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Abstract. In this paper, we address the problem of testing the spec-

ification of the regression function in a fixed N -dimensional setting when
the errors are stationary isotropic mixing random fields. We propose a test

statistic that takes into account the proximity between sites, establish its

asymptotic normality and prove that it achieves the minimax rate.

Résumé. Dans cet article, nous abordons le problème du test de
spécification de la fonction de régression dans un cadre de design fixe de

dimension N , lorsque les erreurs sont des champs aléatoires mélangeant

isotropiques stationnaires. Nous proposons une statistique de test qui tient
compte de la proximité entre les sites, établissons sa normalité asymptoti-

que et prouvons qu’elle atteint la vitesse minimax du test.

1. Introduction Spatially dependent data appear in several disciplines such
as econometrics, geology, hydrology, epidemiology, environmental sciences, neu-
roimaging and genomics. In these fields, non-parametric regression models are
essential tools for statistical analysis of data. However, it is well known that a
poor choice of regression function leads to incorrect and inefficient results for
the practical problem under consideration. It is therefore worthwhile using a
specification test for this regression function. In this article, we focus on a mini-
max test for the multivariate discrete regression function for spatially dependent
data. Since the seminal paper [9] on the minimax testing, asymptotic and non-
asymptotic approaches have been developed mainly for independent data; see,
e.g., [1], [7], [11,12], [14,15], [18–20] and [24] for minimax results and [2,3], [22,23]
for non-asymptotic approaches. A review on specification tests for models with
functional data is given in [13]. For instance, [14] considered a parametric family
of regression functions in the null hypothesis, while [11,12] considered a class of
functions instead of a family. However, [11] proposed a test statistic that de-
pends on the parameter of regularity β of the considered function class, whereas
[12] proposed a more general test statistic which does not depend of β. The
main approach used to evaluate the efficiency of test is based on sequences of
local alternatives which ensures the optimality of the sequence ψn, which sepa-
rates the hypotheses H1 from H0. In the fixed design case, [11] obtained that
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ψn = n−2β/(4β+1) (with β > 1/4), and in the non-spatial N -dimensional random
design case, [14], [7] and [1] obtained that ψn = n−2β/(4β+N) (with β > N/4),
where n is the sample size. In this paper, we consider the following fixed de-
sign spatial regression model where the spatial scalar observations (Yi, i ∈ In)
are related to the discrete spatial observations (xi, i ∈ In) through

Yi = r(xi) + ϵi, i ∈ In,(1.1)

where In is the set of sampling sites. Besides, (ϵi)i∈NN is a strictly stationary
isotropic zero-mean random field such that Var(ϵi) = σ2 and Cov(ϵi, ϵj) = γ0(∥i−
j∥) ̸= 0 for some i ̸= j, where γ0 is a known function; it’s the main difference
between this paper and existing works in the literature in which it is assumed
that Cov(ϵi, ϵj) = 0, for all i ̸= j.

We are interested, in the asymptotically minimax framework, with testing for
the hypothesis

H0 : r = r0 ∈
∑

(β, L,M) versus H1(ψn) : r ∈ Λn(ψn),(1.2)

where r0 is a given function in
∑

(β, L,M) and

Λn(ψn) =
{
r ∈

∑
(β, L,M) : ∥r − r0∥2 ≥ ψn

}
,

where ∥.∥2 denotes the L2-norm and ψn ↘ 0 as n → +∞ (mink=1,··· ,N{nk} →
+∞). More precisely, we extend the work of [11] to the spatial case. Such
a test (1.2) turns out to be useful before using a lagged curve model in the
context of curve registration ([7]). Indeed, if there exists θ ∈ [0, 1]N such that
r(x) = r0(x − θ) for all x ∈ [0, 1]N and the function r is one-periodic, then
necessarily r = r0. Thus, rejection of the null hypothesis implies the inadequacy
of the shifted curve model. In the context given by the model (1.1), consider
the following situation: a true image r is affected by a correlated additive noise
ϵi, which gives Yi for the observed image (see [8]). If the goal is to detect the
true image r, we can consider the test problem (1.2) with r0 = 0. This paper is
organized as follow. Notation and the minimax principle are presented in Section
2 whereas the required optimal test is given in Section 3; assumptions and the
main results are in Section 4. Section 5 is devoted to some concluding remarks
whereas the proofs of the main results are presented in Section 6.

2. Notation and Minimax Principle We define that In = {1, · · · , n1} ×
· · · × {1, · · · , nN}, n = (n1, ..., nN )T ∈ (N∗)N (where uT denotes the transposed

of a vector u), xi =
i

n
=

(
i1
n1
, · · · , iN

nN

)T
∈ [0, 1]N (see [5, 8]), N ∈ {1, 2, 3}, r

is a function from [0, 1]N to R belonging to the class

∑
(β, L,M) =


{r ∈ H(β, L) : ∥r∥∞ ≤M} if

3N − 1

8
≤ β ≤ 1

{r ∈ H(β, L) : ∥r∥∞ ≤M, ∥∇r∥∞ ≤M} if β > 1

,
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where β > 0, L > 0, M > 0, ∇r stands for the gradient vector of r, H(β, L)

is the Hölder class of functions f satisfying |Dλf(x)−Dλf(y)| ≤ L ∥x− y∥β−s,
∀x, y ∈ [0, 1]N , s = ⌊β⌋ stands for the integer part of β, ∀λ = (λ1, · · · , λN )T

such that |λ| =
∑N
i=1 λi ≤ s, Dλf(x) =

∂|λ|f

∂λ1x1 · · · ∂λNxN
(x) and ∥.∥ stands for

the euclidean norm. For N = 1, we consider β >
1

4
and

∑
(β, L,M) becomes

the class defined in [11].

The minimax principle consists in determining the optimal distance ψn be-
tween the null hypothesis H0 and the set of alternatives such that a successful
testing is possible. Let us describe more precisely the sense of the optimality
point of view that we adopt. Let ∆n denote a test statistic i.e. an arbitrary
function with values 0, 1 which is measurable with respect to the observations
Yi, i ∈ In. We accept H0 if ∆n = 0 and it’s rejected if ∆n = 1. We study
the properties of such tests ∆n in considering the asymptotic behaviour of both
errors R0(∆n) and R1(∆n, ψn) defined as follows:

R0(∆n) = Pr0{∆n = 1}, R1(∆n, ψn) = sup
r∈Λn(ψn)

Pr{∆n = 0}.

The index r means that the measure Pr is generated by the observations Yi when
their means are r(xi). The sequence of tests ∆n is of a given asymptotic level
α1 ∈ (0, 1) if

lim sup
n→∞

R0(∆n) ≤ α1.(2.1)

The purpose of this paper is to determine the minimal sequence ψn which
separates H1 from H0 and to define a sequence of tests ∆n of asymptotic level
α1 for which one can find, for any α2 ∈ (0, 1), a constant A > 0 (large enough)
such that

lim sup
n→∞

R1(∆n, An̂
−2β/(4β+N)) ≤ α2,(2.2)

where n̂ = n1 × · · · × nN . The lower bound for the sequence ψn, which ensures
the minimality of ψn, is implied by proving that for any α2 ∈ [0, 1], there exists
a positive constant a (small enough) such that

lim inf
n→∞

inf
∆n

R1(∆n, an̂
−2β/(4β+N)) ≥ α2,(2.3)

where the infimum is taken over all tests ∆n of asymptotic level α1. The in-
equalities (2.2) and (2.3) imply that ψn = n̂−2β/(4β+N) is the minimax rate of
testing (borrowing the terminology in [19]) in the problem (1.2).
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3. The Optimal Test Procedure We first make a partition of the interval
[0, 1] into m (with m := m(n) ∈ N∗, m < mini=1,··· ,N{ni} and limn→+∞m =

+∞) subintervals B1, ..., Bm, of length
1

m
by taking:

Bk =

[
k − 1

m
,
k

m

[
for k = 1, ...,m− 1, and Bm =

[
m− 1

m
, 1

]
.

