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Presented by P. Ribenboim, F.R.S.C.
ABSTRACT.
Error bounds for the mixed methods for the finite element
approximations of the mildly nonlinear problems are derived.

The main motivation of this paper is to derive the error
bounds for the finite element approximations of mildly nonlinear
problems of the mixed type. The finite element method, we study,
is based on an extended variational principle in which the

constraint of interelement continuity has been removed at the
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expense of introducing a Lagrange multiplier. This type of methods

have been introduced and analyzed by Brezzi [%], Raviart and
Thomas [5] for linear problems.

Let V, W and H be the Hilbert spaces with their duals V',W',
H' and norms |].|ly, ||.||w and ||.||H respectively. We assume
VcH with a continuous embedding. Let a(.,.) and b(.,.) be
continuous bilinear forms on VxV and VxW respectively and F be
a continuous functional on V and geW'. We denote by <.,.>, the
between V' and V or W' and W. ’

Consider now the functional

H Ilv,4] = alv,v) + 2b(v,$) - 2F(v)-2<g,d>.

We show that the minimum of I[v,$] on V=W can be character
-ized by a class of variational equations. We now state the
result, see for proof [&].

Theoremt.

Let F', the Fréchet differential of a nonlinear continuous
functional F on V, be antimonotone. a(.,.) and b(.,.) be contin
~wus bilinear forms on V=V and VxW respectively. If a(.,.) is
a positive symmetric bilinear form on VxV, then for given geW}
(u,¥) minimizes the functional I[v,¢], if and only if (u,plevxW
satisfies the variational equations
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(2) a(u,v) + b(v,y) = <F'(u),v>, for all veV
(3) blu,$) =  <g,é>, for all ¢eW
REMARKS .

Theorem shows that the variational problem 1 and the weak
formulations (2) and (3) are equivalent. This equivalnce plays
a basic part in deriving the error bounds for the finite element
method of the mixed type.

We also note that for FeV', the result of theorem 1 is exac
-tly the same as proved in [1].

In this paper, we consider the problem (P):
Find (u,y)eVxW such that

(4) a(u,v) + b(v,¥) = <F'(u),v>, for all veV

(s) b(u,¢) = <g,$ >, for all ¢eW.
For (F'(u),g)eD, where D is a subclass of V'xW', we assume

(Ht) (P) has a unique solution.

Given deG', where G is a Hilbert space satisfying WCG with
a continuous, find (y,A) = (yd.ld)cV*H such that
(6) a(v,y) + b(v,A) =0, for all veV
7) b(y,$) = <d,¢>, for all ¢eW.
We assume that
(H2) problems (6) and (7) have a unique solution for each deG'.

For vhg,v and th=w , finite dimensional subspaces, we
consider the finite element approximate problem (Ph):

Find (uh,vh)cvhﬁwh such that

(8) a(uh.vh) + b(vh,vh) = <F'(uh),vh>, for all vhcvh

(9) b(uh‘°h) = <gydp>, for all ¢hcwh.
In order to derive the error bounds for u-u, and w-wh,

we make the following hypothesis:

(H3) There exists a constant a>0 such that

atv,v) > al|v]|?, for all veZ,,
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where
Zh= (vhavh: b(vh.oh) = 0, for all Qheﬂh)
(H4) There exists a number S(h) such that

l'vh'IV < S(h)lthll y» for all vyev,.
(HS5) There is an operator wh:———bvh sa-isfying b(y—thy, h)=0,
for all yeY and ¢ €W, , where Y = span([yd}dtG.,u), (u,¥) is the
solution of (P) and (yd,ld) is the solution of (6) and (7)

correspodning to deG'.

(H6) F'(u) is antimonotone on V, that is <F'(u)=F'(v),u-v><0,
for all u,veV.
(H7) F'(u) is required to satisfy the Lipschitz condition,

that is there exists a constant y > 0 such that
HE IF (V) | [y vlu-v] ]y, for all u,veV
The hypothesis (H1)-(HS5) are due to Falk and Osborn [2]
and (H6)-(H7) are mainly due to Noor [3]. In addition, let a(.,.)

and b(.,.) be continuous bilinear forms on HxH and V=W respectiv
-ely, i.e.,

atu,v) <ap||uf| |Ivll, for all u,veH.
blu,¥) <Br|lufly vy, for all ueV, yeW.

We now state the main result of this paper.
Theorem 2.
Suppose that the hypothesis (H )-(H7) hold. If (u,¥) and
(uh,vh) are solutions of (P) and (?h). then

Il“'“hIIH Sﬁllu-!hU||H002|IO-OhIlu, for all ¢ €W,
Il“'“hllv < |lu- h“llv*C3||!hu-u||H¢ C“II’-.hIIH'

If in addition

2, 1= {vev, b(v,$)= 0, for all ¢ecW}, then

Ilu'uhI‘H : csl"hu’ullﬂt
”u"“h“v b3 ”u"hu“v * Cs”“'“h“ ”H’
where C's are constants independent of u and ¥ .
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Theorem 3.
Assume that (Hi )-(H3) and (H5) hold, (u,%) and (uh,wh) are
the solutions of (P) and (Ph), then

“\""'hl |G= ::gl(b(yd'“hydt"'¢h) *a(uh-u,whyd-yd)fb(u-uh,xd-n) v
+ <F'(W)-F'(up),yg>}/||dllg, s for all ¢, ,new,.

For proof and other details, see Noor fu].

REMARKS .

If F(u) is independent of u, i.e., F(u) = f,(say), then the
Lipschitz constant Yy is zero. Consequently our results reduce
to that of Falk and Osborn [2]. Thus our results are more general
than and include the previous one as special case. These results
allow us to consider the mildly nonlinear elliptic boundary
value problems.
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ON THE MAXIMAL ABELIAN SUBGROUPS OF THE LINEAR

CLASSICAL ALGEBRAIC GROUPS

J. Patera, P. Winternitz and H. Zassenhaus. F.R.S.C.

1. The linear classical algebraic groups (LCAGS) over a field

F are defined as the group of units, U(R), of the centrally simple hyper-
complex systems R over F. The task of surveying the U(R)-conjugacy
classes of the maximal abelian subgroups (MASGs) A of U(R) is equiva-
lent to .the task of surveying the U(R)-conjugacy classes of the maximal
abelian subalgebras (MASAs) M of R over F. This is because the
module M generated by A is a MASA and for any MASA M of R its

unit. group A = U(M) 1is the MASG of U(R) contained in M. The

latter task was dealt with first by I. Schur [9] , later by Kravchuk [2-7].
We extend and refine Kravchuk's methods to deal with the task in full
generality. We aim at establishing by algebraic methods the requisite
'linear invariants' in order to segregate the multitude of algebraic

MASA varieties into irreducible subclasses (cp. [8], [10], (1]).

2. Decomposition. By McLagan-Wedderburn's second structure
theorem R is characterized as a ring which is isomorphic to a ring of
matrices of finite degree f over a division ring D of finite (square)
dimension m2 over its center, say R = Df x !‘.

A decomposition of a nonempty subset M of R is defined as a
transformation of M by an element & of U(R) such that for every
element X of M we have B(X) = & X o =@ 1‘:1 X, wvhere X, €R, =
p™*% or €2”°(1 <1< s E Jirian) If s is maximal then ve
speak of a Remak decomposition. If also s =1 then M is indecompog-
able. Always the subset M, of R, formed by the X; s which is said

to be the i-th component is indecomposable in case of a Remak decomposition.



232

J. Patera, P. Winternitz and H. Zassenhaus

If M is a MASA of R then the components M1 are MASAs of R1

1

and oMo~ =@121 M, where the Mi's are unique up to U(Ri)-conJugacy

i
rf. xf
and component permutation. Conversely, if M:l. is a MASA of D i i

>0 s - s
(s,f, €277, 1<1<s, B 01 = f) then ® ,”,M, 1is a MASA of R.

Any indecomposable MASA M of R contains a unique maximal separable
extension S = S(M) of F such that M is en indecomposable MASA of the
centrally semisimple hypercomplex system over S formed by the R-
centralizer

cR(s) ={Y|JY€ER&VX (X € 5= XY= ¥X)}
of S. If M is an indecomposable MASA of R satisfying S(M) = F then
the factor algebra of M over itsradical J(M) is F-isomorphic to a
finite extension E of F. If E =TF then J(M) is a maximal abelian
nilpotent subalgebra (MANS) of R over F such that M =J (M) + F.
Conversely, the R-centralizer of any nonzero MANS N of R is an

indecomposable MASA M= cR(N) = N+F.
Note that for any (field) extengion E of F and any MASA M of R

the tensor product algebra E ® R is a centrally simple hypercomplex
F

system over E with MASA E ®@ M.
F

* In case M/J(M) ~E is purely inseparable over F then we have
F
E®M=J(E®M) +E. Field extension invariance also holds for any
F F
nonzero MANS N of R inasmuch E @ N 1s a MANS of E® R. Thus
F F

the theory of MASAs is reduced to the theory of MANSs.

