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ERROR BOUNDS FOR MIXED FINITE ELEMENT METHODS 

A. Aslam Noor 

Preaented by P. Ribenboim, F.R.S.C. 
ABSTRACT. 

Error bounds for the mixed methods for the finite element 
approximations of the mildly nonlinear problems are derived. 

The main motivation of this paper is to derive the error 
bounds for the finite element approximations of mildly nonlinear 
problems of the mixed type. The finite element method, we study, 
is based on an extended variational principle in which the 
constraint of interelement continuity has been removed at the 
expeme of introducing a Lagrange multiplier. This type of methods 
have been introduced and analyzed by Brezzi [1], Raviart and 
Thomas [5] for linear problems. 

Let V, W and H be the Hilbert spaces with their duals V',H', 
H* and norms ||.|iv> I I•I lu a n d II-IIH respectively. We assume 
V c-H with a continuous embedding. Let a(.,.) and b{.,.) be 
continuous bilinear forms on VxV and V«W respectively and F be 
a continuous functional on V and gcW. We denote by <.,.>, the 
between V and V or W and W. 

Consider now the functional 

(') ICv.fl = a(v,v) + 2b{v,#) - 2r(v)-2<g,»>. 
We show that the minimuB of Itv,*] on V»W can be character 

-ized by a class of variational equations. We now state the 
result, see for proof [4]. 
Theorem(. 

Let F*, the Fréchet differential of a nonlinear continuous 
functional F on V, be antimonotone. a(.,.) and b(.,.) be contin 
-uous bilinear forms on V«V and V»W respectively. If a(.,.) is 
a positive symmetric bilinear form on VxV, then for given geW', 
(u,*) minimizes the functional I[v,$], if and only if (U,^)EVXW 
satisfies the variational equations 
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(2) a(u,v) • b(v,<() = <r,(u),v>. for all veV 
(3) b(u,*) = <g,*>, for all «cW 
REMARKS. 

Theorem shows that the variational problem 1 and the weak 
formulations (2) and (3) are equivalent. This equivalnce plays 
a basic part in deriving the error bounds for the finite element 
method of the mixed type. 

We also note that for FcV, the result of theorem 1 is exac 
-tly the same as proved in [1]. 

In this paper, we consider the problem (P): 
Find (u,<i)cV»W such that 

(U) a(u,v) + b(v,*) = <F,(u),v>, for all VEV 
(5) b(u,+) = <g,» >, for all •EW. 

For (F,(u),g)ED, where D is a subclass of V'xW', we assume 
(Ht) (P) has a unique solution. 

Given deG*, where G is a Hilbert space satisfying WCG with 
a continuous, find (y,X) = (yd,Xd)eV«W such that 

(6) a(v,y) + b(v,X) = 0, for all VEV 
(7) b(y,*) = <d,»>, for all ifeW. 

We assume that 
(H2) problems (6) and (7) have a unique solution for each deG' 

For V.&iV and W.Ç.W , finite dimensional subspaces, we 
consider the finite element approximate problem (Pj,): 

Find <u
h.,(,

h>£VWh such that 

(8) a < V V * b(vh'*h) = ^'«V'V' for a11 VheVh 
(9) b<uh>*h) = <g'*h>' f o r a 1 1 *hEWh-

In order to derive the error bounds for u-uh and •-•jji 
we make the following hypothesis: 
(H3) There exists a constant o>0 such that 

a(v,v) > ci||v|l2, for all vcZ. , 
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where 

V {vheV b l W = 0 ' f o r a 1 1 •heHh) 

(HU) There exists a number S(h) such that 

I K I I V < S(h)||vh|| „. for all vheVh. 
(H5) There is an operator v^: >Vh sa-isfying b(y-»hy, h>=0, 
for all yeY and •heWh, where Y = span( (yjl^g, ,u), Cu,») is the 
solution of (P) and Cy,.,̂ ,.) is the solution of (6) and (7) 
correspodning to dcG'. 
(H6) F'Cu) is antimonotone on V, that is ^'(u)-?'(v) ,u-v><p, 

for all u,vcV. 
(H7) F'(u) is required to satisfy the Lipschitz condition, 
that is there exists a constant y > 0 such that 

||r,(u)-F'(v)||vt< TI|U-V||V, for all u.veV 

The hypothesis (H1)-(H5) are due to Falk and Osborn [2] 
and (H6)-(H7) are mainly due to Noor [3]. In addition, let a(.,.> 
and b(.,.) be continuous bilinear forms on HxH and VKW respectiv 
-ely, i.e., 

a(u,v) <a,||u| | ||v||, for all u.veH. 
b(u,<>) <Bi||u||v ||*||w, for all ucV, *cW. . 

We now state the main result of this paper. 
Theorem 2. 

Suppose that the hypothesis (H )-(H7) hold. If (u,f) and 
(u, ,1(1.) are solutions of (P) and (Pv), then 

I I u-uh I 1 „ 1C | | u-»hu | | H*C21 | *-•,, | | „, for all • ^ 

I \ * - % \ l y 1 I I " " h u ' l v * c 3 l l » h u - u l I H * S ' ' • " • h ' ' w 

If in addition 
Zh Z = CveV, b{v,«)= 0, for all •eW), then 

l|u-uh|lH < C8||.hu.u|iH, 

llu-uhllv L llu-'hUlly * CBllu-1'hu I'H' 
where C's are constants independent of u and * . 
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Theorem 3. 
Assume that (Ht )-(H3) and (H5) hold, (u,t) and (uh.*h) are 

the solutions of (P) and (Pj.), then 

ii*-*hiiG= SëG ' { b < y d -Vd '* -V • a ( u h - u ' n hyd-yd ) + b < u -v x d- ' , ) 

+ <F,(u)-F,(uh),yd>)/||d||G,, for all •h.neWh, 

For proof and other details, see Noor [4]. 

REMARKS. 
If F(u) is independent of u, i.e., F(u) = f,(say), then the 

Lipschitz constant y is zero. Consequently our results reduce 
to that of Falk and Osborn [2 3. Thus our results are more general 
than and include the previous one as special case. These results 
allow us to consider the mildly nonlinear elliptic boundary 
value problems. 
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ON THE MAXIMAL ABELIAN SUBGROUPS OF THE LINEAR 

CLASSICAL ALGEBRAIC GROUPS 

J . P a t e r a , P . W i n t e r n i t z and H. Z a s s e n h a u s . F . R . S . C . 

1 . The l i n e a r c l a s s i c a l a l g e b r a i c Rroups (LCAGs) over a f i e l d 

F a r e defined as the group of u n i t s , U(R), of the c e n t r a l l y simple hyper-

complex systems R over F. The t a s k of surveying the U(R)-conjugacy 

c l a s s e s of the •m.vlnml nhel ian subgroups (MASCs) A of U(R) I S equiva-

l e n t t o the task of surveying the U(R)-conJugaey c l a s s e s of the maiflmnl 

a b e l i a n subalgebras (MASAs) M of R over F. This i s because the 

module M genera ted by A i s a MASA and for any MASA M of R i t s 

un i t , group A = U(M) I S the MASG of U(R) contained In M. Hie 

l a t t e r t a sk was d e a l t wi th f i r s t by I . Schur [9] , l a t e r by Kravchuk [ 2 - 7 ] . 

We extend and r e f i ne Kravchuk's methods t o deal with the t a sk In f u l l 

g e n e r a l i t y . We aim a t e s t a b l i s h i n g by a lgebra ic methods the r e q u i s i t e 

' l i n e a r i n v a r i a n t s ' In order t o s eg rega t e the mul t i tude of a l g e b r a i c 

MASA v a r i e t i e s i n t o I r r e d u c i b l e subc la s se s (ep. [ 8 ] , [ 1 0 ] , [ 1 ] ) . 

2 . Decomposition. By McLagan-Wedderbum's second s t r u c t u r e 

theorem R i s c h a r ac t e r i z e d as a r i n g which i s isomorphic to a r i n g of 

ma t r i ce s of f i n i t e degree f over a d i v i s i o n r ing D of f i n i t e (square) 
p f X f 

dimension m over i t s cen te r , -ay R = D 
A decomposition of a nonempty subse t M of R i s def ined as a 

t r ans fo rmat ion of M by an element & of U(R) such t h a t fo r every 

element X of M we have &(x) = B X &" = * i = 1 Xj where ^ € Ri = 

D f i X f i ; s , f . € 2 > 0 ( 1 < 1 < s ; E i ^ f l = f i If s i s maximal then we 

speak of a Remak decomposit ion. I f a l s o s = 1 then M i s indeeonpos-

a b l e . Always the subse t M, of R formed by the X^ s which i s sa id 

to be the 1-th eomponent i s indecomposable in case of a Reoak decomposit ion. 
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If M i s a MASA of R then the components M, are MASAs of R̂^ 

and W*""' =©iS, M where the M.'s are unique up to U(R )-conJugacy 
1=1 i i fi x f l 

and component permutation. Conversely, if Mĵ  i s a MASA of D 

( s , ^ Ç Z > 0 , 1 < 1 < s, E J , ^ = f) then 9 ^ ^ is a MASA of R. 

Any indecomposable MASA M of R contains a unique maximal separable 

extension S = S(M) of F such that M is an indecomposable MASA of the 

centrally semisimple hypercomplex system over S formed by the R-

centralizer 

CJS) = [Ylï € R & V X (X € S => XY - ÏX)) 

of S. If H is an indecomposable MASA of R satisfying S(M) = F then 

the factor algebra of M over itr. radical J(M) is F-lsomorphlc to a 

f ini te extension B of F. If E = F then J(M) is a maximal abelian 

nilpotent subalgebra (MANS) of R over F such that M = J(M) + F. 