We put, for any k = (k1, · · · , kN )T ∈ K = {1, · · · ,m}N , Ak = Bk1 × · · · ×BkN ,

Jk = {i ∈ In : xi ∈ Ak}, and hij := ||i− j|| =
(∑N

l=1(il − jl)
2
)1/2

for some

(i, j) ∈ (Jk)
2. Then, we introduce the test statistic Tn defined as

Tn =
1

mN

∑
k∈K

m2N

n̂2σ̂2
√
1 + Vk

∑
i,j∈Jk
i̸=j

[(Yi − r0(xi))(Yj − r0(xj))− γ̂0(hij)] ,

where

Vk =
m2N

n̂2

∑
i,j,q,ℓ∈Jk
i̸=j ̸=q̸=ℓ

[φ(hij)φ(hqℓ) + φ(hiℓ)φ(hq j)] = O(1),

σ̂2 and γ̂0 are the estimators of σ2 and γ0 (defined in Assumption 1) given by:

σ̂2 =
1

2
(
(n1 − p)

∏N
k=2 nk

) ∑
i∈I

p
n

(Yi − Yi−pe1)
2, γ̂0(hij) = σ̂2φ(hij),

where Ipn = {i = (i1, ..., iN )T ∈ (N∗)N : p + 1 ≤ i1 ≤ n1, 1 ≤ ik ≤ nk, k =
2, ..., N} with p =

⌊
(log n̂)1/N

⌋
, e1 = (1, 0, · · · , 0)T ∈ NN . Under Assumptions

1–3, it is shown in [5, Theorem 2] that for all τ > 0,

sup
r∈

∑
(β,L,M)

Pr(|σ̂2 − σ2| > τ) = O

(
max

(
log n̂

n̂4/N
,
log n̂

n̂

))
.(3.1)

Then, our test is

∆n = 1{Tn>c0ρn}(3.2)

where c0 = Φ−1(1 − α1) is the (1 − α1)-quantile of the standard normal distri-

bution N(0, 1) and ρn =

√
mN

n̂2
.
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4. Assumptions and Main Results

4.1. Assumptions Assume the following:

Assumption 1. For (i1, · · · , imN )T ∈ Jk1 × · · · × JkmN
, (ϵi1 , · · · , ϵimN

)T is a
random vector such that:

γ0(∥i− ℓ∥) =

{
σ2φ(∥i− ℓ∥) if (i, ℓ) ∈ J2k ,

0 if (i, ℓ) ∈ Jk × Js with k ̸= s,
(4.1)

where φ(t) =
1

2µ−1Γ(µ)

(
t

b

)µ
Kµ

(
t

b

)
with b > 0, Γ being the Gamma function

andKµ the modified Bessel function of the third kind of order µ ∈ {1/2, 3/2, 5/2}
or µ→ +∞ with b→ 0 in such a way that 2µ1/2b remains constant; and for all
(i, j, q, ℓ) ∈ (Jk)

4 such that i ̸= j ̸= q ̸= ℓ,

Cov(ϵiϵj, ϵqϵℓ) = Cov(ϵi, ϵq)Cov(ϵj, ϵℓ) + Cov(ϵi, ϵℓ)Cov(ϵj, ϵq).(4.2)

Assumption 2. supu∈In
|ϵu| ≤M1 < +∞.

Assumption 3. The field (ϵi)i∈Jk
satisfies the mixing condition defined by

α(B(E1),B(E2)) = sup
B∈B(E1),C∈B(E2)

|P(B ∩ C)− P(B)P(C)|,(4.3)

where B(E1) (resp. B(E2)) stands for the Borel σ-field generated by {ϵi, i ∈ E1}
(resp. {ϵi, i ∈ E2}), and E1 and E2 are two subsets of Jk. Moreover, there
exists a function ϕ : R+ −→ R+ with ϕ(t) ↘ 0 as t → +∞, such that for all
E1, E2 ⊂ Jk with finite cardinals:

α(B(E1),B(E2)) ≤ f̂(card(E1), card(E2))ϕ(dist(E1, E2)),(4.4)

where f̂ : N2 −→ R+ is a symmetric positive non-decreasing function,
dist(E1, E2) stands for the Euclidean distance between E1 and E2, Card(E)

denotes the cardinality of E, f̂ is such that

f̂(i, j) ≤ cmin(i, j), i, j ∈ N,(4.5)

for some constant c > 0, and ϕ satisfies a polynomial mixing condition:

ϕ(t) = O(t−ξ), t ∈ R, and ξ > 4(4β +N).(4.6)

Assumption 4. for ii ∈ Jk, (ϵi1 , · · · , ϵin̂/mN
) ∼ N(0, Λ̃), where Λ̃ = (Λ̃ij)ij

with Λ̃ij = σ2φ(∥ii − ij∥), ii, ij ∈ Jk.
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Remark 1. The mixing condition given in (4.3) is defined as in [25]. Condition

(4.5), weaker than strong mixing condition (when f̂ ̸= 1), has been used for finite
dimensional variables in [4]. It is satisfied by many stochastic processes, such as
the time series. Condition (4.2) in Assumption 1 is also assumed in [10, Result
3, p. 287] and is satisfied when (ϵi, ϵj, ϵq, ϵℓ) is a Gaussian random vector with
covariance defined as in (4.1). Also, if i = j and q = ℓ, condition (4.2) gives
Cov(ϵ2i , ϵ

2
ℓ) = 2σ4φ(∥i − ℓ∥)2, for i ̸= ℓ, and this result is well-known when (ϵi,

ϵℓ) is a Gaussian random vector [16, Lemma 4, p. 1552]. The function φ is an
exponentially decreasing function such that

φ(t) =



exp

(
− t
b

)
if µ = 1/2(

1 +
t

b

)
exp

(
− t
b

)
if µ = 3/2(

1 +
t

b
+

1

3

(
t

b

)2
)
exp

(
− t
b

)
if µ = 5/2

exp

(
−
(

t

2b
√
µ

)2
)

if 2b
√
µ→ constant as µ→ +∞ and b→ 0

.

For verifying all these assumptions, it is sufficient to consider bounded stationary
Gaussian random subsamples with a sufficiently large polynomial decay (4.6) of
correlation and covariance model belonging to the Matern’s spatial covariance
model class. Besides, as pointed out in [16, p. 1540], the α-mixing condition is
suitable if one needs more delicate results, such as for instance a central limit
theorem. In this paper, it is used to establish the asymptotic normality of our
test statistic under our null hypothesis H0 and for establishing a large deviation
inequality needed to obtain the upper bound of the second-type error under
the alternative hypothesis H1(Aψn). Assumption 4 is a classical assumption in
the regression case. It is needed to prove the lower bound of the second-type
error under the alternative H1(aψn). However Assumption 4 on the Gaussian

distribution may be generalized to elliptic processes by setting ϵi
D
= Wiϵ

⋆
i where

Wi is a strictly positive real random variable and ϵ⋆i is a Gaussian random field
with mean zero and covariance function γ⋆0 (||i− j||) = Cov(ϵ⋆i , ϵ

⋆
j ), Wi and ϵ⋆i

being independent of each other (see [26]). Assumption 2 is used to simplify the
proofs and may be relaxed by assuming that

sup
u∈In

|ϵu| ≤ D(n),

where D(n) = log(n̂) with n large enough.

4.2. Results The following theorem gives the asymptotic normality of the test
statistic under the null hypothesis.
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Theorem 4.1. Under Assumptions 1–3, with m = n̂2/(4β+N), β ≥ (3N − 1)/8
and N ∈ {1, 2, 3}, we have, under H0,√

n̂2

mN

(
σ̂2Tn

) D−→ N(0, σ4),

where
D−→ stands for the convergence in distribution.

