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HOMOGENEITY TESTS FOR SEVERAL DISTRIBUTIONS
IN HILBERT SPACE BASED ON MULTIPLE MAXIMUM
VARIANCE DISCREPANCY
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ABSTRACT. This paper deals with the problem of testing for the equal-
ity of k probability distributions on Hilbert spaces, with k£ > 2. We intro-
duce a generalization of the maximum variance discrepancy called multiple
maximum variance discrepancy. A consistent estimator of this measure is
proposed as test statistic, and its asymptotic distribution under the null
hypothesis is derived. Since this asymptotic distribution is that of an in-
finite sum of random variables, we then propose another test statistic ob-
tained from an appropriate modification of the first one, and we get its
asymptotic normality both under homogeneity hypothesis and under the
alternative hypothesis, so introducing a faster test for homogeneity of dis-
tributions of random variables valued into a Hilbert space. A simulation
study investigating the finite sample performances of the two introduced
tests and comparing them to existing ones is provided.

RisUME.  Cet article considére le probleme de test d’égalité de k lois
sur un espace de Hilbert, avec £ > 2. Nous introduisons une généralisation
de I’écart maximal de variance appelé écart maximal de variance multiple.
Un estimateur convergent de cette mesure est proposé comme statistique de
test, et sa loi asymptotique sous I'hypothése nulle est déterminée. Puisque
cette loi limite est celle d’'une somme infinie de variables aléatoires, nous
proposons ensuite une autre statistique de test obtenue a partir d’'une mo-
dification appropriée de la premiere statistique, et nous obtenons sa nor-
malité asymptotique aussi bien sous I’hypotheése nulle que sous I’hypothese
alternative, introduisant ainsi un test plus rapide d’homogénéité de lois de
variables aléatoires & valeurs dans un espace de Hilbert. Une étude par si-
mulation, permettant d’apprécier les performances des deux tests proposés
et de les comparer a des tests existants, est fournie.

1. Imtroduction Thanks to recent advances in data storage and processing,
functional data are frequently encountered in a wide range of scientific fields, in-
cluding environmental science, finance, genetics, biology, geophysics, image and
signal processing, to name just a few. Statistical modeling related to this kind
of data leads to random variables valued into Hilbert spaces which is of growing
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interest since the last two decades. One important statistical inference prob-
lem for this kind of variables is that of testing homogeneity, i.e. the equality
of the distributions of the variables that are considered. However, most of the
works considering this problem in the context of functional data analysis propose
methods which boil down to tests for the equality of certain characteristics of the
distributions of the concerned functional variables such as means or covariance
operators (e.g., |1,/5,/6,8,20]). On the other hand, the framework of kernel-based
methods, that is methods based on kernel embeddings of probability measures
in reproducing kernel Hilbert spaces (RKHS), allowed the emergence of powerful
statistical inference methods for variables of the aforementioned type, includ-
ing tests for homogeneity. More specifically, the maximum mean discrepancy
(MMD) has been introduced in [12] for testing the equality of two distributions
for which independent samples are observed. It has been extended later in [4] to
the multiple case, that is the case of more than two distributions, through the
introduction of the generalized maximum mean discrepancy (GMMD). Recently,
a novel discrepancy measure, called maximum variance discrepancy (MVD), was
introduced in |14] and used for testing the equality of two distributions, so leading
to a new testing procedure which is shown from simulations to be more powerful
than the one based on MMD. Therefore, there is an interest in extending this
measure to the multiple case. This is what is done in this paper via the multiple
maximum variance discrepancy (MMVD) that we introduce in Section 2. We
then propose a consistent estimator of this measure as a statistic for testing ho-
mogeneity, and we derive its asymptotic distribution under the null hypothesis
in Section 3. This distribution is that of an infinite sum of random variables
and, therefore, can not be used for performing the test, so that one may be
forced to resort to methods with high computational cost such as permutation
or subsampling methods for achieving the test. Faced with a similar problem
with the classical estimator of MMD, [15] adopted an approach, first introduced
in [2], allowing to obtain asymptotic normality, both under the null hypothesis
and under the alternative, for an estimator obtained from a modification of the
first one. This approach was also used later in [3] for the case of GMMD. In
this paper we adopt this approach for MMVD, so introducing in Section 4 an-
other test statistic obtained from an appropriate modification of the first one.
Asymptotic normality for this second statistic is the obtained both under the
null hypothesis and the alternative one. This allows to propose another test
for homogeneity of random variables valued into Hilbert spaces. Section 5 is
devoted to the presentation of simulations made on synthetic functional data in
order to appreciate the finite sample performances of the introduced tests, and
to compare them to existing ones. All the proofs are postponed in Section 6.

2. The MMVD and Its Estimation For k > 2 and 5 € {1,--- ,k}, we
consider a random variable X; valued into a separable Hilbert space X and
denote by P; its probability distribution. We want to define a measure of the
discrepancy between Pq,--- ,P,. For doing that, as it is usual in kernel-based
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methods, we will embed these distributions into a RKHS, so that the discrepancy
between them should be measured by that of the resulting embeddings. So, let
H be this RKHS; it is a Hilbert space of functions from X to R, endowed with
a inner product < -,- >g¢ and associated to a kernel K : X? — R, satisfying:

(i) for any (z,y) € X*, K(z,y) = K(y,2);
(ii) Ve € X, K(z,-) € K;
(i) Vf e H,Vz e X, f(z) =< K(z,"), f >9.

Assuming that K satisfies the following condition:

(@) Koo = sup K(z,y)<+ oo,
(z,y)€X?

we consider, for any j € {1,---,k}, the mean and covariance operator embed-
dings defined as

m; =E(K (X;,) and V; =E[(K(X;,) =m)®],

where ® is the tensor product such that, for all (a,b) € H?, a®b is the operator
from H to itself which satisfies (a ® b) (f) =< a, f >9¢ b, Vf € H, and for any
vector a we denote a®” = a ® a. It is known (see, e.g., [9.10]) that under (),
V; is an Hilbert-Schmidt operator.

For the case of k = 2, the maximum variance discrepancy (MVD) was introduced
in [14] in order to measure the discrepancy between Py and Py. For dealing with
the multiple case, we introduce below the multiple maximum variance discrep-
ancy (MMVD) which is an extension of the MVD to the case of more than two
populations.

