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Abstract. Vertex algebras can be defined over any differential com-

mutative ring. We develop the general descent theory for vertex algebras
over such bases. We apply this to the classification of twisted forms of

affine and Heisenberg vertex algebras, and to reinterpret and generalize a

correspondence of Li.

Résumé. Les algèbres vertex peuvent être définies sur tout anneau

commutatif différentiel. On développe la théorie générale de la descente
pour les algèbres vertex sur de telles bases. On applique celle-ci ensuite à la

classification des formes tordues des algèbres vertex affines et de Heisenberg,

et à la réinterprétation et à la généralisation d’une correspondance de Li.

1. Introduction Defining vertex operator algebras (VOAs) over scalars other
than C goes back to the beginning of the theory. The monstrous moonshine
conjectures, relating representations of the monster finite group M to modular
functions, were the primary motivation for introducing VOAs, and were largely
explained by the existence of a certain VOA V ♮ with automorphism group M.
The original construction of V ♮ works over Q, see Chapter 12 of [11]. Somewhat
later, Ryba [21] proposed analogous conjectures in positive characteristic, and it
was quickly realized (see e.g. [2]) that these suggested the existence of an integral
form of V ♮. Borcherds and Ryba [2] proved that the construction in [11] actually
works over Z[ 12 ]. The integral form was finally constructed in [4], concluding the
proof of Ryba’s conjectures.

An integral form for the lattice vertex algebras (i.e. the lattice VOAs but
ignoring the conformal vector ω) is constructed in the paper [1] that introduced
vertex algebras. Since then integral forms for many familiar examples have
been studied, and through this so have their versions in positive characteristic.
However, the nature of base change has not been exploited. As we shall see, the
natural base for vertex algebras are differential rings (or schemes). This paper
develops that general theory.

Consider for example a vertex algebra V over C. If R is a (commutative unital)
ring extension of C, the R−module VR,0 = V ⊗C R has a natural R−vertex
algebra structure (in the sense of [18]) with the n−products defined by linear
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extension of those of V :

(1) (v ⊗ r)n(w ⊗ s) = vnw ⊗ rs

for all v, w ∈ V , r, s ∈ R and n ∈ Z. This is the obvious example of base
change. In particular we encounter in the literature the “affinization” of V ,
using R = C[t±1].

However other base changes have appeared. Again take R = C[t±1]. Then R
together with its derivation δ = d

dt has a canonical C−vertex algebra structure
[1] given by rns = 1

(−n−1)!δ
−n−1(r)s for n < 0 and 0 otherwise. Therefore so

does VR,δ = V ⊗C R, with n−products defined by

(2) (v ⊗ r)n(w ⊗ s) =
∑
j≥0

1

j!
vn+jw ⊗ δj(r)s.

Note that the n−products in (2), unlike those in (1), are R−linear only on the
second variable. Thus VR,δ does not have an R−structure in the usual sense.
Correcting this situation forces one to use as a base a differential ring, i.e. to
involve the derivation in the definition of an R−vertex algebra.

This “differential approach” was used in [13] to explain the counterintuitive
infinite family of twisted loop algebras attached to the complex N = 4 conformal
superalgebra in [22], an object over C with connected semisimple automorphism
group. One would thus expect the absence of nontrivial twisted loop algebras.
We shall see that, and explain why, this apparently pathological behaviour is
quite common in the theory of vertex algebras.

It is also natural to expect that vertex algebras should be objects over commu-
tative vertex algebras. This again takes us into the realm of differential algebras.
Indeed, in characteristic 0 a commutative vertex algebra is the same as a dif-
ferential ring. In positive characteristic, the derivation should be replaced by
iterative Hasse-Schmidt derivations, as explained by Mason [18], Borcherds [1],
and discussed below.

Although our approach works for arbitrary differential rings R, we specialize in
Section 5 to the most important case R = (C[t±1], d

dt ). We determine the twisted
forms of affine vertex algebras and the isotrivial twisted forms of Heisenberg
vertex algebras. Then we show that previous work [16] of Li falls out naturally
from Galois cohomology considerations.

In a forthcoming paper, we develop some applications of the theory presented
herein to vertex (operator) algebras. For example, we will use Galois cohomology
to find that there are precisely three real forms of the Moonshine VOA V ♮: The
one coming from [11] has automorphism group the monster M, and the others
have automorphism group an extension of the Baby Monster and the first Conway
group respectively. The presentation of vertex algebras by means of descent on
a given V yields descent data on the corresponding Zhu algebra. This inevitably
leads to the appearance of Azumaya algebras and their representation theory.
The simplest example is the (unique) non-split real form of the simple VOA of
sl(2) at level 1. Its Zhu algebra is R⊕H, where H is the real quaternion algebra.
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2. Vertex Rings

2.1. Vertex rings and the canonical Hasse-Schmidt derivation The language of
vertex rings [18] lends itself perfectly to our formalism. Below we recapitulate
their definition and some of their properties that will be used throughout.

Definition 2.1. A vertex ring (V, Y,1) consists of an abelian group V , an
additive map Y (·, z) that assigns to every v ∈ V a formal power series Y (v, z) =∑

n∈Z vnz
−n−1 whose coefficients are group homomorphisms vn : V → V , and a

distinguished element 1 ∈ V , called the vacuum vector, subject to the usual ax-
ioms from vertex algebra theory. That is, for any u, v ∈ V , we require regularity :
unv = 0 for n ≫ 0, creation: Y (v, z)1 ∈ v + zV [[z]], and the Jacobi identity,
see e.g. [15, Sec. 3.1]. A homomorphism f : V → W of vertex rings is a group
map satisfying f(unv) = f(u)nf(v) for all u, v ∈ V and n ∈ Z, and such that
f(1) = 1.

[18, Sec. 3] The abelian group mapsDm : V → V, Dm(v) = v−m−11,m ∈ Z≥0,
satisfy
(3)

D0 = idV , Dm(unv) =
∑

i+j=m

Di(u)nDj(v), and DiDj =

(
i+ j

i

)
Di+j ,

where i, j ∈ Z≥0 and n ∈ Z. We call the collection D = (Di)i≥0 the canonical
Hasse-Schmidt derivation of V . In particular, D = D1 is a derivation for all
n−th products, and it uniquely determines Dm = 1

m!D
m if V is a Q−vector

space.

2.2. Vertex algebras over commutative vertex rings Recall that the centre C(V )
of a vertex ring V is the set of all v ∈ V such that

Y (v, z1)Y (u, z2) = Y (u, z2)Y (v, z1),

or equivalently such that vnu = 0 = unv, for all u ∈ V and n ≥ 0. V is called
commutative if V = C(V ).

