A= A(s) = o Te .

., o v

. n-1
o . 5

-1

is the normal Frenet matrix of o with respect to some suitable

Ymea
It is sufficient to prove: Given the skew-symmetric
continuous (n-m) x (n-m) matrix functions K and A, (2.4)

has an orthogonal solution T.

Let s, ¢ J and let AO be a constant orthogonal matrix.
Then there exists a unique matrix function A = A(s) defined
in J and satisfying A' = KA, A(so) =Aa;. Then A(s) is
orthogonal for all s. Similarly, the differential equation

]
tr) = ABtr has an orthogonal solution B(s)

B' = -BA or (B
in J. The matrix function T = AB is orthogonal and satisfies
(2.4).
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A GENERALIZATION OF KUZNIETSOV'S IDENTITY
FOR _KLOOSTERMAN SUMS

Robert A. Smith

Pregsented by J.H.H. Chalk, F.R.S.C.

If a, b and q are integers with g 2 1, the associated
Kloosterman sum is defined by

K(a,b;q) = [* e_(ax +bx),
x modq q

where the sum is taken over a reduced set of residues mod q, x
denotes the multiplicative inverse of x modq and eq(t)

= exp(2mit/q) for all t ¢ Z . Recently, Kuznietsov [3) deduced
from the action of the Hecke operators on the L2—space of non-
holomorphic cusp forms of weight zero for SL(2,Z) the following
identity for Kloosterman sums

(1) K(a,bsq) = ] dK[l, ab ;g] ,
dl(alblq) d

where (a,b,q) denotes the greatest common divisor of a, b and
q. In searching through the literature, I have been unable to
find an earlier reference to this identity, although special cases
are certainly well-known (e.g., cf. Salié [4]), and moreover,

this identity is implicit in Estermann's 1930 paper [1l] in view
of my own recent work [6]. An interesting application of (1)
appears in the recent work of Iwaniec [2] in connection with the

Riemann zeta function. 1In this note, I will give an elementary
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proof of this identity as well as a generalization of it to
Mordell's n-dimensional Kloosterman sums; an application of this
generalization will appear in my forthcoming paper [6].

Before stating the main result, we recall the definition of
the n-dimensional Kloosterman sum (cf. ([5)), where n is an

arbitrary positive integer. For any a = (al,..., a ) € Z b

n+1

n = e e
and x = (X;4..-4 X)) €Z7, let a-x=a;x, + +a x and

Nx = x, *=+x,; the associated n-dimensional Kloosterman sum is

given by

K,(a:q) = (a+x+a  Nx),

Zt
e
xmodg %~
where the summation condition means that each component of x
runs over a reduced set of residues mod gq. For each a ¢ Z

n+1
’

and b eZ let

n+1

e(a) = (1,..., 1, a) ¢Z and e(b) = e(Nb).

THEOREM. For any positive integers n and g, and any

ae Z"1, then
1 9
(2) K_(aiq) = a"k g[—e ; 3,
n d{q [ d d
dla

where d|a means that d divides each component of a.

Proof: First, we will prove Kuznietsov's original identity.

Since K(l,ab;ag) is real, we have

*
(3) gK(l,ab;q) = 1 e _(-2) I eq(xyz+ax +by) .
z modqg q x,y modgq

i1f we change the order of summation in (3) and observe that the
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resulting inner sum is a Ramanujan sum, we can rewrite (3) as

qK(1,ab;q) = du[%] ) e (a-x),
dlq x mod q q
Nxz1 modd
where we have written x = (x,y), a = (a,b) and a-+x = ax+by.
If we write x = du + v, where u runs over a complete set of
residues mod g and v runs over a complete set of residues
mod d, the inner sum in the last expression becomes
2 a b | = i

(a/d) Eq/d(é)K[§7§ 'g/a .d], where Eg(a) =1 if d |a and

= 0 otherwise. Consequently, we obtain

(4) K(1,ab;q) = ) du(d)K(a b ]
d|(a,b,q) aa g :

Kuznietsov's identity now follows from (4) by the MSbius Inversion
Formula.

