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Abstract. This paper deals with the problem of testing for the equal-

ity of k probability distributions on Hilbert spaces, with k ⩾ 2. We intro-
duce a generalization of the maximum variance discrepancy called multiple

maximum variance discrepancy. A consistent estimator of this measure is

proposed as test statistic, and its asymptotic distribution under the null
hypothesis is derived. Since this asymptotic distribution is that of an in-

finite sum of random variables, we then propose another test statistic ob-

tained from an appropriate modification of the first one, and we get its
asymptotic normality both under homogeneity hypothesis and under the

alternative hypothesis, so introducing a faster test for homogeneity of dis-

tributions of random variables valued into a Hilbert space. A simulation
study investigating the finite sample performances of the two introduced

tests and comparing them to existing ones is provided.

Résumé. Cet article considère le problème de test d’égalité de k lois

sur un espace de Hilbert, avec k ⩾ 2. Nous introduisons une généralisation
de l’écart maximal de variance appelé écart maximal de variance multiple.

Un estimateur convergent de cette mesure est proposé comme statistique de
test, et sa loi asymptotique sous l’hypothèse nulle est déterminée. Puisque

cette loi limite est celle d’une somme infinie de variables aléatoires, nous

proposons ensuite une autre statistique de test obtenue à partir d’une mo-
dification appropriée de la première statistique, et nous obtenons sa nor-

malité asymptotique aussi bien sous l’hypothèse nulle que sous l’hypothèse

alternative, introduisant ainsi un test plus rapide d’homogénéité de lois de
variables aléatoires à valeurs dans un espace de Hilbert. Une étude par si-

mulation, permettant d’apprécier les performances des deux tests proposés

et de les comparer à des tests existants, est fournie.

1. Introduction Thanks to recent advances in data storage and processing,
functional data are frequently encountered in a wide range of scientific fields, in-
cluding environmental science, finance, genetics, biology, geophysics, image and
signal processing, to name just a few. Statistical modeling related to this kind
of data leads to random variables valued into Hilbert spaces which is of growing
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interest since the last two decades. One important statistical inference prob-
lem for this kind of variables is that of testing homogeneity, i.e. the equality
of the distributions of the variables that are considered. However, most of the
works considering this problem in the context of functional data analysis propose
methods which boil down to tests for the equality of certain characteristics of the
distributions of the concerned functional variables such as means or covariance
operators (e.g., [1,5,6,8,20]). On the other hand, the framework of kernel-based
methods, that is methods based on kernel embeddings of probability measures
in reproducing kernel Hilbert spaces (RKHS), allowed the emergence of powerful
statistical inference methods for variables of the aforementioned type, includ-
ing tests for homogeneity. More specifically, the maximum mean discrepancy
(MMD) has been introduced in [12] for testing the equality of two distributions
for which independent samples are observed. It has been extended later in [4] to
the multiple case, that is the case of more than two distributions, through the
introduction of the generalized maximum mean discrepancy (GMMD). Recently,
a novel discrepancy measure, called maximum variance discrepancy (MVD), was
introduced in [14] and used for testing the equality of two distributions, so leading
to a new testing procedure which is shown from simulations to be more powerful
than the one based on MMD. Therefore, there is an interest in extending this
measure to the multiple case. This is what is done in this paper via the multiple
maximum variance discrepancy (MMVD) that we introduce in Section 2. We
then propose a consistent estimator of this measure as a statistic for testing ho-
mogeneity, and we derive its asymptotic distribution under the null hypothesis
in Section 3. This distribution is that of an infinite sum of random variables
and, therefore, can not be used for performing the test, so that one may be
forced to resort to methods with high computational cost such as permutation
or subsampling methods for achieving the test. Faced with a similar problem
with the classical estimator of MMD, [15] adopted an approach, first introduced
in [2], allowing to obtain asymptotic normality, both under the null hypothesis
and under the alternative, for an estimator obtained from a modification of the
first one. This approach was also used later in [3] for the case of GMMD. In
this paper we adopt this approach for MMVD, so introducing in Section 4 an-
other test statistic obtained from an appropriate modification of the first one.
Asymptotic normality for this second statistic is the obtained both under the
null hypothesis and the alternative one. This allows to propose another test
for homogeneity of random variables valued into Hilbert spaces. Section 5 is
devoted to the presentation of simulations made on synthetic functional data in
order to appreciate the finite sample performances of the introduced tests, and
to compare them to existing ones. All the proofs are postponed in Section 6.

2. The MMVD and Its Estimation For k ⩾ 2 and j ∈ {1, · · · , k}, we
consider a random variable Xj valued into a separable Hilbert space X and
denote by Pj its probability distribution. We want to define a measure of the
discrepancy between P1, · · · ,Pk. For doing that, as it is usual in kernel-based
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methods, we will embed these distributions into a RKHS, so that the discrepancy
between them should be measured by that of the resulting embeddings. So, let
H be this RKHS; it is a Hilbert space of functions from X to R, endowed with
a inner product < ·, · >H and associated to a kernel K : X2 → R, satisfying:

(i) for any (x, y) ∈ X2,K(x, y) = K(y, x);
(ii) ∀x ∈ X, K(x, ·) ∈ H;
(iii) ∀f ∈ H, ∀x ∈ X, f(x) =< K(x, ·), f >H.

Assuming that K satisfies the following condition:

(A1) : ∥K∥∞ := sup
(x,y)∈X2

K(x, y)<+∞,

we consider, for any j ∈ {1, · · · , k}, the mean and covariance operator embed-
dings defined as

mj = E (K (Xj , ·)) and Vj = E
[
(K(Xj , ·)−mj)

⊗2
]
,

where ⊗ is the tensor product such that, for all (a, b) ∈ H2, a⊗ b is the operator
from H to itself which satisfies (a⊗ b) (f) =< a, f >H b, ∀f ∈ H, and for any

vector a we denote a⊗
2

= a⊗ a. It is known (see, e.g., [9, 10]) that under (A1),
Vj is an Hilbert-Schmidt operator.

For the case of k = 2, the maximum variance discrepancy (MVD) was introduced
in [14] in order to measure the discrepancy between P1 and P2. For dealing with
the multiple case, we introduce below the multiple maximum variance discrep-
ancy (MMVD) which is an extension of the MVD to the case of more than two
populations.

Definition 2.1. The multiple maximum variance discrepancy (MMVD), re-

lated to P1, · · · ,Pk and π = (π1, · · · , πk) ∈ (]0, 1[)k with
∑k

ℓ=1 πℓ = 1, is the
positive real number defined by

MMVD2(P1, · · · ,Pk;π) =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ ∥ Vj − Vℓ ∥2HS,

where ∥ · ∥HS denotes the Hilbert-Schmidt norm of operators.

This MMVD, which definition recovers that of MVD given in [14], measures the
discrepancy between the distributions P1, · · · ,Pk. So, a consistent estimator of
it can be used for testing for homogeneity, that is testing for the hypothesis

H0 : P1 = P2 = · · · = Pk against H1 : ∃ (j, ℓ) ∈ {1, · · · , k}2, Pj ̸= Pℓ.
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More specifically, for j ∈ {1, · · · , k}, letting {X(j)
1 , · · · , X(j)

nj } be a i.i.d. sample
of Xj , we consider the empirical estimators of mj and Vj defined, respectively,
as

m̂j =
1

nj

nj∑
i=1

K(X
(j)
i , ·) and V̂j =

1

nj

nj∑
i=1

(
K(X

(j)
i , ·)− m̂j

)⊗2

which lead to the consistent estimator T̂n of MMVD2(P1, · · · ,Pk;π) given by

T̂n =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

∥∥∥V̂j − V̂ℓ

∥∥∥2
HS

,

where πℓ = nℓ/n with n =
∑k

j=1 nj . This statistic can, therefore, be used as test
statistic for testing for homogeneity. Note that a more detailed expression, that
can be used for computing concretely T̂n, is obtained from an expansion using
properties of the tensor product ⊗, the reproducing property of H and the inner
product < ·, · >HS defined by < A,B >2

HS= Tr(AB∗) and which induces ∥ · ∥HS.
Indeed, we have

(2.1)

T̂n =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

{∥∥∥V̂j

∥∥∥2
HS

+
∥∥∥V̂ℓ

∥∥∥2
HS

− 2

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ >HS

}
,

and using the tensor product properties: (a ⊗ b)∗ = b ⊗ a, (a ⊗ b)(c ⊗ d) =<
a, d >H c⊗b and Tr(a⊗b) =< a, b >H (see [7]), we get for any (j, ℓ) ∈ {1, · · · , k}2
and any (i, r) ∈ {1, · · · , nj} × {1, · · · , nℓ}:
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<
(
K(X