Conversely, the R-centralizer of any nonzero MANS N of R is an 

indecomposable MASA M= CR(N) = N + F. 

Note that for any (field) extension E of F and any MASA M of R 

the tensor product algebra E « R i s a centrally simple hypercomplex 
F 

system over E with MASA E ® M. 
F 

In ease M/J (M) = E is purely inseparable over F then we have 
F 

E » M = J(E ® M) + E- Field extension invariance also holds for any 
F F 

nonzero MANS N of R inasmuch E ® H is a MAI1S of E » R. Thus 
F F 

the theory of MASAs is reduced to the theory of MAlfSs. 

3. MANSs. For any nonzero MAWS N of R there is a unit B of 

R transforming H into a Kravchuk normal form 
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f-X A12(X) A13(XÎ 

f>X ^ -[ Aa2(X) A2 3 (X) | (1) 

where X, v f Z O , i i = f - X - v > 0 , and Al 2: M * DX X , i ' A..: 
H-»D X , < V A • N - » ^ * * ' A • N - ' I ^ l X V a r e F "II n e a r mappings such that 

H0 - ker A12 = ker A23 = {x|X 6 H ê »l - 0) (2) 

is the annihilator Ideal of H, 

N0~ A13(H) = DX X v , II = N0 + ker A^, (3) 

N o = k e r A 2 2 - C*5 

The triplet (Xm,|im,vm) Is independent of the choice of B and is 

said to be the Kravchuk signature of N. It is Invariant under extension 
2 of F. Note that u = 0 <* N = 0 and that the Schur upper estimate of 

the dimension of N over F generalizes to the sharp upper estimate: 

d l m F N < m 2 [ ( | ) 2 J . (5) 

How let ii>0 . Generalizing Kravchuk's Lemma we show that the 

right annihilator 

[ A , ^ * '] = (y|y 6 if*' VX(X € N » A|2(X) y = 0)) 

of A12 is zero, since the transpose NT = (XT(X € M) of N is a MANS 

of Kravchuk signature (vm.nm.Xm) of the dual ring Rd = (Dd)f X f i t 

follows similarly that the left annihilator 

tC,,<U\A23] = fy|y 6 D»*U i VX(X € N =. yA23{x) = 0)) 

of Ap, Is zero. 

Note that A22 = 0 » tl3 = 0. If A ^ = 0 then N is said to be 

corefree. 
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F i r s t fun.liunent.al URJIX-III on MA!t;:-; 

The matr ices 

/bx A l 2 ( x ) A, (XA 

? = ( &• A23(X) 1 (X € H) 

form a coref ree MANS N such t h a t the mapping of X on X provides an 

F-isomorphlsm of the underlying F - l i n e a r spaces of N, II. Given tl then 

the corresponding If s are cons t ruc ted by choosing F - l i n r a r mappings 

A9_î N -• ET ^ subject Lo the r e q u i s i t e comrautativity c o n d i t i o n s . 

The proof of the f i r s t fundamental theorem i s bas*;d on a lemma 

c h a r a c t e r i z i n g the r i g h t m u l t i p l i c a t i o n mapping 1 - f'11'- n, " 2^, 

TiW(x) = XH (W € R) of a nonempty subse t S, of " In to another one, ••-.ay 

by the cond i t ions Vs(p € ZL>°& A1 f R . X ^ S , (I < i < s ) 4 E ^ , A ^ = 0 

=» t . ^ , Ai<p(Xi) = 0 ) . 

Denoting the i - t h row of the r e c t a n g u l a r matr ix A12(X) by r j (X) the X 

F - l i n e a r mappings r ^ N - 1)' X ^ genera te a D- lef t l i n e a r space row (N) 

N -• D*1 X ' of X of H on 

the k - th coluinn of A (x) gene ra t e a D-r ich ' l i nea r space co l ( l J ) . 
f X f j 

The MANS II of D i" s a id to be s imi l a r to the MAllô II of 
f X f y 

t( = D with a n n i h i l a t o r II i f there is an F-isomorphisra 

9: tl/tl * rf/if an.i a Ki-avcn k normal form f' if ( ' ' ' ( F . Ç Il(R') ) such 

tha t A22(1C') = A22(X) i f //l<o 6{mo) and i f low(i;,- ™wC.' ), 

col(H) = col(N' ) . S imi l a r i t y of MAN ŝ I s an equivalence r e l a t i o n . Even 

broader c l a s s e s using the concepts «r boundary re t rac t , , b ^ i n d a r l z a t l on 

and s a t u r a t i o n p ; rmi t to le-tl <.-ffe ;t ive ly wi t.h *!'.'.• e lr»: :s if icat ion 

problem for MAI! J s II with fixi-l ropi .•sontatioi. A: fl/il 1 • l^ *, 

&-. ::/u • nu X J, 4(.-,:i ' A (̂x) i • '. •( n. 
J ' S i -
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Second fundamental theorem on MANSs. Let F = D an i n f i n i t e f i e l d . Then 

there are decompositions 

N = No + ̂  ilo O'ik + ^ 1 Ni' (6) 
_1 X |j = jA-1 L + I E. :l L (7) 
t l=o 1 ' i ^ l Tt=o L ik "' 

of N, F x ^ into the direct sum of F-linear subspaces such that for 

an appropriate unit of 6 of R the conjugate 6 H 6" is in refined 
Kravchuk normal form for which 

li^ = dljHj, Nik = dimp ^ e Z - 0 , (8a) 

v j ( V ^ j k 1 ! 1 0 ^ ^ 0 ' (8b) 

Vj(Vc5W8
 + ï £ ' é<iL<*(1<i<K) (8c) 

(0 < k < 1 < X), 

^ = dimp ^ = diiip L y (0 < J < 1) € Z > 0 , (9a) 

rX-J ^ = LL1 ( 0 ^ J ^ i ) ' ( 9 , ' ) 

'x- j^i) c ^ < j L
g

 + ̂ "î h<i V (1<J<a) (9c) 

(0 < 1 < X), 

and the nonnegatlve Integers (̂  (|i| < X) are independent of the choice 

of 6 and Invariant under extension of the field of reference such that 

dimpN = Xv + E*"^ (1 + 1 ) ̂  + E^J U ^ (10) 

Using the refined Kravchuk normal form we find the sharp lower estimates 

dimp N > m(f ,X), (12a) 

m(f,X) = mln (1 + XV +[ ((1-1 )/X] + sign (|i-1-X[ (|i-1 )/X] ) , (12b) 
> o 

x<vez 
H^f-X-vX) 

dIjnpN > min m(f ,x ) = m(f), ( lac) 

o<X<f-2 

m(f) ~ 3{V/S)2/3 for f * " . (ISd) 
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U. Conclusion. Tlie task of finding all MASAs of a linear 
o 

classical Lie algebra of dimension f has been reduced to the 

task of classifying all HANS of the linear classical Lie algebras 

of dimension 

fi
2 with fi < f. 

The Kravchuk theory of MANSs has been further developed and refined 

by Introducing the notions of corefree MANSs, boundary re trac t s , 

boundorlzation and saturation of MANSs. 
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ON THE MAXIMAL ABELIAM SUBGRODPS OF THE 

QUADRATIC CLASSICAL ALGEBRAIC GROUPS 

0 J . Patera , P. Mintexnitz and H. Zaaaenhaua, F.R.S.C. 

1. The quadratic classical algebraic groups (QCAGs) over a 

field F are defined as the subgroups 

0(a/n) = (B|B € U(R) * a(8) = B"1} 0 » ) 

of the unit group of a centrally simple hypercomplex system R over 

F corresponding to the lavolutory antloutcmorphlsm (involution) 

a of R acting on the unit group U(R) of R. 

The task of surveying the 0(o/R)-conJugacy classes of the 

maximal abelian subgroups (MASOs) A of O(ĉ R) is equivalent to the 

task of surveying the 0(o/R)-oonJugacy classes of the aarlmal abelian 

subalgebras (MASAs) M of the quadratic classical Lie algebra 

o(c^R) = (X|X € R * a(X>=-X) (tb) 

corresponding to the involution a. TUs i s because the Cavley map 

C of U(R)-If on U(R)-If which maps X on (lf-X) (lf+X)" 

0(o(/R) fl (U(R)-If) i s mapping 0((VR) on a generating set of the Lie 

ring o{a/R). On the other hand the application of C to 

o(q/R) fl (U(R)-If) yields a generating set of the group 

S0((VR) = (XjX € 0(a/H) * det (X) = 1) (1c) 

(with slight modification in case the characteristic x(R) of R is 

2). 
o 

Note that 0(o/R) Is the normalizer of 0(o/R) relative to 

U(R). 
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For any Involution a of R there is an involution a0 of 

0 and a unit K or R such that 

a(S) = lto0(X)T K"' (X € R) (2) 

where K = K(a) = eao(K)T, c = €(a) = + 1 and e = t in case 

a|P ̂  If 
Hie Involution or is said to be unitary If a|F ̂  1̂ ,. In that 

case 0{a/H) is a unitary Lie algebra of dimension (fm) over the 

a-fixed subfield F3 = f5|5 € F 4 a(5) = S) of the center of F. 