3. MANSs. For any nonzero MANS N of R there iz a unit & of

R transforming N into a Kravchuk normal form
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A
Ay o(X) A,3(x
-1

65X & = Aa,‘,(X) Aai(x) (1)
\d
o
>
where A, VE€Z °,u=f-%-v20, and A NeD Xy
N~ D" X v, A s Nt X u, A_:N-DF X v are F-linear mappings such that
22 23
N, =ker A, = ker Ay, = (X|X €1 & 0 = 0) (2)
is the annihilator ideal of N,
=p* XY -
Non A,B(N) = D » N = N+ ker A13, (3)
N, € ker A, (%)

The triplet (Am,um,vm) is independent of the choice of & and is

sald to be the Kravchuk signature of N. It is invariant under extension

of F. Note that u =0o N2 = 0 and that the Schur upper estimate of

the dimension of N over F generalizes to the sharp upper estimate:.
2 L2

dimg N < m” [(3)°]. (5)
Now let u>0 . Generalizing Kravchuk's Lemma we show that the
right annihilator

" x 1 1
[A1?/l'}‘ 1= (yly € ** VX(X € N = A ,(X) y = 0))
of A12 is zero. Since the transpose NT = (XT|X € N) of N is a MANS
of Kravehuk signature (vm,um,Am) of the dual ring Rd = (Dd)r Xt it
follows similarly that the left annihilator
1 xp _ 1Xp
[p \A23] = (yly €D & WX(X€EN= yAej(x) = 0))

of A23 is zero.

_ 3
Note that I\22 =0 N’ =0. If A22 =0 then N is said to be

corefree.
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Firgt fundamental Lheorem on MANSs:

The matrices
oh 4,00 Ay (x)
X = ¢ (X)) (x€m)

\
o]

form a corefree MANS ')T such that the mapping of X on X provides an
F-isomorphism of the underlying F-linear spaces of N, ﬁ' Given 'KT then

the corresponding N s are constructed by choosing F-linear mappings

o~ If‘ Xu : P — P
/\22: N+ subject to the requisite commutativity conditions.

The proof of the first fundamental theorem is based on a lemma

characterizing the right multiplication mapping @ - gW: 5, ~ 32,

M (X) =X¢ (W € R) of a nonempty subset s, of R into another one, say S,

X, =0

by the conditions Vs(p €z~ °& A, €R,X,€5, (1 <1<s)& K5, A,

s =
s L Aiv(xi) = 0).

Denoting the i-th row of the rectangular matrix Aq,(X) by r;(X) the A

1 Xp

F-linear mappings Tyt N-D generate a D-left lincar space row (N).

1
Similarly the v F-linear mappings ) * NP X of X of N on

the k-th column of A?K(X) generate a D-right linear space col(H).

The MaNs I of bf X T i: said to be similar to the MANG If

of

# -pf *T uith asninilator l{o if there is an F-isomsrphism

e: N/No - /H’o and aKravenk normal form & 1 ¢ '1(& £ U(K)) such
that A'22(X') - Aleem if )C'/lr'O = 8(X[N ) and if row(i; ron(*2 ),
col(N) = col( ). Similarity of MANis i5 an equivalence relation. Even

broader classes using the conrepts of boundary rcetracl, boondarization

and saturation pormit to leal effestively with the elacsifieation

x
problem for MAlse W with fixed roproasentation 8: /0 * | e

i . u xu PITER . .
a: uu - , a7 A2?(x) [ SRR Y S
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Second fundamental theorem on MANSs. Let F = D an infinite field. Then

there are decompositidns

Nl -
N=N+z-ozk=olk + T Ny (6)

A-1

1 X = ph-l
4 :Lol'i i1zko ik M

of N, F' X P into the direct sum of F-linear subspaces such that for

an appropriate unit of & of R the conjugate & N 5-1 is in refined

Kravchuk normal form for which
by = dimg Ny = dinmg L € 22°, (8a)
s W) =8y L 0y st), (@)

Faes M) © Fegan L +z" oFnc Lgn (19N (8c)
(05k51<1),

wy = dlmg N = dim L, (0Sy<i)€2”°, (9a)

r.y () =L, (03 <1), (90)

rang®y) € Begey Lo+ Thy By Ly (1090) (%)
(0<i<),

and the nonnegative integers uy (Ji| < A) are independent of the choice
of & and invariant under ext.ension of the field of reference such that

dimeN = lv+£ (1+1)u +E1u1, (10)

=£};lu_1+£:;1 (14 1) p- (11)

Using the refined Kravchuknormal form we find the sharp lower estimates

dim N > m(f,1), (12a)
m(f,A) = min (1 + Av +[ (u-1)/A) + sign (u-1-A[(u-1)/2]), (12v)
rovez”°
p=f=A=v>0
aimN > min  m(£,4) = (f), ‘ (12¢)
oL -2

m(f) ~ 3(!‘/2)2/3 for [ » m, (12d)
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4. Conclusion. The task of finding all MASAs of a linear
classical Lie algebra of dimension f2 has been reduced to the

task of classifying all MANS of the linear classical Lie algebras
of dimension

2
fi with fi

The Kravchuk theory of MANSs has been further developed and refined

< 1T

by introducing the notions of corefree MANSs, boundary retracts,

boundarization and saturation of MANSs.
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ON THE MAXIMAL ABELIAN SUBGROUPS OF THE

QUADRATIC CLASSICAL ALGEBRAIC GROUPS

J. Patera, P. Winternitz and H. Zagaenhaua, F.R.S.C.

1. The quadratic classical algebraic groups (QcaGs) over a

field F are defined as the subgroups :
o(a/R) = (8|8 € U(R) & a(B) = 8™ (1a)
of the unit group of a centrally simple hypercomplex system R over
F corresponding to the involutory antiautomorphism (involution)
a of R acting on the unit group U(R) of R.

The task of surveying the O(a/R)-conjugacy classes of the
maximal abelian subgroups (MASGs) A of O(q/R) is equivalent to the
task of surveying the O(q/R)-conjugacy classes of the maximal abelian
subalgebras (MASAs) M of the quadratic classical Lie algebra ‘

o(o/R) = (X|X € R & a(X)}==X) _ ()
corresponding to the involution a. This is because the M
C of U(R)-I, on U(R)-I, whichzaps X on (IX) (xpm)!
0(o/R) N (U(R)-Ip) 1s mapping 0(a/R) on a generating set of the Lie
ring o(a/R). On the other hand the application of C to
o(a/R) N (U(R)-If) yields a generating set of the group

s0(a/R) = (X|X € O(a/R) & det (X) = 1) (1e)

(with slight modification in case the characteristic X(R) of R 1is
2).

Note that O(o/R) is the normalizer of O(q/R) relative to
U(R).
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For any involution a of R there is an involution a, of

D and a unit K or R such that

a(s) = ka ()T k™' (x € R) (2)
where K = K(a) = cao(K)T, ¢=c(a) =+1 and € =1 in case
alF # 1p.

The involution a 4s said to be unitary if aq|F # lp. In that
case O(o/R) 4is a unitary Lie algebra of dimension (x‘m)2 over the
a-fixed subfield F* = (§|€ € F & a(§) = €] of the center of F.
Relative to F* the field F is a separable quadratic extension. For
any extension E of F® the hypsrcomplex system ﬁ =E®R with
involution a: 1 @ a either is centrally simple over E such that
0(&/&) = E oao(o/R) is a unitary Lie algebra or it is the algebraic
sum of two 1::‘ent:x'a.lly simple hypercomplex systems R1’R2 over E such
that a(Ry) = Ry (1 =1,2) and o(a/R) = (X, ® a(x,)|%, ¢ R) 1is

E-isomorphic to the E-Lie algebra LR, attached to R,.