DEFINITION 2.1. The multiple maximum variance discrepancy (MMVD), re-
lated to Py, Py and 7 = (w1, ,7) € (]0,1))* with Zif:l me = 1, is the
positive real number defined by

k
MMVD?(Py, -, Prim) = > Y 7 || V; = Ve |,
i=1 =1
L#£]
where || - ||gs denotes the Hilbert-Schmidt norm of operators.

This MMVD, which definition recovers that of MVD given in |14], measures the
discrepancy between the distributions Py, --- ,Pg. So, a consistent estimator of
it can be used for testing for homogeneity, that is testing for the hypothesis

Hy P =Py=-..=P against J4 : 3(j,0) € {1,--- ,k}?, P; #P,.
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More specifically, for j € {1,---,k}, letting {ij), e ,X,(f]‘.)} be a i.i.d. sample
of X;, we consider the empirical estimators of m; and V; defined, respectively,
as

I B L\ G oy
iy = K(XP,) and U= =3 (K(XP,) — iy )
Uz i=1 nj =1
which lead to the consistent estimator 7}, of MMVD?(Py, - ,P; ) given by

where mp = ng/n with n = Zl?:l n;. This statistic can, therefore, be used as test

statistic for testing for homogjeneity. Note that a more detailed expression, that
can be used for computing concretely T),, is obtained from an expansion using
properties of the tensor product ®, the reproducing property of H and the inner
product < -,- >yg defined by < A, B >}¢= Tr(AB*) and which induces | - ||us.
Indeed, we have

(2.1)
N k 2 2 2 " ) =N ®%
=3 {0 7 5 < (002 )
j=1¢=1 i=1
%

and using the tensor product properties: (a ® b)* = b® a, (e ® b)(c® d) =<
a,d >g5¢ c®@b and Tr(a®b) =< a,b >5¢ (see |7]), we get for any (j,¢) € {1,--- , k}?
and any (z,7) € {1,--- ,n;} x {1,--- ,ng}:
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< (K(Xi(j)7 ) - mj)®2 7 (K(X,@, ) - m4)®2 >Hs

= <K(Xi(j)a')7mjaK(X(E)7')7m€ >§{

T

= <<K(X£“, ), K(X(9,-) >q —fZ<KX(j) VK (XD, ) >ac
qfl
1 &
_ = K(X(J) )7K(X(€) ) >a¢
ny
p=1
7 2
(2.2) ZZ <K(X9, ), K(X0, ) >a >
n] ‘ep 1g9=1
) 1 &
— ([ Kg(x9D x©® - X(J) X(ﬁ) KX(J) X(f)
( (X, x() qul ( Z )
nj  ng
© )
p 1g=1
e
where
1 1 2
(2.3) si = (it — Lacit - Locit L gt
r r ne (0 n] T n]nz
with
n; ng
%t = K(xP, x\9), %3 = Zﬂcgj, *7f = Zﬂcﬂ and X' =33
p=1qg=1
Hence
R k k ne nj ng
@) Tw = > > ™4, Zs Zs nnez sl
]:1[2:)1 er 1 zr:l i=1r=1

Example 2.1. This formula is easily applied to the case of functional variables.
Indeed, if the X i(] s are functional variables belonging, for instance, in L2([0,1])
and observed on points t1,...,tx of a fine grid in [0, 1] such that ¢; = 0 and
tny = 1, the statistic in can easily be computed or approximated, depending
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on the used kernel. Its computation is obtained from that of Kgf. For example,
if the Gaussian kernel is used, one has

. . 1 . 2
5f = oxp (~w2X0 — XO1R) =ewp (2 [ (x00) - x00) ar)
0

where w > 0. This can be approximated by using trapezoidal rule, so leading to

N-1
K¢~ exp( —w? Z bmt1 = tm ((X_(j)(t ) — xX© (t )) ?
r 2 i m r m

m=1

+ (Xi(j)(tm+1) - Xﬁe) (tm+1)>2)>~

3. Testing for Homogeneity In this section, we consider the preceding
estimator as test statistic and we derive its asymptotic distribution under 7.
We assume that the observed i.i.d. samples satisfy the following conditions:

(o) : Xi(j) L X for j # ¢ and (t,7) € {1,--- ,nj} x {1,--- ,n¢}, where L
denotes stochastic independence;

(e#3) :for j € {1,--- , k}, there exists p; €]0, 1[such that lim {\/ﬁ(wj - pj) }

n;——+oo

. k
= 0, where 7; = n;/n with n =3 %, n;.

If 74 holds, then my = my = -~ =mp =mand Vi = Vo = .- =V} = V.
Then, considering the kernel K : X? — R defined by

}?(*T7y) =< (K(xv ) - m)®2 -V, (K(y, ) - m)®2 =V >us,

where a®? = a®a, and denoting by {)\,},>1 the nonincreasing sequence of eigen-
values of the integral operator associated with this kernel, that is the operator
Si : L*(P) — L*(P) defined by

(3.1) Spalz) = /x Rz, y)g(y)dP(y), for ge L2(P),

where P =Py = --- = P, we have:

THEOREM 3.1.  We assume (&4), (94) and (o73). Then under 74, as 1r<r1121k(n])
SYAS
— +o00,

+oo k k
=59 - 1/2 —1/2
nln = Z)‘P (k—2)Z, + Z R 2294/ Pj Y Yep | ¢
p=1 j=1 =1
L#£]
where (Yj p)p>1,1<i<k 15 a sequence of independent random variables having the

standard normal distribution and (Z,)p>1 is a sequence of independent random
variables having the chi-squared distribution with k degrees of freedom.
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Remark 3.1. This theorem generalizes Theorem 3.1 of |[14]. Indeed, if k = 2 the
previous limiting distribution is that of p=1(1 — p)~! ;;Xl’ AWy, where p = p;
(hence, p2 =1 — p), and

W, = p(l- ){ Y, + Y2p2<r+\/f>ylpy;,p}
- pw(;pyl”;*pm)

1 [1—=p [ P
+2p(1_p){\/m_ P - 1P}Y1,py2,17

2
= Z’p

with

1 1
Zp =V/p(1—p) (\/ﬁyl,p - m&p)-

Since Y7 , and Y3, are independent with standard normal distribution, it follows
that Z, has also the standard normal distribution. So, Theorem 3.1 of [14] is
recovered.