Relative to Fa the field F is a separable quadratic extension. For 

any extension E of F the hyparcoaplex system R = E ® R with 

involution a = 1 ® a either is centrally simple over E such that 

0(c(/R) = E ® O(cv'R) is a unitary Lie algebra or it is the algebraic 
Fa 

sum of two centrally simple hypercomplex systems Rj»1^ o v e r E s u c h 

that aiRj = Rj.i (1 = 1,2) and 0(2I/R) = (X, 8 -^(X,)^, c R, ] is 

E-lsomorphlc to the E-Lle algebra LR, attached to R1 . 

The Involutions a,a' are said to be properly equivalent if there 

is a unit 6 of R for which a' = Bofe" • It follows that 

o(a7R) = m{al*)h'\ o(o'/R) = 60((VR)6"1, K(a' )= BK(a)a0(&)T. 
Let D = F, a|F = 1^. Now we have KT = cK. If « = 1, x(F) ̂  2 

or if x(F) = 2 and K has a nonzero diagonal coefficient then 

0((VR) = 0(K/R) is said to be the generalized orthogonal group. If F 

Is algebraically closed then, after a proper equivalence transformation, 

K = I. and 0((VR) is the orthogonal group. 

0(f,F) = (X|X € F f X f * XXT= If) (3) 

of degree f over F. Otherwise e = -1, 2(f and after proper 

equivalence K =( f/2) and 0(0/R) = Sp(f,F) is the symplectic 

Vîf/s / 
group of even degree f over F. 
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If a|F = U, then for any extension E of F the hyperccmplex 
A 

system R = E 8 R is centrally simple over E with involution 
* A 

o = 1 9 a such that E 9 0(a/R) = 0(o/R) in case E is the algebraic 
~ F 

closure of F. 

2. An q-orthogonal deeompositon of a nonempty subset M of R 

is defined as a transformation of M by an element b of U(R) such 

that 8K(a)cfe(B)T = e ^ , K^ 6 X 6 " ' = S)^ X^, 

f. X f 
Xi'Ki € Ri D ' s»fi e z 

(1 < 1 < s); E ^ , ^ - f. 

If s Is maximal then we speak of an q-Remak decomposition. If also 

s = 1 then M Is said to be q-inde compo a able Always the subset M, 

formed by the X,' s is said to be the 1-th component set of the 

given orthogonal décomposition. Here a* is the 1-th component involu-

tion of R defined by setting q (ï) = K ̂ ( ï ) 1 K"1 (ï € R ). Bote 

that f^ = «(q)c^(K1)r € OL(f1,D), «(a,.) = c(a), c^lF = c^|P (1 < i < f). 

The R-eentralizer of a MASA of 0(Q/R) IS an q-lnvariant MASA 

of R. (see notations of [2]) 

Not every q-lnvarlant MASA of R intersects o W R ) in a 

MASA of 0{a/R). 

For any q-orthogonal decomposition of an q-lnvarlant MASA M 

of R the components M, are q-lnvarlant MASAs of R (notations 

as In [ 2]. Each M, is q.-indecomposable precisely if the given 

decomposition la q-Remak. The q-Remak decompositions are unique up 

to the order of the components and up to proper equivalence. Given on 

q-orthogonal deeompositon we know that 

M 0 0(c(/R) Y = 6(®,!1 (Mi fl 0(qi/Rl)) 6" 
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is a MASA of 0(Q/R) precisely If all component intersections 

M. f) 0(q /H) form a MASA of 0(q /R) and if at moat one of them 

generates a nilpotent subrlng of R^. Conversely, if for a fixed 

involution cu of 0, fixed e = + 1 such that « = 1 in case 

cu/F j( U. and a natural number s we know s natural numbers f̂ , 

matrices K = e qf.(K1) of GL(F1,D) and q,-invarlant MASAs Mi of 
f X i 

R = D 1 * where q, is the involution of R, mapping the element 

Y on K.ojY)1 K7 (1 < 1 < S) then there is the involution q = ®i_1 a^ 

of R = Df * f with f = E j , tL such that K(q) = 9^ K^ t{a) = « 

and M = S,8, M, Is an q-lnvarlant MASA of R. 

3. Orthogonally indecomposable MASAs. Let M be an q-lnvarlant 

a-indécomposable MASA of R. 

If M Is decomposable then f Is even and there is a unit B 

of R for which 6R(q)oh(8)T =( "l sach that 
\ e ( q ) l f l c / 

BMB'^ (X, ®e(X 1 ) |X 1 6 M,) where M, la a MASA of vW2)*™2' 
and 0 Is an Fa-lsomorphlsm of M, on o^(M, ) , and conversely. 

If H I s Indecomposable and M = F + J(M) then J(M) I S an 

q-lnvarlant MANS. Conversely, for any q-lnvarlant MANS N of R the 

MASA N + F of R Is q-lnvarlant and Indecomposable. The in tersec t ion 

N fl 0{a/R) i s a MASA of 0/q/R) i . e . CR(N 0 0{a/R)) = N + F. 

U. Symétr i e MANSs. In the previous s ec t ion the theory of the 

MASAs of the quadratic c l a s s i c a l Lie algebra 0(q/R) was reduced to the 

task of surveying the 0(q/R)-conjugacy classed of the MANSs N of R 

for which N = o(N) = J(CH(N fl 0 ( q / R ) ) ) . A MANS N of R i s said to 

be syrmetric i f i t I s invariant under an involut ion q of R. The 

Kravchuk signature of a synnetric MANS i s of the form (XB,|im,Xm). 



J . Patera, P. Winternitz and H. Zassenhaus 

After application of a suitable equivalence transformation to o and 

corresponding conjugation of N the Kravchuk normal form can be so 

arranged that 

A23(N) - K220b(VT'A22(N) " " W V V ^ 

K ( o ) = l K 2 2 

We form the associative subalgebra N+ = {X(X € H * q(x) = (X)) and the 

Lie algebra N" = N fl 0(q/R) over F0 such that N+N+ + N'N" c N+, 

N+N~ + N_N+ c N-. If x(R) / 2 then N = N+ + N". 

Now let x(R) ̂  2, D = F. If a is a symplectic type then (i Is 

even and we adopt a normal form for which K0 

Ai2 = ^i^^s)' A23 " ( !7.2!T 1 • We 3et "1 = "a = */2-
-(A;2) 

^-l.(A l V 

22 . . , 

Otherwise we may have K22 = ̂  ® K with 

K,, = K̂  6 GL^F»), Ph € 2^° , (h = 1,2); ̂  = ̂  + l^ Ajg = ( A ^ ) , 

23 \-WA;sn 

2 12' 

"2T>V 1 2' 

where in either case Aj2(N) C D , A". (N+) = 0; 

Aj-gW c D S , A;2(+) = 0; 

\A21 û 2 2 / 
• 4*™c »h x ^ 4<"") • o> 

\3-hM = ^ " ^ Ah,3-h(N+) = 0 ; ( h = , ' 2 > -

file:///3-hM


J. Patera, P. Winternitz and H. Zassenhaus 

5- Conclusion. The classification and construction of all MASAs 

of the linear and quadratic classical Lie algebras has numerous 

applications In both mathematics and physics. It has enabled us to 

obtain a new universal normal form for the elements of the classical 

groups and Lie algebras. It complements the study of normal forms of 

elements by providing normal forms for certain sets of elements namely 

the MASAs themselves. 

Among applications In mathematical physics we mention the solu-

tion of the Schrodinger equations for quadratic Hamiltonians in phase 

space (using MASAs of sp (2n,8)), the construction of superposition 

principles for certain nonlinear differential equations (using MASAs of 

sl(n,B) -and o(p,q)), the separation of variables in Helmholtz and 

Hamilton-Jacobi equations and many others. 
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NEW INTEGRAL BASES FOR SYMMETRIC FUNCTIONS 

N. G. El-Sharkaway, H. A. Jahnt and R. C. King 

Presented by G. de B. Robinson, F.R.S.C. 

Abstract 

New symmetric functions labelled by partitions are 
defined. They are related to the hook structure of the Young 
diagrams specified by these partitions. They form an integral basis 
of the space of homogeneous synmotric functions, as do their dual 
functions which are also defined. 

1. Introduction 

Several integral bases of the space of homogeneous syrmetric 

functions of degree n are well known. These are all labelled by the 

partitions of n which each specify at the same time a Young diagram. 

Two such integral bases are associated with the row and column structure 

of that diagram. In this paper a new integral basis is defined which is 

associated with the hook structure of the diagram. 

2. Partitions. 

A partition X • (X , X X ) of n into p non-
- 1 2 p 

vanishing parts with X $ X £ . . . ) X > 0 defines a Young diagram 1 2 p 

[£; b] ,F" > cons is t ing of n boxes arranged in lef t -adjusted rows, 

with the i th row containing X. boxes for 1 • l t 2 p . The 

notation [2j Xi—n i s used to s ignify that X i s a part i t ion of 

n , so that X, + J , + . . . + X • n . 1 2 p 

^Professor Jnhn died in October, 1979 at which time he 
was collaborating with one of us (N.C. El-Sharkaway) on the work 
reported here. Calculations found amongst his papers suggested the 
definition of the new symmetric functions. 
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The diagram F- a l so cons i s ts of top-adjusted columns 

with the j th column containing X. boxes for j " 1, 2 q . 

