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INFORMATION FUNCTIONS ON OPEN DOMAINS II 

C.T. Ng 

Presented by J. AozSl, F.R.S.C. 

Abstract. The n-dimensional fundamental equation of information 

of degree o is considered in the interior of its usual domain. 

Its general solution is obtained for all a different from the 

basic unit vectors. 

Introduction. Let 0°  = ((x,y)|x,y«I with x+y«l) where I = J0,l[n. 

We call a function f : I * R an n-place information function of 

degree o = (u^a-,... .a ) if it satisfies the functional equation 

(1) f(x) + (l-x)af(I^) = f(y) + (l-y)af(j^y) 

on the open domain 0° . The general solution of this equation has 

been obtained in (1] under the assumption that S Oj J* 1. In 

this note we report the following improvement covering all a 

not equal to the basic unit vectors. 

Theorem. Under the assumption that o f1 (1,0,0,... ,0), 

(0,1,0,0,...,0),...,(0,0,...,0,1), the general solution of the 

equation (1) on 0°  is given by 

i f(x) = axa + b(l-x) a - b if a?0 
(2) I f (x) = a + L(l-x) if a=0 

on I, where a, b are constants and L is a solution of the Cauchy 

equation 

(3) L(xy) = L(x) + L(y) for all x,y<tl. 
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Proof of the theorem. We refer to the proof given in [1] for 

fine details, but we do include the essential steps here. The 

function A : D * R, defined by 

(4) A(x,y) = f{x) + (l-x)f(I^) - f(x+y), 

can be extended uniquely to A : lO,"!11 x )0,<»(n •* R satisfying 

the following properties: 

(5) Â(x,y) = Â(y,x) 

(6) Â{x,y) + Â(x+y,z) = Â(x,y+z) + î(y,z) 

(7) Â(tx,ty) = taÂ(x,y) 

for all x,y,z,t in )0,"[n. We obtained in [1] the general form of 

Â by means of a diagonalization procedure under the assumption 

that 2a. ^ I. This method is now improved. By using (5) and (6) 

repeatedly, the following calculation 

Â(px,py) + Â(px+py,qx+qy) 

= Â(px,qx+(p+q)y) + Â(py,qx+qy) 

= [Â(px,qx+(p+q)y)+Â(qx, (p+q)y)) - ï (qx, (p+q)y) 

+ [Â(qx,qy)+Â(qx+qy,py) ] - Â{qx,qy) 

= (Â(px,qx)+Â((p+q)x, (p+q)y) 1 - Â(qx,(p+q)y) 

+ (Â(qx, (p+q)y)+Â(qy,py)) - Â(qx,qy) 

= Â(px,qx) + Â((p+q)x,(p+q)y) + Â(qy,py) - Â(qx,qy) 

leads, for all x,y,p,q in )0,»[n, to 

Â(px,py) + Â(qx,qy) - Â((p+q)x, (p+q)y) 

= Â(px,qx) + Â(py,qy) - Â(p(x+y),q(x+y)) 
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Together w i t h (7) we g e t 

(8) [p<I+qa-{p+q)c'lÂ(x,y) = [xa+y0-(x+y)a)Â(p,q) 

for all x,y,p,q in ]0,»[n. There are two cases. 

If there exist P0,q0 in 10,«[n such that p° +q° -(p0+q0)a 1 0, 

then, by putting into (8) p = p0, q = q0, we obtain 

(9) Â(x,y) = axa + aya - a(x+y)a for all x,yc]0,"I rf 

where a = ^ (Pg'^o^ (p0+q0" ̂ O ^ o ' ^ i s a c o n s t a n t- I n particular 

A is of the form (9) on 0° . With this solution for A, the 

function f can be solved from (4) (see [1]) leading to the 

asserted form (2). Else pa+qa-(p+q)a = 0 for all p,q in )0,-[n. 

In this event the function h(p) = pa =11?^ is a continuous 

solution of the Cauchy equation h(p)+h{q) = h(p+q) and therefore 

it must also be of the form h(p) = 2 0 ^ , where Oj's are 

constants. By comparison of these two forms of h we see that 

both are valid if, and only if, o is a basic unit vector. 

The verification that functions defined by (2) indeed satisfy (1) 

is straightforward. D 

A Generalization. A function a : ]0,"[n -»• R is said to be 

multiplicative if it satisfies 

o(xy) = o(x)o(y) for all x,y in ]0,«>[n . 

The functional equation 

(IG) f(x) + o(l-x)f(î^j) = f(y) + o(l-y)f(T^) on D0 

with a multiplicative a is more general than (1). 
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By following similar proof lines and observing that wherever the 

power function appeared, only its multiplicative property was 

essential, we obtain the following generalization. 

Theorem G. Under the assumption that the multiplicative function 

r> is not additive, the general solution of (IG) is given by 

, f(x) = ao(x) + ba{l-x) - b if a(x) / 1 
(2G) \ 

' f(x) = a + L(l-x) if a(x) s 1 

on I, where a,b are constants and L is a solution of (3). 
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FUNCTIONS PARTIALLY CONSTANT ON RINGS OF SETS 

J. Aczél, F.R.S.C. 

Abstract^. A ring of sets (6] is a collection B of sets which 

contains, with any two sets, also their union and difference, thus 

also their intersection and the empty set 0. - In this paper we 

prove that certain conditions are sufficient to guarantee that a 

function is (partially) constant on IB and apply the results to 

the mixed theory of information. 

1. Theorem. Suppose 

(1) K(E1,E3) = K ( E 2 / E 3 ) , whenever E. ?< 0 are in IB 

and EinE. = 0 (1^=1,2,3). 

Then K is partially constant on B in the sense that 

(2) K(E1,E3) = K(E2,E3) =: * (E3) if E.j<0, E3nEk=0 and 

3 E ^ 0 such that E ^ E ^ = E3nE°  = 0 (E. ̂ « B ; j=l,2,3;k=l,2) 

(whether E^nE. = 0 or not). The same result holds if (1) is 

replaced by 

(3) K(E1uE2,E3) = K(E1,E3) if E. ft 0 are in B 

and E.nE. = 0 (i^j=l,2,3) 

(Cf. (1) for a somewhat more special result.) 

Proof. If (3) holds then, interchanging E. and E-, we 

also have K(E1uE2,E3) = K(E 2 ,E 3 ), so (1) holds too. 

Now we prove (2) from (1): 

* This research has been supported in part by an NSERC grant. 
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K(E1,E3) = K(E2\E:L,E3) = M E ^ E ^ E ^ = K(E2,E3) 

The only cases when this does not work are when E1\E2 = 0 

(E.cE.) or E2\E1 = 0 (E^E,) . Take, for instance, the first. 

Then 

K(E1,E3) = K(E2,E3) = K(E2,E3). D 

Corollary. If K(E1uE2) = K(E1) for Ek ^ 0, Ek c 0) 

(k=l,2), E1nE2 = 0, then K(E1) = K(E2) =: Y for Ek ? 0, Ek t DJ, 

k=l,2 (whether E1nE2 = 0 or not), provided that there exist 

E^ ?« 0, E2 ^ 0 in DI such that E^E^ = E2nE2 = 0. 

Notes. Since no "universal set" S is supposed to be con-

tained in B [such that (EcH) = (E\S=0)1, Ek is therefore, in 

general, not the complement of Ej,, but a generalized complement. 

If Sell}, then we can choose Ek = (S\E3) \Ek / 0, if Ek ? S\E3 

(that is, E? i£ a complement of Ej, with respect to S\E3 

(k=l,2); replace S\E3 by S for the Corollary). - If E1 = 0 

were permissible in (1) or (3), then (2) would follow immediately. 

The difficulty lies in the exclusion of 0 (empty sets) from (1) 

and (3) and is increased by the restrictions E^Ej = E2nE3 = 0. 

2. In the "mixed theory of information" [4, 5, 1, 2, 3) (real) 

numbers ("inset" measures of information) are associated to 

"randomized systems of events": 

(E, ,.. . ,E \ _ 

1 "1 (E.cl), E.nE.=0); i^j = l n; p. 0, [p.'D. 
p1f->Pn/ : i 3 J J 

Here the E. are the events, the p. the probabilities (measures 

may also depend upon more than one set of probabilities). The 
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E. and p may be chosen independently, but it stands to reason 
3 j 
to suppose at least that 

(4) E. = 0 implies p. = 0 (j=l,...,n). 

This proved to be important for applications [2] . 

A measure i s recursive of degree o i f 

/ E 1 , E 2 , E 3 , . . . , E n \ /E1UE2,E3 E X 
Mn ^P^Pz-Pa P n / " " " " 1 VPl+P2'P3 V 

'Pl+P2'aM2\p1/(p1+ +P2)'P2/<Pl+P27 

under the above conditions. By writing 

f(E1,E2;t) = M2 {l1.^2) 

one gets , i f M3 i s also partially syimnetric, 

(E E E \ 

i - x - y , y 2 ! x 7 
= M 3( l ix - y , x 3 !y 2 ) = f ( V E 3 ' E 2 ' y ' + ( l - y ) a f ( E 1 , E 3 ; î ^ ) 

(5) 

whenever E.cB, EinE. = 0 (i^j=l,2,3);x,ye[0,1[, x+ysl. 

In (3), equation (5) has been completely solved for all a, 

but without (4). Of course, one has to be careful not to fix 

both x and y in (5), or else there would be no real variable 

left. If (4) is taken into consideration, E. = 0 for a j 

restrains one real variable too (to x=0, y=0 or x+y=l). In [3] 

we have found without any restrictions (except E1nE2=0) 
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(6) f(E1,E2;t) = c(E1)F(t) + A(E1,E2)t + B ( n 1 , E 2 ) , 

(tcIO,ll,0a=0) for a^O 

(7) f(E1,E2,-t) 

A(E1,E2) (t=0) 

1(E1,E2) {tt|0,l() for a=0, 

C(E1,E2) (t=l) 

where F(t) is linearly independent of 1 and t . (Already in 

proving that c is independent of E 2 we may apply our above 

Theorem.) Also, F satisfies 

(8) F(x) + (l-x)aF(T25) = F(y) + (l-y^Fljr^) (x,yC(0,l[,x+y-l) 

for a ^ 0. In particular, for a f 0,1, 

(9) F{x) = x" + (l-x)a - 1 (xt(0,ll, 0a=0) . 