Theorem 2.2 (Cf. [18, Sec. 5.2] and [1, Sec. 4]). A commutative vertex ring R is
a commutative unital ring with respect to the product rs = r−1s, for r, s ∈ R, with
1R = 1. Furthermore, the ring R admits an iterative Hasse-Schmidt derivation
on this product (Equation ( 3) for n = −1).

Conversely, any commutative unital ring R together with an iterative Hasse-
Schmidt derivation D = (Di)i≥0 becomes a commutative vertex ring via 1 = 1R
and

Y (r, z)s =
∑
n≥0

Dn(r)sz
n, r, s ∈ R.

A commutative vertex ring (R,D) is thus the same as a differential ring, as
long as by derivation one means an iterative Hasse-Schmidt derivation.
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We now define the central objects to be studied. Let R be a commutative
vertex ring. An R−vertex algebra is a vertex ring V together with a homomor-
phism ι : R → V such that ι(R) ⊂ C(V ). We denote the category of R−vertex
algebras by R-va, and that of commutative R−vertex algebras by R-cva.

Let us emphasize that this definition of R−vertex algebra generalizes the
classical definition, as found in e.g. [18, Sec. 6.2] or Borcherds’ original work
[1], in that the base ring now comes equipped with an iterative Hasse-Schmidt
derivation D. For example, the n−th product unv classically is R−bilinear, but
for us it need not be R−linear in u. Our definition agrees with the usual one when
D = (idR, 0, 0, . . . ) is trivial. This is clarified by the following characterization
of our R−vertex algebras.

Lemma 2.3.

a) Any R−vertex algebra (V, ι) carries the structure of an R−module via rv =
ι(r)−1v, r ∈ R, v ∈ V . We have

(4) (ru)nv =
∑
i≥0

Di(r)un+iv, and un(rv) = runv,

for all r ∈ R, and u, v ∈ V .
b) Conversely, any R−module structure on a vertex ring V satisfying (4) makes

V into an R−vertex algebra via ι(r) = r1.
c) A map f : (V, ι) → (W, η) is an R−vertex algebra homomorphism precisely if

it is a vertex ring map and R−linear. □

Notation . In what follows we usually suppress the structure map ι : R → V
of an R−vertex algebra V and write rn instead of ι(r)n for r ∈ R. Note that
V is a vertex ring module over R and that this notation aligns with the usual
one for modules. Lemma 2.3 also allows us to denote the left multiplication
r−1 simply by r; the creation axiom always ensures ι(r) = r1, so our notation is
unambiguous. Finally, there is no harm in denoting the canonical Hasse-Schmidt
derivations on both R and V by D = (Di)i≥0, because they are preserved by the
structure map.

2.3. Filtered vertex algebras Vertex algebras V overR = C often come equipped
with a grading V =

⊕
n∈Z satisfying (Vm)ℓ(Vn) ⊂ Vm+n−ℓ−1. Lemma 2.3 shows

that the notion of grading is incompatible with general bases R if we require Vn
to be R−submodules; a more suitable notion for R−vertex algebras is that of
filtration.

Let V be an R−vertex algebra. A filtration on V is a chain of R−submodules

· · · ⊂ Fi−1V ⊂ FiV ⊂ Fi+1V ⊂ · · ·

such that
⋃

i∈Z FiV = V , 1 ∈ F0V , and for any m,n, ℓ ∈ Z:

(FmV )ℓ(FnV ) ⊂ Fn+m−ℓ−1V.
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An R−vertex algebra V together with a filtration is called filtered. A ho-
momorphism f : V → W of filtered R−vertex algebras is required to satisfy
f(FiV ) ⊂ FiW for all i ∈ Z. We denote the category of filtered R−vertex
algebras by R-vaF .

Note that any R−vertex algebra admits the trivial filtration FiV = V , i ∈ Z.
Thus no generality is lost when we proceed to work with filtered vertex algebras.
In what follows we will at times write Fi(V ) instead of FiV to avoid confusion.

Lemma 2.4. Let V be a filtered R−vertex algebra. Assume that F0V is an
R−vertex subalgebra of V . If the quotient L(V ) = F1V/F0V has no 2-torsion,
it is an R−Lie algebra with Lie bracket induced by the 0-th product. □

Lemma 2.5. Let V be a filtered R−vertex algebra with R ≃ F0V and F−1V = 0.
Then the 1-st product is a symmetric R−bilinear map

σV = (·, ·) : F1V × F1V → F0V ≃ R,

which satisfies the associativity property (u, v0w) = (u0v, w), for all u, v, w ∈
F1V ; in particular, it induces a symmetric invariant R−bilinear form on L(V ) =
F1V/F0V . □

3. Automorphisms of Vertex Algebras

3.1. Extension of scalars Let R be a commutative vertex ring. We will often
refer to an object S of R-cva as an extension of R and denote it by S/R.

Let V be an R−vertex algebra. The map Y (·, z) : V ⊗R S → EndR(V ⊗R

S)[[z±1]] defined by

(u⊗ s)n(v ⊗ t) =
∑
j≥0

un+jv ⊗DS
j (s)t,

for u, v ∈ V , s, t ∈ S, and n ∈ Z, makes V ⊗R S into an S−vertex algebra via
s 7→ 1 ⊗ s, said to be obtained from V by the base change S/R. The canonical
Hasse-Schmidt derivation of V ⊗R S is given by

DV⊗RS
n (u⊗ s) =

∑
i+j=n
i,j≥0

DV
i (u)⊗DS

j (s)

for u, s and n as before.
Finally, if V has a filtration {FiV }i∈Z, then the images of Fi(V )⊗RS in V ⊗RS

define a filtration {Fi(V ⊗R S)}i∈Z of V ⊗R S. For the Lie algebra from Lemma
2.4 we have that, if S/R is flat, then the canonical map L(V )⊗RS → L(V ⊗RS)
is an S−Lie algebra isomorphism. For the filtered R−vertex algebra V , we define
a group functor Aut(V ) : R-cva → grp by assigning to any S in R-cva the group
Aut(V )(S) = AutS-vaF (V ⊗R S). The automorphism group plays a key role in
the descent theory related to twisted forms of V (see Section 4).
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3.2. Vertex group schemes

3.2.1. Arc algebras. Let R = (R,D) be a commutative vertex ring. In order
to identify the automorphism group functor Aut(V ) of an R−vertex algebra
V , subject to appropriate finiteness conditions, as a “closed subgroup” of the
general linear group GLn, we must first explain how the latter is represented in
the category of commutative R−vertex algebras. In general, suppose we have
a representable group functor G on the category R-alg of unital commutative
associative R−algebras, i.e., an affine R−group scheme. This means we find
some A ∈ R-alg and an isomorphism of functors

G ≃ HomR-alg(A,−) : R-alg → grp.