The following theorem shows that our test has an asymptotic level equals to
α1, and gives a upper bound for the second-type error under the alternative.

Theorem 4.2. Assume that Assumptions 1–3 are satisfied. Then, under H0,
Relation (2.1) holds. In addition, for any α2 ∈ (0, 1), there exists a constant

A > 0 such that, for ψ2
n = ρn =

mN/2

n̂
, m = n̂2/(4β+N), β ≥ (3N − 1)/8 and

N ∈ {1, 2, 3}, Relation (2.2) holds.

The following result shows that ψn = n̂−2β/(4β+N) is the minimax rate of
testing.

Theorem 4.3. Suppose that Assumptions 1–4 hold and r0 is such that r0 ∈∑
(β, L

′
,M

′
), where L

′
< L and M

′
< M . Then there exists a > 0 such that

Relation (2.3) holds.

5. Concluding Remarks In this work, we are interested by the problem
of testing for specification of the regression function in a N -dimensional fixed
design setting when the errors are stationary mixing isotropic random fields.
The originality of the proposed method comes from the fact that these errors
are spatially correlated. In this general setting, the difficulty encountered is to
establish the lower bound of the second-type error which ensures the optimality
of the sequence ψn which separates the hypotheses H1 from H0. For handling
this difficulty, we assume that the sub-sampled residuals distribution is Gaussian
(see Assumption 4). So, we obtain that ψn = n̂−2β/(4β+N) is the minimax rate
of our testing in the context of multivariate spatial data, where the condition

β ≥ 3N − 1

8
is needed to establish the asymptotic normality, under the null

hypothesis H0, of the proposed test statistic and N ∈ {1, 2, 3} is the encountered
temporal or spatial dimension in practical application. Besides, we distinguish
two cases when the data are independent:

• N = 1 (see [11]);
• N ≥ 1 (see [14] and [1]).

In the first case with a fixed design, [11] obtained that ψn = n−2β/(4β+1) (with
β > 1/4); and in the second case with a non-spatial N -dimensional random
design, [14] and [1] obtained that ψn = n−2β/(4β+N) (with β > N/4). So,
the proposed methodology can be seen as an alternative to [11], [14] and [1]
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when the available data are spatially dependent. The anisotropic case can
be realized assuming what follows: ϵℓ is constructed from a shared depen-
dence on a Gaussian random field X(λ), λ ∈ Ak defined as follows: ϵℓ =∫
Ak
K
(
ℓ
n − λ

)
X(λ)dλ and ϵµ =

∫
As
K
(
µ
n − λ

)
X(λ)dλ, where K is some

smoothing kernel; so ϵℓ and ϵµ are dependent when (ℓ,µ) ∈ Jk × Js with k = s,
but independent when k ̸= s. A good choice of K might permit one to resolve
this problem. However, some other questions related to this problem of testing
remain open for spatially dependent observations; this is for example true in the
adaptive case as in [12].

6. Proofs of main results

6.1. Preliminary Lemmas In this section, letters c and ci, i = 1, 2, · · · will be
used to denote constants whose values are unimportant. We need the following
results for proving Theorems 4.1–4.3.

Set

Kn =
1

mN

∑
k∈K

S̃k,n and S̃k,n =
∑
i∈Jk

Γi,k,

with Γi,k =
m2N

n̂2
√
1 + Vk

∑
j∈Jk
i̸=j

[ϵiϵj − γ0(hij)] .

We will use the spatial block decomposition used by [27]. Let us fix two integers
p1, q1 ≥ 1 that are smaller than nk

m , k = 1, · · · , N . Let us make vk packets of

p1 + q1 in
nk
m

(where vk is an integer) such that
nk
m

= vk(p1 + q1). The random

variables Γi,k are now set into large blocks and small blocks for l = (l1, · · · , lN ) ∈
T = {0, · · · , v1 − 1} × · · · × {0, · · · , vN − 1}. Let

U(1,n, l,k) =

lk(p1+q1)+p1∑
ik=lk(p1+q1)+1

k=1,...,N

Γi,k

U(2,n, l,k) =

lk(p1+q1)+p1∑
ik=lk(p1+q1)+1

k=1,...,N−1

(lN+1)(p1+q1)∑
iN=lN (p1+q1)+p1+1

Γi,k

U(3,n, l,k) =

lk(p1+q1)+p1∑
ik=lk(p1+q1)+1

k=1,...,N−2

(lN−1+1)(p1+q1)∑
iN−1=lN−1(p1+q1)+p1+1

lN (p1+q1)+p1∑
iN=lN (p1+q1)+1

Γi,k

U(4,n, l,k) =

lk(p1+q1)+p1∑
ik=lk(p1+q1)+1

k=1,...,N−2

(lN−1+1)(p1+q1)∑
iN−1=lN−1(p1+q1)+p1+1

(lN+1)(p1+q1)∑
iN=lN (p1+q1)+1

Γi,k
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and so on. We have

U(2N−1 + 1,n, l,k) =

(lk+1)(p1+q1)∑
ik=lk(p1+q1)+p1+1

k=1,...,N−1

lN (p1+q1)+p1∑
iN=lN (p1+q1)+1

Γi,k.

Then

U(2N ,n, l,k) =

(lk+1)(p1+q1)∑
ik=lk(p1+q1)+p1+1

k=1,...,N

Γi,k.

For each integer i = 1, ..., 2N , we take

T (k,n, i) =
∑
j∈T

U(i,n, j,k).

Then, we derive the decomposition S̃k,n =
∑2N

i=1 T (k,n, i).

Proposition 6.1. Under Assumption 1, we have:

(i)
m2N

n̂2

∑
i∈Jk

∑
j∈Jk
i̸=j

Cov(ϵ2i , ϵ
2
j ) = O

(
mN

n̂

)
,

(ii)
m2N

n̂2

∑
i∈Jk

∑
j∈Jk
i̸=j

[Cov(ϵi, ϵj)]
2
= O

(
mN

n̂

)
.

Proof. (i) From Assumption 1, we have:

m2N

n̂2

∑
i∈Jk

∑
j∈Jk
i̸=j

Cov
(
ϵ2i , ϵ

2
j

)
=

2m2Nσ2

n̂2

∑
i∈Jk

∑
j∈Jk
i̸=j

φ2 (∥i− j∥)

≤ 2m2Nσ2

n̂2

∑
i∈Jk

∑
j∈Jk

∥j∥=t>0

φ2 (∥j∥)

≤ 2mNσ2

n̂

+∞∑
t=1

tN−1φ2(t)

≤ 2mNσ2

n̂

+∞∑
t=1

tN−1φ(t) = O

(
mN

n̂

)
.

Similarly, we obtain (ii). □
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Lemma 6.1. Under the conditions of Theorem 4.1, we have

n̂2

mN
Var(Kn) =

n̂2

m2N
Var(S̃k1,n) −→ σ4.

Proof. Since

Var(ϵiϵj) = [Cov(ϵi, ϵj)]
2 + σ4 = σ4φ2(∥i− j∥) + σ4,

from Assumption 1 and Proposition 6.1 (ii), we have

n̂2

mN
Var(Kn) =

n̂2

m2N
Var(S̃k1,n)

=
m2N

n̂2(1 + Vk1
)

∑
i,i′∈Jk1
i̸=i′

Var(ϵiϵi′)

+
m2N

n̂2(1 + Vk1)

∑
i,i′,j,j′∈Jk1
i̸=i′ ̸=j ̸=j′

Cov(ϵiϵi′ , ϵjϵj′)

=
m2Nσ4

n̂2(1 + Vk1)

∑
i,i′∈Jk1
∥i−i′∥>0

φ2(∥i− i′∥) + σ4 − mNσ4

n̂(1 + Vk1)

−→ σ4.