Clearly X • (X X . , . . . , X ) i s a lso a part i t ion of n . - 1 2 q 

Furthermore F- cons i s t s of diagonally-adjusted r ight -

angled hooks with the kth hook containing h boxes arranged with 

one box on the main diagonal of F- together with on arm of a, " X^- k 

boxes and a leg of b. " X ~ k boxes [4; 5J . The number of boxes 

on the main diagonal of F- i s the Frobenius rank r . With this 

notation N. * "i, * bi. * 1 £ o r k " I . 2 r • whilst «j '̂  a
2 * ••• 

> a i 0 and b. > b. > . . . > b 4 0 . 
r 1 2 r 

Symétr ie functions 

The vector space, A , of a l l homogeneous symmetric n 

functions of degree n in a se t of indeterminates has as a basis 

the monomial symmetric functions k with Xt—n [2^ 6] . Bases are 

also provided by the Schllr funct ions, e , and a l so by the c l a s s i c a l 

symaetric functions h and a for Xv— n . 

I t i s to be noted that h = e and a D e.m , whilst 
m m m l 

P 9 
h. - n e , and ar - R e.X. . (3 .1) 
i £.! \ i j - l » J 

These particular functions are thus products of Schilr functions 

associated with the row and column structure of the Young diagram 

F- , In exactly the same way i t i s possible to define r 1 + jb • e, .b 

and, mare general ly, 

r. - H e
 bk (3.2) 

i k-1 ^ S ' 1 

in accordance with the hook structure of F- , 

These new aymmetric functions m̂ y be evaluated in terns of 

the basis e merely by calculat ing the appropriate Schiir function 
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products using the Littlewood-Richardson rule [ 4 , 5 ] . This y i e lds 

the c o e f f i c i e n t s in the expansion: 

rX " l "f \ • <3-3) 

U " " -

This procedure i s ent i re ly aaalagous to that which y ie lds the 

expansions: 

\ • l h' % and a» " î h' \ • (3-4) 

yi-n - = - i>.n - l l 

Integral bases. 

A basis of A is said to be an integral basis if it is 

related to the basis k^ by a matrix with integral coefficients 

and determinant ±, 1 . It is a remarkable fact [sj that the 

coefficients of (3.4) also appear in the expansion: 

«X" l K' V (*•" 
- ja-n K e 

It follows that the matrices relating e. • h, . a and r to 

kx are K , KK , KK and HK , where K is obtained from K 

by permuting its rows and columns suitably. Clearly the coefficients 

of all these matrices are integers. Furthermore it is well known 

that if the partitions labelling the rows and column of K are 

ordered lexicographically then this matrix is lower triangular with 

all its diagonal elements I [2; 4.Î 5] . It is shown elsewhere [ij 

that, with a different ordering, the same is true of H . It follows 

that all the matrices referred to have determinant I . This then 

ensures not only that e. , h and a each form an integral basis 

of A for X v- n , but also that the new symmetric functions r 

for Xw-n do the same. 



N. G. E l - S h a r k a w a y , H. A. Jahn and R. C. King 

A further integral basis of A i s provided by the 

symmetric functions g for Xv—n , defined by: 

«x" I \-*u 

T 1 

where the matrix of coefficients J is such that J " H . 

The significance of this new basis is that it is dual to that 

provided by r^ with respect to the inner product with which 

the space A may be equipped [2^ 6] . 
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BOUNDED SYMMETRIC INFORMATION FUNCTIONS 

Gy. Maksa 

Presented by J. Acael, F.R.S.C. 

Abstract. The axiomatic characterization of the Shannon 

entropy - [pilog2Pi leads to the investigation of the functional 

equation (called the fundamental equation of information) 

(D f (x) + (l-x)f(î^) = f(y) + (l-y)f(-2_) 

which holds for all x,y£[0,l(, x+ysl. If, in addition. 

f(0) = f(l), then f is symmetric, i.e. f(x) = f(l-x) (xc(0,l]). 

We suppose also f(%) = 1 and call real valued functions f defined 

on (0,1) and satisfying these conditions symmetric information 

functions (see (1)). Several authors have weakened the 

regularity conditions (continuity, measurability, integrability, 

etc.) needed for a symmetric information function (SIF) to 

coincide with the Shannon function S defined by 

(2) S(x) = -x log2x - (l-x)log2(l-x), xt[0,l) 

(with the convention 0 log.O = 0). We give here a new proof of 

the still unpublished result that every SIF, bounded on a set of 

positive measure, is of the form (2). We need only the general 

solution of (1), a lemma of Lee [1], a stability theorem [2J and 

a remark [7] about boundedness of all real functions, defined on 

[0,1], on a subset of sufficiently large outer measure. 

£. In [3] Diderrich proved that, if a symmetric information 

function (SIF) f is bounded on [0,1], then f = S. The proof is 

based upon an approximation of log.N, in order to determine f 
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on the rationals, and upon an iteration of (1). Finally, a 

theorem of Daroczy establishes f = S from the continuity of f $ 

at 0. - In (4) and also in [5] Diderrich generalized his result { 

proving that, if a SIF f is bounded on a nonvanishing subinterval 

of (0,1), then f = S. In his first proof {[4]) he extends the 

boundedness to every closed subset in )0,1[. Then, he applies 

his "approximately" locally Lipschitz lemma to make local and 

global estimates of the boundedness of f. Certain number 

theoretical results are also employed for determining f on the 

rationals. Continuity at 0 gives f = s. In the second proof 

([5]) some ideas from ergodic theory are used, in order to show 

that f must be continuous a.e. on [0,1) and, as a consequence, f 

must be measurable. Then f = S is known. In this proof no 

number theoretical results are applied. - Supposing that the SIF 

f is bounded on a subset, of positive Lebesgue measure, of (0,1) 

Diderrich proved in [6] that f = S. With help of his "density 

point method" he shows that f is bounded on a Borel subset of 

[0,1] whose measure is large enough and, imitating a procedure 

in (1) (section 3.4), he proves that f is bounded on a non-

vanishing interval contained in [0,1). 

In this paper we give new and, we think, simpler proofs for 

the above results of Diderrich. We shall denote the Lebesgue 
(A 

measure and the outer measure on R by u and u* respectively. 

1. THEOREM 1. Suppose that the symmetric information 
— (fl 

function f is bounded on a nonvanishing interval contained in 

[0,1]. Then f = S. 
PROOF. It is proved in [1) that there exists a function 
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g : [0,1] + R such that g(>s) = H, 

(3) (x+y)f(^) = g(x) + g(y) - g(x+y) x,ye(0,l], 0<x+ysl 

and 

(4) g(xy) = xg(y) + yg(x) x , y e ( 0 , l l . 

Define the funct ion g. on [0 ,1 ] by 

(5) g 1 ( x ) = 2 g ( | + i ) + 2x[g ( i ) - g ( | ) ] - 2 g ( i ) . 

Then g1(0) = gjd) = 0 . Let A = { (x,y) :x,y,x+y£ [0,1] ). If 

(x,y)eA then, by (5) and (3), we have 

gj^M + g^y) - g1(x+y) = 2g(| + i)+2g(^ + i)-2g(2^ + i)-2g(J) = 

= 2[g(f^)+g(ï+i)-g(2^)] - 2(g(^+l)+g(l)-g(*±£i)] = 

= (x+y+l)[f(7T|^I))-f(|<^i^,] . 
Since f is bounded on a nonvanishing interval, f is also bounded 

on [j/jl (see [1]), thus we get that 

(6) |g1(x)+g1(y)-g1(x+y) I < S 

for some 6cH and for all (x,y)eA. Let g, be the periodic 

extension of g, to R with the period 1 and define the function 
2 

G on R by 
G(x,y) = g2(x) + g2(y) - g2 (x+y) . 

2 
We will show that G is bounded on R . Since G{x+l,y+l) " G(x,y) 

2 
for all (x,y)cR and, by (6), G is bounded on A, it is enough 

to prove the boundedness of G on the set {(x,y) :x,yc [0,1] ,l<x-t-y}. 

This, however, follows from the boundedness of G on A and from 

the following identity 

G(x,y) = G(x,l-x)+G(y,l-y)-G(l-x,l-y)-G(2-x-y,x+y-l) . 

Since G is bounded on R , applying Theorem 1.2 of [2], we obtain 

that g2 is the sum of a function bounded on R and a function 
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d i R -• R satisfying d(x+y) = d(x)+d(y) for all x,y<R (i.e. d is 

an additive function). According to the definition of g2 and 

(5), we get 

(7) g(x) =• g*(x) + d(x) *< (j.l' 

where g*: lj,j] •• R is a bounded function. Obviously, we may 

suppose here that d(l) = 0 . Define the function D on R2 by 

D(x,y) = xd(y)+yd(x)-d(xy). It follows from (7) and (4) that 

(8) D(x,y) = g*(xy) - xg*(y) - yg* (x) 

holds for all x,ye(j,^]. since D is a symmetric biadditive 

function and, by (8), bounded on (j,|-]2, and since D(l,y) = 0 

for all ycR, we have D = 0, i.e. d is a real derivation. Thus 

the function g-d|[0,1] satisfies (4) and, by (7), it is bounded 

on IT»j]. Therefore 

(9) g(x) - d(x) = ex log2 x 

for some c«R and for all x<:[0,l]. Since g(j) = ~ and di~) = 0 ' 

we have that c = -1. Finally (3), (9) and (2) imply that 

f(x) •> g(x)+g(l-x) = S(x)+d(x)+d(l-x) = S(x)+d(l) = S(x) 

for all xc[0,1]. 

2^ THEOREM 2. Let f be a symmetric information function. 

Suppose that there exist KeR and a set of positive Lebesgue 

measure E in [0,1] such that |f(x)|iK for all xtE. Then f = S. 

PROOF. Since f is symmetric, we may assume that Ec(0,i]. 