We may precompose this functor with the forgetful functor R-cva → R-alg (cf.
Theorem 2.2) and ask if the result is again representable. Over a field R = k
the answer is given by associating to A its so-called arc algebra A∞, see e.g.
[10, Rem. 3.1], [3, Sec. 3.3], and also Remark 3.2 below. We now show that this
procedure carries over to a general commutative vertex ring R.

Lemma 3.1. For any ordinary R−algebra A, there exists a commutative R−vertex
algebra A∞ together with an R−algebra map ι : A→ A∞, such that any R−algebra
homomorphism f : A→ S to a commutative R−vertex algebra S induces a unique
homomorphism φ : A∞ → S of R−vertex algebras with φι = f . That is, the for-
getful functor R-cva → R-alg admits a left adjoint −∞ : R-alg → R-cva. In
particular, any affine R−group scheme G gives rise to a representable group
functor G∞ : R-cva → grp.

Moreover, if A is finitely generated as an R−algebra, then A∞ is finitely
generated as an R−vertex algebra.

Proof. We give a description of A∞ along the lines of the standard literature
(see [25], for example). Consider first the case of the polynomial ring C =
Z[xλ] where λ belongs to some index set Λ. We have a commutative vertex ring

(C∞, DC∞
), where C∞ = Z[x(j)λ ]

λ∈Λ,j∈N , ι is given by xλ 7→ x
(0)
λ , and DC∞

is

defined by DC∞

i (x
(j)
λ ) =

(
i+j
i

)
x
(j+i)
λ and extension to monomials by the Leibniz

rule.
Recall that R carries the canonical Hasse-Schmidt derivation D. Consider the

R−algebra B = R ⊗Z C = R[xλ]. Then (B∞, DB∞
) is obtained by base change

from C∞, namely B∞ = R⊗ZC
∞ = R[x

(j)
λ ]

λ∈Λ,j∈N with iterative Hasse-Schmidt

derivation DB∞
= D ⊗DC∞

, that is DB∞

i (ra) =
∑

p+q=iDp(r)D
C∞

q (a) under

the identification R ⊗Z C
∞ = R[x

(j)
λ ]

λ∈Λ,j∈N , and where we extend the ι of C∞

R−linearly.
Finally assume that A = B/I where I = ⟨fµ⟩µ∈M . Let I

∞ be the ideal of
B∞ generated by all DB∞

i (fµ). Then I∞ is a vertex algebra ideal of B∞ and

A∞ = B∞/I∞ with ι(rxλ + I) = rx
(0)
λ + I∞ is as required. □



42 Robin Mader, Terry Gannon and Arturo Pianzola

Remark 3.2. Recall the canonical R−algebra homomorphism ι : A → A∞.
If D is trivial, then ι is injective and A∞, without its vertex ring structure, is
isomorphic to the arc algebra encountered in the literature, where we also find
it denoted by A∞, J∞(A), or HS∞A/R (notably in Vojta’s transparent exposition
[25] on the Hasse-Schmidt analogue of ΩA/R). The reader ought to keep in mind
that in general ι need not be injective. Consider the commutative vertex ring
R = Z[t] with D = d

dt . The homomorphism Z[t] → Z given by t 7→ 0 makes Z
into an object of R-alg. We have I = ⟨t⟩. Since 1 ∈ I∞ we get Z∞ = 0.

3.2.2. Vertex schemes and groups. Let X be a topological space. A sheaf
of (commutative) vertex rings F on X is a sheaf on X whose sections F(U)
are (commutative) vertex rings for every open set U ⊂ X, and whose restriction
maps are homomorphisms of vertex rings. This forms a category with the obvious
notion of morphism.

A locally commutative vertex ringed space, or simply locally cv ringed space,
is a locally ringed space (X,OX), where the structure sheaf is a sheaf of commu-
tative vertex rings. A morphism of locally cv ringed spaces (f, f#) : (X,OX) →
(Y,OY ) is a morphism of locally ringed spaces such that f# : OY → f∗OX is a
morphism of Y−sheaves of vertex rings.

Let (R,D) be a commutative vertex ring. The locally cv ringed space
(Spec(R),OD) is defined as follows: For f ∈ R there is a unique iterative Hasse-

Schmidt derivation Df on Rf extending D. Then OD is the unique sheaf of
commutative vertex rings on Spec(R) whose sections over the basic open set
D(f) is (Rf , D

f ). A locally cv ringed space (X,OX) is called an affine vertex
scheme if it is isomorphic to (Spec(R),OD) for some commutative vertex ring
(R,D).

A locally cv ringed space (X,OX) is a vertex scheme if every point ofX admits
an open neighbourhood isomorphic to an affine vertex scheme. If (X,OX) is a
vertex scheme, the natural map Hom

(
(X,OX),Spec(R,D)

)
→ HomZ-cva

(
R,O(X)

)
is bijective. In particular, the category of affine vertex schemes is anti-equivalent
to that of commutative vertex rings.

Example 3.3. Let k be a field. For i = 1, 2 let Ri = k[xi] and Si = k[x±1
i ]. Let

Xi = Spec(Ri), U12 = Spec(S1), and U21 = Spec(S2). Consider the k−scheme
isomorphism ϕ12 : U12 → U21 arising from the k−algebra isomorphism f : S2 →
S1 given by x2 7→ x−1

1 . Let D2 = d
dx2

and define D1 := f ◦D2 ◦ f−1 = −x21 d
dx1

.

These extend to iterative Hasse-Schmidt derivations D1 and D2 that preserve
R1 and R2 respectively, and such that f : (S2, D

2) → (S1, D
1) is an isomorphism

in k-cva. Then ϕ12 and ϕ21 := ϕ−1
12 allow us to glue (X1, D

1) and (X2, D
2) along

(U12, D
1) and (U21, D

2) This yields a vertex scheme (P1
k, D) having the projective

line over k as underlying scheme.

Let (X,OX) be a vertex scheme. One defines in the usual fashion the category
Xvs of vertex schemes over (X,OX): The objects are morphisms (Y,OY ) →
(X,OX) and the morphisms between objects are the obvious ones. As usual,
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for (Spec(R),OD) we will write Rvs instead of Spec(R)vs. The category Xvs has
products (the usual reduction to the affine case combined with the tensor product
of vertex rings of Section 3.1).

Let Y = (Y,OY ) be in Xvs. The functor of points hY : Xvs → set of Y is
defined by Z = (Z,OZ) 7→ HomXvs

(Z, Y ). If Z = Spec(S) is affine, we write
Y (S) instead of hY (Spec(S)). If Y = Spec(B) is affine we denote hY by hB .