(j)
i , ·)− m̂j

)⊗2

,
(
K(X(ℓ)

r , ·)− m̂ℓ

)⊗2

>HS

= < K(X
(j)
i , ·)− m̂j ,K(X(ℓ)

r , ·)− m̂ℓ >
2
H

=

(
< K(X

(j)
i , ·),K(X(ℓ)

r , ·) >H − 1

nℓ

nℓ∑
q=1

< K(X
(j)
i , ·)K(X(ℓ)

q , ·) >H

− 1

nj

nj∑
p=1

< K(X(j)
p , ·),K(X(ℓ)

r , ·) >H

+
1

njnℓ

nj∑
p=1

nℓ∑
q=1

< K(X(j)
p , ·),K(X(ℓ)

q , ·) >H

)2

(2.2)

=

(
K(X

(j)
i , X(ℓ)

r )− 1

nℓ

nℓ∑
q=1

K(X
(j)
i , X(ℓ)

q )− 1

nj

nj∑
p=1

K(X(j)
p , X(ℓ)

r )

+
1

njnℓ

nj∑
p=1

nℓ∑
q=1

K(X(j)
p , X(ℓ)

q )

)2

= S
jℓ
ir ,

where

(2.3) S
jℓ
ir =

(
K

jℓ
ir −

1

nℓ
K

jℓ
i� −

1

nj
K

jℓ
�r +

1

njnℓ
K

jℓ
��

)2

with

K
jℓ
ir = K(X

(j)
i , X(ℓ)

r ), K
jℓ
i� =

nℓ∑
q=1

K
jℓ
iq , K

jℓ
�r =

nj∑
p=1

Kjℓ
pr and K

jℓ
�� =

nj∑
p=1

nℓ∑
q=1

Kjℓ
pq.

Hence

T̂n =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

 1

n2
j

nj∑
i,r=1

S
jj
ir +

1

n2
ℓ

nℓ∑
i,r=1

Sℓℓir −
2

njnℓ

nj∑
i=1

nℓ∑
r=1

S
jℓ
ir

 .(2.4)

Example 2.1. This formula is easily applied to the case of functional variables.

Indeed, if the X
(j)
i s are functional variables belonging, for instance, in L2([0, 1])

and observed on points t1, . . . , tN of a fine grid in [0, 1] such that t1 = 0 and
tN = 1, the statistic in (2.4) can easily be computed or approximated, depending
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on the used kernel. Its computation is obtained from that of Kjℓ
ir . For example,

if the Gaussian kernel is used, one has

K
jℓ
ir = exp

(
−ω2∥X(j)

i −X(ℓ)
r ∥2X

)
= exp

(
−ω2

∫ 1

0

(
X

(j)
i (t)−X(ℓ)

r (t)
)2

dt

)
,

where ω > 0. This can be approximated by using trapezoidal rule, so leading to

K
jℓ
ir ≃ exp

(
−ω2

N−1∑
m=1

tm+1 − tm
2

((
X

(j)
i (tm)−X(ℓ)

r (tm)
) 2

+
(
X

(j)
i (tm+1)−X(ℓ)

r (tm+1)
)2))

.

3. Testing for Homogeneity In this section, we consider the preceding
estimator as test statistic and we derive its asymptotic distribution under H0.
We assume that the observed i.i.d. samples satisfy the following conditions:

(A2) : X
(j)
i ⊥⊥ X

(ℓ)
r for j ̸= ℓ and (i, r) ∈ {1, · · · , nj} × {1, · · · , nℓ}, where ⊥⊥

denotes stochastic independence;

(A3) : for j ∈ {1, · · · , k}, there exists ρj ∈]0, 1[ such that lim
nj→+∞

{
√
n (πj − ρj)

}
= 0, where πj = nj/n with n =

∑k
j=1 nj .

If H0 holds, then m1 = m2 = · · · = mk =: m and V1 = V2 = · · · = Vk =: V .
Then, considering the kernel K̃ : X2 → R defined by

K̃(x, y) =< (K(x, ·)−m)
⊗2 − V, (K(y, ·)−m)

⊗2 − V >HS,

where a⊗2 = a⊗a, and denoting by {λp}p⩾1 the nonincreasing sequence of eigen-
values of the integral operator associated with this kernel, that is the operator
SK̃ : L2(P) → L2(P) defined by

SK̃g(x) =

∫
X

K̃(x, y)g(y)dP(y), for g ∈ L2(P),(3.1)

where P = P1 = · · · = Pk, we have:

Theorem 3.1. We assume (A1), (A2) and (A3). Then under H0, as min
1⩽j⩽k

(nj)

→ +∞,

nT̂n
D→

+∞∑
p=1

λp

(k − 2)Zp +

k∑
j=1

ρ−1
j Y 2

j,p − 2

k∑
ℓ=1
ℓ ̸=j

ρ
1/2
ℓ ρ

−1/2
j Yj,pYℓ,p


 ,

where (Yj,p)p⩾1, 1⩽j⩽k is a sequence of independent random variables having the
standard normal distribution and (Zp)p⩾1 is a sequence of independent random
variables having the chi-squared distribution with k degrees of freedom.
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Remark 3.1. This theorem generalizes Theorem 3.1 of [14]. Indeed, if k = 2 the
previous limiting distribution is that of ρ−1(1− ρ)−1

∑+∞
p=1 λpWp, where ρ = ρ1

(hence, ρ2 = 1− ρ), and

Wp = ρ(1− ρ)

{
1

ρ
Y 2
1,p +

1

1− ρ
Y 2
2,p − 2

(√
1− ρ

ρ
+

√
ρ

1− ρ

)
Y1,pY2,p

}

= ρ(1− ρ)

(
1
√
ρ
Y1,p −

1√
1− ρ

Y2,p

)2

+2ρ(1− ρ)

{
1√

ρ(1− ρ)
−
√

1− ρ

ρ
−
√

ρ

1− ρ

}
Y1,pY2,p

= Z2
p

with

Zp =
√
ρ(1− ρ)

(
1
√
ρ
Y1,p −

1√
1− ρ

Y2,p

)
.

Since Y1,p and Y2,p are independent with standard normal distribution, it follows
that Zp has also the standard normal distribution. So, Theorem 3.1 of [14] is
recovered.

Remark 3.2. As in [14], it is not easy to use the asymptotic distribution ob-
tained in Theorem 3.1 for performing the test because it is an infinite sum and
it is difficult to determine the weights contained in it. So, one may use the per-
mutation method, or a subsampling method, for computing p-values from which
the test can be achieved. Since such methods have high computational costs, it
would be preferable to consider another test statistic for which the asymptotic
null distribution can be used for determining a threshold to which this statistic
can be compared in order to decide whether H0 is accepted or not.

4. Modified Estimator and Asymptotic Normality In this section, we
introduce another estimator of MMVD, obtained from a modification of T̂n that
consists in introducing a weight in the cross-product term of (2.1), and we use it
as test statistic for testing for H0. Then, we get asymptotic normality for this
statistic, what allows to easily perform the test.

For any m ∈ N∗, letting {wl,n(γ)}1≤l≤m be a triangular array of positive real

numbers depending on a parameter γ ∈]0, 1[, we consider the estimator T̂n,γ
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given by:

T̂n,γ =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

{∥∥∥V̂j

∥∥∥2
HS

+
∥∥∥V̂ℓ

∥∥∥2
HS

− 2

nj

nj∑
i=1

wi,nj
(γ)

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ >HS

}

=

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

 1

n2
j

nj∑
i,r=1

S
jj
ir +

1

n2
ℓ

nℓ∑
i,r=1

Sℓℓir −
2

njnℓ

nj∑
i=1

nℓ∑
r=1

wi,nj
(γ) Sjℓir

 ,(4.1)

and we take it as test statistic. For obtaining its asymptotic normality, we
suppose that the used sequence of weights satisfies the following conditions:

(A4) : There exists a strictly positive real number τ and an integer m0 such that
for all m > m0:

m

∣∣∣∣∣ 1m
m∑
i=1

wl,m(γ)− 1

∣∣∣∣∣ ≤ τ.

(A5) : There exists C > 0 such that max
1≤l≤m

wl,m(γ) ⩽ C for all m ∈ N∗ and all

γ ∈]0, 1[.

(A6) : For any γ ∈]0, 1[, lim
m→+∞

1
m

∑n
l=1 w

2
l,m(γ) = w2(γ) > 1.

A typical example of sequence satisfying the above assumption, given in [2],
is wl,m(γ) = 1 + (−1)l γ. Other examples are wl,m(γ) = 1 + sin(lπγ) and
wl,m(γ) = 1 + cos(lπγ).