The involutions a,a' are said to be properly eguivalent if there

is aunit & of R for which a’ = 506". It follows that

o(a’/R) = 80(o/R)s™", 0(a’ /R) = 80(a/R)8™", Kia') = BK(adag(8) "
Let D=F, gfF = 1p- Now we have KT=ck. Ifr e=1, x(F) £ 2
or if x(F) = 2 and K has a nonzero diagonal coefficient then
0(o/R) = O(K/R) is said to be the generalized orthogonal group. If F
is algebraically closed then, after a proper equivalence transformation,

K=1I; and 0{a/R) 1is the orthogonal group.

o(f,F) = (X|X € e - 10 (3)
of degree f over F. Otherwise € = -1, 2,1‘ and after proper
I
equivalence K = t/2) ana 0(a/R) = Sp(f,F) 4is the symplectic
I
f/2

group of even degree f over F.
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If qo|F = then for any extension E of F the hypercomplex

1_F
system ;? = E® R 1is centrally simple over E with involution
a=1®a such that E ® 0(a/R) = O(c‘x/ﬁ) in case E is the algebraic
closurz of F.

2. An g-orthogonal decompositon of a nonempty subset M of R
is defined as a transformation of M by an element & of U(R) such

that 8K(a)og(8)” = ©,°% K, 6 X 87 =0° X ;

| S

f, xf
LK ER DY Y 5,8, €2°

- s =
(1<1<s); I, £ = 1.
If s 1s maximal then we speak of an g-Remak decamposition. If also
s =1 then M 1is said to be g-indecomposable Always the subset M,
formed by the xi’ 8 is said to be the i-th component set of the
glven orthogonal decomposition. Here o is the i-th component involu-
= T -1 .

tion of R, defined by setting ai(Y) = Ki"om K (v e Ri). Note
that Ky = s(a)ag(K,)” € GL(£;,D), elay) = e(a), oyF = [F (1 S 1< 1)

The R-centralizer of a MASA of O(o/R) is an a-invariant MASA

of R. (see notations of [2])

Not every a-invariant MASA of R intersects O{a/R) in a
MASA of O(a/R).

For any a-orthogonal decomposition of an g-invariant MASA M
of R the components M, are a-invariant MASAs of R, (notations
as in(2]. Each M is @, -indecomposable precisely if the given
decomposition is a-Remak. The q-Remak decompositions are unique up
to the order of the components and up to proper equivalence. Given an
a-orthogonal decompositon we know that

M N O(a/R) Y = 5(®,%, (M, N O(ay/R1)) 8!
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is a MASA of O(a/R) precisely if all component intersections

N n 0(a1/R) form a MASA of O(QL/R) and if at most one of them
generates a nilpotent subring of R.l‘ Conversely, if for a fixed
involution q, of D, fixed € =3+ 1 sguch that ¢ = 1 in case [}
o/F #1; and & natural number s we know s natural numbers f,,
matrices K, = € cto(l(j_)’Il of GL(Fi,D) and al-lnvariant MASAs M, of

!‘xjf

Ri i where o is the involution of Ri mapping the element
T -1
Y on Kjon(Y)" Ki (1 <1< s) then there is the involution a = 9121 o
f x s
of R=D with f=E7, f  such that K(a) = 9121 K, ¢(a) = ¢

and M= Qi:' Mi is an g-invariant MASA of R.

3. Orthogonally indecomposable MASAs. Let M be an a-invariant
a-indecomposable MASA of R.

If M i3 decomposable then f is even and there 1s a unit &

I
R) cuch that
e(a)Im !

o = (X, © 8(X,)|X; € M,) where M, is am,\ of D(f/a)x(f/z)
and @ 1is an pa_.lsomorphlsm of M, on ao(n') , and conversely.

of R for which 5R(a)ao(8)T =

If M is indecomposable and M = F + J(M) then J(M) is an
a-invariant MANS. Conversely, for any a-invariant MANS N of R the
MASA N+ F of R is q-invariant and indecomposable. The intersection
N N O(oyR) 4is a MASA of O/a/R) i.e. CR(N N o{a/R)) = N + F.

L, Symmetric MANSs. In the previous gsection the theory of the

s
MASAs of the quadratic classical Lie algebra 0(o/R) was reduced to the
task of surveying the O0(a/R)-conjugacy classed of the MANSs N of R
for which N = a(N) = J(CR(N N o(a/R))). AMANS N of R 4is said to r

be symmetric if it is invariant under an involution a of R. The |

Kravchuk signature of a symmetric MANS is of the form (xm,um,un).
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()
After application of a suitable equivalence transformation to « and
corresponding conjugation of N the Kravchuk normal form can be so

o arranged that

T _ T, -1
Apy(N) = Kp00(Ay ) "5 Ann(N) = Koo (Asn) Kopn
L
K(a)= K,
eI)‘
We form the associative subalgebra N = {X|X € N & o(x) = (X)) and the
Lie algebra N~ = N N O(a/R) over F® such that N'N' + NN < NV,
NN+ NN e NT. 1 x(R)# 2 them N=N' 4N,
Now let x(R)# 2, D=F. If o is a symplectic type then u is
I ;
even and we adopt a normal form for which K22 = ( ”/2 )
-1
+ T u/2
At ), A Ayl
A= (A12 12), 3 = - )’1‘ . Weset uy =p, = w/2.
12
Otherwise we may have Kaa =K @ K2 with
K = K® € GL(u,FY), p, € Z2°, (h = 1,2); 5 A F -
h h B Pl By ) =2l b=y + s |2=(A12 '2),
+ T
Ao (Ki"o("rz) )
23 -1/
K %(Ap)
AXp
+ 2 ,- + 5
where in either case A12(N) €D y A 12(“ ) =0;
AXp
B MM D B AT =05
8, AT t BoXp
NAIRPAN h*Ph o+ ey o,
A&-(A_ +),Ahh(w)cn » 8, (N7) = 05
21 822
1]

- By X B -
bp 3 M D™ 30 07 <05 (n=1,2).
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5. Conclusion. The classification and construction of all MASAs
of the linear and quadratic classical Lie algebras has numerous
applications in both mathematics and physics. It has enabled us to
obtain a new universal normal form for the elements of the classical
groups and Lie algebras. It complements the study of normal forms of
elements by providing normal forms for certain sets of elements namely
the MASAs themselves.

Among applications in mathematical physics we mention the solu-
tion of the Schrodinger equations for quadratic Hamiltonians in phase
space (using MASAs of sp (2n,R)), the construction of superposition

principles for certain nonlinear differential equations (using MASAs of

-sl(n,R) "and o(p,q)), the separation of variables in Helmholtz and

Hamilton-Jacobi equations and many others.
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NEW INTEGRAL BASES FOR SYMMETRIC FUNCTIONS

N. G. El-Sharkaway, H. A. Jahnt and R. C. King

Presented by G. de B. Robinson, F.R.S.C.

Abstract

New symmetric functions labelled by partitions are
defined. They are related to the hook structure of the Young
diagrams specified by these partitions. They form an integral basis
of the space of homogeneous synmetric functions, as do their dual
functions which are also defined.

Introduction

Several integral bases of the space of homogeneous symmetric
functions of degree n are well known. These are all labelled by the
partitions of n which each specify at the same time a Young diagram.
Two such integral bases are associated with the row and colummn structure
of that diagram. In this paper a new integral basis is defined which is
associated with the hook structure of the diagram.

Partitions.

A partition A = (Al. Az..... Ap) of n into p non-
vanishing parts with Xl 2 Xz 2 een B AP > 0 defines a Young diagram
&; g].l’A » consisting of n boxes arranged in lgit-adjusted TOowWS,
with the ith row containing li boxes for i'- 1, 2, «eep P . The
notation [2] Aw—n is used to signify that ) is a partition of
n, so that A + 2 +...+Xp-n.

1 2

*Professer Jahn died in October, 1979 at which time he
was collaborating with one of us (N.C. El-Sharkaway) on the work
reported here, Calculations found amongst his papers suggested the
definition of the new symmetric functions.
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The diagram l-‘l also consists of top-adjusted columns
with the jth column containing ;j boxes for j = 1, 2, «vep q
Clearly _i_ = (il' iz,.... iq) is also a partition of n .

Furthermore F-A- consists of diagonally-adjusted right=-
angled hooks with the kth hook containing hk boxes arranged with
one box on the main diagonal of 3 together with an arm of a = Xk‘ k
boxes and a leg of bk - ik - k boxes [_1:. _5_] . The number of boxes
on the main diagonal of l-‘i is the Frobenius rank r . With this

notation hk = a Obk +1 for k=1,2, ..., v, whilst a, > a, > ees

>a_20 and b, >b, > ... >b_20.
T 1 2 T

Symmetric functions

The vector space, An , of all homogeneous symmetric
functions of degree n in a set of indeterminates has as a basis

the monomial symmetric functions k, with At—n [g. g] . Bases are

A

also provided by the Schiir functions, e and also by the classical

symmetric functions hx and a, for Av=n .