Define 4(x) = u(En(l-x)E), xt[0,l), which is continuous and so 

• (0) = iiE>0 implies that there exists iie>0 such that • (x) >0 

for all xe[0,Bl. Let 0<a<B be fixed and define the sets 

Bx = En(l-x)E, X£(0,B] and C x = J ^ - , xc[a,6) . 
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Then C x is measurable and BxcEc(0,il implies that C c(x,2x]c(a,l) . 

Define • on (a,B] by •(x) = Cx. We have for all X£[o,B) 

f2x f2x (k 
• (x) = I xc (t)dt = xB (1- ^)dt = 2

 x_ (u) 5_^ du 2 
Jx ""x Jx Bx ' Jo Bx (1-u)2 

1 
2 x 2 x (li)dM = xt(x)>0. 

'0 B 
X 

(Xc and xB are the characteristic functions of C and B , 
x Bx x x' 

respectively). Therefore 

Y = inf iMx) î inf x«(x) = xn*(x.) 
X£((i,B] Xf[a,8] 0 0 

for some x0£(a,6). Thus Y > 0 . Let E n = (xc[0,11 :|f(x)|snl, 

n=l,2,... . Then EncEn+ 1,n=l,2,... and U E n = [0,1], and so 
n=l 

lim ii*E = 1. It follows that there is a natural number n. such 
n-»- 0 

that ii*E > 1 - Y . Suppose that C nE = 0 for some X£[a,B]. Then 
0 x "o 

E c[0,ll\C which implies that 1-Y<II*E_ sl-i|,(x). This is a 
n 0 x n0 
contradiction. Consequently, for all X£[a,B] there exists 
txeCxnEn ' there£ore |f(t )|£n0 and t = — i - «here yv.£B . It 0 y x i y^ x x 

follows that yx£E and yrj«E. Finally, using the equation (1), 

we have 

Iffxll = Iffv l + (l-v >f<-_ |f(x)| = |f(yx) + (i-yx)f(T^-)-(i-x)f(^r)| s 

s |f(yx)| + |f(tx) 1 + ̂ (3^) |sK+n0+K -x 

for all x£[a,B]. That is, f is bounded on (o,Bl and Theorem 1 

completes the proof. 
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DEGREE POLYNOMIALS FOR THE ORTHOGONAL GROUPS OVER GF(2) 

J. S. Frame 
Preaented by 'J. de B. Robinson, F.h.S.C. 

The degree of each ordinary character of the orthogonal groups 
Gn "

 02n*\^' an<1 of their maximal subgroups Hn = 02n(2> + ) = G+ 

and Kn = 0^(2,-) = G^, is a specialization for z = N = 2n of a 
degree polynomial fihz)/À\ or P, j<r(z)/d. having zl distinct roots 
r-1 rf- ^ -c * J 

•2 , where*,o = + or - and d., d. are respectively the codegrees 
(group order/degree) of a parent character $$* or fi^ from which the 
monic polynomial P ^ U ) or ?j ̂ U ) is derived. Such "levelj? •' char-
acters of type i^ have sign Ton the transposition class C and are 
derived from parents of level f-m in G J for G or in G, for G3", 
with monic polynomials P ^ . ^ U ) and P»_m^(z) respectively. Parent 
polynomials and generic degree formulas, together with numerical 
degrees and values on the class C for n = 4 are given below for 
X*-5, i*m £ 5. Tables 1 and 2 list generic degrees of G -characters 
of types i1* andij , while Table 3 lists degrees for Hn and Kn, and 
for H^ (the central factor group of the Weyl group Eg) and K^. 

The monic polynomials for G characters are coded by a word of 
w = i+m letters, having rth letter h,k,g, or i according as z-a1--1, 
z+2r" , both, or neither is a factor. The five level 1 characters 
of Gn, their degree symbols, and degrees for G , Ĝ . and G, aret 
Gn character i "i^ U V X Y 
Degree symboli g/3 hh/6 kk/6 kh/2 hk/2 
Gn degree. (N2-l)/3 (H-l){N-2)/6 (H+l)(N+2)/6 i(n-H)(N-2) i(N-l)(N+2) 
G^ degree. 85 35 51 119 135 
Gj degree. 3«H 155 18? 495 527 

Replacing z by -z, N by -N, or h by k and k by h, changes a 
character formula to that of its mate. Thus U and V, X and Y are 
mates in Gn, and character 3i> labeled for a corresponding class, 
is self paired. Each generic character of H = G* of degree P^Nj/d. 
has a mate in Kn = C" of degree P^'(N)/d. = ?^(-H)/i.. However, 
degeneracies occur when n = w-1. Then a generic character with deg-
ree factor z+N but not z-N yields for z = N = 2n an ordinary char-
acter called a widow whose mate is a "ghost" of degree 0. The same 
widow may arise from two distinct generic characters whose parents 
are mates. For example, s in G. has degree hk/2 and also kk/6, and 
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represents for n n 1 the equal widows Y and V whose mates vanish. 

Each ordinary character 0J of 0^ (Ĥ  or K^) of level i-m gene-
rates a unique generic character of Gn of type /*, and if ft** is a 
widow (like k* of H^ in Table 1) both of its fomulas yield the 
same pair of mated characters. Each ordinary character j^ of Gp of 
level i-m generates a tetrad of generic characters with word length 
w n^+m+1 of which one pair yields for » = N the associated charac-
ters jM* and Ï X1'* of G* » Hn and the other pair yield» their Bates 
i n Gn " Kn ^ae e Tal,le 3). The three pairs of level 1 associated 
characters of Hn have degrees hh/6, ig/3 and kik/6, while their 
mates in Kn have degrees kk/6, ig/3 and kih/6. 

Wo define P*(z) = T T ^ ( z 2 - ^ - 1 ) , and L = 2*. Then fro» the 
polynomials P^J(«) of parents of Ct sign (Tin GJ . and fro» the 
polynomials P.^Cz) of parents of Ct sign T in G» , we can const-
ruct the generic polynomials P£j(z) for Gn and P ^ z ) for G* , a* 
described in [ij. 

V PJ<«) • P^»» M2i"2m Pi-B^/*) («-I*l)/(«-TII). M - -ra""1. 

Gni PJfCz) - P*(*) M2'"2» p^Jz/K) (z-UI)/(z*<0 . M - -9T2". 

Formulas for the values J % and X jfot these characters on class 
Ct, given in right hand columns of the tables, are expressed in 
terms of the sums s and s' of the roots of the degree polynomials 
by the following formulas derived in Tl]. 

Ct of Gni /J n X f('C(N+s)N/L - 1)/(N2 - 1) 

Ct of G m ^ T = Xl'Hl* 87{N-«r))/L 
Generic degree polynomials have also been constructed for level 

• with word lengths w < 6, from which degrees were found for the 
64 characters of Hy 155 of Kj and 198 of Gy Those for H, check 
ith the character table completed using other techniques. 
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Table 1. Degrees for G 02n+l(2) and G^ of characters positive on Ct. 

P a r e n t i n 0 ^ ( 2 

L a b e l D e e r e e W o r d 

H0 1 1 i 

H1 1 1 i 

H2 3 H 2 hgk 
32 * hgk 
r 4 hik 
3 ! 1 hh 
s 4 i g 
1 1 i 

H3 3 l 5 l ^ hs& 
71 90 hggk 
3 H 35 hgk 
3 2 70 hgk 
5 ! 21 hgh 
3 ! s 28 hhg 
4 s t 64 i g g 
"î 56 h^k 
r 14 h ik 
s 20 i g 

H4 3 u u 7 0 heegk 
3211 ^20 hgggk 
322 1 ' * 0 0 h ee6k 
3 3 ! 1680 hgggk 
3^ 4480 hgggk 

3 ^ ! 3150 hgggk 
5 U 113^ hgggk 
52 ^536 hgggk 
15i 5670 hgggk 

3 ^ ! 2835 hggk 
7 ! 6075 hggk 

3 u s 2100 hgkg 
3 2 s 4200 hgkg 

i* Generic „ . 
4 ° degre/e+

 M a t e 

' ' P 6 Word/dt word 

°; 
l î 
2S 
2+o 
2Î 
2Î 
2Î 
'1 
K 
K 
3Î 
3r 
3Î n n n n 
3 2 

^ 
K 
^0 
^ 
K 
^ 
^+ 

*S 
*; 
^ 
^ 
^ 
^ 

i / I 

hk /2 kh 

gg/36 
gg/18 -

g i g / 1 8 
gkk/72 ghh 
hgk/18 k.ih 

gh ik /72 gk ih 

g ê g / 2 6 l 5 -
ggg/2 6 7 -

g g h k / 2 7 3 2 ggkh 
8 g h k / 2 6 3 2 ggkh 
ggkk/2 7 15 gghh 
gkgk/2 5 45 ghgh 
hggk/630 kggh 
ghkg/2^45 gkhg 

gg lhk /2 6 45 ggikl 
ghg ik /2 5 63 gkgih 

gggg /2 l 2 355 -
gggg/2113S -
g g g e / 2 1 0 3 5 -
eeeE/293*5 -
g g g s / 2 6 3 5 5 -
g g g g / 2 1 2 3 3 -
gRgg/21 275 -
gggg /2 1 0 75 -
gggg /2 I 2 15 -

ggghk/21 315gggkh 
ggghk/2 1 3 7 gggkh 
gghgk/2113Wgh 
gghgk/21 034ggkgh 

G ^ - c h a r a c t e r X ^ ' %-

Label Degree Labe) 

1 1 1 -

Y 135 63 X 

3 U 1785 441 
32 3570 882 -
r 3400 840 
3 ^ 1275 195! 3iU 
Yg 4200 840 Xg 
Y* 1190 182[ X' 

315116065 1953 ' -
71 34425 41851 
311Y16065 1449! S u X 
32Y 32130 2898, 32X 
51V 16065 441i 51U 
3^218360 792 j 31U2 
Y3 3456O 2304 X3 

r ' Y 19040 2016 r ' X 
r iY 5712 336 
Y^ 136OO 160 

3 l l l l 595 35 
3211 3 570 210 
322 1 1 9 0 0 7 0 0 

3 3 ! 14280 840 
3 4 38080 2240 
3!9!26775 1575 
S u 9639 567 
52 38556 2268 
15i 48195 2835 

3151Y32130 882 
71Y 68850 I890 

3UY228560 336 
32Y257120 672 

rix 
x-

-
_ 
_ 
-
-
_ 
. 
_ 

7 1 X 

3 11 X 2 
' 2 X 2 

mate X? 
1 Degree 

-
119 
_ 
_ 
_ 

595 
2856 

510 

-
« 

-

63 
_ 
_ 
. 