Putting

V =

k∑
j=1

ρjVj , ν =

k∑
j=1

Vj ,

and considering the maps Uj and Vj from X to R defined by:

Uj(x) =< (K(x, ·)−mj)
⊗2

− Vj , (1− ρj + kρj)Vj − ρjν >HS

and

Vj(x) =< (K(x, ·)−mj)
⊗2

− Vj , V − ρjVj >HS,

we have:
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Theorem 4.1. Assume conditions (A1) to (A6). Then

√
n
(
T̂n,γ −MMVD2(P1, · · · ,Pk;π)

)
D−→ N(0, σ2

γ),

as min
1⩽j⩽k

(nj) → +∞, where σ2
γ =

∑k
j=1 4ρ

−1
j σ2

j (γ) with:

σ2
j (γ) = Var

(
Uj(X

(j)
1 )
)
+ k2(γ)Var

(
Vj(X

(j)
1 )
)
− 2Cov

(
Uj(X

(j)
1 ),Vj(X

(j)
1 )
)
.

This theorem gives asymptotic normality both under H0 and under H1. If H0 is
true, then MMVD2(P1, · · · ,Pk;π) = 0 and ν = kV . Thus, for all j ∈ {1, · · · , k}:

Uj(x) = Vj(x) = (1− ρj) < (K(x, ·)− η)
⊗2

− V, V ) >HS,

where V = V1 = · · · = Vk and η = m1 = · · · = mk. Consequently,

√
nT̂n,γ

D
−→ N(0, σ2

γ),

as min
1⩽j⩽k

(nj) → +∞, where

σ2
γ = 4

(
w2(γ)− 1

)
θ2

k∑
j=1

ρ−1
j (1− ρj)

2

with

θ2 = Var

(
<
(
K(X

(1)
1 , ·)− η

)⊗2

− V, V ) >HS

)
.

As σ2
γ is unknown we must replace it by a consistent estimator in order to perform

the test. Putting

V̂ =

k∑
j=1

πj V̂j ,

θ̂2j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

,

V̂ > 2
HS −

(
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ >HS

)2

,

θ̂2 =

k∑
j=1

πj θ̂
2
j and σ̂2

γ = 4
(
w2(γ)− 1

)
θ̂2

k∑
j=1

π−1
j (1− πj)

2,

we have:
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Theorem 4.2. Assume conditions (A1) to (A6). Then, under H0,

√
n
T̂n,γ

σ̂γ

D−→ N(0, 1),

as min
1⩽j⩽k

(nj) → +∞.

This theorem allows to achieve the test in practice. More specifically, H0 is to be
rejected when

√
nT̂n,γ > σ̂γΦ

−1(1− α), where α is the chosen significance level
and Φ is the cumulative distribution function of the standard normal distribution.

Note that a more explicit expression, that can be used for concretly compute the
variance estimate from the samples, can be obtained by using (2.2) and (2.3).
Indeed, since

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ >HS =

k∑
ℓ=1

πℓ

nℓ
S
jℓ
i� , where S

jℓ
i� =

nℓ∑
r=1

S
jℓ
ir ,

it follows:

θ̂2j =
1

nj

nj∑
i=1

( k∑
ℓ=1

πℓ

nℓ
S
jℓ
i�

)2

−

(
1

nj

nj∑
i=1

k∑
ℓ=1

πℓ

nℓ
S
jℓ
i�

)2

.

5. Simulations In this section, we present the results of simulations made
on functional data in order to investigate the finite sample performances of the
proposed tests and compare them to existing ones, namely the test of [4] based on
GMMD and the FP test of [11]. We considered the case where X = L2([0, 1]) with
three populations (k = 3), and computed empirical sizes and powers through
Monte Carlo simulations after generating functional data according to the three
following models:

Model 1 : Xj(t) = t(1− t) + εj(t), j = 1, 2, 3;

Model 2 : X1(t) = t(1 − t)5 + ε1(t), X2(t) = t2(1 − t)4 + ε2(t), X3(t)
= t3(1− t)3 + ν1(t);

Model 3 : X1(t) = t(1 − t)3 + ε1(t), X2(t) = t(1 − t)3 − t + ν2(t), X3(t)
= t(1− t)3 + ε2(t);

where ε1(t), ε2(t), ε3(t), ν1(t) and ν2(t) independent random variables such that
εj(t) ∼ N(0, t), j = 1, 2, 3, ν1(t) ∼ Exp(t) and ν2(t) ∼ P(t). Model 1, for
which the hypothesis H0 holds, is used for computing empirical size. For the
other two models H0 fails; so, they are used for computing empirical power.
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We generated 2000 independent samples of each of the preceding processes in
discretized versions on equispaced values t1, · · · , t21 in the interval [0, 1], with
tℓ = (ℓ − 1)/20, ℓ = 1, · · · , 21. The sample sizes where n1 = n2 = n3 =
25, 50, 100, 200, 300. For performing our methods and that of [4], we used the

Gaussian kernel K(x, y) = exp
(
−0.5∥x− y∥2

)
, and we computed the terms Kjℓ

ir

as indicated in Example 2.1. Our first test and that of [4] were performed by using
the permutation methods from which the corresponsing p-values were computed.
Our secong test was performed with γ = 0.41. The nominal significance level
was taken as α = 0.05 for all tests. The obtained results are reported in Table
1 in which our tests based on (2.4) and (4.1) are denoted by M1a and M1b
respectively, the one introduced in [4] is denoted by M2 and that of [11] is
denoted by M3. They show that all the four methods are well calibrated for finite
samples since the obtained empirical sizes are close to the nominal significance
level, except when n = 25 for M2 and M3. Regarding the empirical power, it is
seen that M1a and M1b performs very well, and give comparable results to M2.
These three methods outperform M3 which gives very bad results for Model 3.

6. Proofs

6.1. Proof of Theorem 3.1 For j ∈ {1, · · · , k}, putting

Ṽj =
1

nj

nj∑
i=1

(
K(X

(j)
i , ·)−mj

)⊗ 2

,

we have nT̂n = An +Bn, where

An =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

(
πℓ

πj + πℓ

){
(nj + nℓ)

(∥∥∥V̂j − V̂ℓ

∥∥∥2 − ∥∥∥Ṽj − Ṽℓ

∥∥∥2)} ,

Bn = n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

πℓ

∥∥∥Ṽj − Ṽℓ

∥∥∥2 .

According to Lemma 1 of [15], (nj + nℓ)

(∥∥∥V̂j − V̂ℓ

∥∥∥2 − ∥∥∥Ṽj − Ṽℓ

∥∥∥2) = oP (1).

Since lim
nj→+∞

πj = ρj and lim
nl→+∞

πℓ = ρℓ, lim
nl,nj→+∞

πℓ

πj+πℓ
= ρℓ

ρj+ρℓ
= 1

1+ρjρ
−1
ℓ

,

we deduce that An = oP (1) and that nT̂n has the same limiting distribution
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Table 1: Empirical sizes powers over 2000 replications for our tests based on (2.4)
(denoted by M1a) and (4.1) (denoted by M1b), and the methods of [4] (denoted
by M2) and [11] (denoted by M3), with nominal significance level α = 0.05.

n1 = n2 = n3 M1a M1b M2 M3

25 0.060 0.060 0.090 0.090
50 0.050 0.060 0.060 0.070

Model 1 100 0.050 0.050 0.040 0.070
200 0.040 0.050 0.040 0.060
300 0.050 0.040 0.050 0.050

25 0.960 0.910 0.940 0.780
50 0.990 0.960 0.990 0.770

Model 2 100 1.000 0.990 1.000 0.890
200 1.000 1.000 1.000 0.970
300 1.000 1.000 1.000 0.990

25 0.980 0.940 0.940 0.080
50 0.990 0.980 0.990 0.080

Model 3 100 1.000 0.990 0.990 0.070
200 1.000 1.000 1.000 0.060
300 1.000 1.000 1.000 0.050
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than Bn. It remains to determine this later. We have :∥∥∥Ṽj − Ṽℓ

∥∥∥2
=

1

n2
j

nj∑
i=1

nj∑
r=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− V,
(
K(X(j)

r , ·)−mj

)⊗2

− V >2

+
1

n2
ℓ

nℓ∑
i=1

nℓ∑
r=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− V,
(
K(X(ℓ)

r , ·)−mℓ

)⊗2

− V >2

− 2

njnℓ

nj∑
i=1

nℓ∑
r=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− V,
(
K(X(ℓ)

r , ·)−mℓ

)⊗2

− V >2

=
1

n2
j

nj∑
i=1

nj∑
r=1

K̃
(
X

(j)
i , X(j)

r

)
+

1

n2
ℓ

nℓ∑
i=1

nℓ∑
r=1

K̃
(
X

(ℓ)
i , X(ℓ)

r

)

− 2

njnℓ

nj∑
i=1

nℓ∑
r=1

K̃
(
X

(j)
i , X(ℓ)

r

)
.