□

Lemma 6.2. Under Assumptions 1–3, there exist p1 and q1 such that we have:
(i) For all t ∈ R,

E

[
exp

(
it

√
n̂2

m2N
T (k,n, 1)

)]
−
∏

l∈T E

[
exp

(
it

√
n̂2

m2N
U(1,n, l,k)

)]
→ 0, with

i2 = −1.

(ii)
n̂2

m2N
E
(∑2N

i=2 T (k,n, i)
)2

−→ 0.

(iii)
n̂2

m2N

∑
l∈T E

[
U(1,n, l,k)2

]
−→ σ4.

(iv)
n̂2

m3N

∑
k∈K

∑
l∈T E

U(1,n, l,k)21|U(1,n,l,k)|>τ

√√√√m3N

n̂2



 −→ 0, ∀τ > 0.

Proof. We use the decomposition into spatial blocks, where integers p1 =
p1(n) and q1 = q1(n) are defined by p1 =

⌊
m1/4

⌋
and q1 = o

(
m1/8

)
. We have

then q1p
−1
1 ≤ cm−1/8 −→ 0. Thus q1 < p1 asymptotically.
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Proof of (i). Let us enumerate the random variables U(1,n, l,k), l ∈ T and

denote them as Ũ1,...,Ũv̂. Note that Card T := v̂ = n̂(p1 + q1)
−N ≤ n̂p−N1 . Let

I(1,n, l) = {i ∈ Jk : lℓ(p1 + q1) + 1 ≤ iℓ ≤ lℓ(p1 + q1) + p1}. Distinct sets of
sites I(1,n, l) are separated by a distance of at least q1 and each set contains pN1
sites. I(1,n, l) is the set of sites involving U(1,n, l,k). [27, Lemma 3.1] shows
that:

Q =

∣∣∣∣∣E
[
exp

(
it

√
n̂2

m2N
T (n, 1)

)]
−
∏
l∈T

E

[
exp

(
it

√
n̂2

m2N
U(1,n, l)

)]∣∣∣∣∣
≤

v̂−1∑
k=1

v̂∑
j=k+1

∣∣∣∣∣∣E(exp(itŨk)− 1)(exp(itŨj)− 1)

v̂∏
s=j+1

exp(itŨs)

−E(exp(itŨk)− 1)E(exp(itŨj)− 1)

v̂∏
s=j+1

exp(itŨs)

∣∣∣∣∣∣ .
Let Ĩj denote the set of sites involving Ũj . Under Assumption 3, an application
of [27, Lemma 2.1] gives

Qkj =

∣∣∣∣∣∣E
(exp(itŨk)− 1)(exp(itŨj)− 1)

v̂∏
s=j+1

exp(itŨs)


−E(exp(itŨk)− 1)E

(exp(itŨj)− 1)

v̂∏
s=j+1

exp(itŨs)

∣∣∣∣∣∣
≤ cϕ(dist(Ĩj , Ĩk))p

N
1 .

Since ξ > 4(4β +N) and m = n̂
2

4β+N with β ≥ (3N − 1)/8, it follows that

Q ≤ cpN1

v̂−1∑
k=1

v̂∑
j=k+1

ϕ(dist(Ĩj , Ĩk)) ≤ cpN1 v̂

v̂∑
j=2

ϕ(dist(Ĩ1, Ĩk))

≤ cpN1 v̂

∞∑
i=1

∑
k:iq1≤dist(Ĩ1,Ĩk)<(i+1)q1

ϕ(dist(Ĩ1, Ĩk))

≤ cn̂

∞∑
i=1

iN−1ϕ(iq1) ≤ c1n̂
−[ξ−4(4β+N)]/[4(4β+N)] −→ 0.

Proof of (ii). To prove (ii), it is enough to show that
n̂2

m2N
E[T (k,n, i)]2 −→ 0 for

each 2 ≤ i ≤ 2N . Without loss of generality, consider E[T (k,n, 2)]2. Enumerate
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the random variables U(2,n, l,k), l ∈ T and denote them by Û1,...,Ûv̂. Now,

E[T (k,n, 2)]2 =

v̂∑
j=1

Var(Ûi) + 2

v̂∑
i=1

v̂∑
j=1

i>j

Cov(Ûi, Ûj) = A1 +A2.

Since

Var(Ûi) = E


 p1∑

ik=1

k=1,...,N−1

q1∑
iN=1

Γi,k


2−

E

 p1∑
ik=1

k=1,...,N−1

q1∑
iN=1

Γi,k




2

,

it follows that

Var(Ûi) ≤
p1∑

ik=1

k=1,...,N−1

q1∑
iN=1

E(Γ2
i,k)

+

p1∑
ik=1

k=1,...,N−1

q1∑
iN=1

p1∑
lk=1

k=1,...,N−1

q1∑
lN=1

ik ̸=lk for 1≤k≤N

E(Γi,kΓl,k).

However, from Assumption 1, we have E(Γ2
i,k) = O

(
m3N

n̂3

)
, then

p1∑
ik=1

k=1,...,N−1

q1∑
iN=1

E(Γ2
i,k) ≤ c

m3N

n̂3
pN−1
1 q1.

Since, from Assumption 1 with µ = 1/2 (the reasoning remains the same for the
others values of µ), we have Cov(ϵiϵj, ϵlϵj) ≤ 2σ4φ(∥i− l∥) and

Cov(ϵiϵj, ϵlϵj′) = σ4φ(∥i− l∥)φ(∥j− j′∥) + σ4φ(∥i− j′∥)φ(∥j− l∥),

E(Γi,kΓl,k) =
m4N

n̂4(1 + Vk)

∑
j∈Jk
i̸=l ̸=j

Cov(ϵiϵj, ϵlϵj) +
∑

j,j′∈Jk
i̸=l̸=j ̸=j′

Cov(ϵiϵj, ϵlϵj′)



≤ c1m
3Nσ4

n̂3
φ(∥i− l∥) + σ4m4N

n̂4

 ∑
j∈Jk

∥j∥=t>0

φ(t)


2

= O

(
m3N

n̂3
φ(∥i− l∥)

)
+O

(
m4N

n̂4

)
.



Optimal Specification Testing for Spatial Model 91

If φ(∥i− l∥) > mN

n̂
, then E(Γi,kΓl,k) = O

(
m3N

n̂3
φ(∥i− l∥)

)
and thus

p1∑
ik=1

k=1,...,N−1

q1∑
iN=1

p1∑
lk=1

k=1,...,N−1

q1∑
lN=1

ik ̸=lk for 1≤k≤N

|E(Γi,kΓl,k)|

≤ 2c1m
3NpN−1

1 q1
n̂3

∞∑
t=1

tN−1φ(t) ≤ c2m
3NpN−1

1 q1
n̂3

.

Therefore, for n large enough, we have

n̂2

m2N
|A1| ≤ n̂2

m2N

(
c
m3N

n̂3
pN−1
1 q1v̂ + c2

m3NpN−1
1 q1v̂

n̂3

)

≤ c3m
N

n̂
pN−1
1 q1

n̂

mN
(p1 + q1)

−N ≤ c4

(
q1
p1

)
≤ c5
m1/8

−→ 0.

If 0 ≤ φ(∥i− l∥) ≤ mN

n̂
, then E(Γi,kΓl,k) = O

(
m4N

n̂4

)
and since β ≥ 3N − 1

8
thus

n̂2

m2N
|A1| ≤ n̂2

m2N

(
c
m3N

n̂3
pN−1
1 q1v̂ + c2

m4Np
2(N−1)
1 q21 v̂

n̂4

)

≤ c3m
N

n̂
pN−1
1 q1

n̂

mN
(p1 + q1)

−N

[
1 +

mNpN−1
1 q1
n̂

]

≤ c4

(
q1
p1

)[
1 +

mNpN−1
1 q1
n̂

]

≤ c5
m1/8

+ c5n̂
−(8β−3N+1)/[2(4β+N)] −→ 0.