A

It is to be noted that h =e and a_ = em , whilst
m o o 1

P q 3
h,= T e and a;j= N e, . (3.1)
L A e 1

These particular functions are thus products of Schiir functions
associated with the row and column structure of the Young diagram
A

A P . . - b
F- . In exactly the same way it is possible to define r1+8.1b el#a,l
and, more generally,

T
e I e x (3.2)
P el

in accordance with the hook structure of I-'l .

These new symmetric functions mey be evaluated in terms of

the basis e merely by calculating the appropriate Schiir function

()
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products using the Littlewood-Richardson rule [ﬁ.g]. This yields
the coefficients in the expansion:
u
T, z “A L
& pn = B
This procedure is entirely analagous to that which yields the

expansions:

"~

u
h'zK-e .-md‘n-zl(~
AT a A % RN W

Integral bases.

A basis of A is said to be an integral basis if it is
related to the basis k, by a matrix with integral coefficients
and determinant + 1 . It is a remarkable fact L3_] that the

coefficients of (3.4) also appear in the expansion:

e, - I K 4 k .
a jree B |3
It follows that the matrices relating e, » hx N and ¥, to
¢ T 2 N R .
k are kT, KK, KKT and HKT. where K 1is obtained from K

A

by permuting its rows and columms suitably. Clearly the coefficients
of all these matrices are integers. Furthermore it is well known
that if the partitions labelling the rows and column of K are
ordered lexicographically then this matrix is lower triangular with
all its diagonal elements 1 [-g: 4; 2] . It is shown elsewhere m
that, with a different ordering, the same is true of H . It follows
that all the matrices referred to have determinant 1 . This then
ensures not only that e hx and a, each form an integral basis
of An for Avn, but-alﬂo-that :he—nev symmetric functions LY

for Aw=n do the same.
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A further integral basis of An is provided by the
symmetric functions 8, for Aw-n , defined by:
A
g = Z J=e
A o E ¥

where the matrix of coefficients JT is such that J = H_l .

The significance of this new basis is that it is dual to that

provided by r, with respect to the inner product with which

A
the space An may be equipped &; g] .
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BOUNDED SYMMETRIC INFORMATION FUNCTIONS

Gy. Maksa
Presented by J. Acael, F.R.S.C.

Abstract. The axiomatic characterization of the Shannon
entropy - {pilogzpi leads to the investigation of the functional

equation (called the fundamental equation of information)

(1) £ + Q=0 = £y) + Ay £

which holds for all x,ye[0,1[, x+ysl. If, in addition,

£(0) = £(1), then £ is symmetric, i.e. f(x) = £(l1-x) (xe(0,1]).
We suppose also f()%) = 1 and call real valued functions f defined
on [0,1] and satisfying these conditions symmetric information
functions (see [1)). Several authors have weakened the
regularity conditions (continuity, measurability, integrability,
etc.) needed for a symmetric information function (SIF) to

coincide with the Shannon function S defined by
(2) S(x) = -x log,x - (1-x)log,(1-x), xe[0,1]

(with the convention 0 10920 = 0). We give here a new proof of
the still unpublished result that every SIF, bounded on a set of
positive measure, is of the form (2). We need only the general
solution of (1), a lemma of Lee (1), a stability theorem [2] and
a remark [7] about boundedness of all real functions, defined on

[0,1], on a subset of sufficiently large outer measure.

0. In [3]} Diderrich proved that, if a symmetric information
function (SIF) f is bounded on [0,1],then £ = S. The proof is

based upon an approximation of logzN, in order to determine f
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on the rationals, and upon an iteration of (1). Finally, a
theorem of Dardczy establishes f = S from the continuity of f ﬁ
at 0. - In (4] and also in [5] Diderrich generalized his result i
proving that, if a SIF f is bounded on a nonvanishing subinterval
of (0,1], then £ = S. In his first proof ([4)) he extends the
boundedness to every closed subset in )0,1[. Then, he applies
his "approximately" locally Lipschitz lemma to make local and
global estimates of the boundedness of f. Certain number
theoretical results are also employed for determining f on the
rationals. Continuity at 0 gives f = S. In the second proof
({5]) some ideas from ergodic theory are used, in order to show
that f must be continuous a.e. on [0,1]) and, as a consequence, f
must be measurable. Then f = S is known. In this proof no
number theoretical results are applied. - Supposing that the SIF
f is bounded on a subset, of positive Lebesgue measure, of [0,1]
Diderrich proved in (6] that £ = S. With help of his "density
point method"” he shows that f is bounded on a Borel subset of
[0,1] whose measure is large enough and, imitating a procedure
in (1) (section 3.4), he proves that f is bounded on a non-
vanishing interval contained in (0,1].

In this paper we give new and, we think, simpler proofs for
the above results of Diderrich. We shall denote the Lebesgue

G

measure and the outer measure on R by 1 and u* respectively.

1. THEOREM 1. Suppose that the symmetric information

(€

function f is bounded on a nonvanishing interval contained in

[0,1]. Then f = S.

PROOF. It is proved in [1]) that there exists a function
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g : [0,1] + R such that g(%) = %,

3 Y E(ZE) = g(x) + g(y) - glxty)  x,yel0,1], Ocxtysl
and
4) g(xy) = xgly) + yg(x) x,ye(0,1].

Define the function g, on [0,1] by

(s) 9,00 = 29 +D + 2xta-aD) - 29(h.

Then gl(O) = 91(1) = 0. Let A = {(x,y):x,y,x+ye([0,1]). If
(x,y)es then, by (5) and (3), we have

9, (x) + g, (¥) - g, (x+y) = 29F+hr2gF+h-20L+ h-29(h =
= 219G+ Prad+ P-g X)) - 21g X+ g h-g L) -

= Gyl (£ Gy e G

Since f is bounded on a nonvanishing interval, £ is also bounded
on [%.%l (see [1]), thus we get that
(6) lgy (x)4g, (¥) =g, (x+y) | < &
for some &¢R and for all (x,y)ed. Let 9, be the periodic
extension of g, to R with the period 1 and define the function
G on Rz by

Gix,y) = g, (x) + g,(y) - g,(x+y) .
We will show that G is bounded on R%. Since G(x+l,y+l) = G(x,y)
for all (x,y)eRz and, by (6), G is bounded on A, it is enough
to prove the boundedness of G on the set {(x,y):x,ye[0,1],1<x+y}.
This, however, follows from the boundedness of G on 4 and from
the following identity

G(x,¥) = G(x,1-x)+G(y,1-y) -G (1-x,1-y) -G (2-x-y,x+y-1) .
Since G is bounded on Rz, applying fheorem 1.2 of [2]), we obtain

cthat 9, is the sum of a function bounded on R and a function

249
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d : R + R satisfying d(x+y) = d(x)+d(y) for all x,yeR (i.e. 4 is
an additive function). According to the definition of g, and
(5), we get

e — e

8] g(x) = g*(x) + d(x) xe (3,31
where g*: [%,%] + R is a bounded function. Obviously, we may
suppose here that d(l) = 0. Define the function D on R2 by

D(x,y) = xd(y)+yd(x)-d(xy). It follows from (7) and (4) that
(8) D(x,y) = g*(xy) - xg*(y) - yg*(x)

holds for all x,ye[%,%]. Since D is a symmetric biadditive
function and, by (8), bounded on [%,%lz, and since D(1l,y) = 0
for all ye¢R, we have D = 0, i.e. d is a real derivation. Thus
the function g-d|[0,1] satisfies (4) and, by (7), it is bounded
on (%,%]. Therefore

(9) g(x) - d(x) = cx log, x

for some ce¢R and for all xe[0,1]. Since g(%) = % and d(%) =0
we have that ¢ = -1. Finally (3), (9) and (2) imply that

f(x) = g(x)+g(l-x) = S(x)+d(x)+d(1-x) = S(x)+d(1l) = S(x)
for all xe([0,1].

2, THEOREM 2. Let f be a symmetric information function.