We have substituted (6) into (5) with y = 0, compared co-

efficients, got equations for c, A and B, and solved them by 

substituting once E 1 = 0 and two times Ej = 0. If (4) is to 

hold, then the latter substitution would give x = 0 , s o x = y = 0 

and the former 1-x-y = 0 which, with y = 0 would lead to x = 1, 

which is not even in the domain of (5). 

However, if we substitute (6) into (5) without putting y = 0 

but taking (8) into consideration, wo get 

c(E1uE2)F(x)+A(E1i>E2,E3)xa+B(E1"E2,E3) 

- c(E1)F(x)+A(E1,E2)ya+B(E1,E2)(1-x)" 

= c(E1uE3)F(y)+A(E1uE3,E2)y"+B(E1uE3,E2) 

- c(E1)F(y)+A(E1,E3)x0'+B(E1,E3) (l-y)a 

(E.tDî, E.nE.=0; 1^=1,2,3; x,yc[0,l[, x+y 1) . 
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For a ^ 1 we also use (9) and for all a ^ 0 we compare the 

coefficients of xa and also those of P(x) in the above 

equation. Then we get exactly the same equations as in [3], but 

the substitutions E, = 0 or E3 = 0 are now permissible (one at 

a time), and so the results are the same. 

The situation is somewhat different and we need the above 

Theorem when, as in [3], we substitute (7) into (5), separately 

for x,y£l0,l[, for x = 0, y«]0,l[ and for y = 1 - x. There 

again E. = 0 was substituted into the equations thus obtained. 

From (5) it is clear now that only the combination of x = 0 

and E. = 0, thus 1-x-y = 0,is non-permissible by (4). This 

makes a new solution of D(E1uE2,E3) = D(E1,E3) (E^E. = 0 for 

i?!j=l,2,3) for D = A - B necessary, and this is yielded 

by our Theorem as D(E, ,E,) = <ME, ) , the same result as obtained 

in [3]. (In (5) there are always three sets, any two of which 

have no common element. So, when applying the Theorem to get (2), 

in the cases E.cEj and E.cE. there exist E?, E|. In 

the remaining (first) case of the proof of the Theorem, no 

generalized complement is needed, but E^E-XE,, E^E.NE-

would do.) 

So the inset information functions found in [3) and only 

these are solutions of (5) even if (4) is supposed. 



J. Aczel 
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CONTOUR INTEGRAL REPRESENTATION OF 

CARDINAL SPLINE FUNCTIONS 

Walter Schempp 

Preaented by P. Soherk, F.R.S.C. 

The aspects of local bases and minimal properties (variational 
methods) in the theory of spline functions are well-known. However, 
this theory has also some complex analytic features. We can prove 
that the cardinal splines admit contour integral representations 
that allow an investigation of their convergence behaviour in the 
exponential case as well as in the logarithmic case. Moreover, a 
contour integral representation of the Euler-Frobenius polynomials 
will be established. 

1. Cardinal Exponential Splines 

For any integer mil letS^mjI) denote the vector space over 
the field (T of all complex cardinal spline functions of degree m 
on JR having (equidistant) knots at the integer points. Moreover, 
let U = (z e ijlzl = 1} denote the compact unit circle. 

Theorem 1. The cardinal exponential splines sm e(Sm(IR;a) of 
degree mil and weight h e «"-U admit the contour integral repre-
sentation with transcendental meromorphic integrand 

V*' °  Cm<1-I>n'+1 — r T ^ ' m + l d2 ' x e ] R >' m m h 2ni 'p(ez-h)zm*' 

where C € Œ denotes an arbitrary constant and P stands for 
m 
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the positively oriented boundary of any closed vertical strip 
in the open complex right resp. left half-plane according to the 
cases lhl>1 resp. 0<lhl<1. 

The proof follows via the inverse Laplace transform by means of 
a line integral representation of the basis splines (cf. [4]). 
As a consequence. Theorem 1 implies 

Theorem 2. Let h £ d -U and x e [-1,0] be given. For all 
z € Œ so that IzKlloglhll, the cardinal exponential splines 
s +0 imil) give rise to the power series expansion 

C h " ' T ' =Ti sm(x)zm. u ^ ^ ^ it. i ̂ m+l m h-e mco C (h-l) m 

where C_ = 1 and s_ = r-. o o h 

Another consequence of Theorem 1 and the Cauchy residue theorem is 
the following result (cf. Schoenberg [7], [8]): 

Theorem 3. If (zk(h))k 6 3 denotes the bl-infinlte sequence of 

xz. (h) ^ ' ' k 
s
m(x) = cn,(i~)m+ 1 2 — . Z—— (">̂ ) 
m m h k 6 ï z™+1(h) 

holds for all x e m . 

2. Euler-Frobenius Polynomials 

In the case when the weight h e I -U is not a root of the 
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m-th Euler-Frobenius polynomial p (mil) there exists one and 
only one cardinal exponential spline interpolator (sm)_s 1 of degree m 
with respect to the bilateral geometric sequence (hn) e »• For 
these remarkable polynomials we can prove ( cf. [6]): 

Theorem 4. For any h 6 I -U the Euler-Frobenius polynomials 
(p ) 1 admit the contour integral representation 

i-1)m + 1 ml ( 
h 2ni i £ (e -h)z 

where the path P is defined as in Theorem 1. 

Corollary 1. For all h € C the reciprocal identity 

hm"1 Pm'K' = Pm<h' < m E 1 ) 

holds. 

Corollary 2. For any h e Œ -U the Euler-Frobenius polynomials 
(p ) 21 are generated by the power series expansion 

fh-1)e2 Y - , p m ( h , zm 

tn ^1 = 2—,— — (IzKlloglhll), 

h(h-ez) mio (h-l)m m! 

where P0(h) = j-. 

Corollary 3. For any h*1 the Euler-Frobenius polynomials 
(p ) . admit the formal power series expansion 
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y = } ](n+1)lnhn (mil Pn,<h) 
JB ; /^J-IS'"!," / m ^ i ) . (1-h)'n+, n£o 

Corollary 4. The Euler-Frobenius polynomials (Pm) m s 1 satisfy 
the three-term recurrence relation 

pm(h) = (rah+1)pm(h)-h(h-1)plJ1(h) (m2l). 

It follows that for any integer rai2 all the roots of the Euler-
Frobenius polynomial p are located on the open negative real 
half-line IRX. Therefore, Theorem 3 implies (cf. Schoenberg [71, [81) 

Theorem 5. Let the weight h e Œ-(U U IR_) be given. Then the 
cardinal exponential spline interpolators (sm)m,j1 of degree m 
with respect to the bilateral geometric sequence d ) n e a satisfy 
the pointwlse convergence property 

lim s (x) = h 
m—«» 

for x e IR . 

In the logarithmic case the convergence behaviour of the inter-
polating cardinal spline functionr. is quite different. 

3. Cardinal Logarithmic Splines 

Let h >1 denote a fixed step width and -îi0 the knot sequence 
^ = (hn) „ in the open positive real half-line IR^. Consider 
the function 

f : K^ 3 x~.±23x e m o + log h 
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If (F ) , denotes the sequence of partial products in Euler"s 
m m21 

limit formula for the gamma function, we can prove 

Theorem 6. The cardinal logarithmic splines Sra £ G»m(IR + !-fc.0) 
of degree mil with step width h0>1 admit the contour integral 
representation with transcendental meromorphic integrand 

_!_( . ,_^" 2 f o ( m ) l-x"2 
7n1 ' V X ) =^l)r>n<Z,ho ^ ( X e I R

+
,• 

where L ^ . V L2 denotes the positively oriented boundary of a closed 
vertical strip in the complex plane Œ delimited by the lines 
I,1 = (z 6 ï^Re z = c) with c>0 and L2 = (z 6 Œ^Re z = d) with 
d e ]-1,0[. The contour integral is independent of the particular 
choices of the real constants c,d. 

The proof follows via the Inverse Mellin transform by means 
of a line integral representation of the elements of the truncated 
power basis (cf. [5]). In this connection also see [3]. 

An application of Cauchy's residue theorem entails the following 
striking fact ("Newman-Schoenberg phenomenon" [1], [3]). 

Theorem 7. The condition lim Sm(x) = f0(x) is satisfied at 
m-oo 

the point x e IR* if and only if x e-ft.0. 

In other words: The cardinal logarithmic splines (Sm)nia1 are 
pointwise convergent only at those points x 6 m * where the con-
vergence holds trivially. At all the other points of 3R^ we have 
divergence. - For an investigation of the Newman-Schoenberg phe-
nomenon by real transformation methods the reader is referred 
to the paper [ 2 ]. 
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A REMARK ON SCHWARZ' INEQUALITY 

E. Fischer and P. Scherk, F.R.S.C. 

The classical Schwarz inequality reads : Let V denote a 

vector space over the real field TR . Let 

(1) < , > : V H-IR 

denote a symmetric positive definite bilinear form. Then 

<*! 'X1> <x1 ,x£ 

<x2 ,x1> <x2 ,x2> 
ï 0 

for all Xj , x2 e V . Equality holds if and only if x and x 

are linearly dependent. 

It is well known that this theorem can be generalized as 

follows: Let V be a vector space over the complex field C . 

Let 

(2) < , > : V - <C 

be a positive definite hermitian form [thus <x,x> > 0 for all 

x t V \(0) . Then 

det(<xj 'xk>)j,k=l nïO 

for all x1 , ..., xn in V , equality holding if and only if 
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x , ..., x are linearly dependent. 

Various authors proved an analogue of the classical 

Schwarz inequality for non-singular symmetric bilinear forms of 

index one over m (In [1], pp. 57f. it has been referred to as 

"Aczel's inequality"): Let < , > : V * IR be a syimnetric 

bilinear form. The vector x is orthogonal to the subspace W 

of V , x i W , if <x,y> = 0 for every y c W . Our form is 

non-singular if x J. V implies x = 0 . It has the index (of 

inertia) one if it is positive definite in a subspace of 

eodimension one and if <:x,x> < 0 for some x £ V . Non-singular 

hermitian forms over C are defined in an analogous fashion. 