203 
8^0 
174 

-
_ 

8925 1365 
17850 2730 

3213 
4760 

693 
952 

13056 2304 
14688 

0 
0 

_ 
_ 
— 
_ 
_ 
-
_ 
• 
_ 

0 
0 
0 
0 

2016 
0 
0 

_ 
_ 
_ 
_ 
_ 
. 
• 
_ 
_ 

0 
0 
0 
0 
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Table 2. Degrees 

Parent in O^j^) 

LabelDe8reeWord 

\ 3X 2 kk 
1 1 i 

K, 5, 6 kgk 

fox 

im 
Type 

K 
ll 
2S 

3l 5 kk 2J 
s 4 ig ^ 
1 1 i 

K3 3lll 10 k8«k 

321 20 kggk 
33 80 kggk 
9! 90 kggk 

•31r 60 kgik 
3 U 15 kgh 
32 30 kgh 
Si 81 kgk 
31s 60 kkg 

V <* igf 
4; 24 k«*k 
3! 15 kk 

K43ll5l21'f21t g g g k 

325i 4284kgggk 

3l7l 4590kgggk 
17J 5670 kgggk 
17i 5670 kgggk 
3iii 595 kggk 
32 1 1190 kggk 
33 4760 kggk 
9i 5355 kggk 
518 4284 kgkg 

314at3264 kkgg 
zess 4096 iggg 

^ 

% 
3Ô 
3Ô 
3Ô 
3Î 
3i 
3I 
31 
3i 
3Ï 
3ï 
32 

*S 
"̂o 

^ 
*5 
^ 
î 
*î 
*i 
4Ï 
*ï 
*ï 
^ 

Gn= 02n4j(2) and G(j Of characters negative on Ct 

Generic „„+„ 
degree M a t e 

Word/d^ Word 

g/3 
kk/6 hh 

gg/20 
ghk/24 gkh 
kgk/30 hgh 
gkik/120 ghih 

sse/zb3l -
eee/zh -
ggg/2334 -
ggg/2632 -

eeie/zh3 -
ggkk/2733 gghh 
ggkk/2633 gghh 
gghk/275 ggkh 
ghgk/2533 gkgh 
kggk/810 hggh 
gkkg/24335ghhg 

gghik/2733 ggkih 

gggg/21245 -
gg66/21145 -

gggg/21221 -
gggg/21217 -
gggg/21217 -
ggghk/2j33jgggfcl' 
ggghk/2123*gggkli 
ggghk/2103*gggkli 
ggghk/21332gggkh 
gghgk/21145ggkgli 
ghggk/27945gkggli 
kgggk/96390hgggh 

G^-characterXl 

Label Degree 

3X 85 -43 
V 51 -21 

5! 3213 -819 
31Y 2975 -665 
Vz 2856 -504 
V 918 -90 

3111 2 9 7 5 "385 
321 5950 -770 
33 238OO-3O8O 
9! 26775-3465 
31r 14280-1848 
311V 8925 -315 
32V 17850 -630 
5^ 28917-2835 
31Y223800-1960 
V3 30464-1792 
r'V 8160 -672 
3 ^ ' 7140 -252 

3u5il6065 -1071 
325i 32130 -2142 

317! 3^25 -2295 
I7i 42525 -2385 
17{ 42525 -2385 
J U 1 Y 5950 -210 
321Y11900 -420 
33Y 47600 -1680 
91Y 53550 -1890 
51Y251408 -1008 
31Y343520 -512 
\k 65536 0 

G^-mate Xt 

Label Degree 

-
U 

-
3 1 X 

VZ 
U' 

-
-
-
-
-

3 1 1 U 

32U 

5ix 

3lX2 
u3 
A 3iX-

-
-

-
-
-

3lilx 

321X 

33X 

9ix 

5lX2 
31X3 
u4 

-
35 -21 

-
2295 -657 
1512 -504 
238 -98 

-
-
-
-
-
1785 -399 
3570 -798 
16065 -2583 
10200 -1800 
896O -1792 
38O8 -672 

0 0 

-
-

-
-
-
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
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Table 3. Degrees for Hn = 02n(2) and Kn = 0^,(2). Values for n = 4. 

Parent in 02Jj+1(2)f(|,« Generic 

Label Degree 

Oo1 

C 1 3 1 

s 
1 

G 2 311 
32 
5i 

h* 
s2 

h 
U 
V 
X 

Y 
1 

G 3 3iii 

321 

33 
9! 
3i5i 
71 

hi* 
32s 

5l8 

3l82 

s3 
3ll 
32 
5i 
r 

1 

1 

2 
1 

5 
10 

9 
10 

16 

5 
1 

5 
5 
9 
1 

35 
70 

280 

315 
189 
405 

210 

420 

378 

336 

512 

105 
210 

189 
168 

Word 

i+ 

g-

>: 
i+ 

gg+ 
gg+ 

gg-

«fr! 
>: 

g-
hh-
kk-
kh+ 
hk+ 
i+ 

ggg-

ggg-

ggg-

egg-

ggg+ 

ggg+ 

gg^k! 

*&: 
*&: 
£*: 
V: gg + 

gg+ 
gg-

gig+ 

Type 

«: 
l'o 
K 
n 
K zt 
K 
2o 

2 0 
zl 
2i 
2i 
2Î 
H 
H 
35 
3S 
3S 
35 
3; 3î 
3 0 

30 

30 

30 

30 
3Î 
3Î 
3i 3t 

Label 

i 

31 
s 
r 

311 
32 
5i 
31" 

^ 
3ir 
8;t 

"r 
ejt 
^ 
rr 

3ill 

321 
33 
9i 
3i5i 
71 

3iis 

32s 

Si» 

31^^ 

ZBSS 

3lir 

32r 

5ir 

4+ frr 

Hn-degree Kn 

H-word/d. K-word 

i/1 

hh/6 

ig/3 

hik/6 

hgk/144 

hgk/72 

hgh/80 

hhg/72 

igg/^5 
hgih/144 

hhhh/720 

hkkh/144 

hhkk/144 

hkhk/80 

hgiik/720 

hggn/aV 
hggh/2° 3. 

hggh/2634 

hggh/2932 

hggk/2915 

hggk/297 

hgkg/2833 

hgkg/2733 

hghg/2815 

hhgg/2533. 

iggg/2835 

hggik/2933 

hggik/2833 

hggilv'2915 

hgigk/2633i 

i 

kk 

ig 
kih 

kgh 
kgh 
kgk 
kkg 

igg 
kgik 

kkkk 

khhk 

kkhh 

khkh 

kgiih 

kggk 

kggk 

kggk 

kggk 

kggh 

kggh 

kghg 

kghg 

kgkg 

kkgg 

iggg 

Itggih 

Itggih 

iggik 

kgigh 

Og degree Og 

H4 
1 

35 

84 
50 

525 
1050 

567 
700 

1344 

210 
28 
300 
700 
972 
168 

175 
350 

1400 

1575 

2835 

6075 

2100 

4200 

2268 

2240 

4096 

2100 

4200 

0 
2688 

K4 
1 

51 

84 

34 

357 
714 

1071 

1020 

1344 

714 
204 
476 
204 

Char-
acter 
on Ct 

1 

21 

42 
20 

105 
210 

189 
210 

336 
84 

10+4 

94?4 

74?4 

476 158+4 

0 

595 
1190 

4760 

5355 

1071 

2295 

1428 

2856 

4284 

3264 

4096 

0 
0 

4284 

0 

0 

35 
70 

280 

315 
189 
405 

210 

420 

378 

336 

512 
0 
0 
0 
0 
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Table 3 continued. Degrees for H and Kn with values for n e 4. 