Suppose that there exist KeR and a set of positive Lebesgue '%
measure E in [0,1] such that |£(x)|sK for all xe¢E. Then f = S. u

PROOF. Since f is symmetric, we may assume that Eclo,ll. le
Define ¢(x) = py(En(l-x)E), xe¢(0,1), which is continuous and so (&
4(0) = pE>0 implies that there exists %28>0 such that ¢ (x)>0
for all xe[0,8). Let O<a<g be fixed and define the sets

B, = En(1-x)E, xe[0,8) and C, = Ig%;, xe [a,B] .
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Then Cx is measurable and Bxcaclo,l) implies that Cxclx,Zx]clu,ll.
Define ¢ on [a,8] by ¥(x) = cx. We have for all xela,B)

2

2% X o=
v(x) = [ X (t)dt = [ xy (1- Xat = Iz xg (W—=% au :
X cx Bx t 0 Bx

x (1-u)

2 x jz x_ (u)du = xé(x)>0.
0 B

(x and x are the characteristic functions of C_ and B_,

Cx Bx x x

respectively). Therefore

y = inf y(x) 2 inf xo(x):xootxo)

x¢ [a,B]) xe [a,8])
for some xjela,8]. Thus y>0. Let E = {xe[0,1):|f(x)]|sn},
n=1,2,... . Then Encan+1,n=1,2,... and nglgn = [0,1], and so
lim u*En = 1. It follows that there is a natural number n, such
n+mo
that u*E_ >l-y. Suppose that C_nE = @ for some xe[a,8]. Then

ngy" X ng
E_ <[0,1)\C_ which implies that l-y<uy*E_ sl-y(x). This is a
no X no
contradiction. Consequently, for all xe([a,B8] there exists

- X

txccanno, therefore ]f(tx)[sno and t_ = i:?; where y eB . It
follows that Y, €E and I§§(E° Finally, using the equation (1),

we have

i}

y
|£(x) | |f(yx)+(1-yx)f(l_—’;;)-u—x)f(l’_‘—x)| <

1LY

Y
X
[£0y, ) [+ £t ) [+] £ (1) | sKeng+k
for all xe[a,B). That is, f is bounded on [a,B8] and Theorem 1

completes the proof.
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DEGREE POLYNOMIALS FOR THE ORTHOGONAL GROUPS OVER GF (2)
J. S. Frame

Presented by 5. de B. Robinson, F.K.S5.C.

The degree of each ordinary character of the orthogonal groups
G, = 02n+1(2)' and of their maximal subgroups Ho = 0,,(2,+) = G;
and K = °2n(2") = G, is a specialization for z = N = 2" of a
degree polynomial E‘j(z)/d; or gzjf(z)/dj having 2{ distinct roots
12r'1. where?,0 = + or - and df, d. are respectively the codegrees
(group order/degree) of a parent character ﬂjt or ﬂj from which the
monic polynomial E[J(z) or 5 jr(z) is derived. Such "level{ " char-
acters of type 1; have sign Ton the transposition class Ct and are
derived from parents of level f-m in crf for G, or in 91 for G;:
with monic polynomials pl_mjt(z) and pl_mJ(z) respectively. Parent
polynomials and generic degree formulas, together with numerical
degrees and values on the class Ct for n = 4 are given below for
L<s, A+m € 5. Tables 1 and 2 list generic degrees of Gn-characters
of types !; and,fa » while Table 3} lists degrees for Hn and Kn. and
for Hu (the central factor group of the Weyl group Ea) and K“.

The monic polynomials for Gn characters are coded by a word of
w = flem letters, having rth letter h,k,g, or i according as z-z"1.
z+2r'1. both, or neither is a factor. The five level 1 characters
of Gn' their degree symbols, and degrees for Gn. G“ and 65 are:

Gn character : 31 i} \ X Y
Degree symbol: g/3 hh/6 kk/6 kh/2 hk/2
G, degreex(Nz-l)/a (N-1)(N-2)/6 (N+1)(N+2)/6 %(N+1)(N-2) #(N-1)(N+2)
G, degree: 85 35 51 119 135

G degrees 341 155 187 495 527

Replacing z by -z, N by -N, or h by k and k by h, changes a
character formula to that of its mate. Thus U and V, X and Y are
mates in Gn' and character 31. labeled for a corresponding class,
is self paired. Each generic character of Hn = G; of degree PJ‘f(N)/dj
has a mate in K = G of degree P‘]{(N)/dj = P{f(-N)/dj. However,
degeneracies occur when n = w-1. Then a generic character with deg-
ree factor z+N but not z-N yields for z = N = 2" an ordinary char-
acter called a 'widow whose mate is a “ghost" of degree 0, The same
widow may arise from two distinct generic characters whose parents
are mates. For example, s in G, has degree hk/2 and also kk/6, and
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represents for n = 1 the equal widows Y and V whose mates vanish.

Each ordinary character ﬂjf of G: (H2 or x!) of level £-m gene-
rates a unique generic character of Gn of type l:. and if ﬂjr is a
widow (like l&; of H3 in Table 1) both of its formulas yield the
same pair of mated characters. Each ordinary character ﬂj of GI of
level {-m generates a tetrad of generic characters with word length
w =ﬁ+m+1 of which one pair yields for z = N the associated charac-
ters IJ’ and ixj’ of G; = H and the other pair yields their mates
in G; = K., (see Table 3). The three pairs of level 1 associated
characters of H, have degrees hh/6, ig/3 and hik/6, while their
mates in K have degrees kk/6, ig/3 and kih/6,

We define P;(z) =T rf:l. (zz-l&r'l). and L = 2‘. Then from the
polynomials pl;i:(z) of parents of C, signd in q;" » and from the
polynomials p, ;j_.(z) of parents of Cy sign T in Gy , we can const-
ruct the generic polynomials I:!j(:) for G, and P} (z) for G: , as

described in [1].
Gt Pi(z) = B3(2) ub-an pE(z/M) (z-1M)/(xM), W = -0 221,

Gt PY(2) = Ba(2) M2 53 (/) (sewn)/(2e0) | W m -av R,

Formulas for the values } % and X %r of these characters on class’
Cys given in right hand columns of the tables, are expressed in
terms of the sums s and 87 of the roots of the degree polynomials
by the following formulas derived in [1].

Cyof G Yi = X J(Btnea)/L - 1)/(02 - 1)

¢y of 6T X 37 = X{%qe /-1
Generic degree polynomials have also been constructed for level
* with word lengths w £ 6, from which degrees were found for the
64 characters of HS' 155 of K. and 198 of GS' Those for H5 check
ith the character table completed using other techniques.
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Table 1. Degrees for Gn= 0,5,,1(2) and G, of characters positive on Cye

Parent in 0&(21 i Generic Mate |Gy-character x{r Gy-mate X%
Degre Type degree

Label”€8T€Cy5rg Word/d} Word|Label Degree Label Degree

H, 1 1 i (4 i/1 - 1 1 1 - - =
Hp1o 1 i g hk/2 kh | Y 135 63, X 119 63
Hy 35, 2 hek |2} ee/36 - [ 3;; 1785 4w, - - .
3, 4 ngk (2% e&/18 - |3, 3570 882 - - .
r & hik [2¢ gig/18 - |r 3400 840 - - .
3, 1 hhoj2p gkk/72 ghh| 3;v 1275 195! 3,U 595 203
s 4 ig et hgk/18 kgh| Y, 4200 840 X, 2856 840
1 1 i |2 ghik/72 gkih|Y¥' 1190 182; X' 510 174
Hy3y5 b2 heek 3 eee/2015 - [ 3516065 1953 - - -
7y 90 hegk|37  gee/27 - |7, 3ub25 4185 - - -

311 35 hek [3f  eehk/273% gekn| 3),Y16065 1449} 3, X 8925 1365
3, 70 hek |3} genk/253% gekn | 3,Y 32130 2898; 3,X 17850 2730
5, 21 heh |3}  eexk/2715 gghn| 5,V 16065 bu1i S,U 3213 693
315 28 hng (3  gkek/2%%5 gheh| 3,V,18360 792] 3,U, 4760 952
bt 64 igg |3t hegk/630 kegh| Y, 34560 230| X, 13056 2304
4% 56 k(3¢ ghke/2*45 gkhg | r*Y 19040 2016! r x 14688 2016
r 14 hik |35 geihk/2%5 ggikd riv 5712 336 rix o o
s 20ig |37 gheik/2%3 ekgif Y3 13600 160] X3 o o

Hy 3111170 hesek| 43 eese/2 %395 - |3,,,, 595 35| - - -
3p11 420 hgeex| 43 esea/2'l3%s - |3, 3570 210] - - .

3,5 1400 hggek| 4} gggg/21°35 - |3, 121900 700 - - .
33, 1680 hgeek| 4 gege/23'5 - |3, 14280 80| - - -
3, W80 nggex| 4? geea/283%5 - |3, 8080 2200 - - -
3,91 3150 heeek| 4? gega/2'23% - |3,9,26775 1575 - - -
5y 1134 hgeel 4 egee/2'%75 - |5, 9639 s67| - - -
5, 4536 hegek| 4 esea/2'°75 - |5, 38556 2268 - - -
15, 5670 hegek| 4% eees/2 215 - |15, 48195 2835 - - -

7y 6075 hgek | 43 geenk/2'37 geexnl 7, 68850 1890 | 7,x
3118 2100 hgkg | 4} gghgk/2 ! 3 ggkgnb,  ¥,28560 336 311X,

o
3,5, 2835 heek | 4} ggenk/2!15egekn, 5,¥32130 882 |3, 5,
h
3,8 4200 hekg | 43 eengk/2' "3 gexen 3,¥,57120 672 X,

o © O ©
0O ©o oo
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Table 2. Degrees for G.= 0, ,4(2) and G, Of characters negative on C,.