A vertex group scheme over X, or an X−vertex group, is an object G ∈ Xvs

whose functor of points hG is a group functor: Each G(Y ) has a group structure
and this structure is functorial on Y.1

Let R be a commutative vertex ring, and consider an extension B of R.
Assume that the functor of points hB factors through grp, that is, it is a group
functor. Then the affine vertex scheme Spec(B) is an affine R−vertex group
scheme. If we denote it by H, then we denote B by R[H]. The comultiplication
∆: R[H] → R[H]⊗RR[H] corresponding to the multiplication of H according to
Yoneda’s correspondence, is a commutative R−vertex algebra homomorphism.
Similarly for the counit and antipode.

Example 3.4. G∞ (see Lemma 3.1) is an affine vertex R−group. If A ∈ R-alg
represents G then R[G∞] = A∞.

Let (X,OX) be a vertex scheme. An OX−vertex algebra is a sheaf of vertex
rings V on X, together with a morphism ι : OX → V of vertex ring sheaves, such
that ιU (OX(U)) ⊂ C(V(U)) for every open U ⊂ X.

Example 3.5. A vertex algebra V over a commutative vertex ring (R,D) as

defined in Section 2.2 yields a unique OD−vertex algebra Ṽ over (Spec(R),OD)

satisfying Ṽ (D(f)) = V ⊗R Rf . In the present paper our base will be mostly
affine. We shall return to this general setting in future work.

3.2.3. Vacuum subgroups. Let k be a commutative unital ring that we view
as a commutative vertex ring with trivial Hasse-Schmidt derivation. In this
case, any R ∈ k-cva with Hasse-Schmidt derivation D = (Di)i≥0 gives rise to a
commutative k−algebra

K(R) = ker(D) = {r ∈ R | Di(r) = 0 for all i > 0}.

This is the largest vertex subalgebra of R with trivial Hasse-Schmidt derivation;
it is called vacuum subalgebra in [12] or ring of constants in [3].

Consider an affine k−group G : k-alg → grp. We attach to G a group func-
tor Gvac : k-cva → grp by defining Gvac(S) = G(K(S)) for any commutative
k−vertex algebra S = (S,D).

Proposition 3.6. Let G be an affine k−group. Then Gvac is an affine vertex
k−group.

1 We use boldface characters for group schemes to distinguish them from abstract groups.
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Proof. Suppose A ∈ k-alg represents G. One can verify from the definition
that Gvac is affine with coordinate ring k[Gvac] = A, viewed as an object of k-cva
with trivial derivation. □

3.3. Representability of Aut(V ) Let V be a vertex algebra over a commutative
vertex ring R. We shall see in Section 4.7 that Aut(V ) is a sheaf of groups on
the flat site of R. In fact, we have that Aut(V ) is an affine R−vertex group in
important cases.

3.3.1. Finitely generated vertex algebras. A classical result by Dong and Griess
[8] says that the automorphism group of a finitely generated vertex operator al-
gebra over C is an algebraic group. Their delicate argument can be adjusted to
our situation to provide the following.

Theorem 3.7. Let V be a filtered R−vertex algebra. Assume that the filtered
pieces have the following properties.

1. There exists n ≥ 0 such that U = FnV generates V as an R−vertex algebra,
2. U is a finite rank free R−module with basis B = Bn,
3. for every m > n, there exists a set Em of B−admissible pairs (ν, b) (see [8])

such that FmV is free with basis Bm = {ν(b)}(ν,b)∈Em
; for m = n we put

En = {(idV , b)}b∈B,
4. and we have Em ⊂ Em+1 for every m ≥ n.

Then, Aut(V ) is representable by a finitely generated commutative R−vertex
algebra. □

3.3.2. Heisenberg and universal affine vertex algebras. Let k be a field of char-
acteristic 0. Let us first recall the construction of the vertex algebras V (g, ℓ). See
Section 6.2 of [15] for details. We are given a k−Lie algebra g together with a
nondegenerate symmetric invariant bilinear form (· , ·) on it and a scalar ℓ ∈ k.
We form the centrally extended loop algebra ĝ = (g ⊗k k[t

±1]) ⊕ kc with Lie
bracket

[a(m), b(n)] = m(a, b)δm,−nc+ [ab](m+n), [c, ĝ] = 0,

where a, b ∈ g, m,n ∈ Z, and where we use the notation a(m) = a⊗ tm. Denote
by kℓ the one-dimensional g[t] ⊕ kc−module on which g[t] acts trivially and c
acts as multiplication by ℓ, and form the induced ĝ−module

V (g, ℓ) = U(ĝ)⊗U(g[t]⊕kc) kℓ.

One then defines 1 = 1U(ĝ) ⊗ 1k and identifies g as a subspace of V (g, ℓ) via
a 7→ a(−1)1. Then there exists a unique vertex algebra structure on V (g, ℓ) such
that 1 is the vacuum vector and Y (a, z) =

∑
n∈Z a(n)z

−n−1 for all a ∈ g. We
call V (g, ℓ) the universal affine vertex algebra on g of level ℓ.

For an abelian Lie algebra h of finite dimension n and ℓ ̸= 0 with
√
ℓ ∈ k, we

obtain the rank n Heisenberg vertex algebra V (h, ℓ) ≃ V (h, 1). One associates
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to such h the orthogonal k−group O(h) whose functor of points associates to
each ordinary k−algebra R the group O(h⊗k R) of R−linear automorphisms of
h ⊗k R which preserve the bilinear form (x ⊗ a, y ⊗ b) = (x, y) ⊗ ab, x, y ∈ h,
a, b ∈ R.

Theorem 3.8. Let k be a field of characteristic 0.

a) Let h be a k−vector space of finite dimension n equipped with a nondegen-
erate symmetric bilinear form, and let V (h, 1) be the associated Heisenberg
k−vertex algebra. Then

Aut(V (h, 1)) ≃ (Gn
a)

∞ ⋊O(h)vac,

where Ga is the additive k−group, and for all R ∈ k-cva the action of
O(h)vac(R) on Gn

a(R) = Rn ≃ h ⊗k R is the canonical one, i.e. it factors
through GLn(R).

b) Let g be a simple k−Lie algebra of finite dimension, ℓ ∈ k, and (· , ·) a
nonzero multiple of the Killing form. Let V (g, ℓ) be the associated universal
affine vertex algebra. Then

Aut(V (g, ℓ)) ≃ Aut(g)∞,

where Aut(g)(R) is the group of R−Lie automorphisms of g⊗k R.

In particular Aut(V (h, 1)) and Aut(V (g, ℓ)) are affine k−vertex group schemes
(cf. Theorem 3.7).