Thus Bn = Cn +Dn, where

(6.1)

Cn =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

{
π−1
j πℓ

nj

nj∑
i=1

nj∑
r=1

K̃
(
X

(j)
i , X(j)

r

)
+

1

nℓ

nℓ∑
i=1

nℓ∑
r=1

K̃
(
X

(ℓ)
i , X(ℓ)

r

)}

and

Dn = −2

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

nπℓ

njnℓ

nj∑
i=1

nℓ∑
r=1

K̃
(
X

(j)
i , X(ℓ)

r

)
.(6.2)

Since K is bounded, the integral operator SK̃ given in (3.1) is a Hilbert-Schmidt
operator (see Theorem VI.22 in [18]). Therefore, from Mercer’s theorem (see,
e.g., [17]), we have:

K̃(x, y) =

+∞∑
p=1

λpep(x)ep(y),(6.3)

where {ep}p⩾1 is an orthonormal basis of L2(P) such that ep is an eigenvector of

SK̃ associated to λp. Note that, from
∫
χ
K̃(x, y)ep(y)dP(y) = λpep(x), we get:

E
(
ep(X

(j)
i )
)
=

1

λp

∫
χ

E
(
K̃(X

(j)
i , y)

)
ep(y)dP(y),
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and since E
(
K̃(X

(j)
i , y)

)
=< E

((
K(X(ℓ), ·)−mℓ

)⊗2 − V
)
, (K(y, ·)−mℓ)

⊗2 −

V >= 0, it follows that E
(
ep(X

(j)
i )
)
= 0. From (6.1) and (6.3),

Cn =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

{
π−1
j πℓ

nj

nj∑
i=1

nj∑
r=1

+∞∑
p=1

λpep(X
(j)
i )ep(X

(j)
r )

}

+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

{
1

nℓ

nℓ∑
i=1

nℓ∑
r=1

+∞∑
p=1

λpep(X
(ℓ)
i )ep(X

(ℓ)
r )

}

=

+∞∑
p=1

λp


k∑

j=1

π−1
j

 k∑
ℓ=1
ℓ ̸=j

πℓ

U2
nj ,p

+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

+∞∑
p=1

λpU
2
nℓ,p

,

where Unj ,p = 1√
nj

∑nj

i=1 ep(X
(j)
i ). Since

∑k
ℓ=1
ℓ ̸=j

πℓ = 1− πj , it follows

Cn =

+∞∑
p=1

λp


k∑

j=1

π−1
j (1− πj)U

2
nj ,p

+

+∞∑
p=1

λp


k∑

j=1

k∑
ℓ=1
ℓ ̸=j

U2
nℓ,p


=

+∞∑
p=1

λp


k∑

j=1

(
π−1
j + k − 2

)
U2
nj ,p

 .(6.4)

Further, from (6.2) and (6.3),

Dn = −2

+∞∑
p=1

λp

k∑
j=1

π
−1/2
j√
nj

nj∑
i=1

ep(X
(j)
i )

 k∑
ℓ=1
ℓ ̸=j

π
1/2
ℓ√
nℓ

nℓ∑
r=1

ep(X
(ℓ)
r )


= −2

+∞∑
p=1

λp

k∑
j=1

{
π
−1/2
j√
nj

nj∑
i=1

ep(X
(j)
i )

×

(
k∑

ℓ=1

π
1/2
ℓ√
nℓ

nℓ∑
r=1

ep(X
(ℓ)
r )−

π
1/2
j√
nj

nj∑
r=1

ep(X
(j)
r )

)}

= −2

+∞∑
p=1

λp

 k∑
j=1

π
−1/2
j Unj ,p

( k∑
ℓ=1

π
1/2
ℓ Unℓ,p

)
+ 2

∞∑
p=1

λp

k∑
j=1

U2
nj ,p.
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Then, using the equalities −2ab = (a − b)2 − a2 − b2 and π
−1/2
j − π

1/2
j =

1−πj√
πj

,

it follows

Dn =

+∞∑
p=1

λp

2

k∑
j=1

U2
nj ,p +

 k∑
j=1

1− πj√
πj

Unj ,p

2


−
+∞∑
p=1

λp


 k∑

j=1

π
−1/2
j Unj ,p

2

+

 k∑
j=1

π
1/2
j Unj ,p

2
 .(6.5)

Using (6.4) and (6.5), we get

Bn =

+∞∑
p=1

λp


k∑

j=1

(
π−1
j + k

)
U2
nj ,p +

 k∑
j=1

(π
−1/2
j − π

1/2
j )Unj ,p

2


−
+∞∑
p=1

λp


 k∑

j=1

π
−1/2
j Unj ,p

2

+

 k∑
j=1

π
1/2
j Unj ,p

2


=

+∞∑
p=1

λpΦn(Un,p),

where Un,p = (Un1,p, · · · , Unk,p) and Φn : Rp → R is the map defined by

Φn(x) =

k∑
j=1

(
π−1
j + k

)
x2
j +

 k∑
j=1

(π
−1/2
j − π

1/2
j )xj

2

−

 k∑
j=1

π
−1/2
j xj

2

−

 k∑
j=1

π
1/2
j xj

2

,

where xj is the j-th component of x ∈ Rp. Since for any (j, ℓ) ∈ {1, 2, · · · , k}2
with j ̸= ℓ, Unj ,p and Unℓ,p are independent, we get by the central limit theorem,

Unj ,p
D→ Yj,p as nj → +∞ where Yj,p ∼ N(0, 1), and Yj,p and Yℓ,p are indepen-

dent if j ̸= ℓ. Consequently, Un,p
D→ Up := (Y1,p, · · · , Yk,p) as min

1⩽j⩽k
(nj) → +∞.

So, considering the map Φ : Rp → R defined by

Φ(x) =

k∑
j=1

(
ρ−1
j + k

)
x2
j +

 k∑
j=1

(ρ
−1/2
j − ρ

1/2
j )xj

2

−

 k∑
j=1

ρ
−1/2
j xj

2

−

 k∑
j=1

ρ
1/2
j xj

2

,
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we will show that

(6.6) Bn
D→

+∞∑
p=1

λp Φ(Up) as min
1⩽j⩽k

(nj) → +∞,

what leads to the required result since

Φ(Up) =

k∑
j=1

(
ρ−1
j + k − 2

)
Y 2
j,p − 2

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρ
1/2
ℓ ρ

−1/2
j Yj,pYℓ,p

= (k − 2)Zp +

k∑
j=1

ρ−1
j Y 2

j,p − 2

k∑
ℓ=1
ℓ ̸=j

ρ
1/2
ℓ ρ

−1/2
j Yj,pYℓ,p

 ,

where Zp =
∑k

j=1 Y
2
j,p ∼ X2

k.

We denote by φU the characteristic function of the random variable U . The
proof of (6.6) will be obtained from three steps.

First step: We put S
(q)
n =

q∑
p=1

λp Φ(Un,p) and we show that for all ε > 0 and all

t ∈ R, there exists q ∈ N∗ such that
∣∣∣φBn

(t)− φ
S

(q)
n

(t)
∣∣∣ < ε

3 for nj large enough

(j = 1, · · · , k). Using the inequality |eiz − 1| ⩽ |z| for all z ∈ R, we have for any
t ∈ R:∣∣∣φBn

(t)− φ
S

(q)
n

(t)
∣∣∣ ⩽ E

(∣∣∣eitBn − eitS
(q)
n

∣∣∣) ⩽ E
(∣∣∣eit(Bn−S(q)

n ) − 1
∣∣∣)

⩽ |t|E
(∣∣∣Bn − S(q)

n

∣∣∣) ⩽ |t|
+∞∑

p=q+1

λpE (|Φn(Un,p)|) .

On the other hand, we have

E (|Φn(Un,p)|) ⩽
k∑

j=1

(
π−1
j + k

)
E
(
U2
nj ,p

)
+ E


 k∑

j=1

(π
−1/2
i − π

1/2
j )Unj ,p

2


+E


 k∑

j=1

π
−1/2
j Unj ,p

2
+ E


 k∑

j=1

π
1/2
j Unj ,p

2
 .

Since E
(
e2p(X

(j)
i )
)
= 1 and E

(
ep(X

(j)
i ) ep(X

(ℓ)
r )
)
= δirδjℓ, it follows:

E
(
U2
nj ,p

)
=

1

nj

nj∑
i=1

E
(
e2p(X

(j)
i )
)
+

1

nj

nj∑
i=1

nj∑
r=1
r ̸=i

E
(
ep(X

(j)
i ) ep(X

(j)
r )
)
= 1
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and for j ̸= ℓ,

E
(
Unj ,pUnℓ,p

)
=

1
√
njnℓ

nj∑
i=1

nℓ∑
r=1

E
(
ep(X

(j)
i ) ep(X

(ℓ)
r )
)
= 0.

