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ABSTRACT. A new proof following a suggestion of Kaplansky to use
a result of Dixmier, and in this way avoid unbounded nets of operators, is
given of the Kaplansky density theorem.

RESUME.  Une nouvelle démonstration, suivant une suggestion de Kap-
lansky, d’utiliser un résultat de Dixmier, et dans cette fagon d’éviter les
familles d’opérateurs non bornées, est donnée du théoreme de densité de
Kaplansky.

In a remark concerning his fundamental density theorem (Theorem 1 of [6]),
which states that the unit ball of a *-algebra of bounded Hilbert space operators
is strongly dense in the unit ball of the strong closure of the algebra, Kaplan-
sky reported (Remark 3(b) of [6]) that while his theorem immediately implied
Dixmier’s theorem that a *-algebra of operators is strongly closed if its unit ball
is strongly closed (Théoréme 8 of [4]), it did not appear to be possible to reverse
the reasoning. In fact, Kaplansky’s insight was correct—the reverse implication
holds.

This is seen as follows. Given a *-algebra of operators on a Hilbert space—
which we may assume to be norm-closed—instead of considering explicitly the
strong operator closure of this algebra—the limits of all strongly convergent nets
in the algebra—, consider just the limits of bounded nets. It is easy to check
(see below) that these form a *-algebra, and also (using only strong continuity
of the continuous functional calculus on a bounded set of self-adjoint operators)
that the unit ball of this *-algebra is the strong closure of the unit ball of the
given *-algebra and in particular is strongly closed. Hence by the implication
(f) = (b) of Théoréme 8 of [4], the whole *-algebra is strongly closed, and in
particular is the strong closure of the given algebra. Almost incidentally to the
proof that the unit ball of this algebra is strongly closed (see below), its unit ball
is the strong closure of the unit ball of the given *-algebra—exactly the assertion
of the Kaplansky density theorem.

To see that the strong limits of bounded nets in the given *-algebra form a *-
algebra, recall that the operations of addition and scalar multiplication are jointly
strongly continuous (without restriction), and the operation of multiplication
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is jointly strongly continuous on a bounded set. As far as the *-operation is
concerned, recall that strong and weak operator closures coincide for convex
sets, and that the *-operation is weakly continuous. (All of these facts are also
used in [6].)

Finally, note that to prove that the unit ball of the larger *-algebra is strongly
closed, asserted above, it is enough to prove that it is the strong closure of the
unit ball of the given algebra—this fact is of course pertinent in itself! First,
given a self-adjoint element of this unit ball, by definition a limit of a bounded
net in the given *-algebra, by convexity and weak continuity of the *-operation
as above, one expresses this element as the limit of a bounded net of self-adjoint
elements of the given (norm-closed) *-algebra. Acting on this net with a suitable
real-valued continuous function (as in [6], but now the net is bounded!) yields
a net in the unit ball with the same strong limit. The case of a non-self-adjoint
element of the unit ball of the larger *-algebra is then reduced to the self-adjoint
case by passing to 2 x 2 matrices as in [6] (a device attributed by Kaplansky to
Halmos).

Remark The present proof may be broken down into two ingredients—first,
Dixmier’s result (Théoreme 2 of [4]) that the algebra of bounded operators on a
Hilbert space (hence any von Neumann algebra) is in a natural way (Sakai later,
in 7], proved uniquely) a Banach space dual, with the weak* topology coincid-
ing with the ultraweak operator topology, and second, the result of Dieudonné
(Théoreme 23 of [4])—attributed by him to Bourbaki (|2]) and, in equivalent
form, to Banach ([1])—that a linear subspace of a Banach space dual is weak*
closed if its unit ball is. (The second result was generalized to convex sets in

o))
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