The proof will be given after we recall and establish some preliminary results.
In general, V (g, ℓ) enjoys the following properties:

a) We have a decomposition V (g, ℓ) =
⊕

n≥0 V (g, ℓ)n into finite dimensional

k−spaces V (g, ℓ)n spanned by all vectors of the form a1−m1
· · · ar−mr

1, where
r ∈ Z≥0, a

i ∈ g, and mi ∈ Z≥1 with m1 + · · ·+mr = n. This makes V (g, ℓ)
into a graded vertex algebra, but in our context it is natural to work with
the associated filtration FiV (g, ℓ) =

⊕
n≤i V (g, ℓ)n.

b) The map g → V (g, ℓ), a 7→ a−11, yields an isomorphism of Lie algebras
g ≃ L(V (g, ℓ)).

c) The form from Lemma 2.5 is given by σV (g,ℓ) = ℓ(· , ·).
d) For any ĝ−module W that admits w+ ∈ W such that a(n)w+ = 0 for all

n ≥ 0 and a ∈ g and whereon c acts as multiplication by ℓ, there exists a
unique ĝ−map V (g, ℓ) →W with 1 7→ w+.

We abstract from c) and d) a notion which is useful for the computation of
filtered automorphism groups.

LetR be a commutative vertex ring and V a filteredR−vertex algebra. We say
that V is F1−universal if for any filtered R−vertex algebraW and any R−linear
map Φ: F1V → F1W respecting the i−th products for i ≥ 0, and mapping
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1 7→ 1, there exists a unique homomorphism V → W of filtered R−vertex
algebras (co-)restricting to Φ:

F1V F1W

V W.

∀Φ

⊂ ⊂

∃!

Remark 3.9. F1−universality is preserved by base change.

Lemma 3.10. The universal affine k−vertex algebra V (g, ℓ) is F1−universal.

Proof. Let W be a filtered k−vertex algebra, and let Φ: F1V (g, ℓ) → F1W .
One shows that

ρ : a(m) 7→ Φ(a)m, c 7→ ℓ idW ,

defines a ĝ−structure onW . We thus obtain a unique ĝ−module map Φ: V →W
extending the given map F1V (g, ℓ) → F1W . That it is a vertex algebra map
can be checked on a generating set [15, 5.7.9]. For any v ∈ V (g, ℓ) and any
a ∈ V (g, ℓ)1 ≃ g, we have Φ(anv) = Φ(a(n)v) = a(n)Φ(v) = Φ(a)nΦ(v). That
Φ preserves the filtration follows from the fact that the filtered pieces FnV (g, ℓ)
are spanned by elements of the form a1−m1

· · · ar−mr
1 with ai ∈ F1V (g, ℓ) and

m1 + · · ·+mr ≤ n. Thus, V (g, ℓ) is F1−universal. □

Lemma 3.11. Let V be an F1−universal filtered R−vertex algebra such that
R ≃ F0V and F−1V = 0. Then the restriction map identifies AutR-vaF (V ) with
the group AutR(F1V, σV ) of R−linear bijections that preserve the 0-th product,
the bilinear form σV , and the vacuum vector 1.

Proof. The claim follows by definition of F1−universality since the i−th prod-
ucts are zero on F1V for i ≥ 2 when F−1V = 0. □

Lemma 3.12. Let V be a filtered R−vertex algebra with R ≃ F0V and F−1V =
0. Denote by AutR(F1V ) the group of R−linear bijections that preserve the 0-
th product and the vacuum vector 1. Consider L(V )∗ = HomR(L(V ), R) as an
abelian group. Finally, suppose the exact sequence of R−modules

0 R1 F1V L(V ) 0
⊂ p

j

is split, and define α : L(V )×L(V ) → R via α(x, y)1 = j(x)0j(y)− j[xy]. Then:

a) The map

AutR(F1V ) → L(V )∗ ⋊AutR-Lie(L(V )),

Φ 7→ (ΦjΦ
−1− j,Φ), Φ = pΦj,

is a group homomorphism into the semidirect product with multiplication
(g, ψ)(f, φ) = (g + fψ−1, ψφ), where f, g ∈ L(V )∗ and φ,ψ ∈ Aut(L(V )).
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Furthermore, under this map,

b) AutR(F1V ) is identified with the subgroup of pairs (f, φ) satisfying

(5) α(x, y)− α(φ−1x, φ−1y) = f [xy], and

c) AutR(F1V, σV ) is identified with the subgroup of pairs (f, φ) where (5) holds
and φ preserves σV .

Proof. These are straightforward calculations when taking into account that
R1 = F0V annihilates the 0-th product. □

Proof of Theorem 3.8. Let V = V (g, ℓ) and define j : L(VR) ≃ g ⊗k R ⊂
F1(VR) to be the section induced by g ≃ V (g, ℓ)1. From the last lemma we
obtain that:

a) If g = h is abelian and ℓ ̸= 0 then

AutR(F1(VR), σV ) ≃ Rn ⋊O(h⊗k kerD),

where D = D1 : R→ R is the canonical derivation.
b) If g is simple then

AutR(F1(VR), σV ) ≃ AutR-Lie(g⊗k R).

The R−vertex algebra VR = V (g, ℓ)⊗kR is F1−universal by Lemmas 3.10 and
3.9. Thus, Lemma 3.11 applies and, together with a) and b) above, shows that
we have the isomorphisms prescribed by the theorem “on R−points.” It remains
to verify functoriality. For this one should note that under the identifications
F1(VR) ≃ (F1V (g, ℓ))⊗k R and L(VR) ≃ g⊗k R (Lemma 2.4) we can make both
sides of the map

(6) AutR(F1(VR)) → L(VR)
∗ ⋊AutR-Lie(L(VR))

from Lemma 3.12 into a functor on R. Choosing the lift j to be the R−extension
of g → F1V (g, ℓ) makes (6) into a natural transformation.

Finally, in the case that g = h is abelian, the identification L(VR)
∗ ≃ h⊗k R

by means of the bilinear form is functorial. □

4. Descent Theory

4.1. Twisted forms of vertex algebras Let R be a commutative vertex ring, and
V a fixed R−vertex algebra. If S is an extension of R, we say that an R−vertex
algebra W is an S/R−twisted form of V, if the S−vertex algebras W ⊗R S and
V ⊗R S are isomorphic. In this case we also say that S trivializes W.

If the trivializing S above can be chosen to be a faithfully flat and finitely
presented (fppf) extension of R (as rings), then we say that W is a twisted form
of V. If S can be chosen to be finite and étale, we say that the twisted form
under consideration is isotrivial.