Therefore,

E


 k∑

j=1

(
π
−1/2
j − π

1/2
j

)
Unj ,p

2


=

k∑
j=1

(1− πj)
2

πj
E
(
U2
nj ,p

)
+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

(1− πj)(1− πℓ)√
πjπℓ

E
(
Unj ,pUnℓ,p

)

=

k∑
j=1

(1− πj)
2

πj
,

E


 k∑

j=1

π
−1/2
j Unj ,p

2


=

k∑
j=1

π−1
j E

(
U2
nj ,p

)
+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

π−1
j π−1

ℓ E
(
Unj ,pUnℓ,p

)
=

k∑
j=1

π−1
j ,

E


 k∑

j=1

π
1/2
j Unj ,p

2


=

k∑
j=1

πjE
(
U2
nj ,p

)
+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

π
1/2
j π

1/2
ℓ E

(
Unj ,pUnℓ,p

)
= 1,

and, consequently,

E (|Φn(Un,p)|) ⩽
k∑

j=1

(
π−1
j + k +

(1− πj)
2 + 1

πj
+ πj

)

=

k∑
j=1

(
3π−1

j + 2πj + k − 2
)
.
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Since limnj→+∞
(
3π−1

j + 2πj + k − 2
)
= 3ρ−1

j +2ρj +k−2, there exists n0
j ∈ N∗

such that, for any nj ⩾ n0
j , one has 3π−1

j + 2πj + k − 2 ⩽ 3ρ−1
j + 2ρj + k − 1.

Hence, for n1 ⩾ n0
1, · · · , nk ⩾ n0

k, E (|Φn(Un,p)|) ⩽
∑k

j=1

(
3ρ−1

j + 2ρj + k − 1
)

and, consequently,

∣∣∣φBn(t)− φ
S

(q)
n

(t)
∣∣∣ ⩽ |t|

k∑
j=1

(
3ρ−1

j + 2ρj + k − 2
) +∞∑
p=q+1

λp.

Since
∑+∞

p=1 λp < +∞, one has limq→+∞

∣∣∣φBn(t)− φ
S

(q)
n

(t)
∣∣∣ = 0. So, there exists

q0 ∈ N∗ such that, for any q ⩾ q0,

(6.7)
∣∣∣φBn(t)− φ

S
(q)
n

(t)
∣∣∣ < ε

3
.

Second step: We consider Sq =
∑q

p=1 λpΦ(Up) and we show that we have

S
(q)
n

D→ Sq as min
1⩽j⩽k

(nj) → +∞. It suffices to show that S
(q)
n − Sq converges in

probability to 0. Clearly,

∣∣∣S(q)
n − Sq

∣∣∣ ⩽
q∑

p=1

λp

(
|Φn(Un,p)− Φ(Un,p)|+ |Φ(Un,p)− Φ(Up)|

)
.(6.8)

Moreover, by using a2 − b2 = (a− b)2 + 2b(a− b), we get

|Φn(Un,p)− Φ(Un,p)|

⩽

{ k∑
j=1

∣∣π−1
j − ρ−1

j

∣∣+
 k∑

j=1

∣∣∣∣1− πj√
πj

− 1− ρj√
ρj

∣∣∣∣
2

+2

k∑
j=1

k∑
ℓ=1

1− ρℓ√
ρℓ

∣∣∣∣1− πj√
πj

− 1− ρj√
ρj

∣∣∣∣
+

 k∑
j=1

∣∣∣π−1/2
j − ρ

−1/2
j

∣∣∣
2

+ 2

k∑
j=1

k∑
ℓ=1

ρ
−1/2
ℓ

∣∣∣π−1/2
j − ρ

−1/2
j

∣∣∣
+

 k∑
j=1

∣∣∣π1/2
j − ρ

1/2
j

∣∣∣
2

+ 2

k∑
j=1

k∑
ℓ=1

ρ
1/2
ℓ

∣∣∣π1/2
j − ρ

1/2
j

∣∣∣ } ∥Un,p∥2Rp ,(6.9)

where ∥·∥Rp denotes the Euclidean norm of Rp. Since Un,p converges in distribu-

tion to Up, we deduce from (6.8), (6.9) and of the continuity of Φ that S
(q)
n −Sq
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converges in probability to 0 as min
1⩽j⩽k

(nj) → +∞ and, therefore, that S
(q)
n

D→ Sq

as min
1⩽j⩽k

(nj) → +∞. Thus, there exists N1 such that, for min
1⩽j⩽k

(nj) ⩾ N1, we

have

(6.10)
∣∣∣φS

(q)
n

(t)− φSq (t)
∣∣∣ < ε

3
.

Third step: We put S =
∑+∞

p=1 λpΦ(Up) and we show that Sq
D→ S as q → +∞.

We have:

∣∣φSq (t)− φS(t)
∣∣ ⩽ E

(∣∣eitSq − eitS
∣∣) ⩽ |t|E (|Sq − S|) ⩽ |t|

+∞∑
p=q+1

λpE (|Φ(Up)|)

and

E (|Φ(Up)|) ⩽
k∑

j=1

(
ρ−1
j + k

)
E
(
Y 2
j,p

)
+ E


 k∑

j=1

1− ρj√
ρj

Yj,p

2


+E


 k∑

j=1

ρ
−1/2
j Yj,p

2
+ E


 k∑

j=1

ρ
1/2
j Yj,p

2
 .

Since E (Yj,pYℓ,p) = δjℓ, it follows

E


 k∑

j=1

1− ρj√
ρj

Yj,p

2
 =

k∑
j=1

(1− ρj)
2

ρj
E
(
Y 2
j,p

)

+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

(1− ρj)(1− ρℓ)√
ρjρℓ

E (Yj,pYℓ,p)

=

k∑
j=1

(1− ρj)
2

ρj
,

E


 k∑

j=1

ρ
−1/2
j Yj,p

2
 =

k∑
j=1

ρ−1
j E

(
Y 2
j,p

)
+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρ
−1/2
j ρ

−1/2
ℓ E (Yj,pYℓ,p)

=

k∑
j=1

ρ−1
j ,
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and

E


 k∑

j=1

ρ
1/2
j Yj,p

2
 =

k∑
j=1

ρjE
(
Y 2
j,p

)
+

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρ
1/2
j ρ

1/2
ℓ E (Yj,pYℓ,p) = 1.

Hence, E (|Φ(Up)|) ⩽
∑k

j=1

{
3ρ−1

j + 2ρj + k − 2

}
and

∣∣φSq
(t)− φS(t)

∣∣ ⩽ k∑
j=1

{
3ρ−1

j + 2ρj + k − 2

} +∞∑
p=q+1

λp.

Since
∑+∞

p=1 λp < +∞, we deduce that limq→+∞
∣∣φSq (t)− φS(t)

∣∣ = 0. So there
exists q1 ∈ N∗ such that, for any q ⩾ q1,

(6.11)
∣∣φSq

(t)− φS(t)
∣∣ < ε

3
.

Finally, putting u = max(q0, q1), N0 = max(n0
1, · · · , n0

k) and using (6.7), (6.10)
and (6.11), we deduce that if min1⩽j⩽k(nj) ⩾ max(N0, N1) then

|φBn(t)− φS(t)| ⩽
∣∣∣φBn(t)− φ

S
(u)
n

(t)
∣∣∣+ ∣∣∣φS

(u)
n

(t)− φSu(t)
∣∣∣

+ |φSu
(t)− φS(t)| < ε.

This shows that (6.6) holds.

6.2. Technical lemmas In this section, we give useful lemmas for proving Theo-

rem 4.1. Let ∆j,ℓ = ∥Vj − Vℓ∥2HS, ∆̂
(n)
j,ℓ (γ) =

∥∥∥V̂j

∥∥∥2
HS

+
∥∥∥V̂ℓ

∥∥∥2
HS

− 2
nj

∑nj

i=1 wi,nj
(γ)

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ >HS and Un =
√
n
∑k

j=1

∑k
ℓ=1
ℓ ̸=j

ρℓ

(
∆̂

(n)
j,ℓ (γ)−∆j,ℓ

)
;

then we have:

Lemma 6.1. Assume (A1) to (A4). Then,

√
n
(
T̂n,γ −MMVD2(P1, · · · ,Pk;π)

)
= Un + oP (1).