Remark 3.2. Asin [14], it is not easy to use the asymptotic distribution ob-
tained in Theorem for performing the test because it is an infinite sum and
it is difficult to determine the weights contained in it. So, one may use the per-
mutation method, or a subsampling method, for computing p-values from which
the test can be achieved. Since such methods have high computational costs, it
would be preferable to consider another test statistic for which the asymptotic
null distribution can be used for determining a threshold to which this statistic
can be compared in order to decide whether 77 is accepted or not.

4. Modified Estimator and Asymptotic Normality In this section, we
introduce another estimator of MMVD, obtained from a modification of T;, that
consists in introducing a weight in the cross-product term of , and we use it
as test statistic for testing for 7). Then, we get asymptotic normality for this
statistic, what allows to easily perform the test.

For any m € N*, letting {win(7)},<,<,, be a triangular array of positive real

numbers depending on a parameter vy €]0, 1], we consider the estimator ﬁw
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given by:
N k 2 2 9 M
oo = 3w { [l [~ 5 2 )
— L HS HS nj &
]712£;J1 i=1
) ®° <
< (R0 = 75) Vs
k k 1 n; B 1 nge 9 nj ng y
17
IERED 5 Sl BN SRR PR o SN Y
G=1¢=1 Jir=1 € =1 (AL ——

0#]

and we take it as test statistic. For obtaining its asymptotic normality, we
suppose that the used sequence of weights satisfies the following conditions:

() : There exists a strictly positive real number 7 and an integer mg such that
for all m > mg:

m <T.

1 m
— > wm(y) -1
m i=1

(%) : There exists C' > 0 such that max w,m () < C for all m € N* and all
v €]0,1]. o
() « For amy v €]0,1[, 55 550w (7) = w?(7) > 1.
A typical example of sequence satisfying the above assumption, given in [2],
is w;;m(y) = 14 (=1)!y. Other examples are w; () = 1 + sin(l7y) and
wim(y) = 1+ cos(lmy).
Putting
k k
V=2 niViiv=2_V;

j=1 j=1

and considering the maps U; and V; from X to R defined by:

2
Wj(z) =< (K(x,") =m;)? =V, (1= pj + kp;j)Vj — pjv >ns

and ,
Vi(z) =< (K(z,-) —mj)® = V;,V = p;Vj >us,

we have:
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THEOREM 4.1. Assume conditions (2#1) to (%%). Then

\/ﬁ(fm — MMVDA(Py, -+, Py; 7r)> 24 N(0,02),

; ) 2 _ VK -1_2 ith -
as 121;21@(“]) — +00, where 03 =377, 4p; 03 () with:

o%(v) = Var (uj(X{j))) + k2(v) Var (vj (Xf”)) — 200w (uj(xfﬁ), vj(xl(ﬁ)) .

J

This theorem gives asymptotic normality both under %) and under 577. If 773 is
true, then MMVD?(Py,--- ,Py;7) = 0 and v = kV. Thus, for all j € {1,--- ,k}:

2
Uj(z) = Vj(@) = (1= pj) < (K(z,-) =)¥ =V, V) >us,
where V =V, =-.. =V, and n = my = --- = my. Consequently,
~ 9 2
VT, , — N(0,03),

as min (n;) — +oo, where
1<j<k

k
o5 =4 (W) = 1) 02 et (1= py)?

with ,
®
02 = Var << (K(X{”, D - n) —-V,V) >HS) .

As 03 is unknown we must replace it by a consistent estimator in order to perform
the test. Putting

Jj=1
1 & ®
o= > < (KD —ig)
nj 1=1
. 1 ¥ ®? ?
Vo> %{S—<WZ<(K(X§J)7)—@) ,V>Hs> ,
T =1

we have:
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THEOREM 4.2. Assume conditions (271) to (2%). Then, under 74,

V=t 25 N0, 1),

Oy

as 1I§l2k(nj) — 400.

This theorem allows to achieve the test in practice. More specifically, 7 is to be
rejected when /nT, , > 5,971 (1 — a), where « is the chosen significance level
and & is the cumulative distribution function of the standard normal distribution.

Note that a more explicit expression, that can be used for concretly compute the
variance estimate from the samples, can be obtained by using (2.2) and (2.3).
Indeed, since

< (K(Xi(j), ) - r?Lj)®2 Vi>ps = i %8{_", where Sg.e = i:sgi
(=1 r=1
it follows:
T = " " M=o ™ ")

5. Simulations In this section, we present the results of simulations made
on functional data in order to investigate the finite sample performances of the
proposed tests and compare them to existing ones, namely the test of |[4] based on
GMMD and the FP test of [11]. We considered the case where X = L2([0, 1]) with
three populations (k = 3), and computed empirical sizes and powers through
Monte Carlo simulations after generating functional data according to the three
following models:

Model 1: X;(t) =t(1—t) +¢;(t), j = 1,2,3;

Model 2 :  Xi(t) = t(1 — )% + e1(t), Xa(t) = t2(1 — )* + ea(t), X5(0)
=131 —1)® + 11 (t);

Model 3 :  Xi(t) = t(1 —t)® + &1(t), Xa(t) = t(1 — )3 — t + 1a(t), X3(t)
=t(1—1)3 + ea(t);

where €1(t), e2(t), e3(t), v1(t) and v2(t) independent random variables such that
gj(t) ~ N(,t), j = 1,2,3, vi(t) ~ Exp(t) and va(t) ~ P(t). Model 1, for
which the hypothesis %) holds, is used for computing empirical size. For the
other two models %) fails; so, they are used for computing empirical power.
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We generated 2000 independent samples of each of the preceding processes in
discretized versions on equispaced values ¢y, - ,to; in the interval [0, 1], with
ty = (0 —1)/20, £ = 1,---,21. The sample sizes where n1 = ng = nz =
25, 50, 100, 200, 300. For performing our methods and that of [4], we used the
Gaussian kernel K (z,y) = exp (—0.5|z — y||?), and we computed the terms ngf
as indicated in Example[2.1] Our first test and that of [4] were performed by using
the permutation methods from which the corresponsing p-values were computed.
Our secong test was performed with v = 0.41. The nominal significance level
was taken as a = 0.05 for all tests. The obtained results are reported in Table
1 in which our tests based on and are denoted by Mla and M1b
respectively, the one introduced in [4] is denoted by M2 and that of [11] is
denoted by M3. They show that all the four methods are well calibrated for finite
samples since the obtained empirical sizes are close to the nominal significance
level, except when n = 25 for M2 and M3. Regarding the empirical power, it is
seen that Mla and M1b performs very well, and give comparable results to M2.
These three methods outperform M3 which gives very bad results for Model 3.