The following is an extremely important example of isotrivial twisted forms,
one that we will revisit in Section 5.
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4.2. Loop vertex algebras Let k be a field of characteristic zero, V be a k−vertex
algebra, and let g ∈ Aut(V ) be an automorphism of finite period m ∈ Z>0. As-
sume that k contains a primitive m−th root of unity ζ. Then g is diagonalizable
with eigenspaces V g,r = {v ∈ V | gv = ζ−rv}, 0 ≤ r < m.

The ring Sm = k[t±
1
m ] carries the structure of a commutative k−vertex alge-

bra defined by the derivation D = d
dt ; the vertex operators are given by

Y (a(t), z)b(t) =
(
ez

d
dt a(t)

)
b(t) = a(t+ z)b(t).

The k−algebra homomorphism γ : Sm → Sm defined by t
1
m 7→ ζt

1
m commutes

with D and therefore is a k−vertex algebra automorphism.
On the tensor product V ⊗k Sm we thus have the automorphism g⊗ γ whose

vertex subalgebra of fixed points is the twisted loop vertex algebra

L(V, g) =
⊕

0≤r<m

V g,r ⊗k t
r
m k[t±1].

Observe that γ restricts to the identity on R = k[t±1] ⊂ Sm. Thus g ⊗ γ is
R−linear and L(V, g) is an R−vertex algebra.

The inclusion L(V, g) ⊂ V ⊗k Sm of R−vertex algebras induces an Sm−map

L(V, g)⊗R Sm → V ⊗k Sm, v ⊗ q ⊗ p 7→ v ⊗ pq.

This map is an isomorphism, hence L(V, g) is a twisted form of V ⊗kR trivialized
by Sm. Since Sm/R is a finite étale (in fact, Galois) extension, L(V, g) is isotrivial.

4.3. Faithfully flat descent of twisted forms Let S/R be an extension of com-
mutative vertex rings. Given a group functor G : R-cva → grp we define in the
usual fashion [26] the set of cocycles Z1(S/R,G) and the corresponding non-
abelian cohomology set H1(S/R,G); a pointed set whose distinguished element
we denote by 1. Like in the classical theory loc. cit., see also [4], we have:

Theorem 4.1. Let S/R be an extension of vertex rings such that S is faith-
fully flat as an R−module (cf. Lemma 2.3), and let V be an R−vertex algebra.
Then we have a one-to-one correspondence between the R−isomorphism classes
of S/R−forms of V and the set H1(S/R,Aut(V )). The class of V corresponds
to the distinguished element 1.

4.4. Galois cohomology Let S/R be an extension of commutative vertex rings,
and assume that S/R is (finite) Galois with Galois group Γ (see [14, 5.6–7] and
also [5, 1.3] for a list of equivalent characterizations of Galois extension of rings).
Relevant to us is that S/R is faithfully flat.

Example 4.2. The extension Sm/R from Section 4.2 is Galois with Galois

group Z/mZ where the generator 1 acts via t
1
m 7→ ζt

1
m , for ζ a fixed primitive

m−th root of unity.
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For a filtered R−vertex algebra V, the Galois group Γ acts on Aut(V )(S) by
group automorphisms as follows: If h ∈ Aut(V )(S) and γ ∈ Γ, then

γh = (id⊗γ)h(id⊗γ−1).

This action allows us to define the Galois cohomology pointed setH1(Γ,Aut(V )(S))
which, in turn, agrees with the faithfully flat cohomology defined in Section 4.3
(see [26] or [14]):

H1(S/R,Aut(V )) ≃ H1(Γ,Aut(V )(S)).

4.5. Ŝ/R−forms and continuous cohomology Assume k is of characteristic 0
and contains all primitive roots of unity. As in [13] we want to compareR−isomorphism
classes of twisted loop algebras (see Section 4.2) all at once. If we set

Ŝ = lim
−→m

Sm = k[tq | q ∈ Q]

then any loop algebra L(V, g) is visibly an Ŝ/R−twisted form of V ⊗k R.

The extension Ŝ/R is a limit of Galois extensions. A suitable finiteness con-

dition on V allows us to compute Ŝ/R−forms in terms of continuous group
cohomology H1

ct.

Theorem 4.3. Let V be a finitely generated R−vertex algebra. Then:

a) The action of the profinite group Ẑ on the discrete group Aut(V )(Ŝ) is con-
tinuous.

b) We have a bijection of pointed sets H1(Ŝ/R,Aut(V )) ≃ H1
ct(Ẑ,Aut(V )(Ŝ)).

□

Here Ẑ := ⟨1̂⟩ denotes the profinite completion of Z, and its action on Ŝ is

induced from the Galois actions of Z/mZ on Sm/R so that 1̂ : t
1
m 7→ ζmt

1
m ,

where we now choose our primitive m−th root of unity ζm to be compatible,
namely such that ζℓmℓ = ζm holds for all m, ℓ ∈ Z≥1.

4.6. Sheaves Let us begin by recalling some definitions (see [6] Ch.III §1 for
details) adjusted to our setting. Let R be a commutative vertex ring and consider
the category R-cva. Let S be a commutative R−vertex algebra; i.e. an object of
R-cva. A covering (or cover) of S is a commutative S−vertex algebra S′ that is
faithfully flat and finitely presented (as a ring extension). The category R-cva
together with the family of coverings defined above is a site [24, Tag 00VH] which
we call the flat site of R and denote by R-cvafl.

A functor F : R-cva → set is an sheaf on R-cvafl if conditions (F1) and (F2)
below hold.

(F1) The canonical map F(
∏n

i=1Ri) →
∏n

i=1 F(Ri) is bijective for allR1, . . . , Rn

in R-cva.
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(F2) For all S in R-cva, and for all covers S′ of S the sequence

F(S) F(S′) F(S′ ⊗S S
′)

is exact.

Lemma 4.4. Let R be a commutative vertex ring.

a) If V and W are filtered R−vertex algebras, then Hom(V,W ) and Aut(V )
are group sheaves on R-cvafl.

b) If X is a vertex scheme, its functor of points hX is a sheaf on R-cvafl.
c) For a filtered R−vertex algebra V , the functor Va that attaches to an S ∈

R-cva the S−vertex algebra V ⊗R S is a sheaf of vertex algebras on R-cvafl.
See [7, I Prop. 4.6.2] for the relation between Va and Ṽ from Example 3.5. □

4.7. Torsors Let H be a group sheaf over R. An H−sheaf torsor over R is an
R−sheaf of sets E together with a right action of H for which there exists a
covering S of R such that

(7) E|S ≃ H|S .

Here and elsewhere for all S ∈ R-cva we denote by F|S the restriction of F to
the flat site of S-cva. The isomorphism (7) is one of sheaves with H−action. In
this situation we say that S trivializes E. The trivial sheaf torsor is the group
sheaf H acting on itself by right multiplication. We will denote by H̃1(R,H) the
set of isomorphism classes of H−sheaf torsors over R. This is a pointed set with
the class of the trivial sheaf torsor as distinguished element.