Parent in G» j 

Label Degree Word 

G3 3JU 21 ghh+ 
31V 105 gkk+ 
31X 105 gkh-
3iY 189 ghk-
U2 56 hgh-
V2 216 kgk-
X2 120 kgh+ 
Y2 280 hgk+ 
s* 84 g^ik^ 

^iPun 595 gggg+ 
3211 3570 gggg+ 
32 2 11900 gggg+ 
331 14280 gggg+ 
3^ 38080 gggg+ 
3191 26775 gggg+ 
5ii 9639 gggg+ 
52 38556 gggg-» 
151 48195 gggg* 

31151 16065 gggg-
325i 32130 gggg-
31?! 3^25 gggg-
17i 42525 gggg-
1?^ 42525 gggg-

3iii8 5950 gg^k* 
3218 11900 « 
33S 47600 " 
9l8 53550 " 
315is 32130 gggjjk* 
7J8 68850 •• 

T Generic H„-degree K_ 
m 
Pype Label H-word/di K-word 

3Î 3 ^ ^ hgkkk/29335 kghhh-
3Î 3it; hghhk/2933 kgkkh-1 

31 3i8J;t hgkhh/2933 kghkki 
3i 3 ^ ; hghkh/2915 kgkhk-' 
3J 8jt hhghh/263,f5 kkgkk-i 
31 4- hkgkh/26105 khghk^ 
3J 8Jt hhgkk/26337 kkghhi 
3j 4J hkghk/2634 khgkh* 
31 4rs hgkig/27335 kghig 

'•o 3llll hgggk/2TB355 kgggh 
K 32ii hgggk/2153'f5 kgggh 
tj 322 hgggk/2jV kgggh 
tj 331 hgggk/2133^5 kgggh 
tj 34 hgggk/2j° 355 kgggh 
tj 319! h g g g k ^ S 3 kgggh 
tj 5ii hgggk/21^75 kgggh 
t; 52 hgggk/21^75 kgggh 
tj 15i hgggk/2^15 kgggh 
t^ 3ii5i hgggh/21645 kgggk 
t̂  325i hgggh/21545 kgggk 
kZ hh hgggh/21^a kgggk 
t̂  1?! hgggh/21° 17 kgggk 
4- 17i hRgRh/21617 kgggk 
40 3 m s hgghe/21535 kggkg 

^o 3218 hgghg/21*35 kggkg 
to 33S hgghg/21235 kggkg 
to 9i8 hgghg/21533 kggkg 
t0 S^is hggkg/2j545 kgghg 
t0 71s hggkg/2152l kgghg 

ot degree 00 Char-
acter 

H4 K4 o n ct 

840 0 0 

0 2856 0 

0 2176 0 

}200 0 0 

0 0 0 

70 C 0 

420 0 0 
1400 0 0 
1680 0 0 
4480 0 0 
3150 0 0 
1134 0 0 
4536 0 0 
5670 0 0 

0 2142 0 
0 4284 0 

0 4590 0 
0 5670 0 
0 5670 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
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LIE ALGEBRA SUBJOINING 

R.V. Moody, F.R.S.C. * 

Abstract ! In [6] Patera, Sharp, and Slansky Introduced a new 

relation between seni-simple Lie algebras, subjoinlnu. which 

appears as a generalization of the subalgebra relation. Already 

In [5] Patera and Sharp have used this concept to considerably 

facilitate the computations of generating functions which appear 

in their work on group representations. Up to now this relation 

has had a somewhat empirical flavour and has lacked a precise 

definition. In this paper we outline a theoretical basis for 

understanding this notion, give a precise definition, and announce 

a classification of the equal rank maximal subjoinlngs. 

1. Introduction; Throughout, & and g' are semi-simple Lie 

algebras over the complex field C , h and h' are Cartan sub-

algebras, and P and P' are the corresponding weight lattices. 

If £* is a subalgebra of jj then any representation of £ 

is by restriction a representation of £' . In general a finite-

dimensional irreducible representation of £ will split or branch 

when restricted to jj' , so that it becomes a certain sum of 

irreducible representations of £' . What was observed in [6] is 

that even when %' is not a subalgebra of £ , the £-representa-

tions may appear to split into sums and differences of irreducible 

S.' - representations. We will not stop to indicate how such a 

phenomenon was observed but pass directly to the algebraic appara-

tus in which subtraction of modules makes sense, namely the Grothen-

dleck or representation ring R(£) of £ . 

* The author is supported by an NSERC Operating Grant for which 
he is grateful. 
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2. The Representation Ring! [2, 3). For £ semi-simple, the 

representation ring has the following simple description. Let 

fEjJi e I) be the set of all isomorphism classes of finlte-

dlmenaional Irreducible ^-modules. Let R(£) be the free abelian 

group on the E as generators. Each finite-dimensional ^-module 

is uniquely isomorphic to some finite sum Z n.E , for some 

positive integers n , whereby it is represented in R(£) . 

Multiplication is defined by M . N °  M 8 H . 

Let Z[P] be the ring of finite formal exponential sums 

(Zn e(X)|XeP, n E Z ) with component-wise addition and multipli-

cation e(X) c(ii) » c(X + p) . The Weyl group W of £ acts on 

P , hence Z[P) . Z[P] , the subrlng of W-Invariants, is iso-

morphic to the ring of polynomials in rank (£> variables. Each 

finite-dimensional ^-module E has a weight apace decomposition 

u W 

Z E and the character mapping ch : R(£) -» Z[P] , 

ch : E -» Z dim (Eu) e(|i) , is an isomorphism of rings (2, Ch. 7, 

il]. Furthermore this is an isomorphism of X-rlngs. 

We recall that a X-structure on a commutative ring A is a 

homomorphlsm X of (A, +) into the multiplicative group of all 
2 

formal power series 1 + a,t + a.t + ... with coefficients in • 
A , such that X(a) - 1 + at + . . . for all a t A . RCjj) and 

W Z[P] have canonical X-structures [3] : 

X(E) - 1 + (E)t + (A2E) t2 + (A3E) t3 + 

X(e(M)) = 1 + e(p)t . 

3. Subjoining; Let K(g) denote the field of quotients of R(£) . 

Suppose that £' is a subalgebra of £ . Then, by restriction, 

we have a napping res : R(g) -» Rtjj') which is a X-homomorphisra 

of rings. Furthermore the field K(£') is a finite extension of 
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the subfield generated by the Image of res . Now this type of 

situation can occur even If £* is not a subalgebra of £ . 

Definition! The semi-slmole Lie algebra £' is subjoined to the 

semi-simple Lie algebra £ if there is a X-homomorphism 

E ! R(4) -» *(£') such that lUfi1) is a finite extenaion of the 

subfield of R(g.') generated by f(R(&)) . 

Theorem l! (A) Let t ! R(&) -»«(&') be a subjoining. Then 

(1) there exists a group homomorphlsm f0 : P -»P' with 

IP' : f (P)) < - such that f induces f through the iso-
O ' 0 , 

morphisms R ( i ) - Z [ P ] H . R ^ 1 ) » X (P1 l" • Furthermore, if 

J =- ker (f ) and we set WD - (w c W | wj - i) and 

W - {w c WD | wx s x mod i for all x E P) then 

(2) there exists an injective homonorphisn ^ : W' -»«„/"! 

such that 
(3) for all pairs w E WD . w1 e W with 5 - •(w*) , 
w'f - f w (here " : W,,-* Wn/WI is the natural Quotient map), 

o o D U 1 

(B) Conversely if (1) (2) (3) hold for some pair of maps fo. • 

then there exists a unique extension of fo to_a X-homomorphism 

f : Z(P]W-»X(P'1W' which, by transfer to the representation 

rln^s. 18 a subjoining. 

(C) Processes (A) and (B) are inverse to one another. 

The choice of the word subjoining is clearer If we consider 

the Z-duals h 2 and h ^ of P and P' . These are the coroot 

lattices and may be considered as subsets of h and h' . The 

transpose map f / = h ^ -> h z is an Injection, and can be taken 

to be the inclusion map in the case of a subalgebra relationship. 

A subjoining is proper if f / (equivalently f ) Is not an 
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isomorphism. A subjoining is maximal If it is not the compoaitio 

of two proper subjoinlngs. 

Here is an example: Let £ be of type B- and 4* of typ 

Aj x A1 . The coroot systems r, Z' are of types C, and 

Al * Al " B o w C2 ""tains A, >t A, In two ways: as the four 

short roots and as the four long roots. In this way we have two 

embeddings of h'r Into h ^ . The first Is the standard 

embedding of A, * A as a subalgebra of B. , the second is a 

maximal subjoining but not a subalgebra (see [6] for examples of 

branchings). 

4. Equal Rank Maximal Subjoinlngs! We describe a classlfIcatlo 

of all maximal subjoinlngs f : a(£) -• R(g') when rank £ » 

rank £* . The results are stated In terms of f : h' ->h 
o — Z — Z 

Let Z', Z be the coroot systems in h' «il» • Thus 

I '• ((„"„) I o is a root of £ relative to h ) . The bilinear 

form will always be assumed to be scaled so that (a, a) • 2 for 

long roots. In particular when we dualize Z to get E¥ , z' 

will only be the original root system if there is only one root 

length. Otherwise a scaling factor (long, long)/(short, short) 

appears. 

Since here 1 • 0 . «,,/Wj Is W and • : W' -• W . It is 
f * 

a simple consequence that a' E Z' I °  » k ,0 for some 
a 

o e ï, ka, e M . Identifying h'_ with its Image In h 

we are reduced to the study of the relationship of Z' to E . 

If I Is decomposable then Z' decomposes concordantly and all 

the components of £* coincide with components of z save one, 

which is maximally subjoined to the corresponding component of 

Z' . Assume then that Z Is Indecomposable. 
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We recall that a subroot system & is closed if 

(A + i) fl I » A . By the results of Borel - de Siebenthal (1) 

all maximal closed subroot systems of the same rank as Z are 

known. 

Theorem 2: Suppose that f is an equal rank maximal subjoining 

and Z is indecomposable. Then one of the following occurs: 

(1) I' is a maximal closed subroot system of Z j 

(2) Z'" is a maximal closed subroot system of Z" j 

(3) Z' - Z* ; 

(4) £' = pi where p is a prime and 

p <l 2 if Z is of type 

p + 2 1± Z is ot type Gj . 