6. Proofs

6.1.  Proof of Theorem [3.1| For j € {1,--- ,k}, putting

7= L35 (K9, —my) ",
=1

n]‘.

we have nfn = A, + B,,, where

o = E5 () o (558 17 7)

~ A2 I~ ~2
According to Lemma 1 of (15, (n; + ny) <HVJ - VgH - HVJ - VZH > = op(1).

Since lim m; = p; and lim 7, = py lim T _pe 1
nj—=400 J Pi n;—~+o0o P ny,nj—+oo it pitpe 1+p5p, b

we deduce that A, = op(1) and that nfn has the same limiting distribution
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Table 1: Empirical sizes powers over 2000 replications for our tests based on (2.4)
(denoted by M1a) and (4.1)) (denoted by M1b), and the methods of [4] (denoted
by M2) and [11] (denoted by M3), with nominal significance level o = 0.05.

ni =ns =n3 Mla M1b M2 M3

25 0.060 0.060 0.090 0.090
50 0.050 0.060 0.060 0.070
Model 1 100 0.050 0.050 0.040 0.070
200 0.040 0.050 0.040 0.060
300 0.050 0.040 0.050 0.050
25 0.960 0.910 0.940 0.780
50 0.990 0.960 0.990 0.770
Model 2 100 1.000 0.990 1.000 0.890
200 1.000 1.000 1.000 0.970
300 1.000 1.000 1.000 0.990
25 0.980 0.940 0.940 0.080
50 0.990 0.980 0.990 0.080
Model 3 100 1.000 0.990 0.990 0.070
200 1.000 1.000 1.000 0.060

300 1.000 1.000 1.000 0.050
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than B,,. It remains to determine this later. We have :

v ~H2
i A ®2 , ®2

= 5> )< (KXD ) =mg) " =V (K(XD, ) =my) =V >2
]zlrl

8 < () v () ) v

=1 r=1
Uz Ty () ®2 , ®2 )
- Zz ( K(x9, fmj) fV,(K(Xﬁ),)fmg) V>
njnei 1r=1
1 nj nj g) ne mng © 0
= LY R (X0 ) LSS R (x(0x0)
J i=1r=1 i=1r=1
nj ng
_ Z K( (e))
77,[1 1r=1
Thus B,, = C,, + D,,, where
(6.1)
XSS R () 4 L3R (0. x)
" n; Ny
j=1 135;1 T =1 r=1 i=1r=1
and
k k nm nj mng G) ®
6.2 D, =2 K(XJ X")
(6.2) z_:z_:njnf
]7162;11 i=1 r=1

Since K is bounded, the integral operator Sy given in (3.1)) is a Hilbert-Schmidt
operator (see Theorem VI.22 in [18]). Therefore, from Mercer’s theorem (see,
e.g., [17]), we have:

400
(6.3) K(z,y) = Apep(n)ep(y)

where {e;,},>1 is an orthonormal basis of L?(PP) such that e, is an eigenvector of
Sy associated to A,. Note that, from fx K(z,y)ep(y)dP(y) = Apep(x), we get:

_ % / E(R(XD,9) epm)aP(y),

P

E (ep(Xz‘(j)))
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and since E (IN((Xi(j),y)) =<E ((K(X(é), ) - m4)®2 - V) (K (y,-) —mg)®* -
V >=0, it follows that E (ep(X(.))) = 0. From and (6.3)),

nj Nj 4oo

k k —
C, = ZZ{W ik S S hep(XP)e X<J>)}
=1

j=1 =1 r=1p=1

kk ng ng 400
+ZZ{;EZZW XW)}

j=1¢ i=1r=1p=1

+o00 k k k k 4o
_ 2
DL DI DIL L S BB DL
=1 i=1 /=1 j=1¢=1 p=1
P J = =

where U, , = \ﬁ S ep(Xi(j)). Since Z?Zl m = 1 —7;, it follows

L#j

+o00 k k
Cn = Z)‘P Z T t(1-m)) 2',17 +Z)‘ ZZUge;P
p=1 j=1 j=16=1
+oo k
(6.4) = Y N (m k-2 U,
p=1 j=1

Further, from and ( .7

71/2 n; k 1 2 ng
_22)\ Z Zep X(J) Z Zep X(tz)

Z#J

Dy,

Il

o
jilngh)

>
M-

,—IH

Eﬂ
>

[
o
(]
>
g
o
5
5
3
/—\
Nagle
:]H
E
&
S
+
[N}
AN
>
M
3
"B
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2 _ 12 _ 1wy

Then, using the equalities —2ab = (a — b)* — a® — b* and 7; ; Nk

it follows

k

“+o0 k 1— 7.
D, = M2y U+ LU,

=1

2 2

+o0 k

(6.5) 3N Z P B I E i
p=1 7j=1 j=1

Using (6.4) and (6.5), we get

=

2
+oo k k
By = Y M (wt k) U L+ [N 7,
p=1 j=1 j=1
2 2
400 k k
—1/2 /2
a L N DL I DB A
p=1 j=1 j=1
+oo
= D NP (U
p=1
where Uy, , = (Un, p, -+, Un,,p) and ®,, : RP — R is the map defined by
2
k k
- —-1/2 _ _1/2
Z(W]1+k)l'§+ Z(?TJ / —7Tj/ )J}j
j=1 j=1
2 2

k k
—1/2 1/2
E 7T'j Xy — E 7Tj Zj s
j=1 j=1

where z; is the j-th component of x € R?. Since for any (j, /) € {1,2,--- , k}?
with j # £, Up; , and U, , are independent, we get by the central limit theorem,

Un; p 4 Y;» as n; = 400 where Y, ~ N(0,1), and Y, and Yy, are indepen-

dent if j # £. Consequently, U, , =A Uy := Y1, -+, Yip) as lgljgk(nj) — +o00.
SVAS
So, considering the map ® : RP — R defined by
k k 2
_ —1/2  1/2
D5tk | D0 = i)y
j=1 j=1
2 2
k k

o DRl B DIVl I

Jj=1 Jj=1
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we will show that

+oo
(6.6) B, 2 Z)\p@(up) as  min (n;) = +oo0,

1<5<k

what leads to the required result since

k

k
DU, = Z (o5 +k—2) Y2, =235 020 2Yi ey

j=1 j=114=1
3

k
= (k=024 30 |0V, - Z Lo Vi |

;s

where Z, —ZJ VYR, ~ X

We denote by ¢ the characteristic function of the random variable U. The
proof of will be obtained from three steps.