Let I(2,n, l) = {j : lk(p1 + q1 + 1) ≤ jk ≤ lk(p1 + q1) + p1, 1 ≤ k ≤ N − 1,
lN (p1 + q1) + p1 + 1 ≤ jN ≤ (lN + 1)(p1 + q1)}. Then U(2,n, l,k) is the sum
of Γi,k with sites in I(2,n, l). Since p1 > q1, if l and i belong to two distinct
sets I(2,n, l) and I(2,n, i), then lk ̸= ik for some 1 ≤ k ≤ N and ||l− i|| > q1.

Since Γi,k = O

(
mN

n̂

)
, then from Assumptions 2, 3 and [27, Lemma 2.1] with

b1 = b2 = 4, b3 = 2, we obtain

n̂2

m2N
|A2| ≤ c

n̂2

m2N

nk/m∑
ik=1

k=1,...,N

nk/m∑
lk=1

k=1,...,N

||i−l||>q1

|cov(Γi,k,Γl,k)|

≤ c1

∞∑
t=q1+1

tN−1 {ϕ(t)}1/2 −→ 0.(6.1)
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Thus
n̂2

m2N
E[T (k,n, 2)]2 −→ 0.

Proof of (iii). We have:

S̃k,n =

2N∑
i=1

T (k,n, i) = T (k,n, 1) +

2N∑
i=2

T (k,n, i) = S(1)
n + S(2)

n ;

then S
(1)
n is the sum of random variables Γi,k in large blocks and S

(2)
n is the sum of

random variables in small blocks. Applying Lemma 6.1, we have
n̂2

m2N
E[S̃2

k,n] −→

σ4. This combined with Lemma 6.2 (ii)

(
i.e.

n̂2

m2N
E
[∣∣∣S(2)

n

∣∣∣2] −→ 0

)
, implies

that
n̂2

m2N
E
[∣∣∣S(1)

n

∣∣∣2] −→ σ4. Now

n̂2

m2N
E
[∣∣∣S(1)

n

∣∣∣2] =
n̂2

m2N

∑
l∈T

E[U(1,n, l,k)2]

+
n̂2

m2N

∑
l,j∈T

l̸=j

Cov[U(1,n, l,k), U(1,n, j,k)].

However, from Inequality (6.1), we obtain

n̂2

m2N

∑
l,j∈T

l̸=j

Cov[U(1,n, l,k), U(1,n, j,k)] ≤ c1

∞∑
t=q1+1

tN−1 {ϕ(t)}1/2 −→ 0.

Thus
n̂2

m2N

∑
l∈T E[U(1,n, l,k)2] −→ σ4.

Proof of (iv). From Assumption 2, we have |Γi,k| ≤
2M2

1m
N

n̂
; since p1 =

⌊
m1/4

⌋
,

it follows that: √
n̂2

m3N
|U(1,n, l,k)| ≤ M2

1 p
N
1

mN/2
≤ M2

1

mN/4
−→ 0.

Thus for all l, k and for n large enough, we have

P

(
|U(1,n, l,k)| > τ

√
m3N

n̂2

)
= 0
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and

n̂2

m3N

∑
k∈K

∑
l∈T

E

U(1,n, l,k)21|U(1,n,l,k)|>τ

√√√√m3N

n̂2



 = 0.

□

We need the following results to prove Lemma 6.3. The following proposition
adapts the inequality of [21, Proposition 2.16].

Proposition 6.2. Denote by Lm the linear subspaces generated by the indicator
functions ϕk,m =

√
mN1Ak

, where the Ak are disjoint n̂
mN hypercubes of [0, 1]N

whose volume is 1
mN . Then,

∥PrLmr∥2 ≥ C1∥r∥2 − C2m
−βN ,

where PrLm
r is the projection of r on Lm, and C1 and C2 are positive constant

depending only on β and L.

Proof. The only term in our proposition which differs from that of Proposi-
tion 2.16 in [21] (with p = 2) is C2m

−βN . We only deal with the appearance of
this term. Since r ∈ H(β, L), with ⌊β⌋ = s and ∀x, y,∈ [0, 1]N , ∀λ s.t. |λ| = s,
we have

|Dλr(x)−Dλr(y)| ≤ L∥x− y∥β−s.(6.2)

Let us show that ∥r−Ps,k∥2 ≤ C2m
−βN , where Ps,k is the piecewise polynomial

approximation of r with degree less than s; this latter coincides with the Taylor
polynomial of degree s for r in x ∈ Ak around x0, i.e.,

ps,k(x) = r(x0) +
∑
λ∈Λ

1

λ!
Dλr(x0)(x− x0)

λ,∀x ∈ Ak,

where λ! = λ1! . . . λN ! and (x− x0)
λ = (x1 − x0,1)

λ1 . . . (xN − x0,N )λN .
Then, take the difference between r and ps,k (the Taylor Lagrange expansions

with integral remainder) and apply (6.2) : ∀x ∈ Ak,

|ps,k(x)− r(x)| =

∣∣∣∣∣∣
∑

λ:|λ|=s

s

λ!
(x− x0)

λ

∫ 1

0

(Dλr(x0 + t(x− x0))

−Dλr(x0))(1− t)s−1dt
∣∣

≤
∑

λ:|λ|=s

∣∣∣ s
λ!
(x− x0)

λ
∣∣∣L∥x− x0∥β−s

≤
∑

λ:|λ|=s

s

λ!
L∥x− x0∥s∥x− x0∥β−s ≤ sN+1L∥x− x0∥β

≤ C2m
−βN ,
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where we use the following simple inequality : |(x− x0)
λ| < ∥x− x0∥s. □

We need the following result to find the upper bound of the second-type error
under the alternative.

Lemma 6.3. For a sufficiently large positive constant A, under conditions of
Theorem 4.2, we have Pr(G) −→ 0 as n −→ ∞ uniformly over Λn(Aψn), where
for any α2 ∈ (0, 1), C = Φ−1(1− α1)− Φ−1(α2) and

G =

{
(Kn2 +Kn3) ≤ Cρn

σ̂2

σ2

}
,

where

Kn2 =
2

mN

∑
k∈K

m2N

n̂2σ2
√
1 + Vk

∑
i,j∈Jk
i̸=j

(r(xj)− r0(xj))ϵi,

Kn3 =
1

mN

∑
k∈K

m2N

n̂2σ2
√
1 + Vk

∑
i,j∈Jk
i̸=j

(r(xi)− r0(xi))(r(xj)− r0(xj)).

Proof. The proof is very similar to that of Lemma 1 in [11]. However, we
deal here with multivariate functions so we will give some details. The proof is
then done in two steps:

(a) Firstly, we obtain a lower bound for Kn3.
(b) Secondly, we use a Large Deviation Inequality after (a) is established.

(a) The lower bound for Kn3 is obtained from Proposition 6.2 and arguing as

in [11], that is: Kn3 ≥ C̃2A2ψ2
n, where C̃ is a positive constant depending on

β, L,M, σ2.

(b) We need the following results to establish a Large Deviation Inequality.

Lemma 6.4. (See [6]) Suppose E1, ..., Ew1 are sets containing u sites each with
dist(Ei, Ej) ≥ Q for all i ̸= j where 1 ≤ i ≤ w1 and 1 ≤ j ≤ w1. Sup-
pose Z1, ..., Zw1

is a sequence of real-valued r.v.’s measurable with respect to
B(E1), ...,B(Ew1

) respectively, and Zi takes values in [c1, c2]. Then, there ex-
ists a sequence of independent r.v.’s Z∗

1 , ..., Z
∗
w1

independent of Z1, ..., Zw1
such

that Z∗
i has the same distribution as Zi and satisfies:

∑w1

i=1 E(|Zi − Z∗
i |) ≤

2w1(c2− c1)f̂((w1 − 1)u, u)ϕ(Q).