Proof. Clearly, we have the decomposition

√
n
(
T̂n,γ −MMVD2(P1, · · · ,Pk;π)

)
= Un + ϵn,
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where ϵn =
√
n
∑k

j=1

∑k
ℓ=1
ℓ ̸=j

(πℓ − ρℓ) ∆̂
(n)
j,ℓ (γ), and it remains to prove that ϵn =

oP (1). Since ϵn = ϵ1,n − ϵ2,n, where ϵ1,n =
√
n
∑k

j=1

∑k
ℓ=1
ℓ ̸=j

(πℓ − ρℓ) ∥V̂j − V̂ℓ∥2HS

and

ϵ2,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

(πℓ−ρℓ)

{
1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
)
<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ >HS

}
,

it is enough to prove that ϵ1,n = oP (1) and ϵ2,n = oP (1). It is known from [13]

(see the proof of Proposition 12) that
∥∥∥V̂j − Vj

∥∥∥
HS

= OP (n
−1/2
j ). Then, using

the inequality

∥∥∥V̂j − V̂ℓ

∥∥∥2
HS

⩽ 4

(∥∥∥V̂j − Vj

∥∥∥2
HS

+ ∥Vj − Vℓ∥2HS +
∥∥∥Vℓ − V̂ℓ

∥∥∥2
HS

)

and Assumption (A3), we deduce that each
√
n(πℓ − ρℓ) ∥V̂j − V̂ℓ∥2HS converges

in probability to 0 as min
1⩽j⩽k

(nj) → +∞ and, consequently, that ϵ1,n = oP (1).

Using the Cauchy-Schwartz inequality, the equality

(
K(X

(j)
i , ·)− m̂j

)⊗2

=
(
K(X

(j)
i , ·)−mj

)⊗2

+
(
K(X

(j)
i , ·)−mj

)
⊗ (mj − m̂j)

+ (mj − m̂j)⊗
(
K(X

(j)
i , ·)−mj

)
+ (m̂j −mj)

⊗2

,(6.12)

the properties (a⊗ b)
∗
= (b⊗ a), ∥a⊗ b∥HS = ∥a∥H∥b∥H, ∥T∥HS = ∥T ∗∥HS and

the inequality ∥V̂ℓ∥HS ⩽ ∥V̂ℓ − Vℓ∥HS + ∥Vℓ∥HS, we get

∣∣∣∣√n(πℓ − ρℓ)

{
1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
)
<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ >HS

}∣∣∣∣
⩽ En + 2Fn +Gn,

where

En =
∣∣√n (πℓ − ρℓ)

∣∣ ∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj (γ)− 1

) (
K(X

(j)
i , ·)−mj

)⊗2
∥∥∥∥∥
HS

×
{∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

+ ∥Vℓ∥HS

}
,



Homogeneity Tests Based on Multiple Maximum Variance Discrepancy 67

Fn =
∣∣√n (πℓ − ρℓ)

∣∣ ∥m̂j −mj∥H

∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj (γ)− 1

) (
K(X

(j)
i , ·)−mj

)∥∥∥∥∥
H

×
{∥∥∥V̂ℓ − Vℓ

∥∥∥
H

+ ∥Vℓ∥HS

}
,

Gn = |πℓ − ρℓ|

∣∣∣∣∣
√
n

nj

nj∑
i=1

(
wi,nj

(γ)− 1
)∣∣∣∣∣ ∥m̂j −mj∥2H

{∥∥∥V̂ℓ − Vℓ

∥∥∥
H

+ ∥Vℓ∥HS

}
,

Since ∥∥∥∥(K(X
(j)
i , ·)−mj

)⊗2∥∥∥∥
HS

=
∥∥∥K(X

(j)
i , ·)−mj

∥∥∥2
H

⩽ 2
∥∥∥K(X

(j)
i , ·)

∥∥∥2
H

+ 2 ∥mj∥2H

= 2K(X
(j)
i , X

(j)
i ) + 2 ∥mj∥2H

⩽ 2∥K∥∞ + 2 ∥mj∥2H ,

we deduce from Lemma 1 of [16] that∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj (γ)− 1

) (
K(X

(j)
i , ·)−mj

)⊗2
∥∥∥∥∥
HS

= oP (1)

and ∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

)∥∥∥∥∥
H

= oP (1).

These properties, together with (A3) and the properties
∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

= OP (n
−1/2
ℓ )

and ∥m̂j −mj∥H = OP (n
−1/2
j ), obtained from the central limit theorem, allow

to conclude that En = oP (1) and Fn = oP (1). Further, using (A4) we get

(6.13)

∣∣∣∣∣
√
n

nj

nj∑
i=1

(
wi,nj

(γ)− 1
)∣∣∣∣∣ = √

n

∣∣∣∣∣ 1nj

nj∑
i=1

wi,nj
(γ)− 1

∣∣∣∣∣ ⩽
√
n

nj
τ =

π−1
j√
n
τ

for nj large enough. Then, since limnj→+∞ πj = ρj for any j ∈ {1, · · · , k}, it
follows that Gn = oP (1). So, we have proved that ϵ2,n = oP (1). □

Now, let us consider:

Γ1,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{∥∥∥V̂j − Vj

∥∥∥2
HS

+
∥∥∥V̂ℓ − Vℓ

∥∥∥2
HS

}
,

Γ2,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ < V̂j − Vj , V̂ℓ − Vℓ >HS,
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Γ3,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ
nj

nj∑
i=1

(
wi,nj (γ)− 1

)

×
{
<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ℓ − Vℓ >HS + < Vj , Vℓ >HS

}
.

Then, we have:

Lemma 6.2. Assume (A1) to (A4). Then, for any l ∈ {1, 2, 3}, one has Γl,n =
oP (1).

Proof. Since
∥∥∥V̂j − Vj

∥∥∥
HS

= OP (n
−1/2
j ) for any j ∈ {1, , · · · , k}, it can be

deduced that
√
n
∥∥∥V̂j − Vj

∥∥∥2
HS

= OP (
√
n

nj
). Then, the property limnj→+∞

√
n

nj
= 0

allows to conclude that
∥∥∥V̂j − Vj

∥∥∥
HS

= oP (1) for any j ∈ {1, , · · · , k}, what yields
Γ1,n = oP (1). Using the Cauchy-Schwartz inequality, we obtain

|Γ2,n| ⩽
k∑

j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

(√
n
∥∥∥V̂j − Vj

∥∥∥
HS

∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

)
.

Since
√
n
∥∥∥V̂j − Vj

∥∥∥
HS

∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

= OP (

√
n

√
nj

√
nℓ

),

it follows from lim
nj ,nℓ→+∞

√
n√

nj
√
nℓ

= 0 that

√
n
∥∥∥V̂j − Vj

∥∥∥
HS

∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

= oP (1)

and, therefore, that Γ2,n = oP (1). Further, using the Cauchy-Schwartz inequal-
ity, the equality (6.12) and the properties of tensor product and Hilbert-Schmidt
norm used in the proof of Lemma 6.1, we get |Γ3,n| ⩽ Hn + 2In + Jn, where

Hn =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

)⊗2
∥∥∥∥∥
HS

×
∥∥∥√n

(
V̂ℓ − Vℓ

)∥∥∥
HS

,

In =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj (γ)− 1

) (
K(X

(j)
i , ·)−mj

)∥∥∥∥∥
H

×∥m̂−mj∥H
∥∥∥√n

(
V̂ℓ − Vℓ

)∥∥∥
HS

,
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Jn =

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

∣∣∣∣∣
√
n

nj

nj∑
i=1

(
wi,nj (γ)− 1

)∣∣∣∣∣
×
{
∥m̂j −mj∥2H

∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

+ ∥Vj∥HS ∥Vℓ∥HS

}
.

From the proof of Lemma 6.1,∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj (γ)− 1

) (
K(X

(j)
i , ·)−mj

)⊗2
∥∥∥∥∥
HS

= oP (1)

and ∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

)∥∥∥∥∥
H

= oP (1).

These properties, together with the equalities
∥∥∥√n

(
V̂ℓ − Vℓ

)∥∥∥
HS

= OP (π
−1/2
ℓ )

and ∥m̂j −mj∥H = OP (n
−1/2
j ) allow to conclude that Hn = oP (1) and In =

oP (1). Further, using (6.13) and ∥m̂j −mj∥2H
∥∥∥V̂ℓ − Vℓ

∥∥∥
HS

= OP (n
−1
j n

−1/2
ℓ ), we

obtain Jn = oP (1). □

Further, putting

Γ4,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
2

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

− Vj , Vj >HS

+
2

nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)− m̂ℓ

)⊗2

− Vℓ, Vℓ >HS

− 2

nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)− m̂ℓ

)⊗2

− Vℓ, Vj >HS

}
and

Λn =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
2

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− Vj , Vj >HS

+
2

nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ, Vℓ >HS

− 2

nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ, Vj >HS

}
,

we have:
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Lemma 6.3. Assume (A1) to (A4). Then, Γ4,n = Λn + oP (1).