q
First step: We put S5 = > A ®(Uy,p) and we show that for all e > 0 and all

t € R, there exists ¢ € N* such that ‘@Bn (t) — Pgl (t)‘ < g for n; large enough
(j=1,--+,k). Using the inequality |e’* — 1| < |2| for all z € R, we have for any

teR:
)gE(e

¢B, (t) = Pg@ (t)‘ < E ( itBn _ itSP
—+00
< HE([By—S]) <ltl 3 ME(2a(ln,))-

it(Bn—S{) _ 1))

p=q+1
On the other hand, we have
k k 2
B (| < Y HREUR L) HE| D =1
Jj=1 j=1

2 2

k k
[ (S, | e[ (Snv,
: p
Since E (eg(xﬁ))) =1andE (ep(X§j>) ep(Xﬁf))) = 8:r6;¢, it follows:

E(U2,) = Z]E( )+EZZE(EP N ep(XP)) =1

,¢1
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and for j # ¢,
1 nj ng )
E (Un, pUnep) = —m= 3 DB (p(X17) e (X1)) =0
I =1 r=1
Therefore,
2
k
—-1/2 1/2
E Z (ﬂ-j / J/ > U”JJ)
j=1
k E k
(1— ;)2 (1 — ;) (1 — mp)
= Z = . E( 7213717) +ZZ ]’7‘1"71' E (Un;.pUni.p)
— J 1 g 37e
=i
k
_ Z (1- 77])2
= T
2
k
E| | Dom U,
j=1
k ko k k
YR (U)X Y A E W i) -
j=1 j=16=1 j=1
2
k
1/2
E Zﬂj/ Un;.p
j=1
k E ok
= Y B (VL) + M B (U Uns) = 1,
=i

and, consequently,

k 2
E (1%, (U.,)) < Z(w;wm“‘?“ﬂj)
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Since limy,; 400 (377]._1 +2m;+k— 2) = 3/)]._1 +2p; +k —2, there exists ng e N*
such that, for any n; > n?, one has 37rj_1 +2m+k—-2< 3pj_1 +2p;+k—1.
Hence, for ny > nd, -+ ;n, = nd, E(|®,(Uy,p)|) < Zle (3p;1 +2p; +k—1)
and, consequently,

k +oo
¢s,(t) — sﬁsgp(t)‘ <D Bpt+20,+k=2) D A
j=1 p=q+1

Since Z;:i Ap < 400, one has limg_, | oo ‘(an (t) — P (t)‘ = 0. So, there exists
go € N* such that, for any ¢ > qo,

(6.7) |05, () — 050 )| < 5.

Second step: We consider S; = ZZI Ap®(U,) and we show that we have
S 4 S, as 1I<111£1k( ;) — +oo. It suffices to show that sS4 — S, converges in
<<

probability to 0. Clearly,

(6~8) ’S’I(ZQ) - Sq‘ < Zq:)‘p(lq)n(un,p) - q)(un,p)l + |(I><un7p) - (I)(up)l )
p=1

Moreover, by using a? — b? = (a — b)% + 2b(a — b), we get

|(I)n(un7p) - (b(un p)|

)

k k
<{ Sl -al+ Z
j=1 j=1

1—=pj
\F \ﬁ

1—7Tj_1—pj

ay 3yt

j=1¢=1

-0 | 22,2 0 :

E
Ea

+
SRl

<
I
—

—1/2 —1/2
J

2

k Kk
ST | RS B
j=1¢=1

6.9  +

(R

1/2 1/2 2
g = o3| sl
1

J

where || - ||g» denotes the Euclidean norm of R?. Since U, , converges in distribu-
tion to U,, we deduce from , and of the continuity of ® that SfLQ) -5
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converges in probability to 0 as 1r<nl£1k(nj) — 400 and, therefore, that ST(LQ) 2 Sy
I
as 1m_in (n;) = 4o00. Thus, there exists Ny such that, for 1g11£k(n]) > Ny, we
NYA IIX

have

(6.10) Py (t) — s, (t)| <

W ™

Third step: We put S = Z;’:{ Ap®(U,) and we show that S, 4 S as q — +oo.
We have:

+oo
|os,(0) —s(®)] < E([e" =) PE(S, — S <[t] Y ME(2U))

p=q+1
and
2
k k 1-p;
E(oW)) < D (o5 +k) ENZ)+E[ D —2V,
j=1 j=1 \/E
2 2

k k
~1/2 1/2
+E E :pj / Yip +E E pj/ Yip
j=1 j=1

Since E (Y} ,Yep) = 6, it follows

2
k
1—pj (1—py)?
E Jy. _ i) | (y2
j; \/ij 1P ; pj ( pr)
E k
(1—p;)( — pe)
+ E(Y;pYep)
_ Z (1- pj>2
=1 P
2
k k k k
—1/2 — —1/2 —1/2
B ij / YJ"P = ij 'E (YJQP) +Zzpj / Py / ]E(Yj,pyf,p)
j=1 j=1 j=1¢=1
L#£35
k
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and

M»

k
E Zpl/Q = ij]E (Y +
j=1

k
1/2 1/2
Zp/ PPE(Y;pYep) = 1.
1621

J

Hence, E (|2(U,)|) < Zf:l {Bpjl +2p;+k— 2} and

k oo
s, (1) —ps()] <Y {3pj1 +2p;+k — 2} S

J=1 p=q+1

Since Z:ﬁ Ap < 400, we deduce that limg, 1o |¢s, (t) — @s(t)| = 0. So there
exists g1 € N* such that, for any g > qi,

(6.11) |05, () = es(t)] < .

Finally, putting u = max(go, 1), No = max(n,--- ,n?) and using ,
and (6.11] -, we deduce that if min;¢;<r(n;) > max(Noy, N1) then

|<an (t) - @S(t” < ’@Bn (t) — (pST(lu) (t)’ —+ “ps,ﬁ“’ (t) — ¢s, (t)‘
+lps, (t) — ps(t)] < e.

This shows that holds.