Parent in 0;y(2) fa Gezerzg Nate Gu-characterxg Gy-mate 1{
Labe1Pe8Treey,rq [Fype Hof‘rd/d- Word| Label Degree Tabel Degree
Ky 3, 2 kk |13 e/3 - 3 85 -43| - - -
1 1 i 17 kk/6 hh | v 51 =21 35 -21
K, 5, 6 kgk |2 ge/20 - 5, 3213 -819 - - -
3, 5 ¥k 2] ghk/2  gkh | 3,Y 2975 -665| 3,X 2295 -657
8 L ig |23 kgk/30 hgh vV, 2856 -504 U, 1512 -504
1 1 i 23 gkik/120 ghih| v* 918 -90 U' 238 -98
Ky 3yy, 10 kagk |3; gee/2°3 : - | 3y 2975 -385] - - -
3, 20 kgek |33 555/253 - |3, s950-7720| - - -
33 80 keex |3 ggg/233 - | 35 23800-3080 | - - -
9; 90 kgek |33 eee/253% - | 9] 26775-3u65| - - -
‘3,r 60 keik |37 ggig/2533 - | 3,r 1u280-1848 [ - - -
3y 15ken |37 eas/2] 33 3,,V 8925 =315 [ 3,,U 1785 -39
3, 30ker |37 eexk/253] sshh 3,V 17850 -630 | 3,U 3570 -798
5, ©1 kek |37 gehk/275 ggkh| 5,Y 28917-2835 | 5,X 16065 -2583
3,8 60 kkg |37 ahek/2°37 gkeh| 3,Y,23800-1960 |3,X, 10200 -1800
bt 64 igg |37 kggk/810 hggh vy 30464-1792 |U 8960 -1792
b 24 xSk (37 gikg/2¥335ghng | r*v 8160 -672 |r'u 3808 -672
3, 15kk - |33 genik/2733 ggki# 3,Y* 7140 -252 {3,X* 0 0
Ky3y 5, 2142keaek |47 gese/2 s -  P,;5,16065 -1071 - - -
3,5, 2Bkgeek|hy sese/2'lus - .5 32130 -2t42f - - -
%17 bsgokgeex|l; eese/z221 - P 7, k25 -2295) - - -
17, 5670 kegek|4; gese/2 %17 - 7, 42525 -2385| - - -
17{ 5670 kggek|; sesg/zlzlz 7y bes2s -2385| - - -
3111 595 keek |bg ssshk/2133u 111Y 5950 -210{3;,,X 0 0
35 1190 kggk ”I ggghk/2 3 g 3,4Y11900 -420]3,,X 0 0
3; 4760 kgex T esenk/2'%3"ggekn 35¥ 47600 -1680[ 35 o o
9 5355 kgek u1 ssenk/2, 35%ggann| 9]Y 53550 -1890|9;x 0 0
5,8 4284 kgkg |47 gghgx/z bsggkgh 5,Y,51408 -1008] 5, X, 0 0
3,bgt3264 kkegg |47 ehgak/27945ekegh 3,Y;43520 -512|3,;X; 0 O
z=ss 4096 iggg “i kgggk/96390hgeeh| v, ~65536 ol U, 0o ©
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Table 3. Degrees for Hn = o;n(z) and Kn = o;n(z). Values for n = 4.

Parent in 02‘+1(5?11 Generic H -degree K [ Og degree Og Char-
M :

n

acter

Label Degree Word |[Type Label l~l-w¢:rd/ii K-word | H, K, on C,
Gg 1 1 d+lel i i1 il 1 R
Gy 3 1 g—i iz e hh/6 Kk 35 51 21
s 2 Mt s ie/3 ig 84 84 42
1 1 i+|1} r hik/6 kih 50 3k 20
Gz 311 5 ge+ 2; 311 hsk/l‘“* kgh 525 357 105
3, 10 ge+| 28 3, hgk/72 | kgh 1050 714 210
5 9 e&- |25 5 hgh/80 | kgk 567 1071 189
3s 10 gik'|z,  3s hhg/72 | kkg 700 1020 210
82 16 Mgtz 4t ige/bs |igg 1364 1344 336
3 5 & |2 3r hgin/ibk |keik 210 714 84

U 1 hh-|2{ 8t  hhhh/720 |Kkkkk 28 204 10s4

v 5 kk-|27 47 hkkh/144 |khhk 300 476 9434

X 5 kh+| 2t 8;1: hhkk/144 |kkhh 700 204 7434
Y 9 hk+|2p 4} hkhk/80 |xhkh 972 476 1584k
1 1 i+|23 rr hgiik/720 |kgiih 168 0 0
Gy 3131 35 €&~ |35 iy hssh/zgaz kegk | 175 595 35
3, 70 ese-|3; 35  heen/2°3’|kgex | 350 1190 70
33 280 ges-!3; 35 ngah/253" [kgex | 1400 4760 280
9 315 ese-|3; 9,  heen/273%|kegk | 1575 5355 315
3,5 189 ese+|3F 3,5 heew/2%15|kegh | 2835 1071 189
7, 405 geg+|3% 7,  hngel/2%7 |kgeh | 6075 2295 405
308 210 gelk? | 3, 3,8 heke/2%37 |keng | 2100 1428 210
3,8 420 gglk? |3, 3,8 heke/2737 |kgng | 4200 2856 420
5,8 378 ggk’ |3, 58 nghe/2815 [kexg | 2268 w284 378
318, 336 grek’ |3, 3,4,t hhge/29375 kkgg | 2240 3264 336
sy 512 feek’ |3, zess  igee/2835 liesg | 4096 4096 512
317 105 @e+|3f 3,,r hegik/2733 kggin | 2100 o o
3, 210 gg+|3f 3,r hegik/2°3 kegih | 4200 o o
5, 189 @ge-|3] 5,r hegih/2715 kegik 0 4284 0
r 168 gigt|3f 4% ngigk/25379 kgign| 2688 o o



258

J. S. Frame

Table 3 continued. Degrees for H, and K, with values for n = 4,

Parent in 91 I!T Generic H -degree K 08 degree Og Ch:r_
m acter
Label Degree Word ['ype Label H-word/dj K-word M, K, on C,
Gy 3,U 21 ghhe |37 3,87t hgkki/29335 kghhhy gyo 0 R
3,V 105 gkk+ |3t 3,47 hghhk/2937 kgkkn
3,X 105 gkh- 3] 3,8%t hgkhh/2333 kghkk} 0 2856 8
3;Y 189 ghk- |37 31!;; hghkh/261 2 kgkhk
U, 56 hgh- (37 87t hhghh/2°3"5 kkgkk] 0o 2176 0
V, 216 kgk- |37 b3 hkgkh/2 105 khghk
X, 120 keh+ |3} 8%t hhgkk/z 3 7 Kkghhyh o0 8 5
Y, 280 hgk+ 3; u; hkghk/z 3 khgkh
s' 8 g3, s  hexig/2"3%5 kgnig | © 0 0
G311y 595 eeeed| 47 3,.,, heeex/2'%3%5 kegen| 70 o o
3211 3570 gaset|4Y 3y hggsk/2153:5 kgggh{420 0 0
3,5 11900 ggget| 4% 3,5 hgggk/2133a kggeh| 1400 0 0
331 14280 gagee| 4t 3y hgggk/2103 5 kgggh|1680 0 0
3, 38080 gegew| 43 3,  hegek/2) 6355 kgggh|4480 O 0
3,9, 26775 &ssev| kg 3,9,  hasek/2 633 kgggh|3150 O 0O
551 9639 eseed 43 5y hesek/2075 kesem1i3k 0 o
5, 38556 esees 4t 5,  hesek/2 75 kesen|4s36 0 0
15) 48195 gegew 4 15,  hesek/2 15 kegeh| 5670 0 0
3915, 16065 ggge-| 45 3445, hgggh/21 45 kggek 0 2142 0
3,5 32130 geee-| 43 3,5, hgggh/zlzus kgggk| O 4284  ©
3171 34425 gege- “; 3171 hgsgh/21621 kgggk 0 4590 0
B 17, 42525 ggeg-| 4; 17,  hggeh/2 617 kgggk| 0 5670 o
17] 42525 eege-| 4y 17]  heeah/2 %17 kegek| O 5670 O
31118 5950 egepkll by 348 hsehe/zliag kegkg)l O 0 0
3,8 11900 uo 38 hgghg/2"73” kgekg (4 0 0
333 47600 * b, 339 hgghg/21235 kgekg 0 0 0
9y8 53550 " [k 9is  heghe/Z °3 kegkgl O 0 0
3,58 32130 ggepkl| 4, 3,5, heeke/2%45 keghg| O 0 0
7,8 68850 * L, 7,8 hggke/2'%21 kgehg| O 0 0

Reference

1. J. S. Frame, Degree formulas for the orthogonal groups over GF(2).
Mathematical Reports, vol. 2, no.4 (1980), 199-202.