Proof. Using (6.12), we get Γ4,n − Λn = 2δn, where

δn =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

[
1

nj

nj∑
i=1

{
<
(
K(X

(j)
i , ·)−mj

)
⊗ (mj − m̂j) , Vj >HS

+ < (mj − m̂j)⊗
(
K(X

(j)
i , ·)−mj

)
, Vj >HS

+ < (m̂j −mj)
⊗2

, Vj >HS

}

+
1

nℓ

nℓ∑
i=1

{
<
(
K(X

(ℓ)
i , ·)−mℓ

)
⊗ (mℓ − m̂ℓ) , Vℓ >HS

+ < (mℓ − m̂ℓ)⊗
(
K(X

(ℓ)
i , ·)−mℓ

)
, Vℓ >HS

+ < (m̂ℓ −mℓ)
⊗2

, Vℓ >HS

}

− 1

nℓ

nℓ∑
i=1

{
<
(
K(X

(ℓ)
i , ·)−mℓ

)
⊗ (mℓ − m̂ℓ) , Vj >HS

+ < (mℓ − m̂ℓ)⊗
(
K(X

(ℓ)
i , ·)−mℓ

)
, Vj >HS

+ < (m̂ℓ −mℓ)
⊗2

, Vj >HS

}]

=
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
< (m̂ℓ −mℓ)

⊗2

, Vj − Vℓ >HS − < (m̂j −mj)
⊗2

, Vj >HS

}
.

Using the Cauchy-Schwartz inequality and a property of the Hilbert-Schmidt
norm recalled in the proof of Lemma 6.1, we get

|δn| ⩽
k∑

j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{√
n ∥m̂ℓ −mℓ∥2H ∥Vj − Vℓ∥HS +

√
n ∥m̂j −mj∥2H ∥Vj∥HS

}
.

Since
√
n ∥m̂j −mj∥2H = OP (

√
n/nj) and limnj→+∞ (

√
n/nj) = 0, we deduce

from the preceding inequality that δn = oP (1). □

Finally, putting

Γ5,n =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
2

nj

nj∑
i=1

wi,nj (γ) <
(
K(X

(j)
i , ·)− m̂j

)⊗2

− Vj , Vℓ >HS

}
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and

Θn =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
2

nj

nj∑
i=1

wi,nj
(γ) <

(
K(X

(j)
i , ·)−mj

)⊗2

− Vj , Vℓ >HS

}
,

we have:

Lemma 6.4. Assume (A1) to (A4). Then, Γ5,n = Θn + oP (1).

Proof. Using (6.12), we get Γ5,n −Θn = 2ζn, where

ζn =
√
n

k∑
j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
<

(
1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

))

⊗ (mj − m̂j) , Vℓ >HS

+ < (mj − m̂j)⊗

(
1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

))
, Vℓ >HS

+ < (m̂j −mj)
⊗2

, Vℓ >HS

(
1

nj

nj∑
i=1

wi,nj
(γ)− 2

)}
.

Using the Cauchy-Schwartz inequality and a property of the Hilbert-Schmidt
norm recalled in the proof of Lemma 6.1, we get

|ζn| ⩽
k∑

j=1

k∑
ℓ=1
ℓ ̸=j

ρℓ

{
2
√
n ∥m̂j −mj∥H

∥∥∥∥∥ 1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

)∥∥∥∥∥
H

+
√
n ∥m̂j −mj∥2H

(∣∣∣∣∣ 1nj

nj∑
i=1

wi,nj
(γ)− 1

∣∣∣∣∣+ 1

)}
∥Vℓ∥HS .

From the proof of Lemma 6.1, we have

∥ 1

nj

nj∑
i=1

(
wi,nj

(γ)− 1
) (

K(X
(j)
i , ·)−mj

)
∥H = oP (1).

Further, using (6.13), we see that
∣∣∣ 1
nj

∑nj

i=1 wi,nj (γ)− 1
∣∣∣ is bounded. These

properties, together with the equalities

√
n ∥m̂j −mj∥H = OP (π

−1/2
j )

and √
n ∥m̂j −mj∥2H = OP (

√
n/nj),

with limnj→+∞
(
π−1
j

)
= ρ−1

j and limnj→+∞ (
√
n/nj) = 0, allow to conclude

that ζn = oP (1). □
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6.3. Proof of Theorem 4.1 From Lemma 6.1 and Slutsky’s theorem it is seen

that the sequence
√
n
(
T̂n,γ −MMVD2(P1, · · · ,Pk;π)

)
has the same limiting

distribution than Un; therefore, it remains to derive this latter. From easy
calculations, we get Un = Γ1,n−2Γ2,n−2Γ3,n+Γ4,n−Γ5,n. Then, using Lemma
6.2, Lemma 6.3 and Lemma 6.4 we obtain Un = Λn −Θn + oP (1), from what it
is deduced that the required limiting distribution is the same as that of Λn−Θn.
However, inverting sums in the second and third terms of Λn yields:

Λn =

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− Vj ,

 k∑
ℓ=1
ℓ ̸=j

ρℓ

Vj >HS

+

k∑
ℓ=1

2π
−1/2
ℓ

1
√
nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ,

 k∑
j=1
j ̸=ℓ

1

 ρℓVℓ >HS

−
k∑

ℓ=1

2π
−1/2
ℓ

1
√
nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ, ρℓ

k∑
j=1
j ̸=ℓ

Vj >HS

=

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− Vj , (1− ρj)Vj >HS

+

k∑
ℓ=1

2π
−1/2
ℓ

1
√
nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ, (k − 1) ρℓVℓ >HS

−
k∑

ℓ=1

2π
−1/2
ℓ

1
√
nℓ

nℓ∑
i=1

<
(
K(X

(ℓ)
i , ·)−mℓ

)⊗2

− Vℓ, ρℓ (ν − Vℓ) >HS

=
k∑

j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

− Vj , (1− ρj + kρj)Vj − ρjν >HS

=

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

Uj

(
X

(j)
i

)
.



Homogeneity Tests Based on Multiple Maximum Variance Discrepancy 73

On the other hand,

Θn =

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

wi,nj
(γ) <

(
K(X

(j)
i , ·)−mj

)⊗2

− Vj ,

k∑
ℓ=1
ℓ ̸=j

ρℓVℓ >HS

=

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

wi,nj
(γ) <

(
K(X

(j)
i , ·)−mj

)⊗2

− Vj , V − ρjVj >HS

=

k∑
j=1

2π
−1/2
j

1
√
nj

nj∑
i=1

wi,nj (γ)Vj

(
X

(j)
i

)
.

Hence

(6.14) Λn −Θn =

k∑
j=1

2π
−1/2
j Yn,j,γ ,

where Yn,j,γ = 1√
nj

∑nj

i=1

{
Uj(X

(j)
i )−wi,nj

(γ)Vj(X
(j)
i )

}
. By similar arguments

as in the proof of Theorem 1 in [15] we obtain that, for any ε > 0,

lim
nj→+∞

(
s−2
n,j,γ

nj∑
i=1

∫
{x:|Uj(x)−wi,nj

(γ)Vj(x)|>εsn,j,γ}

(
Uj(x)−wi,nj (γ)Vj(x)

)2

dPj(x)

)
= 0,

where s2n,j,γ =
∑nj

i=1 Var
(
Uj(X

(j)
i )− wi,nj (γ)Vj(X

(j)
i )
)
. Therefore, by Section

1.9.3 in [19] we get
√
njs

−1
n,j,γYn,j,γ

D→ N (0, 1) as nj → +∞. However,

(
sn,j,γ√

nj

)2

= Var
(
Uj(X

(j)
1 )
)
+

(
1

nj

nj∑
i=1

w2
i,nj

(γ)

)
Var

(
Vj(X

(j)
1 )
)

−2

(
1

nj

nj∑
i=1

wi,nj (γ)

)
Cov

(
Uj(X

(j)
1 ),Vj(X

(j)
1 )
)
;

then, using (A4) and (A6), we get lim
nj→+∞

(
n−1
j s2n,j,γ

)
= σ2

j (γ). Hence, Yn,j,γ
D→

N
(
0, σ2

j (γ)
)
. Since Yn,j,γ and Yn,ℓ,γ are independent when j ̸= ℓ, we deduce from

(6.14) and from lim
nj→+∞

(πj) = ρj that Λn −Θn
D→ N

(
0, σ2

γ

)
as min1⩽j⩽ (nj) →

+∞, where σ2
γ =

∑s
j=1 4ρ

−1
j σ2

j (γ).
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6.4. Proof of Theorem 4.2 It is enough to prove that, for any j ∈ {1, · · · , k},
the sequence θ̂2j converges in probability to θ2 as nj → +∞. Indeed, in this case

θ̂2 converges in probability to θ2
∑k

j=1 ρj = θ2 since limnj→+∞ πj = ρj , and thus

σ̂2
γ converges in probability to σ2

γ . We have θ̂2j = θ̂21,j − θ̂22,j , where

θ̂21,j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ >2
HS

and

θ̂2,j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ >HS .