6.2. Technical lemmas In this section, we give useful lemmas for proving Theo-

2 2
2 R(n > > ng
rem! Let A = IV = Vellus, Aié)(” B H‘/jHHS+HwHHs_% 2 i1 Wi, (7)
2

. ® —~ ~(n
< (KK =mg) Vi s and Un = Vi S50 Sy (B570) = 850
J

then we have:

LEMMA 6.1. Assume (A) to (). Then,
N (Tm — MMVDA(Py, - -- ,Pk;w)> = U, + op(1).
Proof. Clearly, we have the decomposition

Vit (T = MMVD2(Py, -+ By m) ) = Uy + €,
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where ¢,, = ﬁZle E%}(m — pe) 3;"2 (7), and it remains to prove that €, =
op(1). Since €, = €1, — €2, Where €1, = ﬁZ?Zl Z%}(W — pe) H‘A/J - @“%{S
and

nj

k 2
:\/ﬁzz (me—pe) {nl»Z(wi,n_,»('Y)_l)<(K(Xz'(j)a')_mJ')@ "74>HS}7

=1t i=1

it is enough to prove that €; , = op(1) and €2, = op(1). It is known from [13]

(see the proof of Proposition 12) that H‘A/j - V]H . Op(nj_l/Q). Then, using
H

the inequality

~ ~ |12 ~ 2 ~ 12
5= <a([7 -l - vt =74
[ = Tl < 4 75 = V3 4 195 - el + - 7

and Assumption («73), we deduce that each \/n(m; — p) H‘//\; - ‘75”%15 converges
in probability to 0 as 1111112k(nj) — 400 and, consequently, that €1, = op(1).
YA

Using the Cauchy-Schwartz inequality, the equality

(K(Xi(j),') —ﬁ%‘>®2
= (KX —m) T (KK, m) © (m, )
(6.12) o+ (my = i) @ (KX, ) = my ) + (i = my)®

the properties (a ® b)" = (b®@a), [la®@bllus = flallsc[[blloc, | T]lus = |7 [us and
the inequality [[Vellus < [|Ve = Vellus + [[Vellus, we get

Vit - po) {nl 5 i, () 1) < (KX =) >Hs} |

J =1

< Ep +2F, + Gy,
where

% i (wim, (1) — 1) (K(ij)’ ) - mj>®2

J =1

E, = |Vn(m—po)

{1
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ny

5 (i, (1)~ 1) (KX, —m))

nj iz

|\/ﬁ(7T£*P£)| |72 — myllqe

H

\7—VH % ,
<{ -, +1 ean}

nj
§ w’b n7

Gn = |m—pel |—

) s = il 9= Vi + ¥l

e -m)”

= xx?,) —m||| <2l|kx@, | 2 pmy)2
(X7, mjg{\ (i?)g{—'— llmll5¢

HS

= 2K(X7, X)) 4 2lmy 1%,

N

2
2||Klloe + 2 [Im;ll5

we deduce from Lemma 1 of [16] that

1 i ) ®2
=3 (win, (1) = 1) (KX ) =my) || =o0p()
7 =1 HS
and W
1 J
=3 (win,(0) = 1) (KX, ) =my) [ =op(1).
(L 5
These properties, together with (2%) and the properties HVZ VEH = Op(n —1/2)

and [|f; — mjll4 = Op(n; -1z ), obtained from the central limit theorem, allow
to conclude that E,, = 0p( ) and F,, = op(1). Further, using (&) we get

Vi 1 N
6.13 -— im; = — Ty < —7=—=
613) | ;(w, () vn nj;w () Y
for n; large enough. Then, since lim,; ;o 7; = p; for any j € {1,---,k}, it
follows that G,, = op(1). So, we have proved that ez, = op(1). O

Now, let us consider:

M=

k ~ 2 ~ 2
P = m ng{uvjvju + |- },
== HS HS
k k R R
Ty, = ﬁZmeVj—vj,w—v@m,

I
-

=

J o+

g,_.
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Then, we have:

LEMMA 6.2. Assume (4) to (). Then, for anyl € {1,2,3}, one has Ty, =
Op(l).

Proof. Since H‘/}] — VJHHS = OP(TLJ»_l/Q) for any j € {1,,---,k}, it can be

~ 2
deduced that \/ﬁ‘ V; =V, . OP(%?). Then, the property limy,; 4o ‘7{—? =0
allows to conclude that ‘ \7] -V s op(1) for any j € {1,,--- , k}, what yields

I'1,, = op(1). Using the Cauchy-Schwartz inequality, we obtain

k k
< A, J— . % —_ .
o] < ;; o (Valv-vil| |-l )

LH£]

Since /i
A~ e n
V[V = V=il = or 2.
it follows from lim v __ _ () that

nj,Mg—>+00 \/niﬂ/nie
Vi 7 =i |y [ 7= Ve g = 2rt)
HS HS
and, therefore, that I's ,, = op(1). Further, using the Cauchy-Schwartz inequal-

ity, the equality ([6.12)) and the properties of tensor product and Hilbert-Schmidt
norm used in the proof of Lemma we get |I's | < Hy + 21, + J,,, where

k k n; ) 2
He = S0 23w 0) - 1) (KX, — )
j=1 l;;} J =1 HS
v (=)
k k 1 n; '
L= 33 e D (i, (1) = 1) (KX, ) —my )
j=1 52;]1 7 i=1 5

<l = mjlac ||V (Ve = V) |,
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~ 2 >
s W = sl [ = Vel + 15l s |-

From the proof of Lemma [6.1

j

TS (i, () - 1) (KX, ) = my) " | =op()
L=t HS
and N
LS im0 - 1) (KD, )| = 0n)
T i=1 5

These properties, together with the equalities H\/ﬁ (f/\'g — Vg) HHS = Op(ﬂ[l/g)
and ||m; —mjll, = Op(n;1/2) allow to conclude that H, = op(1l) and I,, =

op(1). Further, using (6.13)) and ||m; — ij?{ H‘A/g - VgHHS = Op(nj_1n;1/2)7 we
obtain J, = op(1). O

Further, putting

k k n; 2
2 ; \®
P = VA Yo 23 < (KO =) 1Y s
j=1 z;:_l 7 =1
2 Ny R ®2
+— < (K(Xi(e)a )= mz) — Ve, Ve >us
e 1=1
2 ny R ®2
*EZ < (K(Xi(é)v') *mz) — Vi, Vj >ns }
=1
and
k k 9 n; 2
R0 M2 > SR (I U A
J=11=1 7 =1
£ j
2 ne ®2
+n7 < (K(Xi(é), ) = me) — Vi, Vi >nus
¢ =1