Next, we will prove by induction on n that (2) holds for
q = pa where p is a prime and a 2 1. In view of (1), we

may assume that (2) holds for n-1 for n 2 2. If we put

n+1

a= (b ra 2 ) for fixed a e Z ' Kn(g;q) can be re-

n+1
written as

* -
K H = K b, a H e
SEH y“){'Odq eqlapyIK, _ (b, ay,,y q)

If we set Kn(a:q) = Kn[g(a);q) for any a ¢ Z, the induction
hypothesis implies that

a Nb
(5)  EKilaig) = { "t 3t e tawk |-ER— v g
dlg y mod q q d
dla

alp

n+1
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At this point, it will be convenient to have the following
LEMMA. Let g be a prime power. If d|q and a, A e Z, then

* - *
I" e lay)K _, (A¥ ; a/d) = aEy(a) easal3 ]
ymodq 9 a4 vmoqu/d 9/d(@ ") -1

[A\_I ; S] .
(This result follows immediately by making the substitution

y = (g/d)u+v, where u runs through a complete set of residues
mod d and v runs through a reduced set of residues mod q/4.)

If we now apply this lemma, together with (1), to the identity in

(5), we obtain

% NalNx
(6) X _(ajq) = t(x)K|1, 5— ; L8|,
n = ?q r xmzod q/d ( ) [ g™’ T
a

where the middle sum over r is taken over all common divisors
n = o0

r of gq/d, an/d and an+1N§/d , and t(x) = x1+ + Xnoq -

By an argument similar to the proof of the lemma, the inner sum

in (6) is zero unless r = 1. Therefore, (6) can be rewritten

as

d[t(:_s))K[l, N[% E]N__j q/d),

K (a;q) =
a= { xmodq/d Ca/
4|

[ -]

from which (2) immediately follows for q = pa.

To complete the proof of the theorem, we may now assume that
(2) holds for all g 2 1 containing less than r distinct
primes with r > 1. Consequently, if q contains exactly r
distinct primes, we may write q = a9, where a, and q, each
contain less than r distinct primes and (q1 ,qz) =1, If

my and m, are integers satisfying m q, +m,q, = 1, Theorem 1l
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of [5] implies that K (a:q) = K (m,a ;q)K (ma: q,),

which, by our induction hypothesis, yields

n 1 1
K (aiq) = 4 % (d,d,) Kn[ng[d—l g]: ql/d1)xn[m19[d_2 g]. qz/dz]
il9
4. |a
jla
= a" 1 e {e[l a] -u]
g/d|=ld =] =
digqi 8y modag/dy
dla N(u) =1 mod q/d
d=d1d2

with u = m,q,u, +m q,u,. Since m,q,u, + m,q,u, runs through
a complete set of residues mod g/d whenever u; runs through
a complete set of residues mod qi/di , the proof of the theorem

is complete.

REMARK: In [5), an upper bound for the absolute value of Kn(g:q)
is given which, unfortunately, is rather complicated to apply. By
means of the Kuznietsov identity for Kn(g;q), we can now give

a much simplier bound. 1Indeed, by Theorem 6 of [5], we know that

Zn+1

if some component of b ¢ is relatively prime to gq, then

;)] < g™?2
[k (i) ] < g% @ ., (a),

where dn+1(q) denotes the number of representations of q as

a product of n+1 factors. Consequently, (2) implies that
[k (aiq) | s % dn‘Kn[Q[% E]? %]'
dlg
dla

z qn/2 { dn/2 dn+1(q/d)
4a
a]

v .Q
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< qn/2 n/2d

(a,q) n+2 (q)

where (a,g) denotes the greatest common divisor of all the

components of a and q.
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A REMARK ON STRIPS II

Peter Scherk, F.R.S.C.

In this note we prove the résult announced in the preceding

paper.
1. Rolling Strips
1.1 Let
T = {¥(s), U(s) s ed

denote a second m-strip; thus Y'(s) e U(s); cf. I.,1l.1. Let
M = M(s) range through its normal spaces.