"Aczel's inequality" is the following one: Suppose (1) 

is a non-singular symmetric bilinear form of index one. Let 

<x1 , x ^ < 0 . Then 

(3) 
<xJ , x ^ <x1 ,x2> 

<x2 , x ^ <x2 ,x2> 
i 0 

for every x e V , equality holding if and only if x1 and 

x are linearly dependent. 

This analogue can be generalized to one of the general 

Schwarz inequality. Actually, we shall prove an even stronger 

result: 

Theorem: Suppose (2) is a non-singular hermitian form 

of index m (Thus it is positive definite in a subspace P of 
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eodimension m and negative definite in a subspace N of 

dimension m ; thus V = P e N). Let n > m . Let a , ..., 

be linearly independent; 

(4) K aj c N . 

173 

Put 

A = d e t « a j , a k » j f k D l ( 2 < _ _ n 

Obviously, P and N are not unique. The case m=l , 

n =2 is the inequality (3). 

We first verify the following 

Lemma: Let 0 < b i N . Then <b,b> > 0 . 

Proof. The subspace spanned by b and N has the dimension 

m+l . S ince codim P = m , i t i n t e r s e c t s P in a one-space . 

Let c be a vec tor in the l a t t e r ; c * 0 . Thus c i s a l i n e a r 

combination c = Xb +D where d e N . As c £ P , we have 

0 < < c , c > = |X|2 • < b , b > + < d , d > 
or 

|X|2<b,b> = <c , c> - <d,d> . 

Since c £ P \ { 0 } and d e N , t h i s number i s p o s i t i v e . 
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Proof of the theorem. Applying Gram-Schmidt orthogonali-

zation to the sequence (4), we obtain an orthonormal sequence 

'5> bl b n 

Thus b, , ..., b £ N while b in , ..., b i N . Hence by our 
1 m m+l n 

lemma 

(6) <bj . b ^ 
<0 j =1, . .., m 

if 
>0 j =m+l, ... , 

Every vector a. is a linear combination 

j 
l7' aj = [ ajAbX ; j=:L " • 

Since the a.'s are linearly independent, we have o.. * 0 for 

all j . The vectors (5) being orthonormal, (7) yields 

Thus (6) yields our assertion. 

REFERENCE [1]: D.S. Mitrinovic: Analytic inequalities. 

Springer Verlag, New York -Heidelberg -Berlin (1970). 
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ERGODIC THEOREMS FOR SUPERADDITIVE PROCESSES 

M. A. Akcoglu, F.R.S.C. and U. Krengel 

Introduction*. The purpose of this note is to announce a 

maximal ergodic lemma and some of its applications. In the 

one-parameter case this lemma gives a simple proof of Kingman's 

subadditive ergodic theorem [2] not depending on his decomposi-

tion theorem. In the multiparameter case the same lemma is 

used to show that the pointwlse ergodic theorems hold for 

general subadditive processes, without the "strong subaddltivity" 

conditions of Smythe [4] or Nguyen [3]. It can be shown by 

an example that if the strong subaddltivity is not assumed 

then the decomposition theorem fails for subadditive processes 

with at least two parameters. 

Formulation of the results. Let d a 1 be a fixed integer 

and let A, stand for either one of the following two 
d 

d-dimensional additive semi-groups of IR̂  = [0,») or 

M, = {0,l,2,...)d c u* . The cases of Ad = m d and Ad = ]Rd 

will be referred to as the discrete and continuous cases, 

respectively. Let I denote, in the discrete case, the 

This research is partially supported by an NSERC Grant and 
has been done during a visit of the second named author at 
the University of Toronto. 
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class of subsets of N consisting of finitely many consecutive 

integers, and, in the continuous case, the class of bounded 

intervals in IR* . If d i 2, then let Id be the class of 

cartesian products of sets from the corresponding Ij classes. 

The members of Id will be called the intervals of Ad . If 

III. then |l| denotes, in the discrete case, the number 

of points in I, and, in the continuous case, the d-dimensional 

Lebesque measure of I. 

Now let T = (t 1 be a d-parameter semi-group of 
u U£Ad 

measure preserving transformations on a measure space (X , F , (i) . 

In the continuous case it is also assumed that T defines a 

measurable (semi-) flow on X. 

A superadditive process (with respect to t) is a set 

function F that assigns to each interval I £ Id a real 

valued integrable function F- on X such that the following 

conditions are satisfied: 

(1) Fi ° T
U = Fu+I f o r a 1 1 u e Ad a n d I £ ^ • 

(2) If I, , ..., I are disjoint intervals in Id and if 

I = (J I- is also in I. then F ^ !'i=i F T • 1=1 1 a x i 

(3) sup -pi-,- I FT du = Y < '", where the supremum is taken 

over I « Id
 w i t h I1! * 0-

If F is a superadditive process then -F is called 

a subadditive process. 

To simplify the notation we will write F
n
 = F { o , l , . . . , n ) d ' 
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j r. _ p d. t £ 0 in the 
n a 0, in the discrete case, and Ft = F[o,tla' 
continuous case. 

Maximal Lemma. Let F be a non-negative discrete super-

additive process, 0 < a a real number, 1 S K < N integers 

and let 

IsksK k 

Then 

(4) 

and 

(5) w(EK(a)) s S Ï , 

with a constant c = c(d) that depends only on the dimension 

d. 

It may be added that if d = 1 then c can be taken 

as 1 and the lemma has a simpler proof. 

The conclusion in (5) is sufficient to prove a pointwise 

ergodic theorem for (not necessarily non-negative) superadditive 

processes. We state the discrete and continuous versions 

separately. 

Theorem 1. If F is a discrete superadditive process then 

lim -ij Fn exists a.e. 
n-"0 n 
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Theorem 2. Let F be a continuous superadditive process and 

let n = supJFjl , where the supremum is taken over the sub-

intervals I of [0,1]d with rational end points. If n is 

an integrable function then lim -K F exists a.e. as t -<• <» 

taking rational values only. 

The conclusion in (4) is necessary to prove a local 

ergodic theorem in the continuous case. 

Theorem 3. Let F be a continuous super additive process and 

assume that sup —r |F. |du < <". Then lim -4- F^ exists a.e 
t>0 ta J t td t 

as t •« 0 taking rational values only. 

The convergence along the rationals in Theorems 2 and 

3 can be replaced by convergence along any other countable 

dense subset of E . Under the usual separability condition 

this implies the convergence along all real t. 

The proofs of these results together with some other 

related material will appear in (1) . 

References 

[H M.A. Akcoglu and U. Krengel: Ergodic theorems for super-
additive processes. In preparation. 

(2] J.F.C. Kingman: Subadditive ergodic theory. The Annals 
of Probability 1, 883-909, 1973. 



M. A. Akcoglu and U. Krengel 
179 

[3] X.X. Nguyen: Ergodic Theorems for Subadditive Spatial 
Processes, Z. Wahrsch. verw. Geb. 4£, 159-176, 1979. 

[4] R.T. Smythe: Multiparameter subadditive processes. The 
Annals of Probability 4, 772-782, 1976. 

The University of Toronto, 
Toronto, Canada M5S 1A1. 

The University of Gottingen, 
Gottingen, Federal Republic of Germany. 

Received June 12, 1980 



181 
C. R. Math. Rep. Acad. Sci. Canada - Vol. II (1980) No. 4 

THE DEGREE OF SUBVARIETIES CONTAIMINC 

"CUBES" OF GROUP VARIETIES, III 

Gregory V» Chudnovsky 

Preaented by P. Ribenboim, F.R.S.C. 

Let tn. be a quasi-projective group variety and let r be a 
finitely generated subgroup of «t of rank r over 2Z with gen-
erators v1,...,vr . Let N > 1 and rN = {w: w = l£=1 n.^, 
i^ €2Z, 1^1 < N : i=l,...,r}. Let 0(1",,) be the oinimal degree 
of subvariety X c fl of codim one, containing rM • Then we 

D /„» Br-rank„(rrw) 
prove C K V ^ ^ N ^ ' where U(r) = ^^bAt^S^nS^F) ' 
(r is a proper groupsubvariety of CI- • 

0. Our main result is the estimation of the degree of the 

"cube" lying in an arbitrary group variety fft, . By a 

"cube" in ffl we understand the set f^ of linear combinations 

j£ njV^ with integer coefficients iij bounded in the 

absolute value by N . Here T stands for a subgroup (not 

a group variety I) of 01 generated by r linearly independent 

over Z elements "^ from fa : 1=1,...,P • Mattirally 

r = ranl^r and the "cube" rN contains (2H)r éléments. 

We want to estimate the smallest degree tUr,,) of the 

subvariety X c «. containing rN . The main theorem of the paper 

shows that n(rN) may differ by a multiplicative factor only from 

a natural upper bound on CUT,,) given by the Dirichlefs box 

principle. This result is extremely important in applications to 

Transcendental Number Theory since it gives immediately the 

bound for the number of zeroes of the function P(f1(z),•..,fd( z)) 

at z e rM , where f1(z),...,fd(z) constitute an analytic unl-

forraization of 01 . Already the case of 01 splitting into k 

one dimensional factors is the most important. In this case for 



182 
G. V. Chudnovsky 

Cl " A the corresponding statement as a conjecture was form-

ulated by M. Waldachmidt [3]. The answer (with the best value 

of constant) was given by the author in [2] for k = 2 ; and 

was generalized using commutative algebra for any k by 

D. Masser [4]. Similar results for W- being a product of 

elliptic curves (or degenerate elliptic curves A or A ) were 

proved by 0,,Masser and Wustholtz [6]. 

1. Let Ol be a nonsingular quasi-projectlve group variety of 

the dimension n and let v,,...,vr be r 2Z-linearly independ-

ent elements of t̂ . . We define T = {^i=1 ni vi : ni 6 Z ; i=l,...,r) 

and rN = {^1=1 nivi : l^ 6JZ , \nL\ < N ; i=l,...,r} for N > 1 . 