2 i < (K(Xi(g),-) —mz)®2 - Ve, Vj >ns },

we have:
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LEMMA 6.3. Assume (@A) to (). Then, Ty, = Ay +0p(1).
Proof. Using , we get I'g , — Ay, = 26, where
k k nj
b = VDD pe [Tj Z{ < (K@) =my) @ (m; — ), V; >
=1

j=1 (=1 i=
J L#£j5

+ < (mj — ﬁl]) ® (K(Xl(j), ) — mj> ,Vj >HS
~ ®2
+ < (mj —m;)” ,Vj >us
1 ) R
+— < | K(X;7,) —me) ® (me —me), Ve >ns
+ < (me =) @ (K(X[,) =me) Vi >ns

~ ®2
+ < (Mg —me)” , Ve >ns

Ly { < (KXY, ) = me) © (me — ), V; >ns

ko k
= \/ﬁzng{ < (T?Lg 7mg)® ,V}' — Vi >us — < (m] 7mj)® ,V}' >HS }
=
Using the Cauchy-Schwartz inequality and a property of the Hilbert-Schmidt
norm recalled in the proof of Lemma [6.1] we get

k k

16| < Zzpe{\/ﬁnﬁu —mell3 1V; = Vallys + Vol — m; |5 1Villys }

j=1¢=1
J L#£j5

Since /n||m; — mj||§( = Op(yv/n/n;) and lim,, o (v/n/n;) = 0, we deduce
from the preceding inequality that J,, = op(1). O

Finally, putting

k k nj 2
2 ; \®
Ds=Vn)_ > pe {n Y wim, () < (K(Xi(])v') - mj) = Vi, Ve >HS}
j=1¢=1 7 =1

27
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and
k k 9 n; ) ®2
On=vn>_ > p {nzwznnj(v) < (K(Xf])w) —mj) ~ Vi,V >HS} )
j=1 IE} J =1
we have:

LEMMA 6.4. Assume (24) to (o). Then, I's ., = O, + op(1).
Proof. Using (6.12)), we get I's ,, — O,, = 2, where

i=1t=1 i=1
® (mj —m;), Ve >us
_ 1 & :
+ < (mj —my;) @ (n- Z (win, (v) — 1) (K(Xi(])7 )= mj)) , Ve >ns
J =1

~ ®2 1 -
+ < (mj —my)® Vi >ns (m;wmj(v)—?) }

Using the Cauchy-Schwartz inequality and a property of the Hilbert-Schmidt
norm recalled in the proof of Lemma[6.1] we get

k k
Gl < ZZpe{2ﬁ||mj—mm
j=1¢=1

[

j

=3 (i, () = 1) (KX = m,)

J i=1
+1) }IIVeIIHs-
nj

> (win, () = 1) (KX, = mj ) llse = op(1).

i=1

~ 2
+Vn iy —mjlls, (

1 &
2w, () — 1
J i=1

From the proof of Lemma [6.1] we have

1
I
J
Further, using (6.13), we see that ‘7%2221 Wi, (V) — 1’ is bounded. These
J
properties, together with the equalities
- —-1/2
V|| —mjg = Op(m; %)
and
~ 2
vl —mjll5e = Op(v/n/nj),
-1

with limg,; 4o (7rj ) = ,0;1 and lim,, 1o (v/n/n;) = 0, allow to conclude
that ¢, = op(1). O
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6.3.  Proof of Theorem From Lemma [6.1] and Slutsky’s theorem it is seen
that the sequence /n (ﬁw — MMVD?(Py, - - - ,Pk;ﬂ)> has the same limiting
distribution than U,; therefore, it remains to derive this latter. From easy
calculations, we get U,, =TIy ,, —2I'2, —2I'3 , + 14, —I's ,. Then, using Lemma,
Lemma and Lemma we obtain U, = A,, — ©,, + op(1), from what it
is deduced that the required limiting distribution is the same as that of A,, — ©,,.
However, inverting sums in the second and third terms of A, yields:

k n; 5 k
- 1 ; ®
Moo= Yoo P < (KD =) =V | e | Vi s
j=1 7 =1 1
(]
k 1/2 1 g © ®2 k
+227T€ \/7172< (K(Xz 7')_m€) - Vi, Zl peVe >us
(=1 i=1 ].:l}
i#
k 1/2 1 e © ®2 k
=Y om P S < (KX ) = me) T = Viope 3V s
AL

- Z 1/2}Z<(K<X£j>,->—mj)®2—vj,u—pj)vj>Hs
j=1 i=1

n 2

k ‘
T 1 Z ( XZ-M)")—W)@ — Vi, (k = 1) peVe >us
/=1

1 &

k 2
_ —1/2 1 @ 5_ .\ _
Z:lzwg W; < (K(Xl ) mz) Vo, pe (v — Vi) >ns

"

k 2
Z _172 1 Z i ®
B j=1 27Tj / Tnj i=1 = <K(Xi(])’.) 7mj) = Vi (L= p 4 kpy)Vi = pjv >ns

k

= Y o -1/2_ 2 Zu (Xu))

j=1



HOMOGENEITY TESTS BASED ON MULTIPLE MAXIMUM VARIANCE DISCREPANCY 73
On the other hand,

k n; N L
_ 1 ' . ®
On = Z27Tj v Zw“h ('Y) < (K(Xi(j)7 ) - mj) - VjaZMVé >HS
j=1 YAkt =
0#]
71/2

1 nj ) ®2
T D, (1) < (K(XD,2) = m;)
_ ] i=1

M;r

= V5,V —p;Vi >ns

IIM?T' |

2L 1 wa ( <a>)

Hence

k
(6.14) => 2y,

j=1

where Y,, j » = \ﬁ ST AU (X)) — Wi, (7)V; (Xi(j))}. By similar arguments
as in the proof of Theorem 1 in [15] we obtain that, for any ¢ > 0

lim
n;—+oo

2
Wj () —w; (V)V‘(UC)) dP-(x)) =0,
< ’”Z/m I ( wi,nj(w>vj<x>|>esn,j,w}< ! ! ’

where 57 . =", Var ( -(X.(j)) — Wi, (7)V; (Xi(j))> Therefore, by Section
1.9.3 in [19] we get /R anmlgnﬂ 4 N(0,1) as n; — +oo. However,