Proposition 6.3. Let Ωi,k =
mN

n̂2

∑
j∈Jk
j̸=i

(r(xj)− r0(xj))√
(1 + Vk)Kn3

ϵi. Then:

∑
k∈K

∑
i∈Jk

E(Ω2
i,k) +

∑
i ̸=l

|E(Ωi,kΩl,k)| = O

(
1

n̂

)
.
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Proof of Proposition 6.3. Since Kn3 ≥ C̃2A2ψ2
n, ψ

2
n = ρn =

mN/2

n̂
, then if β > 1,

mNE(Ω2
i,k) =

m2Nσ2

n̂4

∑
k∈K

1

1 + Vk

(∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))

)2

Kn3

≤ cm2Nσ2

n̂4

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

mN

n̂2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))

+
cm3N−2

n̂4ψ2
n

≤ c1
mN

n̂2
+
cm(5N−4)/2

n̂3
≤ c1

mN

n̂2

(
1 + c2

m(3N−4)/2

n̂

)
.

Since m = n̂2/(4β+N), with N ∈ {1, 2, 3}, then m(3N−4)/2

n̂
≤ 1

n̂(4−N)/(4β+N)
.

Thus ∑
k∈K

∑
i∈Jk

E(Ω2
i,k) ≤

c3
n̂
.

Similarly, if 1 ≥ β ≥ 3N − 1

8
, we obtain

∑
k∈K

∑
i∈Jk

E(Ω2
i,k) ≤

c4
n̂
.

Besides, in the same way, if β > 1 for i ̸= l, we have

|E(Ωi,kΩl,k)|

=

∣∣∣∣∣∣∣∣
mN

n̂2

∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))√
Kn3


mN

n̂2

∑
j∈Jk
j ̸=l

(r(xj)− r0(xj))√
Kn3

 E(ϵiϵl)
1 + Vk

∣∣∣∣∣∣∣∣
≤ c3

mN

n̂2

√√√√√√
(∑

j∈Jk
(r(xj)− r0(xj))

)2
mN

n̂2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))

+ c
mN−1

n̂2ψn


2

× |E(ϵiϵl)|

≤ c4

ψ4
n

(∑
j∈Jk

(r(xj)− r0(xj))
)2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))
+
ψ6
n

m2

φ(∥i− l∥).
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Since
∑

i̸=l|E(Ωi,kΩl,k)| =
∑

k∈K

∑
i,l∈Jk
i̸=l

|E(Ωi,kΩl,k)| and ψ4
n =

mN

n̂2
, then

∑
k∈K

∑
i,l∈Jk
i ̸=l

|E(Ωi,kΩl,k)|

≤ c5
n̂


∑

k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))
+
ψ2
n

m2

∑
k∈K

∑
l∈Jk

∥i−l∥=t>0

φ(t)

≤ 2c5
n̂

∞∑
t=1

tN−1φ(t) ≤ c6
n̂
.

Thus if β > 1, then
∑

i̸=l|E (Ωi,kΩl,k)| = O

(
1

n̂

)
.

Similarly, if
3N − 1

8
≤ β ≤ 1, we have∑

k∈K

∑
i,l∈Jk
i̸=l

|E(Ωi,kΩl,k)|

≤ c4
n̂


∑

k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))
+

ψ2
n

m2β

∑
k∈K

∑
l∈Jk

∥i−l∥=t>0

φ(t)

≤ 2c4
n̂

∞∑
t=1

tN−1φ(t) ≤ c5
n̂
.

Thus for all β ≥ 3N − 1

8
, we obtain

∑
i̸=l|E(Ωi,kΩl,k)| = O

(
1

n̂

)
. Therefore for

n large enough, we obtain the result.

Lemma 6.5. (A Large Deviation Inequality) For any r ∈ Λn(Aψn), where ψ
2
n =

ρn =
mN/2

n̂
= n̂−4β/(4β+N) and under Assumptions 1–3, we have:

Pr
(
F1 ∩ F c2

)
≤ c7

pN1 D(n)mNϕ(p1)

n̂ψ2
n

(
C̃A− C

C̃A

)

+ c8 exp

−
c5ψ

2
n

(
C̃A− C

C̃A

)2

c3
n̂

+ c6

(
C̃A− C

C̃A

)
pN1 D(n)mN

n̂2

 ,



Optimal Specification Testing for Spatial Model 97

where F2 =
{
supi∈In

|ϵi| > D(n)
}
, D(n) = log n̂, p1 =

⌊(
n̂

mN (log n̂)2

)1/(2N)
⌋

and

F1 =

{∣∣∣∣ Kn2√
Kn3

∣∣∣∣ ≥ C̃Aψn − Cρnσ̂
2/σ2

ψnC̃A

}
.

Proof of Lemma 6.5. We give an upper bound for Pr
( ∣∣∣ Kn2√

Kn3

∣∣∣ > τ

)
, ∀τ > 0.

We recall that Ωi,k =
mN

n̂2
√
1 + Vk

∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))√
Kn3

ϵi. We consider Ωi,k

instead of Γi,k in the block decomposition defined in Section 5 and we choose q1 =

p1, where p1 = p1(n) is defined in Lemma 6.5. So,
Kn2√
Kn3

=
2

σ2

∑2N

i=1 T (k,n, i).

For the sake of simplicity, we will only consider the case i = 1. We enumerate the
v̂ terms U(1,n, j,k), j ∈ T of the sum T (k,n, 1) that we call W1, ...,Wv̂. Observe
that the set of sites associated with each of these random variables contains
pN1 sites, that two distinct sets of sites are separated by a distance of at least
p1, and finally, that for all j = 1, ..., v̂, there exists an integer u(j) such that

Wj = U(1,n, , u(j),k) and if β > 1, since Kn3 ≥ C̃2A2ψ2
n, ψ

2
n = ρn =

mN/2

n̂
, r

and r0 belong to
∑

(β, L,M), we have∣∣∣∣∣∣∣∣
∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))√
Kn3

∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
j∈Jk

(r(xj)− r0(xj))√
Kn3

∣∣∣∣∣∣+ |r(xi)− r0(xi)|√
Kn3

≤
(
1 +

mN

n̂

) ∣∣∣∣∣∣
∑
j∈Jk

(r(xj)− r0(xj))√
Kn3

∣∣∣∣∣∣+
2M

(∑N
l=1(xi,l − xj,l)

2
)1/2

√
Kn3

and then∣∣∣∣∣∣∣∣
∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))√
Kn3

∣∣∣∣∣∣∣∣ ≤ 2

√√√√√√
(∑

j∈Jk
(r(xj)− r0(xj))

)2
mN

n̂2

∑
k∈K

(∑
j∈Jk

(r(xj)− r0(xj))
)2

(1 + o(1))

+
2MN1/2m−1

C̃Aψn

≤ c

ψn
(1 +m−1) ≤ c

ψn
.

Similarly, if β ≤ 1, we obtain∣∣∣∣∣∣∣∣
∑
j∈Jk
j ̸=i

(r(xj)− r0(xj))√
Kn3

∣∣∣∣∣∣∣∣ ≤
c1
ψn

(1 +m−β) ≤ c1
ψn

.



98 Stéphane Bouka

Therefore

|Ωi,k| ≤ c
|ϵi|mN

n̂2ψn
≤ c

D(n)mN

n̂2ψn
;

it follows

|Wi| ≤ cpN1
D(n)mN

n̂2ψn
.