Following the example of [2] for tfl = A n we define an exponent 

(«(D or M (r) in the 

r-ranl^(r n(r) 
Definition 1.1. We set l*(r) = inf n_ttim 1 , where the 

inflfflum is taken over all proper group varieties v* c iTl (i.e. 

ir tin. ) . 
Simple arguments show the following 

Lemma 1.2. Always U(r) < ranl^(r)/n and for a generic v1,...,vr 

in W. we have )l(r) = ranl^(r)/n . If PI is a simple variety, 

then for any lattice T , HiD = ranl^(r)/n . 

The exponent M{r) is connected with the degree of subvariety 

of OL , containing ~N for N » 1 . Let's give the most general 

definition: 

Definition 1.3. For finite set S c t/l and integer K > 1 we 

denote by Cl (S;K) (or simply n(S;K)) the minimal degree of the 
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subvariety X of ft, of codiiaension one, containing S and having 

•II points of S as K-fold points. The number 0 (S) = 0 (S;l) 

la called a degree of S in OT. and the number 

0 fS;K) 
(1.4) lim -S^— = n ° ( s ) 

Is called a singular degree of S in CL . 

The upper bound for 0 (S;K) can be deduced from the 
OL 

Dirichlefs box principle and for sets of the form r„ wo have 
M 

[1] ,C2] : 

Proposition 1.5. For N > 1 and K > 1 we have 0 (r„;K) < 
- - — — ^z. N — 

ufr) 
cK«N , where c = c((>,r) > 0 depends on OL and T . 

I t was conjectured by M. Waldschmidt that for A. = An , 
n(rK) I»»"' ' . This was proved for n = 2 in [2 ] and for 
n > 2 in [ 4 ] . Moreover we can show for fi-= A that 
n(rN;K) > NM(r) + o ( N u ( r ) ) as N - « and for »l(r) = ranl^r/2 > 1 
we have proved n(rN) > y î | r N | l / 2 + o ( | r N | 1 / 2 ) - [ 2 ] . The last 
resu l t s are evidently the best possible. 
2 . The method of the proof in a l l cases i s the same. We act on 
0t by translations by elements of r . We use the result [ 3 ] , 

[ S ] , that the map T : Ot - Ul defined by T„(x) = x + g i s a 
regular map on lH- for g Ç OL. , Using the same arguments 
together with the intersect ion theory from [S] we obtain the main 
result of the paper. 

Theorem 2.1 . For any subgroup f of tfl of the Z-rank r , and 
N > 1 , K > 1 we have 
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(2.2) 0 (r„;K) > c.'N "K 
ri 

for Cj = Cj^Wjr) > 0 . 

The constant Cj = Cj^^.r) > 0 depends not on (H- explicitly, 

but on the degree of the imbedding It c 1PV and on n = dim CU 

only. For ft-= fl" c, is an absolute constant (that can be 

taken c. = 1/n simply). We expect in the last case Cj = 1 

for large K and ^ = V H T - c for H ^ D = rank^F/n > 1 + c , 

c > 0 . 

In the proof we take the subvariety X of W, of the co-
n. 

dimension one and apply operators ^=1 Tv • T^r = T(^j^) 

to X . Then we construct such n sequences n. E Z , j-l,...,n 

that T,-. -«.X n...n T,- -.vX has dimension zero and we remark 
(nj^v) ^nn»v' 

that Mn" < M and rN c X implies ?„_„ c T(rfj*jX . Then the 

intersection theory of [5] is applied. 

3. This type of argument shove that we can prove a more strong 

statement, without requirement that T is a translation 

operator. We present below the corresponding generalization and 

now we can be more precise with the degree of the subvariety in 
vl vk the case of nonsimple (ft, , when ptcIP X...XIP and we can 

count degrees of rw more precisely. Here is the first result. 

Theorem 3.1. Let OV = \ or (Jl " .V ^ iû " i and we con-
vl vk sider 0lcIP «• • •< IP , v. +...+ V. = n . Let X be a 

vl vk subvariety of IP «...« IP of eodimension one containing the 

P . Then X has "homogenuous" degrees d^>...,d. as in [ î] « 
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We have for ranl^(r) > n + 1 , 

(d1+l)Vl...(dk+l)V,t > c2Hnl*<(r) 

for u(r) = u,jr) . n 
Similarly it's possible to bound below the degree of the 

set r(N1,...,Nr) = {5^=1 nivi! "i € 2 , jnj < VL , i=l,...,r} 

for different «^ of the form Ni = N 1 
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COMPLEXES POLYEDRAUX EQUILIBRES SUR L E S COTES 

Robert BANTEGNIE 
Preaented by H.S.M. Coxeter, F.R.S.C. 

1. Soit 0 un complexe polyédral plan, £ l'ensemble de ses côtés. 
Si E € ^ est commun aux faces P . i F , de valences f , f- et a 
pour extrémités les sommets S . , S de valences s . , s , le sym-
bole ( s , , s , ; f , , f , ) pris modulo les permutations sur les 2 
premières lettres et sur les 2 dernières est appelé cycle de 
E, pr is modulo les permutations sur les 4 lettres pseudocvele 
de E. L a contribution de E est c ( E M l / s . ) + U / s 2 ) + ( l + f j H 
( l / f _ ) - l . El le est la même pour 2 côtés de même pseudocycle; 
"Euler" se traduit par S c<E)° 2 (1) (Cal). C est faiblement 

E6« 
équilibré sur les côtés quand la contribution d'un côté est 
toujours la même. C est équilibré (resp strictement équilibré) 
sur les côtés quand le pseudocycle (resp cycle) d'un côté est 
toujours le même. Les C considérés sont toujours faiblement 
équilibrés sur les côtés et on supprime cette dernière men-
tion. L a contribution d'un côté de C est c(C)'-c et (1) donne 
c\&\ -2 (2). Le pseudocycle de E€4 est appelé pseudocycle 
de C lorsque C est équilibré ; de même pour C strictement 
équilibré on parle de cycle de C, De plus si C est le comple-
xe dual de C, C est équilibré, resp faiblement, resp str icte-
ment ssi il en est ainsi pour C, 

Les diagrammes de Schlegel des polyèdres convexes réguliers, 
du cuboctaèdre {4} , de l'icosidodécaèdre {5} et de leurs du-
aux, le dodécaèdre rhombohédral et le tricontaèdre rhombo-
hédral sont strictement équilibrés. II n'y a pas d'autres com-
plexes strictement équilibrés. Ce résultat est probablement 
connu. 

J'établis ici la liste exhaustive des complexes équilibrés. 
Ceux équilibrés non strictement sont (a) la pyramide autoduale 
ayant pour base un n-gone de pseudocycle (n. 3 ) (n > 3) 

2 2 0) un tétratrièdre autodual de pseudocycle ( 4 . 3 ) 
Y) un décahéxaèdre autodual de pseudocycle ( 5 . 3 ) 
t ) un tétraennéaèdre autodual de pseudocycle (4 . 3 ) et 
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e) pour le pseudocycle (5 .4 . 3) les 4 pseudoicosidodécaèdres 
le 1-chapeauté, deux 2-chapeautés, le 3-chapeauté et leurs 4 
duaux. 

2. On profite du théorème de Steinltz pour assimiler un complexe 
polyédral et un des polyèdres dont il est diagramme de Schle-
gel. 

Soit P l'ensemble des complexes équilibrés, Q celui de ceux 
strictement équilibrés, 

• Pour C€ P. le pseudocvele de C est (n. 33) (nSS). (42. 32) . 

(52 . 3 2 ) . (4 3 . 3) ou (5. 42 . 3). Pour CS Q le cycle de C est (3 4 ) . 

(42;32). (32;42). (52:32). (32:52). (42.4. 3). (4. 3;42). (5. 3;42) 

ou (42;5. 3). 

Puisque c > 0 les pseudocycles maximaux (cf [ 3 ] p. 56) sont 
(n. 33) (n£3 ) , ( I 1 . 4 . 32) , (7. 5. 3 2 ) e t ( 5 . 4 2 . 3). Si le pseudocycle est 
(x. 4. 3 ) avec 4SxS n , x?i4 contredit C€ P et C 6 Q est exclu 
sl le cycle est (4. 3;4. 3). S l le pseudocycle est (x. S. 3 ) avec 
5 5 x ^ 7 , x ^ 5 contredit C€ P et Ce Q est exclu si le cycle est 
(5. 3;5. 3). De plus sl le pseudocycle est (n. 3 ), n r 3 est exclu 
pour Cg o et les cycles (5. 4;4. 3) et (4. 3;S. 4) sont exclus pour 
CgQ. 

» pseudocvcles (n. 33) . (42. 3 2 ) . (S2 . 32) et (43 . 3). 

Pour (n. 3 ) si n > 3 on obtient la pyramide de a) pour n = 3 le 
tétraèdre. Pour (4 . 3 ) dans P \ Q on obtient p) donné par flg. 
la. Ce tétratrièdre a 12 côtés, 6 de cycle (4. 3;4, 3), 3 de cha-
cun des cycles (4 ;3 ) et (3 ;4 ), 3 sommets et 3 faces de va -
lence 4, 4 sommets et 4 faces de valence 3. Sans Q on a le cu-

2 2 
be et l'octaèdre. Pour ( 5 . 3 ) dans P \ Q on obtient Y) donné 
par f lg, 1c. Ce décahéxaèdre a 30 côtés, 10 de chacun des cy-
cles (5, 3;5, 3), (5 ;3 ) et (3 ;5 ), 6 sommets et 6 faces de va-
lence 5, 10 sommets et 10 faces de valence 3. Dans Q on a le 
dodécaèdre et l'icosaèdre. Pour (4 . 3) dans P\Q on obtient 
ft) donné par flg. 1b. Ce tétraennéaèdre a 24 côtés, 12 de cha-
cun des cycles (4.4;4. 3) et (4. 3;4. 4), 9 sommets et 9 faces de 
valence 4, 4 sommets et 4 faces de valence 3. Dans Q on ob-
tient {4} et son dual. 
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m 
f ig. Ib fig. l e 

• pseudocvele (4 . S. 3). 
Pour ce pseudocycle c'est plus compliqué. Dans Q on obtient 

l'icosidodécaèdre (5} et son dual. Soit un des 12 pentagones 
de {5 ) . H forme avec ses 5 voisins triangulaires un penta-

gramme fermé \[jf . Chapeauter ce pentagramme est le rem-
* • 

placer par 
^ 

Si dans {5} on chapeaute un pentagramme 

on obtient le pseudoicosidodécaèdre 1-chapeauté. Pour un 
pentagone de { 5 ) , un seul autre pentagone est tel que les 2 
pentagremmos associés sont disjoints. S i on chapeaute les 2 
pentagrammes on obtient le 1" pseudoicosidodécaèdre 2-cha-
peauté. Si on chapeaute un des pentagrammes et un de ceux 
n'ayant en commun avec le premier qu'un point commun k leurs 
frontières, on obtient le 2° pseudoicosidodécaèdre 2-chapeau-
té. On peut trouver 3 pentagrammes qui deux à deux n'ont en 
commun qu'un point. En les chapeautant on obtient le pseudo-
icosidodécaèdre 3-chapeauté. Ces pseudoicosidodécaèdres 
et leurs duaux sont dans PXQ. Pour prouver que la liste ob-
tenue est complète, on raisonne à l'aide de la figure 2. 