(ﬁ) - Var(“f<Xf”>)+(;iwinxv)) Var (v;(x7))

( sz n; ) Cov (u ( fj))vvj(Xl(j))) 5

. . — 2
then, using (&) and (%), we get "le—l>n-‘y}00 (nj 15721%7) = 03(7). Hence, Y j, =

N (0 aj( )) Since Yy, .~ and Yy ¢ 4 are independent when j # ¢, we deduce from
6.14)) and from

111{1F (mj) = p; that A, — O, 4N (0703/) as min; < (nj) —
nj—>+00
+00, where 03 = 3% 4p; Lo2(y).
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6.4. Proof of Theorem It is enough to prove that, for any j € {1,--- ,k},
the sequence 9?- converges in probability to 62 as n; — +00. Indeed, in this case
62 converges in probability to 62 Z?Zl pj = 62 since limy,; 100 T; = pj, and thus

83 converges in probability to 03. We have 93» =6? i 03 ;j» where

n.;

52.=i2<(1<(x@ .)—m-)®2 =
1 i J ’ HS

i=1
and
. 1 & \®?
27J—fz<<K(XJ),)—mJ) ,V >us .
J =1
Clearly,
1 nj ) ®2
é\ij = < (K(Xz(])v ) T/ﬁ]) aV -V >12{S
nj =1
1 ¢ ) ’
- K X_J -~ V 2
+nj p < ( ( i ) m]) ’ >HS
"
2 J . . ®%
=Y < (K@) —iwy) V=V s
J =1
. ®?
(6.15) x < (K(XZ-(J),~) —mj) V >us,

and using the Cauchy-Schwartz inequality, a property of tensor product recalled
in Lemma the reproducing property of 3 and assumption (), we get

1 X , \®%
;Z< (K(Xl(])v)_m]) aV_V>%IS
J =1

N

1 X G 4~ 2
y 2w =l [7-v]
n‘]z—ZlH (X = my 5 HS

5
4 ¢ () P vl
<3 (e =+ mtte) [7 -

2 4 ~ 4 > 2

(6.16) < (16112 +16 s 3 + 4 1725 = ms30) [V = v

. o~ k > k k >
sivee [P V], = [S5m¥ - il < S (w0 [+

- 0n(

175 = pil 1 Villgs ) ,and limy,, 1 o m; = p; together with 7;||V; =V}
H

)
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and lim = 0, we deduce that || V=V |lus= op(1 ). An use of this prop-

nj—r+0oo \/T
erty together with ||m; — m]H}C =Op(n _2) in (6.16) yields

(6.17) n—]Z ( KXY, —ﬁzj)® V=V >26=op(1).

=1

From similar reasoning than above, we obtain

2 nj ) R ®2 R ‘ ~ ®2
;Z<(K(X§J),-)—mj) ,V—V>Hs<(K(X§”,-)—mj) V >us
J =1
4
<— (HK X0, mJH +||m]—mj|3{> 7=V, Vi
J =1

2 4 ~ 4 17
< (1611512 + 16 [lm; 13 + 4 g —mslls) |7 = V|| IVl

from what we deduce that

2 nj ®2
o < (K(Xi(]), ) — T?lj) V -V >us
J =1
Wy~ \E
(6.18) x < (K(Xi ) —mj) V >us=op(1).
Further,
1 nj R 2 1 nj 2
—y < (K(X“), )—m]) Vb —— > < (K(Xf”, ) m]) V >2 ‘
J i=1 J i=1

(K(Xi(j), ) ﬁzj)®2 B (K(X-(j), ) - mj)®2

< LZ Z

L% Rt HS

. 2
{2 =]+ [ = m[) i

1 n; ) ®2 ) ®2

< — KX =) — (KX, —m
. 7 J 7 J
n; HS

2 2
x {6 1K +2Imsl3 } IV I
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and using (6.12) we get
RS @Dy~ \® ) &
. K(Xij’)_m K(Xijﬁ)_m
L3 ) )
1 ) -~
<— K(XP,2) —m;) - H
nj;{H( (X7 ) =m;) @ (m; —ig) |

. 2
- o

o)

1 nj . N N 5
= =332 KD ) =g | N = myllye + g — mj 3
n; =1 H
1/2 ~ ~ 2
6:20) <2 (KL + lmy o) 1 = m o + s =y

. ] ®? ) ®2
This allows to obtain % S ‘ (K(Xi(?)’ D= mj) - (K(XZ_(J)’ N - mj)

= op(1) and, from (6.19)), to conclude that

HS

j 2

1 : ®
;Z< (K(Xz(])7)_mj> 7V>12-IS
J =1
RS ) @
(6.21) ——> < (K(X/ ) — mj) V52 | = op(1).

Therefore, from (6.15), (6.17), (6.18) and (6.21)), it follows:

1 nj . ®?
02 — — < (K(XZ.(]), )= m_j) ,V >12{s +op(1).

1,5
N
J =1

Then using the law of large numbers and Slutsky’s theorem, we deduce that @% j
) ®?2

converges in probability to E (< (K(ij), )= mj> ,V >12{S) as n; — +00.

On the other hand, using (6.17) we get

é\ZJ = - < (K(ng),-)—rﬁj)®2,17—V>HS
1 6 @
+7Z<(K(Xi v')‘”%) ,V >us

1”]’ 2

= Y < (K(X@, ) - mj)® ,V >us +op(1).
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Further, an use of the Cauchy-Schwartz inequality and (6.20) gives

1 n; ) R ®2
- < (K(XZ.(]),-) —m]) ,V >us
J =1
1 nj ) ®2
= =< (K(Xij ) —mj) V >nus +op(1)
J =1

2

~ ) . ®
and, therefore, f5; = -3, < (K(X}J),-)—mj) ,V. >ns +op(1). By
the law of large numbers and Slutsky’s theorem, §2’j converges in probability
. ®? ~
to E << (K(ij), )= mj> V >HS> as n; — +oo. Finally, 0?- converges in

probability, as n; — +o0, to

) ®2
0 = E << (K(ij)r) —mj> v >12Hs>
®? 2
(B (< (KO = m) v o)
() @
= Var(< (K(X1 ,-)—mj> -V, V >ug

62

Since under .7 we have 65 = 62, we have shown that 67 converges in probability,

as n; — +00, to 6.
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