Michigan State University
East Lansing, Michigan

Received September 10, 1980
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LIE ALGEBRA SUBJOINING

R.V. Moody, F.R.S.C. *

Abstract: In [6] Patera, Sharp, and Slansky introduced a new
relation between semi-simple Lie algebras, subjoining, which
appears as a generalization of the subalgebra relation. Already
in [5] Patera and Sharp have used this concept to considerably
facilitate the computations of generating functions which appear
in their work on group representations. Up to now this relation
has had a somewhat empirical flavour and has lacked a precise
definition. 1In this paper we outline a theoretical basis for
understanding this notion, give a precise definition, and announce

a classification of the equal rank maximal subjoinings.

1. 1Introduction: Throughout, g and g' are semi-simple Lie
algebras over the complex field ¢ , h and h' are Cartan sub-
algebras, and P and P' are the corresponding weight lattices.
If g' 1is a subalgebra of g then any representation of -4
is by restriction a representation of g' . 1In general a finite-
dimensional irreducible representation of g will split or branch
when restricted to g' , so that it becomes a certain sum of
irreducible representations of g' . What was observed in [6] is
that even when g' {is not a subalgebra of g , the g-representa-
tions may appear to split into sums and differences of irreducible
g' -~ representations. We will not stop to indicate how such a
phenomenon was observed but pass directly to the algebraic appara-
tus in which subtraction of modules makes sense, namely the Grothen-

dieck or representation ring R(g) of g .

* The author is supported by an NSERC Operating Grant for which
he is grateful.
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2. The Representation Ring: (2, 3]. For g semi-simple, the

representation ring has the following simple description. Let
(Eili € I} be the set of all isomorphism classes of finite-
dimensional irreducible g-modules. Let R(g) be the free abelian
group on the Ei as generators. Each finite-dimensional g-module

is uniquely isomorphic to some finite sum xniz for some

1 L]
positive integers nu » whereby it is represented in R(g) .
Multiplication is defined by M.N = M @ N .

Let Z[P) be the ring of finite formal exponential sums

(tnxe(x)llc P, n, €Z} with component-wise addition and multipli-

A
cation e(A) e(n) = e(Ar + pu) . The Weyl group W of g acts on
P , hence Z[P] . z[r]" , the subring of W-invariants, is iso-
morphic to the ring of polynomials in rank (g) variables. Each
finite-dimensional g-module E has a weight space decomposition

£ E¥ and the character mapping ch : R(g) = z[P]" "

ch:E — I dim (B“) e(u) , is an isomorphism of rings (2, Ch. 7,
§7). Furthermore this is an isomorphism of A-rings.

We recall that a A-structure on a commutative ring A 1is a
homomorphism A of (A, +) into the multiplicative group of all
formal power series 1 + alt + 52:2 + ... with coefficients in
A , such that A(a) = 1 + at + ... for all a e A . R(g) and
Z[P]" have canonical A-structures [3]) :

AME) = 1+ (B)e + (A%E) e2 + (A%E) ed o+ ...

A(e(n)) = 1 + e(u)t .

3. Subjoining: Let K(g) denote the field of quotients of R(g) .
Suppose that g' 1is a subalgebra of g . Then, by restriction,
we have a mapping res : R(g) = R(g') which is a A-homomorphism

of rings. Furthermore the field K(g') 1is a finite extension of
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the subfield generated by the image of res . Now this type of

situation can occur even if g' 1is not a subalgebra of g .

Definition: The semi-simple Lie algebra g' is subjoined to the

semi-simple Lie algebra g 1f there is a A-homomorphism

f : R(g) —» R(g') such that K(g') 4is a finite extension of the

subfield of R(g') pgenerated by £(R(g)) .

Theorem 1: (A) Let f£ : R(g) —»R(R') be a subjoining. Then

(1) there exists a group homomorphism fo : P—pP' with

(e* : fo(P)] < » guch that fo induces f through the iso-

L
morphisms R(g) & l[P]“ , R(g') ¥ Z(P']“ . Furthermore, if

)= ker (fo) and we set W, = (vweWw]| vy = 3} and

W, = {(w € Wp | wx = x mod § for all x ¢ P} then

(2) there exists an injective homomorphism ¢ : W' -DHD/HI

guch that

(3) for all pairs w ¢ "D , w' e W' with v = X< AD IS

w'f = fow (here W, W /W, is the natural quotient map).

(B) Conversely 1f (1) (2) (3) hold for some pair of maps Eo. ¢

then there exists a unique extension of fo to a A-homomorphism

L]
f : z[P]"-ﬁrl[P']" which, by transfer to the representation

rings, is a subjoining.

(C) Processes (A) and (B) are inverse to one another.

——

The choice of the word subjoining 1is clearer if we consider

the Z-duals h, and h' of P and P’

/2 -z :

lattices and may be considered as subsets of h and h' . The

These are the coroot

*
transpose map fo 4 h'z - h z is an injection, and can be taken

to be the inclusion map in the case of a subalgebra relationship.

*
A subjoining is proper if fo (equivalently f ) 1s not an
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isomorphism. A subjoining is maximal 1f it is not the composition
of two proper subjoinings.
Here 18 an example: Let & be of type Bz and 5' of type

A1 x A1 « The coroot systems L, L' are of types Cz and

A1 x A1 . Now c2 contains Al x Al in two ways: as the four

short roots and as the four long roots. 1In this way we have two

embeddings of h' into h The first 1s the standard

embedding of A, x A as a subalgebra of Bz » the second 18 a

1 1
maximal subjoining but not a subalgebra (see [6] for examples of

branchings).

4. Equal Rank Maximal Subjoinings: We describe a classification

of all maximal subjoinings £ : R(g) —» R(g') when rank g =
rank g' . The results are stated in terms of fo. : g'z,-vg,' .

Let ', I be the coroot systems in h' Thus

z* bz -
2a

Loe {5y | @ 1s a root of g relative to h ). The bilinear
» .

form will alvays be assumed to be ascaled so that (a, a) = 2 for
long roots. In particular when we dualize [ to get ', ¥
will only be the original root system if there is only one root
length. Otherwise a scaling factor (long, long)/(short, short)
appears.

Since here j =0 , HD/HI i8 W and ¢ : W' —pW . It is

*

a simple consequence that a' € L' h£2—§ ku.n for some
¢ € L, ka. e N . Identifying h'z with its image in h.z
ve are reduced to the study of the relationship of ' to [ .
If I 1is decomposable then L' decomposes concordantly and all
the components of L' coincide with components of I save one,

which is maximally subjoined to the corresponding component of

L' . Assume then that I s indecomposable.
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We recall that a subroot system A 1is closed if
(A+48)N L =8 . By the results of Borel - de Siebenthal (1]
all maximal closed subroot systems of the same rank as I are

known.

Theorem 2: Suppose that f 4is an_equal rank maximal subjoining

and [ is indecomposable. Then one of the following occurs:

(1) ' 415 a maximal closed subroot system of L[ ;

(2) 'Y 1s a maximal closed subroot system of EY 3

(3 ' =¥

(4) L' = pI where p 1is a prime and

p#é2 1f I 1is of type Bl' Cl. or Fk
p#3 1if I 1is of type G, .

In any particular case some work is required to see which of
these actually occur. Here is a list of the schemes of maximal
subjoinings for the classical Lie algebras. The box [] indicates
a subalgebra relationship, p 1indicates an arbitrary prime
number, and 1 varies over all possibilities which give different

algebras.

Az / Bl \
PA, BB, €y By * By
(p#2) | |
2
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A /\
N

2c, 1% Gy

Details of this work will appear elsewhere.
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AN EXAMPLE OF A DECREASING I1LBERT FUNCTION
Leslie G. Roberts
Fresented by P. Ribenkoim, F.LE.5.0.
We give an example of a local ring of dimension one whose
hilbert function decreases temporarily. Only a few examples of

decreasing hilbert functions are known ([4] p. 40).