Les complexes cherchés ont 60 côtés l e l /30) . Soit p, q, r, 
s le nombre de cycles (4Z;5. 3), (5. 3;42), (4. 3;S. 4), (S. 4;4. 3), 
x, y, z le nombre des pentagones ayant 4, 2, 0 quadrilatères 
adjacents. Pour x > 0 on a nécessairement la situation de la 
flg. 2b. Au centre se trouve un 14-gone (I) qui se décompose 
suivant une des 3 formes (a), (b), (c) 
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Les pseudoicosidodécaèdres 

l-chaoeauté 3-chapeauté 

° 2-chapeauté 2° 2-chapeauté 

2a 2b 

Figure 2 
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Pour (a) on obtient le 2° 2-chapeauté et pour (b) ou (c) le 
3-chapeauté. P o u r x = 0 , y > 0 on a nécessairement fig. 2a 
où au centre on trouve encore (l) . Pour (a) on obtient le I -
chapeauté et pour (b) ou (c) le 1° 2-chapeauté. Comme, à la 
dualité près, on peut supposer que le nombre total de penta-
gones x + y + z est ^ 0 , reste à étudier x = y = 0, z^O. On ob-
tient alors l'icosidodécaèdre dit O-chapeauté (fig. 3). 

Donnons un tableau concernant les chapeautés ; 3, 3 y dési-
gnent l'ensemble des sommets et des faces de C( x' , y', z' le 
nombre de sommets de valence 5 ayant 4, 2, 0 sommets ad-
jacents de valence 4. On y a x +y + z + x1+ y l + z'•• 12, S " 0 , 
1̂ 1 -60. 

O-chapeauté 

1-chapeauté 

1 " 2-chapeaulé 

2" 2-chapeaulé 

3-chapeauté 

(p, q, r, s) 
(60, 0, 0, 0) 

145,5, 10,0) 

(30, 10,20,0) 

(30, 10,20,0) 

(15, 15,30,0) 

(x, y, z) 
(0 ,0 , 12) 

(0, S, 6) 

(0, 10, 0) 

(2, 8, 0) 

(9, 0, 0) 

( x ' , y ' , z ' ) 
(0, 0, 0) 

(0 ,0 , 1) 

(0 ,0 ,2 ) 

(0, 0, 2) 

(0. 0, 3) 

1181,151,131) 
(30,60,32) 

(31,60,31) 

(32,60,30) 

(32, 60, 30) 

(33, 60, 29) 

Quand on passe de C à C , p et q, r et s, x et x' , y et y', 
z et z ' , |3{ et |3 | sont permutés. J ' a i étudié ailleurs 
l[ l ] , [ 2 ] ) les complexes polyédraux équilibrés sur les som-
mets (ou sur les faces). 

fig. 3 : l'icosidodécaèdre 
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USING DIRECTED GRAPHS FOR TEXT COMPRESSION 

G. V. Cormack and G. Grâtzer., F.R.S.C. 

Abstract*: We define a class of directed graphs and we show how 

any such graph G defines a coding, which we shall call G-code. 

The well-known H(uffman)-code is a simple special case of the 

G-code. We shall show that with a suitable choice of the graph 

G, we can achieve much better compression ratios without increas-

ing CPU time. 

The main disadvantage of any variable-length code is 

that the compressed text cannot be scanned without decompression. 

Another choice of G yields a G-code with a more modest com-

pression ratio that, however, can be scanned in its compressed 

form. 

There exist graphs G whose associated G-code com-

presses close to the theoretical limit found by Shannon It] (for 

a 27 letter alphabet); however, the compression uses excessive 

amount of core and CPU time. 

*The research of the second author was supported by the 

N.S.E.R.C. of Canada. 
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'• Compression graphs. We are given two finite alphabets A 

and C, the source alphabet and the code alphabet, respectively. 

A member of an alphabet is called a character. A compression 

graph G is a directed graph some of whose nodes are labeled by 

a source character and some of whose arrows (directed edges) are 

labeled by a code character. A node or arrow not labeled will be 

called unlabeled. The following axioms are required: 

1.1. G has a distinguished node called START. 

1.2. If X -• Y and X * Z are both labeled by the 

same c e C, then ï = 2. 

1.3. If X - Y is unlabeled, then X is labeled, Y 

is unlabeled, and there is no other arrow leaving X. 

1.1. If X is a node of G labeled by a e A, or if 

X is START, then for any b « A there is a node Y of G 

labeled by b and there are arrows: X = X. •» X,, X, * X-,..., 

Xn_1 * Xn = Y, n 2 1, such that all X̂^ with 1 < i < n are 

unlabeled. 

2. Coding a text. A text T is a finite sequence of source 

characters a.^ — an. We now define the coded text, G(T), and 

the terminal node of the coding, t(T), which is a labeled node of 

C or the START. 

If T is the empty string, then G(T) is the empty 

string and t(T) is the START node. 
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If k s n, G(a1. . .a1<_1) and t(al...ak_1) = X are 

defined and the latter is labeled by a (or it is the START), 

then by Ax lorn 1.U we can choose a node Y labeled by a^ such 

that there exist unlabeled nodes X1,...,Xln satisfying : 

X - X ^ X, - X2,...,Xm * Y. Since X , , . . . ^ are unlabeled, it 

follows from Axiom 1.3 that X, * X2,...,Xm * ï are all labeled; 

let c1,...,om be the labels of X, * X2 Xm -» Y, respec-

tively. We define t(a....ak) = Y. Further, 

G(ai...ak) = G(al...ak_1)o1...cni 

if X - X1 is unlabeled; if X - X, has label o, then 

0(8,,..ak) = G(a1...ak.1)cc1...om. 

This completes the definition of G(T). Observe that from the 

same text T we may get many coded versions. 

3. Decoding. Given a coded text T' we can find a unique text T 

with G(T) = T', 

Let T' = o,...c . For each i with 0 s i s m, we 
l m 

define the node N(i) and the text T(i). For 1 = 0, N(0) = 

START and T(0) is the empty sequence. Let N(k) and T(k) be 

defined, k < m. If N{k) is an unlabeled node, then there must 

be a unique node (by the assumption that T' is a coded text and 

by Axiom 1.2), Y, such that N(k) * Y is labeled by c k + 1 . We 

set N(k+1) = Y. If Y is labeled by a e A we define T(k+1) 

= T(k)a, otherwise T(k+1) = T(k). If N(k) is labeled and 
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there is an unlabeled arrow N(k) •• Z, then proceed with Z and 

T(k) as before. Otherwise, proceed with N(k) and T(k) as 

before. We find T as T(m). 

H. Observations. 1.1. The alphabet A would normally include 

the usual English alphabet, numerals, punctuation marks, control 

characters, etc. In addition, in some applications it is useful 

to consider some combination of symbols such as pairs of letters, 

words, repetition symbols, etc, as part of A. The larger the A 

the better is the compression; the price to be paid is in table 

storage, core space, and CPU time. 

1.2. Even in the simplest schemes it would be harmful 

to assume that the map from A to the nodes of G be 

one-to-one. 

1.3. Any coding scheme has to deal with the ambiguity 

of the choice of Y in Axiom 1.1. If there are, say, two 

choices of Y : ÏT and Y2, usually it is sufficient then to pick 

the one which together with the next step or next two steps 

yields the shortest code. 

1.1. Not every text in the alphabet C can be decoded. 

5. Some examples. The graphs we use are obviously too large to 

be reproduced here. Let G, denote the graph of a coding scheme 
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using 1, 8, and 12 bit codes (C = (0, 1,...,E, F)) having the 

property that 0,(1) can be scanned. Let H denote the graph 

(really, tree) of the Huffman code. Let G2 denote the graph 

obtained by applying the Huffman algorithm to the relative fre-

quency of the source characters after a given source character 

(using also shift characters for upper case and data input.) 

Finally, let C, and Oj, be the same as G2 using relative 

frequencies after pairs and triples of source characters. The 

graphs G^', i = 1, 2, 3 use words instead of letters. The 

table below summarizes our results. 

aph 

Gl 

H 

C
2 

G3 
G1 
Gr 
v 
v 

Refe 

Table size (in 

rences. 

0.12 

0.2 

2 

12 

10 

21 

61 

112 

An 

K) 

excellent CO 11 

Packing (bits/character) 

1.78 

1. 1 

3.27 

2.15 

1.8 

1.16 

.71 

•27 

ection of papers (includl 6. 

Huffman's) i s repr in ted i n [ 1 ] . The necessary a lgor i thms are 

described i n [ 2 ] . The s ign i f i eanoe o f t ex t compression to data-

base management i s analyzed in [ 3 ] . 
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DEGREE FORMULAS FOR THE ORTHOGONAL GROUPS OVER GF(2) 

J. S. Frame 

Preaented by G. de B. Robinaon, F.R.S.C. 

l.GEKERIC DEGREE IGLYTOKIALS. For each of the orthogonal 

Groups Gn - 02n+1(2;, isomorphic v/ith Sp2n(2), and for their 

maximal subcroups G^ = 0^(2), ;cr= + or -} of index K(N+<r)/2 

where t: = 2n, each absolutely irreducible complex (AIC) char-

acter X^ or X^ is a specialization for z = K of a generic 

character y^ or V^ of level i < n, whose value on each 

class is a polynomial in z.l23. The value on class Ct is a 

monlc "degree polynomial" P«(z) or ^j ^z' of degree 2i,divi-

ded by an integer dT or d, independent of n. This integer is 

computable as the codegree (group order/degree) of a "par-

ent" character 0 ^ of cj or ^ of C^ , from which the cor-

responding generic degree polynomial Fy(z)/dj or f^ (z)/dj 

will be constructed in §2. 