From Lemma 6.4, there exists a sequence of independent random variables
W ∗

1 , · · · ,W ∗
v̂ such that for all j = 1, ..., v̂, W ∗

j has the same distribution as Wj ,
and from Assumption 3, we have

E|Wj −W ∗
j | ≤ 2

(
2cpN1

D(n)mN

n̂2ψn

)
f̂((t̂− 1)pN1 , p

N
1 )ϕ(p1)

≤ c1p
2N
1

D(n)mN

n̂2ψn
ϕ(p1).

Applying the Markov inequality, one has:

Pr

 v̂∑
j=1

|Wj −W ∗
j | > τ

 ≤
v̂E|Wj −W ∗

j |
τ

≤ c2v̂p
2N
1

D(n)mN

τ n̂2ψn
ϕ(p1).

Since n̂ = 2N v̂pN1 then

Pr

 v̂∑
j=1

|Wj −W ∗
j | > τ

 ≤ c3p
N
1

D(n)mN

τ n̂ψn
ϕ(p1).

The Bernstein inequality leads to

Pr

∣∣∣∣∣∣
v̂∑
j=1

W ∗
j

∣∣∣∣∣∣ > τ

 ≤ 2 exp

− τ2

2
(∑v̂

j=1 E[(W ∗
j )

2] +
τc4pN1 D(n)mN

3n̂2ψn

)
 .

From Proposition 6.3,

Pr

∣∣∣∣∣∣
v̂∑
j=1

W ∗
j

∣∣∣∣∣∣ > τ

 ≤ 2 exp

− τ2

c5
n̂

+
τc6p

N
1 D(n)mN

3n̂2ψn

 .

Thus

Pr
(∣∣∣∣ Kn2√

Kn3

∣∣∣∣ > τ

)
≤ 2NPr

(
2

σ2
|T (k,n, 1)| > τ

2N

)

≤ c8 exp

− τ2

c5
n̂

+
τc6p

N
1 D(n)mN

n̂2ψn

+ c7p
N
1

D(n)mN

τ n̂ψn
ϕ(p1).

□
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6.2. Proof of Theorem 4.1

Proof of Theorem 4.1. Under H0, we have:

σ̂2Tn = Kn +
1

mN

∑
k∈K

m2N

n̂2
√
1 + Vk

∑
i,j∈Jk
i̸=j

(γ0(hij)− γ̂0(hij)).

Since Vk = O(1) and N = 1, 2, 3, it follows from Assumptions 1–3 and by
Relation (3.1) that:

Pr0


√

n̂2

mN

∣∣∣∣∣∣∣∣
1

mN

∑
k∈K

m2N

n̂2
√
1 + Vk

∑
i,j∈Jk
i̸=j

(γ0(hij)− γ̂0(hij))

∣∣∣∣∣∣∣∣ > τ



≤ Pr0

mN/2

n̂

∑
k∈K

∑
i∈Jk

∑
j∈Jk

∥j∥=t>0

φ(t)|σ2 − σ̂2| > c1τ


≤ Pr0

(
mN/2

∞∑
t=1

tN−1φ(t)|σ2 − σ̂2| > c1τ

)

≤ sup
r∈

∑
(β,L,M)

Pr
(
|σ2 − σ̂2| > c1τ

mN/2
∑∞
t=1 t

N−1φ(t)

)

= O

(
max

(
mN log n̂

n̂4/N
,
mN log n̂

n̂

))
−→ 0.

On the other hand, we have√
n̂2

mN
Kn =

√
n̂2

mN

(
1

mN

∑
k∈K

S̃k,n

)

=
1√
mN

∑
k∈K

(√
n̂2

m2N
T (k,n, 1)

)
+

1√
mN

∑
k∈K

√ n̂2

m2N

2N∑
i=2

T (k,n, i)

 .

Since the random variables T (k,n, i), k ∈ K are independent (see Assumption
1), from Markov inequality and Lemma 6.2 (ii), we obtain

P

 1√
mN

∑
k∈K

√ n̂2

m2N

2N∑
i=2

T (k,n, i)

 > τ



≤
Var

(√
n̂2

m2N

∑2N

i=2 T (k1,n, i)

)
τ2

−→ 0.
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Moreover since, from Lemma 6.2 (i) and Assumption 1, the random variables
U(1,n, l,k), l ∈ T, k ∈ K, are asymptotically independent, we then deduce from

Lemma 6.2 (iii), (iv), that

√
n̂2

m3N

∑
k∈K T (k,n, 1)

D
−→ N(0, σ4). Thus, from

Slutsky’s Theorem, we obtain that

√
n̂2

mN
Kn

D
−→ N(0, σ4). So, from Slutsky’s

Theorem, we conclude that

√
n̂2

mN

(
σ̂2Tn

) D
−→ N(0, σ4). □

6.3. Proof of Theorem 4.2.

Proof of Theorem 4.2. Let r be the true regression function in the model

(1.1). We rewrite
σ̂2

σ2
Tn in the following way:

σ̂2

σ2
Tn = Kn1 +Kn2 +Kn3 with

Kn2, Kn3 defined in Lemma 6.3 and

Kn1 =
1

mN

∑
k∈K

m2N

n̂2σ2
√
1 + Vk

∑
i,j∈Jk,

i̸=j

(ϵiϵj − γ̂0(hij)).

Proof of Relation (2.1): We show that under H0, our test (3.2) is of asymptotic
level α1. We have

Tn =
1

mN

∑
k∈K

m2N

n̂2σ̂2
√
1 + Vk

∑
i,j∈Jk,

i̸=j

(ϵiϵj − γ̂0(hij)).

Relation (3.1), Theorem 4.1 and Slutsky’s Theorem imply√
n̂2

mN
Tn

D
−→ N(0, 1).

Thus, the first-type error can be bounded,

Pr0(∆n = 1) = P (Tn > c0ρn) = P

(√
n̂2

mN
Tn > c0

)
= α1 + o(1),

since c0 is the 1− α1 quantile of a standard Gaussian.

Proof of Relation (2.2). Denoting Gc the complement of G, where G is defined
in Lemma 6.3, and for any r in Λn(Aψn), we have

sup
r∈Λn(Aψn)

Pr(∆n = 0) = sup
r∈Λn(Aψn)

Pr
(
Kn1 +Kn2 +Kn3 ≤ c0ρn

σ̂2

σ2

)
= sup
r∈Λn(Aψn)

Pr({∆n = 0} ∩Gc) + sup
r∈Λn(Aψn)

Pr({∆n = 0} ∩G)

≤ sup
r∈Λn(Aψn)

Pr(Kn1 ≤ (c0 − C)ρn
σ̂2

σ2
) + sup

r∈Λn(Aψn)

Pr(G).
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Since Kn1 = σ̂2Tn/σ
2 under Pr0 , applying Theorem 4.1 and Relation (3.1), we

obtain, for any r ∈ Λn(Aψn), that

lim
n−→∞

Pr
(
Kn1 ≤ (c0 − C)ρn

σ̂2

σ2

)
= α2.

Applying Lemma 6.3, we obtain A defined in Lemma 6.3 such that Relation (2.2)
is satisfied. □

6.4. Proof of Theorem 4.3

Proof of relation (2.3). First, we construct a regression function
rη ∈

∑
(β, L,M) and a probability measure π for which we will prove

π (rη ∈ Λ(aψn)) = 1. Let H(β, 1) be a Hölder class of smoothness parameter β
and of constant 1, let f be a function in H(β, 1) whose the support is [0, 1]N and

verifies
∫
[0,1]N

f(x)dx = 0 and
∫
[0,1]N

f2(x)dx = µ2. Put κ2n =
1+ψ1/(4β)

n

µ2 (aψn)
2,

h =
(

κn

2β−s−1(L−L′ )

)1/β
with s = ⌊β⌋; mN = 1

hN (where we assume, without loss

of generality, that m is an integer), and let (ηk)k∈K be a sequence of binary i.i.d.
random variables with values in {−1, 1}. We consider the probability measure
π =

∏
k∈K πk such that πk(ηk = 1) = πk(ηk = −1) = 1/2. We define

rη(x) = r0(x) +
∑
k∈K

ηkκnh
N/2fk,h(x)

where fk,h(x) = f ((x− zk)/h) /h
N/2 if x ∈ Ak and fk,h(x) = 0 if x /∈ Ak, and

zk = (zk1 , ..., zkN ) is the lower end set left of the hypercube of Ak. Now, since the
proof that rη ∈

∑
(β, L,M) is very similar to the one in [11], it is then omitted.