Clearly,

θ̂21,j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >2
HS

+
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >2
HS

+
2

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >HS

× <
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS,(6.15)

and using the Cauchy-Schwartz inequality, a property of tensor product recalled
in Lemma 6.1, the reproducing property of H and assumption (A1), we get

1

nj

nj∑
i=1

<
(
K(X

(j)
1 , ·)− m̂j

)⊗2

, V̂ − V >2
HS

⩽
1

nj

nj∑
i=1

∥∥∥K(X
(j)
i , ·)− m̂j

∥∥∥4
H

∥∥∥V̂ − V
∥∥∥2
HS

⩽
4

nj

nj∑
i=1

(∥∥∥K(X
(j)
i , ·)−mj

∥∥∥4
H

+ ∥m̂j −mj∥4H

)∥∥∥V̂ − V
∥∥∥2
HS

⩽
(
16 ∥K∥2∞ + 16 ∥mj∥4H + 4 ∥m̂j −mj∥4H

)∥∥∥V̂ − V
∥∥∥2
HS

.(6.16)

Since
∥∥∥V̂ − V

∥∥∥
HS

=
∥∥∥∑k

j=1 πj V̂j −
∑k

j=1 ρjVj

∥∥∥
HS

⩽
∑k

j=1

(
πj

∥∥∥V̂j − Vj

∥∥∥
HS

+

|πj − ρj | ∥Vj∥HS

)
, and limnj→+∞ πj = ρj together with πj

∥∥∥∥V̂j−Vj

∥∥∥∥
HS

= OP (
πj√
nj
)



Homogeneity Tests Based on Multiple Maximum Variance Discrepancy 75

and lim
nj→+∞

πj√
nj

= 0, we deduce that ∥ V̂ − V ∥HS= oP (1). An use of this prop-

erty together with ∥m̂j −mj∥4H = OP (n
−2
j ) in (6.16) yields

1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >2
HS= oP (1).(6.17)

From similar reasoning than above, we obtain∣∣∣∣ 2nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >HS <
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS

∣∣∣∣
⩽

4

nj

nj∑
i=1

(∥∥∥K(X
(j)
i , ·)−mj

∥∥∥4
H

+ ∥m̂j −mj∥4H

)∥∥∥V̂ − V
∥∥∥
HS

∥V ∥HS

⩽
(
16 ∥K∥2∞ + 16 ∥mj∥4H + 4 ∥m̂j −mj∥4H

)∥∥∥V̂ − V
∥∥∥
HS

∥V ∥HS

from what we deduce that

2

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >HS

× <
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS= oP (1).(6.18)

Further,∣∣∣∣∣ 1nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >2
HS − 1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

, V >2
HS

∣∣∣∣∣
=

∣∣∣∣∣ 1nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

−
(
K(X

(j)
i , ·)−mj

)⊗2

, V >HS

× <
(
K(X

(j)
i , ·)− m̂j

)⊗2

+
(
K(X

(j)
i , ·)−mj

)⊗2

, V >HS

∣∣∣∣∣
⩽

1

nj

nj∑
i=1

∥∥∥∥(K(X
(j)
i , ·)− m̂j

)⊗2

−
(
K(X

(j)
i , ·)−mj

)⊗2∥∥∥∥
HS

×
{∥∥∥K(X

(j)
i , ·)− m̂j

∥∥∥2
H

+
∥∥∥K(X

(j)
i , ·)−mj

∥∥∥2
H

}
∥V ∥2HS

⩽
1

nj

nj∑
i=1

∥∥∥∥(K(X
(j)
i , ·)− m̂j

)⊗2

−
(
K(X

(j)
i , ·)−mj

)⊗2∥∥∥∥
HS

×
{
6 ∥K∥∞ + 2 ∥mj∥2H

}
∥V ∥2HS ,

(6.19)
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and using (6.12) we get

1

nj

nj∑
i=1

∥∥∥∥(K(X
(j)
i , ·)− m̂j

)⊗2

−
(
K(X

(j)
i , ·)−mj

)⊗2∥∥∥∥
HS

⩽
1

nj

nj∑
i=1

{∥∥∥(K(X
(j)
i , ·)−mj

)
⊗ (mj − m̂j)

∥∥∥
HS

+
∥∥∥(K(X

(j)
i , ·)−mj

)
⊗ (mj − m̂j)

∥∥∥
HS

+
∥∥∥(m̂j −mj)

⊗2
∥∥∥
HS

}

=
1

nj

nj∑
i=1

{
2
∥∥∥K(X

(j)
i , ·)−mj

∥∥∥
H
∥m̂j −mj∥H + ∥m̂j −mj∥2H

}

⩽ 2
(
∥K∥1/2∞ + ∥mj∥H

)
∥m̂j −mj∥H + ∥m̂j −mj∥2H .(6.20)

This allows to obtain 1
nj

∑nj

i=1

∥∥∥∥(K(X
(j)
i , ·)− m̂j

)⊗2

−
(
K(X

(j)
i , ·)−mj

)⊗2∥∥∥∥
HS

= oP (1) and, from (6.19), to conclude that∣∣∣∣∣ 1nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >2
HS

− 1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

, V >2
HS

∣∣∣∣∣ = oP (1).(6.21)

Therefore, from (6.15), (6.17), (6.18) and (6.21), it follows:

θ̂21,j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

, V >2
HS +oP (1).

Then using the law of large numbers and Slutsky’s theorem, we deduce that θ̂21,j

converges in probability to E
(
<
(
K(X

(j)
1 , ·)−mj

)⊗2

, V >2
HS

)
as nj → +∞.

On the other hand, using (6.17) we get

θ̂2,j =
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V̂ − V >HS

+
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS

=
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS +oP (1).
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Further, an use of the Cauchy-Schwartz inequality and (6.20) gives

1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)− m̂j

)⊗2

, V >HS

=
1

nj

nj∑
i=1

<
(
K(X

(j)
i , ·)−mj

)⊗2

, V >HS +oP (1)

and, therefore, θ̂2,j = 1
nj

∑nj

i=1 <
(
K(X

(j)
i , ·)−mj

)⊗2

, V >HS +oP (1). By

the law of large numbers and Slutsky’s theorem, θ̂2,j converges in probability

to E
(
<
(
K(X

(j)
1 , ·)−mj

)⊗2

, V >HS

)
as nj → +∞. Finally, θ̂2j converges in

probability, as nj → +∞, to

θ2j := E
(
<
(
K(X

(j)
1 , ·)−mj

)⊗2

, V >2
HS

)

−

(
E
(
<
(
K(X

(j)
1 , ·)−mj

)⊗2

, V >HS

))2

= Var

(
<
(
K(X

(j)
1 , ·)−mj

)⊗2

− V, V >HS

)
Since under H0 we have θ

2
j = θ2, we have shown that θ̂2j converges in probability,

as nj → +∞, to θ2.
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11. T. Górecki and  L. Smaga, fdANOVA : an R software package for analysis of variance
for univariate and multivariate functional data, Comput. Statist. 34 (2019), 571–597.

12. A. Gretton, K.M. Borgwardt, M.J. Rasch, B. Schölkopf and A.J. Smola, A kernel
two-sample test, J. Mach. Learn. Res. 13 (2012), 723-773.

13. Z. Harchaoui, F. Bach and E. Moulines, Testing for homogeneity with kernel Fisher
discriminant analysis, ArXiv: 0804.10226v1 (2007).

14. N. Makigusa, Two-sample test based on maximum variance discrepancy. Comm.
Statist. Theory Methods 53 (2024), 5421-5438.

15. N. Makigusa and K. Naito, Asymptotic normality of a consistent estimator of
maximum mean discrepancy in Hilbert space, Statist. Probab. Lett. 156 (2020),
108596.

16. T.K. Manfoumbi Djonguet, A. Mbina Mbina and G.M. Nkiet, Testing independence
of functional variables by an Hilbert-Schmidt independence criterion estimator,
Statist. Probab. Lett. 207 (2024), 110016.

17. H.Q. Minh, P. Niyogi and Y. Yao, Mercer’s theorem, feature maps, and smoothing,
In: Proc. of Computational Learning Theory (COLT), 2006.

18. M. Reed and B. Simon, Functional Analysis, Academic Press, New York, 1981.
19. R.J. Serfling, Approximation theorems of mathematical statistics, Wiley, New York,

1980.
20. C. Zhang, H. Peng and J.-T. Zhang, Two samples tests for functional data. Comm.

Statist. Theory Methods 39 (2010), 559-578.
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