The 2)! distinct integer roots of every degree polynomial 

of level i each divide the numerically largest root + V., K = 

2V''1. This width \i (called length L in izi) is -f+m for Gn 

and J+m+1 for C^ , where 0 < m < ̂ . To a character of level 
, c 

i and width v; we assign the"type" J;m, if T = + or - is the 
i jf-

sign '.for z> i.') of the generic character value j ^ or yi on 

the transposition class Ct. Values of these characters on Ct 

are obtained in S3. 

A reneric character is changed into its mate by replacing 

z by -z, except for self-paired characters whose degree poly-

nomials are even functions of z. 
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2. DEGREE FORKULAS. As explained for levels 1 and 2 in [l] 

and IZJ, each AIC character 03 of the group G. generates an 

extended level X generic character of Gn that contains just 

one level A irreducible generic character y1. The leading 
2i i 

coefficient of z in the degree polynomial of j'J (coeffici-

ent of «T in £2j) is the parent degree /^divided by the or-

der of G|, namely 1/d,, the reciprocal of the parent codegree. 

For m= 0, all Gn characters of type .!r., called primary, 

have V - X./2, (1=2'*), and the monic degree polynomial is 
pju) = n /=1 (z2 - ^ r - 1 ) . (2.i) 

Each primary character may be labeled by a primary class to 

which it corresponds, such as 3m> 32i< 30. 9^ J^i^' ov 7^ 

for level 3. Their parent codegrees 2123-3,91 2'131',Zr'3U, 

2 215, 2 2 7 , and those of higher levels are computed in £3J 

from modified hook graphs of Young diagrams derived from the 

subscripts which represent the multiplicities of eigenvalues 

of orders 3>5p7.or 9, etc. in indecomposable constituents of 

a decomposed matrix similar to the matrices of the class. 

Theorem 2.1 For m > 0 , the degree fa of the generic G charac-

ter ŷ  of type Jlm is expressible as follows in terms of the 

monic polynomial Pfl_„(z) and codegree dA of its parent AIC 

character 0" of cj of type (J?-m; , where we set t: = -T2m"1: 

yj = î^z;/dT= p^;z} r^-^pjf./z/rnu-ii;;/^-^;^ (r.r: 

For m > 0 and n > j-tra, each AIC character J[J of C., is the 

value for z = r: = 2n of a unique generic character y genera-

ted by a lower level parent ^"in P.. However, if n =yi*m-l, 

then !. = '.., and the generic character V- or its mate or both 
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may become a ''^hosfAIC character of degree 0 which vanishes. 

A non-vanishing mate of a ghost is a "widow" character ob-

tained for z = '' from two distinct generic characters whose 

parent AIC characters in G* and Gj are mates. 

Each AIC character of Gt of type (.P-m) generates a tet-

rad of generic characters of type J^ including a pair of 

associated characters (one the product of the other by the 

alternating character ï ; in Cv and their mates in Gĵ . 

Theorem 2.2 The degree Y," of the generic G^ character ¥J 

of type i'L is expressible as follows in terms of the monic 

polynomial P»;.,'z) and codegree d; of its parent AIC charac-

ter ̂  of Gi of type (j?-m) . where we set K = -tf"r2m : 

i'f- FJ/uVd, = P*(z) M2^2"1 p.j (z/M)(z-LM)/(z+Od. (2.3) 

Here again, when n = ̂-t-m and K = I., certain widow char-

acters of G* or G~ may have ghost mates of degree 0 in the 

other group. They are obtained for z = li from two distinct 

generic characters whose parents are mates in G. , or from a 

generic character whose parent is a self paired character of 

Cjj of type i \ . 

These formulas have been tested by computing the degrees 

of all characters of G and Gj^for n 5 5, including 155 char-

acters of oj0(2), 164 of C^0(2) and I98 of 011(2). 

3. C5!ARACTER VALUES OK CLASS Ct. Coefficients of z2^ and z2^"1 

in the degree polynomial Tj (zî/d, generated by ft of type 

U-n). of G, are seen from £ 2 ^ to be $^ and 0Ct(3^ , divided 

t.y thn fifdnr nf r:̂ , if tho tranofiocltlon olao» 0^ hae 0 C t 

elements. Honno the sum of the roots of P"? is -''c^ /$\. 
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Theorem 2.2 expresses this sum in terms of the sum s of the 

roots of p.fm(z) as follows , taking o* = -n 

-0Ct 0l /fil <= M(s + L) + 1 a -T2m(L+s) + 1. (3-1) 

Replacing ft of G. by %$ of Gn, we replace L by N and 2m by 

N/L. The transposition class size in G,, is 0C4. = H2 - 1. 

Theorem 3.1 The value on class Ct of the AIC character X"* of 

Gn of type ̂ m is given by the formula 

Xt =X^"C(N+3)N/L - 1)/(N2 - 1), L = 2* . (3.2) 

where s is the sum of the roots of the degree polynomial. 

Using Theorem 2.1, and 0C t = iN(N-0l for Gn , we obtain 

Theorem 3.2 The value on class C+ of the AIC character X^ 

of G**" of type i is given by the formula 

Xf = Xf f (1 + 87(N-«r-l))/L, L = 2< (3.3) 
where s is the sum of the roots of the polynomial P^ (z). 
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CONVERGENCE SPACES AND CLOSED GRAPHS 

Robert A. Herrmann 

Preaented by F. V. Atkinaon, F.R.S.C. 

ABSTRACT*. This is a fourth report in a series of investi-

gations answering various unsolved problems relative to 

convergence spaces. The major goal of this present research 

is not only to investigate convergence space closed graph 

theory but also to show that many recent results relative 

to generalizations of the topological concept of the 

closed graph such as the strongly closed graph or maps 

with property (P) are in reality simple corollaries to 

the appropriate convergence space propositions. 

1. Preliminaries. Prior to our basic definitions it should 

be mentioned that an important typographical error appears in (2]. 

In Theorem 3 on page 267 the conclusion should read "g is weakly-

-admissible" not that g is weakly-continuous. 

For a set X, let F(X) (resp. U(X)) denote the set of all 

filters (resp. ultrafliters) on X. As usual if 5^E F(X) and 

£:X - Y, then f(SO is the filter generated by {f(F)|F E ^ ) . 

Moreover, we let G(f) = {(x,f(x))l(x e X)A(f(x) e Y) ] denote the 

graph of f and for A C X, the set cl (A) = {x|(x e X)A 

3»U((IM^£ U(X))A(A E<'1*)A(<^' * x)))is the q-closure of A in 

the preconvergence space ( 2, p.265) (X,q) . 

*This research was partially supported by a grant from the 

U. S. Naval Academy Research Council. 54A05 
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2. Main results. We now give two main results and those 

propositions which follow from them in a straightforward manner. 

Throughout assume that (X,q} and (Y,p) are preconvergence spaces. 

THEOREM 1. Let f:X ->• Y. 

(i). IJ G(f) is closed in the product preconvergence 

space (XXY,qxp), then whenever <& E F(X), ̂  i x e X and 

f{90 :• y E Y, it follows that f(x) = y. 

(ii). If whenever ^ E U(X), f]i-* x E X and. 

fCM.) J X c Y imply that f(x) = y, then G(f) is closed in XXY. 

Sketch of proof. (i) This follows in a simple and direct 

manner from the definition of the qx p-closure and the product 

preconvergence function qXp. 

(ii). Assuming the hypothesis this result is somewhat more 

difficult to obtain. Let (w,z) E X X Y — G(f). Then assume that 

(w,z) e clii(G(f)), where n « qXp. It follows that there exists 

some ^ E U(XXY) such that G(f) E "W-and ^ - (w.z) + (w,f(w)) 

. and the first projection Pj (/M.) = " f E U(X).',V'-* W. Letting 

(I,f):X * XXY be {I,f)(x) = (x,f(x)) and using the result that 

(I,f)"1(A)CI P^A) fl f1(P2(A)) for each A C X X Y it can be 

established that P2(4U.)C fCP^flt)). Hence f^j^lt)) " 

ff1^) •* f(w) since P2(fUSI is an ultrafilter. From this contra-

diction and the general fact that G(f) C cl (G(f)) the result 

follows. 

Application of Theorem 1 yields the following propositions. 

THEOREM 2. I_f f:X -• Y has a closed graph and Y is compact 
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THEOREM 3. Let Y be compact and Hausdorff [3, p.459] . Then 

f:X - Y has a closed graph if and only if f is weakly-continuous. 

THEOREM 4. Let f:X • Y and X.Y be compact. Moreover, let 

Y be Hausdorff and f(X) closed in Y. If G(f) is closed in XX Y, 

then £ is perfect [3, p.450) . 

For preconvergence spaces the existence of functions with a 

closed graph is somewhat more critical than for topological spaces. 

Let q be a convergence function on X. The pretopological 

modification ^ is defined as follows: x E <KÇQ loT "^e F(X) 

if and only if ^ ( x ) = A ( ̂  I ( ^ c U(X)) A («JW-- x) ) C ^t . 

Theorem 2.8 (iv) in I 3] yields the following result. 

THEOREM 5. Let X and Y be compact and Y be Hausdorff. 

If the pretopological modification of q is a topology on X and p 

is not a topology on Y, then there does not exist a suriection 

f:X -• Y with a closed graph. 

The second main result shows that important mapping proper-

ties such as described in [4] and [5] are in reality simple 

corollaries to a similar but much more general preconvergence 

space result . First, let ̂ It E U(X) be a free ultrafilter on X 

and z E X. Let <%z - (U U {z)|U E «U-) U {(x}|x E X — ( Z H . Then 

^ is a base for a topology T on X. It can be shown that 

(X,T ) is a Hausdorff completely normal, fully normal, door space. 