We now recall how the non-abelian cohomology defined in Section 4.3 can be
used to classify H−torsors.

Proposition 4.5. Let S be a cover of R. There exists a bijection of pointed
sets between H1(S/R,H) and the subset of H̃1(R,H) consisting of isomorphism
classes of H−sheaf torsors over R that are trivialized by S.

Proof. The reasoning follows along traditional lines, see [19, III Prop. 4.6]
and [6, III §4 Theo. 6.4]. The only delicate point is how to construct a sheaf
torsor out of a cocycle h ∈ Z1(S/R,H). We use h ∈ H(S ⊗R S) to glue two
copies of the sheaf H|S , cf. [24, Tag 04TR]. □

If S and T are covers of R, then S⊗R T is a cover of S, T and R. We can thus
consider the direct limit of the pointed sets H1(S/R,H) over all covers S of R.2

Set

(8) H1(R,H) := lim−→
S

H1(S/R,H).

From the fact that every sheaf H−torsor is trivialized by a cover of R we obtain

2 There are set theoretical matters to take into account: The family of all fppf covers of R
is not a set, see [24, Tag 00VI]. In our case this is simple to overcome.
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Proposition 4.6. There exists a bijection of pointed sets H1(R,H) ≃ H̃1(R,H)
compatible with the bijections of Proposition 4.5. □

Proposition 4.7. Let G be an affine R−group scheme and consider its corre-
sponding vertex R−group G∞. If G is smooth the canonical map ρ : H1(R,G∞) →
H1(R,G) is bijective.

Proof. Let S be a cover of R in R-cvafl. Then, ignoring the Hasse-Schmidt
derivations, S is a cover of R in the flat site Rfl of R. Since G∞(S) = G(S) we
have H1(S/R,G∞) = H1(S/R,G). Passing to the limit yields the map ρ of the
Proposition.

In view of Proposition 4.6 we obtain a sequence of pointed sets maps

H̃1(R,G∞) = H1(R,G∞) → H1(R,G) = H̃1(R,G).

We do not know whether the middle map ρ : H1(R,G∞) → H1(R,G) is
surjective. Indeed, a priori there could be a G−sheaf torsor over R that is
trivialized by some cover S of R, but no such S exists that it is also in R-cva.

Let [E] ∈ H1(R,G). Because H is smooth, E can be trivialized by an étale
extension S of R [19, III §4 Prop. 4.1 infra]. Since the iterative Hasse-Schmidt
derivation of R extends (uniquely) to an iterative Hasse-Schmidt derivation of
S (use [25, Theo. 3.6] to lift the derivation, then argue that the lift is iterative),
we can view S as a cover of R in R-cvafl. Injectivity of ρ is proved using similar
ideas. □

5. Applications to Twisted Forms of Vertex Algebras over Laurent
Polynomials Let k be an algebraically closed field of characteristic 0, and
consider the rings R = k[t±1] and Ŝ = k[tq | q ∈ Q] with their vertex ring
structure induced by the derivation D = d

dt . The foregoing material shows that
non-abelian cohomology provides a tool for computing and classifying forms. We
will explicitly put this to good use in two important cases.

5.1. Twisted forms of affine vertex algebras Consider a simple k−Lie algebra
g, a scalar ℓ ∈ k, and let V = V (g, ℓ).

Theorem 5.1. Let W be a twisted form of V (g, ℓ)⊗kR (see Section 4.1). Then
W ≃ L(V (g, ℓ), σ) for some (unique up to conjugacy) diagram automorphism σ
of the Dynkin diagram of g (see Section 4.2). In particular, W is isotrivial.

Proof. Let S be an fppf cover of R trivializing W . Theorem 4.1 shows
that W corresponds to an element [W ] ∈ H1(S/R,Aut(VR)), which we view
as an element of H1(R,Aut(VR)) := lim

−→S
H1(S/R,Aut(VR). Thus defined,

H1(R,Aut(VR)) classifies the isomorphism classes of vertex algebras over R that
become V (g, ℓ)⊗k S for some faithfully flat and finitely presented S ∈ R-cva.

Theorem 3.8 and Proposition 4.7 yield

(9) H1(R,Aut(VR)) = H1(R,Aut(gR)
∞) = H1(R,Aut(gR))
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The main theorem of [20] shows that H1(R,Aut(gR)) ≃ H1
ct(Ẑ,Out(g)),

where Out(g) is the group of automorphisms of the Dynkin diagram of g. Since

Ẑ acts trivially on Out(g), the latter is identified with the conjugacy classes of
Out(g). In term of Lie algebras this yields that the only twisted forms of gR
are the loop algebras L(g, σ) that one encounters in the theory of affine Kac-
Moody Lie algebras. Here σ ∈ Out(g) is viewed as an automorphism of g via
the choice of a Killing couple of g. By thinking in terms of cocycles, it is clear
that the isomorphism class corresponding to L(V, σ) in H1(R,Aut(VR)) maps
to that of L(g, σ) in H1(R,Aut(gR)). Now (9) shows that the L(V, σ) are up to
isomorphism all the twisted forms of VR. □

Consider next the simple quotient algebras L(g, ℓ) with ℓ ̸= −h∨ where h∨

is the dual Coxeter number of g. That is, if we denote by I ⊂ V = V (g, ℓ) the
unique maximal ideal, then L(g, ℓ) = V/I. Here we have normalized the invariant
form on g such that long roots have squared length 2. Unlike the situation of
the last theorem, we do not know if any twisted form of L(g, ℓ)⊗kR is isotrivial,

i.e. trivialized by a finite étale extension of R, hence by Ŝ. We nonetheless have
the following.

Theorem 5.2. The R−isomorphism classes of filtered Ŝ/R−twisted forms of
the simple affine vertex algebra L(g, ℓ)⊗k R are in bijective correspondence with
the conjugacy classes of the group Out(g). □

5.2. Isotrivial forms of the Heisenberg vertex algebras Recall that h is a k−vector
space of finite dimension n equipped with a nondegenerate symmetric bilinear
form, and V (h, 1) is the associated Heisenberg k−vertex algebra. We have seen
that

Aut(V (h, 1)) ≃ (Gn
a)

∞ ⋊O(h)vac.

The loop algebras L(V (h, 1), σ) are examples of isotrivial forms of V (h, 1)R.
The following result classifies all such forms.

Theorem 5.3. The R−isomorphism classes of filtered Ŝ/R−twisted forms of
the Heisenberg vertex algebra V (h, 1)R are in bijective correspondence with the
conjugacy classes of elements of finite order of the group O(h)(k). Any such
twisted form is isotrivial.