Let C = C(s) range through a continuously differentiable
family of orthogonal transformations of v®; s ¢ J. The follow-

ing definition is suggested by Nomizu's paper [3]: o is rolled

by means of C onto 1 if for all s ¢ J

{1.1) ¥' =cx'
(1.2) CT = U, hence CN =M, and
(1.3) C'TecM , C'NcU.

Remarks. (i) Actually, our rolling is described by the

family of euclidean motions

Xr— C(s)X + c(s).

Here c(s) is defined through
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Y(s) = C(s)X(s) + c(s) (8 ¢ J);

thus C'(s)X(s) + ¢'(s)

0.

(ii) oOur definition is slightly weaker than Nomizu's ([3]:

he also requires C'(s) # 0 for every s e J.

1.2 Let x and y be in v'. Every s ¢ J then deter-

mines unique decompositions x = Xp + EN and Y= XU + XM
where Zp € T, etc. Obviously, we have e.g. Xp = TpX and

Xy = X By (1.2), CET ¢ U and C;N e M. As Cx = C§T4-C§N,

we obtain e.g. Cugpx = Cxq = (Cx), = m,Cx. This yields

(1.4) CnT = "UC and C"N = nMC for every s ¢ J.

1.3 Suppose the function x(s) in v? has a continuous

derivative. Then (1.4) yields

(1.5) Dy(s) (C(s)x(s)) = C(s)D x(s) + 7

T(5) % u(s)C' (8)X(8) .

Thus C(s)x(s) has a continuous derivative.

We can write (1.5) in the form

- .
(1.6), D,C = CDy + m,C'.
Symmetrically,

= L]
(1.6)2 DMC = CDy + nMc .

The formulas (1.3) are equivalent to

o = "W =
nuC T nMC N 0.
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Thus on account of (1.6), (1.3) is eqguivalent to
t - = - =
(1.3) (DUC CDT)T (DMC CDN)N 0.

1.4 Suppose the strip o¢ satisfies the assumptions of

I,1.3 and I.2.1 and is rolled by means of C onto the strip =.

Let

(1.7) Y; = Cx;; i=1,.54; D
Then y' = Y, - The vectors

(1.8) Yyreeer Y

form a continuously differentiable tangential frame of 1t and

both strips have the same tangential Frenet matrices.

Proof. By (1.2), the vectors (1.8) lie in U. Thus they
form an orthonormal base of U for every s. Furthermore, by
(1.1), I(1.3) and (1.7), ¥' =CK' =Cx, =y, -

Let 1 < i <m. Applying (1.3)' to _)_:i(s), we obtain on
account of (1.7)

Dy¥s = DyC¥y = CDp¥; = Cloxy yX; ¥ K3¥jy)

= Kioq¥iog f Ki¥seg 0

similarly for i=1 and i=m. This proves our statements.

Remark. It can be shown in the same way that Ym+17°°*" In
form a continuously differentiable normal frame of T and that

¢ and Tt have the same normal Frenet matrices with respect to
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X and

Em+1 Yne1 * respectively.

2. . Rollability
2.1 We call the m-strip o rollable onto the m-strip =
if there is a continuously differentiable family of orthogonal
transformations C = C(s) of Vv® which satisfy the conditions
(1.1) - (1.3). Obviously, rollability is an equivalence rela-

tion.

3;3 Theorem. Suppose the strips o and Tt satisfy the

assumptions of I.1.2, I.1.3 and I.2.1l. Then o is rollable

onto T if and only if o and T have the same tangential

Frenet matrices.

Proof. By 1.4 this condition is necessary. Suppose
conversely that o and 1t have the same tangential Frenet
matrices. On account of E:EL? we may assume that o and 1
also have the same normal Frenet matrices. Define the linear

map C = C(s) : v? o R through

Cﬁi =¥ for i=1,..., n.

-

Then C is orthogonal and differentiable and satisfies (1.1)

and (1.2).

Suppose e.g. 1 < i < m. Then both strips having the same

tangential Frenet matrices, we have
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