THEOREM 6. Let (X,q) be T.. Assume that there exists some 

z E X such that for every free ultraf liter <16E U(X) the fact 

that the identity map I:(X,TZ) -• (X,q) has a closed graph implies 

that I is weakly-continuous. Then (X,q) is compact. 
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Sketch of proof. Assuming that X is not compact implies 

that there exists a non-q-convergent ^lU U(X). Thus «'U. is free. 

Let z be as hypothesized. Consider (X,Tz) and «Çf e F(X) such 

that ÇCis Tz-convergent to x E X - (2) and for the identity map 

I:(X,Tz) - cx,q), Uty •* y c X. Now Q ^ E U(X) and is principal. 

Hence I(x) = y. Now let x = 2, ̂ b e ^-convergent to x and 

IC^O ^ y E X. Then consider the neighborhood filter ^(2) for 

2. It follows that there exists some ""KE \}(Çi) [2, p.447] such 

that *y* y and fa(z)CZ'y-. This implies that ' V » i . The T, 

property implies that 2 = y. Hence 1(2) = y. It follows from 

Theorem 1 that G(I) is closed and thus that I is weakly-

-continuous. Since tf2t is ^-convergent to 2, then I (<lt) =̂ lt' is 

q-convergent to 1(2) = 2. This contradiction yields the result. 

COROLLARY 6.1. Let g be the class of all Hausdorff 

completely normal, fully normal door topological spaces and let 

(Y,p) be_a ^ preconvergence space. If for every X E § every 

bijection f:X - (Y,p) with a closed graph is weakly-continuous. 

then Y is compact. 

3. Applications. A filter ^tc F(X) is 6 - convergent to 

x £ X, where (X,T) is a topological space, if for each regular-

-open G E T containing x there exists some F E ̂  such that 

F C C . A filter ^ is 0-convergent to x e X if for each open 

neighborhood G of x E X there exists some F E^such that 

P C clT(C). Mathematicians have extensively studied these 

convergence structures without realizing that they are at least 

pretopological in character. 
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The following characterizations are useful when applying the 

results from the previous section. A map f:(X,T) •• (Y,T), where T 

is a topology, has a strongly closed graph ( 1, p.470) (resp. 

property (P) [7, p.380)) if and only if f:(X,T) - (Y,0) (resp. 

f:(X,T) •• (Y,6)) has a convergence space closed graph. The map 

f:(X,T) - (Y,t) is e-perfect ( 8, p.542) (resp. «-perfect [8, p.4S0]) 

if and only if f:(X,e) - (Y,e) (resp. f:(X.6) - (Y,5)) is conver-

gence space perfect. The map f:(X,T) - (Y,T) is almost-continuous 

17, p.379] (resp. weakly-9-continuous (i.e. weakly-continuous 

[7, p. 379))) if and only if f:(X,T) - (Y,S) (resp. f:(X,T) -

(Y,0)) is convergence space continuous. 

It is now possible to easily translate some of the results 

from section two into the corresponding topological language. 

For example, let (X,T) be regular compact and (Y,T) Hausdorff 

N-closed (7, p.379) . If a surjection f:X * Y has a strongly 

closed graph or property (P), then f is e-perfect and 6-perfect. 

Let § be the class of all Hausdorff completely normal, fully 

normal door topological spaces and let (Y,T) be Hausdorff (resp. 

weakly-llausdorff) . If for every X c S every bijection 

f:X * (Y,T) with a strongly closed graph (resp. with property 

(P)) is weakly-O-continuous (resp. almost-continuous), then Y 

is ll-closed (resp. N-closed). 
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THE STRUCTURE OF THE MAXIMAL LINEAR CLASSES IN 
PRIME-VALUED LOGICS 

J. Bagyinszki and J. Demetrovics 
P r e a e n t e d by C. Gratzer, F.R.S.C. 

1. Introduction. ' The complete lattice of closed classes for .;-valued logic was given by Post 
[6]. All maximal classes in *-valued logics were given for fc = 3 and k>3 Jablonskii | 3 | 
and Rosenberg [8| respectively. According to a result of Janov and Mufnik [4), there are closed 
subsets infinitely generated (without base) and a continuum of closed subsets as well in *-valu-
ed logics (for * > 2). Due to this fact, it may be an interesting question, what the maximal 
classes having countable many closed subsets are and how we can describe the lattice of closed 
subsets of these classes. Partial answers about cardinality are given by Salomaa 1101, Bagyinsz-
ki and Demetrovics 11 j, Lau | 5 | , Demetrovics and Hannâk |2J. The authors gave the complete 
lattice of closed subsets of linear functions and it was proved to be finite [ I ]. The finiteness 
and all closed subsets of linear functions having n-ary functions with n > I - are presented 
in ( 10), too. The maximal and minimal length of chains of closed subset-lattice of ft-valued 
logics was investigated by Pôschel [7|. A survey on closed sets of A-valued logics is given by 
RosenbeiB | 9 | . 

In this paper our earlier results on the complete lattice of the maximal linear classes in 
prime-valued logics (proofs are in [ I j) arc presented. Having this complete lattice we give 

I.) the exact (finite) number of closed subsets; 

2.) the length of maximal and minimal chains of the lattice; 

3.) all bases with minimal number of elements and the arity of each linear class. 

2. Définitions and notations. Let 0̂ " ' denote the set of n-ary functions over the set 
K = (0.1.2 * - l l k> 2; 0 ^ ' = (f-.IC^K). Set 0^ ^ ^ O i ' " . The set O"" 
is considered as the set of unary constant functions. For a subset A Q 0k,[A\ denotes the 
closure of A under the following operations: 

/ • ( / i /„> = / ' / i /„)• «here f~f[.x)eA, 

fl = /Lt'lc/t u {.t, xn\x = (*, •r„'• ' ' = (*/! *im )• ' = ' ". 

A set 0 ç 0^ is said to be closed set if 0 = |0 | . A subset /I of a closed set 0 is called com-
plete in 0, if \A\- 0. Let 0 C 0 t be a closed set further on. A set /) c 0 isi precomplele 
in 0, if \A\c B _0 implies |B| = 0. A closed precomplele set is called maximal. Let 
5(0) denote the set of closed subsets of 0. A set B 0.0 is said to be a base in 0, if 
{B\ = 0 and |fl'| * 0 for B' c II. 

For the remaining part of this paper let k = pip > 2) be a fixed prime number, 
Z" = (0.1 p - I ) (although, some of the following results are valid under more general 
conditions). L denote the set of linear polynomial functions over GF(p) = </"; + ; • >; 
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Z. = {a0 + Ef.1B(JC(lB0£/,fl/eA(0)i i = 1 n; 11 > OX and 

fix) = a0 + Ï " ,0 , -^. ^1=1 "i = a * ' " h e usei1-

It can be verified, that the following sets are closed subsets of Lie 0k ): 

I.) /,"» = Oj1
0,,i<,'= (a0+o1*la0e/,,B|c/'\ { 0 ) ) . t " ' \ i " " ; 

2.) i ( 0 ) = { / £ i b 0 = / î ( l - a ) ) u (01,3 = 0.1 p - I ; 

3.) i 6 = { / e t k : = I t 

4.) / . 6 (0 ) = ( /etla = l , u 0 = 0 } = i , n Lip) = L6m= t ( ( l , ) n t l /S , ) .? , * 0 , 1 , 

lor (Je/*; 

5.) i l " ( P ) = i " ^ i ( 0 | , l " > ( 0 ) \ . J , 0 = 0.1 p- I ; 

(>.) i:,0V) = i , 0 , n up) = (a). 0= o.i A>- i; 

7.) i i " = L * " n i s = (o() + x\a0ePi 

X.) U ) = i l " ri i(/3). lor /Se/': 

It is easy tochecklhat < i " ) \ t ( 0 , : * > is a group of order /i(/) 1). Denote rla) 
the multiplicalive order of atGI'ip) and lei q be a divisor of /J - 1, 
Cji/i = (an + ax\a* 0.Ha\ divides q). 

A proper divisor q oi q is said to he J maximal divisor of q. if iq q' and q'\q) 
implines q'e[q.q\. It was proved in | 1 | that there are three types of closed Mihsels of L ' " , 
namely: C\q\. G\q\ V L,rn and (;(</|((3l u i " " . 

Let /> - I = ql q,' q " be the prime-power decomposition of /; - I with 
</, = 2 < < / , < . . . .<qu primes, ê  > 0 integers, i = 1,2 ». 

3. Results. The results about striiclurc of the complelc latticeuf .Vlti are presented on Fig I . 
Table I. contains minimal bases and the arity of each linear class. Chains with minimal and 
maximal length are: 

( i ) - I i , ) - i j l O l - ( ( < » - (Ol . 

( i ) - ( i 1 1 1 ! - -• ( f ; | ( / | u i " " ) - ( O l ^ j u L - - l ^ " u / . " , , ) -

- ( ( . v ( u L'n'l- ( | . v | u / . ' " ' x ( 0 1 ) - - ( ( . v l ) - ( O l . 

The minimal and maximal lengths are 4 and /) t- 3 + ï ] ' , £ . respectively. 

Theorem 3.2.3 of | 7 | and theorem S. I . ul'j l | can he combined lo obtain a stronger upper bound 

for minimal lenght Hk\ of t-valucd logic lor arbitrary * : / ( * ) < 7 • ï o. - 2. where 
, a i <». o, ' ' 
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L"'\L'0) | |G[)n]UL"" 
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Class 

L 
HP) 
L, 
t ' " 

V0) 
t " ' ( ( 3 ) u i 1 0 1 

t ( l l U I O . 