Proof. In Section 4.5 we have shown that the isomorphism classes of forms of
V (h, 1)R that are trivialized by Ŝ are in bijection with the pointed set

H1
ct(Ẑ,Aut(V (h, 1)(Ŝ)). Moreover, by continuity any such form is in fact trivi-

alized by some Sm, hence isotrivial.
In what follows we will denote by F the group O(h)(k) with trivial action of

Ẑ, and the R−group Gn
a,R by G. Note that H1(Ẑ,O(h)vac(Ŝ)) = H1(Ẑ, F ), and

that the action of F on G(Ŝ) is given by elements of GLn(k). Our relevant exact
sequence of H1 reads

(10) H1
ct(Ẑ,G(Ŝ)) → H1

ct(Ẑ,G(Ŝ)⋊ F ) → H1
ct(Ẑ, F ).
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Since H1
ct(Ẑ, F ) is in bijection with the conjugacy classes of elements of finite

order of O(h)(k), our aim is to show that this last map is bijective. Surjectivity

is clear. As for injectivity, let u ∈ Z1
ct(Ẑ, F ). Recall that u(1̂) = σ is an element

of finite order m of F. Following Serre [23] we construct the twisted Ẑ−group

G(Ŝ)u. The bijectivity of (10) that we are after would hold if we can show that

for all u as above the corresponding H1
ct(Ẑ,G(Ŝ)u) vanish. Now this last H1 lies

inside the isotrivial part of H1(R, uG) where uG is the R−group constructed
from u by Galois descent. Since uG is a twisted form of G and such forms are
classified (up to isomorphism) by H1(R,Aut(G)) = H1(R,GLn,R) = 1, this
last since every projective R−module of finite type is free, we conclude that
G ≃ uG. Thus H

1(R, uG) = 1. □

5.3. R−isomorphism versus k−isomorphism Let U and W be R−vertex alge-
bras. Assume that U andW are isomorphic as k−vertex algebras. Then we may
ask whether U and W are isomorphic as R−vertex algebras. In many cases, the
structure map of an R−vertex algebra is in fact an isomorphism onto the centre.
Suppose that this is so for U and W . A k−isomorphism φ : U → W then in-
duces a k−automorphism of R, but the automorphism group of R = (k[t±1], d

dt )
is trivial. It follows that φ is R−linear.

For example, if V is a k−vertex algebra with C(V ) ≃ k, then the loop vertex
algebras of V have centre R. We conclude that

L(V, g) ≃R L(V, h) ⇐⇒ L(V, g) ≃k L(V, h)

for any two finite order automorphisms g and h of V .

5.4. Pullback of twisted modules and a correspondence of Li A classical result
in Kac-Moody theory says that any twisted loop algebra associated to a finite
order automorphism of a simple Lie algebra is in fact isomorphic to a twisted
loop algebra coming from a Dynkin graph automorphism. In [16, 17], Li shows
through calculations that this principle carries over to twisted modules for the
vertex operator algebras L(g, ℓ). This can be explained using Galois cohomology.

Fix a vertex algebra V over an algebraically closed field k of characteristic
0. We shall use a shorthand notation for elementary tensors in the loop vertex
algebra L(V, g) =

⊕
0≤r<M V g,r ⊗k t

r
M k[t±1] associated to an automorphism

g : V → V of period M and a choice of primitive M−th root of unity ζ. Namely,
we set v(n) = v ⊗ tn, for v ∈ V g,r and n ∈ r

M + Z. We have the key formula

(11) (u(m))ℓ(v(n)) =
∑
i≥0

uℓ+iv ⊗ (tm)−i−1t
n =

∑
i≥0

(
m

i

)
(uℓ+iv)(m+n−i)

for u ∈ V g,r and v ∈ V g,s, m ∈ r
M + Z and n ∈ s

M + Z, and ℓ ∈ Z.
The twisted loop vertex algebras L(V, g) play a prominent role in the study of

g−twisted V−modules as defined in [9, Def. 3.1]. Here is a concrete connection.
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Proposition 5.4. Let h : V → V be another automorphism of finite period M .
Let φ : L(V, g) → L(V, h) be a k[t±1]−vertex algebra map, and let W be a weak
h−twisted V−module with vertex operator map YW (v, z) =

∑
n∈ 1

M Z vnz
−n−1.

Denote by φ the linear map L(V, g) → End(W ) obtained by composing φ with
L(V, h) → End(W ), v(n) 7→ vn.

Then the linear map (φ∗YW )(·, z) : V → End(W )[[z
1
M , z−

1
M ]] defined by

(φ∗YW )(v, z) =
∑

n∈ r
M +Z

φ(v(n))z
−n−1, v ∈ V g,r,

makes W into a weak g−twisted V−module, which we denote simply by φ∗W .

Proof. For u ∈ V g,r, m ∈ r
M + Z, we write φ(u(m)) =

∑
j u

j
(mj)

for some

uj ∈ V h,rj and mj ∈ rj
M + Z, and observe then that φ(u(m+ℓ)) =

∑
j u

j
(mj+ℓ)

follows for any ℓ ∈ Z from k[t±1]−linearity. The regularity axiom follows, and so
does the vacuum axiom, since φ(1(0)) = 1(0). Verification of the Jacobi identity
for φ∗YW additionally uses (11), the twisted Jacobi identity for YW , and that φ
is a homomorphism, but is otherwise mechanical. □

Remark 5.5. The above correspondence satisfies some basic categorical com-
patibilities. For example, if W1 →W2 is a map of weak h−twisted V−modules,
then the same set map is a map of weak g−twisted V−modules φ∗W1 → φ∗W2.
This makes φ∗(−) into an additive functor from the category of weak h−twisted
modules to the category of weak g−twisted modules.

If p : V → V is another finite order automorphism, and ψ : L(V, h) → L(V, p)
is another k[t±1]−vertex algebra map, then for any weak p−twisted V−module
U , we have (ψφ)∗U = φ∗ψ∗U . From this it follows that if φ is an isomorphism,
then φ∗(−) is an isomorphism of categories.

We postpone further discussion of this correspondence to a future paper.

Li’s correspondence is the following corollary.

Corollary 5.6 (Cf. Section 5 of [16]). Let g be a finite dimensional simple
k−Lie algebra, and let ℓ ∈ k \ {−h∨}, where h∨ of g is the dual Coxeter number
of g. Let g and h be two finite order automorphisms of g whose images in the
outer automorphism group Out(g) are conjugate.

Then, viewing g and h as automorphisms of the simple conformal k−vertex
algebra L(g, ℓ), we have a functorial one-to-one correspondence between weak
g−twisted and weak h−twisted modules.

Proof. This follows from Theorem 5.2 together with Proposition 5.4. □
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