1. Introduction. Let A\ be the co-ordinate ring of a reduced
curve over a field k , and let M be a maximal ideal of A
Then G(A) (the gsraded ring of A relative to M) is defined

i+l We get the same graded ring if we first

w i
to be B,_o M /M
localize at M , and then form the graded ring of AM relative
to the maximal ideal MAM B
Let A be the integral closure of A , and Ml,---,Mn

those maximal ideals of A that lie over M . Let

= Iy = a® i, i+l
J =M NAMy D oeee M, and G(A) ==, 4 J /3 If
= ) Ty . onn
:\/Mi ko 1 <i<n, then G(A) = ni=l ki[ti] « (In general

L will be a finite algebraic extension of k . We will assume
forr simplicity that ki k for all i .)

The maximal ideal M is an ordinary singularity if Proj G(A)
is reduced, or equivalently, if MA = MIMZ"'Mn (each M.l having
exponent one) and the tangent directions at the branches Mi are
distinct. (See [2] for a discussion of this equivalence.)

i /'.\li +1

The M are finite dimensional vector spaces over Kk .

The hilbert function of M is defined by f(i) = dimk(Ni/Mi+l) .
The embedding dimension is (1) = dimk(M/Mz) . The function f(i)
becomes constant. if i is sufficiently large, this constant value
being the maltiplicity of M (in the situation described in the

prececding parasraph the multiplicity is n). Alvays £(i) <

multiplicity,
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2. The example. Let XyseeesX be distinct elements of k ,
1<r<n,andlet A - {fEk[t]]f(xl) = f(xz) = 00 = f(xn) and
£1(x;) = E;::lci,jf'(xi) (r+lgign)} o Let C = (c; ;) be the
r x n matrix where‘ 557855 if 1<j<r and ©ij is as defined
above for r+l<j<n . One checks that A is a sub-k-algebra
of k[t] , A is of finite type over k , A = k[t] , and if
M = (f€A|£(x;) = 0} then M; = (t-x;)k[t] (1gign). Geometrically
we have identified the points t = x; (1<ig<n) of the affine line
to one point M , in such a way that the tangent directions at
XysessyX, are linearly independent and the tangent directions
at X 1200es%, are linear combinations of those at XyseeesX o
If we work in the subspace of the Zariski tangent space
Homk(M/Mz,k) spanned by “the tangents at Xjjeee,X then the
tangent directions at x; (1gign) are the columns of C . If
the columns of C are pairwise independent over k then M is
an ordinary singularity. We will make this assumption throughout
the rest of this paper.

Let F =M_ (t-x;) « Then J = Fk[t] and there exist

h; € A (1gigr) such that hi(x;) = 8;; (1gi, jgr).
Lemma Fi+1k[t] c M' and every element of M is a k-linear

combination of monomials of degree i in the hj (1gj<r) and an

element of Fi+1k[t] .

3. The calculation of the hilbert function.

We consider the homomorphism G(A) - G(A) = ﬂ2=1k[t] « The

th

" is the i row of the

image of h; in Fk[t]/l-‘zk[t] = k



matrix C .

straight lines in r-

(For a discussion of this ring see [1] &2.)

enough then
But dim Mi/Mi*?
Thus Proj G(A) =

Spec k , so

an ordinary singularity.

Thus image

L. G. Roberts

G(A)

is the co-ordinate ring of n

space with directions the columns of C .

< n , so for large
pProj G(A) .

Proj G(A)

i M'/M

1f

The latter is just

i

mi/mi*tl maps onto ittt - Frkre]/Fik(e] = k

i+l f 3

is large

x/J1+1

copies of

is reduced, verifying again that M is

Let bi

= k-dimension of the image of

wind* in Fik[e)/FiTIK(t] . since Fitle[e] e Mt , the

codimension of M

in

Flk(t] is n-b;

diagram (where the numbers denote codimension)

Thus f(i) + n-'b.l = n-bi+1+n , and f(i) = bi-bi+1+n .

£(i+l) - £(i) = -b; , + 2b; g - b,

M

n--b1

———> Fk[t]

0 4

£(1) n
n-b

u? % Fak[t]

A A
£(2) n
g by

w3

X Pl
£(3) n

We now have a

Finally

, which is the negative

second difference of the sequence {bi} . The sequence {bi}

eventually stabilizes at
temporarily decrease if {b;}

r>3 this is easily arranged.

For if the columns of C

n , but the hilbert function will

is concave up at the beginning.

are in

If
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generic position ([1], [3]) then b, = min[(L:fII),n] and the

binomial coefficient is a polynomial of degree r-l1 in i . The
simplest case of a decreasing hilbert function that can be obtained
by this method appears to be the generic position case with

r=3,n=10 . Then b1 =3, b2 =6, b3 =10 so f(1) =7,

£(2) =6 , £(3) =10 .
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SOME NEW IDENTITIES IN MIXED EXTERIOR ALGEBRA

J.R. Vanstone

Presented by P.G. Roomey, F.R.S.C.

1. We employ the notation and results of [1] throughout this note. The mixed
exterior algebra over an n-dimensional vector space E is AE? & \E
= AlE_', E) . It has a natural inner product, a bigradation and two algebraic
structures. One, denoted by (q.]{’l—) U ., arises from the fact that
we have a tensor product of algebras and the other, denoted by
(4, V) > ue v , arises from the fact that L(E) is isomorphic to
E*6 E .

Many of the important results of [1] stem from relations between the two
products. In this note we shall present some new relations and use them to
give an explicit representation of the Poincaré isomorphism and an orthogonal

decomposition of the diagonal subalgebra.

n

2. The dot product makes /ME) =y; AP(E, , where

AP{E) = ,\pE'G/lPE , into a commu;a.tive algebra, called the diagonal sub-

algebra. The unit tensor t € A|‘E) satisfies T¢2 » 2el = 2 ‘
2e ﬂi(E) , and we write tr for J?'!' times the dot product of

t with itself p times. The linear map wne-qaq-u is written i Ula)

and its dual is written (‘,(a) . The Poincaré isomorphism D is the map

w - qut” .

3. For each Q € A,(E—’ ,»  let E-t be the derivation of AE
induced by regarding a as an element of L(E). Then [B 6“ is a
linear map of \|[€ “ E) whose restriction to A(E) we denote by )d .

It satisfies
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)
A (2, ) =?_ 6 -7 Bp 2,3 ¢40)

The dual of A‘ is written '2 and it satisfies a similar relation

with ° replaced by >
y e

The lemma of [1), p. 156, may be written in terms of these operators as

C(a) culb) = wlbloif@) = <o b> L= Ay, = 3 L a,be 4,(€)

1f we define E(a) = Aa-f )“ , then e(a) is self-dual and this
'

implies
Yare ut) = wiloi@ = T,

where
@ = <ty (- ba .

4. The following commutation formulae hold for all 2 ¢ ﬂ’{E) 5=
2 z t,:/ulf)—- 'M(ﬁ";‘l =/;‘(l£) = ‘% °lulH _,“'H olﬁi
g (2leutt) - ul) e f2)= J4(3)

[(2) 0 ult?) - wlt)oita) = ,u )T = ultF?)cur)
s atz) - Aoty T@)s iltPr) - ) iltF7).

If we introduce the operators Th ’ b Tl -
a2
= k v -
T, o= L e i)
vse

then the latter two formulae imply that

, defined by

e 'l;" " T‘;_‘ C{L\{L\ =

5. From the definition of Tk , we find that Tn (l) . t‘l . Hence

T.(2) _.[‘[;c¢ u(m](l) = - i(&)tiﬁl and, by induction,
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t ki2p

ez 3p) = (0F L(3, -2p) 2, 23 €4E)

tr ?

It follows that

[ 5 e’ wltrlo e = eof ko t™™ | wespe)
V<o

In particular, if lz = N-2p |, we have
- /]
0F Du = yz__‘oc-n)“/u(t"'“’):(t”)u ) ue A,0€)

& e Fo= hultlNAple)  ama Gy =+ keult)n A, (E).
Then
A,E)= AVEEuLT I E e 0k < it 6 O 6,

where the direct sum is orthogonal, FP =0 for p2>Ty , CP =0

for p < n/7 and

donFy = din G, = (3) - (0] .

[1] W. Greub, Multilinear Algebra, Second Edition, Universitext,

Reference:
Springer, New York 1978) (Chapter 6).
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