L"hP) 
L'um\ (p) 

J-Vl -
Clq\ 
G[q]u L,0> 
C\qUP) U L"» 

Base 

(jr + \.x + y] 
{x + y + (p - \)p) 
(2jt + (p - \ty + 1) 
(0,x+ l,a.v), with r(a) = p - 1 
{2jt + (/) - 1 ).v ) 
{P&, ax + ( 1 - a)(î}, with r(fl)= /) 
(x + \,ax)lvii\h rta» = p - 1 
(PJW + (1 - al/l^with rta) = p - 1 
[ax + (1 - a)0iwilh/(a) = p - 1 
(x+ 1) 
[x + 1, ax ^Willi /-(a) = () 
(Ojf + 1. ax)with lia) = q 
{P#. ox + ( 1 - a 1/3 ),wiih na) = q 

Rank 

2 
2 

-> 
1 
2 

1 1 

Table I. 
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SOME REMARKS ON THE STRUCTURE OF P} 

I. Demetrovics •• L. Hannàk - VS. Marchenko\ 

Preaented by G. GrStser, F.R.S.C. 

E. Post 110| succeeded in describing the structure of the closed classes in the two-valued 
logics IP, ) in 1941. He also determined their minimal bases and their order. In 1959 Yu I. 
Yanov and A.A. Muchnik proved 113), that no results similar to Post's can be expected in 
many-valued logics PAk > 2) as these Pt have closed classes of cardinality continuum. It 
makes studies to determine (instead of the structure of P t ) the maximal elements of Pk and 
their subclasses natural. 

The present paper deals with the structure S of the self-dual by x + Kmod 3) functi-
ons of P.. In the rest of the cases the structure of the dual atoms (maximal elements) has 
either been determined 11,7 ,11) or has been proved unsolvable on the basis that the atoms 
hold closed classes with cardinality continuum [4, 12). 

Special self-dual closed classes (8) and self-dual functions (6,9), homogeneous classes 
and functions (2, 3| have been dealt with in several papers on universal algebras. 

B. Csàkâny | 3 | described closed classes in Pi and S.S. Marchenkov proved | I 2 | them 
to be all the homogeneous classes in Pi. 

In the present paper we describe the structures of all closed classes self-dual by x + l(mod3) 
except those in two substructures and we give their definition, order ect., like Post (91. We 
detennine classes of 5 that are invariant to any automorphism of the lattice £(S). We describe 
the classes that determine the atoms in X(S) and ones that contain the ternary (rtx.y.i)) or the dual 
((A.v.v.:)) descriminator. 

Let Ei = (0.1,2) and Pj be the set of all functions f(xl^2 xn) n = 1,2, . . . 
with / ; t X f. X . . . X £ , - fc'j. We call the restriction of / lo E = (0.1} its Boole 
restriction and denote it with Bflxl *„) if its range is within e. Boole restrictions 
are also Boole functions. 

Let 5 be the set of all self-dual functions by x + Kmod 3) in Pj , i.e. those for 

which 

fix^2 ' n ) = ^ i + l . ' j + 1 '„ + ' J * 2 

holds. 

We introduce the following notations: 

L = [f.feS and / is linear},'L, = If-feS and / is linear and preserves 0;; 

i 2 = { / : / equals either x, or x + I, or x + 2)J 

S, = f :feS and / preserves 0): 0 = (f:f equals xÇ 

Si = {/: feS and / is self-dual by the permutation p(x) = 2x}, 
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Now. let K be any of the following Boolean classes: 
Ct = (-x v.r.xt.v + r + l)}|: A^ = l{xy.x vy)): D, = [{xv v xz v yzft: 
D, = l-x.v vxr v.iz)); i 4 = ((x + r + ^3; 0, = [(f:Axt xn) equals .v}|: 

F* = [-x v.ir7i;(xj}i.p> 2:h-= [(xv.vz)!; 

f; = I'X v>z;i?(x)}|; f; = |(ftJCx)H. if ^ > 3; 

F'2 = \{xvyzli:Sl = | ( xvr} ) ; / * = [(x(y vï) , AB(x)}l, p > 2; 

Fj = i : x 0 v z | ; F | = ((X(.IVIVI,(X)}1;/-» = | {/î .v I.LM > 3: 

f j = [ : x 0 v z ) ) | ; P,» |{.V.l;|. 
ii*i 

Where ( ] denotes superposition, /^(x, jtj. . . . , x^,,) is V x1x2 . . , x,., j.v,.,. . . x^,, 
and /i*(x) is the dual of /» (x). Once this choice of AT is made, let SA'= (f.feS and 
/ preserves (0,1; and BfeK\ For another choice of K let K be any of the following 
Boolean classes: 

0 | = I {x.i' v xî v ,ii )|; Dj = | {xy v xz v iz )] ; 
i 4 = |ix + y + r)): 0, = ({ / : / !?) = x)]. 

For this choice of K let Sji:= {f.feS, and / preserves (0,1 ) and fl^iA.';-. 

With proper choises of K.SK may equal to any of the classes SD1. SF». Sh~y 55,. SF*. 
SPlm>2) and S2K may equal to S2D,.S'K and S'D, denote the class of functions of 
SAT with the property: 

if a Boole restriction of the function «(x. , . . . , x, ) obtained from /fx, xn) by 
making the values of variable pairs identical equals an x / , this implies g(x. x, ) = x . 

/ l m j 

For A:e{5.P1 ) let RK = [f : feS and / preserves (0,1) and BfeKtf and Bf have 
the same set of variables on which they essentially depend :. 

The set f(5) of the closed classes in 5 is a posct by the set theoretical inclusion by 
which a lattice structure is induced on it : A is the set theoretical intersection and v the 
smallest closed class in 1(5) containing both operands. The lattice has S as maximal and the 
void class as minimal element. 
Theorem I, The classes 5 / ,$ , , Sj^C^S^, SD, ,S02, 5*D2.5jD1,Si),501.S,D2, 5?D,, 

S1LtS20{J.lJ.2.OSF*SP'2.S'Pv
2.SI''i.SI*fk.S'fHp = 2,3 - ) , 55,'. 5*5, >* , , 

SPlS*PlJiPl have fmite bases. The classes i 2 ,0 have order I, tht S.L^lSA4J.lJ{SlJiri 
haveorder 2, the S2M\SDlJSD2S'D2S,DlSL4JSOlS,D2S;D,S,l.AS,OlS/:-lSF;. 
S*F1fSlS*S,,SFlSflftF2SPtfi*Pl have order 3, the 5F; J/-^5»P| J fJ^fJJV» 
ill = 2,3,. . .) have order it+\. 
Theorem 2. The morphism induced by the function 2x4- Kmod 3) is the only nontrivial 
automorphism of the lattice £(5). By this automorphism exactly the classes S.L.S. J>,. 
SC4SAi SD^D,S*D2 .SjD,,5i4 S0X S2O,^rD2 J ,£ 4 J ,0 , X, Xj, 0 are stationary. 
Theorem 3. The closed classes holding the ternary discriminator (/(x,.r,zl) are exactly 
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S,D.SD.SCS.S.S. The closed classes holding the dual discriminator (<f(x,r,z)) are exactly 
s'-D, .5 ,D,5 ,0 , . 5'D,S'FlS'FgSF\3FiSF\SF}SD,SD, SAA SCt S,Sl S. 

We remark here thai 5 holds some more closed classes between RS, and S"/-"̂  and 
between RPl and 5*Pj. There are no further closed classes in 5. 

In the following we give a base for every self-dual closed class discussed in the paper. Let 
tfix.y.z). ilnx.y.:). X(x..v,z), a)(x,.v,z), rix.y.z). o(x.>), Pix,y). o,(x,j-,z), yix.y.z). ^(x , .x2, . . . 
. . . , x t , )(M > 3) be (unctions of 5 preserving the set (0,1 ; and for which 

B^x.r.z) = x, ^0,1,2)= I, y!(0,2,l)=2, B|(i(x.>-.z) = x.v v xz v rz, 
lK0.l,2) = (K0,2,l) = 0, BX(x..v,z) = x + v + z (mod 2), X(0,l,2) = X(0,2,l) = 0, 
flu)lx,.i.r) = x. cj(0,l,2)=0, a)(0,2,l)= I, BT(x,r,z) = xy v xz v .iz, T | 0 . I . : ) = 0 . 
n0.2.\) = \} Baix.y) = x vy, fljllx.y) = xy. Bo,(x,y.z) = x vy, a,(0,1,2) = 0. 
o,(0.2.l)= I, «K.t.y.z) = x v vz. -rt0,l,2)= 7(0.2,1)= 2, B^lx^Vj V l ) = 

« • I 
- a i x , v . ^ v x , , , vx,., v . . v x ^ ^ J ^ O 0,1.2) =6^(0 0.2,1)= 2 

i , = ( (x + I (mod 3)}); SO, = ( (tj(x.y,z)}1; 5C4 = | Mx..r.z), o(x,y) and any 
/lx.y.z) with B/lx.y.z) = xiy + z + l)(mod2)})j5.44 = [{a)(x.y,zio(x,y),P(x,> )}|; 
SD, = |'«(x.y,z), iMx.y.Z/jrSD, = [{uHx.y.z), i!>ix.y.zî\:5L4 = [{uj(x.y,z) X(x,y,z)S. 
SPJ = [Mx.y,z),7(x,y.T); and any fix), with B/Ix) = ft*(x), M> -H; 
5/^ = [{uix.y.z).yix.y~)}\. SF] = ( Mx,y,z),7(x,y.z). and any Ax.yj). with 
Bflx.y.z) = A*(x.y.z)))•, 5f* = | {uix.y.z), and any fix), with Bflx) = h'ix).*i> 3))•. 
Sf- = ({a)(x.y,z.),7(x,y,2)B;55, = ({o>(x.y.z)fl(x,y))l;S1 = |{a(x.y), 
2x+2y(mod3))|, i = ((2x+2y+ 1, (mod3)))i5= | {o{x,y),x + l(mod3))l! 
«5, = l{o(x,y)H-, 5*5, ~ [lttlix.y.z)lit. S*F2-= i[yix.y.z))\.S*Fl = l{o(x,y), 
rtx,y.z»3,5»/»=| (S^lx, xM.l),p> 3)1.5,0, = l{^x,y,z), <l>ix.y.z)% 
STD, = ({i(-(x.y,z)}l,52/.4 = ({X(x,y.z))I.S20l = IMx.y.z)))-,!:, = [{2x+ 2y (mod3);i: 
52D, =({C'(x.y.z), X(x,v,z)]i;52 = [{^(x.y.z), 2x + 2y (mod3))|;0= ({x}); 
S*02 = I {rix.y.z) |. 
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