Finally, by construction of f , we have,

∥rη − r0∥22 = hNmNµ2κ2n =
(
1 + ψ1/(4β)

n

)
a2 (ψn)

2 ≥ (aψn)
2

and therefore π (rη ∈ Λ (aψn)) = 1.

Second, we prove the lower bound. One define Pn,π (Pn,0 respectively) as
the joint probability measure of (Yi1 , · · · , Yin̂)T when rη (r0 respectively) is the
true regression function. Notice that a lower bound for the second type error
for any test of a given asymptotic level α1 is obtained by a lower bound of
γn ≥ γn,π = 1− 1

2var (Pn,0,Pn,π) (see [19], section 4.1), where var (A,B) stands
for the total variation distance. Now, it is a question to get an asymptotic upper
bound for var (Pn,0,Pn,π). From the Cauchy-Bunyakovskii inequality, we obtain

var (Pn,0,Pn,π) ≤
1

2

(∫ (
dPn,π

dPn,0

)2

dPn,0 − 1

)1/2

.
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Putting Si
n = κnf

(
Xi−zk
h

)
, with Xi = (Xi1 , ..., XiN )T ∈ [0, 1]N , under Assump-

tion 4, (ϵii , ii ∈ Jk) ∼ N(0, Λ̃), where Λ̃ = (Λ̃ij)ij with Λ̃ij = σ2φ(∥ii − ij∥), ii,
ij ∈ Jk. Then, the joint density g̃k of vector (ϵii , ii ∈ Jk) exists and we have

dPn,π

dPn,0
(yi1 , · · · , yin̂) =

∏
k∈K

∫
{−1,1}

g̃k((yii − r0(xii) + ηkS
ii
n )ii∈Jk

)

g̃k((yii − r0(xii))ii∈Jk
)

dπk(ηk)

=
∏
k∈K

1

2

(
g̃k((yii − r0(xii) + Sii

n )ii∈Jk
)

g̃k((yii − r0(xii))ii∈Jk
)

+
g̃k((yii − r0(xii)− Sii

n )ii∈Jk
)

g̃k((yii − r0(xii))ii∈Jk
)

)
.

=
∏
k∈K

exp

(
−1

2
(Sii

n , ii ∈ Jk)
T Λ̃−1(Sii

n , ii ∈ Jk)

)
× cosh

(
(yii − r0(xii), ii ∈ Jk)

T Λ̃−1(Sii
n , ii ∈ Jk)

)
.

Let δmax(Λ̃) (resp. δmin(Λ̃
−1)) be the largest (resp. the smallest) eigenvalue of

the matrix Λ̃ (resp. Λ̃−1). Since, from the Geršgorin’s theorem ([17]), it can be

proved that 0 < δmax(Λ̃) ≤ maxi
∑
j |Λ̃ij | = σ2 maxi

∑
j φ(∥ii − ij∥), then from

Assumption 1, we have

δmax(Λ̃
−1) > δmin(Λ̃

−1) =
1

δmax(Λ̃)
≥ 1

σ2 maxi
∑
j φ(∥ii − ij∥)

= c1 > 0,

where c1 is a positive constant. So δmin(Λ̃) =
1

δmax(Λ̃−1)
> 0, then for n large

enough, we have δmin(Λ̃) ≥
1

mN/8
and from Assumption 2, we have

Ck : =
∣∣∣(yii − r0(xii), ii ∈ Jk)

T Λ̃−1(Sii
n , ii ∈ Jk)

∣∣∣
≤ 1

δmin(Λ̃)

(∑
i∈Jk

(yi − r0(xi))
2

)1/2(∑
i∈Jk

(
Si
n

)2)1/2

≤ c2
mN/8

[
1

mN

∑
i∈Jk

(fk,h(xi))
2

]1/2
−→ 0,

where c2 is some positive constant. By dominated convergence, it follows that∑
k∈K

log

[∫
(cosh(Ck))

2
dPn,0

]
∼
∑
k∈K

log

[
1 +

∫
C2

k dPn,0

]

∼
∫ ∑

k∈K

C2
k dPn,0 −→ 0.
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Therefore∣∣∣∣∣log
(∫ (

dPn,π

dPn,0

)2

dPn,0

)∣∣∣∣∣ =

∣∣∣∣∣−∑
k∈K

(Sii
n , ii ∈ Jk)

T Λ̃−1(Sii
n , ii ∈ Jk)

+
∑
k∈K

log

[∫
(cosh(Ck))

2
dPn,0

]∣∣∣∣∣
≤ 1

δmin(Λ̃)

∑
k∈K

∑
ii∈Jk

(
Sii
n

)2
+

∣∣∣∣∣∑
k∈K

log

[∫
(cosh(Ck))

2
dPn,0

]∣∣∣∣∣
≤ mN/8κ2n

∑
k∈K

∑
ii∈Jk

[
f

(
Xii − zk

h

)]2

+

∣∣∣∣∣∑
k∈K

log

[∫
(cosh(Ck))

2
dPn,0

]∣∣∣∣∣
−→ 0.

So, we obtain the lower bound of γn,π and γn. □

References

1. J. Aston, F. Autin, G. Claeskens, J.-M. Freyermuth, and C. Pouet, Minimax optimal
procedures for testing the structure of multidimensional functions, Appl. Comput.
Harmon. Anal. 46(2019), 288–311.

2. Y. Baraud, S. Huet, and B. Laurent, Adaptive tests of linear hypotheses by model
selection, Ann. Statist. 31(2003), 225–251.

3. Y. Baraud, S. Huet, and B. Laurent, Testing convex hypotheses on the mean of a
Gaussian vector. Application to testing qualitative hypotheses on a regression function,
Ann. Statist. 33(2005), 214–257.

4. G. Biau and B. Cadre, Nonparametric Spatial Prediction, Stat. Inference Stoch.
Process. 7(2004), 327–349.

5. S. Bouka, Estimation of the trend function and auto-covariance for spatial models,
C.R. Acad. Sci. Paris, Ser. I 357(2019), 907–911.

6. M. Carbon, L. T. Tran, and B. Wu, Kernel density estimation for random fields: the
L1 theory, J. Nonparametr. Stat. 6(1997), 157–170.

7. L. Commiges and A.S. Dalalyan, Minimax testing of a composite null hypothesis
defined via a quadratic functional in the model of regression, Electron. J. Statist.
7(2013), 146–190.

8. M. El Machkouri and R. Stoica, Asymptotic normality of kernel estimates in a
regression model for random fields, J. Nonparametr. Stat. 22(2010), 955–971,

9. M.S. Ermakov, Minimax detection of a signal in Gaussian white noise, Teor.
Veroyatmost. i Primenen. 35(1990), 704–715.

10. M. Francisco-Fernandez and J.D. Opsomer, Smoothing parameter selection methods
for nonparametric regression with spatially correlated errors, The Canadian Journal of
Statistics 33(2005), 279–295.

11. G. Gayraud and Ch. Pouet, Minimax testing composite null hypotheses in the discrete
regression scheme, Math. Methods Statist. 4(2001), 375–394.
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