V V or ?i 

In any particular case some work is required to see which of 

these actually occur. Here is a list of the schemes of maximal 

subjoinlngs for the classical Lie algebras. The box [ ] indicates 

a subalgebra relationship, p indicates an arbitrary prime 

number, and i varies over all possibilities which give different 

algebras. 

WW 
P*. 

(P)'2) 

Bi x Bl-1 

2B. lDi " Bt-i 
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//W 
P^2 

D t C i X C t - l l 

2C. D i " C l . l 

/ \ 
PDt K " ' V i l 

Details of this work will appear elsewhere. 
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AN EXAMPLE OF A DECREASING IIILBEKT IDNCTION 

Leslie G. Roberts 

} resented bj !'. Ribenboim, F.i:.::. ;. 

We Rive an example of a local rinft of dimension one whose 

hilbert funi-tion decreases temporarily. Only a lew examples of 

decreasing hilbert functions are known ([4] p . 4 0 ) . 

1. Introduct i «in. Let A bt; the co-ordinate riny of a reduced 

curve over a field k , and lot M be a maximal ideal of A . 

Then <;( A) (the graded rinu of A relative to M) is defined 

to be ^-rt M /M • Wo get the same graded ring if we first 

localize at M , and then form the graded ring ot" A,, relative 

to the maximal ideal MA.. • 

Lot A be the integral closure of A , and M,)... ) M 

those maximal Ideals of Â that lie over M . Let 

J = Mj 0 M 2 -1 ... n M ^ , and C(Â) = ^ " = 0 J l / J l + 1 . If 

A/M. - k. , 1 < i < n , then «(A) = 11?. ^ [ t j ] • (In general 

k. will be a finite algebraic extension of k . We will assume 

lor simplicity that k. k for all i .) 

Hie maximal ideal M is an ordinary singularity if Proj r.(A) 

is reduced, or equivalently, if MÂ = M , M 2 . . . M (each M. having 

exponent one) and the tangent directions at the branches M. are 

distinct. (See [2] for a discussion oi" this equivalence.) 

The M 1 / M l f are finite dimensional vector spaces over k . 

The hilbert function ol" M is defined by f ( i ) ^ d i m ^ M /M ) . 

2 
The embedding dimension is f(l) = dim^M/'M ) . The function f(i) 

hei'iimes constant il' i is sufficiently large, this constant value 

Ix.Miig I lie multiplicity of M (in the situation described in the 

lirereoiling paragraph the multiplicity is a ) . Always f ( i ) < 

mu11 i pii t i t \ . 
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2. The example. Let x.,,,,f*. be distinct elements of k , 

1 < r < n , and let A = {f6k[t] |f (xĵ ) - f(x2) = ... = ?(*„) and 

f'Cxj) - ^=ici,jf,(xi) (r+1^21)} • Let C =• (ci(j) be the 

r x n matrix where c
ij=6iJ if 1Si£r a"d c n i s a s defined 

above for r+l<j<n . One checks that A is a sub-k-algebra 

of k[t] , A is of finite type over k , Â = k[t] , and if 

M = {f€A|f(x.) = 0} then M. = (t-x.)k[t] (lçl<n). Geometrically 

we have identified the points t = x. (l<i<n) of the affine line 

to one point M , in such a way that the tangent directions at 

x.f,.,x are linearly independent and the tangent directions 

at x ,«•••.X are linear combinations of those at x.y..«yX • 
r+1 n x r 

If we work in the subspace of the Zariski tangent space 

Horn. (M/M ,k) spanned by the tangents at x.,,,*,x , then the 

tangent directions at x. (lçl<n) are the columns of C . If 

the columns of C are pairwise independent over k then M is 

an ordinary singularity. We will make this assumption throughout 

the rest of this paper. 

Let F = ^ ^ ( t - x ^ . Then J = Fk[t] and there exist 

hĵ  6 A (l<i<r) such that h|(x ) = 6^ (l<i, j<r). 

Lemma F1"+1k[t] c FT and every element of M1 is a k-linear 

combination of monomials of degree 1 In the h. (l^i<r) and an 

element of Fx+1k[t] . 

3. The calculation of the hilbert function. 

We consider the homomorphlsm G(A) -• G(A) = ni_1k[t] . The 

image of hĵ  in Fk[t]/F2k[t] es kn is the 1 row of the 
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matrix C . Thus image C.(A) i s the co-ordinate ring of n 

s t ra igh t l i n e s in r-space with d i r e c t i o n s the columns of C . 

(For a d i s c u s s i o n of t h i s r ing see [ 1 ] 5 2 . ) If i i s large 

enough then M ' / M ^ 1 n,aPs onto j V j 1 * 1 = F ^ [ t ] / r | + 1 k [ t ] . k" 

But dim M i /M i + 1 < n , so for large i M /M1+ S j ' / J 1 

Thus Proj 0(A) = Proj r.(7\) . The l a t t e r i s j u s t n copies of 

Spec k , so Proj r.(A) i s reduced, v e r i f y i n g again that M i s 

an ordinary s i n g u l a r i t y . Let b. = k-dimension of the image of 

ML/Mi+1 in F ^ t l / F ^ V t ] . Since F i + 1 k [ t ] c M1 , the 

eodimension of M1 in F ^ t ] i s n-b. . We now have a 

diagram (whore t h e numbers denote eodimension) 

n-b. 
*Fk[ t ] 

F'k[t : 

Thus f(i) + n-b. = n-bi+1+n .and f(i) = b.-b.^+n . Finally 

f(i+l) - f(i) = -b i + 2 + 2bi+1 - b. , which is the negative 

second difference of the sequence {b.} . The sequence {b.} 

eventually stabilizes at n , but the hilbert function will 

temporarily decrease if {b.} is concave up at the beginning. If 

r>3 this is easily arranged. For if the columns of C are in 
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generic position ([1], [3]) then b, = min[(1^~ ),n] and the 

binomial coefficient is a polynomial of degree r-1 in i . The 

simplest case of a decreasing hilbert function that can be obtained 

by this method appears to be the generic position case with 

»" = 3, n = 10 . Then bj = 3 , b2 = 6 , b = 10 so f(l) = 7 , 

f(2) = 6 , f(3) = 10 . 
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SOME NEW IDENTITIES IN MIXED EXTERIOR ALGEBRA 

J.R. Vanstone 

Presented by P.O. Rooney, F.R.S.C. 

1,. We employ the notation and results of [IJ throughout this note. The mixed 

exterior algebra over an n-dimensional vector space E is A E ^ A £ 

— Al£.* £1 . It has a natural inner product, a bigradation and two algebraic 

structures. One, denoted by (t<,W'—> \A'V , arises from the fact that 

we have a tensor product of algebras and the other, denoted by 

(U, V/ I—* U 0 t/ , arises from the fact that L(E) is isomorphic to 

E*é,e . 
Many of the important results of [1] stem from relations between the two 

products. In this note we shall present some new relations and use them to 

give an explicit representation of the Poincaré isomorphism and an orthogonal 

decomposition of the diagonal subalgebra. 

n 

2. The dot product makes Zi^E^ = £ Apfc) . where 

ZL>(Ej a A E ^ A E * into a commutative algebra, called the diagonal sub-

algebra. The unit tensor t f ^ | ( w satisfies t* t * dct - à , 

.3. ̂ , /J fE.) , and we write * for -xr times the dot product of 

t with itself p times. The linear map U h—» d'U is written Ufo) 

and its dual is written L(A) • The Poincaré isomorphism D is the map 

IL l->ûu)tn . 

2. For each A ^ A((C-| , let BA be the derivation of Ala 

induced by regarding a as an element of L(E) . Then I fe 6a is a 

linear nap of ,\ |£ £ ) whose restriction to A l t ] we denote by A . 

It satisfies 
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P 

\ Ur ••?.) = X ?.- ^ ^ if i,, -, \ ( At(£) 
The dual of ^j is written 3 and it satisfies a similar relation 

with iX.t'îy replaced by i^etL 

The lemma of (1), p. 156, may be written in torma of these operators as 

If we define (;(a) = \ - t \ ' t h e n 0^>) is self-dual and this 

implies 

where 

£ . The following commutation formulae hold for a l l £• £ £ (£.) '•' 

"> i * Kit")- UltMj -*&) = |^ ^«Hl ^Klf) « ^ 

^ f r / c i i ( 2 ) - K^ l . i l t 'V - P f t ^ i ^ ) - t f r ) » ^ * 1 " ^ 

If we introduce the operators (̂  , fc 'f,<,. • . defined by 

.k-tf i 

formulae imply that 

ition of T , we find that 

7*(?,) -[Tfc ',u/i.^jd/ = - ift.) t b 4 1 and' by i nduc t i on ' 

r - t 

then the latter two formulae imply that 

5. From the definition of T , we find that TB ( l) = t • Hence 
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It follows that 

[ £ M ) > U M ' » at')](ui = f-op iiu)ti"lr, Htv^ 
In particular, if ft. - ^'^f , we have 

i - Let Fp= hii i/f)/I ^ 1 ^ 0 and G p ^ ktyVltf fi Af (C) . 

where the direct sum is orthogonal, ' p - 0 for P > ^A ' Co - 0 

for P ^ n 4 a n d 

(iUn E = àm G„-f - ( p) - ( p,,J 

Reference: [1] W. Creub, Multilinear Algebra, Second Edition, Universitext, 
Springer, New York 1978) (Chapter 6). 
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